To the Student 


As you begin, you may feel anxious about the number of theorems, definitions, 
procedures, and equations. You may wonder if you can learn it all in time. Don’t 
worry—your concerns are normal. This textbook was written with you in mind. If you 
attend class, work hard, and read and study this text, you will build the knowledge 
and skills you need to be successful. Here’s how you can use the text to your benefit. 


Read Carefully 


When you get busy, it’s easy to skip reading and go right to the problems. Don’t ... 
the text has a large number of examples and clear explanations to help you break 
down the mathematics into easy-to-understand steps. Reading will provide you with 
a clearer understanding, beyond simple memorization. Read before class (not after) 
so you can ask questions about anything you didn’t understand. You'll be amazed at 
how much more you'll get out of class if you do this. 


Use the Features 


I use many different methods in the classroom to communicate. Those methods, 
when incorporated into the text, are called “features.” The features serve many 
purposes, from providing timely review of material you learned before (just when 
you need it) to providing organized review sessions to help you prepare for quizzes 
and tests. Take advantage of the features and you will master the material. 

To make this easier, we’ve provided a brief guide to getting the most from 
this text. Refer to “Prepare for Class,” “Practice,” and “Review” at the front of the 
text. Spend fifteen minutes reviewing the guide and familiarizing yourself with the 
features by flipping to the page numbers provided. Then, as you read, use them. This 
is the best way to make the most of your text. 

Please do not hesitate to contact me through Pearson Education, with any 
questions, comments, or suggestions for improving this text. I look forward to hearing 
from you, and good luck with all of your studies. 


Best Wishes! 


Michael .Gullivan 





Prepare for Class “Read the Book” 


Feature Description 

Every Chapter Opener begins with .. . 
Chapter-Opening Each chapter begins with a discussion 
Topic & Project of a topic of current interest and ends 


with a related project. 


©) Internet-Based — The projects allow for the integration 
Projects of spreadsheet technology that you will 
need to be a productive member of the 
workforce. 


Every Section begins with .. . 


LEARNING OBJECTIVES Each section begins with a list of 
2 objectives. Objectives also appear in 
the text where the objective is covered. 


Sections contain... 


PREPARING FOR Most sections begin with a list of key 
THIS SECTION concepts to review with page numbers. 
Now Work the Problems that assess whether you have 
‘Are You Prepared?’ __ the prerequisite knowledge for the 
Problems upcoming section. 

a —- These follow most examples and direct 
Now Work you to a related exercise. 

PROBLEMS 

WARNING Warnings are provided in the text. 
Exploration and These graphing utility activities 

Seeing the Concept foreshadow a concept or solidify a 


concept just presented. 
In Words Fa These provide alternative descriptions 
of select definitions and theorems. 


mas Calculus These appear next to information 
essential for the study of calculus. 


Piitetaetiiatee ose examples provide “how-to 
instruction by offering a guided, 
step-by-step approach to solving a 
problem. 





These examples and problems require 
w you to build a mathematical model 
from either a verbal description or data. 
The homework Model It! problems are 
marked by purple headings. 


Model It! Examples 
and Problems 


NEW! These margin notes provide a just-in- 
time reminder of a concept needed 
now, but covered in an earlier section 
of the book. Each note is back- 
referenced to the chapter, section 
and page where the concept was 
Originally discussed. 


" Need to Review? 
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Benefit Page 


The Project lets you apply what you learned to 258 
solve a problem related to the topic. 


The projects give you an opportunity to 360 
collaborate and use mathematics to deal with 
issues of current interest. 


These focus your study by emphasizing 279 
what's most important and where to find it. 


Ever forget what you've learned? This feature 279 
highlights previously learned material to 

be used tn this section. Review it, and you'll 

always be prepared to move forward. 


Not sure you need the Preparing for This Section 279, 290 
review? Work the ‘Are You Prepared?’ problems. 

If you get one wrong, you'll know exactly what 

you need to review and where to review It! 


We learn best by doing. You'll solidify your 286, 291 
understanding of examples if you try a similar 

problem right away, to be sure you understand 

what you've just read. 


These point out common mistakes and help 313 
you to avoid them. 


You will obtain a deeper and more intuitive 274, 299 
understanding of theorems and definitions. 


Does math ever look foreign to you? This 296 
feature translates math into plain English. 


Pay attention-if you spend extra time now, 54, 263, 
you'll do better later! 286 
With each step presented on the left and the 225 


mathematics displayed on the right, you can 
immediately see how each step Is used. 


It is rare for a problem to come in the form 303; 352 
“Solve the following equation.” Rather, the 

equation must be developed based on an 

explanation of the problem. These problems 

require you to develop models to find a 

solution to the problem. 


Sometimes as you read, you encounter a word or 212 
concept you know you've seen before, but don’t 

remember exactly what it means. This feature will 

point you to where you first learned the word or 

concept. A quick review now will help you see the 
connection to what you are learning for the first 

time and make remembering easier the next time. 
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Feature 


‘Are You Prepared?’ 
Problems 


Concepts and 
Vocabulary 


Skill Building 


Applications and 
Extensions 


NEW! 
Challenge Problems 


Explaining Concepts: 
Discussion and 
Writing 


Retain Your 
Knowledge 


Now Work 
PROBLEMS 


Review Exercises 


Description 


These assess your retention of the 
prerequisite material you'll need. Answers 
are given at the end of the section 
exercises. This feature is related to the 
Preparing for This Section feature. 


These short-answer questions, mainly 
Fill-in-the-Blank, Multiple-Choice and 
True/False items, assess your 
understanding of key definitions and 
concepts in the current section. 


Correlated with section examples, 
these problems provide straightforward 
practice. 


These problems allow you to apply your 
skills to real-world problems. They also 
allow you to extend concepts learned in 
the section. 


These problems have been added in 
most sections and appear at the end 
of the Application and Extensions 
exercises. They are intended to be 
thought-provoking, requiring 

some ingenuity to solve. 


“Discussion and Writing” problems 

are colored red. They support class 
discussion, verbalization of mathematical 
ideas, and writing and research projects. 


These problems allow you to practice 
content learned earlier in the course. 


Many examples refer you to a related 
homework problem. These related 
problems are marked by a pencil and 
Orange numbers. 


Every chapter concludes with a 
comprehensive list of exercises to pratice. 
Use the list of objectives to determine the 
objective and examples that correspond 
to the problems. 


Benefit 


Do you always remember what you've 
learned? Working these problems is the 
best way to find out. If you get one wrong, 
you'll know exactly what you need to 
review and where to review it! 


It is difficult to learn math without 
knowing the language of mathematics. 
These problems test your understanding 
of the formulas and vocabulary. 


It's important to dig in and develop your 
skills. These problems provide you with 
ample opportunity to do so. 


You will see that the material learned 
within the section has many uses in 
everyday life. 


Are you a student who likes being 
challenged? Then the Challenge Problems 
are for you! Your professor might also 
choose to assign a challenge problem as 
a group project. The ability to work with 

a team is a highly regarded skill in the 
working world. 


To verbalize an idea, or to describe 

it clearly in writing, shows real 
understanding. These problems nurture 
that understanding. Many are challenging, 
but you'll get out what you put in. 


Remembering how to solve all the 
different kinds of problems that you 
encounter throughout the course 

is difficult. This practice helps you 
remember. 


If you get stuck while working problems, 
look for the closest Now Work problem, 
and refer to the related example to see if 
it helps. 


Work these problems to ensure that 
you understand all the skills and 
concepts of the chapter. Think of it as a 
comprehensive review of the chapter. 
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295 


295 
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Review “Study for Quizzes and Tests” 


Feature 


The Chapter Review at the end of each chapter contains .. . 


Things to Know 


You Should Be Able 
to... 


Review Exercises 


Chapter Test 


Cumulative Review 


Chapter Projects 


Q Internet-Based 
Projects 


Description 


A detailed list of important theorems, 
formulas, and definitions from the 
chapter. 


Contains a complete list of objectives 

by section, examples that illustrate the 
objective, and practice exercises that test 
your understanding of the objective. 


These provide comprehensive review 
and practice of key skills, matched to the 
Learning Objectives for each section. 


About 15-20 problems that can be taken 
as a Chapter Test. Be sure to take the 
Chapter Test under test conditions—no 
notes! 


These problem sets appear at the 

end of each chapter, beginning with 
Chapter 2. They combine problems from 
previous chapters, providing an ongoing 
cumulative review. When you use them 
in conjunction with the Retain Your 
Knowledge problems, you will be ready 
for the final exam. 


The Chapter Projects apply to what you've 
learned in the chapter. Additional projects 
are available on the Instructor’s Resource 

Center (IRC). 


In selected chapters, a Web-based project 
IS given. 


Benefit 


Review these and you'll know the most 
important material in the chapter! 


Do the recommended exercises and you'll 
have mastered the key material. If you 
get something wrong, go back and work 
through the objective listed and try again. 


Practice makes perfect. These problems 
combine exercises from all sections, 
giving you a comprehensive review in 
one place. 


Be prepared. Take the sample practice 
test under test conditions. This will get 
you ready for your instructor’s test. If you 
get a problem wrong, you can watch the 
Chapter Test Prep Video. 


These problem sets are really important. 
Completing them will ensure that you are 
not forgetting anything as you go. This 
will go a long way toward keeping you 
primed for the final exam. 


The Chapter Projects give you an 
opportunity to use what you've learned 

in the chapter to the opening topic. If your 
instructor allows, these make excellent 
opportunities to work in a group, which is 
often the best way to learn math. 


These projects give you an opportunity to 
collaborate and use mathematics to deal 
with issues of current interest by using 
the Internet to research and collect data. 
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XX 


Students have different goals, learning styles, and levels of preparation. Instructors 
have different teaching philosophies, styles, and techniques. Rather than write one 
series to fit all, the Sullivans have written three distinct series. All share the same 
goal—to develop a high level of mathematical understanding and an appreciation 
for the way mathematics can describe the world around us. The manner of reaching 
that goal, however, differs from series to series. 


Flagship Series, Eleventh Edition 


The Flagship Series is the most traditional in approach yet modern in its treatment 
of precalculus mathematics. In each text, needed review material is included, and 
is referenced when it is used. Graphing utility coverage is optional and can be 
included or excluded at the discretion of the instructor: College Algebra, Algebra & 
Trigonometry, Trigonometry: A Unit Circle Approach, Precalculus. 


Enhanced with Graphing Utilities Series, Seventh Edition 


This series provides a thorough integration of graphing utilities into topics, 
allowing students to explore mathematical concepts and encounter ideas 
usually studied in later courses. Many examples show solutions using algebra 
side-by-side with graphing techniques. Using technology, the approach to 
solving certain problems differs from the Flagship Series, while the emphasis on 
understanding concepts and building strong skills is maintained: College Algebra, 
Algebra & Trigonometry, Precalculus. 


Concepts through Functions Series, Fourth Edition 


This series differs from the others, utilizing a functions approach that serves as 
the organizing principle tying concepts together. Functions are introduced early 
in various formats. The approach supports the Rule of Four, which states that 
functions can be represented symbolically, numerically, graphically, and verbally. 
Each chapter introduces a new type of function and then develops all concepts 
pertaining to that particular function. The solutions of equations and inequalities, 
instead of being developed as stand-alone topics, are developed in the context of 
the underlying functions. Graphing utility coverage is optional and can be included 
or excluded at the discretion of the instructor: College Algebra; Precalculus, with a 
Unit Circle Approach to Trigonometry; Precalculus, with a Right Triangle Approach 
to Trigonometry. 


The Flagship Series 


College Algebra, Eleventh Edition 


This text provides a contemporary approach to college algebra, with three chapters 
of review material preceding the chapters on functions. Graphing calculator usage 
is provided, but is optional. After completing this book, a student will be adequately 
prepared for trigonometry, finite mathematics, and business calculus. 


Algebra & Trigonometry, Eleventh Edition 


This text contains all the material in College Algebra, but also develops the 
trigonometric functions using a right triangle approach and shows how it relates to 
the unit circle approach. Graphing techniques are emphasized, including a thorough 
discussion of polar coordinates, parametric equations, and conics using polar 
coordinates. Vectors in the plane, sequences, induction, and the binomial theorem 
are also presented. Graphing calculator usage is provided, but is optional. After 
completing this book, a student will be adequately prepared for finite mathematics, 
business calculus, and engineering calculus. 


Precalculus, Eleventh Edition 


This text contains one review chapter before covering the traditional precalculus 
topics of polynomial, rational, exponential, and logarithmic functions and their 
eraphs. The trigonometric functions are introduced using a unit circle approach 
and showing how it relates to the right triangle approach. Graphing techniques 
are emphasized, including a thorough discussion of polar coordinates, parametric 
equations, and conics using polar coordinates. Vectors in the plane and in space, 
including the dot and cross products, sequences, induction, and the binomial 
theorem are also presented. Graphing calculator usage is provided, but is optional. 
The final chapter provides an introduction to calculus, with a discussion of the 
limit, the derivative, and the integral of a function. After completing this book, a 
student will be adequately prepared for finite mathematics, business calculus, and 
engineering calculus. 


Trigonometry: a Unit Circle Approach, Eleventh Edition 


This text, designed for stand-alone courses in trigonometry, develops the 
trigonometric functions using a unit circle approach and shows how it relates to 
the right triangle approach. Vectors in the plane and in space, including the dot 
and cross products, are presented. Graphing techniques are emphasized, including 
a thorough discussion of polar coordinates, parametric equations, and conics using 
polar coordinates. Graphing calculator usage is provided, but is optional. After 
completing this book, a student will be adequately prepared for finite mathematics, 
business calculus, and engineering calculus. 
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Preface to the Instructor 


Ss a professor of mathematics at an urban public 

university for 35 years, I understand the varied needs of 

precalculus students. Students range from being 
underprepared with little mathematical background and a 
fear of mathematics, to being highly prepared and motivated. 
For some, this is their final course in mathematics. For others, 
it is preparation for future mathematics courses. I have written 
this text with both groups in mind. 

A tremendous benefit of authoring a successful series 
is the broad-based feedback I receive from instructors and 
students who have used previous editions. I am sincerely 
erateful for their support. Virtually every change to this 
edition is the result of their thoughtful comments and 
suggestions. I hope that I have been able to take their 
ideas and, building upon a successful foundation of the 
tenth edition, make this series an even better learning and 
teaching tool for students and instructors. 


Features in the Eleventh Edition 


A descriptive list of the many special features of 
Precalculus can be found on the endpapers in the front of 
this text. This list places the features in their proper context, 
as building blocks of an overall learning system that has 
been carefully crafted over the years to help students get 
the most out of the time they put into studying. Please take 
the time to review it and to discuss it with your students at 
the beginning of your course. My experience has been that 
when students use these features, they are more successful 
in the course. 


e Updated! Retain Your Knowledge Problems These 
problems, which were new to the previous edition, are 
based on the article “Jo Retain New Learning, Do the 
Math,” published in the Edurati Review. In this article, 
Kevin Washburn suggests that “the more students are 
required to recall new content or skills, the better their 
memory will be.” The Retain Your Knowledge problems 
were so well received that they have been expanded 
in this edition. Moreover, while the focus remains to 
help students maintain their skills, in most sections, 
problems were chosen that preview skills required to 
succeed in subsequent sections or in calculus. These are 
easily identified by the calculus icon (X). All answers to 
Retain Your Knowledge problems are given in the back 
of the text and all are assignable in MyLab Math. 


e Guided Lecture Notes [deal for online, emporium/ 
redesign courses, inverted classrooms, or traditional 
lecture classrooms. These lecture notes help students take 
thorough, organized, and understandable notes as they 
watch the Author in Action videos. They ask students to 
complete definitions, procedures, and examples based on 
the content of the videos and text. In addition, experience 
suggests that students learn by doing and understanding 
the why/how of the concept or property. Therefore, many 
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sections will have an exploration activity to motivate 
student learning. These explorations introduce the topic 
and/or connect it to either a real-world application or 
a previous section. For example, when the vertical-line 
test is discussed in Section 2.2, after the theorem 
statement, the notes ask the students to explain why the 
vertical-line test works by using the definition of a 
function. This challenge helps students process the 
information at a higher level of understanding. 


Illustrations Many of the figures have captions to help 
connect the illustrations to the explanations in the body 
of the text. 


Graphing Utility Screen Captures In several instances we 
have added Desmos screen captures along with the TI-84 
Plus C screen captures. These updated screen captures 
provide alternate ways of visualizing concepts and making 
connections between equations, data and graphs in full color. 


Chapter Projects, which apply the concepts of each 
chapter to a real-world situation, have been enhanced to 
give students an up-to-the-minute experience. Many of 
these projects are new requiring the student to research 
information online in order to solve problems. 


Exercise Sets The exercises in the text have been 
reviewed and analyzed, some have been removed, and 
new ones have been added. All time-sensitive problems 
have been updated to the most recent information 
available. The problem sets remain classified according 
to purpose. 

The ‘Are You Prepared?’ problems have been 
improved to better serve their purpose as a just-in-time 
review of concepts that the student will need to apply in 
the upcoming section. 

The Concepts and Vocabulary problems have been 
expanded to cover each objective of the section. These 
multiple-choice, fill-in-the-blank, and True/False exercises 
have been written to also serve as reading quizzes. 

Skill Building problems develop the student’s 
computational skills with a large selection of exercises 
that are directly related to the objectives of the section. 
Mixed Practice problems offer a comprehensive 
assessment of skills that relate to more than one objective. 
Often these require skills learned earlier in the course. 

Applications and Extensions problems have been 
updated. Further, many new application-type exercises 
have been added, especially ones involving information 
and data drawn from sources the student will recognize, 
to improve relevance and timeliness. 

At the end of Applications and Extensions, we 
have a collection of one or more Challenge Problems. 
These problems, as the title suggests, are intended to 
be thought-provoking, requiring some ingenuity to 
solve. They can be used for group work or to challenge 
students. At the end of the Annotated Instructor’s 


Edition and in the online Instructor’s Solutions Manual, 
we have provided solutions to all these problems. 

The Explaining Concepts: Discussion and Writing 
exercises provide opportunity for classroom discussion and 
group projects. 

Updated! Retain Your Knowledge has been improved 
and expanded. The problems are based on material learned 
earlier in the course, especially calculus-related material. 
They serve to keep information that has already been 
learned “fresh” in the mind of the student. Answers to all 
these problems appear in the Student Edition. 

NEW Need to Review? These margin notes provide a 
just-in-time reminder of a concept needed now, but covered 
in an earlier section of the book. Each note includes a 
reference to the chapter, section and page where the concept 
was originally discussed. 


Content Changes to the 11" edition 


e Challenge Problems have been added in most 
sections at the end of the Application and Extensions 
exercises. Challenge Problems are intended to be 
thought-provoking problems that require some ingenuity 
to solve. They can be used to challenge students or for 
group work. Solutions to Challenge Problems are available 
in the Annotated Instructor’s Edition and the online 
Instructors Solutions Manual. 


e Need to Review? These margin notes provide a 
just-in-time review for a concept needed now, but 
covered in an earlier section of the book. Each note is 
back-referenced to the chapter, section and page where 
the concept was originally discussed. 


e Additional Retain Your Knowledge exercises, whose 
purpose is to keep learned material fresh in a student’s 
mind, have been added to each section. Many of these 
new problems preview skills required for calculus or for 
concepts needed in subsequent sections. 


e Desmos screen captures have been added throughout 
the text. This is done to recognize that graphing 
technology expands beyond graphing calculators. 


e Examples and exercises throughout the text have been 
augmented to reflect a broader selection of STEM 
applications. 


e Concepts and Vocabulary exercises have been 


expanded to cover each objective of a section. 


e Skill building exercises have been expanded to assess a 
wider range of difficulty. 


e Applied problems and those based on real data have 
been updated where appropriate. 
Appendix A 


e Section A.10 Objective 3 now includes rationalizing the 
numerator 


© NEW Example 6 Rationalizing Numerators 
° Problems 69-76 provide practice. 


e Section A.10 Exercises now include more practice in 
simplifying radicals 
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Chapter 1 


e NEW Section 1.2 Example 9 Testing an Equation for 
Symmetry 


e Section 1.3 has been reorganized to treat the 
slope-intercept form of the equation of a line before 
finding an equation of a line using two points. 

Chapter 2 

e NEW Section 2.1 Objective 1 Describe a Relation 

e NEW Section 2.2 Example 4 Expending Energy 


e NEW Section 2.4 Example 4 Analyzing a 
Piecewise-defined Function 


e NEW Example 1 Describing a Relation demonstrates 
using the Rule of Four to express a relation numerically, 
as a mapping, and graphically given a verbal description. 


Chapter 3 


e Section 3.3 introduces the concept of concavity for a 
quadratic function 


e NEW Section 3.3 Example 3 Graphing a Quadratic 
Function Using Its Vertex, Axis, and Intercepts 


e Section 3.3 Example 8 Analyzing the Motion of a 
Projectile (formerly in Section 3.4) 


e NEW Section 3.4 Example 4 Fitting a Quadratic Function 
to Data 

Chapter 4 

e Section 4.1 has been revised and split into two sections: 
© 4.1 Polynomial Functions 
o 4.2 Graphing Polynomial Functions; Models 

e NEW Section 4.2 Example 2 Graphing a Polynomial 
Function (a 4th degree polynomial function) 

Chapter 5 

e Section 5.2 now finds and verifies inverse functions 
analytically and graphically. 

Chapter 6 


e NEW Section 6.1 Example 6 Field Width of a Digital 
Lens Reflex Camera Lens 


e Section 6.4 and 6.5 were reorganized for increased clarity. 


Chapter 7 


e Sections 7.1 and 7.2 were reorganized for increased clarity. 


Chapter 9 


e Section 9.3 The complex plane; DeMoivre’s Theorem, 
was rewritten to support the exponential form of a 
complex number. 


o Ruler’s Formula is introduced to express a complex 
number in exponential form. 


o The exponential form of a complex number is used to 
compute products and quotients. 


° DeMoivre’s Theorem is expressed using the 
exponential form of a complex number. 


o The exponential form is used to find complex roots. 
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Chapter 11 


e NEW Section 11.5 Example 1 Identifying Proper and 
Improper Rational Expressions 


Using the Eleventh Edition Effectively with 
Your Syllabus 


To meet the varied needs of diverse syllabi, this text contains 
more content than is likely to be covered in a Precalculus 
course. As the chart illustrates, this text has been organized 
with flexibility of use in mind. Within a given chapter, certain 
sections are optional (see the details that follow the figure 
below) and can be omitted without loss of continuity. 









10.1—10.4 






Appendix A Review 

This chapter consists of review material. It may be used as the 
first part of the course or later as a just-in-time review when 
the content is required. Specific references to this chapter 
occur throughout the text to assist in the review process. 


Chapter 1 Graphs 
This chapter lays the foundation for functions. 


Chapter 2 Functions and Their Graphs 
Perhaps the most important chapter. Section 2.6 is optional. 


Chapter 3 Linear and Quadratic Functions 
Topic selection depends on your syllabus. Sections 3.2 
and 3.4 may be omitted without loss of continuity. 
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Get the Most Out of MyLab 
MyLab Mathmint 





Math courses are continuously evolving to help today’s students succeed. It’s 
more challenging than ever to support students with a wide range of 
backgrounds, learner styles, and math anxieties. The flexibility to build a course 
that fits instructors’ individual course formats—with a variety of content options 
and multimedia resources all in one place—has made MyLab Math the 
market-leading solution for teaching and learning mathematics since its inception. 


Preparedness 

One of the biggest challenges in College Algebra, Trigonometry, and 

Precalculus is making sure students are adequately prepared with prerequisite 

knowledge. For a student, having the essential algebra skills upfront in this 

course can dramatically increase success. 

* MyLab Math with Integrated Review can be used in corequisite courses, or 
Simply to help students who enter without a full understanding of prerequisite 
Skills and concepts. Integrated Review provides videos on review topics with 
a corresponding worksheet, along with premade, assignable skills-check 
quizzes and personalized review homeworkassignments. Integrated Review 
is now available within all Sullivan 11th Edition MyLab Math courses. 

Assignments 


10/18/19 ® chapter 4 Skills Check 
11:59pm 


10/18/19 = | @ Chapter 4 Skills Review Homework 
11:59pm 


04/01/20 ® Chapter 5 Skills Check 
11:59pm 


04/01/20 ~~  @ Chapter 5 Skills Review Homework 
11:59pm 


09/14/20 @ Chapter 6 Skills Check 
11:59pm 


09/14/20 ~  @ Chapter 6 Skills Review Homework 
11:59pm 


pearson.com/mylab/math 
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MyLab 


MyLab Math Online Course for Precalculus, 


11th Edition by Michael Sullivan (access code required) 


MyLab™ Math is tightly integrated with each author's style, offering a range 
of author-created multimedia resources, so your students have a consistent 


experience. 


Video Program and Resources 


Author in Action Videos are actual classroom 
lectures by Michael Sullivan III with fully 
worked-out examples. 

° Video assessment questions are available 
to assign in MyLab Math for key videos. 
Updated! The corresponding Guided 
Lecture Notes assist students in taking 
thorough, organized, and understandable 
notes while watching Author in Action 
videos. 


iw'| Show Unit Circle __}Show Key Points on Graph of the Cosine Function 


— 


‘ |) Show Graph of the Cosine Function 


Angle in Radians = Orad 
Angle in Degrees = 0° 
[Gee ; Rounded to Nearest Degree 


The cosine function takes as input 

an angle @ and outputs the #-coordinate 
of the unit circle, 

cos 0 rad = 1 


Retain Your Knowledge Exercises 


Updated! Retain Your Knowledge 
Exercises, assignable in MyLab Math, 
improve students’ recall of concepts 
learned earlier in the course. New for the 
11th Edition, additional exercises will be 
included that will have an emphasis on 
content that students will build upon in 
the immediate upcoming section. 





“15% Solve [2x — 5] 





| EXAMPLE 


Finding the Exact Value of a Logarithmic Expression 


2 
g 


(a) log, 81+ 7 


(5) log, 
alax 


a"=2 


y= log. x means 
(by: [09,4 

A all 

v8 





Guided Visualizations 

New! Guided Visualizations, created in 
GeoGebra by Michael Sullivan Ill, bring 
mathematical concepts to life, helping 

students visualize the concept through directed 
exploration and purposeful manipulation. 
Assignable in MyLab Math with assessment 
questions to check students’ conceptual 
understanding. 


Retain Your Knowledge - 


| Problees (4062 ore based an mineral eared earlier in the course, The Purpose of tren problemas is to beep tne pmaterial fresh: ia 


yor lind so Mot wee ane berier prepared for the final exe. 


Ps deal 130, Detennine what sumber shoald be added to complete the 
154. Somphfy| —jy | Assumes # Dandy + 0. Expross the mre: 
ay 
answer so that all exponent are poaitive, sty" 
185. The lengibs of the legs of o might triangle are a = & ond 
4 = 15. Find the hypotenuse. 17 
186. Solve the equation; (2 — 3)* + 25 = 49 
fa — 26,3 + 2Ve} 
+ 7 <0. Express the answer using set 


gi: 2, 2 
= — 
| fuk 

Léa, Multiply and simplify the result. 

F=-1  £+2 
e+éer de # 16 = 42 


1 
t 
161, Rationalize the denominator: 


V+ 1+ Vi Ze #1 + 2Ve(x + 1) 
vet 1 — We 


162, Solve: —S5/e+6=0 {4,9} 


notation or interval notation. Graph the salation set. 
ISK. Determine the domain of the variable 2 in ibe expression: 


| fs 
_— =— 
j'-F3 {-— =, 12] 
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Instructor Resources 


Online resources can be downloaded from 
www.pearson.com, or hardcopy resources can be 
ordered from your sales representative. 
Annotated Instructor's Edition 

Precalculus, 11°" Edition 

ISBN - 0135189535 / 9780135189535 

Shorter answers are on the page beside the 
exercises. Longer answers are in the back of the text. 


Instructor's Solutions Manual 

ISBN - 0135189578 / 9780135189573 

Includes fully worked solutions to all exercises in the 
text. 


Learning Catalytics Question Library 
Questions written by Michael Sullivan Ill are 
available within MyLab Math to deliver through 
Learning Catalytics to engage students in your 
course. 


Powerpoint® Lecture Slides 
Fully editable slides correlate to the textbook. 


Mini Lecture Notes 
Includes additional examples and helpful teaching 
tips, by section. 


Testgen® 

TestGen (www.pearsoned.com/testgen) enables 
instructors to build, edit, print, and administer tests 
using a computerized bank of questions developed 
to cover all the objectives of the text. 


Online Chapter Projects 
Additional projects that give students an opportunity 
to apply what they learned in the chapter. 


Resources for Success 
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Student Resources 


Additional resources to enhance student success. 


Lecture Video 

Author in Action videos are actual classroom 
lectures with fully worked out examples presented 
by Michael Sullivan, III. All video is assignable within 
MyLab Math. 


Chapter Test Prep Videos 

Students can watch instructors work through 
Step-by-step solutions to all chapter test exercises 
from the text. These are available in MyLab Math 
and on YouTube. 


Student’s Solutions Manual 

ISBN - 013518973X / 9780135189733 

Provides detailed worked-out solutions to odd- 
numbered exercises. 


Guided Lecture Notes 

ISBN 01251395517 9780251369559 

These lecture notes assist students in taking 
thorough, organized, and understandable notes while 
watching Author in Action videos. Students actively 
participate in learning the how/why of important 
concepts through explorations and activities. The 
Guided Lecture Notes are available as PDF’s and 
customizable Word files in MyLab Math. They can 
also be packaged with the text and the MyLab Math 
access code. 


Algebra Review 

ISBN: 0131480065 / 9780131480063 

Four printed chapters of Intermediate Algebra 
review available. Perfect for a corequisite course or 
for individual review. 


pearson.com/mylab/math 





Applications Index 


JX Calculus, 392, 421, 440, 535, 
953, 585, 609, 623 


absolute maximum/minimum in, 77 

area under a curve, 111, 462, 686, 700, 776 

average rate of change in, 80, 197, 317, 428, 
463, 468, 479, 487, 545, 631, 663, 713, 
734, 826 

carrying a ladder around a corner, 
428, 477 

composite functions in, 263 

concavity test, 155, 808 

critical numbers, 826 

difference quotient in, 54, 61, 111, 168, 
190, 295, 317, 334, 375, 406, 498, 673, 
713,793 

discontinuous functions, 223 

e* in, 287, 825 

factoring in, 309, 462, 734, 808 

functions approximated by polynomial 
functions in, 197 

increasing/decreasing functions in, 75, 
155, 190, 700, 801 

Intermediate Value Theorem, 240, 801 

maxima/minima in, 77, 135, 345, 406 

maximizing projectile range, 504, 509 

maximizing rain gutter construction, 509 

partial fraction decomposition, 832, 849, 
866, 875 

perpendicular lines, 759, 784 

radians in, 364 

rationalizing numerators, 759 

secant line in, 80, 135, 334, 479 

second derivative, 866 

simplifying in, 535 

Simpson’s rule, 164 

Snell’s Law of Refraction, 478 

tangent line, 558, 559, 568, 600 

trigonometric expressions and functions, 
466, 476, 486, 500, 502-503, 507 510, 
513,515, 663, 686, 849 





Acoustics 

amplifying sound, 356 
loudness of sound, 307 358 
loudspeaker, 567 

sonic boom, 685 

tuning fork, 567 568 
whispering galleries, 669-670 


Aerodynamics 
modeling aircraft motion, 651 


Aeronautics 
fighter jet design, 557 


Agriculture 


farm management, 807 
farm workers in U.S., 344 


XXX 


field enclosure, 792 
grazing area for cow, 558 
milk production, 351 
minimizing cost, 807 
removing stump, 622-623 


Air travel 


bearing of aircraft, 532 

distance between two planes, 113 

frequent flyer miles, 543 

holding pattern, 420, 477 

parking at O’Hare International 
Airport, 95 

revising a flight plan, 550 

sonic boom, 685 

speed and direction of aircraft, 617, 621 


Archaeology 


age of ancient tools, 337-338 

age of fossil, 343 

age of tree, 343 

date of prehistoric man’s death, 357 


Architecture 


brick staircase, 832, 857 

Burj Khalifa building, A15 
Flatiron Building, 557 

floor design, 830, 857 
football stadium seating, 831 
mosaic design, 832, 857 
Norman window, 162, A20 
parabolic arch, 162 
racetrack design, 672 

special window, 162, 170 
stadium construction, 832 
vertically circular building, 41 
window design, 162 


Area. See also Geometry 


of Bermuda Triangle, 557 

under a curve, 462 

of isosceles triangle, 509 

of portion of rectangle outside of 
circle, 374 

of sector of circle, 369, 372 

of segment of circle, 570 

for tethered dog to roam, 374 

of windshield wiper sweep, 372 


Art 


fine decorative pieces, 390 


Astronomy 

angle of elevation of Sun, 531 
distances in, 532, 825 

Halley’s comet, 700 

International Space Station (ISS), 713 
parallax, 532 


planetary orbits 
Earth, 672 
elliptical, 672 
Jupiter, 672 
Mars, 672 
Mercury, 700 
Pluto, 672 

radius of Moon, 391 


Aviation 


modeling aircraft motion, 651 
orbital launches, 731 
speed of plane, A72 


Biology 


alcohol and driving, 303, 308 
bacterial growth, 336-337, 350 
E-coli, 84, 126 
blood types, 865 
bone length, 170-171 
cricket chirp rate and temperature, 163 
healing of wounds, 293, 307 
lung volume, 406 
maternal age versus Down syndrome, 141 
muscle force, 622 
yeast biomass as function of time, 349 


Business 


advertising, 34, 142, 171 
automobile production, 265, 747 
blending coffee, A70 
checkout lines, 884 
clothing store, 887 
commissions, 170 
cookie orders, 812 
cost 
of can, 219, 222 
of commodity, 265 
of manufacturing, 230, 800, A13, A69 
marginal, 155, 170 
minimizing, 170, 807, 812 
of printing, 194-195 
of production, 84, 265, 774, 812 
of transporting goods, 96 
cost equation, 33 
cost function, 134 
customer wait times, 221 
demand equation, 170, 256 
depreciation, 258, 308 
discount pricing, 266 
drive-thru rate 
at Burger King, 289 
at Citibank, 293, 307 
at McDonald’s, 293-294 
equipment depreciation, 842 
expense computation, A71 
farm workers in U.S., 344 
inventory management, 116 


Jiffy Lube’s car arrival rate, 293, 307 
managing a meat market, 807 
milk production, 351 
mixing candy, A70 
mixing nuts, A70 
orange juice production, 747 
precision ball bearings, A13 
presale orders, 732 
product design, 808 
production scheduling, 807 
product promotion, 34 
profit, 774 
maximizing, 805-806, 807-808 
profit function, 62 
rate of return on, 332 
restaurant management, 732 
revenue, 155, 168, 171, 350, A69 
advertising, 352 
airline, 808 
of clothing store, 764 
daily, 155 
from digital music, 110 
from football seating, 843 
instantaneous rate of change of, 917, 925 
maximizing, 155, 161-162 
monthly, 155 
theater, 733 
RV rental, 171 
salary, 266, 832 
eross, 61 
increases in, 842, 857 
sales 
commission on, A82 
of movie theater ticket, 720, 725, 731 
net, 9 
profit from, A72 
salvage value, 357 
straight-line depreciation, 129-130, 133 
supply and demand, 130-131, 133 
tax, 230 
toy truck manufacturing, 800 
transporting goods, 801 
truck rentals, 33 
unemployment, 887 
wages 
of car salesperson, 33 


Carpentry. See also Construction 
pitch, 35 


Chemistry 


alpha particles, 685 

decomposition reactions, 344 

drug concentration, 221 

pH, 306 

purity of gold, A71 

radioactive decay, 343, 350-351, 357, 
358, 808 

radioactivity from Chernobyl, 344 

salt solutions, A71 

self-catalytic chemical reaction, 155 

sugar molecules, A71 

volume of gas, A82 


Combinatorics 


airport codes, 867 

binary codes, 887 

birthday permutations, 869, 874, 881, 
885, 887 

blouses and skirts combinations, 865 

book arrangements, 874 

box stacking, 873 

code formation, 873 

combination locks, 874 

committee formation, 871, 873, 874, 887 

Senate committees, 874 

flag arrangement, 872, 887 

gender composition of children in 
family, 878 

letter codes, 867—868 

license plate possibilities, 874, 887 

lining up people, 868, 873 

number formation, 865, 873, 874, 887 

objects selection, 874 

passwords, 874 

seating arrangements, 887 

shirts and ties combinations, 865 

telephone numbers, 887 

two-symbol codewords, 864 

word formation, 872, 874, 887 


Communications 


data plan, 46, 71, 122-123 
installing cable TV, 115 
phone charges, 133 

radar detection, 585 

satellite dish, 659-660, 662 
social networking, 345, 351 
spreading of rumors, 293, 307 
tablet service, 95 

texting speed, 222 
Touch-Tone phones, 514 


Computers and computing 
graphics, 623, 775 

households owning computers, 344 
laser printers, A70 

three-click rule, 775 

website design, 775 

website map, 775 

Word users, 344 


Construction 


of box, 792, A68—A69, A72 
closed, 120 
open, 116 
of brick staircase, 857 
of can, 255 
of coffee can, A71 
of cylindrical tube, 792 
of enclosures 
around garden, A70 
around pond, A70 
maximizing area of, 158-159, 162, 170 
of fencing, 158-159, 162, 170, 792 
minimum cost for, 221 
of flashlight, 662 
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of headlight, 662 
of highway, 532, 544, 570 
installing cable TV, 115 
painting a room, 429 
pitch of roof, 533 
of rain gutter, 162, 383, 509, 523-524 
of ramp, 543 
access ramp, 34 
of rectangular field enclosure, 162 
sidewalk, 392 
of stadium, 162, 832 
of steel drum, 222 
of swimming pool, A21 
of swing set, 552 
of tent, 557 
TV dish, 662 
vent pipe installation, 672 
of walkway, 447 


Cryptography 


matrices in, 775 


Decorating 
Christmas tree, A16 


Demographics 
birth rate 

age of mother and, 164 

of unmarried women, 155 
diversity index, 306 
life expectancy, A81 
marital status, 866 
mosquito colony growth, 343 
population. See Population 
rabbit colony growth, 824 


Design 

of awning, 544 

of box with minimum surface area, 222 
of fine decorative pieces, 390 

of Little League Field, 374 

of water sprinkler, 372 





Direction 


of aircraft, 617, 621 
compass heading, 621 
for crossing a river, 621 
of fireworks display, 684 
of lightning strikes, 684 
of motorboat, 621 

of swimmer, 650 


Distance 


astronomical, 532 

average rate of change of moving 
particle, 926 

Bermuda Triangle, A21 

bicycle riding, 72 

from Chicago to Honolulu, 462 

circumference of Earth, 373 

between Earth and Mercury, 544 

between Earth and Venus, 545 

from Earth to a star, 531-532 
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of explosion, 685 
height 
of aircraft, 543, 544 
of bouncing ball, 842, 857 
of bridge, 543 
of building, 531, 532 
of cloud, 527 
of Eiffel Tower, 531 
of embankment, 532 
of Ferris Wheel rider, 477 
of Great Pyramid of Cheops, 
544, A21 
of helicopter, 570 
of hot-air balloon, 532 
of Lincoln’s caricature on Mt. 
Rushmore, 533 
of mountain, 539-540, 543 
of statue on a building, 527-528 
of tower, 533 
of tree, 391, 543 
of Washington Monument, 532 
of Willis Tower, 532 
from home, 72 
from Honolulu to Melbourne, 
Australia, 462 
of hot-air balloon 
to airport, 572 
from intersection, 8 
from intersection, 8, 115 
kayaking, 487 
length 
of guy wire, 551 
of mountain trail, 532 
of ski lift, 542 
limiting magnitude of telescope, 356 
to the Moon, 543 
nautical miles, 373 
pendulum swings, 838, 842 
to plateau, 531 
across a pond, 531 
pool depth, 97 
range of airplane, A71 
reach of ladder, 531 
of rotating beacon, 429 
between runners, 543 
at sea, 544,571 
to shore, 531, 544,570 
between skyscrapers, 533, 534 
stopping, 62, 155, 277 
to tower, 544 
traveled by wheel, A20 
between two moving vehicles, 8 
toward intersection, 115 
between two objects, 8, 531, 532 
between two planes, 113 
viewing, 391 
visibility of Gibb’s Hill Lighthouse beam, 
528-529, A22 
visual, A21 
walking, 72 
width 
of gorge, 530 
of Mississippi River, 533 
of river, 526, 570 


Economics 


Consumer Price Index (CPI), 334 
demand equations, 256 

inflation, 333 

IS-LM model in, 732 

marginal propensity to consume, 843 
multiplier, 843 

national debt, 84 

participation rate, 62 

per capita federal debt, 333 
poverty rates, 196 

poverty threshold, 9 

relative income of child, 775 
unemployment, 887 


Education 


age distribution of community 
college, 888 
college costs, 333, 842 
college tuition and fees, 357, 774 
degrees awarded, 863 
doctorates, 884 
faculty composition, 885 
funding a college education, 357 
grade computation, A82 
IQ tests, A82 
learning curve, 294, 307 
maximum level achieved, 814 
multiple-choice test, 874 
spring break, 807 
student loan 
interest on, 774 
true/false test, 873 
video games and grade-point average, 141 


Electricity 


alternating current (ac), 446, 498 
alternating current (ac) circuits, 419, 438 
alternating current (ac) generators, 420 
charging a capacitor, 567 
cost of, 93 
current in RC circuit, 294 
current in RL circuit, 294, 307 
impedance, A62 
Kirchhoff’s Rules, 733, 747 
parallel circuits, A62 

resistance in, 207 
rates for, 34, A82 
resistance, 207, A43 
voltage 

foreign, A13 

US., A13 


Electronics. See also Computers 
and computing 

Blu-ray drive, 372 

clock signal, 568 

loudspeakers, 567 

microphones, 19 

sawtooth curve, 509, 567 


Energy 


expended while walking, 66-67 
nuclear power plant, 684 


solar, 19, 630 
solar heat, 662 
thermostat control, 110 


Engineering 
bridges 
Golden Gate, 159-160 
parabolic arch, 170, 661-662 
semielliptical arch, 671-672, 716 
suspension, 162, 661 
drive wheel, 534 
Gateway Arch (St. Louis), 662 
grade 
of mountain trail, 793 
of road, 35 
lean of Leaning Tower of Pisa, 543 
moment of inertia, 514 
piston engines, 390 
product of inertia, 509 
road system, 584 
robotic arm, 640 
rods and pistons, 552 
searchlight, 486, 662, 716 
tunnel clearance, 420 
whispering galleries, 671 


Entertainment 


Demon Roller Coaster customer rate, 294 
movie theater, 461-462 
theater revenues, 733 





Environment 


endangered species, 293 
invasive species, 345 

lake pollution control laws, 824 
oil leakage, 265 


Exercise 


elliptical trainer, 672 
heartbeats during, 127-128 
for weight loss, A82 


Finance. See also Investment(s) 


balancing a checking account, A13 
bank balance comparison, 333 
bills in wallet, 887 
clothes shopping, 813 
college costs, 333, 842 
computer system purchase, 332 
consumer expenditures annually by age, 
160-161 
cost 
of car, 33 
of car rental, 96 
of electricity, 93 
of fast food, 732 
minimizing, 170, 221 
of natural gas, 34, 96 
of printing, 194-195 
of towing car, 132 
of transatlantic travel, 62,70 
of triangular lot, 557 
cost function, 134 
cost minimization, 155 


credit cards 
balance on, 784 
debt, 824 
interest on, 332 
payment, 97 824 
depreciation, 293 
of car, 308, 324, 360 
discounts, 266 
division of money, A64, A69 
effective rate of interest, 329 
electricity rates, 34 
financial planning, 732, 743-744, 747, 
A64, A69 
foreign exchange, 266 
funding a college education, 357 
future value of money, 196 
eross salary, 61 
life cycle hypothesis, 163 
loans, A69 
car, 824 
interest on, 774, A64 
repayment of, 332 
student, 774 
mortgages, 333 
fees, 96 
interest rates on, 333 
second, 333 
price appreciation of homes, 332 
prices of fast food, 733 
refunds, 732 
revenue maximization, 155, 157-158, 
161-162 
rich man’s promise, 843 
salary options, 844 
saving 
for a car, 332 
for a home, 842 
savings accounts interest, 332 
selling price of a home, 44-45 
sinking fund, 842 
taxes, 133 
competitive balance, 133 
federal income, 96, 266, 278, A82 
gas guzzler, 663 
truck rentals, 85 
used-car purchase, 332 
water bills, A82 





Food and nutrition 


animal, 808 

candy, 140 

color mix of candy, 887 

cooler contents, 888 

cooling time of pizza, 343 

fast food, 732,733 

fat content, A82 

Girl Scout cookies, 884 

hospital diet, 733, 746 

ice cream, 807 

number of possible meals, 863-864 

soda and hot dogs buying 
combinations, 134 

sodium content, A82 

warming time of beer stein, 344 


Forensic science 


gender of remains, 551 
tibia length and height relationship, 309 


Forestry 
wood product classification, 342 


Games 


coin toss, 877 

die rolling, 877, 878-879, 888 

grains of wheat on a chess board, 843 
lottery, 888-889 


Gardens and gardening. 
See Landscaping 


Geography 

area of Bermuda Triangle, 557 

area of lake, 557,571 

inclination of mountain trail, 526,570 


Geology 


earthquakes, 308 
geysers, 832 


Geometry 


angle between two lines, 499 

balloon volume, 265 

box volume, 631 

circle 
area of, 557, A69 
center of, 41 
circumference of, A12, A69 
equation of, 758 
inscribed in square, 114 
length of chord of, 552 
radius of, 791 

collinear points, 758 

cone volume, 266 

cube 
length of edge of, 244 
surface area of, A13 
volume of, A13 

cylinder 
inscribing in cone, 115 
inscribing in sphere, 115 
volume of, 266 

Descartes’s method of equal roots, 792 

dodecagon, 499, 557 

equation of line, 758 

ladder angle, 572 

octagon, 508 

Pascal figures, 855 

polygon 
area of, 758 

quadrilateral area, 557, 572 

rectangle 
area of, 61, 112-113, 120, A12 
dimensions of, 791 
inscribed in circle, 114 
inscribed in ellipse, 672 
inscribed in semicircle, 114,510 
perimeter of, A12 
semicircle inscribed in, 115 
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semicircle area, 557,572 
sphere, 640 
surface area of, A13 
volume of, A13 
square 
area of, A20, A69 
diagonals of, 8,9 
perimeter of, A69 
shading, 843 
surface area 
of balloon, 265 
of cube, A13 
of sphere, A13 
tetrahedron, volume of, 758 
triangle 
area of, 556-557, 558, 572, 758, A12 
circumscribing, 545 
equilateral, 8,9, A12—A13 
inscribed in circle, 115 
isosceles, 61,572, 791 
Koch’s snowflake, 843 
medians of, 8 
Pascal’s, 824 
perfect, 558 
perimeter of, A13 
right, 530 
sides of, 572, 573 
volume of parallelepiped, 646 
wire into geometric shapes, 114-115 


Government 


federal debt, 84 

per capita, 333 
federal income tax, 62, 96, 266, 278, A82 
first-class mail, 97 


Health. See also Exercise; Medicine 


age versus total cholesterol, 352 
blood pressure, 420, 477 
expenditures on, 62 

ideal body weight, 277 

life cycle hypothesis, 163 


Home improvement. See also 
Construction 


painting a house, 733 


Housing 


apartment rental, 163 
price appreciation of homes, 332 


Investment(s) 
401(k), 842, 857 
annuity, 839-840, 842 
in bonds, 808 
Treasuries, 747,798, 800, 802 
zero-coupon, 330, 333 
in CDs, 329, 808 
compound interest on, 325-326, 327, 328, 
329, 332-333, 358 
diversified, 733 
dividing, 98, A69 
doubling of, 330, 333 
effective rate of interest, 329 
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finance charges, 332 
in fixed-income securities, 333, 808 
growth rate for, 332-333 
IRA, 333, 839-840, 842 
mutual fund growth over time, 346-347 
return on, 332, 807, 808 
savings account, 325-326 
in stock 
analyzing, 173 
appreciation, 332 
beta, 124, 173 
NASDAQ stocks, 873 
NYSE stocks, 873 
portfolios of, 866 
price of, 843 
time to reach goal, 332, 334 
tripling of, 331, 333 


Landscaping 


boulder movement, 623 
garden enclosure, A70 
height of tree, 543 

pond enclosure, 170 
rectangular pond border, 170 
removing stump, 622-623 
tree planting, 747 

watering lawn, 372 


Law and law enforcement 


motor vehicle thefts, 884 
violent crimes, 62 


Leisure and recreation 
amusement park ride, 372 

cable TV, 115 

community skating rink, 121 
Ferris wheel, 41, 372, 420, 477, 567 
roller coaster, 440 


video games and grade-point average, 141 


Measurement 


optical methods of, 486 
of rainfall, 630 


Medicine. See also Health 


age versus total cholesterol, 352 
blood pressure, 477 
cancer 

breast, 350 

pancreatic, 293 
drug concentration, 84, 221 
drug medication, 293, 307 
healing of wounds, 293, 307 
lithotripsy, 672 
spreading of disease, 357-358 


Meteorology 


weather balloon height and atmospheric 
pressure, 348 


Miscellaneous 
banquet seating, 807 


bending wire, 792 
biorhythms, 421 


board deflection, 700 

carrying a ladder around a corner, 
428, 477 

citrus ladders, 832 

coffee container, 360 

cross-sectional area of beam, 62,770 

curve fitting, 732, 746, 811 

drafting error, 8 

Droste Effect, 825 

lamp shadow, 685 

land dimensions, 543 

Mandelbrot sets, 608 

paper creases, 848 

pet ownership, 884 

surface area of balloon, 265 

surveillance satellites, 534 

volume of balloon, 265 

wire enclosure area, 114-115 

working together on a job, 
A67-A68, A70 


Mixtures. See also Chemistry 


blending coffees, 800, 812, A65, A69, A70 
blending teas, A70 

candy, A70 

cement, A71 

mixed nuts, 731, 801, 812, A70 

solutions, 732 

water and antifreeze, A71 


Motion. See also Physics 


catching a train, 716 

on a circle, 372 

of Ferris Wheel rider, 477 

of golf ball, 70 

minute hand of clock, 372, 445 
objects approaching intersection, 712 
of pendulum, 568 

revolutions of circular disk, A20 
simulating, 706-707 

tortoise and the hare race, 791 
uniform, 712, A66, A70 





Motor vehicles 


alcohol and driving, 303, 308 

angular speed of race car, 445 

approaching intersection, 712 

automobile production, 265, 747 

average car speed, A72 

brake repair with tune-up, 887 

braking load, 630, 650 

crankshafts, 544 

depreciation, 258 

depreciation of, 308, 324, 360 

with Global Positioning 
System (GPS), 357 

loans for, 824 

runaway car, 168 

spin balancing tires, 373 

stopping distance, 62, 155,277 

theft of, 884 

towing cost for car, 132 

used-car purchase, 332 

windshield wiper, 372 


Music 
revenues from, 110 


Navigation 
avoiding a tropical storm, 550 
bearing, 529, 550 
of aircraft, 532 
of ship, 532, 571 
charting a course, 621 
commercial, 543 
compass heading, 621 
crossing a river, 621 
error in 
correcting, 548-549, 571 
time lost due to, 543 
rescue at sea, 540-541, 543 
revising a flight plan, 550 


Oceanography 
tides, 420, 439 


Optics 

angle of refraction, 478 
bending light, 478 
Brewster angle, 478 

index of refraction, 478 
laser beam, 531 

laser projection, 509 
lensmaker’s equation, A43 
light obliterated through glass, 293 
mirrors, 685, 825 

reflecting telescope, 662 


Pediatrics 
height vs. head circumference, 277 


Pharmacy 
vitamin intake, 732, 747 


Photography 

camera distance, 532 

camera lens field width, 368, 372 
field width, 391 


Physics 
angle of elevation of Sun, 531 
angle of inclination, 630 
bouncing balls, 857 
braking load, 630 
damped motion, 571 
Doppler effect, 222 
effect of elevation on weight, 70 
escape velocity, 700 
force, 621, A69 
frictional, 571 
to hold a wagon on a hill, 627-628 
muscle, 622 
resultant, 621 
gravity, 207, 230 
on Earth, 61, 278 
on Jupiter, 62 
harmonic motion, 561 
damped, 571 
simple, 571 


heat transfer, 477 
Hooke’s Law, 134 
inclination of mountain trail, 526 
inclined ramp, 622 
kinetic energy, A69 
missile trajectory, 173 
moment of inertia, 514 
motion of object, 561-562 
pendulum motion, 372, 568, 838 
period, 110,278 
pressure, A69 
product of inertia, 509 
projectile distance, 391 
projectile motion, 111, 151, 154-155, 
389-390, 391, 477, 504, 509, 514, 616, 
705-706, 711-713, 716 
artillery, 168, 468 
hit object, 712 
thrown object, 711 
simulating motion, 706—707 
static equilibrium, 618-619, 622, 623, 650 
Static friction, 622 
tension, 618-619, 622, 650, 849 
thrown object, 616 
ball, 163, 168, 913-915, 916 
truck pulls, 622 
uniform motion, 115,712,716, A66, A70 
velocity down inclined planes, A91 
vertically propelled object, 168 
weight 
of a boat, 621 
of a car, 621 
of a piano, 618 
work, 640, A69 


Play 
swinging, 572 
wagon pulling, 621, 628-629 


Plumbing 
water leak, 700 


Population. See also Demographics 


bacteria, 295, 343, 350 

decline in, 343 

E-coli growth, 84, 126 

of endangered species, 344-345 
of fruit fly, 341 

as function of age, 62 

growth in, 343, 345 

insect, 207, 343, 345 
predator-prey, 405 

of trout, 824 

of United States, 323, 351, 859 
of world, 323, 351-352, 357, 815, 927 


Probability 


of ball not being chosen, 221 

of birthday shared by people in a 
room, 344 

checkout lines, 884 

classroom composition, 884 

exponential, 289, 293, 307 

of finding ideal mate, 308 


household annual income, 884 
Poisson, 293-294 

“Price is Right” games, 884 

standard normal density function, 111 
of winning a lottery, 885 


Pyrotechnics 
fireworks display, 684 


Rate. See also Speed 


of car, 372 
catching a bus, 711 
catching a train, 711 
current of stream, 732 
of emptying 
oil tankers, A71 
a pool, A71 
a tub, A71 
of filling 
a conical tank, 116 
to keep up with the Sun, 373 
revolutions per minute 
of bicycle wheels, 372, 374 
of pulleys, 373 
of two cyclists, A71 
of water use, 111 


Real estate 


commission schedule, A82 
cost of triangular lot, 557 
housing prices, 255 
mortgage loans, 333 


Recreation 

bungee jumping, 230 

Demon Roller Coaster customer 
rate, 294 

gambling, 884 


Security 
security cameras, 531 


Seismology 
calibrating instruments, 716 


Sequences. See also Combinatorics 


ceramic tile floor design, 830 
Drury Lane Theater, 831 
football stadium seating, 831 
seats in amphitheater, 831 


Speed 
of aircraft, 621, A72 
angular, 372, 445 
average, A72 
of current, 373, 812, A70 
as function of time, 72, 115 
of glider, 570 
instantaneous, 925 
linear, 370 

on Earth, 372, 373 
of Moon, 373 
of motorboat, A70 
of moving walkways, A70 
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revolutions per minute of pulley, 373 
of rotation of lighthouse beacons, 445 
of swimmer, 650 

of truck, 531 

of wheel pulling cable cars, 373 

wind, 732 

of wind turbine, 372 


Sports 


baseball, 711-712, 874, 887 
diamond, 8 
dimensions of home plate, 557 
field, 551, 552 
Little League, 8, 374 
on-base percentage, 135-136 
World Series, 874 

basketball, 874 
free throws, 69-70, 533 
granny shots, 69 

biathlon, A71 

bungee jumping, 230 

cycling, A71 

distance between runners, 543 

exacta betting, 887 

football, 672, A71 
defensive squad, 874 
seating revenue, 843 

golf, 70, 352, 705-706, 712 
distance to the green, 550 
sand bunkers, 468 

hammer throw, 447 

Olympic heroes, A71 

pool shots, 534 

races, 789, 791, A71 

relay runners, 887 

soccer, 551 

swimming, 572, 650 

tennis, 197,222, A70 


Surveys 


of appliance purchases, 865 

data analysis, 862, 865 

stock portfolios, 866 

of summer session attendance, 865 
of TV sets in a house, 884 


Temperature 


of air parcel, 832 

body, A13 

conversion of, 134, 266, 278 
cooling time of pizza, 343 
cricket chirp rate and, 163 
measuring, 34 

after midnight, 196 

monthly, 420, 438-439, 446 
relationship between scales, 110 
Shelf life and, 85 

sinusoidal function from, 434—435 
of skillet, 357 

warming time of beer stein, 344 
wind chill factor, 357 


Tests and testing 
IQ, A82 
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Time 

for beer stein to warm, 344 

for block to slide down inclined plane, 390 

Ferris Wheel rider height as function of, 477 

to go from an island to a town, 116 

hours of daylight, 257, 361, 420, 436-437, 
440, 448, 461 

for pizza to cool, 343 

of sunrise, 373, 461 

of trip, 390, 405 





Transportation 


deicing salt, 468 
Niagara Falls Incline Railway, 532 


Travel. See also Air travel; 
Navigation 

bearing, 571 

drivers stopped by the police, 359 


parking at O’Hare International 


Airport, 95 
sailing, 599 
tailgating, 390 


Velocity 


instantaneous 
of ball, 916 
on the Moon, 916—917 


Volume 


of gasoline in tank, A91 
of ice in skating rink, 121 
of water in cone, 116 


Weapons 


artillery, 168, 468 
cannons, 173 


Weather 


atmospheric pressure, 293, 307 
avoiding a tropical storm, 550 
cooling air, 832 

hurricanes, 141, 196, 438 
lightning strikes, 681-682, 684 
probability of rain, 880 
rainfall measurement, 630 
relative humidity, 294 
tornadoes, 140 

wind chill, 97, 357 


Work, 628-629 


computing, 628-629, 630, 650 
constant rate jobs, 812 
pulling a wagon, 628-629 
ramp angle, 630 
wheelbarrow push, 621 


Graphs 





How to Value a House 


Two things to consider in valuing a home: (1) How does it compare to 
similar nearby homes that have sold recently? (2) What value do you 
place on the advertised features and amenities? 

The Zestimate® home value is a good starting point in figuring out 
the value of a home. It shows you how the home compares relative to 
others in the area, but you then need to add in all the other qualities 
that only someone who has seen the house knows. 


Looking at “comps” 


Knowing whether an asking price is fair will be important when you’re 
ready to make an offer on a house. It will be even more important 
when your mortgage lender hires an appraiser to determine whether 
the house is worth the loan you’re after. 

Check on Zillow to see recent sales of similar, or comparable, homes in the area. Print 
them out and keep these “comps.” You'll be referring to them quite a bit. 

Note that “recent sales” usually means within the past six months. A sales price from a year 
ago probably bears little or no relation to what is going on in your area right now. In fact, some 
lenders will not accept comps older than three months. 

Market activity also determines how easy or difficult it is to find accurate comps. In a 
“hot” or busy market, you're likely to have lots of comps to choose from. In a less active 
market finding reasonable comps becomes harder. And if the home you’re looking at has 
special design features, finding a comparable property is harder still. It’s also necessary to 
know what’s going on in a given sub-segment. Maybe large, high-end homes are selling like 
hotcakes, but owners of smaller houses are staying put, or vice versa. 





Source. http:/luthersanchez.com/2016/03/09/how-to-value-a-house/ 
( yp ) — See the Internet-based Chapter Project— 


Outline 


Appendix A reviews skills from intermediate algebra. 1.1 The Distance and Midpoint 
Formulas 
1.2 Graphs of Equations in Two 


Here we connect algebra and geometry using the rectangular coordinate system. In the 1600s, Variables; Intercepts, symmetry 


algebra had developed to the point that René Descartes (1596-1650) and Pierre de Fermat 1.3 Lines 
(1601-1665) were able to use rectangular coordinates to translate geometry problems into 1.4 Circles 

algebra problems, and vice versa. This enabled both geometers and algebraists to gain new Chapter Review 
insights into their Subjects, which had been thought to be separate but now were seen as Chapter Test 
connected. Chapter Project 


2 CHAPTER 1 Graphs 


1.1 The Distance and Midpoint Formulas 


PREPARING FOR THIS SECTION Before getting started, review the following: 
e Algebra Essentials (Section A.1, pp. A1-A10) ¢ Geometry Essentials (Section A.2, pp. A14-A19) 


Ne Now Work the ‘Are You Prepared?’ problems on page 6. 


OBJECTIVES 1 Use the Distance Formula (p. 3) 


2 Use the Midpoint Formula (p. 5) 
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Rectangular Coordinates 


We locate a point on the real number line by assigning it a single real number, called 
the coordinate of the point. For work in a two-dimensional plane, we locate points 
by using two numbers. 

Begin with two real number lines located in the same plane: one horizontal and 
the other vertical. The horizontal line is called the x-axis, the vertical line the y-axis, 
and the point of intersection the origin O. See Figure 1. Assign coordinates to every 
point on these number lines using a convenient scale. In mathematics, we usually 
use the same scale on each axis, but in applications, different scales appropriate to 
the application may be used. 

The origin O has a value of 0 on both the x-axis and the y-axis. Points on 
the x-axis to the right of O are associated with positive real numbers, and those to the 
left of O are associated with negative real numbers. Points on the y-axis above O 
are associated with positive real numbers, and those below O are associated with 
negative real numbers. In Figure 1, the x-axis and y-axis are labeled as x and y, 
respectively, and an arrow at the end of each axis is used to denote the positive 
direction. 

The coordinate system described here is called a rectangular or Cartesian* 
coordinate system. The x-axis and y-axis lie in a plane called the xy-plane, and 
the x-axis and y-axis are referred to as the coordinate axes. 

Any point P in the xy-plane can be located by using an ordered pair (x, y) of 
real numbers. Let x denote the signed distance of P from the y-axis (signed means 
that if P is to the right of the y-axis, then x > 0, and if P is to the left of the y-axis, 
then x < 0); and let y denote the signed distance of P from the x-axis. The ordered 
pair (x, y), also called the coordinates of P, gives us enough information to locate 
the point P in the plane. 

For example, to locate the point whose coordinates are (—3,1), go 3 units 
along the x-axis to the left of O and then go straight up 1 unit. We plot this 
point by placing a dot at this location. See Figure 2, in which the points with 
coordinates (—3,1), (—2, —3), (3, —2), and (3, 2) are plotted. 

The origin has coordinates (0,0). Any point on the x-axis has coordinates of the 
form (x, 0), and any point on the y-axis has coordinates of the form (0, y). 

If (x, y) are the coordinates of a point P, then x is called the x-coordinate, or 
abscissa, of P, and y is the y-coordinate, or ordinate, of P. We identify the point P by 
its coordinates (x, y) by writing P = (x,y). Usually, we will simply say “the 
point (x, y)” rather than “the point whose coordinates are (x, y).” 

The coordinate axes partition the xy-plane into four sections called quadrants, 
as shown in Figure 3. In quadrant I, both the x-coordinate and the y-coordinate of 
all points are positive; in quadrant II, x is negative and y is positive; in quadrant III, 
both x and y are negative; and in quadrant IV, x is positive and y is negative. Points 
on the coordinate axes belong to no quadrant. 


oumemmmm=-Now Work PROBLEM 15 


*Named after René Descartes (1596-1650), a French mathematician, philosopher, and theologian. 
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COMMENT Ona graphing calculator, you can set the scale on each axis. Once this has been done, 
you obtain the viewing rectangle. See Figure 4 for a typical viewing rectangle. You should now read 
Section B.1, The Viewing Rectangle. 





HORHAL FLOAT AUTO REAL RADIAN HP i 


Figure 4 TI-84 Plus C Standard Viewing Rectangle a 


Use the Distance Formula 


If the same units of measurement (such as inches, centimeters, and so on) are used 
for both the x-axis and y-axis, then all distances in the xy-plane can be measured 
using this unit of measurement. 





Soluti 


Need to Review? 


The Pythagorean Theorem and 
Its converse are discussed in 
Section A.2, pp. A14-Al15. 


In Words 

To compute the distance between 
two points, find the difference 

of the x-coordinates, square it, 
and add this to the square of the 
difference of the y-coordinates. 
The square root of this sum Is 
the distance. 


on 


= 





Finding the Distance between Two Points 
Find the distance d between the points (1,3) and (5, 6). 


First plot the points (1, 3) and (5, 6) and connect them with a line segment. 
See Figure 5(a). To find the length d, begin by drawing a horizontal line segment 
from (1,3) to (5,3) anda vertical line segment from (5,3) to (5,6), forming a right triangle, 
as shown in Figure 5(b). One leg of the triangle is of length 4 (since |5 — 1| = 4), 
and the other is of length 3 (since |6 — 3| = 3). By the Pythagorean Theorem, the 
square of the distance d that we seek is 


eHaA + P= 1649 = 25 


d= V25=5 





Figure 5 al 


The distance formula provides a straightforward method for computing the 
distance between two points. 


( THEOREM Distance Formula 


The distance between two points P; = (x1, y,) and P, = (Xx, y.), denoted 
by d(P,, P,), is 


d(Pi,P)) = V (4 —41)* + (2 -— 1)? (1) 
=) 


Proof of the Distance Formula Let (x, y,;) denote the coordinates of point P; 
and let (x, y.) denote the coordinates of point P). 


e Assume that the line joining P, and P, is neither horizontal nor vertical. Refer to 
Figure 6(a) on the next page. The coordinates of P3 are (x, y,; ). The horizontal 
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distance from P; to P,; equals the absolute value of the difference of 
the x-coordinates, |x. — x,|. The vertical distance from P; to P, equals the 
absolute value of the difference of the y-coordinates, |y, — y,|. See Figure 6(b). 
The distance d(P,, P,) is the length of the hypotenuse of the right triangle, so, 
by the Pythagorean Theorem, it follows that 


[d(P,, Py) |? = |x2 — x1|* + ly — yl? 








= (%) — %1)* + (% — 1)? 


d(P,, Px) = V(x. — x1)* + (2 — 1)? 


y 





Figure 6 


e If the line joining P; and P, is horizontal, then the y-coordinate of P, equals the 
y-coordinate of P,; that is, y; = y2. Refer to Figure 7(a). In this case, the distance 
formula (1) still works, because for y; = yy, it reduces to 


d (Pi, Ph) = V (x2 — 1)* + OP = V (x2 — 41)* = [x2 — 4 


y y 
V2 P, = (X; Yo) 
: P= (4%) — a(P,, P,) Py = Xp W)) inde 
= | : ea 





Figure 7 


e A similar argument holds if the line joining P, and P, is vertical. See Figure 7(b). 
| 


| EXAMPLE 2 | Using the Distance Formula 


Find the distance d between the points (—4,5) and (3, 2). 
Solution — Using the distance formula, equation (1), reveals that the distance d is 


d= V[3—- (-4)]* + (2-5)? = VF + (-3)? 
= V49 +9 = V58 ~ 7.62 J 


onmumme- Now Work PROBLEMS 19 AND 23 


The distance between two points P; = (x1, y;) and Ps = (x,y) is never a 
negative number. Also, the distance between two points is 0 only when the points are 
identical—that is, when x, = x, and y, = y). And, because (x, — x,)? = (x, — x)? 
and (y> — y;)* = (y; — y2)’, it makes no difference whether the distance is 
computed from P, to P, or from P, to P,; that is,d(P,, P,) = d( Po, P,). 

The introduction to this chapter mentioned that rectangular coordinates enable 
us to translate geometry problems into algebra problems, and vice versa. The next 
example shows how algebra (the distance formula) can be used to solve geometry 
problems. 
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| EXAMPLE 3 ~ Using Algebra to Solve a Geometry Problem 


Consider the three points A = (—2,1),B = (2,3),andC = (3,1). 
(a) Plot each point and form the triangle ABC. 

(b) Find the length of each side of the triangle. 

(c) Show that the triangle is a right triangle. 

(d) Find the area of the triangle. 


Solution (a) Figure 8 shows the points A, B, C and the triangle ABC. 


(b) To find the length of each side of the triangle, use the distance formula, 
equation (1). 


d(A,B) = V[2 - (-2) 2? + (3-1)? = V16 + 4 = V20 =2V5 
d(B,C) = —— T= V1+4= V5 
d(A,C) = V[3 - (-2)]}* + (1-1)? = V25+0=5 


(c) If the sum of the squares of the lengths of two of the sides equals the square 
of the length of the third side, then the triangle is a right triangle. Looking at 
Figure 8, it seems reasonable to conjecture that the angle at vertex B might be a 
right angle. We shall check to see whether 


[d(A, B) ]* + [d(B,C) }’ = [d(A, C) ]’ 





Figure 8 


Using the results in part (b) ae 
[d(A, B) ]? + [d(B,C) }? = (2V5)* + (V5)? 
=20+5 = 25 = [d(A,C)]’ 
It follows from the converse of the Pythagorean Theorem that triangle ABC is 


a right triangle. 


(d) Because the right angle is at vertex B, the sides AB and BC form the base and 
height of the triangle. Its area is 


1 1 
Area = 5 Base: Height = 5 i oe Square units J 


ommemmmm=-Now Work PROBLEM 33 


2 Use the Midpoint Formula 


y We now derive a formula for the coordinates of the midpoint of a line segment. 
Let P, = (x,y,) and P, = (%,y2) be the endpoints of a line segment, and 
let M = (x,y) be the point on the line segment that is the same distance 
from P, as it is from P,. See Figure 9. The triangles P; AM and MBP, are congruent. 
[Do you see why? d(P,,M) =d(M, P») is given; also, ZAP;M = ZBMP,* 
and 72 P,MA = ZMP>B. So, we have angle-side—angle.] Because triangles P; AM 
and MBP, are congruent, corresponding sides are equal in length. That is, 





X —~ X1, = X27 — X and Yy—~ Y¥=y2— y 

2h = Ky eX 2y=\yt yo 

: XxX, XS Vy + yo 

Figure 9 = ei — = 
. 2 ¥ 2 


*A postulate from geometry states that the transversal P, P, forms congruent corresponding angles with 
the parallel line segments P, A and MB. 
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( THEOREM Midpoint Formula 


The midpoint M = (x,y) of the line segment from P; = (x1, y;) 


TAN ee to P, = (x2, yo) is 


To find the midpoint of a line 
segment, average the x-coordinates 
of the endpoints, and average 


Xi +X M+ 2 
the y-coordinates of the 
endpoints. r 


M= wy) = (2% 9 





D 


| EXAMPLE 4 | Finding the Midpoint of a Line Segment 


Find the midpoint of the line segment from P, = (—5,5) to P, = (3,1). Plot the 
points P; and P, and their midpoint. 


Solution Use the midpoint formula (2) with x; = —5,y, =5, x, = 3, and y, = 1. The 
coordinates (x, y) of the midpoint M are 





Mae... SOS 1 q ¥y+ty 5S+1 3 
7 2 — > 2 
Figure 10 That is, M = (-—1,3). See Figure 10. = 
ommumm===-Now Work PROBLEM 39 

1.1 Assess Your Understanding 
‘Are You Prepared?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 

1. On the real number line, the origin is assigned the 5. The area A of a triangle whose base is b and whose altitude 

number . (p. A4) ishis A = . (p. A15) 
2. If —3 and 5 are the coordinates of two points on the 6. True or False Two triangles are congruent if two angles and 





real number line, the distance between these points the included side of one equals two angles and the included 


is______. (pp. AS-A6) side of the other. (pp. A16—A17) 
3. If 3 and 4 are the legs of a right triangle, the hypotenuse 
is . (p. A14) 


4. Use the converse of the Pythagorean Theorem to show that 
a triangle whose sides are of lengths 11, 60, and 61 is a right 
triangle. (pp. A14—-A15) 





Concepts and Vocabulary 


7. If (x, y) are the coordinates of a point P in the xy-plane, 13. Multiple Choice Which of the following statements is true 
then x is called the of P,and y for a point (x, y) that lies in quadrant III? 
is the of P. (a) Both x and y are positive. 

8. The coordinate axes partition the xy-plane into four sections (b) Both a and y are negative. 
called (c) x 1s positive, and y is negative. 


isti tive, and yi itive. 
9. If three distinct points P, Q, and R all lie on a line, and RC) SE eee and iS Ostne 








if d(P,Q) = d(Q,R), then Q is called the 14. Multiple Choice Choose the expression that equals the 
of the line segment from P to R. distance between two points (x), y;) and (x, y2). 
10. True or False The distance between two points is sometimes (a) V (x. — x1)7 + (» - yy)” 


a negative number. ie. ee ee 
. a (b) V (x. + 41)" — G2 + 
11. True or False The point (—1,4) lies in quadrant IV of the 


) 
Cartesian plane. (c) V (x, — %1)* — (2-1)? 
) 


12. True or False The midpoint of a line segment is found by (d) V(x. +x1)7 + (H+ yy)? 
averaging the x-coordinates and averaging the y-coordinates 
of the endpoints. 
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Skill Building 


In Problems 15 and 16, plot each point in the xy-plane. State which quadrant or on what coordinate axis each point lies. 


\ 15. (a) A = (-3,2) (d) D = (6,5) 16. (a) A = (1,4) (d) D = (4,1) 
(b) B = (6,0) (e) E = (0,-3) (b) B = (-3, —4) (e) E = (0,1) 
(c) C = (2, -2) (f) F = (6, -3) (c) C = (-3,4) (f) F = (—3,0) 


17. Plot the points (2,0), (2, —3), (2,4), (2,1), and (2, —1). Describe the set of all points of the form (2, y), where y is a real number. 
18. Plot the points (0,3), (1,3), (—2, 3), (5,3), and (—4,3). Describe the set of all points of the form (x, 3), where x is a real number. 


In Problems 19-32, find the distance d between the points P, and P3. 





N19. 20. = P, = (2, 2) 
P, =(-2,1) * P=, 1) 4 
NE 23. P, = (5,4) 24. P, = (-1,0); B= (2,4) 
250 Fj = (4,0) 26. P, = (2,-3); Po = (4,2) 
27. P; = (6,1) 28. P; = (-4,-3); P= (6,2) 
29... Pi = (-02,035)5 = (23,11) 3. P= (12.23)5 B= 403,141) 
31. P, = (a,b); P, = (0,0) 32. P, = (a,a); P, = (0,0) 
In Problems 33-38, plot each point and form the triangle ABC. Show that the triangle is a right triangle. Find its area. 
NX 33. A = (=2.9)) B={(Ls; C= (=1,0) 34. A = (-2,5); B= (12,3); C= (10,-11) 
35. A = (-5,3); B= (6,0); C= (5,5) 36. A = (-6,3); B= (3,-5); C= (-1,5) 
37, A= (4,-3); B= (0,-3); C= (4,2) 38. A = (4,-3); B= (4,1); = (2,1) 


In Problems 39-46, find the midpoint of the line segment joining the points P, and P). 


N39. P, = (3,-4); PB, = (5,4) 40. P, = (—2,0); Py = (2,4) 
41. P, = (-1,4); P, = (8,0) 42. P, = (2,-3); P, = (4,2) 
43. P, = (7,-5); P, = (9,1) 44. P, = (—4,-3): P, = (2,2) 
45. P, = (a,b); P; = (0,0) 46. P, = (a,a); Py = (0,0) 


Applications and Extensions 


47. If the point (2, 5) is shifted 3 units to the right and 2 units 52. Find all points on the y-axis that are 6 units from the 


down, what are its new coordinates? point (4, —-3). 

48. If the point (—1, 6) is shifted 2 units to the left and 4 units up, 53. Suppose that A = (2,5) are the coordinates of a point in 
what are its new coordinates? the xy-plane. 

49. Find all points having an x-coordinate of 3 whose distance (a) Find the coordinates of the point if A is shifted 3 units to 
from the point (—2, —1) is 13. the left and 4 units down. 


(b) Find the coordinates of the point if A is shifted 2 units to 
the left and 8 units up. 


54. Plot the points A = (—1,8) and M = (2,3) in the xy-plane. 


(a) By using the Pythagorean Theorem. 
(b) By using the distance formula. 


50. Find all points having a y-coordinate of —6 whose distance 





from the point (1,2) is 17 If M is the midpoint of a line segment AB, find the coordinates 
of B. 
(a) By using the Pythagorean Theorem. 55. The midpoint of the line segment from P, to P, is (—1,4). 


(b) By using the distance formula. If P, = (—3,6), what is P,? 





51. Find all points on the x-axis that are 6 units from the 56 


point (4, 9), . The midpoint of the line segment from P, to P, is (5, —4). 


If P, = (7, —2), what is P,? 
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57. Geometry The medians of a triangle are the line segments 
from each vertex to the midpoint of the opposite side (see 
the figure). Find the lengths of the medians of the triangle 
with vertices at A = (0,0), B = (6,0),andC = (4,4). 


C Median 







, Midpoint 


A B 


58. Geometry An equilateral triangle has three 
sides of equal length. If two vertices of an 
equilateral triangle are (0,4) and (0,0) findthe §$ S 
third vertex. How many of these triangles are 
possible? S 


In Problems 59-62, find the length of each side of the triangle 
determined by the three points P,, P,, and P3. State whether the 
triangle is an isosceles triangle, a right triangle, neither of these, or 
both. (An isosceles triangle is one in which at least two of the sides 
are of equal length.) 

59. i= (Zl) i= (—4,1); i= (—4, —-3) 

60. | oe (—1,4); | ae (6,2), oe (4, —5) 

OL. = (-23=1),. 26 =— (0,7)... = 2) 

62. i= (Bey: ee (—4, 0); i (4, 6) 

63. Baseball A major league baseball “diamond” is actually a 

square 90 feet on a side (see the figure). What is the distance 


directly from home plate to second base (the diagonal of the 
square)? 








64. Little League Baseball The layout of a Little League 
playing field is a square 60 feet on a side. How far is it 
directly from home plate to second base (the diagonal of the 
square)? 

Source: 2018 Little League Baseball Official Regulations, 
Playing Rules, and Operating Policies 


65. Baseball Refer to Problem 63. Overlay a_ rectangular 
coordinate system on a major league baseball diamond 
so that the origin is at home plate, the positive x-axis lies 
in the direction from home plate to first base, and the 
positive y-axis lies in the direction from home plate to third base. 
(a) What are the coordinates of first base, second base, and 
third base? Use feet as the unit of measurement. 

(b) If the right fielder is located at (310, 15) how far is it 
from the right fielder to second base? 

(c) If the center fielder is located at (300, 300), how far 
is it from the center fielder to third base? 








66. Little League Baseball Refer to Problem 64. Overlay 
a rectangular coordinate system on a Little League 
baseball diamond so that the origin is at home plate, the 
positive x-axis lies in the direction from home plate to first 
base, and the positive y-axis lies in the direction from home 
plate to third base. 

(a) What are the coordinates of first base, second base, and 
third base? Use feet as the unit of measurement. 

(b) Ifthe right fielder is located at (180, 20), how far is it from 
the right fielder to second base? 

(c) If the center fielder is located at (220, 220), how far is it 
from the center fielder to third base? 








67. Distance between Moving Objects A Ford Focus and a 
Freightliner Cascadia truck leave an intersection at the same 
time. The Focus heads east at an average speed of 60 miles 
per hour, while the Cascadia heads south at an average speed 
of 45 miles per hour. Find an expression for their distance 
apart d (in miles) at the end of ¢ hours. 








68. Distance of a Moving Object from a Fixed Point A hot-air 
balloon, headed due east at an average speed of 15 miles 
per hour and at a constant altitude of 100 feet, passes over 
an intersection (see the figure). Find an expression for 
the distance d (measured in feet) from the balloon to the 
intersection f seconds later. 





69. Drafting Error When a draftsman draws three lines that 
are to intersect at one point, the lines may not intersect as 
intended and subsequently will form an error triangle. If this 
error triangle is long and thin, one estimate for the location 
of the desired point is the midpoint of the shortest side. The 
figure shows one such error triangle. 





1.4 2627 xX 


(a) Find an estimate for the desired intersection point. 
(b) Find the distance from (1.4, 1.3) to the midpoint found in 


part (a). 


70. 


Net Sales ($ billions) 


71. 
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Net Sales The figure illustrates the net sales growth of 
Costco Wholesale Corporation from 2013 through 2017 Use 
the midpoint formula to estimate the net sales of Costco 
Wholesale Corporation in 2015. How does your result 
compare to the reported value of $113.67 billion? 


Source: Costco Wholesale Corporation 2017 Annual Report 


Costco Wholesale Corporation 





150 
100 
50 
0 
2013 2014 2015 2016 2017 
Year 


Poverty Threshold Poverty thresholds are determined by 
the U.S. Census Bureau. A poverty threshold represents 
the minimum annual household income for a family not 
to be considered poor. In 2009, the poverty threshold for a 
family of four with two children under the age of 18 years 
was $21,756. In 2017 the poverty threshold for a family of 
four with two children under the age of 18 years was $24,858. 


Explaining Concepts: Discussion and Writing 


76. 


Write a paragraph that describes a Cartesian plane. Then 
write a second paragraph that describes how to plot points 
in the Cartesian plane. Your paragraphs should include 


‘Are You Prepared?’ Answers 


1. 0 


2.8 i 


72. 


733 


74. 


TDs 


4.11° + 60° = 121 + 3600 = 3721 = 61 


Assuming that poverty thresholds increase in a straight-line 
fashion, use the midpoint formula to estimate the poverty 
threshold for a family of four with two children under the 
age of 18 in 2013. How does your result compare to the actual 
poverty threshold in 2013 of $23,624? 

Source: U.S. Census Bureau 


Challenge Problem Geometry Verify that the points (0,0), (a,0), 
ana ( 2, ¥34 

z 2 
show that the midpoints of the three sides are the vertices of a 
second equilateral triangle. 





are the vertices of an equilateral triangle. Then 





Challenge Problem Geometry Find the midpoint of each 
diagonal of a square with side of lengths. Draw the conclusion 
that the diagonals of a square intersect at their midpoints. 


[Hint: Use (0, 0), (0,5), (s, 0), and (s,s) as the vertices of the 
square. | 


Challenge Problem Geometry A point P is equidistant 
from (—5,1) and (4, —4). Find the coordinates of P if its 
y-coordinate is twice its x-coordinate. 


Challenge Problem Geometry For any parallelogram, prove 
that the sum of the squares of the lengths of the sides equals 
the sum of the squares of the lengths of the diagonals. 


[Hint: Use (0,0), (a,0), (a + b,c), and (b,c) as the vertices 
of the parallelogram. Assume a, b, and c are positive. | 


99 66 99 66 


the terms “coordinate axes,” “ordered pair,” “coordinates,” 


“plot,” “x-coordinate,” and “y-coordinate.” 


5. = bh 6. True 


1.2 Graphs of Equations in Two Variables; Intercepts; Symmetry 


PREPARING FOR THIS SECTION Before getting started, review the following: 


e Solving Linear Equations (Section A.6, pp. A44—A45) 


e Solve a Quadratic Equation by Factoring (Section A.6, 
pp. A47-A48) 


\ Now Work the ‘Are You Prepared?’ problems on page 17. 


OBJECTIVES 1 Graph Equations by Plotting Points (p. 10) 
2 Find Intercepts from a Graph (p. 12) 


3 Find Intercepts from an Equation (p. 12) 


4 Test an Equation for Symmetry with Respect to the x-Axis, the y-Axis, 
and the Origin (p. 13) 


5 Know How to Graph Key Equations (p. 15) 
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Table 1 Average Price of Gasoline 


Year Price Year Price Year Price 





Graph Equations by Plotting Points 


An equation in two variables, say x and y, is a statement in which two expressions 
involving x and y are equal. The expressions are called the sides of the equation. 
Since an equation is a statement, it may be true or false, depending on the value of 
the variables. Any values of x and y that result in a true statement are said to satisfy 
the equation. 

For example, the following are all equations in two variables x and y: 


Hy = 5 2x —-y=6 yo 2 +5 y= y 


The first of these, x* + y? = 5, is satisfied for x = 1, y = 2, since 42? SS, 
Other choices of x and y,such as x = —1, y = —2, also satisfy this equation. It is not 
satisfied for x = 2 and y = 3, since 27 + 3° =44+9=13 45. 

The graph of an equation in two variables x and y consists of the set of points 
in the xy-plane whose coordinates (x, y) satisfy the equation. 

Graphs play an important role in helping us to visualize the relationships 
that exist between two variables or quantities. Table 1 shows the average price of 
gasoline in the United States for the years 1991-2017 (adjusted for inflation). If we 
plot these data using year as the x-coordinate and price as the y-coordinate, and 
then connect the points (year, price), we obtain Figure 11. 
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Source: U.S. Energy Information Administration (hitps://www.eia.gov/ Figure 11 


dnav/pet/pet_pri_gnd_dcus_nus_a.htm) 


| EXAMPLE 1 ~ Determining Whether a Point Is on the Graph of an Equation 


Solution 


Determine whether the points are on the graph of the equation 2x — y = 6. 
(a) (2,3) (b) (2, —2) 
(a) For the point (2, 3), check to see whether x = 2,y = 3 satisfies the 
equation 2x — y = 6. 
2x -y=2'2-3=4-3=1F6 


The equation is not satisfied, so the point (2,3) is not on the graph of 2x — y = 6. 
(b) For the point (2, —2), 


Lk YH 292 — (2) =A] 6 
The equation is satisfied, so the point (2, —2) is on the graph of 2x — y = 6. J 


ommem==-Now Work PROBLEM 13 


up 
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| EXAMPLE 2 | Graphing an Equation by Plotting Points 


Graph the equation: y = 2x + 5 


Solution = The graph consists of all points (x, y) that satisfy the equation. To locate some of 
these points (and get an idea of the pattern of the graph), assign some numbers to x, 


y | and find corresponding values for y. 
25 (10, 25) 


Point on Graph 


y=2-:0+5=5 
y=2-1+5=7 

Vi =) 2° (225) == 5 
y=2-10+5= 25 





—25 (—5, —5) 25 X 





=25 
By plotting these points and then connecting them, we obtain the graph (a line) of 
the equation y = 2x + 5, as shown in Figure 12. 


| EXAMPLE 3 ~ Graphing an Equation by Plotting Points 


Graph the equation: y = x 


Figurel2 y=2x+5 


Solution Table 2 provides several points on the graph of y = x*. Plotting these points and 
connecting them with a smooth curve gives the graph (a parabola) shown in Figure 13. 


Table 2 





The graphs of the equations shown in Figures 12 and 13 do not show all points. 
For example, in Figure 12, the point (20, 45) is a part of the graph of y = 2x + 5, 
but it is not shown. Since the graph of y = 2x + 5 can be extended out indefinitely, 
we use arrows to indicate that the pattern shown continues. It is important, when 
showing a graph, to present enough of the graph so that any viewer of the illustration 
will “see” the rest of it as an obvious continuation of what is actually there. This is 
referred to as a complete graph. 


COMMENT Another way to obtain One way to obtain the complete graph of an equation is to plot enough points 
the graph of an equation is to use on the graph for a pattern to become evident. Then these points are connected with 
a graphing utility. Read Section B.2, a smooth curve following the suggested pattern. But how many points are sufficient? 
Using a Graphing Utility to Graph Sometimes knowledge about the equation tells us. For example, we will learn in the 
Equations. = next section that if an equation is of the form y = mx + Db, then its graph is a line. 


In this case, only two points are needed to obtain the complete graph. 

One purpose of this text is to investigate the properties of equations in order to 
decide whether a graph is complete. Sometimes we shall graph equations by plotting 
points. Shortly, we shall investigate various techniques that will enable us to graph 
an equation without plotting so many points. 

Two techniques that sometimes reduce the number of points required to graph 
an equation involve finding intercepts and checking for symmetry. 
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2 Find Intercepts from a Graph 


The points, if any, at which a graph crosses or touches the coordinate axes are called 
the intercepts of the graph. See Figure 14. The x-coordinate of a point at which the 
graph crosses or touches the x-axis is an x-intercept, and the y-coordinate of a point 
at which the graph crosses or touches the y-axis is a y-intercept. 






Graph 
crosses _ 
y-axis 
In Words 
Intercepts are points (ordered 
pairs). An x-intercept or a 
y-Intercept is a number. For / 
example, the point (3, 0) is an Graph 
intercept; the number 3 is an nee 
, X-axis 
x-intercept. y 
Figure 14 








Beet 
™~ Intercepts 


Finding Intercepts from a Graph 





Find the intercepts of the graph in Figure 15. What are its x-intercepts? What are its 
y-intercepts? 


Solution The intercepts of the graph are the points 


(—3,0), (0,3), (30), (0.-4) (0,-3.5), (4.5, 0) 





3 4 
The x-intercepts are —3, > and 4.5; the y-intercepts are —3.5, — rt and 3. J 


(0; 3.9) 


Figure 15 In Example 4, notice that intercepts are listed as ordered pairs, and 


the x-intercepts and the y-intercepts are listed as numbers. We use this distinction 
throughout the text. 


emmmmmn- NOW Work PROBLEM 41(a) 


3 Find Intercepts from an Equation 


The intercepts of a graph can be found from its equation by using the fact that 
points on the x-axis have y-coordinates equal to 0, and points on the y-axis 
have x-coordinates equal to 0. 


COMMENT For many equations, 

finding intercepts may not be so Procedure for Finding Intercepts 
easy. In such cases, a graphing utility 
can be used. Read the first part of 
Section B.3, Using a Graphing Utility 
to Locate Intercepts and Check for e To find the y-intercept(s), if any, of the graph of an equation, let x = Oin 
Symmetry, to find out how to locate the equation and solve for y, where y is a real number. 

intercepts using a graphing utility. m 


| EXAMPLE 5 ~ Finding Intercepts from an Equation 


Find the x-intercept(s) and the y-intercept(s) of the graph of y = x” — 4. Then 
graph y = x* — 4 by plotting points. 


e To find the x-intercept(s), if any, of the graph of an equation, let y = Oin 
the equation and solve for x, where x is a real number. 
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Solution To find the x-intercept(s), let y = 0 and obtain the equation 
x? -4 =0 y = x? - 4with y = 0 
(x + 2) (x — 2) = 0 Factor. 
x+2=0 or x —2=0 Use the Zero-Product Property. 
x=-2 or x =2 Solve. 
The equation has two solutions, —2 and 2. The x-intercepts are —2 and 2. 
To find the y-intercept(s), let x = 0 in the equation. 
y= x’-4 
=(*-4=-4 
The y-intercept is —4. 
Since x* = 0 for all x, we deduce from the equation y = x* — 4 that y = —4 


for all x. This information, the intercepts, and the points from Table 3 enable us to 
graph y = x” — 4. See Figure 16. 


Table 3 


y=x*-4 (x, y) 





Figure16 y = x* — 4 J 
orm NOW Work PROBLEM 23 


4 Test an Equation for Symmetry with Respect 
to the x-Axis, the y-Axis, and the Origin 


Another helpful tool for graphing equations by hand involves symmetry, particularly 
symmetry with respect to the x-axis, the y-axis, and the origin. 

Symmetry often occurs in nature. Consider the picture of the butterfly. Do you 
see the symmetry? 


er INITION Symmetry with Respect to the x-Axis 


A graph is symmetric with respect to the x-axis if, for every point (x, y) 
on the graph, the point (x, —y) is also on the graph. J 





Figure 17 illustrates the definition. Note that when a graph is symmetric with 
Figure 17 Symmetry with respect respect to the x-axis, the part of the graph above the x-axis is a reflection (or mirror 
to the x-axis image) of the part below it, and vice versa. 


| €XAMPLE6 | Points Symmetric with Respect to the x-Axis 


If a graph is symmetric with respect to the x-axis, and the point (3, 2) is on the graph, 
then the point (3, —2) is also on the graph. J 


14 CHAPTER 1 Graphs 


C ber INITION Symmetry with Respect to the y-Axis 


A graph is symmetric with respect to the y-axis if, for every point (x, y) 
on the graph, the point (— x, y) is also on the graph. a 





Figure 18 illustrates the definition. When a graph is symmetric with respect to 
the y-axis, the part of the graph to the right of the y-axis is a reflection of the part 
to the left of it, and vice versa. 


Figure 18 Symmetry with respect 
to the y-axis 


| €XAMPLE7 | Points Symmetric with Respect to the y-Axis 


If a graph is symmetric with respect to the y-axis and the point (5, 8) is on the graph, 
then the point (—5, 8) is also on the graph. J 


( DEFINITION Symmetry with Respect to the Origin 


A graph is symmetric with respect to the origin if, for every point (x, y) 
on the graph, the point (—x, —y) is also on the graph. J 


Figure 19 illustrates the definition. Symmetry with respect to the origin may be 
viewed in three ways: 


e As areflection about the y-axis, followed by a reflection about the x-axis 





e Asa projection along a line through the origin so that the distances from the 
Figure 19 Symmetry with respect to origin are equal 
the origin e As half of a complete revolution about the origin 


| EXAMPLE 8 | PLE 8 Points Symmetric with Respect to the Origin 


If a graph is symmetric with respect to the origin, and the point (4, —2) is on the 
graph, then the point (—4, 2) is also on the graph. J 


emmmmms--NOW Work PROBLEMS 31 AND 41(b) 


When the graph of an equation is symmetric with respect to a coordinate axis 
or the origin, the number of points that you need to plot in order to see the pattern 
is reduced. For example, if the graph of an equation is symmetric with respect to 
the y-axis, then once points to the right of the y-axis are plotted, an equal number of 
points on the graph can be obtained by reflecting them about the y-axis. Because 
of this, before we graph an equation, we should first determine whether it has any 
symmetry. The following tests are used for this purpose. 


Tests for Symmetry 
To test the graph of an equation for symmetry with respect to the 


e x-Axis Replace y by —y in the equation and simplify. If an equivalent 
equation results, the graph of the equation is symmetric with respect to 
the x-axis. 


e y-Axis Replace x by — x in the equation and simplify. If an equivalent 
equation results, the graph of the equation is symmetric with respect to 
the y-axis. 

e Origin Replace x by —x and y by —y in the equation and simplify. If an 
equivalent equation results, the graph of the equation is symmetric with 
respect to the origin. 
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| EXAMPLES © Testing an Equation for Symmetry 


Test 4x7 + 9y? = 36 for symmetry. 


Solution 


x-AXxIs: 


y-AxIs: 


Origin: 


To test for symmetry with respect to the x-axis, replace y by —y. 
Since 4x7 + 9(—y)? = 36 is equivalent to 4x” + 9y* = 36, the graph of 
the equation is symmetric with respect to the x-axis. 

To test for symmetry with respect to the y-axis, replace x by —x. 
Since 4(—x)? + 9y* = 36 is equivalent to 4x” + 9y* = 36, the graph of 
the equation is symmetric with respect to the y-axis. 

To test for symmetry with respect to the origin, replace x by —x and y 
by —y. Since 4(—x)? + 9(—y)* = 36 is equivalent to 4x” + 9y* = 36, 
the graph of the equation is symmetric with respect to the origin. 7 


| EXAMPLE 10 | Testing an Equation for Symmetry 


Solution 


| Seeing the Concept 


Figure 20 shows the graph 
of 4x*+9y = 36 — using 
Desmos. Do you see_ the 
Symmetry with respect to 
the x-axis, the y-axis, and the 


origin? 


4 
Test y = —= 
x 


x-AXxIs: 


y-Axis: 


Origin: 





Figure 20 4x* + 9y* = 36 


2 
i for symmetry. 


To test for symmetry with respect to the x-axis, replace y by —y. 
A, : eatent 4x? 
—>+—— Is not equivalent to y = ——— 
x +1 | 


equation is not symmetric with respect to the x-axis. 


Since —y = , the graph of the 


To test for symmetry with respect to the y-axis, replace x by —x. 

4(—x)? 4x? Age 

Since y = ——————. = ———— 1s equivalent to y = ———.,, the eraph of 
(-x)?+1 x41 7 41 oe 

the equation is symmetric with respect to the y-axis. 


To test for symmetry with respect to the origin, replace x by —x and y by —y. 








ST pepecent dyb 
—y = ——.>——__ Replace x by —x an —y. 
¥ are p y yvy ~y 
Ax? 
-y= Simplify. 
rae plify 
— Multiply both sides by — 1 
= ulti oth sides by — 1. 
2 spree ply y 
Since the result is not equivalent to the original equation, the graph of the 
| i , 2 
equation y = —; a4 is not symmetric with respect to the origin. J 
x 


4 | Seeing the Concept 


Figure 21 shows the graph 





4x? 
®) of y= : 

xe + 

Plus C graphing calculator. Do 

you see the symmetry with 


respect to the y-axis? 


; using a TI-84 





AXE 
x oe 


Figure21l y= 


ovmmmmmm-Now Work PROBLEM 61 


5 Know How to Graph Key Equations 


The next three examples use intercepts, symmetry, and point plotting to obtain the 
graphs of key equations. It is important to know the graphs of these key equations 


because we use them later. The first of these is y = x°. 


é) 
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| EXAMPLE 11 | Graphing the Equation y = x? by Finding Intercepts, Checking for 


Symmetry, and Plotting Points 


Graph the equation y = x° by plotting points. Find any intercepts and check for 
symmetry first. 


Solution First, find the intercepts. When x = 0, then y = 0; and when y = O, then x = 0. The 
origin (0,0) is the only intercept. Now test for symmetry. 


x-Axis: Replace y by —y. Since —y = x° is not equivalent to y = x°, the graph is 
not symmetric with respect to the x-axis. 


y-Axis: Replace x by —x. Since y = (—x)* = —x° is not equivalent to y = x°, the 


graph is not symmetric with respect to the y-axis. 


: 2, 8) Origin: Replace x by —x and y by —y. Since —y = (—x)°* = —x° is equivalent 
to y = x° (multiply both sides by —1), the graph is symmetric with respect to 
the origin. 

To graph y = x°, use the equation to obtain several points on the graph. Because 
of the symmetry, we need to locate only points on the graph for which x = 0. See 
0.0) ae Table 4. Since (1, 1) is on the graph, and the graph is symmetric with respect to 


the origin, the point (—1, —1) is also on the graph. Plot the points from Table 4 and 
use the symmetry. Figure 22 shows the graph. 





Table 4 


Figure 22 y = x? 





sl 


Graphing the Equation x = y* 


(a) Graph the equation x = y’. Find any intercepts and check for symmetry first. 
(b) Graph x = y*,y = 0. 


Solution (a) The lone intercept is (0, 0). The graph is symmetric with respect to the x-axis. 
(Do you see why? Replace y by —y.) Figure 23(a) shows the graph. 
(b) If we restrict y so that y = 0, the equation x = y*, y = 0, may be written 
equivalently as y = Vx. The portion of the graph of x = y* in quadrant I is 
therefore the graph of y = Vx. See Figure 23(b). 


os 


HORHAL FLOAT AUTO REAL RADIAN HP 





(9, -3) 
Figure 23 (a) x = y“ (b) y= Vx J 





Re COMMENT ‘To see the graph of the equation x = y* on a graphing calculator, you will need to graph 
Figure 24 two equations: 4 = Vx and == Vx. We discuss why In Chapter 2. See Figure 24. a 
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Graphing the Equation y = - 


Solution 


Table 5 


1 
Figure 25 y = i 





1 
Graph the equation y = = First, find any intercepts and check for symmetry. 


Check for intercepts first. If we let x = 0, we obtain 0 in the denominator, which 
makes y undefined. We conclude that there is no y-intercept. If we let y = 0, we get 


the equation 7 0, which has no solution. We conclude that there is no x-intercept. 


1 
The graph of y = . does not cross or touch the coordinate axes. 


Next check for symmetry: 
, , 1 — 1 
x-Axis: Replacing y by —y yields —y = . which is not equivalent to y = io 


1 i! 1 
y-Axis: Replacing x by —x yields y = => Ss which is not equivalent to y = = 


1 
Origin: Replacing x by —x and y by —y yields —y = — Y which is equivalent 
1 
toy = = The graph is symmetric with respect to the origin. 
Now set up Table 5, listing several points on the graph. Because of the symmetry 
with respect to the origin, we use only positive values of x. From Table 5 we infer that 
if x is a large and positive number, then y = = is a positive number close to 0. We 


also infer that if x is a positive number close to 0, then y = 78a large and positive 


number. Armed with this information, we can graph the equation. 


1 
Figure 25 illustrates some of these points and the graph of y = . Observe how 


the absence of intercepts and the existence of symmetry with respect to the origin 
were utilized. iI 


I 
tz COMMENT Refer to Example 2 in Section B.3, for the graph of y = ‘a using agraphing calculator. 


1.2 Assess Your Understanding 


‘Are You Prepared?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. Solve the equation 2Ax as 3) —1= -7. (pp. A44—-A45) 2. Solve the equation x2 —9=-—(Q. (pp. A47-A48) 
Concepts and Vocabulary 
3. The points, if any, at which a graph crosses or touches the 6. If the graph of an equation is symmetric with respect to 
coordinate axes are called the y-axis and —4 is an x-intercept of this graph, then ____ is 


4. The x-intercepts of the graph of an equation are 


those x-values for which 


also an x-intercept. 


7. If the graph of an equation is symmetric with respect to the 
origin and (3, —4) is a point on the graph, then 


5. If for every point (x, y) on the graph of an equation the is also a point on the graph. 


point (—x,y) is also on the graph, then the graph is 


symmetric with respect to the 


8. True or False To find the y-intercepts of the graph of an 
equation, let x = 0 and solve for y. 
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9. True or False The y-coordinate of a point at which the 12. Multiple Choice To test whether the graph of an equation is 
graph crosses or touches the x-axis is an x-intercept. symmetric with respect to the origin, replace in 
10. True or False If a graph is symmetric with respect to the equation and simplify. If an equivalent equation results, 
the x-axis, then it cannot be symmetric with respect to then the graph is symmetric with respect to the origin. 
ee (a) x by —x (b) y by -y 


11. Multiple Choice Given that the intercepts of a graph 


are (—4,0) and (0,5), choose the statement that is true. (c) x by —x and y by ~y (d) x by —y and y by —x 


(a) The y-intercept is —4, and the x-intercept is 5. 
(b) The y-intercepts are —4 and 5. 
(c) The x-intercepts are —4 and 5. 
(d) The x-intercept is —4, and the y-intercept is 5. 


Skill Building 


In Problems 13-18, determine which of the given points are on the graph of the equation. 


13. Equation: y = x — Vx 14. Equation: y = x3 — 2Vx 15. Equation: y* = x7 + 9 
Points: (0, 0); (1, 1); (2, 4) Points: (0, 0); (1, 1); (1, -1) Pots: (0,3)5(5,W)i:(=3;,0) 
16. Equation: y> = x + 1 17. Equation: x* + y* = 4 18. Equation: x” + 4y? = 4 
iI 
Points: (1, 2); (0, 1); (—1, 0) Points: (0, 2); (—2, 2); (V2, V2) Points: (0, 1); (2, 0); (2 *) 
In Problems 19-30, find the intercepts and graph each equation by plotting points. Be sure to label the intercepts. 
19% y=x+2 20. y=x-6 21. y= 2x +8 22. y = 3x -—9 
N23. y=22-1 24. y=x2-9 y= -x2+4 %.y=-24+1 
27. 2x + 3y = 6 28. 5x + 2y = 10 29. 9x? + 4y = 36 30. 4x7 + y = 4 
In Problems 31-40, plot each point. Then plot the point that is symmetric to it with respect to (a) the x-axis; (b) the y-axis; (c) the origin. 
NX 31 (3,4) 32. (5,3) a3, 0-71) 34, (4, —2) 35. (5, —2) 
36; (= 1,—1) 37. (—3, —4) 38. (4, 0) 39. (0, —3) 40. (—3,0) 


In Problems 41-52, the graph of an equation is given. (a) Find the intercepts. (b) Indicate whether the graph is symmetric with respect to 
the x-axis, the y-axis, the origin or none of these. 


\ 41. 


42. y 
3 





y 
3 





fl 
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In Problems 53-56, draw a complete graph so that it has the type of symmetry indicated. 


53. y-axis : 54. x-axis 55. Origin 





In Problems 57-72, list the intercepts and test for symmetry. 











57, y> =x + 16 58. y2=x+9 59, y= Wx 60. y= Wx 
N61 2 +y-9=0 62. x°-y—-4=0 63. 25x” + 4y? = 100 64.4° + y =4 
65. y = x° — 64 66. y=x4-1 67. y=x? - 2x -8 B.y=xr+4 
4x x4 a xi +] 
69. y= ——— 70. y = 71. y = 72. y = 
x* + 16 . 2x x7 — 9 De 


In Problems 73-76, graph each equation. 





1 

13. =x A X= 75. y= Vx 105 ts 
77. If (a, 4) is a point on the graph of y = x” + 3x, what is a? 78. If (a, —5) is a point on the graph of y = x? + 6x, what is a? 

Applications and Extensions 

79. Given that the point (1, 2) is on the graph of an equation 84. Solar Energy The solar electric generating systems at 
that is symmetric with respect to the origin, what other point Kramer Junction, California, use parabolic troughs to heat 
is on the graph? a heat-transfer fluid to a high temperature. This fluid is used 
80. If the graph of an equation is symmetric with respect to to generate steam that drives a power conversion system to 
the y-axis and 6 is an x-intercept of this graph, name produce electricity. For troughs 75 feet wide, an equation for 

another x-intercept. the cross section is 16y7 = 120x — 225. 


81. If the graph of an equation is symmetric with respect to 
the origin and —4 is an x-intercept of this graph, name 
another x-intercept. 


82. If the graph of an equation is symmetric with respect to 
the x-axis and 21s a y-intercept, name another y-intercept. 


83. Microphones In studios and on stages, cardioid microphones 
are often preferred for the richness they add to voices and 
for their ability to reduce the level of sound from the sides 


and rear of the microphone. Suppose one such cardioid 


pattern is given by the equation (x7 + y? — x)? = x7 + y’. 








(a) Find the intercepts of the graph of the equation. 
(b) Test for symmetry with respect to the x-axis, the y-axis, 
and the origin. 

Source: U.S. Department of Energy 

85. Challenge Problem Lemniscate For a nonzero constant a, 
find the intercepts of the graph of (x? + y*)? = a*(x? — y’). 
Then test for symmetry with respect to the x-axis, the y-axis, 
and the origin. 





86. Challenge Problem Limacon For nonzero constants a and 
b, find the intercepts of the graph of 

(a) Find the intercepts of the graph of the equation. 3 a a 3 

(b) Test for symmetry with respect to the x-axis, the y-axis, ee ee =e) 
and the origin. Then test for symmetry with respect to the x-axis, the y-axis, 

Source: www.notaviva.com and the origin. 
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Explaining Concepts: Discussion and Writing 


i 87. (a) Graph y= Vx? y=x,y= |x|, and ~= (Vx), 91. 


noting which graphs are the same. 

(b) Explain why the graphs of y = Vx? and y = |x| are 
the same. 

(c) Explain why the graphs of y = x and y = (Vx) * are 
not the same. 

(d) Explain why the graphs of y = Vx? and y = x are not 92 
the same. 

88. Explain what is meant by a complete graph. 


89. Draw a graph of an equation that contains two x-intercepts; 


at one the graph crosses the x-axis, and at the other the 93. 


graph touches the x-axis. 


90. Make up an equation with the intercepts (2, 0), (4, 0), 
and (0, 1). Compare your equation with a friend’s equation. 
Comment on any similarities. 


‘Are You Prepared?’ Answers 


1. {-6} 2. 13,3} 


1.3 Lines 


OBJECTIVES 


Won amnmnuUu BhWYN 


Draw a graph that contains the points 

(=2,=1),. (0,1). (1,3 and (3,5) 
Compare your graph with those of other students. Are 
most of the graphs almost straight lines? How many are 


“curved”? Discuss the various ways in which these points 
might be connected. 


. An equation is being tested for symmetry with respect to 


the x-axis, the y-axis, and the origin. Explain why, if two of 
these symmetries are present, the remaining one must also 
be present. 


Draw a graph that contains the points (—2,5), (—1,3), 
and (0, 2) and is symmetric with respect to the y-axis. 
Compare your graph with those of other students; comment 
on any similarities. Can a graph contain these points and be 
symmetric with respect to the x-axis? the origin? Why or 
why not? 


Calculate and Interpret the Slope of a Line (p. 20) 

Graph Lines Given a Point and the Slope (p. 23) 

Find the Equation of a Vertical Line (p. 24) 

Use the Point-Slope Form of a Line; Identify Horizontal Lines (p. 24) 
Use the Slope-Intercept Form of a Line (p. 25) 

Find an Equation of a Line Given Two Points (p. 27) 

Graph Lines Written in General Form Using Intercepts (p. 27) 

Find Equations of Parallel Lines (p. 28) 

Find Equations of Perpendicular Lines (p. 29) 





In this section we study a certain type of equation that contains two variables, called 
a linear equation, and its graph, a line. 


1 Calculate and Interpret the Slope of a Line 


Ling Consider the staircase illustrated in Figure 26. Each step contains exactly the same 

horizontal run and the same vertical rise. The ratio of the rise to the run, called the 

= slope, is a numerical measure of the steepness of the staircase. For example, if the 

nls run is increased and the rise remains the same, the staircase becomes less steep. If 

Run the run is kept the same but the rise is increased, the staircase becomes more steep. 

Figure 26 This important characteristic of a line is best defined using rectangular coordinates. 


( DEFINITION Slope 


Let P = (x1, y,) and Q = (XxX), y.) be two distinct points. If x, # x5, the 
slope m of the nonvertical line L containing P and Q is defined by the formula 





If x; = X>, then L is a vertical line and the slope m of L is undefined (since this 


results in division by 0). 


xd) 
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Figure 27(a) illustrates the slope of a nonvertical line; Figure 27(b) illustrates a 
vertical line. 





(a) Slope of Lis m= | X, FX, (b) Slope is undefined; L is vertical 
2 1 
Figure 27 
As Figure 27(a) illustrates, the slope m of a nonvertical line may be viewed as 
In Words 8 P y 
The symbol A is the Greek uppercase _ y2- y¥ _ Rise _ y2— y, _ Change in y 7 Ay 
letter delta. In mathematics, A aie Rin | ee Changeinx Ax 


| | Ay, 
Is read “change in,” so 7 Is read That is, the slope m of a nonvertical line measures the amount y changes when x 


Ste lege Wey Ueto) Piel igs uae changes from x, to x. The expression at is called the average rate of change of y 


with respect to x. ml 
Two comments about computing the slope of a nonvertical line may prove 
helpful: 





e Any two distinct points on the line can be used to compute the slope of the 
line. (See Figure 28 for justification.) Since any two distinct points can be used 
to compute the slope of a line, the average rate of change of a line is always the 
same number. 


Figure 28 

Triangles ABC and POR are 

Similar (equal angles), So ratios of 
corresponding sides are proportional. 
Then the slope using Pand Qis 


a 1 d(B, C) 
Xr — X1 d(A, C)’ 
which is the slope using A and B. 











e The slope of a line may be computed from P = (x), y,) to O = (%, y2) or 
from Q to P because 


) pe ae 4 7) 


XQ. — X4 X, — X2 


| €XAMPLE1 ~ Finding and Interpreting the Slope of a Line Given Two Points 


The slope m of the line containing the points (1,2) and (5, —3) may be computed as 
-3-2  -5 5 2-(-3) _5 5 
ae gl 

For every 4-unit change in x, y will change by —5 units. That is, if x increases 

by 4 units, then y will decrease by 5 units. The average rate of change of y with 


2 
tt i 
respect to x 1s — 7 J 


orm NOW Work PROBLEMS 13 AND 19 
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| EXAMPLE 2 | Finding the Slopes of Various Lines Containing the Same Point (2, 3) 


Compute the slopes of the lines L;, L>, L3, and Ly containing the following pairs of 
points. Graph all four lines on the same set of coordinate axes. 








Li: P= (2:3) QO; = (=I, = 2) 
L: P= (230) QO, = C2 =i) 
Le P= (2,3) QO; = (5,3) 
le P= (2,3) QO, = (2,5) 
Solution Let my, ™, m3, and m, denote the slopes of the lines L, L5, L3, and La, respectively. 
Then 
Se , Avasedieds f 
my 4-2 3 3 A rise of 5 divided by a run of 3 
=L=3. —4 
—— —— ————— —4 
— S25 | 
aa: ee 
——— 0 
ne 5-9, 3 
my, 18 undefined because x; = x» = 2 
The graphs of these lines are in Figure 29. a 





Figure 29 illustrates the following facts: 


Figure 29 


When the slope of a line is positive, the line slants upward from left to 
right (Lj). 
When the slope of a line is negative, the line slants downward from left to 
right (L>). 


When the slope is 0, the line is horizontal (L3). 


When the slope is undefined, the line is vertical (L,). 





| Seeing the Concept 


A On the same screen, graph the following equations: 
Ye = 6X 
{| YW=ex =x ¥Y, =0 Slope of line is 0. 
MORMAL FLOAT AUTO REAL RADIAN HP 





a Wat foo cit 
gn 13 7" Yo = —xX Slope of line is 7 


if | 
¥3 = 5X Slope of line is 5 


Y, = X Slope of line is 1. 


Y¥, = 2X Slope of line is 2. 


Figure 30 


Ye = 6X _ Slope of line is 6. 
See Figure 30. 


se 
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| Seeing the Concept 


7 On the same screen, graph the following equations: 





Figure 31 


¥Y, =0 Slope of line is 0. 
Yo = — zx Slope of line is — 7 
1 a ae. 
¥Y3 = - 5 Slope of line is — 5" 
Y, = —X Slope of line is — 1. 
Y, = —2X_ Slope of line is — 2. 
Ys = —6x_ Slope of line is — 6. 


See Figure 31. 


Figures 30 and 31 illustrate that the closer the line is to the vertical position, the 


greater the magnitude of the slope. 


2 Graph Lines Given a Point and the Slope 


| €XAMPLE3 | Graphing a Line Given a Point and a Slope 


Draw a graph of the line that contains the point (3, 2) and has a slope of: 


(a) 


Solution = (a) 


(b) 








Figure 33 


3 4 
4 OS 


Ri 3 
Slope = a The slope 4 means that for every horizontal change (run) 


of 4 units to the right, there is a vertical change (rise) of 3 units. Start at 
the point (3, 2) and move 4 units to the right and 3 units up, arriving at the 
point (7,5). Drawing the line through the points (7,5) and (3, 2) gives the graph. 
See Figure 32. 


A slope of 
4  —-4_ Rise 


5 5 Run 





means that for every horizontal change of 5 units to the right, there is a 
corresponding vertical change of —4 units (a downward movement). Start 
at the point (3,2) and move 5 units to the right and then 4 units down, arriving 
at the point (8, —2). Drawing the line through these points gives the graph. See 
Figure 33. 


Alternatively, consider that 


4 4 _ Rise 


5 —5 Run 





so for every horizontal change of —5 units (a movement to the left), 
there is a corresponding vertical change of 4 units (upward). This approach leads 
to the point (—2, 6), which is also on the graph of the line in Figure 33. _J 


ormummm=m=-Now Work PROBLEM 25 
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3 Find the Equation of a Vertical Line 


| EXAMPLE 4 | Graphing a Line 


Graph the equation: x = 3 


Solution Tographx = 3, we find all points (x, y) in the plane for which x = 3. No matter what 
y-coordinate is used, the corresponding x-coordinate always equals 3. Consequently, 
the graph of the equation x = 3 isa vertical line with x-intercept 3 and an undefined 
slope. See Figure 34 . 





Figure 34 x = 3 J 


Example 4 suggests the following result: 


( THEOREM Equation of a Vertical Line 


A vertical line is given by an equation of the form 
x=a 


where a is the x-intercept. J 


Le COMMENT To graph an equation using most graphing utilities, we need to express the equation 
in the form y = { expression inx}. But x = 3 cannot be put In this form. To overcome this, most 
graphing utilities have special commands for drawing vertical lines. DRAW, LINE, PLOT, and VERT are 
among the more common ones. Consult your manual to determine the correct methodology for your 
graphing utility. a 


4 Use the Point-Slope Form of a Line; Identify Horizontal Lines 


Let L be a nonvertical line with slope m that contains the point (x, y,). See 
Figure 35. For any other point (x, y) on L, we have 








2 or y= yj Hm — %) 
x— x 1 1 
Figure 35 ( THEOREM Point-Slope Form of an Equation of a Line 


An equation of a nonvertical line with slope m that contains the point 
Gar y1) is 


Ve ee) (2) 
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| EXAMPLE 5 ~ Finding the Point-Slope Form of an Equation of a Line 





y Find the point-slope form of an equation of the line with slope 4, containing the 
6 (2, 6) point (1, 2). 
Rise = 4 Solution An equation of the line with slope 4 that contains the point (1, 2) can be found by 
(1, 2) using the point-slope form with m = 4,x,; = 1, and y, = 2. 
_* y— y= m(x — x1) 
=2 ) x y-2=4(x -1) m = 4,x, = 1y, = 2 
See Figure 36 for the graph. J 


Figure 36 y— 2 = 4(x—1) ovmmmmms=-Now Work PROBLEM 33 


| €XAMPLE6 | Finding the Equation of a Horizontal Line 


Find an equation of the horizontal line containing the point (3, 2). 


Solution _—_ Because all the y-values are equal on a horizontal line, the slope of a horizontal line 
is 0. To get an equation, use the point-slope form with m = 0, x, = 3, and y, = 2. 


y-y=m(x— x) 
y-2=0°(x-3) m=0,x, = 3,y; = 2 
y-2=0 
y=2 
Figure 37 y= 2 See Figure 37 for the graph. i 





Example 6 suggests the following result: 


C THEOREM Equation of a Horizontal Line 


A horizontal line is given by an equation of the form 


yi 


where b is the y-intercept. ~) 


5 Use the Slope-Intercept Form of a Line 


Another useful equation of a line is obtained when the slope m and y-intercept b are 
known. Then the point (0, b) is on the line. Using the point-slope form, equation (2), 
we obtain 


y-—b=m(x-0) or y=mxt+b 


( THEOREM Slope-Intercept Form of an Equation of a Line 


An equation of a line with slope m and y-intercept b is 


y=mxt+b (3) 
J 


For example, if a line has slope 5 and y-intercept 2, we can write the equation 
in slope-intercept form as 


y= 34 +2 


slope y-intercept 


mmm Now Work PROBLEMS 53 AND 59 (express answer 
in slope-intercept form) 
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Seeing the Concept 


4 To see the role that the slope m plays, graph the 
following lines on the same screen. 


Y4 
Yo 
Y3 
V4 
Vs 


Z 

x+2 
—-x+2 
3x+2 
—3x+2 


= 0 
=1 
= -1 
= 3 
= -3 


To see the role of the y-intercept b, graph the following 
lines on the same screen. 


¥, = 2x 

Y= 2x+1 
¥Y3 = 2x-1 
Y4 = 2x+4 
Ye = 2x — 4 


b=0 
bB=1 
b= -1 
b= 4 
b= -—4 


Figure 38 displays the graphs using Desmos. What do 
you conclude about lines of the form y = mx + 2? 


Figure 39 displays the graphs using Desmos. What 
do you conclude about lines of the form y = 2x + D? 
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Figure 38 y= mx+e2 Figure 39 y=2x+bD 





When the equation of a line is written in slope-intercept form, it is easy to find 
the slope m and y-intercept b of the line. For example, suppose that the equation 


of a line is 
Ve Taare 
Compare this equation to y = mx + b. 
y= er +e 
tf ft 
y= mx + b 


The slope of this line is —2 and its y-intercept is 7 


ormum==-Now Work PROBLEM 79 


| €XAMPLE7 | Finding the Slope and y-Intercept of a Line 


Find the slope m and y-intercept b of the equation 2x + 4y = 8. Graph the equation. 


Solution To find the slope and y-intercept, write the equation in slope-intercept form by 
solving for y. 
2x + 4y = 8 
4y = -2x + 8 


1 
aaa, ake y = mx + b 


1 
The coefficient of x, ~> is the slope, and the constant, 2, is the y-intercept. To graph 





it 
the line with y-intercept 2 and with slope ~> start at the point (0,2) and move to 


the right 2 units and then down 1 unit to the point (2, 1). Draw the line through these 
points. See Figure 40. _J 


Figure 40 y = -$x +2 


ovumm=m==-Now Work pRoBLEM 85 
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6 Find the Equation of a Line Given Two Points 


| EXAMPLE 8 ~ PLE 8 Finding an Equation of a Line Given Two Points 


Find an equation of the line containing the points (2,3) and (—4, 5). Graph the line. 
Solution First compute the slope of the line. 
= 2 1 y2—-Y1 
m 


4-2 -6 3 X2—Xy 





1 
Use the point (2, 3) and the slope m = = to get the point-slope form of the 
equation of the line. 


1 
Te o> ae (x —2) yr-yr = m(x-x,) 


Continue to get the slope-intercept form. 





1 Z 
Pe ihe 
11 


Figure 41 y = -3% alr 3 


1 11 
— —Ly;y 4 = mx + b 
je 


See Figure 41 for the graph. - 


In the solution to Example 8, we could have used the other point, (—4,5), 
instead of the point (2, 3). The equation that results, when written in slope-intercept 
form, is the equation that we obtained in the example. (Try it for yourself.) 


ovpmmmmmm=-Now Work PROBLEM 45 


7 Graph Lines Written in General Form Using Intercepts 


C DEFINITION General Form 
The equation of a line is in general form* when it is written as 


Ax + By =C (4) 
where A, B, and C are real numbers and A and B are not both 0. J 


If B = 0 in equation (4),then A # O and the graph of the equation is a vertical 


line: x =—. 
ine: x A 


If B ~ 0 in equation (4), then we can solve the equation for y and write the 
equation in slope-intercept form as we did in Example 7 

One way to graph a line given in general form, equation (4), is to find its 
intercepts. Remember, the intercepts of the graph of an equation are the points 
where the graph crosses or touches a coordinate axis. 


| EXAMPLES ~ Graphing an Equation in General Form Using Its Intercepts 


Graph the equation 2x + 4y = 8 by finding its intercepts. 
Solution —_To obtain the x-intercept, let y = 0 in the equation and solve for x. 


2x + 4y = 8 
2x +4-0=8 Lety = 0. 
2x = 8 


x = 4 Dzmvide both sides by 2. 


The x-intercept is 4, and the point (4, 0) is on the graph of the equation. 


(continued) 
*Some texts use the term standard form. 
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To obtain the y-intercept, let x = 0 in the equation and solve for y. 


2x + 4y=8 
y 2:0+4y=8 Letx = 0. 
: 4y=8 


y = 2 Divide both sides by 4. 





The y-intercept is 2, and the point (0, 2) is on the graph of the equation. 
Plot the points (4, 0) and (0, 2) and draw the line through the points. See 


Figure 42 2x + 4y=8 Figure 42. =a 
oummm_=-Now Work PROBLEM 99 


The equation of every line can be written in general form. For example, a 
vertical line whose equation is 


can be written in the general form 
1l-x+O0-y=a A=1,B=0,C=a 


A horizontal line whose equation is 


can be written in the general form 
O-x+1l-y=b A=0B=1,C=b 
Lines that are neither vertical nor horizontal have general equations of the form 
Ax + By=C A #¥ OandB ¥ 0 


Because the equation of every line can be written in general form, any equation 
equivalent to equation (4) is called a linear equation. 


8 Find Equations of Parallel Lines 


When two lines (in the plane) do not intersect (that is, they have no points in 
common), they are parallel. Look at Figure 43. We have drawn two parallel lines and 
have constructed two right triangles by drawing sides parallel to the coordinate axes. 
The right triangles are similar. (Do you see why? Two angles are equal.) Because the 
triangles are similar, the ratios of corresponding sides are equal. 


( THEOREM Criteria for Parallel Lines 


Two nonvertical lines are parallel if and only if their slopes are equal and they 
have different y-intercepts. aj 





Figure 43 Parallel lines 


The use of the phrase “if and only if” in the preceding theorem means that 
actually two statements are being made, one the converse of the other. 


e Iftwo nonvertical lines are parallel, then their slopes are equal and they have 
different y-intercepts. 


e Iftwo nonvertical lines have equal slopes and they have different y-intercepts, 
then they are parallel. 


| EXAMPLE 10 — Showing That Two Lines Are Parallel 


Show that the lines given by the following equations are parallel. 


Ly: 2x + 3y = 6 L,: 4x + by = 0 
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Solution To determine whether these lines have equal slopes and different y-intercepts, write 
each equation in slope-intercept form. 


Ly: 2x + 3y = 6 [5: 4x + 6by = 
y 
) 3y = —2x + 6 6y = —4x 
2 a 2 
y= ie | 
3 3 
Sl ee int t=2 Sl ae int t = 0 
= = © ope = 3° y-intercept = ope = 3° y-intercept = 
Ly 
2 
i Because these lines have the same slope, — 3 but different y-intercepts, the lines are 
Figure 44 Parallel lines parallel. See Figure 44. <i 





} Finding a Line That Is Parallel to a Given Line 


Find an equation for the line that contains the point (2, —3) and is parallel to the 
line 2x + y = 6. 


Solution Since the two lines are to be parallel, the slope of the line containing the 
point (2, —3) equals the slope of the line 2x + y = 6. Begin by writing the equation 
of the line 2x + y = 61n slope-intercept form. 





24 YS 6 
y= -2x + 6 
y 
The slope is —2. Since the line containing the point (2, —3) also has slope —2, 
6 use the point-slope form to obtain its equation. 
y- y= m(x — x1) Point-slope form 
S32) = 2 2) m= —2,x%, = 2,y, = —3 
yt+t3=-2x+4 Simplify. 
= a y= 1 Slope-intercept form 
2x+y=6 
Ie ey =k General form 
(2, —3) 
=. 7 This line is parallel to the line 2x + y = 6 and contains the point (2, —3). See 
2Xx+y=1 7 A5 
Figure 45 ae = 
ormummm-Now Work PROBLEM 67 
: 9 Find Equations of Perpendicular Lines 
When two lines intersect at a right angle (90°), they are perpendicular. See 
Figure 46. 
90° The following result gives a condition, in terms of their slopes, for two lines to 
be perpendicular. 
Xx 
Figure 46 Perpendicular lines ( THEOREM Criterion for Perpendicular Lines 


Two nonvertical lines are perpendicular if and only if the product of their 
slopes is —1. ny) 


Here we prove the “only if” part of the statement: 


Cir two nonvertical lines are perpendicular, then the product of their slopes 


isi 323) 
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Proof Let m, and m, denote the slopes of the two lines. There is no loss in 
generality (that is, neither the angle nor the slopes are affected) if we situate the 
lines so that they meet at the origin. See Figure 47 The point A = (1,m)) is on 
the line having slope my, and the point B = (1,m,) is on the line having slope m,. 
(Do you see why this must be true?) 

Suppose that the lines are perpendicular. Then triangle OAB is a right triangle. 
As a result of the Pythagorean Theorem, it follows that 


[d(O, A) ]* + [d(O, B) ]? = [d(A, B) J’ (5) 
Using the distance formula, the squares of these distances are 
PaO Ch OO ae Ord ai, 
[d(O, B) }° = (1—0)* + (m — 0)* = 14+ mj 
[d(A, B) ]* = (1-1)? + (mm — m)?* = my — 2mm, + my 





Figure 47 


Using these facts in equation (5), we get 
(1 + mj) + (1 + mi) = 15 — 2mm, + Mi 
which, upon simplification, can be written as 
mM, = —1 


If the lines are perpendicular, the product of their slopes is —1. a 


In Problem 138, you are asked to prove the “if” part of the theorem: 


- 


If two nonvertical lines have slopes whose product is —1, then the lines are 
perpendicular. =j 


You may find it easier to remember the condition for two nonvertical lines to 
be perpendicular by observing that the equality m,;m, = —1 means that m, and m, 
are negative reciprocals of each other; that is, 


1 
hh Ss and hh = SS 
Ny nN 


| EXAMPLE 12 — Finding the Slope of a Line Perpendicular to Another Line 


3 2 
If a line has slope >» any line having slope — 3 is perpendicular to it. s 


| EXAMPLE 13 _ Finding an Equation of a Line Perpendicular to a Given Line 


Find an equation of the line that contains the point (1, —2) and is perpendicular to 
the line x + 3y = 6. Graph the two lines. 


Solution First write the equation of the line x + 3y = 6 in slope-intercept form to find its slope. 


x + 3y = 6 
3y = -x + 6 Proceed to solve for y. 
1 
a ae +2  Placeinthe formy = mx + b. 


1 
The slope of the line x + 3y = 61s “3 Any line perpendicular to this line has slope 3. 
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Because the point (1, —2) is on the line with slope 3, use the point-slope form of the 
equation of a line. 
y= = 71 (X= 2) Point-slope form 
yo (2) Hoe 1) m = 3,x, = 1y, = -2 
y+2=3(x -1) 
To obtain other forms of the equation, proceed as follows: 
Vd 2 = 3y = 3 Simplify. 
y=3x—-5 Slope-intercept form 


y=) General form 





Figure 48 Figure 48 shows the graphs. _J 


ommmmmmme-Now Work PROBLEM 73 


te WARNING Be sure to use a square screen when you use a graphing calculator to graph 
perpendicular lines. Otherwise, the angle between the two lines will appear distorted. 
A discussion of square screens Is given in Section B.5. ei 


1.3 Assess Your Understanding 


Concepts and Vocabulary 























1. The slope of a vertical line is ; the slope of a 10. Multiple Choice Choose the formula for finding the slope m 
horizontal line is ; of a nonvertical line that contains the two distinct points 
2. For the line 2x + 3y = 6, the x-intercept is and (x1, Yi) and (x2, yo). 
the y-intercept is Wn — X , ' yy — x L 
3. True or False The equation 3x + 4y = 6 is written in (a) m= yi — 4 1 ~My tb) m= Xo — yt Yi 7 *2 
general form. 
; ; _— 27 XY a) aes 
4. True or False The slope of the line 2y = 3x + 5is3. (c) m= meer yo #~ yy (d)m= rapa x1 F Xp 
2 1 27 x4 
. ee | 
pe eC Tass Cone So ys 11. Multiple Choice Choose the correct statement about the 
6. Two nonvertical lines have slopes m, and mb, respectively. graph of the line y = —3. 
The lines are parallel if and the (a) The graph is vertical with x-intercept —3. 
are unequal; the lines are perpendicular if (b) The graph is horizontal with y-intercept —3. 
7. The lines y=2x+3 and y=ax+5 are parallel (c) The graph is vertical with y-intercept —3. 
ie (d) The graph is horizontal with x-intercept —3. 
8. The lines y = 2x — 1 and y = ax + 2 are perpendicular 12. Multiple Choice Choose the point-slope equation of a 
ifa = nonvertical line with slope m that passes through 
the point (x, y;). 
9. Multiple Choice Ifa line slants downward from left to right, (a) y+ y,=me+x b) =) = ewe = % 
then which of the following describes its slope? hoes a : ay ge tgie _ 
(a) positive (b) zero (c) y+ yy = m(x + x) (d) y— yy = m(x — x) 


(c) negative (d) undefined 


Skill Building 


In Problems 13-16, (a) find the slope of the line and (b) interpret the slope. 
\ 13. , 14. y 15. 
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In Problems 17-24, plot each pair of points and determine the slope of the line containing the points. Graph the line. 


17. (2,3); (4,0) 18. (4,2); (3,4) X19. (=2,3);(2,1) 20. (—1,1);(2,3) 
2A... (= 3, =1 32,1) 22 (4,2), (=),2) 23.. (=1,2)-(=1,=2) 24. (2, 0); (2, 2) 
In Problems 25-32, graph the line that contains the point P and has slope m. 
2 
MG 25. P= (1,2):m=3 26. P= (2,1):m=4 27. P = (2,4);m = —> 28. P = (1,3);m = -= 
29. P= (-1,3);m=0 30. P= (2,-4);m=0 31. P = (0,3);slope undefined 32. P = (—2,0); slope undefined 


In Problems 33-38, a point on a line and its slope are given. Find the point-slope form of the equation of the line. 


Ms 6-49) <3 34. P = (2,1):m=4 35. P= (2,4);m = -3 
36. P= (1,3);m = -2 37, P = (-1,3);m =0 38. P = (2,-4):m =0 


In Problems 39-44, the slope and a point on a line are given. Use this information to locate three additional points on the line. Answers 
may vary. {Hint: It is not necessary to find the equation of the line. See Example 3.| 


: , a a 
39. Slope 4; point (1, 2) 40. Slope 2; point (—2, 3) 41. Slope -5 point (2, —4) 
4 
42. Slope 3 point (—3, 2) 43. Slope —2; point (—2, —3) 44. Slope —1; point (4, 1) 


In Problems 45-52, find an equation of the line L. 
N45. y 46. 





49. y 3 50. ¥/ 





—] a. Xx 





y=2xl | | as 


, _ L is perpendicular 
L is parallel to y = 2x L is parallel to y= —x to y= 2x L is perpendicular 


to y=-x 


In Problems 53-78, find an equation for the line with the given properties. Express your answer using either the general form or the 
slope-intercept form of the equation of a line, whichever you prefer. 


My 53. Slope = 3; containing the point (—2, 3) 54. Slope = 2; containing the point (4, —3) 
55. Slope = = containing the point (3, 1) 56. Slope = = containing the point (1, —1) 
57. Containing the points (1,3) and (—1, 2) 58. Containing the points (—3, 4) and (2,5) 
NX. 59. Slope = —3; y-intercept = 3 60. Slope = —2; y-intercept = —2 
61. x-intercept = —4; y-intercept = 4 62. x-intercept = 2; y-intercept = —1 
63. Slope undefined; containing the point (2, 4) 64. Slope undefined; containing the point (3, 8) 
65. Horizontal; containing the point (—3, 2) 66. Vertical; containing the point (4, —5) 
\\. 67. Parallel to the line y = 2x; containing the point (—1, 2) 68. Parallel to the line y = —3x; containing the point (—1, 2) 
69. Parallel to the line x — 2y = —5; containing the point (0, 0) 70. Parallel to the line 2x — y = —2; containing the point (0, 0) 
71. Parallel to the line x = 5; containing the point (4, 2) 72. Parallel to the line y = 5; containing the point (4, 2) 
Sy 73. Perpendicular to the line y = =x + 4; containing the 74. Perpendicular to the line y = 2x — 3; containing the 
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75. Perpendicular to the line x — 2y = —5; containing the 76. Perpendicular to the line 2x + y = 2; containing the 
point (0, 4) point (—3, 0) 
77. Perpendicular to the line x = 8; containing the point (3, 4) 78. Perpendicular to the line y = 8; containing the point (3, 4) 


In Problems 79-98, find the slope and y-intercept of each line. Graph the line. 


il i 1 
Me 79.) = 2x43 80.y = —3x +4 sL.oy=x-1 82. =x + y =2 83. y= 5x +2 
1 4 
84.y = 2x + 5 NX 85.4 + 2y =4 86. —x + 3y = 6 87, 2x — 3y = 6 88. 3x + 2y = 6 
89.x+y=1 90.x —y=2 91.x = —4 92. y= -1 93. y= 5 
94.x = 2 95.y —x = 0 96.x + y = 0 97. 2y — 3x = 0 98. 3x + 2y = 0 
In Problems 99-108, (a) find the intercepts of the graph of each equation and (b) graph the equation. 
NX. 99, 2x + 3y = 6 100. 3x — 2y = 6 101. —4x + 5y = 40 102. 6x — 4y = 24 103. 7x + 2y = 21 
il 1 2 
104. 5x + 3y = 18 105. 5% + 3) = 1 106. x — san 4 107. 0.2x — O0.S5y = 1 108. —0.3x + 0.4y = 1.2 
109. Find an equation of the x-axis. 110. Find an equation of the y-axis. 


In Problems 111-114, the equations of two lines are given. Determine whether the lines are parallel, perpendicular, or neither. 


1 
111. y = 2x —- 3 112. y= =x —- 3 113. y= 4x +5 1144. y = —-2x + 3 
Oe 2 y=—4x +2 d 
y=-2x+4 yurgx t 2 


fee” Problems 115-118, write an equation of each line. Express your answer using either the general form or the slope-intercept form of the 
equation of a line, whichever you prefer. 





Applications and Extensions 








119. Geometry Use slopes to show that the triangle whose the costs that change with the level of output. Variable costs 
vertices are (—2,5), (1,3), and (—1, 0) is a right triangle. include raw materials, hourly wages, and electricity. Suppose 
120. Geometry Use slopes to show that the quadrilateral whose that a manufacturer of jeans has fixed daily costs of $1200 
vertices are (1, —1), (4,1), (2,2), and (5,4) isa parallelogram. and variable costs of $20 for each pair of jeans manufactured. 


Write a linear equation that relates the daily cost C, in 
dollars, of manufacturing the jeans to the number x of jeans 
manufactured. What is the cost of manufacturing 400 pairs 


121. Geometry Use slopes to show that the quadrilateral whose 
vertices are (—1, 0), (2,3), (1, —2), and (4, 1) is a rectangle. 








122. Geometry Use slopes and the distance formula to show of jeans? 740 pairs? 
that the quadrilateral whose vertices are (0, 0), (1, 3), (4, 2), 
and (3, —1) is a square. 125. Cost of Driving a Car The annual fixed costs of owning a 


small sedan are $4252, assuming the car is completely paid 
for. The cost to drive the car is approximately $0.14 per 
mile. Write a linear equation that relates the cost C and the 
number x of miles driven annually. 


Source: AAA, 2017 


123. Truck Rentals A truck rental company rents a moving 
GS truck for one day by charging $39 plus $0.60 per mile. Write 
a linear equation that relates the cost C, in dollars, of renting 
the truck to the number x of miles driven. What is the cost 
of renting the truck if the truck is driven 110 miles? 


230 miles? 126. Wages of a Car Salesperson Dan receives $525 per week for 
124. Cost Equation The fixed costs of operating a business are selling new and used cars. He also receives 5% of the profit 
the costs incurred regardless of the level of production. on any sales. Write a linear equation that represents Dan’s 
Fixed costs include rent, fixed salaries, and costs of leasing weekly salary S when he has sales that generate a profit 


machinery. The variable costs of operating a business are of x dollars. 
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128. 


129. 


130. 


131. 


CHAPTER 1 Graphs 


Electricity Rates in Florida Florida Power & Light 
Company supplies electricity to residential customers for 
a monthly customer charge of $8.01 plus 8.89 cents per 
kilowatt hour (kWh) for up to 1000 kilowatt hours. 





(a) Write a linear equation that relates the monthly 
charge C, in dollars, to the number x of kilowatt hours 
used in a month, 0 = x = 1000. 


(b) Graph this equation. 
(c) What is the monthly charge for using 200 kilowatt hours? 
(d) What is the monthly charge for using 500 kilowatt hours? 





(e) Interpret the slope of the line. 
Source: Florida Power & Light Company, March 2018 


Natural Gas Rates in Illinois Ameren Illinois supplies 
natural gas to residential customers for a monthly customer 
charge of $21.82 plus 64.9 cents per therm of heat energy. 


(a) Write a linear equation that relates the monthly charge C, 
in dollars, to the number x of therms used in a month. 


(b) What is the monthly charge for using 90 therms? 
(c) What is the monthly charge for using 150 therms? 
(d) Graph the equation. 





(e) Interpret the slope of the line. 
Source: Ameren Illinois, March 2018 


Measuring Temperature The relationship between Celsius (°C) 
and Fahrenheit (°F) degrees of measuring temperature 
is linear. Find a linear equation relating °C and °F if 0°C 
corresponds to 32°F and 100°C corresponds to 212°F. Use 
the equation to find the Celsius measure of 70°F. 





Measuring Temperature The Kelvin (K) scale for measuring 
temperature is obtained by adding 273 to the Celsius 
temperature. 


(a) Write a linear equation relating K and °C. 
(b) Write a linear equation relating K and °F (see 
Problem 129). 


Access Ramp A wooden access ramp is being built to reach 
a platform that sits 30 inches above the floor. The ramp 
drops 2 inches for every 25-inch run. 


y 







Platform 





(a) Write a linear equation that relates the height y of the 
ramp above the floor to the horizontal distance x from 
the platform. 


132. 


133. 


134. 


135. 


136. 


137. 


138. 





(b) Find and interpret the x-intercept of the graph of your 
equation. 

(c) Design requirements stipulate that the maximum run 
be 30 feet and that the maximum slope be a drop 
of 1 inch for each 12 inches of run. Will this ramp meet 
the requirements? Explain. 

(d) What slopes could be used to obtain the 30-inch rise and 
still meet design requirements? 


Source: www.adaptiveaccess.com/wood_ramps.php 


U.S. Advertising Share A report showed that Internet ads 
accounted for 19% of all U.S. advertisement spending when 
print ads (magazines and newspapers) accounted for 26% 
of the spending. The report further showed that Internet ads 
accounted for 35% of all advertisement spending when print 
ads accounted for 16% of the spending. 


(a) Write a linear equation that relates that percent y 
of print ad spending to the percent x of Internet ad 
spending. 

(b) Find the intercepts of the graph of your equation. 

(c) Do the intercepts have any meaningful interpretation? 

(d) Predict the percent of print ad spending if Internet ads 
account for 39% of all advertisement spending in the 
United States. 


Source: Marketing Fact Pack 2018. Ad Age Datacenter, 
December 18, 2017 


Product Promotion A cereal company finds that the 
number of people who will buy one of its products in the 
first month that the product is introduced is linearly related 
to the amount of money it spends on advertising. If it 
spends $40,000 on advertising, then 100,000 boxes of cereal will 
be sold, and if it spends $60,000, then 200,000 boxes will be sold. 


(a) Write a linear equation that relates the amount A spent 
on advertising to the number x of boxes the company 
aims to sell. 

(b) How much expenditure on advertising is needed to 
sell 300,000 boxes of cereal? 

(c) Interpret the slope. 





The equation 2x — y = C defines a family of lines, one line 
for each value of C. On one set of coordinate axes, graph the 
members of the family when C = —4,C = 0, and C = 2. 
Can you draw a conclusion from the graph about each 
member of the family? 


Challenge Problem Find three numbers a for which the 
lines x + 2y = 5, 2x -3y+4=0, and axt+y=0 
do not form a triangle. 


Challenge Problem Show that the line containing the 
points (a, b) and (b, a), a # b, is perpendicular to the 
line y = x. Also show that the midpoint of (a, b) and (5, a) 
lies on the line y = x. 

Challenge Problem Form a triangle using the points (0, 0), 
(a, 0), and (b, c), where a > 0,b > 0, and c > 0. Find the 
point of intersection of the three lines joining the midpoint 
of a side of the triangle to the opposite vertex. 





Challenge Problem Prove that if two nonvertical lines have 
slopes whose product is —1, then the lines are perpendicular. 
[Hint: Refer to Figure 47 and use the converse of the 
Pythagorean Theorem. | 





Explaining Concepts: Discussion and Writing 


139. Which of the following equations might have the graph 
shown? (More than one answer is possible. ) y 


(a) 2x + 3y = 6 (b) —2x + 3y = 6 
(c) 3x —4y = —-12 (d) x-y=1 
(e) x-y=-l (f) y= 3x -5 
(gs) y= 2x +3 (h) y = —3x + 3 


140. Which of the following equations might have the graph 
shown? (More than one answer is possible.) 


(a) 2x + 3y = 6 (b) 2x — 3y = 6 
(c) 3x + 4y = 12 (d) x-y=1 
(e) x -y=-l (ff) y= —-2x-1 





x< 


1 
(3) y= ~5% + 10 (h) y=x +4 


141. The figure shows the graph of two parallel lines. Which of the 
following pairs of equations might have such a graph? 


(a) x —2y=3 y 
x+2y=7 

(b) x +y=2 * 
x+y=-l1 

(c) x -y=-2 
x-y=1 

(d) x-~y=-—2 
2x —2y = —4 

(e) x + 2y =2 
x+2y=-1 


142. The figure shows the graph of two perpendicular lines. 
Which of the following pairs of equations might have such a 





graph? 

(a) y-— 2x =2 
yt2x=-1 

(b) y-— 2x =0 
2 = 

(c) 2y-—x=2 
2y+x=-2 

(d) y— 2x =2 
x+2y=-1 

(e) 2x + y= -2 
2y+x=-2 


1.4 Circles 


143. 
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149. 
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mis for Slope The accepted symbol used to denote the slope 
of a line is the letter m. Investigate the origin of this practice. 
Begin by consulting a French dictionary and looking up the 
French word monter. Write a brief essay on your findings. 


Grade of a Road The term grade is used to 
describe the inclination of a road. How 
is this term related to the notion 
of slope of a line? Is a 4% grade 
very steep? Investigate the grades 
of some mountainous roads and 
determine their slopes. Write a 
brief essay on your findings. 





Carpentry Carpenters use the term pitch to describe the 
steepness of staircases and roofs. How is pitch related to 
slope? Investigate typical pitches used for stairs and for 
roofs. Write a brief essay on your findings. 


Can the equation of every line be written in slope-intercept 
form? Why? 

Does every line have exactly one x-intercept and 
one y-intercept? Are there any lines that have no intercepts? 
What can you say about two lines that have equal slopes and 
equal y-intercepts? 

What can you say about two lines with the same x-intercept 
and the same y-intercept? Assume that the x-intercept is 
not 0. 

If two distinct lines have the same _ slope _ but 
different x-intercepts, can they have the same y-intercept? 

If two distinct lines have the same y-intercept but different 
slopes, can they have the same x-intercept? 

Which form of the equation of a line do you prefer to use? 
Justify your position with an example that shows that your 
choice is better than another. Have reasons. 


What Went Wrong? A student is asked to find the slope 
of the line joining (—3,2) and (1, —4). He states that the 


slope is 5 Is he correct? If not, what went wrong? 


PREPARING FOR THIS SECTION Before getting started, review the following: 


¢ Completing the Square (Section A.3, p. A29) 


MK Now Work the ‘Are You Prepared?’ problems on page 39. 


OBJECTIVES 1 Write the Standard Form of the Equation of a Circle (p. 36) 
2 Graph a Circle (p. 37) 
3 Work with the General Form of the Equation of a Circle (p. 38) 


e Square Root Method (Section A.6, p. A48) 





36 CHAPTER 1 Graphs 


1 Write the Standard Form of the Equation of a Circle 


One advantage of a coordinate system is that it enables us to translate a geometric 
statement into an algebraic statement, and vice versa. Consider, for example, the 
following geometric statement that defines a circle. 


( DEFINITION Circle 


A circle is a set of points in the xy-plane that are a fixed distance r from a fixed 
point (h, k). The fixed distance r is called the radius, and the fixed point (H, k) 





is called the center of the circle. J 

Figure 49 , , ; 

(x—h)2 + (y-k)?=P Figure 49 shows the graph of a circle. To find the equation, let (x, y) represent 
the coordinates of any point on a circle with radius r and center (h, k). Then the 
distance between the points (x, y) and (h, k) must always equal r. That is, by the 

= distance formula, 


Need to Review? 


) _ \/(y — hy2 _ p\2 = 
“The distance formula is discussed (x —h)* + (y—k) 4 
“in Section 1.1, pp. 3-4. or, equivalently, 
cr 
c (x—h)? + (yk =P 


( DEFINITION Standard Form of an Equation of a Circle 


The standard form of an equation of a circle with radius r and center (h, k) is 


(x —h)* + (y—k)? =P? (1) 


a 


( tHeoReM 
The standard form of an equation of a circle of radius r with center at the 
origin (0, 0) is 


be 
a 
= 
| 
= 


J 


( DEFINITION Unit Circle 


If the radius r = 1, the circle whose center is at the origin is called the unit 
circle and has the equation 


ed) 


Figure 50 See Figure 50. Notice that the graph of the unit circle is symmetric with respect to the 
Unit circle x* + y° =1 x-axis, the y-axis, and the origin. 


| €XAMPLE1 | Writing the Standard Form of the Equation of a Circle 


Write the standard form of the equation of the circle with radius 5 and center (—3, 6). 





Solution Substitute the values r = 5,h = —3, and k = 6 into equation (1). 
(x —h)* + (y—k)? =r Equation (1) 
eo (2) a 6) =o, 
(x +3)? + (y - 6)? =25 = 


ommm__me-Now Work PROBLEM 9 
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2 Graph a Circle 





Graphing a Circle 
Graph the equation: (x + 3)* + (y — 2)* = 16 


Solution — The given equation is in the standard form of an equation of a circle. To graph the 
circle, compare the equation to equation (1). The comparison gives information 
about the circle. 


(x + 3)*+ (y—2)* = 16 

(x — (-3))? + (¥-2)?=# 

(x-h)? +(y— kar 
We see that h = —3,k = 2, and r = 4. The circle has center (—3,2) and 
radius 4. To graph this circle, first plot the center (—3, 2). Since the radius is 4, locate 
four points on the circle by plotting points 4 units to the left, to the right, up, and 


down from the center. These four points are then used as guides to obtain the graph. 
See Figure 51. 





Figure51 (x + 3)°+ (y-2)* =16 
ommummmmn=- NOW Work PROBLEMS 27(a) AND (b) 





Finding the Intercepts of a Circle 
Find the intercepts, if any, of the graph of the circle (x + 3)* + (y — 2)” = 16. 


Solution — This is the equation graphed in Example 2. To find the x-intercepts, if any, 


let y = 0. Then 
2 a OD 
The symbol + Is read “plus 2 _9\2 — is 
or minus.” It means to add and Oy ee) = —* 
subtract the quantity following (x + ca +4=16 Simplify. 
the += symbol. For example, 
Des eas = 8S Or (x +3)*=12 Simplify. 
5+2=7. yr 
x+3= 4V12 Use the Square Root Method. 


=: OL 2V3 Solve for x. 


Xx 


The x-intercepts are —3 — 2V3 ~ —6.46 and —3 + 2V3 ~ 0.46. 
To find the y-intercepts, if any, let x = 0. Then 


(x +3)? + (y — 2)? = 16 


( 
(0+ 3)? + (y — 2)? = 16 
( 
( 


9+ (y —2)* = 16 
ek) eel 
y-2=H Va 
y=2+WV7 
The y-intercepts are 2 — V7 ~ —0.65and2 + V7 ~ 4.65. J 


Look back at Figure 51 to verify the approximate locations of the intercepts. 


evmmmmmn=- NOW Work PROBLEM 27 (Cc) 
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3 Work with the General Form of the Equation of a Circle 


If we eliminate the parentheses from the standard form of the equation of the circle 
given in Example 2, we get 


(x + 3)*+ (y -2)* = 16 

xv +6xt+9+y*-4y+4= 16 

which simplifies to 
x + y? + 6x — 4y —-3 =0 
It can be shown that any equation of the form 
x° + y* + ax + by+c=0 

has a graph that is a circle, is a point, or has no graph at all. For example, the graph 
of the equation x* + y* = O is the single point (0, 0). The equation x* + y* + 5 = 0, 
or x7 + y* = —5, has no graph, because sums of squares of real numbers are never 
negative. 


(DEFINITION General Form of the Equation of a Circle 


When its graph is a circle, the equation 


| e+y+axt+by+c=0 


is the general form of the equation of a circle. JJ 


Need to Review? ovmmmmmn=-Now Work PROBLEM 15 


Completing the square Is 


discussed in Section A.3, 
p. A29. 


If an equation of a circle is in general form, we use the method of completing 
the square to put the equation in standard form so that we can identify its center 
and radius. 


se Ye ye} 








Graphing a Circle Whose Equation Is in General Form 
Graph the equation: x* + y* + 4x — 6y + 12 =0 


Solution Group the terms involving x, group the terms involving y, and put the constant on 
the right side of the equation. The result is 


(x7 + 4x) + (y? - 6y) = -12 


Next, complete the square of each expression in parentheses. Remember that any 
number added on the left side of the equation must also be added on the right. 


4h» 41,9) (x2 + 4x +4) + (y —6y +9) =-124+449 


(x +2)? + (y — 3)? =1 Factor. 





This equation is the standard form of the equation of a circle with radius 1 and 
center (—2,3).To graph the equation, use the center (—2,3) and the radius 1. See 
Figure 52 (x + 2)°+ (y—3)°=1 Figure 52. 


o_rmm_-Now Work PROBLEM 31 
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i= | €XAMPLE5 ~ Using a Graphing Utility to Graph a Circle 


Graph the equation: x* + y* = 4 


Solution = This is the equation of a circle with center at the origin and radius 2. To graph this 
equation using a graphing utility, begin by solving for y. 
Y, = V4—x? 


i 2 2 
NORMAL FLOAT AUTO REAL RADIAN HP x" + aaa 4 





y =4-, Subtract x2 from both sides. 


y= tva- x? Use the Square Root Method to solve for y. 


There are two equations to graph: first graph Y, = V4 — x’ and then 


graph Y; = — V4 — x’ on the same square screen. (Your circle will appear oval if 
you do not use a square screen.*) See Figure 53. 


in ee Overview 
Figure 53 x°+ y= 4 The discussion in Sections 1.3 and 1.4 about lines and circles deals with two problems 


that can be generalized as follows: 


e Given an equation, classify it and graph it. 


e Given a graph, or information about a graph, find its equation. 


This text deals with both problems. We shall study various equations, classify 
them, and graph them. 


*The square screen ratio for the TI-84 Plus C graphing calculator is 8:5. 


1.4 Assess Your Understanding 


‘Are You Prepared?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 





1. To complete the square of x7 + 10x, you would 2. Use the Square Root Method to solve the equation 
(add/subtract) the number . (p. A29) (x — 2)* = 9. (p. A48) 
Concepts and Vocabulary 
3. True or False Every equation of the form 7. Multiple Choice Choose the equation of acircle with radius 6 


; A and center (3, =—3). 
KP ys ae by +o =—0 


fa) (6—3)" Fy 5) 6 

has a circle as its graph. (b) (x + 3)? + (y — 5)? = 36 
4. For acircle, the is the distance from the center to (c) (x + 3)? + (y -—5)?= 

any point on the circle. (d) (x — 3)? + (y +5)? = 36 
5. True or False The radius of the circle x* + y* = 9 is 3. 8. Multiple Choice The equation of a circle can be changed 
6. True or False The center of the circle from general form to standard from by doing which of the 

; —_ following? 
(x+3)° 4+ (y— 2)" = 13 (a) completing the squares (b) solving for x 
i8.(3,=2). (c) solving for y (d) squaring both sides 


Skill Building 


In Problems 9-12, find the center and radius of each circle. Write the standard form of the equation. 


"9. , 10. Y 1. y LR. Y 
(Z,-0} 





(1, 0) x 
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In Problems 13-24, write the standard form of the equation and the general form of the equation of each circle of radius r and center (h, k). 
Graph each circle. 


13. r = 2; (h,k) = (0,0) 4. r=3; (hk) = (0,0) N15. r=2:; (hk) = (0,2) 16.7 =3; (hk) = (1,0) 
Wr =5; (h,k) = (4,-3) 18 7 = 4; (A,k) = (2,-3) 19. r= 4; (h,k) = (-2,1) 20.r=7; (h,k) = (-5,-2) 


21.7 > = (h,k) = (5 0) 22.7 = - (h,k) = (0 -i) 23. 7 = V'13; (h,k) = (5,-1) 24 r= 2V5: (h,k) = (3,2) 


In Problems 25-38, (a) find the center (h, k) and radius r of each circle; (b) graph each circle; (c) find the intercepts, if any. 


25.x2+y2=4 26.2 + (y-1)? =1 No 27. 2(x -— 3)? + 2y? = 8 
28. 3(x + 1)* + 3(y -1)* =6 29. x7 + y? —-2x —-4y —-4=0 30. x7 + y? + 4x + 2y — 20 =0 
No 3L x2 + y? + 4x — dy —1=0 32. x2 + y? — 6x + 2v +9 =0 33.2 + y2-x+2y+1=0 
1 
Moxh ty txty—>=0 35. 2x* + 2y? — 12x + 8y — 24=0 36. 2x7 + 2y7 + 8x +7=0 
37, 2x7 + 8x + 2y* =0 38. 3x7 + 3y? — 12y = 0 
In Problems 39-44, find the standard form of the equation of each circle. 
39. Center at the origin and containing the point (—2, 3) 40. Center (1,0) and containing the point (—3, 2) 
41. With endpoints of a diameter at (1, 4) and (—3, 2) 42. With endpoints of a diameter at (4,3) and (0, 1) 
43. Center (2, —4) and circumference 167 44. Center (—5, 6) and area 497 


In Problems 45-48, match each graph with the correct equation. 
(a) (x —3)*+ (vy +3)?=9 @) (x +1)?4+ (y-2)*=4 (© («-1)* + (yt+2)?=4 @ (x +3)? 4+ (y-3)* =9 





Applications and Extensions 


49. Find an equation of the line containing the centers of the 
two circles 


(x — 4) + (y + 2)* = 25 
and 
(x +1)? + (y— 5)? = 16 


50. Find an equation of the line containing the centers of the 
two circles 


x t+y*?- 4x + 6y+4=0 
and 54. Find the area of the blue shaded region in the figure, 


+5 + 6 + 4y+9=0 assuming the quadrilateral inside the circle is a square. 


y 


51. If a circle of radius 2 rolls along the x-axis in quadrants I 
and II, what is an equation for the path of the center of the 
circle? 


52. A circle of radius 7 rolls along the y-axis in quadrants I 
and IV. Find an equation for the path of the center of the 
circle. 





53: 





56. 


1. 


58. 


Ferris Wheel The original Ferris wheel was built in 1893 by 
Pittsburgh, Pennsylvania bridge builder George W. Ferris. 
The Ferris wheel was originally built for the 1893 World’s 
Fair in Chicago, but it was also later reconstructed for 
the 1904 World’s Fair in St. Louis. It had a maximum height 
of 264 feet and a wheel diameter of 250 feet. Find an equation 
for the wheel if the center of the wheel is on the y-axis. 


Source: guinnessworldrecords.com 


Ferris Wheel The High Roller observation wheel in 
Las Vegas has a maximum height of 550 feet and a diameter 
of 520 feet, with one full 
rotation taking approximately 
30 minutes. Find an equation 
for the wheel if the center of 
the wheel is on the y-axis. 


Source: Las Vegas Review Journal 


Vertically Circular Building 
Located in Al Raha, Abu Dhabi, 
the headquarters of property 
developing company Aldar is a 
vertically circular building with 
a diameter of 121 meters. The 
tip of the building is 110 meters 
aboveground. Find an equation 
for the building’s outline if the 
center of the building is on the 
y-axis. 

Vertically Circular Building The Sunrise Kempinski Hotel in 
Beijing, China, is a vertically circular building whose outline 
is described by the equation x” + y” — 78y — 1843 = 0 if 
the center of the building is on the y-axis. If x and y are in 
meters, what is the height of the building? 


Problems 59-66 require the following discussion. 


/\ The tangent line to a circle may be defined as the line that 
intersects the circle in a single point, called the point of tangency. 
See the figure. 


y 


Explaining Concepts: Discussion and Writing 


69. 


Which of the following equations might have the graph 
shown? (More than one answer is possible.) 


(a) (x — 2)* + (y + 3)? =13 
(b) G2) + (y=2)° S38 
(©) (4 -—2)° + (y= 3)* = 13 
(d) (x + 2)? + (y- 2)? = 
(e) x2 + y? — 4x — 9y = 0 
(f) x? + y? + 4x -2y =0 
(g) x7 + y? — 9x — 4y = 0 
(h) x7 + y*-4x —4y =4 





SECTION 1.4 Circles 


In Problems 59-62, find the standard form of the equation of each 
circle. (Refer to the preceding discussion). 


59. 
60. 
61. 
62. 
63. 


64. 


65. 


66. 


67. 


68. 


Center (2,3) and tangent to the x-axis 

Center (—3,1) and tangent to the y-axis 
Center (—1,3) and tangent to the line y = 2 
Center (4, —2) and tangent to the line x = 1 


Challenge Problem If the equation of a circle isx* + y* = r? 


and the equation of a tangent line is y = mx + b, show that: 
(a) r°(1 +m’) =b? 


[Hint: The quadratic equation x? + (mx + b)* = r7has 
exactly one solution. | 





b ’b 

(c) The tangent line is perpendicular to the line containing 

the center of the circle and the point of tangency. 
Challenge Problem Refer to Problem 63. 
The line x — 2y + 4 = O is tangent to a circle at (0, 2). The 
line y = 2x — 7 is tangent to the same circle at (3, —-1). 
Find the center of the circle. 
Challenge Problem The Greek Method The Greek method 
for finding the equation of the tangent line to a circle uses the 
fact that at any point on a circle, the line containing the center 
and the tangent line are perpendicular. Use this method to 
find an equation of the tangent line to the circle x7 + y” = 9 
at the point (1, 2V2). 
Challenge Problem Use the Greek method described in 
Problem 65 to find an equation of the tangent line to the 


32 
(b) The point of tangency is ( = =) 





circle 
x+y—4x+ 6y+4=0 


at the point (3, 0 a): 


Challenge Problem If (x,, y,) and (x, y) are the endpoints 
of a diameter of a circle, show that an equation of the circle is 


(x — x1) (x — x2) + (y-—y)(y — yw) = 0 


Challenge Problem If x* + y? + dx + ey + f =0 is the 
equation of a circle, show that 


Ba ee 6 si 
wor ty + a{2 $2) + (25%) + p= 0 


is an equation of the tangent line to the circle at the 
point (Xo, Yo). 


70. Which of the following equations might have the graph 


shown? (More than one answer is possible.) 

@) (2-2 ty =3 

(b) (x +2)? +y% =3 

(c) x7 + (y-2)*= y 
(d) (x +2)*+y?=4 

(e) x7 + y? + 10x + 16=0 

(f) x? + y? + 10x —- 2y = 1 

(g) x7 + y? + 9x + 10 =0 

(h) x7 + y? — 9x - 10 =0 
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71. Explain how the center and radius of a circle can be used to graph the circle. 


72. What Went Wrong? A student stated that the center and radius of the graph whose equation is (x + 3)? + (y — 2)* = 16 
are (3, —2) and 4, respectively. Why is this incorrect? 


‘Are You Prepared?’ Answers 


1. add; 25 2. {-1,5} 


Chapter Review 


Things to Know 


Formulas 
Distance formula (p. 3) d = V(x. -— x1)? + (2 -y1)? 
ye Xe a 
Midpoint formula (p. 6) (iy) = je 4) 
' = Oe. hs = 
Slope of a line (p. 20) ———- if x; A~ x»; undefined if x; = x, 
27 x4 
Parallel lines (p. 28) Equal slopes (m, = m,) and different y-intercepts (b; # b>) 
Perpendicular lines (p. 29) Product of slopes is —1 (m,+m, = —1) 
Equations of Lines and Circles 
Vertical line (p. 24) = a; ais the x-intercept 
Point-slope form of the equation of a y — y, = m(x — x1); mis the slope of the line, 
line (p. 24) (x1, y,) is a point on the line 
Horizontal line (p. 25) y = b; bis the y-intercept 
Slope-intercept form of the equation of a 
line (p. 25) y = mx + b; mis the slope of the line, bD is the y-intercept 
General form of the equation of a line (p. 27) Ax + By = C;A, B not both 0 
Standard form of the equation of a (x —h)* + (y — k)? =r’; ris the radius of the circle, 
circle (p. 36) (h, k) is the center of the circle 
Equation of the unit circle (p. 36) v+y=1 
General form of the equation of a 
circle (p. 38) x? + y?+axt+ by+c=0 





Objectives 
Section You should be able to... Examples Review Exercises 
il 1 Use the distance formula (p. 3) 1-3 1(a)-3(a), 29, 30(a), 31 
2 Use the midpoint formula (p. 5) 4 1(b)-3(b), 31 
12 1 Graph equations by plotting points (p. 10) 1-3 4 
2 Find intercepts from a graph (p. 12) - 5 
3 Find intercepts from an equation (p. 12) 5 6-10 
4 Test an equation for symmetry with respect to the x-axis, the 


y-axis, and the origin (p. 13) 6-10 6-10 
5 Know how to graph key equations (p. 15) 11-13 26,27 
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Section You should be able to... Examples Review Exercises 
1.3 1 Calculate and interpret the slope of a line (p. 20) 1,2 1(c)—3(c), 1(d)-3(d), 32 
2 Graph lines given a point and the slope (p. 23) 3 28 
3 Find the equation of a vertical line (p. 24) 4 17 
4 Use the point-slope form of a line; identify horizontal lines (p. 24) 2,0 16 
5 Use the slope-intercept form of a line (p. 25) 7 16, 18-23 
6 Find an equation of a line given two points (p. 27) 8 18, 19 
7 Graph lines written in general form using intercepts (p. 27) 9 24,25 
8 Find equations of parallel lines (p. 28) 10, 11 20 
9 Find equations of perpendicular lines (p. 29) 12,13 21, 30(b) 
1.4 1 Write the standard form of the equation of a circle (p. 36) 1 il ee Bae at 
2 Graph a circle (p. 37) 25.0 13-15 
3 Work with the general form of the equation of a circle (p. 38) ~ 14,15 


Review Exercises 


In Problems 1-3, find the following for each pair of points: 


(a) The distance between the points 


(b) The midpoint of the line segment connecting the points 


(c) The slope of the line containing the points 


(d) Interpret the slope found in part (c) 


5. List the intercepts of the graph below. 


x (0, 0)5 (4,2 } 

(1, -1)3 (-2,3) 

. (4, -4); (4,8) 

. Graph y = x? + 4 by plotting points. 


mh WN = 





In Problems 6-10, list the intercepts and test for symmetry with respect to the x-axis, the y-axis, and the origin. 
6. 2x = 3y’ 7. x° + 4y* = 16 8. y = x64 2x7 4+ 1 
9 y=xr-x 10. x° +x+y?+2y=0 


In Problems 11 and 12, find the standard form of the equation of the circle whose center and radius are given. 
11. (h,k) = (-2,3);r=4 D2. Uhyk) = (=1,=2)3r = 1 


In Problems 13-15, find the center and radius of each circle. Graph each circle. Find the intercepts, if any, of each circle. 
13. x7 + (y-1)*=4 14. x7 + y>-2x + 4y —-4=0 15. 3x7 + 3y* — 6x + 12y = 0 


In Problems 16-21, find an equation of the line having the given characteristics. Express your answer using either the general form or the 
slope-intercept form of the equation of a line, whichever you prefer. 


17. Vertical; containing the point (—3, 4) 
19. Containing the points (3, —4) and (2, 1) 
21. Perpendicular to the line x + y = 2; 


16. Slope = —2; containing the point (3, —1) 
18. y-intercept = —2; containing the point (5, —3) 
20. Parallel to the line 2x — 3y = —4; 


containing the point (—5, 3) containing the point (4, —3) 
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In Problems 22 and 23, find the slope and y-intercept of each line. 29. Show that the points A = (3,4), B = (1,1), 
Graph the line, labeling any intercepts. and C =(-—2,3) are the vertices of an isosceles triangle. 
1 il il 30. Show that the points A = (—2,0), B = (-4,4), 
22. 4x — Sy = —20 23. 2x —ay = ee _ 
2 S 6 and C =(8, 5) are the vertices of a right triangle in two ways: 





In Problems 24 and 25, find the intercepts and graph each line. (a) By using the converse of the Pythagorean Theorem 


(b) By using the slopes of the lines joining the vertices 


il 1 
24. 2x — 3y = 12 25. 5% + ay = 2 31. The endpoints of the diameter of a circle are (—3,2) 
and (5, —6). Find the center and radius of the circle. Write 
26. Graph y = x°. 27. Graph y = Vx. the standard equation of this circle. 
2 32. Show that the points A = (2,5), B = (6,1), 
28. Graph the line with slope 3 containing the point (1, 2). and C =(8, —1) lie ona line by using slopes. 
CHAPTER The Chapter Test Prep Videos include step-by-step solutions to all chapter 
T™m 
Cha t T t Test Prep test exercises. [hese videos are available in MyLab Math, or on this text's 
pter 1es VIDEOS! | YouTube Channel. Refer to the Preface for a link to the YouTube channel. 





In Problems I-3, use P, = (—1,3) and P, = (5,-1). 


1. Find the distance from P, to P). 8. ute a general form of the circle with center (4, —3) and 
radius 5. 





2. Find the midpoint of the line segment joining P, and P. 
9. Find the center and radius of the circle 


3. (a) Find the slope of the line containing P; and P». ae od pa 


(b) Interpret this slope. 


. Graph this circle. 
4. Graph y = x* — 9 by plotting points. ; 
eo 10. For the line 2x + 3y = 6, find a line parallel to the given line 
5. Graph y" = Xx. containing the point (1, —1). Also find a line perpendicular 
6. List the intercepts and test for symmetry: x7 + y = 9 to the given line containing the point (0, 3). 
7, Write the slope-intercept form of the line with slope —2 


containing the point (3, —4). Graph the line. 


Chapter Project 


() Internet-based Project 


I. Determining the Selling Price of a Home Determining how 
much to pay for a home is one of the more difficult decisions 
that must be made when purchasing a home. There are many 
factors that play a role in a home’s value. Location, size, 
number of bedrooms, number of bathrooms, lot size, and 
building materials are just a few. Fortunately, the website 
Zillow.com has developed its own formula for predicting 

the selling price of a home. 
This information is a great 
tool for predicting the actual 
sale price. For example, the 

= data to the right show the 
“zestimate” —the selling price 
of a home as predicted by 
the folks at Zillow—and the 
actual selling price of the 
home, for homes in Oak Park, 
Illinois. 


Zestimate Sale Price 
($ thousands) ($ thousands) 
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The graph below, called a scatter plot, shows the points 2. Pick two points from the scatter plot. Treat the zestimate 


as the value of x, and treat the sale price as the 
O08) Oe en OR een) corresponding value of y. Find the equation of the line 


in a Cartesian plane. From the graph, it appears that the data through the two points you selected. 
follow a linear relation. 3. Interpret the slope of the line. 


4. Use your equation to predict the selling price of a home 
whose zestimate is $335,000. 








=> 380 “F 5. Do you believe it would be a good idea to use the equation 
= $65 you found in part 2 if the zestimate were $950,000? Why 
= ° ‘ or why not? 
= 340 6. Choose a location in which you would like to live. Go to 
2 320 zillow.com and randomly select at least ten homes that 
XZ 309 r ° have recently sold. 
i 280 jo: (a) Draw ascatter plot of your data. 
® i (b) Select two points from the scatter plot and find the 
300 320 340 360 equation of the line through the points. 
Zestimate ($ thousands) (c) Interpret the slope. 
(d) Find a home from the Zillow website that interests 
1. Imagine drawing a line through the data that appears you under the “Make Me Move” option for which a 
to fit the data well. Do you believe the slope of the line zestimate is available. Use your equation to predict 





would be positive, negative, or close to zero? Why”? the sale price based on the zestimate. 
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Functions 

The Graph of a Function 
Properties of Functions 
Library of Functions; 
Piecewise-defined Functions 
Graphing Techniques: 
Transformations 
Mathematical Models: 
Building Functions 
Chapter Review 
Chapter Test 
Cumulative Review 
Chapter Projects 


melalenale)akwelare 


Their Graphs 





Choosing a Data Plan 


When selecting a data plan for a device, most consumers choose a service provider 
first and then select an appropriate data plan from that provider. The choice as to the 
type of plan selected depends on your use of the device. For example, is online gaming 
important? Do you want to stream audio or video? The mathematics learned in this 
chapter can help you decide what plan is best suited to your particular needs. 


@) —See the Internet-based Chapter Project— 





© A Look Back 


So far, our discussion has focused on techniques for graphing equations containing two 
variables. 


A Look Ahead © 


In this chapter, we look at a special type of equation involving two variables called a function. 
This chapter deals with what a function is, how to graph functions, properties of functions, 
and how functions are used in applications. The word function apparently was introduced 

by Rene Descartes in 1637. For him, a function was simply any positive integral power of a 
variable x. Gottfried Wilhelm Leibniz (1646—1716), who always emphasized the geometric 
side of mathematics, used the word function to denote any quantity associated with a curve, 
such as the coordinates of a point on the curve. Leonhard Euler (1707—1783) used the word 
to mean any equation or formula involving variables and constants. His idea of a function is 
similar to the one most often seen in courses that precede calculus. Later, the use of functions 
in investigating heat flow equations led to a very broad definition that originated with Lejeune 
Dirichlet (1805-1859), which describes a function as a correspondence between two sets. That 
is the definition used in this text. 
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2.1 Functions 


PREPARING FOR THIS SECTION Before getting started, review the following: 


Intervals (Section A.9, pp. A72—A74) e Rationalizing Denominators and 

Solving Inequalities (Section A.9, pp. A76-A78) Numerators (Section A.10, pp. A85—A86) 
Evaluating Algebraic Expressions, Domain of a 

Variable (Section A.1, pp. A6-A7) 


™\ Now Work the ‘Are You Prepared?’ problems on page 59. 


OBJECTIVES 1 Describe a Relation (p. 47) 
2 Determine Whether a Relation Represents a Function (p. 49) 
3 Use Function Notation; Find the Value of a Function (p. 51) 
4 Find the Difference Quotient of a Function (p. 54) 
5 Find the Domain of a Function Defined by an Equation (p. 55) 


6 Form the Sum, Difference, Product, and Quotient 
of Two Functions (p. 57) 





1 Describe a Relation 


Often there are situations where one variable is somehow linked to another 

variable. For example, the price of a gallon of gas is linked to the price of a barrel 

of oil. A person can be associated to her telephone number(s). The volume V of a 

sphere depends on its radius R. The force F exerted by an object corresponds to its 

acceleration a. These are examples of a relation, a correspondence between two sets 
ne called the domain and the range. 


( DEFINITION Relation 


A relation is a correspondence between two sets: a set X, called the domain, 
and a set Y, called the range. In a relation, each element from the domain 
corresponds to at least one element from the range. J 





Relation 
x—>y 


If x is an element of the domain and y is an element of the range, and if a relation 
exists from x to y, then we say that y corresponds to x or that y depends on x, and we 
write x — y. It is often helpful to think of x as the input and y as the output of the 
relation. See Figure 1. 

Suppose an astronaut standing on the Moon throws a rock 20 meters up and 
starts a stopwatch as the rock begins to fall back down. The astronaut measures the 
height of the rock at 1,2,2.5,3,4, and 5 seconds and obtains heights of 19.2, 16.8, 15, 
Table 1 12.8, 7.2, and 0 meters, respectively. This is an example of a relation expressed verbally. 
The domain of the relation is the set {0, 1, 2, 2.5, 3, 4,5} and the range of the relation 
is the set { 20, 19.2, 16.8, 15, 12.8, 7.2, 0}. 

The astronaut could also express this relation numerically, graphically, or 
algebraically. 

The relation can be expressed numerically using a table of numbers, as in Table 1, 
or by using a set of ordered pairs. Using ordered pairs, the relation is 


{(0, 20), (1, 19.2), (2, 16.8), (2.5, 15), (3, 12.8), (4, 7.2), (5,0)} 


v2 
output ¥3 1 
Y4 


Figure 1 


Time Height 
(in seconds) (in meters) 


where the first element of each pair denotes the time and the second element denotes 
the height. 

Suppose x represents the number of seconds on the stopwatch and y represents 
the height of the rock in meters. Then the relation can be expressed graphically by 
plotting the points (x, y). See Figure 2 on the next page. 

The relation can be represented as a mapping by drawing an arrow from an element 
in the domain to the corresponding element in the range. See Figure 3 on the next page. 
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y 
(0, 20) 

_ (1, 19.2) 

2 ae (2, 16.8) 

@ 45 * (2.5, 15) 

= (3, 12.8) 

= 10 

= * (4, 7.2) 

+ 5 





Time (in seconds) 


Figure 2 


Time Height 
(in seconds) (in meters) 











Figure 3 


Finally, from physics, the relation can be expressed algebraically using the 


equation 


y = 20 — 0.8x? 


| EXAMPLE 1 ~ Describing a Relation 


A verbal description of a relation is given below. 


The price of First Class U.S. postage stamps has changed over the years. To mail a 
letter in 2015 cost $0.49. In 2016 it cost $0.49 for part of the year and $0.47 for the rest 
of the year. In 2017 it cost $0.47 for part of the year and $0.49 for the rest of the year. 
In 2018 it cost $0.49 for part of the year and $0.50 for the rest of the year. 


Using year as input and price as output, 


(a) What is the domain and the range of the relation? 


(b) Express the relation as a set of ordered pairs. 


(c) Express the relation as a mapping. 


(d) Express the relation as a graph. 


Solution The relation establishes a correspondence between the input, year, and the output, 
price of a First Class U.S. postage stamp. 


(a) The domain of the relation is { 2015, 2016, 2017, 2018 }. The range of the relation 


is { $0.47, $0.49, $0.50}. 


(b) The relation expressed as a set of ordered pairs is {(2015, $0.49), (2016, $0.47), 
(2016, $0.49), (2017, $0.47), (2017, $0.49), (2018, $0.49), (2018, $0.50) 


(c) See Figure 4 for the relation expressed as a mapping, using f for year and p for price. 


(d) Figure 5 shows a graph of the relation. 





Figure 4 First Class stamp price 


om__e=-Now Work PROBLEM 17 


p 
0.51 









_ 0.50} e 
Li 

2 0.49 | * e ® e 
= 048) 

© 

= 0.47 * * 


Oo 
ms 
oO) 





“2015 2016 2017 2018 
Time (in years) 
Figure 5 First Class stamp price (2015—2018) aif 
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2 Determine Whether a Relation Represents a Function 


Look back at the relation involving the height of a rock on the Moon described at 
the beginning of the section. Notice that each input, time, corresponds to exactly one 
output, height. Given a time, you could tell the exact height of the rock. But that is 
not the case with the price of stamps. Given the year 2018, you cannot determine the 
Air we (OE price of a stamp with certainty. It could be $0.49, or it could be $0.50. 

Lead ! “ Consider the mapping of the relation in Figure 6. It shows a correspondence 
Graphite - ae between a substance and its specific heat. Notice that for each substance you can tell 
| - its specific heat with certainty. 

The relation associating the time to the height of the rock is a function, and the 
| | relation associating a given substance to its specific heat is a function. But the relation 
Figure 6 Specific heat of some associating the year to the price of a First Class postage stamp is not a function. To be 
common substances a function, each input must correspond to exactly one output. 


Specific Heat 
Substance (J/g°C) 







Copper 
Water 


( DEFINITION Function 


Let X and Y be two nonempty sets.* A function from_X into Y is a relation that 
associates with each element of X exactly one element of Y. J 


The set _X is called the domain of the function. For each element x in_X, the 
corresponding element y in Y is called the value of the function at x, or the Image 
of x. The set of all images of the elements in the domain is called the range of the 
function. See Figure 7 

Since there may be some elements in Y that are not the image of some x in_X, it 
follows that the range of a function may be a proper subset of Y, as shown in Figure 7 

The idea behind a function is its certainty. If an input is given, we can use the 
function to determine the output. This is not possible if a relation is not a function. 
The requirement of “one output” provides a predictable behavior that is important 
when using mathematics to model or analyze the real world. It allows doctors to know 
exactly how much medicine to give a patient, an engineer to determine the material 
to use in construction, a store manager to choose how many units to Keep in stock, etc. 


| EXAMPLE 2 © Determining Whether a Relation Given by a Mapping Is a Function 


For each relation, state the domain and range. Then determine whether the relation 
is a function. 


Domain 
Figure 7 


(a) See Figure 8. This relation shows a correspondence between an item on 
McDonald’s $1-$2-$3 menu and its price. 
Source: McDonald’s Corporation, 2018 


(b) See Figure 9. This relation shows a correspondence between activity level 
and daily calories needed for an individual with a basal metabolic rate (BMR) 
of 1975 kilocalories per day (kcal/day). 


(c) See Figure 10. This relation shows a correspondence between gestation period 
(in days) and life expectancy (in years) for five animal species. 
Life 
Activity Daily Gestation Expectancy 
Menu Item Price Level Calories (days) (years) 


Cheeseburger ! -~ Sedentary - 
McChicken | 
Bacon McDouble 


Light 





Moderate - 


Triple Cheeseburger | 





Intense 





Figure 8 Figure 9 Figure 10 


*The sets X and Y will usually be sets of real numbers, in which case a (real) function results. The two sets 
can also be sets of complex numbers, and then we have defined a complex function. In the broad definition 
(proposed by Lejeune Dirichlet), X and Y can be any two sets. 
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Solution (a) The domain of the relation is {Cheeseburger, McChicken, Bacon McDouble, 
Triple Cheeseburger, Happy Meal}, and the range of the relation is { $1, $2, $3}. 
The relation in Figure 8 is a function because each element in the domain 
corresponds to exactly one element in the range. 


(b) The domain of the relation is { Sedentary, Light, Moderate, Intense }, and the 
range of the relation is { 2370, 2716, 3061, 3407}. The relation in Figure 9 is 
a function because each element in the domain corresponds to exactly one 
element in the range. 


(c) The domain of the relation is { 122, 201, 240, 284}, and the range of the relation 
is {5, 8,12, 15, 20}. The relation in Figure 10 is not a function because there is 
an element in the domain, 240, that corresponds to two elements in the range, 12 
and 20. If a gestation period of 240 days is selected from the domain, a single life 
expectancy cannot be associated with it. a 


ommmmme=- Now Work PROBLEM 19 


We may also think of a function as a set of ordered pairs (x, y) in which no 
ordered pairs have the same first element and different second elements. The set of 
all first elements x is the domain of the function, and the set of all second elements y 
is its range. Each element x in the domain corresponds to exactly one element y in 
the range. 


| EXAMPLE 3 | Determining Whether a Relation Given by a Set of Ordered Pairs 


Is a Function 


For each relation, state the domain and range. Then determine whether the relation 
is a function. 


(a) { (1,4), (2,5), (3,6), (4,7) 5 
(b) { (1,4), (2,4), (3,5), (6, 10) } 


(c) Oe) (2) 0.9). Grae? (= 378)4 


Solution (a) The domain of this relation is {1,2,3,4}, and its range is {4,5,6,7}. This 
relation is a function because there are no ordered pairs with the same first 
element and different second elements. 


(b) The domain of this relation is {1,2,3,6}, and its range is {4,5,10}. This 
relation is a function because there are no ordered pairs with the same first 
element and different second elements. 


(c) The domain of this relation is {—3, —2,0,1}, and its range is {0, 1,4, 8,9}. 
This relation is not a function because there are two ordered pairs, (—3, 9) 
and (—3,8), that have the same first element and different second elements. _J 


In Example 3(b), notice that 1 and 2 in the domain both have the same image 
in the range. This does not violate the definition of a function; two different first 
elements can have the same second element. The definition is violated when two 
ordered pairs have the same first element and different second elements, as in 
Example 3(c). 


ommummmms-Now Work PROBLEM 23 
Up to now we have shown how to identify when a relation is a function for 


relations defined by mappings (Example 2) and ordered pairs (Example 3). But 
relations can also be expressed as equations. 
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It is usually easiest to determine whether an equation, where y depends on x, 
is a function, when the equation is solved for y. If any value of x in the domain 
corresponds to more than one y, the equation does not define a function; otherwise, 
it does define a function. 


| EXAMPLE 4 | Determining Whether an Equation Is a Function 


Determine whether the equation y = 2x — 5 defines y as a function of x. 


Solution The equation tells us to take an input x, multiply it by 2, and then subtract 5. For 
any input x, these operations yield only one output y, so the equation is a function. 
For example, ifx = 1,theny = 2-1-5 = —3.Ifx =3,theny = 2:3 —5= 1. J 


The graph of the equation y = 2x — 51s a line with slope 2 and y-intercept —5. 
The function is called a /inear function. See Figure 11. 





Figurell y= 2x-—5 


| EXAMPLE 5 ~ Determining Whether an Equation Is a Function 


Determine whether the equation x” + y” = 1 defines y as a function of x. 


y 
2 Solution To determine whether the equation x” + y* = 1, which defines the unit circle, is a 
function, solve the equation for y. 
x? + y? = 1] 
y? —{- x2 


y= ae, ae 


For values of x for which —1 < x < 1, two values of y result. For example, if x = 0, 
then y = +1, so two different outputs result from the same input. This means that 


the equation x” + y” = 1 does not define a function. See Figure 12. _J 





ovommmmeme-Now Work PROBLEM 37 


3 Use Function Notation; Find the Value of a Function 


It is common practice to denote functions by letters such as f, g, F, G, and others. 
If fis a function, then for each number x in the domain, the corresponding number y 
in the range is designated by the symbol f(x), read as “fof x,” and we write y = f(x). 
When a function is expressed in this way, we are using function notation. 
We refer to f(x) as the value of the function f at the number x. For example, the 
function in Example 4 may be written using function notation as y = f(x) = 2x — 5. 
a Then f(1) = —3 and f(3) = 1. 





‘atic 7 y= a Sometimes it is helpful to think of a function f as a machine that receives as 
BIG Hee). nu OUL PMLA calle input a number from the domain, manipulates it, and outputs a value in the range. 
See Figure 13. 
In Words The restrictions on this input/output machine are as follows: 
Ify = f(x), then x is the e It accepts only numbers from the domain of the function. 
input and y Is the output ; ; 
; e For each input, there is exactly one output (which may be repeated for different 
corresponding to x. aout) 
inputs). 
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WARNING The notation y = f(x) Figure 14 illustrates some other functions. Notice that in every function, for 


denotes a function f. Itdoes NOT mean _— each x in the domain, there is one corresponding value in the range. 
“Ftimes x.” a 





Domain Range Domain Range 
(a) f(x) = x° (b) F(x) = 





Domain Range Domain Range 
(c) g(x) =x (d) G(x) =3 
Figure 14 


For a function y = f(x), the variable x is called the independent variable 
because it can be assigned any number from the domain. The variable y is called the 
dependent variable, because its value depends on x. 

Any symbols can be used to represent the independent and dependent variables. 
For example, if fis the cube function, then f can be given by f(x) = x’ or f(t) =? 
or f(z) = 2°. All three functions are the same. Each says to cube the independent 
variable to get the output. In practice, the symbols used for the independent and 
dependent variables are based on common usage, such as using ¢ for time and a for 
acceleration. 

The independent variable is also called the argument of the function. Thinking 
of the independent variable as an argument can sometimes make it easier to find the 
value of a function. For example, if fis the function defined by f(x) = x°, then f tells 
us to cube the argument.Then f(2) means to cube 2, f(a) means to cube the number a, 
and f(x + h) means to cube the quantity x + h. 


| €XAMPLE6 | Finding Values of a Function 


For the function f defined by f(x) = 2x” — 3x, evaluate 
(a) f(3) (b) f(x) +f(3) (©) 3f(x) (d) f(—x) 
(e) —f(x) (f) f(3x) (g) f(x + 3) (h) f(x + h) 


Solution (a) Substitute 3 for x in the equation for f, f(x) = 2x* — 3x, to get 
f(3) =2-37-3-3=18-9=9 
The image of 3 is 9. 
(b) f(x) + f(3) = (2x7 -— 3x) + 9 = 2x* — 3x 4+ 9 
(c) Multiply the equation for f by 3. 
3f(x) = 3(2x* — 3x) = 6x* — 9x 
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(d) Substitute —x for x in the equation for f and simplify. 


i) = 2(-x)? =3( 2) = 9x2 + 3x Notice the use of parentheses here. 


(ec) —f(x) = — (2x? — 3x) = -2x? + 3x 
(f) Substitute 3x for x in the equation for f and simplify. 
f(3x) = 2(3x)* — 3+3x = 2-9x* — Ox = 18x? — 9x 


(g) Substitute x + 3 for x in the equation for f and simplify. 
f(x +3) =2(x + 3)* — 3(x + 3) 
= 2(x? + 6x +9) —3x-9 
= 2x* + 12x + 18 — 3x — 9 
= 2x7 + 9x +9 
(h) Substitute x + h for x in the equation for f and simplify. 
f(x th) =2(x+h)* -—3(x +h) 
= 2(x? + 2xh + h’) — 3x — 3h 
= 2x2 + dxh + 2h? — 3x — 3h J 


Notice in this example that f(x + 3) # f(x) + f(3), f(-x) 4 —f(*), 
and 3f(x) # f(3x). 


ommm==-Now Work PROBLEM 43 


Most calculators have special keys that allow you to find the value of certain 


commonly used functions. Examples are keys for the square function f(x) = x’, 


the square root function f(x) = Vx, and the reciprocal function f(x) = — = x 


| EXAMPLE 7 ~ Finding Values of a Function on a Calculator 


Verify the following results on your calculator. 


@) Fa). =a f (12034), = 1.234" = 1527756 
1 1 
= . = —— ~ (0810372771 
(b) F(x) == F(1.234) = 7737 ~ 0.8103727715 
(c) g(x) = Vx — g(1.234) = V1.234 ~ 1.110855526 J 


He COMMENT Graphing calculators can be used to evaluate a function. Figure 15 shows the 
function ¥, = f(x) = 2x* — 3x evaluated at 3 on a TI-84 Plus C graphing calculator. Compare this 
result with the solution to Example 6(a). 


HORMAL FLOAT AUTO REAL RADIAN HP r HORMAL FLOAT AUTO REAL RADITAW HP fl 


Ploti Plotz Filot3 





Figure 15 Evaluating f(x) = 2x* — 3x for x = 3 a 
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tz COMMENT A graphing calculator 
requires the explicit form of a 
function. “ 


Implicit Form of a Function 


In general, when a function fis defined by an equation in x and y, we say that the 
function f is given implicitly. If it is possible to solve the equation for y in terms 
of x, then we write y = f(x) and say that the function is given explicitly. For example, 


Implicit Form 


Explicit Form 


3x +y =5 y=f(x) = —-3x +5 

x —y=6 Vea = 6 
4 

xy =4 see) eae 


SUMMARY 


Important Facts about Functions 


e For each x in the domain of a function f, there is exactly one image f(x) in the range; however, more than one x in 
the domain can have the same image in the range. 

e fis the symbol that we use to denote the function. It is symbolic of the equation (rule) that we use to get from x in 
the domain to f(x) in the range. 

e If y = f(x), then x is the independent variable, or the argument of f, and y, or f(x), is the dependent variable, or 
the value Of f atv. 





AS 4 Find the Difference Quotient of a Function 


An important concept in calculus involves using a certain quotient. For a function f, 
the inputs x andx + h,h #4 0, result in the values f(x) and f(x + h).The quotient 
of their differences 


flx +h) — fx) _— fle +h) — fx) 
(ae hy = % h 
with h # 0, is called the difference quotient of f at x. 


( DEFINITION Difference Quotient 


The difference quotient of a function f at x is given by 


Co 


h 





ay) 


The difference quotient is used in calculus to define the derivative, which leads to 
applications such as the velocity of an object and optimization of resources. 

When finding a difference quotient, it is necessary to simplify expression (1) so 
that the / in the denominator can be cancelled. 


| EXAMPLE 8 ~ PLE 8 Finding the Difference Quotient of a Function 


Find the difference quotient of each function. 


(a) f(x) = 2x* - 3x 


& 


(b) f(x) = 


Xx 


(c) f(x) = Vx 


bie! 2: B 
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_ Zz: _ 2... 
Solution (a) lh BA ; i A FB al 
f(x + h) = 2(x + h)? — 3(x + h) 


2(x? + 2xh + h*) -— 3x — 3h — 2x? + 3x 





me Simplify. 
h 
_ 2x* + 4xh + 2h* — 3h — 2x* Distribute and combine 
7 h like terms. 
2 
_ Ach + 2h" — 3h Combine like terms. 
h 
_ h(4x + 2h — 3) Factor out h. 
h 
= 4x + 2h — 3 Cancel the h's. 
= 
+h) —-f(x) xth x 
p) fe th) ~ fe) _ x th x _ 
(b) 7 5 f(x + h) ee 
4x — 4(x +h) 
= ee. Subtract. 
h 
_ 4x — 4x — 4h Divide and distribute. 
war An 
_ Tah Simplify. 
ide ah 
== 4 Cancel the h’s. 
Kia ph) 
Need to Revie (c) When a function involves a square root, we rationalize the numerator of 
: . v eee, | — expression (1). After simplifying, the h’s cancel. 
ationalizing Numerators is 
discussed in Section A.10, _ 4 / _ 
pp. A85-A86. ape = ——— f(x + h) = Vx +h 


_— VX TA Vx Vx +h+ Vx Rationalize the 


h Ve th + Vy numerator. 
(Vx +h)? — (Vx)? 


—~ ATTN TY (A - B)(A + B) = A’ - B? 


h( xtht+ Vx) 
- A (Vx +h)? = (VP? 
h( xtht+ Vx) =x+th-x=h 
= ee Cancel the h's. 
xth+ Vx J 


opm Now Work PROBLEM 83 


5 Find the Domain of a Function Defined by an Equation 


Often the domain of a function fis not specified; instead, only the equation defining 
the function is given. In such cases, the domain of fis the largest set of real numbers 
for which the value f(x) is a real number. The domain of a function fis the same as 
the domain of the variable x in the expression f(x). 
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| EXAMPLES ~ Finding the Domain of a Function 


Find the domain of each function. 


Solution 


In Words 

The domain of g found in 

Example 9(b) Is 

{x|x # —2,x #2}. 

This notation ts read, “The domain 
of the function g Is the set of all 
real numbers x such that x 


does not equal —2 and x does 
not equal 2.” 


(a) 


(c) 
(a) 


(b) 


(c) 


(d) 





f(x) = 22 + Se (b) g(x) ==> 
ay 3k a 12 
h(t) = a= oF (d) F(x) = ee 


The function f(x) = x* + 5x says to sum the square of a number and five times 
the number. Since these operations can be performed on any real number, the 
domain of fis the set of all real numbers. 


3 
<= says to divide 3x by x” — 4. Since division by 0 is 


The function g(x) = 
x 


not defined, the denominator x” — 4 cannot be 0, so x cannot equal —2 or 2. The 
domain of the function gis {x|x ~ —2,x # 2}. 


The function h(t) = V4 — 3tsays to take the square root of 4 — 3t. Since only 
nonnegative numbers have real square roots, the expression under the square 
root (the radicand) must be nonnegative (greater than or equal to zero). That is, 


3 





4 4 
The domain of h is 1! tx +} or the interval (~~. *| 


a ame 
me 
divide the result by x — 5. This requires that 3x + 12 = 0,sox = —4, and also 
thatx — 5 ~ 0,sox # 5. Combining these two restrictions, the domain of F is 


{x|x = —-4,x 4 5} - 


The function F(x) = says to take the square root of 3x + 12 and 


The following steps may prove helpful for finding the domain of a function that 


is defined by an equation and whose domain is a subset of the real numbers. 


Finding the Domain of a Function Defined by an Equation 


e Start with the domain as the set of all real numbers. 


e If the equation has a denominator, exclude any numbers for which the 
denominator is zero. 


e If the equation has a radical with an even index, exclude any numbers 
for which the expression inside the radical (the radicand) is negative. 
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We express the domain of a function using interval notation, set notation, or 


words, whichever is most convenient. If x is in the domain of a function f, we say 
that fis defined at x, or f(x) exists. If x is not in the domain of f, we say that fis not 


defined at x, or f(x) does not exist. For example, if f(x) = 


——. then f(0) exists, 
x i 


but f(1) and f(—1) do not exist. (Do you see why?) 


When a function is defined by an equation, it can be difficult to find its range 


unless we also have a graph of the function. So we are usually content to find only 
the domain. 
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When we use functions in applications, the domain may be restricted by physical 
or geometric considerations. For example, the domain of the function f defined 
by f(x) = x’ is the set of all real numbers. However, if f represents the area of a 
square whose sides are of length x, the domain of fis restricted to the positive real 
numbers, since the length of a side can never be 0 or negative. 





Finding the Domain of a Function Used in an Application 
Express the area of a circle as a function of its radius. Find the domain. 


Solution See Figure 16. The formula for the area A of a circle of radius ris A = mr. Using r 
to represent the independent variable and A to represent the dependent variable, the 
function expressing this relationship 1s 


A = A(r) = ar? 
Figure 16 Circle of radius r In this application, the domain is {r|r > 0}. (Do you see why?) =i 
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6 Form the Sum, Difference, Product, and Quotient 
of Two Functions 


Functions, like numbers, can be added, subtracted, multiplied, and divided. For 
example, if f(x) = x* + 9 and g(x) = 3x + 5, then 


f(x) + g(x) = (0° +9) + (3x +5) = 2x? 4+ 3x4 14 
The new function y = x* + 3x + 14 is called the sum function f + g. Similarly, 
f(x)-g(x) = (x7 +9) (3x +5) = 3x? + 5x? + 27x + 45 


The new function y = 3x° + 5x” + 27x + 45 is called the product function f° g. 
The general definitions are given next. 


C DEFINITION Sum Function 


Given functions f and g, the sum function is defined by 
(f + g) (x) = f(x) + g(x) 


RECALL a 


The symbol (’) stands for The domain of f + g consists of all real numbers x that are in the domains of 


intersection. It means the both f and g. That is, domain of f + g = domain of f M domain of g. 
set of elements that are 


common to both sets. 


y (DEFINITION Difference Function 


Given functions f and g, the difference function is defined by 
(f — g) (x) = f(x) — g(x) 4 


The domain of f — g consists of all real numbers x that are in the domains of 
both f and g. That is, domain of f — g = domain of f M domain of g. 


( DEFINITION Product Function 


Given functions f and g, the product function is defined by 


(fg) (x) = fx) g(x) 


J 


The domain of f*g consists of all real numbers x that are in the domains of 
both f and g. That is, domain of f- g = domain of f M domain of g. 
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( DEFINITION Quotient Function 


Given functions f and g, the quotient function is defined by 


(Fi) = gtx) #0 


g(x) 





J 


The domain of : consists of all real numbers x for which g(x) # O that are also 


in the domains of both f and g. That is, 


domain ot = {x|g(x) #4 0}M domain of f N domain of g 


| EXAMPLE 11 — Operations on Functions 


Let f and g be two functions defined as 


Xx 








f(x) = and g(x) = 


va awe | 


Find the following functions, and determine the domain. 


(a) (f+ g(x) = (b) (F-8)(*) ©) (fg) () @ (Zan 
Solution The domain of fis {x|x ~ —2} and the domain of gis {x|x # 1}. 
(a) (F + 8) (x) =flx) + g(x) = +t 
_ x-1 5 a eg 8 
(er 2 = iL.) (eae 2 (6 = A.) 








Re Le oP x x7 +3x-1 


(x +2)(x-1) (x +2)(x-1) 


The domain of f + g consists of all real numbers x that are in the domains of 
both fand g. The domain of f + gis {x|x # —2,x #1}. 








(b) (f = 8) (x) = f(x) - g(x) = - 
ee 
(Ceo 1) (eer 2iie = 1) 
he ee oe ae _ sl ae ae | 
(ee 2) ea) ese 2) ed) (ee 2) 1) 


The domain of f — g consists of all real numbers x that are in the domains of 
both fand g. The domain of f — gis {x|x # —2,x #1}. 


©) ra) (#) = 8) 88) 357" GED 


The domain of f+ g consists of all real numbers x that are in the domains of 
both f and g. The domain of f: gis {x|x ~ —2,x ~ 1}. 

















1 
f _ fe) _ x42 _ Ll x=) #=1 
(d) (E)(w g(x) x K+r2 & Rie a 2,) 





SECTION 2.1 Functions 59 


The domain of ; consists of all real numbers x for which g(x) # 0 that are also in 


the domains of both f and g. Since g(x) = 0 when x = 0, exclude 0 as well as —2 


and 1 from the domain. The domain of Fis {x|x # -2,x #0,x #1}. i) 


ommm_m_me-Now Work PROBLEM 71 


In calculus, it is sometimes helpful to view a complicated function as the sum, 
difference, product, or quotient of simpler functions. For example, 


F(x) =x? + Vxis the sum of f(x) = x? and g(x) = Vx. 


SUMMARY 


Function 


is the quotient of f(x) = x? — land g(x) = x* +1. 


e A relation between two sets of real numbers so that each number x in the first set, 


the domain, corresponds to exactly one number y in the second set. 


e A set of ordered pairs (x, y) or (x, f(x) ) in which no first element is paired with 


two different second elements. 


e The range is the set of y-values of the function that are the images of the x-values 


in the domain. 


e A function f may be defined implicitly by an equation involving x and y or 


explicitly by writing y = f(x). 


Unspecified domain 


If a function fis defined by an equation and no domain is specified, then the domain is 


the largest set of real numbers for which f(x) is a real number. 


Function notation 


7) 


e fis asymbol for the function. 


e xis the independent variable, or argument. 


e yis the dependent variable. 


e f(x) is the value of the function at x. 


2.1 Assess Your Understanding 





‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. The inequality —1 < x <3 can be written in interval 


notation as . (pp. A72—A74) 





1 
2. If x = —2, the value of the expression 3x? — 5x + — 
is . (pp. A6-A7) ; 
3. The domain of the variable in the expression . 
. + 4 
is . (p. A7) 


Concepts and Vocabulary 


7. For a function y = f(x), the variable x is 
the ____________—svariable, and the variable y is 
the variable. 


8. Multiple Choice The set of all images of the elements in 
the domain of a function is called the 


(a) range (b) domain (c) solution set (d) function 


9. Multiple Choice The independent variable is sometimes 
referred to as the of the function. 


(a) range (b) value (c) argument  (d) definition 





4. Solve the inequality: 3 — 2x > 5. Graph the solution 
set. (pp. A76-A78) 


5. To rationalize the denominator of , multiply the 


2 

V5 -2 

. (pp. A85—A86) 

6. A quotient is considered rationalized if its denominator has 
no . (pp. A85—A86) 


numerator and denominator by 


10. True or False The domain of : consists of the numbers x 


that are in the domains of both fand g. 
11. True or False Every relation is a function. 


12. Four ways of expressing a relation are ______, 
: , and 


13. True or False If no domain is specified for a function f, then 
the domain of fis the set of real numbers. 


14. True or False If x is in the domain of a function f, we say 
that fis not defined at x, or f(x) does not exist. 
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f(x +h) — f(x), 


15. The expression 4 8 called the 16. When written as y = f(x), a function is said to be 
defined 
of f. 


Skill Building 


In Problems 17 and 18, a relation expressed verbally is given. 


(a) What is the domain and the range of the relation? (b) Express the relation using amapping. (c) Express the relation as a set of ordered pairs. 


‘\ 17. The density of a gas under constant pressure depends on 18. A researcher wants to investigate how weight depends 
temperature. Holding pressure constant at 14.5 pounds on height among adult males in Europe. She visits five 
per square inch, a chemist measures the density of an regions in Europe and determines the average heights in 
oxygen sample at temperatures of 0, 22, 40, 70, and 100°C those regions to be 1.80, 1.78, 1.77, 1.77 and 1.80 meters. The 
and obtains densities of 1.411, 1.305, 1.229, 1.121, and corresponding average weights are 871, 86.9, 83.0, 84.1, and 
1.031 kg/m°, respectively. 86.4 kg, respectively. 


In Problems 19-30, find the domain and range of each relation. Then determine whether the relation represents a function. 


\ 19. Person Birthday 20. Father Daughter 


Kaleigh 





Marissa ~ 


21. Hours Worked Salary 


20 Hours = 


Less than 9th grade 
Qth-12th grade - 

High School Graduate - 
Some College - 

College Graduate — 


30 Hours 
40 Hours 





NY 23. { (2,6), (—3,6), (4,9), (2,10)} 24 { (-2,5), (-1,3), (3,7), (4,12)} 25. { (1,3), (2,3), (3,3), (4,3)} 
6:4 (0,2), 0,3), 23)3,. 7) 28 4G3)65).10 1) 4) 8 4 (4), 1-33), (2,2). G1... 
29. {(—1,8), (0,3), (2,-1),(4,3)} 30. { (—2,16), (-1,4), (0,3), (1,4)} 


In Problems 31-42, determine whether the equation defines y as a function of x. 





1 
31. y = 2x* —- 3x +4 32, ya 33, y=- 34, y = |x| 
X 
35. x2 =8—- y’ 36. y= +V1 —2x No324=y .xt+y2=1 
3x —1 
39. y= Wx 40. y == 41. |y| = 2x +3 42, x2 — dy? =1 


In Problems 43-50, find the following for each function: 
(a) f(0) (6) fA) (f-1) @f-x) (=) fix) PO fxt1) — (gs) f(2x) (Ah) f(x +h) 





























—_ 
N43. f(x) =3P 420-4 AA F(X) = 2 te - 1 48 fe) =a 46. f(x) =~ 
47. f(x) = |x| +4 48. f(x) = Vx? +x 49. f(x) = ana 50. f(x) =1- — 
oy = 2 (x + 2)? 
In Problems 51-70, find the domain of each function. ; 
el x 
51. =-5x +4 52. = 42 53, == 54, 7 
a) . a? Me) = 7348 Lt) Pores 
x 2a a x+4 
N55. - 56. h(x) = 57, F(x) = 58. G(x) = 
g(x) Pee: (x) 72-4 (x) etx (*) x — 4x 


59, h(x) = V3x - 12 60. G(x) = V1-x 
63. f(x) = ——= 64. f(x) = ——= 
Vx —-4 Vax = 2 
67. f(x) = VW5x -4 68. g(t) = -?P + V+ 7 


61. 


65. 


69. 
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a ar __ x-1 
pO) |2x + 3 | = 4 62. F(x) = 3x -1| —4 1| A 
Vt—4 i ls 
ae Ce) Soa 
M(t) = jf; t+1 70. N(p) = —_——— 
V 22 — 5t — 14 2p* — 98 


In Problems 71-80, for the given functions f and g, find the following. For parts (a)—(d), also find the domain. 


(a) (f + g) (x) (-b) (f — g) (x) 


(ec) (f + g)(3) (ff) (f- 8) (4) 








NTL f(x) = 3x +4; g(x) = 2x -3 
73. f(x) =x—-—1; g(x) = 2x 
75. f(x) = Vx; oe = a > 
7 f(x) =14+5 a(x) == 
1. f(x) = 27S, g(x) =o, 


81. Given f(x) = 3x + land (f+ g)(x) =6- =, 


find the function g. 


fx + 


é\ In Problems 83-98, find the difference quotient of f; that is, find 


Nv 83. f(x) = 4x +3 
87. f(x) =x? -x+4 


=30 4 1 


84. f(x) = 
88. f(x) = 3x7 — 2x + 6 











2 5 

91. fx) =< 92. fx) =—5 
1 

95. f(x) = "2 96. f(x) = ome 


Applications and Extensions 


99. 


100. 


101. 


102. 


103. 


104. 


‘105. 


If f(x) = x? — 2x + 3, find the value(s) of x so 


that f(x) = 11. 
> SD. 
If f(x) = 6 find the value(s) of x so 
7 
that = >a= 
at f(x) 6 
If f(x) = 2x° + Ax? + 4x — 5 and f(2) = 5, what is the 


value of A ? 


If f(x) = 3x* — Bx + 4and f(—1) = 12, what is the value 
of B? 








: + 8 
If f(x) =— —_ and /(0) = 2, what is the value of A? 
If f(x) = af and f(2) = i hat is the value of B? 
> +4 ais . : 
Geometry Express the area A of a rectangle as a function of 


the length x if the length of the rectangle is twice its width. 


(c) (f-g) (x) 


(2) (Fe) (2) 


72. 
74. 
76. 


78. 


80. 


82. 


h) 
h 


106. 


107. 


108. 


109. 


@ (Z)en 
in) owe 


= 2x g(x) = 3x -2 
Oe 5 g(x) =44+1 


f(x 
f(x 
f(x 


f(x 





a ee eee a 


A. = x 
f(x) 


Given f(x) = - O). = xt 


find the function g. 
= 7 


— F(x) 


,h # OQ, for each function. Be sure to simplify. 


86. f(x) = 3x7 +2 
90. f(x) = 








x35 


Eom | 


94. f(x) = 


98. f(x) = ae ere 


Geometry Express the area A of an isosceles right triangle 
as a function of the length x of one of the two equal sides. 
Constructing Functions Express the gross wages G of a 
person who earns $16 per hour as a function of the number x 
of hours worked. 


Constructing Functions Ann, a commissioned salesperson, 
earns $100 base pay plus $10 per item sold. Express her 
gross salary G as a function of the number x of items sold. 
Effect of Gravity on Earth If a rock falls from a height of 
20 meters on Earth, the height H (in meters) after x seconds 
is approximately 


H(x) = 20 — 4.9x? 


(a) What is the height of the rock when x = 1 second? 
When x = 1.1 seconds? When x = 1.2 seconds? 


(b) When is the height of the rock 15 meters? When is 
it 10 meters? When is it 5 meters? 


(c) When does the rock strike the ground? 
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110. 


111. 


112. 


113. 


114. 


Effect of Gravity on Jupiter If a rock falls from a height 
of 20 meters on the planet Jupiter, its height H (in meters) 
after x seconds is approximately 
H(x) = 20 — 13x? 
(a) What is the height of the rock when x = 1 second? 
When x = 1.1 seconds? When x = 1.2 seconds? 
(b) When is the height of the rock 15 meters? When is 
it 10 meters? When is it 5 meters? 
(c) When does the rock strike the ground? 





Cost of Transatlantic Travel A Boeing 747 crosses the 
Atlantic Ocean (3000 miles) with an airspeed of 500 miles 
per hour. The cost C (in dollars) per passenger is given by 


36,000 
C(x) =100+ = + 5 





where x is the ground speed (airspeed + wind). 

(a) What is the cost per passenger for quiescent (no wind) 
conditions? 

(b) What is the cost per passenger with a head wind 
of 50 miles per hour? 


(c) What is the cost per passenger with a tail wind 
of 100 miles per hour? 

(d) What is the cost per passenger with a head wind 
of 100 miles per hour? 

Cross-sectional Area The cross-sectional area of a beam 

cut from a log with radius 1 foot is given by the function 

A(x) = 4xV1 — x?, where x represents the length, in feet, 

of half the base of the beam. See the figure. Determine the 

cross-sectional area of the beam if the length of half the 

base of the beam is as follows: 

(a) One-third of a foot 

(b) One-half of a foot 


(c) Two-thirds of a foot 








Economics The participation rate is the number of people in 
the labor force divided by the civilian population (excludes 
military). Let L(x) represent the size of the labor force in 
year x, and P(x) represent the civilian population in year x. 
Determine a function that represents the participation 
rate R as a function of x. 


Crimes Suppose that V(x) represents the number of violent 
crimes committed in year x and P(x ) represents the number of 
property crimes committed in year x. Determine a function T 
that represents the combined total of violent crimes and 
property crimes in year x. 


115. 


116. 


117. 


118. 


119. 


120. 


121. 


122. 


123. 


Health Care Suppose that P(x) represents the percentage 
of income spent on health care in year x and /(x ) represents 
income in year x. Find a function H that represents total 
health care expenditures in year x. 


Income Tax Suppose that /(x) represents the income of 
an individual in year x before taxes and 7(x) represents 
the individual’s tax bill in year x. Find a function N that 
represents the individual’s net income (income after taxes) 
in year x. 


Profit Function Suppose that the revenue R, in dollars, from 
selling x smartphones, in hundreds, is 


R(x) = -1.2x? + 220x 

The cost C,in dollars, of selling x smartphones, in hundreds, 
is C(x) = 0.05x* — 2x? + 65x + 500. 
(a) Find the profit function, P(x) = R(x) — C(x). 
(b) Find the profit if x = 15 hundred smartphones are sold. 
(c) Interpret P(15). 
Population as a Function of Age The function 

P = P(a) = 0.027a* — 6.530a + 363.804 


represents the population P (in millions) of Americans who 
are at least a years old in 2015. 

(a) Identify the dependent and independent variables. 

(b) Evaluate P(20). Explain the meaning of P(20). 

(c) Evaluate P(O). Explain the meaning of P(0). 


Source: U.S. Census Bureau 





Stopping Distance When the driver of a vehicle observes 
an impediment, the total stopping distance involves both the 
reaction distance R (the distance the vehicle travels while 
the driver moves his or her foot to the brake pedal) and 
the braking distance B (the distance the vehicle travels once the 
brakes are applied). For a car traveling at a speed of v miles 
per hour, the reaction distance R, in feet, can be estimated 
by R(v) = 2.2v. Suppose that the braking distance B, in 
feet, for a car is given by B(v) = 0.05v7 + 0.4v — 15. 
(a) Find the stopping distance function 
D(v) = R(v) + Biv) 
(b) Find the stopping distance if the car is traveling at a 
speed of 60 mph. 
(c) Interpret D(60). 
Some functions f have the property that 


fla + b) = fla) + f(b) 
for all real numbers a and b. Which of the following 
functions have this property? 


(a) h(x) = 2x (b) g(x) = x° 

1 
(d) G(x) = 7 
Challenge Problem Find the difference quotient of the 
function f(x) = Wx. 
( Hint: Factor using a? — b° = (a — b)(a* + ab + bd?) 
with a = Wx + handb = Wx.) 
x+4 
Sx — 4 


f x?+1 
Challenge Problem Find the domain of f(x) = ress 
— X —_— 








(c) F(x) =5x - 2 





Challenge Problem If f ( ) = 3x? — 2, find f(1). 
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Explaining Concepts: Discussion and Writing 





= 
124. Are the functions f(x) =x-—1 and g(x) = = i 125. Find a function H that multiplies a number x by 3 and then 
the same? Explain. . subtracts the cube of x and divides the result by your age. 


126. Investigate when, historically, the use of the function 
notation y = f(x) first appeared. 


Retain Your Knowledge 


Problems 127-135 are based on material learned earlier in the course. The purpose of these problems is to keep the material fresh in 
your mind so that you are better prepared for the final exam. 


127. List the intercepts and test for symmetry the graph of 132. Rotational Inertia The rotational inertia J of an object 
(x +12)? + y = 16 varies with the square of the perpendicular distance d from 


, the object to the axis of rotation according to the model 
128. Determine which of the given points are on the graph of 


_ 9,2 /: 2 
the equation y = 3x” — 8V/x. [= 9 @ (in kg - m*) 
Points: (—1, —5), (4,32), (9, 171) What is the rotational inertia of the object if the 


perpendicular distance is 1.5 m? 
129. How many pounds of lean hamburger that is 7% fat must 


be mixed with 12 pounds of ground chuck that is 20% fat (133. Find the slope of a line perpendicular to the line 
to have a hamburger mixture that is 15% fat? 3x — 10y = 12 


130. Solve x° — 9x = 2x? — 18. (4x2 = 7) +3 — (3x + 5) + 8x 
: @ 134. Simplifye———————_.——_ 
131. Given a + bx = ac + d, solve for a. : (Axe = 7) 
135. Determine the degree of the polynomial 
9x?(3x — 5) (5x + 1)4 


‘Are You Prepared?’ Answers 
1. (1,3) 2215 3. {xlx4%-4} 4 {x\x<-1} CS. V5+2 6. radicals 


2.2 The Graph of a Function 


PREPARING FOR THIS SECTION Before getting started, review the following: 
e Graphs of Equations (Section 1.2, pp. 10-11) e Intercepts (Section 1.2, pp. 12-13) 


\ Now Work the ‘Are You Prepared?’ problems on page 67. 


OBJECTIVES 1 Identify the Graph of a Function (p. 64) 
2 Obtain Information from or about the Graph of a Function (p. 64) 





In Section 1.2 we saw how a graph can more clearly demonstrate the relationship 
between two variables. Consider the average gasoline price data and corresponding 
graph provided again for convenience in Table 2 and Figure 17 

Table 2 


Price (dollars per gallon) 
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Source: U.S. Energy Information Administration Figure 17 Average retail price of gasoline (2017 dollars) 
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We can see from the graph that the price of gasoline (adjusted for inflation) 
stayed roughly the same from 1993 to 1997 and was increasing from 2002 to 2008. 
The graph also shows that the lowest price occurred in 1998. 

Look again at Figure 17 The graph shows that for each date on the horizontal 
axis, there is only one price on the vertical axis. The graph represents a function, 
although a rule for getting from date to price is not given. 

When a function is defined by an equation in x and y, the graph of the function 
is the graph of the equation; that is, it is the set of points (x, y) in the xy-plane that 
satisfy the equation. 


1 Identify the Graph of a Function 


Not every collection of points in the xy-plane represents the graph of a function. 
Remember, for a function, each number x in the domain has exactly one image y in 
the range. This means that the graph of a function cannot contain two points with 
the same x-coordinate and different y-coordinates. Therefore, the graph of a function 
must satisfy the following vertical-line test. 


In Words 
If any vertical line intersects a ( tHeorem Vertical-Line Test 
graph at more than one point, 
the graph ts not the graph of a 
function. 


A set of points in the xy-plane is the graph of a function if and only if every 
vertical line intersects the graph in at most one point. Jy 





A 


| EXAMPLE 1 | Identifying the Graph of a Function 


Which of the graphs in Figure 18 are graphs of functions? 


y 
6 


ss 





| 3X | —3 
Figure 18 (a) y= x? (b) y= x? (c) x= y? (d) x2 + y2=1 


Solution The graphs in Figures 18(a) and 18(b) are graphs of functions, because every vertical 
line intersects each graph in at most one point. The graphs in Figures 18(c) and 18(d) 
are not graphs of functions, because there is a vertical line that intersects each graph 
in more than one point. Notice in Figure 18(c) that the input 1 corresponds to two 
outputs, —1 and 1. This is why the graph does not represent a function. 


ommmmme- Now Work PROBLEMS 15 AND 17 


2 Obtain Information from or about the Graph of a Function 


If (x,y) is a point on the graph of a function f, then y is the value of f at x; 
that is, y = f(x). Also if y = f(x), then (x,y) is a point on the graph of f. 
For example, if (—2,7) is on the graph of f, then f(—2) = 7, and if f(5) = 8, 
then the point (5,8) is on the graph of y = f(x). 


| EXAMPLE 2 | Obtaining Information from the Graph of a Function 


Let f be the function whose graph is given in Figure 19. (The graph of f might 
represent the distance y that the bob of a pendulum is from its at-rest position at 
time x. Negative values of y mean that the pendulum is to the left of the at-rest 
position, and positive values of y mean that the pendulum is to the right of the 
at-rest position.) 


(a) 
(b) 
(c) 
(d) 


(e) 
(31, —4) (f) 

Figure 19 (g) 
Solution (a) 





(b) 


(c) 


(d) 


(ec) 
(f) 
(g) 


RECALL 
The symbol U stands for union. 
lt means the set of elements 


that are in either of two 
sets. a 
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3 
What are f(0).4(=), and f(37r)? 
What is the domain of f? 
What is the range of f? 


List the intercepts. (Recall that these are the points, if any, where the graph 
crosses or touches the coordinate axes.) 


How many times does the line y = 2 intersect the graph”? 
For what values of x does f(x) = —4? 
For what values of x is f(x) > 0? 


Since (0, 4) is on the graph of f, the y-coordinate 4 is the value of f at the 


3 
x-coordinate 0; that is, f(0) = 4. In a similar way, when x = i then y = 0, 


3 
SO (=) = (0. When x = 377, then y = —4,so f(37) = —4. 


To determine the domain of f, notice that the points on the graph of f have 
x-coordinates between 0 and 47, inclusive; and for each number x between 0 
and 477, there is a point (x, f(x)) onthe graph.The domain of fis {x|0 < x S 47} 
or the interval [ 0, 477 |. 


The points on the graph all have y-coordinates between —4 and 4, inclusive; and 
for each such number y, there is at least one number x in the domain. The range 
of fis {y|—4 = y S 4} or the interval [ —4, 4]. 


The intercepts are the points 


(0, 4), (z, 0), (= 0), (=, 0), and (7. 0) 


Draw the horizontal line y = 2 on the graph in Figure 19. Notice that the line 

intersects the graph four times. 

Since (7,—4) and (37,—4) are the only points on the graph for 

which y = f(x) = —4, we have f(x) = —4 when x = wand x = 37. 

To determine where f(x) > 0, look at Figure 19 and determine the 

x-values from 0 to 47 for which the y-coordinate is positive. This occurs 
3a 5 7 

on 0. = LU (= =) LU (7% an Using inequality notation, f(x) > 0 

Sa 71 


for0 <x <= or Lee as or —<xx=47 
7 2 yD 2 2 on _J 


When the graph of a function is given, its domain may be viewed as the shadow 


created by the graph on the x-axis by vertical beams of light. Its range can be viewed 
as the shadow created by the graph on the y-axis by horizontal beams of light. ‘Try 
this technique with the graph given in Figure 19. 


ormmmmme=-Now Work PRoBLEM 11 


| EXAMPLE 3 ~ Obtaining Information about the Graph of a Function 


Consider the function: f(x) = 


(a) 
(b) 


(c) 
(d) 
(e) 


ae 
ae ee 





Find the domain of f. 
1 
Is the point (. 5) on the graph of f? 


If x = 2, what is f(x)? What point is on the graph of f? 
If f(x) = 2, what is x? What point is on the graph of f? 


What are the x-intercepts of the graph of f (if any)? What corresponding point(s) 
are on the graph of f? 
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Solution (a) The domain of fis {x|x ~ —2}. 
(b) When x = 1, then 
Ppl 62 x 


ie) Vag 3 eS 


+ 


1 
2 


is not. 








+ 


2 
The point (. = is on the graph of f; the point (. 
(c) Ifx = 2, then 


NO | RR 


ZF 1 


f2) =S5=4 





3 
The point (2 >) is on the graph of f. 
(d) If f(x) = 2, then 
Xa A. 


a ae 
x +1=2(x +2) Multiply both sides by x + 2. 





=2 f(x) =2 


NOTE In Example 3, —2 Is not In the 


domain of f, sox + 2 1s not zero and we Die aa 9 Distribute. 
can multiply both sides of the equation f= 8 ae ee ee 
by x 2. [a 


If f(x) = 2, then x = —3.The point (—3, 2) is on the graph of f. 


(e) The x-intercepts of the graph of fare the real solutions of the equation f(x) = 0 
that are in the domain of f. 








Eis eee | _ 
a 2 
Ll = 0 Multiply both sides by x + 2. 
x = -—1 Subtract 1 from both sides. 
+1] 
The only real solution of the equation f(x) = Z 7 = 0isx = —1,so —1 1s 
x 


the only x-intercept. Since f(—1) = 0, the point (—1,0) is on the graph of f._J 
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| EXAMPLE 4 | Energy Expended 


For an individual walking, the energy expended FE in terms of speed v can be 
approximated by 


29 
E(v) = + 0.0053v 
Vv 


where E has units of cal/min/Kg and v has units of m/min. 


(a) Find the energy expended for a speed of v = 40 m/min. 

(b) Find the energy expended for a speed of v = 70 m/min. 

(c) Find the energy expended for a speed of v = 100 m/min. 
_(d) Graph the function E = E(v),0 < v = 200 


(e) Create a TABLE with TblStart = 1 and ATbl = 1. Which value of v minimizes 
the energy expended? 


Source: Ralston, H.J. Int. Z. Angew. Physiol. Einschl. Arbeitsphysiol. (1958) 17: 277. 


Solution (a) The energy expended for a walking speed of v = 40 meters per minute is 


oe 
E(40)= 40 + 0.0053 -40 ~ 0.94cal/min/kg 
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(b) The energy expended for a walking speed of v = 70 meters per minute is 


29 
= + 0.005370 ~ 0.79cal/min/kg 


(c) The energy expended for a walking speed of v = 100 meters per minute is 


E(70)= 


29 
F(100) = 100 + 0.0053 - 100 = 0.82 cal/min/kg 


te (d) See Figure 20 for the graph of E = E(v) onaTI-84 Plus C. 


(e) With the function EF = E(v) in Y,, we create Table 3. Scroll down to find a value 
of v for which Y;, is smallest.'Table 4 shows that a walking speed of v = 74 meters 
per minute minimizes the expended energy at about 0.784 cal/min/kg. 


Table 3 Table 4 


NORHAL FLOAT AUTO REAL RADIAN HP 
PRESS #70 EDIT FUNCTION 
i! ¥, 


HORHAL FLOAT AUTO REAL RADIAN HP fl 


5.6826 
ferle 
5.8265 
4.8651 
4.18 
3.6674 
3.2699 
2.953 


Yi1829/X+. @O5SX 





¥i=. 764091891892 





Figure 20 E(v) = = + 0.0053v 
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SUMMARY 


e Graph of a Function The set of points (x, y) in the xy-plane that satisfy the equation y = f(x). 


e Vertical-Line Test A set of points in the xy-plane is the graph of a function if and only if every vertical line 
intersects the graph in at most one point. 





2.2 Assess Your Understanding 


‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 
1. The intercepts of the equation x” + 4y* = l6are 


(pp. 12-13) 


2. True or False The point (—2, —6) is on the graph of the 
equation x = 2y — 2. (pp. 10-11) 


Concepts and Vocabulary 


3. A set of points in the xy-plane is the graph of a function if 8. True or False The y-intercept of the graph of the function 
and only if every line intersects the graph in at y = f(x), whose domain is all real numbers, is f(0). 


most one point. 9, Multiple Choice If a function is defined by an equation in x 


. If the point (5,—3) is a point on the graph of f, then 
a 
. Find a so that the point (—1,2) is on the graph of 
f(x) = ax’ + 4, 


6. True or False Every graph represents a function. 


7. True or False The graph of a function y = f(x) always 


crosses the y-axis. 


and y, then the set of points (x, y) in the xy-plane that satisfy 
the equation is called the 


(a) domain of the function (b) range of the function 
(c) graph of the function (qd) relation of the function 


10. Multiple Choice The graph of a function y = f(x) can 


have more than one of which type of intercept? 
(a) x-intercept (b) y-intercept (c) both (d) neither 
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Skill Building 


\\ 11. Use the given graph of the function fto answer parts (a)—(n). 





(-6, =3) 


(a) Find f(0) and f(—6). 

(b) Find f(6) and f(11). 

(c) Is f(3) positive or negative? 

(d) Is f(—4) positive or negative? 
(e) For what values of x is f(x) = 0? 
(f) For what values of x is f(x) > 0? 
(g) What is the domain of f? 

(h) What is the range of f? 

(i) What are the x-intercepts? 


12. Use the given graph of the function fto answer parts (a)—(n). 


y 


4 





(a) Find f(0) and f(6). 

(b) Find f(2) and f(—2). 

(c) Is f(3) positive or negative? 

(d) Is f(—1) positive or negative? 
(e) For what values of x is f(x) = 0? 
(f) For what values of x is f(x) < 0? 
(g) What is the domain of f? 

(h) What is the range of f? 

(i) What are the x-intercepts? 


(j) What is the y-intercept? (j) What is the y-intercept? 





(k) How often does the line y = —1 intersect the graph? 





il 
(k) How often does the line y = 5 intersect the graph? 





(1) How often does the line x = 1 intersect the graph? 
3? 
=2) 





(1) How often does the line x = 5 intersect the graph? 


(m) For what value of x does f(x) 
(m) For what values of x does f(x) = 3? 


(n) For what values of x does f(x) = —2? 


(n) For what value of x does f(x) 


In Problems 13-24, determine whether or not the graph is that of a function by using the vertical-line test. In either case, use the graph to find: 
(a) The domain and range (b) The intercepts, if any (c) Any symmetry with respect to the x-axis, the y-axis, or the origin 


13. 14. N45. y 


y 
3 





ar X 


| 

3] 

| ela 
m|4 





N17. 


19. y 
3 (3, 2) 


oS 





In Problems 25-30, answer the questions about each function. 
25. f(x) = 3x7 +x-2 


(a) Is the point (1, 2) on the graph of f? 

(b) Ifx = —2, what is f(x)? What point is on the graph of f? 

(c) If f(x) = —2, what is x? What point(s) are on the graph 
of f? 

(d) What is the domain of f? 

(e) List the x-intercepts, if any, of the graph of f- 

(f) List the y-intercept, if there is one, of the graph 
of f. 


26. f(x) = —3x? + 5x 


N27. f(x) = ; 


(a) Is the point (—1,2) on the graph of f? 

(b) If x = —2, what is f(x)? What point is on the graph 
of f? 

(c) If f(x) = —2, what is x? What point(s) are on the 
graph of f? 

(d) What is the domain of f? 

(e) List the x-intercepts, if any, of the graph of f- 

(f) List the y-intercept, if there is one, of the graph of f. 

x+2 

='6j 

(a) Is the point (3, 14) on the graph of f? 

(b) Ifx = 4, what is f(x)? What point is on the graph of f? 

(c) If f(x) = 2, what is x? What point(s) are on the graph 
of f? 

(d) What is the domain of f? 

(e) List the x-intercepts, if any, of the graph of f- 

(f) List the y-intercept, if there is one, of the graph of f- 





Applications and Extensions 


31. The graphs of two functions, fand g, are illustrated. Use the 


32. 


graphs to answer parts (a)-(f). 





(a) (f + g) (2) (b) (f + g) (4) 


( 
(c) (f — g) (6) (d) (g — f) (6) 
f 
(e) (f+g) (2) (f) (S)ca) 


Granny Shots The last player in the NBA to use an underhand 
foul shot (a “granny” shot) was Hall of Fame forward Rick 
Barry, who retired in 1980. Barry believes that current NBA 
players could increase their free-throw percentage if they 
were to use an underhand shot. Since underhand shots are 
released from a lower position, the angle of the shot must 
be increased. If a player shoots an underhand foul shot, 
releasing the ball at a 70-degree angle from a position 3.5 feet 
above the floor, then the path of the ball can be modeled by 

136x? 

92 

height of the ball above the floor, x is the forward distance 





the function h(x) = + 2.7x + 3.5, where h is the 


28. f(x) = 


29. 


30. 


33. 


SECTION 2.2 The Graph of a Function 69 


ae” 
x+4 4 
(a) Is the point (1. =) on the graph of f? 





(b) Ifx = 0, what is f(x)? What point is on the graph of f? 


(c) If f(x) 
of f? 

(d) What is the domain of f? 

(e) List the x-intercepts, if any, of the graph of f- 

(f) List the y-intercept, if there is one, of the graph of f- 


Ie 
f(x) 7 2 a | 
(a) Is the point (—1, 6) on the graph of f? 
(b) Ifx = 3, what is f(x)? What point is on the graph of f? 
(c) If f(x) = 1, what is x? What point(s) are on the graph 
of f? 
(d) What is the domain of f? 
(e) List the x-intercepts, if any, of the graph of f- 
(f) List the y-intercept, if there is one, of the graph of f. 


fx) = 


i. 2 
(a) Is the point (5. = 2 on the graph of f? 


1 
ie what is x? What point(s) are on the graph 








(b) Ifx = 4, what is f(x)? What point is on the graph of f? 

(c) If f(x) = 1, what is x? What point(s) are on the graph 
of f? 

(d) What is the domain of f? 

(e) List the x-intercepts, if any, of the graph of f- 

(f) List the y-intercept, if there is one, of the graph of f. 


of the ball in front of the foul line, and v is the initial velocity 

with which the ball is shot in feet per second. 

(a) The center of the hoop is 10 feet above the floor and 
15 feet in front of the foul line. Determine the initial 
velocity with which the ball must be shot for the ball 
to go through the hoop. 

(b) Write the function for the path of the ball using the 
velocity found in part (a). 

(c) Determine the height of the ball after it has traveled 
9 feet in front of the foul line. 

(d) Find additional points and graph the path of the 
basketball. 


Source: The Physics of Foul Shots, Discover, Vol. 21, No. 10, 
October 2000 


Free-throw Shots According to physicist Peter Brancazio, 
the key to a successful foul shot in basketball lies in the 
arc of the shot. Brancazio determined the optimal angle of 
the arc from the free-throw line to be 45 degrees. The arc 
also depends on the velocity with which the ball is shot. If 
a player shoots a foul shot, releasing the ball at a 45-degree 
angle from a position 6 feet above the floor, then the path 
of the ball can be modeled by the function 


44x? 
h(x) = +x+6 
Vv 


where /1 is the height of the ball above the floor, x is the forward 
distance of the ball in front of the foul line, and v is the initial 
velocity with which the ball is shot in feet per second. Suppose a 
player shoots a ball with an initial velocity of 28 feet per second. 

(continued) 
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34. 


My 35. 
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(a) Find the height of the ball after it has traveled 8 feet 
in front of the foul line. 

(b) Find the height of the ball after it has traveled 12 feet 
in front of the foul line. 

(c) Find additional points and graph the path of the 
basketball. 

(d) The center of the hoop is located 10 feet above the floor 
and 15 feet in front of the foul line. Will the ball go 
through the hoop? Why or why not? If not, with what 
initial velocity must the ball be shot in order for the ball 
to go through the hoop? 


Source: The Physics of Foul Shots, Discover, Vol. 21, No. 10, 
October 2000 


Cross-sectional Area The cross-sectional area of a beam 
cut from a log with radius 1 foot is given by the function 


A(x) = 4xV1 — x’, where x represents the length, in feet, 

of half the base of the beam. See the figure. 

(a) Find the domain of A. 

(b) Use a graphing utility to graph the function A = A(x). 

(c) Create a TABLE with 
TblStart = 0 and ATbl = 0.1 
for 0 = x = 1. Which value 
of x maximizes the cross- 
sectional area? What should 
be the length of the base of \ yY~ 
the beam to maximize the “——~~——” 
cross-sectional area? ‘ 


Motion of a Golf Ball 
A golf ball is hit with ° 
an initial velocity of | 
130 feet per second at an 
inclination of 45° to the 
horizontal. In physics, 
it is established that the 
height h of the golf ball 
is given by the function 


—32x? 
130? 


where x is the horizontal 
distance that the golf ball 
has traveled. 








A(x) = 4x1 — x? 





h(x) = 


(a) Determine the height of the golf ball after it has 
traveled 100 feet. 


(b) What is the height after it has traveled 300 feet? 

(c) What is (500)? Interpret this value. 

(d) How far was the golf ball hit? 

(e) Use a graphing utility to graph the function h = h(x). 


(f) Use a graphing utility to determine the distance that the 
ball has traveled when the height of the ball is 90 feet. 


(g) Create a TABLE with TblStart = Oand ATbl = 25.To 
the nearest 25 feet, how far does the ball travel before 
it reaches a maximum height? What is the maximum 
height? 


(h) Adjust the value of ATbl until you determine the 
distance, to within 1 foot, that the ball travels before it 
reaches its maximum height. 
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Effect of Elevation on Weight If an object weighs m pounds at 
sea level, then its weight W (in pounds) at a height of h miles 
above sea level is given approximately by 


4000 \2 
w(n) = m( aor) 


(a) If Amy weighs 120 pounds at sea level, how much will 
she weigh on Pikes Peak, which is 14,110 feet above sea 
level? 

(b) Usea graphing utility to graph the function W = W(h). 
Use m = 120 pounds. 

(c) Create a TABLE with TblStart = 0 and ATbl = 0.5 
to see how the weight W varies as h changes from 0 
to 5 miles. 

(d) At what height will Amy weigh 119.95 pounds? 

(e) Does your answer to part (d) seem reasonable? 
Explain. 





Cost of Transatlantic Travel A Boeing 747 crosses the 
Atlantic Ocean (3000 miles) with an airspeed of 500 miles 
per hour. The cost C (in dollars) per passenger is given by 
= 400. 4a: 36,000 
10 Bs 
where x is the groundspeed (airspeed + wind). 
(a) What is the cost when the groundspeed is 480 miles per 
hour? 600 miles per hour? 
(b) Find the domain of C. 
(c) Use a graphing utility to graph the function C = C(x). 
(d) Create aTABLE with TblStart = 0 and ATbl = 50. 
(e) To the nearest 50 miles per hour, what groundspeed 
minimizes the cost per passenger? 





C(x) 


Reading and Interpreting Graphs Let C be the function 
whose graph is given below. This graph represents the cost C 
of manufacturing g computers in a day. 


(a) Find C(O). Interpret this value. 
(b) Find C(10). Interpret this value. 
(c) Find C(50). Interpret this value. 


(d) What is the domain of C? What does this domain imply 
in terms of daily production? 


(e) Describe the shape of the graph. 


/\ (f) The point (30, 32 000) is called an inflection point. 


Describe the behavior of the graph around the 
inflection point. 


C 





150 000 
(80, 150 000) 


100 000 


Cost (dollars per day) 


50 000 (50, 51 000) 


(30, 32 000) 
(10,19 000) 


10 20 30 40 50 60 70 80 q 
Number of computers 


(0, 5000) 
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39. Reading and Interpreting Graphs Let C be the function 40. Challenge Problem Suppose f(x) = x7 —-dAx +e 
whose graph is given below. This graph represents the cost C f(x) 
of using g gigabytes of data in a month for a data-only plan. and g(x) = =e 4. Find f(3) ifg(-—2) = 5. 


(a) Find C (0). Interpret this value. 
(b) Find C (5). Interpret this value. 
(c) Find C (15). Interpret this value. 


(d) What is the domain of C? What does this domain imply 
in terms of the number of gigabytes? 
(e) Describe the shape of the graph. 


41. Challenge Problem Suppose f(x) = Vx +2 


and g(x) = x* + n. If f(g(5)) = 4, what is the 
value of g(n)? 





C 
300 
= 
s 200 
8 
© 100 
(0, 50) 
0 10 20 30 g 
Gigabytes 


Explaining Concepts: Discussion and Writing 


42. Describe how you would find the domain and range of a function if you were given its graph. How would your strategy change if 
you were given the equation defining the function instead of its graph? 


43. How many x-intercepts can the graph of a function have? How many y-intercepts can the graph of a function have? Explain why. 
44. Is a graph that consists of a single point the graph of a function? Can you write the equation of such a function? 
45. Match each of the following functions with the graph that best describes the situation. 

(a) The cost of building a house as a function of its square footage 

(b) The height of an egg dropped from a 300-foot building as a function of time 

(c) The height of a human as a function of time 

(d) The demand for Big Macs as a function of price 

(e) The height of a child on a swing as a function of time 


| | | , | V4 
M x x x 
(I) (Il) (tl) (IV) 


Xx 
ll (V) 
46. Match each of the following functions with the graph that best describes the situation. 
(a) The temperature of a bowl of soup as a function of time 
(b) The number of hours of daylight per day over a 2-year period 
(c) The population of Florida as a function of time 
(d) The distance traveled by a car going at a constant velocity as a function of time 
(e) The height of a golf ball hit with a 7-iron as a function of time 
y y y y e 
X Xx Xx Xx X 
(I) (Il) (Ill (IV) (V) 
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SL 


Consider the following scenario: Barbara decides to take 
a walk. She leaves home, walks 2 blocks in 5 minutes at a 
constant speed, and realizes that she forgot to lock the door. 
So Barbara runs home in 1 minute. While at her doorstep, 
it takes her 1 minute to find her keys and lock the door. 
Barbara walks 5 blocks in 15 minutes and then decides to 
jog home. It takes her 7 minutes to get home. Draw a graph 
of Barbara’s distance from home (in blocks) as a function 
of time. 


The graph below represents the distance d (in miles) 
that Kevin was from home as a function of time f¢ (in 
hours). Answer the questions by referring to the graph. 
In parts (a)-(g), how many hours elapsed and how far was 
Kevin from home during the times listed? 


a(t) 


(2,3) (2.5, 3) 


(3.9, 2.8) 


(3, 0) 


(5.3, 0) 





(a) Fromt = Otot = 2 (b) From t = 2tot = 2.5 
(c) Froomt = 2.5tot=2.8 (d) Froomt = 2.8tot = 3 
(e) Fromt = 3 tot = 3.9 (f) Fromt = 3.9tot = 4.2 
(g) Fromt = 4.2 tot = 5.3 

(h) What is the farthest distance that Kevin was from home? 
(i) How many times did Kevin return home? 


Graph a function whose domain is 
{x|-3sx=8, x #5} 
and whose range is 
{y|-lsy=2, y #0} 


What point(s) in the rectangle -3 Sx = 8,-1=Sy32 
cannot be on the graph? Compare your graph with those 
of other students. What differences do you see? 


-Retain Your Knowledge 


48. 


50. 
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mae A 


Consider the following scenario: Jayne enjoys riding her 
bicycle through the woods. At the forest preserve, she gets 
on her bicycle and rides up a 2000-foot incline in 10 minutes. 
She then travels down the incline in 3 minutes. The next 
5000 feet is level terrain, and she covers the distance in 
20 minutes. She rests for 15 minutes. Jayne then travels 
10,000 feet in 30 minutes. Draw a graph of Jayne’s distance 
traveled (in feet) as a function of time. 





The graph below represents the speed v (in miles per hour) 
of Michael’s car as a function of time ¢ (in minutes). 





(a) Over what interval of time was Michael traveling 
fastest? 


(b) Over what interval(s) of time was Michael’s speed zero? 





(c) What was Michael’s speed between 0 and 2 minutes? 
(d) What was Michael’s speed between 4.2 and 6 minutes? 
(e) What was Michael’s speed between 7 and 74 minutes? 








(f) When was Michael’s speed constant? 


Is there a function whose graph is symmetric with respect to 
the x-axis? Explain. 


Explain why the vertical-line test works. 


Problems 54-63 are based on material learned earlier in the course. The purpose of these problems is to keep the material fresh in your 
mind so that you are better prepared for the final exam. 


54, If f(x) = —x? + x — 3, find f(x — 2). 
55. Find the distance between the points (3, —6) and (1,0). 


X 56. 


XK 58. 


{X 59. Rationalize the numerator: 


2 
Write an equation of the line with slope 3 that 


contains the point (—6, 4). 


57. Find the domain of g(x) = Vx + 4-5. 
Find the number that must be added to m? — 12m 


to complete the square. 
Vx — V6 


x-—6 


‘Are You Prepared?’ Answers 


1. (—4,0), (4,0), (0, -—2), (0,2) 


2. False 


60. 


61. 


62. 
63. 


Two cars leave an intersection at the same time, one 
traveling north at 25 mph and the other traveling 
west at 35 mph. How long will it take for the cars to 
be 40 miles apart? 


Find the numbers x that satisfy both of the inequalities 
Ie 4 = Pand 5. — 24-13 


Simplify (5x* — 7x + 2) — (8x — 10). 


Write the inequality -3 = x < 10 in interval notation. 
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2.3 Properties of Functions 


PREPARING FOR THIS SECTION Before getting started, review the following: 


e Intervals (Section A.9, pp. A72—-A74) e Point-Slope Form of a Line (Section 1.3, pp. 24-25) 
e Intercepts (Section 1.2, pp. 12-13) e Symmetry (Section 1.2, pp. 13-15) 
e Slope of a Line (Section 1.3, pp. 20-23) 


\ Now Work the ‘Are You Prepared?’ problems on page 81. 


OBJECTIVES 1 Identify Even and Odd Functions from a Graph (p. 73) 
2 Identify Even and Odd Functions from an Equation (p. 74) 


3 Use a Graph to Determine Where a Function Is Increasing, Decreasing, or 
Constant (p. 75) 


4 Use a Graph to Locate Local Maxima and Local Minima (p. 76) 


5 Use a Graph to Locate the Absolute Maximum and the Absolute 
Minimum (p. 77) 


6 Use a Graphing Utility to Approximate Local Maxima and Local Minima 
and to Determine Where a Function Is Increasing or Decreasing (p. 79) 


7 Find the Average Rate of Change of a Function (p. 79) 





To obtain the graph of a function y = f(x), it is often helpful to know properties of 
the function and the impact of these properties on the graph of the function. 


1 Identify Even and Odd Functions from a Graph 


The words even and odd, when discussing a function f, describe the symmetry of the 
eraph of the function. 

A function fis even if and only if, whenever the point (x, y) is on the graph of f, 
the point (— x, y) is also on the graph. Using function notation, we define an even 
function as follows: 


( DEFINITION Even Function 


A function fis even if, for every number x in its domain, the number —x is also 
in the domain and 


f(=x) = f(x) 
a 


A function f is odd if and only if, whenever the point (x, y) is on the graph of f, 
the point (—x, —y) is also on the graph. Using function notation, we define an odd 
function as follows: 


( DEFINITION Odd Function 


A function fis odd if, for every number x in its domain, the number —x is also 
in the domain and 


f(-x) = -f() 





4 
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Refer to page 14, where the tests for symmetry are listed. The results below 
follow. 


( THEOREM Graphs of Even and Odd Functions 
e A function is even if and only if its graph is symmetric with respect to 
the y-axis. 
e A function is odd if and only if its graph is symmetric with respect to 
the origin. J 





Identifying Even and Odd Functions from a Graph 


Determine whether each graph given in Figure 21 is the graph of an even function, 
an odd function, or a function that is neither even nor odd. 


u y y 


Figure 21 (a) (b) (c) 


Solution (a) The graph in Figure 21(a) is that of an even function, because the graph is 
symmetric with respect to the y-axis. 


(b) The function whose graph is given in Figure 21(b) is neither even nor odd, 
because the graph is neither symmetric with respect to the y-axis nor symmetric 
with respect to the origin. 


(c) The function whose graph is given in Figure 21(c) is odd, because its graph is 
symmetric with respect to the origin. 


ommmmmm- Now Work PROBLEMS 25(a), (b), AND (d) 
2 Identify Even and Odd Functions from an Equation 


Identifying Even and Odd Functions Algebraically 





Determine whether each of the following functions is even, odd, or neither. Then 
determine whether the graph is symmetric with respect to the y-axis, with respect to 
the origin, or neither. 


(a) f(x) =x°—-5 (b) g(x) =x - 1 
(c) A(x) = Sx°- x (d) F(x) = | 


Solution (a) Todetermine whether fis even, odd, or neither, replace x by —xin f(x) = x? — 5. 
ae’) Rel Cae’) ll el lia ae C9) 


Since f(—x) = f(x), the function is even, and the graph of fis symmetric with 
respect to the y-axis. 


(b) Replace x by —xin g(x) =x - 1. 
g(-x) = (-x)-1=-¥-1 
Since g(—x) # g(x) andg(—x) # —g(x) = —(x°-1) = —x° + 1, the function 


is neither even nor odd. The graph of g is not symmetric with respect to the y-axis, 
nor is it symmetric with respect to the origin. 
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(c) Replace x by —xin h(x) = 5x° — x. 
h(—x) = 5(—x)° — (—x) = -—5x? + x = —(5e -— x) = -A(x) 
Since h(—x) = —h(x), Ais an odd function, and the graph of h is symmetric 
with respect to the origin. 
(d) Replace x by —x in F(x) = |x]. 
F(—x) = |x| = |-1]+[x| = [x] = F(x) 


Since F(—x) = F(x), Fis an even function, and the graph of F is symmetric 
with respect to the y-axis. 


ovmmmmm=m=- Now Work PROBLEM 37 


3 Use a Graph to Determine Where a Function Is Increasing, 
Decreasing, or Constant 


Consider the graph given in Figure 22. If you look from left to right along the graph 
of the function, you will notice that parts of the graph are going up, parts are going 
down, and parts are horizontal. In such cases, the function is described as increasing, 
decreasing, or constant, respectively. 





2 
rae) (DEFINITIONS Increasing Function, Decreasing Function, 
Figure 22 Constant Function 


e A function fis increasing on an interval / if, for any choice of x, and x, in J, 


In Words with x, < x», then f(x,)< f(x»). 
* Ifa function Is increasing, then as 
the values of x get bigger, the values 
of the function also get bigger. with x; < x, then f(x,) > f(x). 
- Ifa function is decreasing, then 
as the values of x get bigger, the 
values of the function get smaller. 
- Ifa function Is constant, then 
as the values of x get bigger, 
the values of the function 
remain unchanged. 


e A function fis decreasing on an interval / if, for any choice of x; and x, in J, 


e A function f is constant on an interval / if, for all choices of x in J, the 
values f(x) are equal. J) 


Figure 23 illustrates the definitions. The graph of an increasing function goes 
up from left to right, the graph of a decreasing function goes down from left to right, 
and the graph of a constant function remains at a fixed height. The interval J on 
which a function is increasing, decreasing, or constant may be open, closed, or 





y 





“ Need to Review? —,  halt-open/half-closed depending on whether the endpoints of the interval satisfy the 
r . : : 
zi Interval Notation is discussed required inequality or not. 
in Section A.9, pp. A72-A74. 
- 
Figure 23 (a) For x, <x, in/, (b) For x; < x, in/, (c) For all xin /, the values of 


f(X4) < f(x >); f(X4) > F(X»); f are equal; fis constant on /. 
fis increasing on /. fis decreasing on /. 
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| EXAMPLE 3 ~ Determining Where a Function Is Increasing, Decreasing, or Constant 


from Its Graph 


Determine the values of x for which the function in Figure 24 is increasing. Where is 
it decreasing? Where is it constant? 


Solution When determining where a function is increasing, where it is decreasing, and where 
it is constant, we use intervals involving the independent variable x. 
(3, 4) The function whose graph is given in Figure 24 is decreasing on the 


‘ a interval | —6, —4]| because for any choice of x, and x, in the interval for which x, < Xo, 












we have f(x,) > f(x). For example, —6 is included in the interval where f is 
g x decreasing because if x is any number for which —6 < x = —4,then f(—6) > f(x). 


eres Similarly, f is increasing on the interval | —4,0] because for any choice 


of x, and x> in the interval for which x, < x>5, we have f(x,) < f(x). 
Benreed 1 2 1 25 Tat). = Fo) 


Finally, the function f is constant on the interval [0,3] and is decreasing on the 
interval [3, 6]. wat 


onmumm-- Now Work PRoBLEMS 13, 15, 17, AND 25(cC) 


4 Use a Graph to Locate Local Maxima and Local Minima 


Suppose f is a function defined on an open interval J containing c. If the value of f 
at c is greater than or equal to the other values of fon J, then fhas a local maximum 


NOTE “Maxima” is the plural of at c.' See Figure 25(a). 


“maximum”; “minima” is the plural of If the value of fat c is less than or equal to the other values of f on J, then f has 
“minimum.” = alocal minimum at c. See Figure 25(b). 
y y 
f 
fhasalocal maximum fie) | _____ 1G, HG) (Cees f has a local minimum 
al G. | | (C, F(C) al ¢. 
| | 
| 
| | 
C C 





(a) (b) 
Figure 25 Local maximum and local minimum 


( DEFINITIONS Local Maximum/Minimum 


Let f be a function defined on some interval J and let c be a number in J. 


e A function f has a local maximum at c if there is an open interval in / 
containing c so that f(c) = f(x) for all x in this open interval. 
The number f(c) is called a local maximum value of f. 


e A function f has a local minimum at c if there is an open interval in / 
containing c so that f(c) = f(x) for all x in this open interval. 
The number f(c) is called a local minimum value of f. J 


If f has a local maximum at c, then the value of f at c is greater than or equal to 
the values of f near c. If f has a local minimum at c, then the value of fat c is less than 
or equal to the values of fnear c. The word local is used to suggest that it is only near c, 
not necessarily over the entire domain, that the value f(c) has these properties. 


‘Some texts use the term relative instead of local. 
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| EXAMPLE 4 © Finding Local Maxima and Local Minima from the Graph of a Function 


and Determining Where the Function Is Increasing, Decreasing, 
or Constant 


Figure 26 shows the graph of a function f. 


(a) At what numbers x, if any, does f have a local maximum? List the local maximum 
value(s). 





(b) At what numbers x, if any, does f have a local minimum? List the local minimum 
value(s). 


Figure 26 (c) Find the intervals on which f is increasing. Find the intervals on which f is 
decreasing. 


Solution The domain of fis the set of real numbers. 


(a) fhas a local maximum at 1, since for all x close to 1, we have f(x) =< f(1).The 
WARNING The y-value is the local local maximum value is f(1) = 2. 
maximum value or local minimum 


gAline ci Te SERS GEeae Ree. (b) f has local minima at —1 and at 3. The local minimum values are f(—1) = 1 


For example, in Figure 26, we say f and f(3) = 0. 
has a local maximum at 1 and the local 
maximum value Is 2. 


(c) The function whose graph is given in Figure 26 is increasing on the 
intervals |—1,1] and [3,0), or for -1=x<=1 and x=3. The 
function is decreasing on the intervals (—0co, —1] and [1, 3], or for x = —-1 
and: |: = x=. 3; 


evummm=- Now Work PROBLEMS 19 AND 21 


5 Use a Graph to Locate the Absolute Maximum 
and the Absolute Minimum 


Look at the graph of the function f given in Figure 27 The domain of fis the closed 
interval [a, b]. Also, the largest value of fis f(u) and the smallest value of fis f(v). 
These are called, respectively, the absolute maximum and the absolute minimum 
of fon [a, Db]. 





( DEFINITIONS Absolute Maximum and Absolute Minimum 


domain: [a, 5] Let f be a function defined on some interval J. 

i 7 . 7 ea e If there is a number u in J for which f(u) = f(x) for all x in J, then f has 

absolute maximum: f(u) an absolute maximum at uw, and the number f(u) is the absolute maximum 

absolute minimum: f (Vv) of fon I. 

Figure 27 e If there isa number v in / for which f(v) < f(x) for all x in J, then fhas an 
absolute minimum at vy, and the number f(v) is the absolute minimum of 
fon. J 


The absolute maximum and absolute minimum of a function f are sometimes 
called the absolute extrema or the extreme values of f on J. 

The absolute maximum or absolute minimum of a function f may not exist. Let’s 
look at some examples. 
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| EXAMPLE 5 ~ Finding the Absolute Maximum and the Absolute Minimum from 





Figure 28 


Solution 





the Graph of a Function 


For the graph of each function y = f(x) in Figure 28, find the absolute maximum and 
the absolute minimum, if they exist. Also, find any local maxima or local minima. 





3 
(d) 


(a) The function f whose graph is given in Figure 28(a) has the closed interval [0, 5] 
as its domain. The largest value of fis f(3) = 6, the absolute maximum. The 
smallest value of fis f(0) = 1, the absolute minimum. The function has a local 
maximum value of 6 at x = 3 and a local minimum value of 4 at x = 4. 


(b) The function f whose graph is given in Figure 28(b) has domain 
{x|1 = x = 5,x # 3}.Note that we exclude 3 from the domain because of the 
“hole” at (3, 1). The largest value of f on its domain is f(5) = 3, the absolute 
maximum. There is no absolute minimum. Do you see why? As you trace the 
graph, getting closer to the point (3, 1), there is no single smallest value. [As soon 
as you claim a smallest value, we can trace closer to (3, 1) and get a smaller value! ] 
The function has no local maxima or minima. 


(c) The function f whose graph is given in Figure 28(c) has the interval [0, 5] as its 
domain. The absolute maximum of fis f(5) = 4. The absolute minimum is 1. 
Notice that the absolute minimum occurs at any number in the interval [1, 2]. 


The function has a local minimum value of 1 at every x in the interval [1, 2], but 
it has no local maximum. 


(d) The function f given in Figure 28(d) has the interval [ 0, ©) as its domain. The 
function has no absolute maximum; the absolute minimum is f(0) = 0. The 
function has no local maxima or local minima. 


The function f in Figure 28(e) has domain {x|1 <x <5,x # 2}. The 
function has no absolute maximum and no absolute minimum. Do you see 
why? The function has a local maximum value of 3 at x = 4, but no local 
minimum value. 


(e 


— 


In calculus, there is a theorem with conditions that guarantee a function will have 
an absolute maximum and an absolute minimum. 


( THEOREM Extreme Value Theorem 


If a function fis continuous* on a closed interval [a, b], then f has an absolute 
maximum and an absolute minimum on [a, b]. J 


The absolute maximum (minimum) can be found by selecting the largest 
(smallest) value of f from the following list: 


e The values of f at any local maxima or local minima of fin [a, b]. 


e The value of fat each endpoint of |a, b]—that is, f(a) and f(b). 


* Although a precise definition requires calculus, we'll agree for now that a function is continuous if its graph 
has no gaps or holes and can be traced without lifting the pencil from the paper. 
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For example, the graph of the function f given in Figure 28(a) is continuous on 
the closed interval [0,5]. The Extreme Value Theorem guarantees that f has extreme 
values on [0, 5]. To find them, we list 


e The value of fat the local extrema: f(3) = 6, f(4) = 4 
e The value of fat the endpoints: f(0) = 1,f(5) = 5 


The largest of these, 6, is the absolute maximum; the smallest of these, 1, is the 
absolute minimum. 


oommmmmme-Now Work PROBLEM 49 


fa 6 Usea Graphing Utility to Approximate Local Maxima and Local 


Minima and to Determine Where a Function Is Increasing or 
Decreasing 


To locate the exact value at which a function f has a local maximum or a local 
minimum usually requires calculus. However, a graphing utility may be used to 
approximate these values using the MAXIMUM and MINIMUM features. 





Figure 29 


Solution 


HORHAL FLOAT AUTO REAL RADIAN HP fl 


CALC Has INUA 





Haximunm 


x= 
(a) Local maximum 


B1ib496e2 


Using a Graphing Utility to Approximate Local Maxima and Minima 
and to Determine Where a Function Is Increasing or Decreasing 


(a) Use a graphing utility to graph f(x) = 6x° — 12x + 5 for -2 <x <2. 
Approximate where f has a local maximum and where f has a local minimum. 


(b) Determine where fis increasing and where it is decreasing. 


(a) Graphing utilities have a feature that finds the maximum or minimum point of 
a graph within a given interval. Graph the function f for —2 = x = 2. Using 
MAXIMUM on a TI-84 Plus C, we find that the local maximum value is 11.53 
and that it occurs at x = —0.82, rounded to two decimal places. See Figure 29(a). 
Using MINIMUM, we find that the local minimum value is —1.53 and that it 
occurs at x = 0.82, rounded to two decimal places. See Figure 29(b). Figure 29(c) 
shows the two extrema in Desmos. 


HORHAL FLOAT AUTO REAL RADIAN HP 
Hl 


CALE MINTHU 








Hinimum —10 
¥W=11.531973 M=.81649536 ¥e-1.531973 a0 


(b) Local minimum (c) Local extrema 


(b) Looking at Figure 29, we see that fis increasing on the intervals | —2, —0.82 | 
and [0.82, 2], or for —2 = x = —0.82 and 0.82 = x S 2. And fis decreasing on 
the interval | —0.82, 0.82 |, or for —0.82 = x = 0.82. 


oommmmmme-Now Work PROBLEM 57 


Find the Average Rate of Change of a Function 


In Section 1.3, we said that the slope of a line can be interpreted as the average rate 
of change. To find the average rate of change of a function between any two points 
on its graph, calculate the slope of the line containing the two points. 
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( DEFINITION Average Rate of Change 


If a and b,a # b, are in the domain of a function y = f(x), the average rate 
of change of f from a to b is defined as 


A oh) 
Average rate of change = —— AC a AC 2) ax#b (1) 


AN ae 
as 


The symbol Ay in equation (1) is the “change in y,” and Ax is the “change in x.” 
The average rate of change of f is the change in y divided by the change in x. 


| EXAMPLE 7 | Finding the Average Rate of Change 


Find the average rate of change of f(x) = 3x: 
(a) From 1 to 3 (b) From 1 to 5 (c) From 1 to7 
Solution (a) The average rate of change of f(x) = 3x’ from 1 to 3 is 


Ay _ f(3) — fC) _ 27-3 _ 24 





Ax 31. a= i 2 
(b) The average rate of change of f(x) = 3x’ from 1 to 5 is 
UE 
160 SA AS) eae 8 ae ae ae 





Ax 2 oe | > = 1. 4 








Average rate 
of change = 24 
% 


120 (c) The average rate of change of f(x) = 3x’ from 1 to 7 is 









Ay f(7) —f(1) _ 147-3 _ 144 

ey Ae =~ =74 

(5, 75) Ax r= P= 6 = 
Average rate 

of change = 18 See Figure 30 for a graph of f(x) = 3x’. The function f is increasing on 
Average rate the interval [0, eo) The fact that the average rate of change is positive for 
of change = 12 any Xj, X2, xX; *% X>, in the interval [1,7] indicates that fis increasing on 1 = x S 7. 
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40 


a, 21} 
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Figure 30 f(x) = 3x° 
The Secant Line 


The average rate of change of a function has an important geometric interpretation. 
Look at the graph of y = f(x) in Figure 31. Two points are labeled on the graph: 
(a, f(a) ) and (b, f(b) ).The line containing these two points is called a secant line; 
its slope is 


f(b) — fla) 


Megeg = 
b-a 


y y= f(x) 


Secant line 





Figure 31 Secant line 


Figure 32 Graph of g and the 
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C tHeoreM Slope of a Secant Line 


The average rate of change of a function from a to b equals the slope of the 
secant line containing the two points (a, f(a) ) and (5, f(b) ) on its graph. J 





EXAMPLE 8 Finding an Equation of a Secant Line 
Suppose that g(x) = 3x” — 2x + 3. 


(a) Find the average rate of change of g from —2 to 1. 
(b) Find an equation of the secant line containing (—2, g(—2) ) and (1, g(1) ). 
FE (c) Using a graphing utility, draw the graph of g and the secant line obtained in 
part (b) on the same screen. 


Solution (a) The average rate of change of g(x) = 3x* — 2x + 3 from —2 to 1 is 





1 =e —2 
Average rate of change = as 
4—19 g(1) = 3(1)? —-2°14+3=4 
° g(—-2) = 3(-2)7 - 2(-2) +3 = 19 
ils: 
= ee —5 
3 
(b) The slope of the secant line containing (—2,g(-—2)) = (—2,19) 
aden LHL f and (1,g(1)) = (1,4) is m,, = —5. Use the point-slope form to find an 
+ equation of the secant line. 
Y= i = Mek =X) Point-slope form of a secant line 
y—19 = -35(x - (-2)) x = -2,y, = 9(-2) = 19,m,.. = —-5 
3 , 3 yo IS =—d7 = 10 Distribute. 
* y=-S3x + 9 Slope-intercept form of the secant line 


} FE (c) Figure 32 shows the graph of g along with the secant line y = —5x + 9 on 
secant line a TI-84 Plus C. = 


ovmemmmme-Now Work PROBLEM 71 


2.3 Assess Your Understanding 


‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. The interval (2, 5) can be written as the inequality 4. Write the point-slope form of the line with slope 5 containing 
. (pp. A72—A74) the point (3, —2). (pp. 24-25) 
2. The slope of the line containing the points (—2,3) 5. The intercepts of the graph of y = x* — 9 are 
and (3, 8) is . (pp. 20-23) (pp. 12-13) 
3. Test the equation y = 5x” — 1 for symmetry with respect to 


the x-axis, the y-axis, and the origin. (pp. 13-15) 


Concepts and Vocabulary 


6. A function fis_—————S——S—S———COON. a). interval / if, for any 10. True or False Even functions have graphs that are 
choice of x, and x, in J, with x; < x2, then f(x,) < f(x). symmetric with respect to the origin. 

7 A(n)___ function f is one for which f(—x) = f(x) 11. Multiple Choice An odd function is symmetric with respect 
for every x and —x in the domain of f;a(n)__ to 
function f is one for which f(—x) = —f(x) for every x (a) the x-axis (b) the y-axis 
and —x in the domain of f. (c) the origin (d) the line y = x 


. True or False A function f is decreasing on an 


. True or False A function f has a local minimum at c if (a) (a,b) (b) (a, b] (c) [a, b) 


12. Multiple Choice A function that is continuous on the 
interval is guaranteed to have both an absolute 
maximum and an absolute minimum. 


interval / if, for any choice of x, and x, in J, with x, < Xo, 
then f(x1) > f(%2). 


(d) [a,b] 


there is an open interval J containing c so that f(c) =< f(x) 
for all x in this open interval. 
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Skill Building 


In Problems 13-24, use the graph on the right of the function f. 
NX 2. 
«14. 
N15. 
«16. 
N17. 

18. 
N19. 
20. 
‘\ 21. 
22, 
23. 
24. 


Is f increasing on the interval | —8, —2 |]? 
Is f decreasing on the interval | —8, —4]? 
Is f increasing on the interval | —2, 6 |? 

Is f decreasing on the interval [2, 5]? 

List the interval(s) on which fis increasing. 


List the interval(s) on which fis decreasing. 





Is there a local maximum at 2? If yes, what is it? 
Is there a local maximum at 5? If yes, what is it? 
List the number(s) at which f has a local maximum. What are the local maximum values? 
List the number(s) at which f has a local minimum. What are the local minimum values? 
Find the absolute minimum of fon | —10, 7]. 


Find the absolute maximum of fon | —10, 7 ]. 


In Problems 25-32, the graph of a function is given. Use the graph to find: 


N25. 





(a) The intercepts, if any 

(b) The domain and range 

(c) The intervals on which the function is increasing, decreasing, or constant 
(d) Whether the function is even, odd, or neither 


y 26. 


(—4, 2) 
(0, 1) 





In Problems 33-36, the graph of a function f is given. Use the graph to find: 


(a) The numbers, if any, at which f has a local maximum. What are the local maximum values? 
(b) The numbers, if any, at which f has a local minimum. What are the local minimum values? 





In Problems 37-48, determine algebraically whether each function is even, odd, or neither. 


\ 37. fa) eae 


39. g(x) = 10 - x” 


40. h(x) = 3x3 +5 


38. f(x) = 2x* — x? 








41. F(x) = W4x 42. G(x) = Vx 43. f(x) =x + |x| 44, f(x) = W2x2 +1 
1 _3 2 
48. g(x) = = 46. h(x) = es 47. h(x) = oe 48. F(x) = ial 


NOT 
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In Problems 49-56, for each graph of a function y = f(x), find the absolute maximum and the absolute minimum, if they exist. Identify 


any local maximum values or local minimum values. 
N49 oy 50. y 


(4, 4) 


. (3, 3) 4 


51. y 52. y 





| In Problems 57-64, use a graphing utility to graph each function over the indicated interval and approximate any local maximum values 
and local minimum values. Determine where the function is increasing and where it is decreasing. Round answers to two decimal places. 


N57. f(x) = - 3x +2 [-2,2] 


NX 65. 





) 
59, f(x) =x —x [-2,2] 
61. f(x) = —0.2x° — 0.6x* + 4x -6 [-6,4] 
63. f(x) = 0.25x* + 0.3x° — 0.9x7 +3 [-3,2] 
Find the average rate of change of f(x) = —2x* + 4: 


(a) From O0to2 (b) Fromi1to3 (c) From 1 to4 


67. Find the average rate of change of g(x) = x° — 4x + 7: 
(a) From —3to —-2 (b) From —l1tol (c) From1to3 
69. f(x) =5x% -2 
(a) Find the average rate of change from 1 to 3. 








(b) Find an equation of the secant line containing (1, f(1) ) 
and (3, f(3) ). 
g(x) =x — 2 





(a) Find the average rate of change from —2 to 1. 
(b) Find an equation of the secant line 
containing (—2, g(—2) ) and (1, g(1)). 
73. h(x) = x* — 2x 
(a) Find the average rate of change from 2 to 4. 
(b) Find an equation of the secant line containing (2, (2) ) 
and (4,h(4) ). 
75. Mixed Practice g(x) = x° — 27x 


(a) Determine whether g is even, odd, or neither. 
(b) There is alocal minimum value of —54 at 3. Determine the 
local maximum value. 








58. f(x) =x - 3x7 +5 [-1,3] 

60. f(x) =xt'-x? [-2,2] 

62. f(x) = —0.4x° + 0.6x7 + 3x -2 [-4,5] 

64. f(x) = —0.4x* — 0.5x° + 0.8x7 - 2 [-3,2] 

66. Find the average rate of change of f(x) = —x° + 1: 


(a) From Oto2 (b) Fromi1to3 (c) From —1tol 


68. Find the average rate of change of h(x) = x? — 2x + 3: 
(a) From —-1tol (b) FromOto2 (c) From2to5 
70. f(x) = —4x +1 
(a) Find the average rate of change from 2 to 5. 








(b) Find an equation of the secant line containing (2, f(2) ) 
and (5, f(5)). 
72. g(x) =x? +1 
(a) Find the average rate of change from —1 to 2. 





(b) Find an equation of the secant line 
containing (—1, g(—1) ) and (2, g(2) ). 
74. h(x) = -2x* +x 
(a) Find the average rate of change from 0 to 3. 
(b) Find an equation of the secant line containing (0, (0) ) 
and (3,h(3) ). 
76. Mixed Practice f(x) = —x° + 12x 


(a) Determine whether fis even, odd, or neither. 
(b) There is a local maximum value of 16 at 2. Determine the 
local minimum value. 





Applications and Extensions 


77. F(x) = —x* + 8x7 +9 
(a) Determine whether F is even, odd, or neither. 


(b) There is a local maximum value of 25 at x = 2. Find a second local maximum value. 
‘\ (c) Suppose the area of the region enclosed by the graph of F and the x-axis between x = 0 and x = 3 is 50.4 square units. Using 
the result from (a), determine the area of the region enclosed by the graph of F and the x-axis between x = —3 and x = 0. 
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78. G(x) = —x* + 32x? + 144 

(a) Determine whether G is even, odd, or neither. 

(b) There is a local maximum value of 400 at x = 4. 
Find a second local maximum value. 

éX (c) Suppose the area of the region enclosed by the 

graph of G and the x-axis between x = 0 and x = 6 
is 1612.8 square units. Using the result from (a), 
determine the area of the region enclosed by the graph 
of G and the x-axis between x = —6 and x = 0. 








te 79. Minimum Average Cost The average cost per hour in 
dollars, C, of producing x riding lawn mowers can be 
modeled by the function 


és 2 
Cx) = 050 2 = 251 + ma 
x 


(a) Use a graphing utility to graph C = C(x). 

(b) Determine the number of riding lawn mowers to 
produce in order to minimize average cost. 

(c) What is the minimum average cost? 


te 80. Medicine Concentration The concentration C of a 
medication in the bloodstream ¢ hours after being 
administered is modeled by the function 


C(t) = —0.002r* + 0.03927 — 0.285t7 + 0.766t + 0.085 


(a) After how many hours will the concentration be 
highest? 

(b) A woman nursing a child must wait until the 
concentration is below 0.5 before she can feed him. After 
taking the medication, how long must she wait before 
feeding her child? 


81. E. coli Growth A strain of E. coli Beu 397-recA441 is 
placed into a nutrient broth at 30° Celsius and allowed 
to grow. The data shown in the table are collected. The 
population is measured in grams and the time in hours. 
Since population P depends on time ¢, and each input 
corresponds to exactly one output, we can say that 
population is a function of time, so P(t) represents the 
population at time t. 


Time Population 
(grams), P 


(hours), t 








(a) Find the average rate of change of the population 
from 0 to 2.5 hours. 

(b) Find the average rate of change of the population 
from 4.5 to 6 hours. 

(c) What is happening to the average rate of change as time 
passes? 








82. National Debt The size of the total debt owed by the 
United States federal government continues to grow. In fact, 
according to the Department of the Treasury, the debt per 
person living in the United States is approximately $63,720 
(or over $172,000 per U.S. household). The following data 
represent the U.S. debt for the years 2007-2017 Since the 
debt D depends on the year y, and each input corresponds 
to exactly one output, the debt is a function of the year. 
So D(y) represents the debt for each year y. 


Year Debt (billions of dollars) 


9008 
10,025 
1S 
13,562 
14,790 


16,066 
16,738 
17,824 
seo 
Paz 
20,245 





Source: www.treasurydirect. gov 


(a) Plot the points (2007 9008), (2008, 10 025), and so on. 

(b) Draw a line segment from the point (2007, 9008) to 
(2012, 16 066). What does the slope of this line segment 
represent? 

(c) Find the average rate of change of the debt from 2008 
to 2010. 

(d) Find the average rate of change of the debt from 2011 
to 2013, 

(e) Find the average rate of change of the debt from 2014 
to 2016. 

(f) What appears to be happening to the average rate of 
change as time passes? 

















83. For the function f(x) = x’, compute the average rate of 
change: 
(a) FroomOtol (b) FromOto0.5 (ce) FromOto0.1 
(d) From 0 to 0.01 (e) From 0 to 0.001 
ite (f) Use a graphing utility to graph each of the secant lines 
along with f. 
(g) What do you think is happening to the secant lines? 
(h) What is happening to the slopes of the secant lines? 
Is there some number that they are getting closer to? 
What is that number? 


84, For the function f(x) = x’, compute the average rate of 
change: 
(a) Froomito2 (b) Fromitol5 (ec) Fromitoll 
(d) From 1 to 1.01 (e) From 1 to 1.001 
Ee (f) Use a graphing utility to graph each of the secant lines 
along with f. 
(g) What do you think is happening to the secant lines? 
(h) What is happening to the slopes of the secant lines? 
Is there some number that they are getting closer to? 
What is that number? 
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éX Problems 85-92 require the following discussion of a secant line. The slope of the secant line containing the two points (x, f(x) ) and 


(oP 


h, f(x + h)) on the graph of a function y = f(x) may be given as 


_ fle th) —flx) _ fle +h) — fl) 


MNseo = h #0 


Cae) eee: h 





(a) Express the slope of the secant line of each function in terms of x and h. Be sure to simplify your answer. 
(b) Find m,., forh = 0.5, 0.1, and 0.01 at x = 1. What value does m,.,. approach as h approaches 0? 
(c) Find an equation for the secant line atx = 1 withh = 0.01. 


ra d) Use a graphing utility to graph f and the secant line found in part (c) in the same viewing window. 


85. 
89, 


X 93. 


94, 


Tf) = 2e43 86. f(x) = -—3x + 2 87. f(x) =x* + 2x 88. f(x) = 2x7 +x 
1 1 
f(x) = 2x? -3x+1 90. f(x) = —x? + 3x -2 91. f(x) = . 25a) == 
x 
Challenge Problem Mean Value Theorem Suppose f(x) = x° + 2x? — x + 6. From calculus, the Mean Value Theorem guarantees 


that there is at least one number in the open interval (—1, 2) at which the value of the derivative of f, given by f’(x) = 3x? + 4x — 1, 
is equal to the average rate of change of f on the interval. Find all such numbers x in the interval. 





Challenge Problem If fis an odd function, determine whether g(x) = —2f (- *) is even, odd, or neither. 


Explaining Concepts: Discussion and Writing 


oS, 


96. 


97, 


98. 


Draw the graph of a function that has the following 99. Can a function be both even and odd? Explain. 
properties: domain: all real numbers; range: all real numbers; a 100. Using a graphing utility, graph y=5 on the 
intercepts: (0, —3) and (3,0); a local maximum value of —2 | interval [—3,3]. Use MAXIMUM to find the local 


at —1; a local minimum value of —6 at 2. Compare your 


maximum values on | —3,3]. Comment on the result 
graph with those of others. Comment on any differences. 


provided by the graphing utility. 
Redo Problem 95 with the following additional information: 101 
increasing on (—©%,-—1], | 2,00); decreasing on | —1,2]. 

Again compare your graph with others and comment on 
any differences. 102. Show that a constant function f(x) = b has an average 
rate of change of 0. Compute the average rate of change 





. A function f has a positive average rate of change on the 
interval [2, 5]. Is fincreasing on [2,5]? Explain. 





How many x-intercepts can a function defined on an interval ; . . 
have if it is increasing on that interval? Explain. of y = V4 — x on the interval | —2, 2 |. Explain how this 


Suppose that a friend of yours does not understand the can happen. 
idea of increasing and decreasing functions. Provide an 
explanation, complete with graphs, that clarifies the idea. 


Retain Your Knowledge 


Problems 103-112 are based on material learned earlier in the course. The purpose of these problems is to keep the material fresh in your 


mind so that you are better prepared for the final exam. 

103. Simplify: V 540 /X 108. Factor completely: 

104. Multiply: (4a — b)? (x? — 2)3-2(3x?+ 1) +15x4 + (3x°+ 1)?+3(x?- 2)? 2x 

105. The daily rental charge for a moving truck is $40 plus a eee ; 
muileasechanceiel 10 80 permilesEx@resstiecosnC iorent 109. Find the midpoint of the line segment connecting the 
a moving truck for one day as a function of the number x of i and a... jj 
miles driven. poms peg er ee , 

106. If a garden snail can travel one mile in 33 hours,how many 449, Solve: 3x +7) -3=5 


107. Write the standard form of the equation of a circle with ” 


days will it take for such a snail to travel six miles? Assume 


; : _ 
the snail travels without stopping. 111. Find the real solutions of x° + 7x 8. 


JX 112. Solve for D if 
‘6 3y*+D + 3x? — 3xy” — 3x’*y-D =0 


center (3, —2) and radius r = 5 


‘Are You Prepared?’ Answers 


1. 


Te pm | 3. symmetric with respect to the y-axis 4,9 P2=35(%.—.3) Be =) 40.0) 7) 
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2.4 Library of Functions; Piecewise-defined Functions 


PREPARING FOR THIS SECTION Before getting started, review the following: 
e Intercepts (Section 1.2, pp. 12-13) ¢ Graphs of Key Equations (Section 1.2: 


Example 3, p. 11; Examples 11-13, pp. 16-17) 
\ Now Work the ‘Are You Prepared?’ problems on page 94. 


OBJECTIVES 1 Graph the Functions Listed in the Library of Functions (p. 86) 
2 Analyze a Piecewise-defined Function (p. 91) 





1 Graph the Functions Listed in the Library of Functions 


y Figure 33 shows the graph of y = Vx. Based on the Vertical-Line Test, y = f(x) = Vx 
6 is a function, called the square root function. From the graph, we have the following 
(9, 3) properties: 





i maa of f(x) = Vx 


e The domain and the range of f(x) = \/x are the set of nonnegative real 
numbers. 
© The x-intercept of the graph of f(x) = Vx is 0.The y-intercept of the graph 


Ol fo = isalson0) 
° f(x) = \/x is neither even nor odd. 
io Vx is increasing on the interval | 0, co). 


2) — Vx has an absolute minimum of 0 at x = 0. | 


| €XAMPLE1 © Graphing the Cube Root Function 


(a) Determine whether f(x) = Wx is even, odd, or neither. State whether the graph 
of fis symmetric with respect to the y-axis, symmetric with respect to the origin, 
or neither. 


(b) Find the intercepts, if any, of the graph of f(x) = Wx. 
(c) Graph f(x) = Wx. 
Solution (a) Because 
(a Ve Si) 
the cube root function is odd. The graph of fis symmetric with respect to the 
origin. 
(b) The y-intercept is f(0) = W/0 = 0. The x-intercept is found by solving the 
equation f(x) = 0. 
f(x) = 0 
Wx=0 F(x) = Vx 
x =O Cube both sides of the equation. 
The x-intercept is also 0. 


(c) Use the function to form Table 5 and obtain some points on the graph. 
Because of the symmetry with respect to the origin, we find only points (x, y) 


for which x = 0. Figure 34 shows the graph of f(x) = Wx. 
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Table 5 


y = f(x) = Wx (x, y) 





Figure 34 Cube Root Function 


From the results of Example 1 and Figure 34, we have the following properties 
of the cube root function. 


Properties of the Cube Root Function f(x) = Wx 

e The domain and the range of f(x) = Wx are the set of all real numbers. 

e The x-intercept of the graph of f(x) = Wx is 0. The y-intercept of the graph 
of f(x) = Wx is also 0. 

f(x) = Wx is odd. The graph is symmetric with respect to the origin. 


f(x) = Wx is increasing on the interval (— 00, co). 


f(x) = Wx does not have any local minima or any local maxima. J 


| €XAMPLE2 | Graphing the Absolute Value Function 


(a) Determine whether f(x) = |x| is even, odd, or neither. State whether the graph 
of fis symmetric with respect to the y-axis, symmetric with respect to the origin, 
or neither. 


(b) Determine the intercepts, if any, of the graph of f(x) = |x|. 
(c) Graph f(x) = [a], 
Solution (a) Because 
f(x) = |x 
= [x] = f(x) 
the absolute value function is even. The graph of fis symmetric with respect to 
the y-axis. 
(b) The y-intercept is f(0) = |0| = 0. The x-intercept is found by solving the 
equation f(x) = |x| = 0. The x-intercept is 0. 
(c) Use the function to form Table 6 and obtain some points on the graph. Because 


of the symmetry with respect to the y-axis, we only need to find points (x, y) for 
which x = 0. Figure 35 shows the graph of f(x) = |x]. 


Table 6 


y = f(x) = |x| 
0 


1 
2 
3 





Figure 35 Absolute Value Function al 
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Figure 37 Identity Function 





Figure 38 Square Function 


From Example 2 and Figure 35, we have the following properties of the absolute 
value function. 


- 


Properties of the Absolute Value Function f(x) = |x| 

° The domain of f(x) = |x| is the set of all real numbers. The range of f 
is {yjy =O}. 

e The x-intercept of the graph of f(x) = |x| is 0.The y-intercept of the graph 
of f(x) = |x| is also 0. 

e f(x) = |x| is even. The graph is symmetric with respect to the y-axis. 

e f(x) = |x| is decreasing on the interval (— 00, 0]. It is increasing on the 
interval | 0, 00). 


e f(x) = |x| has an absolute minimum of 0 at x = 0. a 


Below 1s a list of the key functions that we have discussed. In going through this list, 
pay special attention to the properties of each function, particularly to the domain of 
each function and to the shape of each graph. Knowing these graphs, along with key 
points on each graph, lays the foundation for further graphing techniques. 


Pconctant Function 
| f(x) =b b is areal number y 
See Figure 36. 


The domain of a constant function is the set of all real numbers; its range is the 
set consisting of a single number D. Its graph is a horizontal line whose y-intercept 
is b. The constant function is an even function. 


( identity Function 


f(x) =x 


J) 


See Figure 37 

The domain and the range of the identity function are the set of all real numbers. 
Its graph is a line with slope 1 and y-intercept 0. The line consists of all points for 
which the x-coordinate equals the y-coordinate. The identity function is an odd 
function and is increasing over its domain. Note that the graph bisects quadrants I 
and III. 


cause Function 


J 


See Figure 38. 

The domain of the square function is the set of all real numbers; its range is the 
set of nonnegative real numbers. The graph of the square function is a parabola whose 
intercept is at (0,0). The square function is an even function that is decreasing on the 
interval (— co, 0] and increasing on the interval | 0, 00). 
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- 


Cube Function 


f(x) = 2 


= 


See Figure 39. 

The domain and the range of the cube function are the set of all real numbers. 
The intercept of the graph is at (0, 0). The cube function is odd and is increasing on 
the interval (— 00, co). 


- 


Square Root Function 


J 


See Figure 40. 

The domain and the range of the square root function are the set of nonnegative 
real numbers. The intercept of the graph is at (0,0). The square root function is neither 
even nor odd and is increasing on the interval | 0, 00). 


a Cube Root Function 


f(x) = Wx 
J 


See Figure 41. 

The domain and the range of the cube root function are the set of all real numbers. 
The intercept of the graph is at (0,0). The cube root function is an odd function that 
is increasing on the interval (—©o, oo). 


- 


Reciprocal Function 


fx) == 
J 


Refer to Example 13, page 17, for a discussion of the equation y = - See 
Figure 42. ‘i 

The domain and the range of the reciprocal function are the set of all nonzero 
real numbers. The graph has no intercepts. The reciprocal function is decreasing on 
Figure 42 Reciprocal Function the intervals (— co, 0) and (0, co) and is an odd function. 





f(x) =| X| ( Apechite Value Function 





I 


f(x) = 
= 


Figure 43 Absolute Value Function See Figure 43. 
The domain of the absolute value function is the set of all real numbers; its 
range is the set of nonnegative real numbers. The intercept of the graph is at (0, 0). 
If x = 0, then f(x) = x, and the graph of f is part of the line y = x; if x < 0, 
then f(x) = —x, and the graph of fis part of the line y = —x. The absolute value 
function is an even function; it is decreasing on the interval (— co, 0] and increasing 
on the interval | 0, ©). 
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The notation int(x) stands for the greatest integer less than or equal to x. For example, 
, ; » if 1 ° , 
int(1) =1 int(2.5) =2 int 5 = 0 int oi a —1 int(7) =3 


Table 7 iF 
y = F(x) DEFINITION Greatest Integer Function 


= int (x) (x, y) f(x) = int(x) = greatest integer less than or equal to a 


We obtain the graph of f(x) = int(x) by plotting several points. See Table 7. 
For values of x, -1 =x <0, the value of f(x) = int(x) is —1; for values 
of x,0 = x < 1, the value of fis 0. See Figure 44 for the graph. 

The domain of the greatest integer function is the set of all real numbers; its 
range is the set of integers. The y-intercept of the graph is 0. The x-intercepts lie in 
the interval [0, 1). The greatest integer function is neither even nor odd. It is constant 
on every interval of the form | k, k + 1), for k an integer. In Figure 44, a solid dot 
indicates, for example, that at x = 1 the value of fis f(1) = 1; an open circle is used 
to show that the value of fis not 0 atx = 1. 

Although a precise definition requires calculus, in a rough sense, a function is 
continuous if its graph has no gaps or holes and can be traced without lifting the 
pencil from the paper on which the graph is drawn. A function is discontinuous if 
its graph has gaps or holes and cannot be traced without lifting the pencil from the 

eo paper. 
sili The greatest integer function is also called a step function. At x = 0, 
x = +1,x = +2,andso on, this function is discontinuous because, at integer values, 
the graph suddenly “steps” from one value to another without taking on any of the 
intermediate values. For example, to the immediate left of x = 3, the y-coordinates 
of the points on the graph are 2, and at x = 3 and to the immediate right of x = 3, 
the y-coordinates of the points on the graph are 3. 


Alo NI- Ble Oo FIP MIAF 








Bienes ON ateS Inner el Uncen A COMMENT When graphing a function using a graphing utility, typically you can choose either 


connected mode, in which points plotted on the screen are connected, making the graph appear 
continuous, or dot mode, in which only the points plotted appear. When graphing the greatest integer 
function with a graphing utility, tt may be necessary to be in dot mode. This is to prevent the utility 
from “connecting the dots” when f(x) changes from one Integer value to the next. However, some 
utilities will display the gaps even when tn “connected” mode. See Figure 45. a 


6 MORHAL FLOAT AUTO REAL RADIAN HP fl 





—2 ———— 
(a) TI-83 Plus, connected mode (b) TI-83 Plus, dot mode (c) TI-84 Plus C (d) Desmos 


Figure 45 f(x) = int(x) 


The functions discussed so far are basic. Whenever you encounter one of them, 
you should see a mental picture of its graph. For example, if you encounter the 
function f(x) = x’, you should see in your mind’s eye a picture of a parabola. 


erm NOW Work PROBLEMS 11 THROUGH 18 


“Some texts use the notation f(x) = [x] or call the greatest integer function the 
“floor function” and use the notation f(x) = |x]. 
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2 Analyze a Piecewise-defined Function 


Sometimes a function is defined using different equations on different parts of its 
domain. For example, the absolute value function f(x) = |x| is actually defined 
by two equations: f(x) = x if x = 0 and f(x) = —x if x < 0. See Figure 46. For 
convenience, these equations are generally combined into one expression as 





x ifx=0 


Figure 46 Absolute Value Function f(x) = | 7 = ifx <0 


When a function is defined by different equations on different parts of its domain, it 
is called a piecewise-defined function. 


| EXAMPLE 3 | Analyzing a Piecewise-defined Function 


A piecewise-defined function fis defined as 
—2x itx <0 


i fv ifx = 0 
(a) Find f(—4), f(0), and f(4). 
(b) Find the domain of f 
(c) Locate any intercepts. 
(d) Graph f¢ 
(ec) Use the graph to find the range of f 
Solution (a) When evaluating a piecewise-defined function, we first must identify which 


equation should be used in the evaluation. We do this by identifying in which 
part of the domain the value for the independent variable lies. 


e To find f(—4), observe that —4 < 0sox = —4 lies in the domain of the first 
equation. This means that when x = —4, the equation for fis f(x) = —2x. 


Then 
f(-4) = -2(-4) =8 
e To find f(0), observe that when x = 0, the equation for fis f(x) = Vx. 


Then 
f(0) = V0 =0 
e To find f(4), observe that when x = 4, the equation for fis f(x) = Vx. 
Then 
f(4) =V4=2 


(b) The domain of the first equation of the function fis the set of all negative real 
numbers, { x|x < 0}, or (—©°, 0) in interval notation. The domain of the second 
equation of the function fis the set of all nonnegative real numbers, {x|x = 0}, 
or [0, C©) in interval notation. The domain of the function is the union of the 
domains of the individual equations. Since 


(—0o, 0) UL, 00 ) — (— 09, 00 ) 
the domain of fis the set of all real numbers. 


(c) The y-intercept of the graph of the function is f(0). Because the equation for f 
when x = Ois f(x) = V*x, the y-intercept is f(0) = V0 = 0. 


(continued) 
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The x-intercepts of the graph of a function are the real solutions to the 
equation f(x) = 0.To find the x-intercepts of f,solve f(x) = 0 for each equation 
of the function, and then determine which values of x, if any, satisfy the domain 
of the equation. 


f(x) =0x<0o f(x) =0 x20 
~2x =0 Vx =0 
x =0 x=0 


The result on the left (x = 0) is discarded because it does not satisfy the 
condition x < 0. The result on the right (x = 0) is obtained under the 
condition x = 0, so 0 is an x-intercept. The only intercept is (0,0). 





(d) To graph f, graph each equation. First graph the line y = —2x and keep only the 


Figure 47 part for which x < 0. Then graph the square root function y = Vx for x = 0. 
See Figure 47 


(ce) From the graph, we conclude that the range of fis the set of nonnegative real 
numbers, or the interval [ 0, co). | 


| EXAMPLE 4 ~ Analyzing a Piecewise-defined Function 


A piecewise-defined function fis defined as 
> ie ua) Me (eee 
f(x) = 2 ifx = 1 
e ifx >1 

(a) Find f(—2), f(1), and f(2). 
(b) Find the domain of f. 
(c) Locate any intercepts. 
(d) Graph f. 
(e) Use the graph to find the range of f- 


Solution (a) Tofind f(—2), observe that -3 = —2 < 1,so when x = —2, the equation for f 
is given by f(x) = —2x + 1. Then 


f(-2) = -2(-2) +1=5 f(x) = -2x4+1 if -35Sx<1 
To find f(1), observe that when x = 1, the equation for fis f(x) = 2. So, 
f(L) =2 f(x) =2 if x=1 
When x = 2, the equation for fis f(x) = x*. Then 
f(2) =2 =4 f(x) =x? if x>1 
(b) The domain of fis the union of the domains of each equation in the piecewise- 


defined function. So the domain of fis [—3,1)U{1}U(1, ©) = [-3, «). 
The domain of fis [ —3, ©) in interval notation, or {x|x = —3} inset notation. 


(c) The y-intercept of the graph of the function is f(0). Because the equation for f 
when x = 0 is f(x) = —2x + 1, the y-intercept is f(0) = -—2-0+1=1. 
The x-intercepts of the graph of a function f are the real solutions of the 
equation f(x) = 0.To find the x-intercepts of f,solve f(x) = 0 for each equation 
of the function, and then determine what values of x, if any, are in the domain 
of the equation. 


f(x) =0 -353x<1 f(x)=0 x=1 f(x) =O x>1 
—2x +1=0 2=0 x = 0 
=—2— =i. No solution x= 


X = 


NIP | 
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The first potential x-intercept, x = > satisfies the condition -3 = x < l, 
L. « ; 
sox = 5 18 an x-intercept. The second potential x-intercept, x = 0, does not 


1 
satisfy the condition x > 1, so we discard it. The only x-intercept is 5 The 
1 
intercepts are (0,1) and (5. 0). 


(d) To graph f, first graph the line y = —2x + 1 and keep only the part for 
which —3 Sx <1. When x =1,f(x) =2, so plot the point (1,2). 
Finally, graph the parabola y = x* and keep only the part for which x > 1. 

Figure 48 See Figure 48. Notice we use open circles at the points (1, —1) and (1,1) to 

indicate these points are not part of the graph. 





(ec) From the graph, we conclude that the range of f is {y|y >—1}, or the 
interval (—1, 00). 


ormmmmmmm- Now Work PROBLEM 31 


ia Cost of Electricity 


In the spring of 2018, Duke Energy Progress supplied electricity to residences 
in South Carolina for a monthly customer charge of $8.29 plus 8.6035¢ per 
kilowatt-hour (kWh) for the first 1000 kWh supplied in the month and 9.1446¢ per 
kWh for all usage over 1000 kWh in the month. 


(a) What is the charge for using 500 kWh in a month? 
(b) What is the charge for using 1500 kWh in a month? 





(c) If Cis the monthly charge for x kWh, develop a model relating the monthly 
charge and kilowatt-hours used. That is, express C as a function of x. 
Source: Duke Energy Progress, 2018 


Solution (a) For 500 kWh, the charge is $8.29 plus (8.6035¢ = $0.086035) per kWh. That is, 
Charge = $8.29 + $0.086035 -500 = $51.31 
(b) For 1500 kWh, the charge is $8.29 plus 8.6035¢ per kWh for the first 1000 kWh 
plus 9.1446¢ per kWh for the 500 kWh in excess of 1000. That is, 
Charge = $8.29 + $0.086035 - 1000 + $0.091446 -500 = $140.05 
(c) Let x represent the number of kilowatt-hours used. If 0 = x = 1000, then the 


monthly charge C (in dollars) can be found by multiplying x times $0.086035 and 
adding the monthly customer charge of $8.29. So if 0 = x = 1000, then 


C(x) = 0.086035x + 8.29 


For x > 1000, the charge is 0.086035 - 1000 + 8.29 + 0.091446(x — 1000), 
since (x — 1000) equals the usage in excess of 1000 kWh, which costs $0.091446 
per kWh. That is, if x > 1000, then 


C(x) = 0.086035+ 1000 + 8.29 + 0.091446(x — 1000) 
= 86.035 + 8.29 + 0.091446x — 91.446 
= 0.091446x + 2.879 







(1500, 140.05) 






(1000, 94.33) 


Charge (dollars) 
S 


The rule for computing C follows two equations: 


500 1000 =: 1500 x C(x) eos +829 if0 =x < 1000 <i del 
= e mode 
Usage (kWh) 0.091446x + 2.879 ifx > 1000 


See Figure 49 for the graph. Note that the two graphs are both lines, but they have 
different slopes (rates) and intersect at the point (1000, 94.33). 


Figure 49 
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2.4 Assess Your Understanding 


‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. Graph y = Vx. (p. 16) 


1 
2. Graph y = : (p. 17) 


Concepts and Vocabulary 


4. The function f(x) = x? is decreasing on the interval 


5. When functions are defined by more than one equation, 
they are called functions. 


6. True or False The cube function is odd and is increasing on 
the interval (— 00, 00). 


7. True or False The cube root function is odd and is decreasing 
on the interval (— 00, oo). 


8. True or False The domain and the range of the reciprocal 
function are the set of all real numbers. 


Skill Building 


In Problems 11-18, match each graph to its function. 


B. Identity function 
F-. Reciprocal function 


\ 22. 


A. Constant function 
E. Square root function 


‘\ 1. 





\ 15. \ 16. 


3. Find the intercepts of the equation y = x° — 8. (pp. 12-13) 


9. Multiple Choice Which of the following functions has a 
graph that is symmetric about the y-axis? 


1 
@) y= Vx Ob) y=|x] y=" WM y== 
10. Multiple Choice Consider the following function. 


3x —-2 if ne) 
f(x) =¢2x°+5 if 25x< 10 
3 if x = 10 


Which expression(s) should be used to find the y-intercept? 
(a) 3x -2 (b)x*+5 = (ce) 3 (d) allthree 


D. Cube function 
H. Cube root function 


N14. Mi ol 
\ 1s. oe 


C. Square function 
G. Absolute value function 


X\ 2. go 


\ 17. 


In Problems 19-26, graph each function. Be sure to label three points on the graph. 


19. f(x) =x 20. f(x) = x? 
1 
23. f(x) = - 24. f(x) = |x| 
— x? ix =U 
27. If f(x) = 44 if x = 0 find: 
362 x0 
(a) f(—3) (b) f(0) (c) f(3) 
29. If f(x) = feos a . . : ; find: 
(a) f(—2) (b) f(0) (c) f(1) (d) f(3) 


21.5) =e 22. f(x) = Vx 


an 163 ea 26. f(x) =3 


XxX 
—3x ifx < -1 
28. If f(x) = 40 ifx = —1 find: 
x2 +1 


ifx > -1 
(a) f(—2) (b) f(-1) (c) f(0) 
x if-2<x<1, 
30. Ife) = Te e L<yag tnt 
(a) f(—1) (b) f(0) (c) f(1) (d) f(3) 
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In Problems 31-42: 


(a) Find the domain of each function. (b) Locate any intercepts. (c) Graph each function. 
(d) Based on the graph, find the range. 
ay ifx ~ 0 3x ifx ~ 0 =24 3 ifx < 1 
. 31. 32. 33. _ 
Ma) = 1 ifx =0 Ma) = , ifx =0 Hx) al ifx=1 
; a f= 2 =x = 1 20D i353 = x = 0 
ae ee a se 35. f(x ifx=1 36. f(x) =< -3 ifx = 0 
—2x-3 ifx =-2 
a ie 1 = 5% ifx > 0 
| tx= 0 | | 
1 +x ifx < 0 > x ft-22=7—0 
37. = 38. =<(* : = 
f(x) ifx = 0 f(x) : 39 f(x) ve ifs O 
0 
7x a | if O<x=2 KD tt =3Sx7=.0 
mw f(x) = 4 41. f(x) = 42 i 2x4 <5 42. f(x) = 45 i OS %a72 
oe Eee if x=5 e+1 if x>2 


In Problems 43-46, the graph of a piecewise-defined function is given. Write a definition for each function. 


44, 





47, If f(x) = int(2x), find 
(a) f(1.7) — (b) £(28)— @ f(-3.6) 


Applications and Extensions 


(x-1)* iff0=x<2 
49. h = 
oe A) ee) ie if2<x<6 
(b) Find the domain of f. 


(c) Find the absolute maximum and the absolute minimum, 
if they exist. 


51. Tablet Service A monthly tablet plan costs $34.99. It 
includes 3 gigabytes of data and charges $15 per gigabyte 
for additional gigabytes. The following function is used to 
compute the monthly cost for a subscriber. 


C(x) = 4 34.99 if0<x <3 
Isc — 1001. af ae, 


Compute the monthly cost for each of the following gigabytes 
of use. 


(a) 2 (b) 5 (c) 13 





46. 





48. If f(x) = int(£), find 
(a) f(1.2) — (b) f(1.6) =f (-1.8) 


50. 


52. 


=f. 1=2.=% <0 
(a) Graph f(x) = § 2 if x =0 
ae | iti 6 ee amo 
(b) Find the domain of f. 
(c) Find the absolute maximum and the absolute minimum, 
if they exist. 


Parking at O’Hare International Airport The short-term 
(no more than 24 hours) parking fee F (in dollars) for 
parking x hours on a weekday at O’Hare International 
Airport’s main parking garage can be modeled by the function 


2—3mil-x*) wtOoax*ce4 
F(x) =42-9int(3-—x) if4<x=9 
74 if9<x = 24 


Determine the fee for parking in the short-term parking 
garage for 


(a) 2 hours (b) 7 hours 
(c) 15 hours (d) 8 hours and 24 minutes 


Source: O’Hare International Airport 
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53. 
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Cost of Natural Gas In March 2018, Spire, Inc. had the 
following rate schedule for natural gas usage in single-family 
residences. 





54. Cost of Natural Gas In April 2018, Nicor Gas had the 


following rate schedule for natural gas usage in small 
businesses. 


Monthly service charge $23.44 Monthly customer charge $90.00 
Delivery charge Distribution charge 
First 30 therms $0.91686/therm 1st 150 therms $0.1201/therm 
Over 30 therms $0 Next 4850 therms $0.0549/therm 
Natural gas cost Over 5000 therms $0.0482/therm 
First 30 therms $0.26486/therm Gas supply charge $0.35/therm 
Over 30 therms $0.50897/therm 


(a) What is the charge for using 20 therms in a month? 
(b) What is the charge for using 150 therms in a month? 


(c) Develop a function that models the monthly charge C 
for x therms of gas. 


(d) Graph the function found in part (c). 


(a) What is the charge for using 1000 therms in a month? 
(b) What is the charge for using 6000 therms in a month? 


(c) Develop a function that models the monthly charge C 
for x therms of gas. 


(d) Graph the function found in part (c). 


Source: Nicor Gas 


Source: Spire, Inc. 





55. Federal Income Tax Two 2018 Tax Rate Schedules are given in the accompanying table. If x equals taxable income and y equals 
the tax due, construct a function y = f(x) for Schedule X. 


2018 Tax Rate Schedules 


Schedule X—Single Schedule Y-1— Married Filing Jointly or Qualified Widow(er) 


If Taxable The Tax is Of the If Taxable The Tax is Of the 

Income is But Not This Plus Excess Income is But Not This Plus Excess 

Over Over Amount This % Over Over Over Amount This % Over 
$0 $9,525 $0 $0 $0 $19,050 $0 $0 
9,525 38,700 952.50 9,525 19,050 77,400 1,905 19,050 
38,700 82,500 4,453.50 38,700 77,400 165,000 8,907.00 77,400 
82,500 157,500 14,089.50 82,500 165,000 315,000 28,179.00 165,000 
157,500 200,000 32,089.50 157,500 315,000 400,000 64,179.00 315,000 
200,000 500,000 45,689.50 200,000 400,000 600,000 91,379.00 400,000 
500,000 — 150,689.50 500,000 600,000 — 161,379.00 600,000 





56. Federal Income Tax Refer to the 2018 tax rate schedules. 59. Mortgage Fees Fannie Mae charges a loan-level price 


malt | 


58. 


If x equals taxable income and y equals the tax due, construct 
a function y = f(x) for Schedule Y-1. 


Cost of Transporting Goods A trucking company transports 
goods between Chicago and New York, a distance 
of 960 miles. The company’s policy is to charge, for each 
pound, $0.50 per mile for the first 100 miles, $0.40 per mile 
for the next 300 miles, $0.25 per mile for the next 400 miles, 
and no charge for the remaining 160 miles. 


(a) Graph the relationship between the per-pound cost 
of transportation in dollars and mileage over the 
entire 960-mile route. 


(b) Find the cost as a function of mileage for hauls between 100 
and 400 miles from Chicago. 


(c) Find the cost as a function of mileage for hauls between 400 
and 800 miles from Chicago. 


Car Rental Costs An economy car rented in Florida from 
Enterprise® on a weekly basis costs $185 per week. Extra 
days cost $37 per day until the day rate exceeds the weekly 
rate, in which case the weekly rate applies. Also, any part of 
a day used counts as a full day. Find the cost C of renting 
an economy car as a function of the number of days used x, 
where 7 = x < 14. Graph this function. 





adjustment (LLPA) on all mortgages, which represents a 
fee homebuyers seeking a loan must pay. The rate paid 
depends on the credit score of the borrower, the amount 
borrowed, and the loan-to-value (LTV) ratio. The LTV ratio 
is the ratio of amount borrowed to appraised value of the 
home. For example, a homebuyer who wishes to 
borrow $250,000 with a credit score of 730 and an LTV ratio 
of 80% will pay 0.75% (0.0075) of $250,000, or $1875. 
The table shows the LLPA for various credit scores and 
an LIV ratio of 80%. 


Loan-Level 


Credit Score Price Adjustment Rate 
= 659 


660-679 


680-699 
700-719 
720-739 

= 740 


Source: Fannie Mae 


60. 


61. 


(a) Construct afunctionC = C(s),where Cis the loan-level 
price adjustment (LLPA) and s is the credit score of an 
individual who wishes to borrow $300,000 with an 80% 
LTV ratio. 

(b) What is the LLPA on a $300,000 loan with an 80% LTV 
ratio for a borrower whose credit score is 725? 

(c) What is the LLPA on a $300,000 loan with an 80% LTV 
ratio for a borrower whose credit score is 670? 


Minimum Payments for Credit Cards Holders of credit cards 
issued by banks, department stores, oil companies, and so on, 
receive bills each month that state minimum amounts that 
must be paid by a certain due date. The mintmum due depends 
on the total amount owed. One such credit card company uses 
the following rules: For a bill of less than $10, the entire amount 
is due. For a bill of at least $10 but less than $500, the minimum 
due is $10. A minimum of $30 is due on a bill of at least $500 
but less than $1000, a minimum of $50 is due on a bill of at 
least $1000 but less than $1500, and a minimum of $70 is due 
on bills of $1500 or more. Find the function f that describes the 
minimum payment due on a bill of x dollars. Graph f- 


Wind Chill The wind chill factor represents the air 
temperature at a standard wind speed that would produce 
the same heat loss as the given temperature and wind speed. 
One formula for computing the equivalent temperature is 











t C= =< 1,79 
oe 3 _ (10.45 + 10V¥ — v) (33 = #) es eon 
22.04 ~~ 
39 = 15958 (33 — 1) v > 20 65. 





where v represents the wind speed (in meters per second) 
and ¢ represents the air temperature (°C). Compute the 
wind chill for the following: 


(a) An air temperature of 10°C and a wind speed of 1 meter 
per second (m/sec) 


Explaining Concepts: Discussion and Writing 


i) In Problems 66-73, use a graphing utility. 


66. 


67. 


68. 


69. 


70. 


Exploration Graph y = x’. Then on the same screen 
graph y = x? + 2, followed by y = x7 + 4, followed 
by y = x* — 2. What pattern do you observe? Can you 
predict the graph of y = x” — 4? Of y = x* + 5? 
Exploration Graph y = x’. Then on the same screen 
graph y = (x — 2)”, followed by y = (x — 4)”, followed 
by y = (x + 2)*. What pattern do you observe? Can you 
predict the graph of y = (x + 4)*? Ofy = (x -— 5)”? 
Exploration Graph y = |x|. Then on the same screen 
graph y = 2|x|, followed by y = 4|x|, followed by y = |x. 
What pattern do you observe? Can you predict the graph of 
y= clx\2 OFy = 5|x|? 

Exploration Graph y = x’. Then on the same screen 
graph y = —x’. Now try y = |x| and y = —|x|. What do 
you conclude? 

Exploration Graph y = Vx. Then on the same screen 
graphy = V—x. Now try y =2¢ + land y = 2( =x). + 1, 
What do you conclude? 
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62. 


63. 


64. 


7L 


WZ. 


Ts 


74. 


73. 


(b) An air temperature of 10°C and a wind speed 
of 5 m/sec 

(c) An air temperature of 10°C and a wind speed 
of 15 m/sec 

(d) An air temperature of 10°C and a wind speed of 25 m/sec 

(e) Explain the physical meaning of the equation 
corresponding to 0 = v < 1.79. 

(f) Explain the physical meaning of the equation 
corresponding to v > 20. 


Wind Chill Redo Problem 61(a)—(d) for an air temperature 
OE =10"C; 

First-class Mail In 2018 the U.S. Postal Service charged 
$1.00 postage for certain first-class mail retail flats (such as 
an 8.5” by 11” envelope) weighing up to 1 ounce, plus $0.21 
for each additional ounce up to 13 ounces. First-class rates 
do not apply to flats weighing more than 13 ounces. Develop 
a model that relates C, the first-class postage charged, for a 
flat weighing x ounces. Graph the function. 





Source: United States Postal Service 


Challenge Problem Pool Depth Develop a model for the 
depth of the swimming pool shown below as a function of 
the distance from the wall on the left. 


<= 8 ft ~<- 8 ft» ~~——16 ft __» ~ 6 ft, 


3 ft 


Challenge Problem Find the sum function (f + g) (x) if 
ZC MX 2 
Mx) = o Pox MX = 2 
and 
(x) =—49 +1 1x =O 
X == 
? x-7 ifx>0 
Exploration Graph y = x°. Then on the same screen 


graph y = (x — 1)? + 2. Could you have predicted the 
result? 

Exploration Graph y = x’, y = x*,and y = x° onthe same 
screen. What do you notice is the same about each graph? 
What do you notice is different? 

Exploration Graph y = x°, y = x°,and y = x’ onthe same 
screen. What do you notice is the same about each graph”? 
What do you notice is different? 


Consider the equation 


fi 
¥~ Vo 


Is this a function? What is its domain? What is its range? 
What is its y-intercept, if any? What are its x-intercepts, if 
any? Is it even, odd, or neither? How would you describe 
its graph? 


if x is rational 
if x is irrational 


Define some functions that pass through (0,0) 
and (1, 1) and are increasing for x = 0. Begin your list with 
y = Vx,y = x, and y = x’. Can you propose a general 
result about such functions? 
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Retain Your Knowledge 


Problems 76-85 are based on material learned earlier in the course. The purpose of these problems is to keep the material fresh in your 
mind so that you are better prepared for the final exam. 


76. Simplify: (xy?) ~ 81. What is the conjugate of . = 21? 
77. Find the center and radius of the circle x7 + y* = 6y + 16. 
78. Solve: 4x — 5(2x — 1) =4—-7(x +1) 

79. Ethan has $60,000 to invest. He puts part of the money in a CD 483. Simplify: V (St°)* + (25077)? 


that earns 3% simple interest per year and the rest in a mutual 84. Find the domain of h(x) = WaT + Ty. 
fund that earns 8% simple interest per year. How much did he 


invest in each if his earned interest the first year was $3700? 85. Factor: 3x°y — 2x’y? + 18x — 12y 


82. Identify the leading term: —5x* + 8x? — 2x’ 


80. Find the quotient and remainder when x° + 3x” — 6 is 
divided by x + 2. 


‘Are You Prepared?’ Answers 


Ly 2. y 3. (0, —8), (2,0) 
a 2 : 


2.5 Graphing Techniques: Transformations 


OBJECTIVES 1 Graph Functions Using Vertical and Horizontal Shifts (p. 98) 
2 Graph Functions Using Compressions and Stretches (p. 102) 
3 Graph Functions Using Reflections about the x-Axis and the y-Axis (p. 104) 





At this stage, you should be able to quickly graph any of the functions 


1 
yex y=xX y=X y=Vx y=Vx y= = y= aq 
with Key points plotted. If necessary, review the previous section, Figures 37 through 43. 

Sometimes we are asked to graph a function that is “almost” like one that we 
already know how to graph. In this section, we develop techniques for graphing such 


functions. Collectively, these techniques are referred to as transformations. 


1 Graph Functions Using Vertical and Horizontal Shifts 


| EXAMPLE 1 ~ Vertical Shift Up 


Use the graph of f(x) = x? to obtain the graph of g(x) = x” + 3. Find the domain 
and range of g. 


Solution The function g(x) = x*+3 is basically a square function. In fact, notice 
that g(x) = f(x) + 3. Create a table of values to obtain some points on the graphs 
of f and g. For example, when x = 0, then y = f(0) = 0 and y = g(0) =3. 
When x = 1, then y = f(1) = 1 and y = g(1) = 4. Table 8 lists these and a few 
other points on each graph. Notice that each y-coordinate of a point on the graph 
of g is 3 units larger than the y-coordinate of the corresponding point on the graph 
of f. We conclude that the graph of g is identical to that of f, except that it is shifted 
vertically up 3 units. See Figure 50. 
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Table 8 





Figure 50 


The domain of g is all real numbers, or (— 00, 00). The range of gis [3,00). _J 


| EXAMPLE 2 | Vertical Shift Down 


Use the graph of f(x) = x’ to obtain the graph of g(x) = x* — 4. Find the domain 
and range of g. 


Solution The function g(x) = x* — 4 is basically a square function. Table 9 lists some points 
on the graphs of f and g. Notice that each y-coordinate of g is 4 units less than the 


corresponding y-coordinate of f: Also notice that g(x) = f(x) — 4. 

To obtain the graph of g from the graph of f, subtract 4 from each y-coordinate 
on the graph of f. The graph of g is identical to that of f except that it is shifted 
down 4 units. See Figure 51. 


Table 9 







y=x 
(—2, 4) \ (2, 4) 
Down | ! Down 
4 units | ' 4 units 





Figure 51 


The domain of g is all real numbers, or (— 00, 00). The range of gis [—4,00). _J 


A vertical shift affects only the range of a function, not the domain. For example, 
the range of f(x) = x7 is [0,0©). In Example 1 the range of g(x) = f(x) + 3 
is [3,00), whereas in Example 2 the range of g(x) = f(x) — 4 is [—4,~). 
The domain for all three functions is all real numbers. 


es i so ee | ie | Exploration On the same screen, graph each of the following functions: 


i= x Y= x°+2 ¥3 = x°-2 


Figure 52 illustrates the graphs using Desmos. You should have observed a general pattern. 
With Y,; = x* on the screen, the graph of Y> = x* + 2 is identical to that of Y; = x*, except that 
it is shifted vertically up 2 units. The graph of Y3 = x° — 2 is identical to that of Y, = x*, except 


a Te oe ae that it is shifted vertically down 2 units. 
Figure 52 —$ $$ $$ $$_$____i 
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In Words We are led to the following conclusions: 


Fory = f(x) + k,k > 0,addkto 
each y-coordinate on the graph of 


C Vertical Shifts 


y = f(x) to shift the graph © Ifa positive real number k is added to the output of a function y = f(x), the 

up k units. graph of the new function y = f(x) + kis the graph of f shifted vertically 

Fory = f(x) — k,k > 0, subtract up k units 

k from each y-coordinate to shift a 

the graph down k units. e Ifa positive real number k is subtracted from the output of a function y = f(x), 
the graph of the new function y = f(x) — kis the graph of f shifted vertically 
down k units. Jj 


ommemm=e-Now Work PROBLEM 37 





Horizontal Shift to the Right 


Use the graph of f(x) = Vx to obtain the graph of g(x) = Vx — 2. Find the 
domain and range of g. 


Solution The function g(x) = Vx — 2 is basically a square root function. Table 10 lists some 
points on the graphs of f and g. Note that when f(x) = 0, then x = 0, but 
when g(x) = 0, then x = 2. Also, when f(x) = 2, then x = 4, but when g(x) = 2, 
then x = 6. The x-coordinates on the graph of g are 2 units larger than the 
corresponding x-coordinates on the graph of ffor any given y-coordinate. Also notice 
that g(x) = f(x — 2).We conclude that the graph of g is identical to that of f, except 
that it is shifted horizontally 2 units to the right. See Figure 53. 


Table 10 


Right 2 units y=Vx 





(0, 0) \ (2, 0) 9 X 





Right 2 units 
Figure 53 
The domain of g is | 2, ©) and the range of gis | 0, ©). A 


Horizontal Shift to the Left 


Use the graph of f(x) = Vx to obtain the graph of g(x) = Vx + 4. Find the 
domain and range of g. 





Solution The function g(x) = Vx + 4 is basically a square root function. Table 11 lists 
some points on the graphs of f and g. Note that when f(x) = 0, then x = 0, but 
when g(x) =0, then x = —4. Also, when f(x) =2, then x =4, but 
when g(x) = 2, then x = 0. The x-coordinates on the graph of g are 4 units smaller 
than the corresponding x-coordinates on the graph of f for any given y-coordinate. 
Also notice that g(x) = f(x + 4). We conclude that the graph of g is identical to 
that of f, except that it is shifted horizontally 4 units to the left. See Figure 54. 


Table 11 





Left 4 units 
Figure 54 


The domain of g is | —4, c©) and the range of g is [ 0, ©). _) 


onmummmme-Now Work PROBLEM 41 
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A horizontal shift affects only the domain of a function, not the range. For example, 
the domain of f(x) = Vxis [0, ©). In Example 3 the domain of g(x) = f(x — 2) 
is | 2, CO), whereas in Example 4 the domain of g(x) = f(x + 4) is | —4, ©). The 
range for all three functions is | 0, 00). 


A { Exploration On the same screen, graph each of the following functions: 


ye Se Y> = (x — 3)° ¥3 = (x+2)° 
Figure 55 illustrates the graphs using Desmos. 
You should have observed the following pattern. With the graph of Y, = x* on the screen, 
the graph of Y2 = (x — 3)° is identical to that of Y, = x*, except that it is shifted horizontally 
to the right 3 units. The graph of Y3 = (x + 2) is identical to that of Y, = x*, except that it is 


Aa, BS BB 
| a shifted horizontally to the left 2 units. | 
Figure 55 


We are led to the following conclusions: 





In Words Gyre ; 

Fory = f(x = fh), h = 0, Horizontal Shifts 

add h to each x-coordinate on e If the argument x of a function fis replaced by x — h,h > 0, the graph of 
the graph of y = f(x) to shift the new function y = f(x — h) is the graph of f shifted horizontally 


the graph right h units. 
Pony =F (<r 1) 20) 
subtract h from each x-coordinate 
on the graph of y = f (x) to 

shift the graph left h units. 


right / units. 

e If the argument x of a function fis replaced by x + h,h > 0, the graph of 
the new function y = f(x +h) is the graph of f shifted horizontally 
left } units. =) 





Observe the distinction between vertical and horizontal shifts. The graph 
of f(x) = x° + 2 is obtained by shifting the graph vertically because we evaluate 
the cube function first and then add 2. The graph of g(x) = (x + 2)? is obtained by 
shifting the graph of y = x° horizontally because we add 2 to x before we evaluate 
the cube function. 

Another way to think of the distinction is to note where the shift occurs. If 
the shift occurs outside the basic function, as is the case with f(x) = x° + 2, then 
there is a vertical shift. If the shift occurs inside the basic function, as is the case 
with f(x) = (x + 2)°, then there is a horizontal shift. 

The graph of a function can be moved anywhere in the coordinate plane by 
combining vertical and horizontal shifts. 


| €XAMPLE5 ~ Combining Vertical and Horizontal Shifts 


Graph the function f(x) = |x + 3| — 5. Find the domain and range of f. 


Solution We graph f in steps. First, note that fis basically an absolute value function, so 
begin with the graph of y = |x| as shown in Figure 56(a). Next, to get the graph of 
y = |x + 3|, shift the graph of y = |x| horizontally 3 units to the left. See Figure 56(b). 
Finally, to get the graph of y = |x + 3| — 5, shift the graph of y = |x + 3| vertically 
down 5 units. See Figure 56(c). 





y 
2) 
(=1;2) 
(—9, 2) 
(—3, 0) 2 x 
-———_ 
_ a 7 
y= |x| Replace x by x + 3; y=|x+3| Subtract 5; 
(a) Horizontal shift (b) Vertical shift 
left 3 units down 5 units 


Figure 56 


The domain of fis all real numbers, or (— 00, co ). The range of fis [—5, 0%). | 
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Note the points plotted on each graph in Figure 56. Using key points can be 
helpful in keeping track of the transformations that have been made. 

In Example 5, if the vertical shift had been done first, followed by the horizontal 
shift, the final graph would have been the same. Try it for yourself. 


eummmms- Now Work PROBLEMS 43 AND 67 


2 Graph Functions Using Compressions and Stretches 


| EXAMPLE 6 Vertical Stretch 


Use the graph of f(x) = Vx to obtain the graph of g(x) = 2Vx. 


Solution _Tosee the relationship between the graphs of f and g, we list points on each graph, as 
shown in Table12. For each x, the y-coordinate of a point on the graph of g is 2 times 
as large as the corresponding y-coordinate on the graph of f. That is, g(x) = 2f(x). 


The graph of f(x) = Vx is vertically stretched by a factor of 2 to obtain the graph 
of g(x) = 2x. For example, (1,1) is on the graph of f, but (1,2) is on the graph 
of g. See Figure 57 


Table 12 





(0, 0) (1,1) 5 10 x 


Figure 57 = 


| EXAMPLE 7 ~ Vertical Compression 


Use the graph of f(x) = |x| to obtain the graph of g(x) = (xt. 

Solution For each x, the y-coordinate of a point on the graph of g is ; as large as the 
corresponding y-coordinate on the graph of f. That is, g(x) = sf(e). The graph 
of f(x) = |x| is vertically compressed by a factor of ; to obtain the graph 
of g(x) = le . For example, (2,2) is on the graph of f, but (2, 1) is on the graph of g. 
See Table 13 and Figure 58. 


Table 13 





Figure 58 J 
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In Words ‘ig Vertical Compression or Stretch 

Fory = af(x),a > 0, the 

factor ais “outside” the function, If a function y = f(x) is multiplied by a positive number a, then the graph of 
So It affects the y-coordinates. the new function y = af(x) is obtained by multiplying each y-coordinate of 
Multiply each y-coordinate on the graph of y = f(x) bya. 

the graph of y = F(x) by a. p e If0 < a < 1,a vertical compression by a factor of a results. 


e Ifa > 1, a vertical stretch by a factor of a results. J 


opmmmm_m_m=-Now Work PRoBLEM 45 


What happens if the argument x of a function y = f(x) is multiplied by a 
positive number a, creating a new function y = f(ax)? To find the answer, look at 
the following Exploration. 


A | Exploration On the same screen, graph each of the following functions: 
V,=f(x) = Vk Yo=f(2x)=V2x =f = \/5x - 


Create a table of values to explore the relation between the x- and () = V2 of each function. 


Result You should have obtained the graphs in Figure 59. Look at Table 14(a). Note 
that (1, 1), (4, 2), and (9, 3) are points on the graph of Y, = Vx. Also, (0.5, 1), (2, 2), and (4.5, 3) 


are points on the graph of Y> = V ex. For a given y-coordinate, the x-coordinate on the graph 


of Y> is 3 of the x-coordinate on Y;. 


NORHAL FLOAT we i 
PRESS EMTER TQ EDI 


“Y3 ; —— 


i 4 
Y¥3ENK72 


We conclude that the graph of Y> = V2x is obtained by multiplying the x-coordinate of 


NORMAL FLOAT AUTO REAL RADIAN HP 
Table 14 4 ENTER TO EDIT f 


i: ae 
18 


6 
1 
i. 
z 
2. 
3 
y 
4, 
5 
5. 























each point on the graph of Y; = Vx by =. The graph of Ys = Vex is the graph 
of Y; = Vx compressed horizontally. 
Look at Table 14(b). Notice that (1, 1), (4, 2), and (9, 3) are points on the graph 


of Y, = Vx. Also notice that (2, 1), (8, 2), and (18, 3) are points on the graph of Y3 = (3 Fora 


given y-coordinate, the x-coordinate on the graph of Y3 is 2 times the x-coordinate on Y,. We 


conclude that the graph of Y3 = rE iS obtained by multiplying the x-coordinate of each point on 


the graph of Y; = Vx by 2. The graph of Y3 = rE is the graph of Y, = Vx stretched horizontally. 





Based on the Exploration, we have the following result: 


In Words Ri ionconta Compression or Stretch 
For y = f(ax),a > 0, the 

factor ais “inside” the function, 
so it affects the x-coordinates. then the graph of the new function y = f(ax) is obtained by multiplying each 


Multiply each x- So: on the 


graph of y = f(x) by— a 


If the argument of a function y = f(x) is multiplied by a positive number a, 


1 
x-coordinate of the graph of y = f(x) by = 
1 
e Ifa > 1,a horizontal compression by a factor of A results. 


1 
e If0 <a < 1,a horizontal stretch by a factor of ri results. 
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| EXAMPLE 8 ~ PLE 8 Graphing Using Stretches and Compressions 


The graph of y = f(x) is given in Figure 60. Use this graph to find the graphs of 
(a) y = 2f(x) (b) y = f(3x) 
Solution (a) Because the 2 is “outside” the function f, the graph of y = 2f(x) is obtained by 
multiplying each y-coordinate of y = f(x) by 2. See Figure 61. 
(b) Because the 3 is “inside” the function f, the graph of y = f(3x) is obtained from 


the graph of y = f(x) by multiplying each x-coordinate of y = f(x) by 3 See 
Figure 62. 





Figure 60 y = f(x) Figure 61 y = 2f(x); Vertical Figure 62 y = f(3x); Horizontal 


Stretch by a factor of 2 1 
compression by a factor of 3 J 


ommmmmn=--NOwW Work PROBLEMS 61(e) AND (g) 


3 Graph Functions Using Reflections about the x-Axis 


and the y-Axis 
| EXAMPLES | Reflection about the x-Axis 
; Graph the function f(x) = —x*. Find the domain and range of f. 
y=xX 
: ‘ | Solution Note that fis basically a square function, so begin with the graph of y = x*, as shown 
(—2, 4) (2, 4) 


in black in Figure 63. For each point (x, y) on the graph of y = x’, the point (x, —y) 
is on the graph of y = —x’, as indicated in Table 15. Draw the graph of y = —x* by 
reflecting the graph of y = x’ about the x-axis. See Figure 63. 





Figure 63 


The domain of fis all real numbers, or (— 00, 00). The range of fis (—°0,0}. _J 


( Reflection about the x-Axis 


When a function fis multiplied by —1, the graph of the new function y = —f(x) 
is the reflection about the x-axis of the graph of the function f. J 


ommmmms- Now Work PROBLEM 47 
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| EXAMPLE 10 — Reflection about the y-Axis 


Graph the function f(x) = V—vx. Find the domain and range of f. 

Solution  Tograph f(x) = V—x, begin with the graph of y = Vx, as shown in black in Figure 64. 
For each point (x, y) on the graph of y = Vx, the point (—x, y) is on the graph 
of y = V—x, as listed in Table 16. Obtain the graph of y = V—x by reflecting the 
graph of y = Vx about the y-axis. See Figure 64. 


Table 16 





Figure 64 
The domain of fis (— 0°, 0]. The range of fis the set of all nonnegative real numbers, 
or [0, co). _J 
In Words 
Fory = —f (x), multiply - 
each y-coordinate on the graph Reflection about the y-Axis 


- aes aren When the graph of the function f is known, the graph of the new function 


each x-coordinate by —1. te y = f(—x) is the reflection about the y-axis of the graph of the function f- JJ 


SUMMARY OF GRAPHING TECHNIQUES 


Each graphing technique has a different effect on the graph of a function. Compressions and stretches change the proportions 
of a graph, and reflections change the orientation, but not its proportions. Vertical and horizontal shifts change the location 
of the graph, without changing its proportions or orientation. 


_ To Graph: Draw the Graph of f and: Functional Change to f(x) 
Vertical shifts 
Y= fx)\bek k£S 0 Shift the graph of fup k units. Add k to f(x). 
Vit (oe) = cic, aie 0 Shift the graph of f down k units. Subtract k from f(x). 
Horizontal shifts 
y=f(x th), h>0 Shift the graph of f to the left / units. Replace x by xh 7. 
Vy = hoe ne, de 0 Shift the graph of fto the right / units. Replace ~ by. 7. 
Compressing or stretching 
y=af(x), a>0 Multiply each y-coordinate of y = f(x) bya. Multiply f(x) by a. 
Stretch the graph of f vertically if a > 1. 
Compress the graph of f vertically if0 <a < 1. 


I 
y=f(ax), a>O Multiply each x-coordinate of y = f(x) by a Replace x by ax. 


Stretch the graph of fhorizontally if0 <a < 1. 
Compress the graph of fhorizontally ifa > 1. 
Reflection about the x-axis 
y = -f(x) Reflect the graph of f about the x-axis. Multiply f(x) by —1. 
Reflection about the y-axis 





y = f(-x) Reflect the graph of f about the y-axis. Replace x by —x. 


106 CHAPTER 2 Functions and Their Graphs 


| EXAMPLE 11 — Determining the Function Obtained from a Series of Transformations 


Find the function that is finally graphed after the following sequence of transformations 
are applied to the graph of y = |x]. 

1. Shift left 2 units 

2. Shift up 3 units 

3. Reflect about the y-axis 


Solution 1. Shift left 2 units: Replace x by x + 2. y= |x+2| 
2. Shift up 3 units: Add 3. y= |x+2| +43 
3. Reflect about the y-axis: Replace x by—x. y= |—x +2] +3 = 


evmummm=-Now Work PROBLEM 29 


| EXAMPLE 12 — Using Graphing Techniques 


Graph the function f(x) = 





3 
5 + 1. Find the domain and range of f. 





1 
Solution —_It is helpful to write fas f(x) = 3- —7 + 1 Now use the following steps to obtain 














HINT: Although the order in which ne Prep Ol 
transformations are performed can be 
altered, consider using the following STEP 1: y = 1 Reciprocal function 
order for consistency: x 
1. Horizontal shift STep2: y = 1 Replace x by x — 2; horizontal shift to 
2. Reflections care i eee the right 2 units. 
3. Compressions and stretches 
4. Vertical shift = I _ 3 
STEP 3; y = 3 Se Multiply by 3; vertical stretch by a factor of 3. 
STEP 4: y = <9 an! Add 1; vertical shift up 1 unit. 
See Figure 65. 








| —_ SS + 
, Replace x by x — 2; Multiply by 3; ; Add 1; 3 
(a) y= — Horizontal shift (b) y=— Vertical stretch (c) y=—; Vertical shift (d) y=—— +1 
Figure 65 right 2 units x-2 X-2 up 1 unit x-2 


1 
The domain of y = = is {x|x ~ 0} and its range is {y|y ~ 0}. Because we 


shifted right 2 units and up 1 unit to obtain f, the domain of fis {x|x # 2} and its 
range is {y|y # 1}. 
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Other orderings of the steps shown in Example 12 would also result in the graph 
of f. For example, try this one: 





1 
STEP 1: y = - Reciprocal function 
1 3 ; 
STEP 2: y = 3: —— Multiply by 3; vertical stretch by a factor of 3. 
3 
STEP 3: y = ca Replace x by x — 2; horizontal shift to the right 2 units. 
7 
3 
STEP 4: y = 5 +1 Add 1; vertical shift up 1 unit. 
‘om 


| EXAMPLE 13 | Using Graphing Techniques 


Graph the function f(x) = V1 — x + 2. Find the domain and range of f. 
Solution Begin by rewriting f(x) as f(x) = V1 —x +2= V-x +1 + 2. Now use the 


following steps. 


STep 1: y = Vx Square root function 

STEP 2; y= Vx+1 Replace x by x + 1; horizontal shift to the left 1 unit. 
STEP 33 y= V—-x+1= V1—X_ Replace x by —x; reflect about the y-axis. 
STEP 4. y= V1—x+2 Add 2; vertical shift up 2 units. 


See Figure 66. 
y yy VA y 
5 5 5 
(4, 2) (3, 2) (—3, 2) 
yu (0, 1) (0, 1) 








=o (0, 0) 5 X —5 (—1, 0) 3 = (1, 0) a. & =p 
(a) y= x Replacexbyx+1; (bh) y=vx+1 Replace xby —x; (c) y= V—-x+1 Add2; (d) y=V1—x4+2 
Horizontal shift Reflect — a7 — y Vertical shift 
Figure 66 left 1 unit about y-axis up 2 units 
The domain of fis (— ©, 1] and the range is [2, ©). _J 


ovmummmme-Now Work PROBLEM 53 


2.5 Assess Your Understanding 


Concepts and Vocabulary 


1. Suppose the graph of a function fis known. Then the graph 5. Multiple Choice Which function has a graph that is the 


of y 7 : - ie is obtained ie ene shift of the eraph of y = Vx shifted down 3 units? 
raph of f to the a distance of 2 units. -— A 
2. cieeoe the graph of a function fis known. Then the graph a ya 
of y = f(—x) isa reflection about the ___-axis of the (c) y= Vx +3 (d) y= Vx -3 
graph of the function y = f(x). 6. Multiple Choice Which function has a graph that is the 
3. True or False The graph of y = =3(x) is the graph graph of y = f(x) horizontally stretched by ee of 4? 
of y = g(x) vertically stretched by a factor of 3. (a) y = f(4x) (b) y=f (F) 


4. True or False The graph of y = —f(x) is the reflection 1 
about the x-axis of the graph of y = f(x). (c) y = 4f(x) (d) y = ql) 
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Skill Building 


In Problems 7-18, match each graph to one of the following functions: 


A. y=x?+2 D. y= —|x| +2 
By=-x?+2 E. y = (x - 2)? 
C y= (|x| +2 FE y=-(x+2)* 
7. y 8. Yh 9. 
: 3 
3 _ -3 3 x 





13. 








G y=|x-2| Jy = —2x? 
H. y=-|x+2| K. y = 2|x| 
Ly xe L. y = —2|x| 
y 
1 
—3 3 Xx 
y 14. J, 
3 8 


18. y 





In Problems 19-28, write the function whose graph is the graph of y = x°, but is: 


19. Shifted to the right 4 units 

21. Shifted up 4 units 

23. Reflected about the y-axis 

25. Vertically stretched by a factor of 5 


1 
27. Horizontally compressed by a factor of 5 


20. Shifted to the left 4 units 

22. Shifted down 4 units 

24. Reflected about the x-axis 

26. Horizontally stretched by a factor of 4 


1 
28. Vertically compressed by a factor of ri 


In Problems 29-32, find the function that is finally graphed after each of the following transformations is applied to the graph of y = Vx 


in the order stated. 


AQ 29. (1) Shift up 2 units 
(2) Reflect about the x-axis 
(3) Reflect about the y-axis 


31. (1) Vertical stretch by a factor of 3 
(2) Shift up 4 units 
(3) Shift left 5 units 


33. If (3,6) is a point on the graph of y = f(x), which of the 
following points must be on the graph of y = —f(x)? 


(a) (6,3) (b) (6, —3) 
(c) (3, —6) (d) (—3,6) 


35. If (1,3) is a point on the graph of y = f(x), which of the 
following points must be on the graph of y = 2f(x)? 


3 
c@) (1.5) (b) (2.3) 
1 
(©) (1.6) @ (53) 


30. (1) Reflect about the x-axis 
(2) Shift right 3 units 
(3) Shift down 2 units 

32. (1) Shift up 2 units 
(2) Reflect about the y-axis 
(3) Shift left 3 units 


34. If (3, 6) isa point on the graph of y = f(x), which of the 
following points must be on the graph of y = f(—x)? 
(a) (6,3) (b) (6, -3) 
(c) (3, —6) (d) (—3,6) 

36. If (4,2) is a point on the graph of y = f(x), which of the 
following points must be on the graph of y = f(2x)? 
(a) (4,1) (b) (8,2) 
(c) (2,2) (d) (4,4) 
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In Problems 37-60, graph each function using the techniques of shifting, compressing, stretching, and/or reflecting. Start with the graph of 


the basic function (for example, y 


= x) and show all the steps. Be sure to show at least three key points. Find the domain and the range 


of each function. 
\. 37. f(x) = 22-1 38. f(x) =x2 +4 39. g(x) = V3x 
40. g(x) = |x No 41 h(x) = Vx +2 42. h(x) = Vx +1 
No 43. f(x) = (x —1)3 +2 44, f(x) = (x +.2)3-3 N45. g(x) = 4Vx 
46. g(x) = =Vi N47. f(x) = -Wx 48. f(x) = —Vx 
49. f(x) oie 50. f(x) =3(x -—2)?4+1 51. g(x) =2Vx-2+1 
52, g(x) = 3|x +1] -3 X53. A(x) = V—x -2 54. h(x) =-+2 
55. f(x) =—(x+1)3-1 56. f(x) = -4Vx-1 57, g(x) = 2|1 —x| 
58. ¢(x) =4V2—x 59. h(x) = ~ 60. h(x) = Wx—1+3 


In Problems 61-64, the graph of a function f is illustrated. Use the graph of f as the first step toward graphing each of the following functions: 
—f(x) 
= f(2x) 


(a) F(x) = fx) +3 (b) G(x) = f(x +2) 
(e) O(x) = Sf(x) () g(x) = F(x) 
\ 61. 


(c) P(x) = 
(g) h(x) 


(d) H(x) =f(x+1)-2 





Mixed Practice In Problems 65-72, complete the square of each quadratic expression. Then graph each function using graphing techniques. 
(If necessary, refer to Appendix A, Section A.3 to review completing the square.) 


65. 
69. 


f(x) =x? + 2x 
f(x) = 2x? — 12x + 19 


66. f(x) = x* — 6x 
70. f(x) = 3x7 + 6x +1 


Applications and Extensions 


To 


74. 


73. 


Suppose that the x-intercepts of the graph of y = f(x) 
are —) and 3. 

(a) What are the x-intercepts of the graph of y = f(x + 2)? 
(b) What are the x-intercepts of the graph of y = f(x — 2)? 
(c) What are the x-intercepts of the graph of y = 4f(x)? 
(d) What are the x-intercepts of the graph of y = f(—x)? 
Suppose that the x-intercepts of the graph of y = f(x) 
are —8 and 1. 

(a) What are the x-intercepts of the graph of y = f(x + 4)? 
(b) What are the x-intercepts of the graph of y = f(x — 3)? 
(c) What are the x-intercepts of the graph of y = 2f(x)? 
(d) What are the x-intercepts of the graph of y = f(—x)? 


Suppose that the function y = f(x) is increasing on the 


interval | —-1,5]. 

(a) Over what interval is the graph of y = f(x + 2) 
increasing? 

(b) Over what interval is the graph of y = f(x — 5) 
increasing? 

(c) Is the graph of y = —f(x) increasing, decreasing, or 


neither on the interval [| —1, 5]? 
(d) Is the graph of y = f(—x) increasing, decreasing, or 


neither on the interval | —5, 1 |? 


N67. f(x) = x2 - 8x +1 
71. f(x) = —3x* -— 12x -17 


68. f(x) =x* +442 
72. f(x) = —2x* — 12x — 13 


76. Suppose that the function y = f(x) is decreasing on the 


interval | —2, 7]. 

(a) Over what interval is the graph of y = f(x + 2) 
decreasing? 

(b) Over what interval is the graph of y = f(x — 5) 
decreasing? 

(c) Is the graph of y = —f(x) increasing, decreasing, or 
neither on the interval | —2, 7 |? 

(d) Is the graph of y = f(— x) increasing, decreasing, or 
neither on the interval | —7,2 |? 


77. The graph of a function fis illustrated in the figure. 
(a) Graph y = [f(x)]. 
(b) Graph y = f(|x]). 
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78. The graph of a function fis illustrated in the figure. 


79. 


80. 


81. 


82. 


83. 


84. 


85. 


(a) Graph y = |f(x)|. 
(b) Graph y = f(|x]). 





Suppose (1,3) is a point on the graph of y = f(x). 

(a) What point is on the graph of y = f(x + 3) — 5? 

(b) What point is on the graph of y = —2f(x — 2) + 1? 

(c) What point is on the graph of y = f(2x + 3)? 

Suppose (—3,5) is a point on the graph of y = g(x). 

(a) What point is on the graph of y = g(x + 1) — 3? 

(b) What point is on the graph of y = —3g(x — 4) + 3? 

(c) What point is on the graph of y = g(3x + 9)? 

Graph the following functions using transformations. 

(a) f(x) = int(—x) (b) g(x) = ~—int(x) 

Graph the following functions using transformations 

(a) f(x) = int(x — 1) (b) g(x) = int(1 — x) 

(a) Graph f(x) = |x — 3] — 3 using transformations. 

(b) Find the area of the region that is bounded by f and 
the x-axis and lies below the x-axis. 


(a) Graph f(x) = —2|x — 4| + 4 using transformations. 
(b) Find the area of the region that is bounded by f and 
the x-axis and lies above the x-axis. 


Thermostat Control Energy conservation experts estimate 
that homeowners can save 5% to 10% on winter heating 
bills by programming their thermostats 5 to 10 degrees 
lower while sleeping. In the graph below, the temperature T 
(in degrees Fahrenheit) of a home is given as a function of 
time f¢ (in hours after midnight) over a 24-hour period. 


; 
80 
76 
72 
68 
64 
60 
06 












(21, 72) 


Temperature (°F ) 





4 8 12 16 20 24 


Time (hours after midnight) 


(a) At what temperature is the thermostat set during 
daytime hours? At what temperature is the thermostat 
set overnight? 

(b) The homeowner reprograms the thermostat 
to y = T(t) — 2. Explain how this affects the 
temperature in the house. Graph this new function. 

(c) The homeowner reprograms the thermostat 
to y= 7T(t+1). Explain how this affects the 
temperature in the house. Graph this new function. 


Source: Roger Albright, 547 Ways to Be Fuel Smart, 2000 


86. 


87. 


88. 


89. 


90. 
91. 


Digital Music Revenues The total worldwide digital music 
revenues R, in billions of dollars, for the years 2012 through 
2017 can be modeled by the function 


R(x) = 0.15x? — 0.03x + 5.46 


where x is the number of years after 2012. 

(a) Find R(0), R(3), and R(5) and explain what each value 
represents. 

(b) Findr(x) = R(x — 2). 

(c) Find r(2), r(5) and 7(7) and explain what each value 
represents. 

(d) In the model r = r(x), what does x represent? 


(e) Would there be an advantage in using the model 7 when 
estimating the projected revenues for a given year 
instead of the model R? 


Source: IFPI Digital Music Report 2017 





Temperature Measurements The relationship between 
the Celsius (°C) and Fahrenheit (°F) scales for measuring 
temperature is given by the equation 


F= Ze + 32 
5 
The relationship between the Celsius (°C) and Kelvin (K) 
9 
scales is K = C + 273. Graph the equation F = 5 Cer a2 
using degrees Fahrenheit on the y-axis and degrees Celsius 


on the x-axis. Use the techniques introduced in this section 
to obtain the graph showing the relationship between 
Kelvin and Fahrenheit temperatures. 





Period of a Pendulum The period T (in seconds) of a simple 
pendulum is a function of its length / (in feet) defined by the 


equation 
l 
T= 2n,|* 
§ 


where g ~ 32.2 feet per second per second is the 
acceleration due to gravity. 








(a) Use a graphing utility to graph the function T = T(/). 

(b) Now graph the functions T = T(/ + 1),7 = T(/ + 2), 
and T = T(/ + 3). 

(c) Discuss how adding to the length 7 changes the 
period 7° 

(d) Now graph the functions T = T(2/), T = T(3/), 
and T = T(4l). 

(e) Discuss how multiplying the length / by factors of 2, 3, 
and 4 changes the period T. 


The equation y = (x — c)? defines a family of parabolas, 
one parabola for each value of c. On one set of coordinate 
axes, graph the members of the family for c = 0,c = 3, 
andc = —2. 


Repeat Problem 89 for the family of parabolas y = x* + c. 


Challenge Problem If a function f is increasing on 
the intervals [—3,3] and [11,19] and decreasing 
on the interval [3,11], determine the interval(s) on 


which g(x) = —3f(2x — 5) is increasing. 
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92. Challenge Problem In statistics, the standard normal il (x — p)? 
by {2) == exp| A 
V27T°o 207 
transformations needed to get from the graph of the standard 
normal function to the graph of a general normal function. 


} Describe the 





1 x 
density function is given by f(x) = ; exp| —=| 
V 27 2 
This function can be transformed to describe any 
general normal distribution with mean, w, and standard 


deviation, 0. A general normal density function is given 


Explaining Concepts: Discussion and Writing 


93. Suppose that the graph of a function f is known. Explain the ideas presented in this section, what do you think is the 
how the graph of y = 4f(x) differs from the graph area under the curve of y = V— x bounded from below by 
of y = f(4x). the x-axis and on the left by x = —4? Justify your answer. 

94. Suppose that the graph of a function f is known. Explain 96. Explain how the range of the function f (x) = x* compares 
how the graph of y = f(x) — 2 differs from the graph to the range of g(x) = f(x) + k. 
of y = f(x — 2). 97, Explain how the domain of g(x) = Vx compares to the 

/X 95. The area under the curve y = Vx bounded from below by domain of g(x — k), where k = 0. 


: ; . 16 
the x-axis and on the right by x = 41s Fz Square units. Using 


‘Retain Your Knowledge - 


Problems 98-106 are based on material learned earlier in the course. The purpose of these problems is to keep the material fresh in your 
mind so that you are better prepared for the final exam. 





98. Find the slope and y-intercept of the line 101. Find the intercepts and test for symmetry: y7 = x + 4 
3x — Sy = 30 aD 
. 7 102. Find the domain of h(x) = ~—_$_. 
99. Angie runs 7 mph for the first half of a marathon, x =D% — 14 
13.1 miles, but twists her knee and must walk 2 mph for 103. Projectile Motion A ball is thrown upward from the top 
the second half. What was her average speed? Round of a building. Its height h, in feet, after t seconds is given by 
to 2 decimal places. the equationh = —16t* + 96t + 200. How long will it take 
100. Find the amount of water used in a 9-minute shower if the for the ball to be 88 ft above the ground? 


Jae . bees 8 used nek eee a shower mee on 104. Simplify Wor ye. 
ee re ene eed eae eee nee 4X 105. Find the difference quotient of f(x) = 3x7 + 2x — 1. 


the model 
g = 175m 106. Factor z°> + 216. 


2.6 Mathematical Models: Building Functions 


OBJECTIVE 1 Build and Analyze Functions (p. 111) 





1 Build and Analyze Functions 


Real-world problems often result in mathematical models that involve functions. These 
functions need to be constructed or built based on the information given. In building 
functions, we must be able to translate the verbal description into the language of 
mathematics. This is done by assigning symbols to represent the independent and 
dependent variables and then by finding the function or rule that relates these variables. 


| €XAMPLE1 | Finding the Distance from the Origin to a Point on a Graph 


Let P = (x,y) bea point on the graph of y = x” — 1. 





(a) Graph f. Express the distance d from P to the origin O as a function of x. 


V2 


(b) What is dif x = 0? (c) What is dif x = 1? (d) What is dif x = — 


he (ec) Use a graphing utility to graph the function d = d(x),x = 0. Rounding to two 
decimal places, find the value(s) of x at which d has a local minimum. [This gives 
the point(s) on the graph of y = x* — 1 closest to the origin.] 


112 CHAPTER2 Functions and Their Graphs 
Solution (a) Figure 67 illustrates the graph of y = x* — 1. The distance d from P to O is 
i= VG-0'+ 0 = VE FH 
Since P is a point on the graph of y = x* — 1, substitute x7 — 1 for y. Then 


d(x) = Vx? + (x7 - 1)? = Vxt— x7 +1 


The distance d is expressed as a function of x. 


(b) If x = 0, the distance d is 
d(0) = V0'-@+1=Vi=1 


(c) Ifx = 1, the distance d is 





Figure67 y= x —1 


p} 
(d) Ifx = we the distance d is 


(DAO 8 


te (c) Figure 68 shows the graph of Y, = Vx* — x? + 1. Using the MINIMUM feature 
on a TI-84 Plus C, we find that when x ~ 0.71 the value of d is smallest. The local 
| minimum value is d ~ 0.87 rounded to two decimal places. Since d(x) is even, 























HO 


i 
CALC ATAINUA 


MINI 


fl 








it follows by symmetry that when x ~ —0.71, the value of d is the same local 
ar minimum value. Since (+0.71)* — 1 ~ —0.50, the points (—0.71, —0.50) 
Figure 68 and (0.71, —0.50) on the graph of y = x” — 1 are closest to the origin. 


d(x) = Vx -— x*+1 
ommm___e--Now Work PROBLEM 1 


| EXAMPLE 2 | Area of a Rectangle 


A rectangle has one corner in quadrant I on the graph of y = 25 — x’, another at 
the origin, a third on the positive y-axis, and the fourth on the positive x-axis. See 
Figure 69. 


(a) Express the area A of the rectangle as a function of x. 
y= 25 — x° (b) What is the domain of A? 
Fil (C) Graph A = A(x). 


(d) For what value of x is the area A largest? 






La 


as 





1 2 
(0, 0) 
Figure 69 





Solution (a) The area A of the rectangle is A = xy, where y = 25 — x’. Substituting this 


expression for y, we obtain A(x) = x(25 — x7) = 25x -— x°. 


(b) Since (x, y) is in quadrant I, we have x > 0. Also, y = 25 — x? > 0, which 
implies that x7 < 25,so —5 < x < 5. Combining these restrictions, the domain 
of A is {x|0 < x < 5}, or (0,5) using interval notation. 


0 (c) 
(d) 


SECTION 2.6 Mathematical Models: Building Functions 113 


See Figure 70 for the graph of A = A(x) ona TI-84 Plus C. 


Using MAXIMUM, we find that the maximum area is 48.11 square units 
at x = 2.89 units, each rounded to two decimal places. See Figure 71. 


HORMAL FLOAT AUTO REAL RADIAN HP fn 


NORMAL FLOAT AUTO REAL RADIAN HP fi 
CALC MAKINUA 





(0 Maximum es Si 
4=2.6867521 YE48.112522 


Figure 70 A(x) = 25x — x? Figure 71 J 





ommmmmmn-NOW Work PROBLEM 7 








Solution 
N 
Plane x 
\ [47 | 400 mph 

ae 

600 miles 
Plane 
of 250 mph 
nmr E 
400 miles eS 

Figure 72 


Close Call? 


Suppose two planes flying at the same altitude are headed toward each other. One 
plane is flying due south at a groundspeed of 400 miles per hour and is 600 miles from 
the potential intersection point of the planes. The other plane is flying due west with 
a groundspeed of 250 miles per hour and is 400 miles from the potential intersection 
point of the planes. See Figure 72. 


(a) 


(b) 


(a) 


Fag (b) 


Build a model that expresses the distance d between the planes as a function of 
time f. 


Use a graphing utility to graph d = d(t). Howclose do the planes come to each 
other? At what time are the planes closest? 


Refer to Figure 72. The distance d between the two planes is the hypotenuse of 
a right triangle. At any time f, the length of the north/south leg of the triangle 
is 600 — 400¢. At any time f¢, the length of the east/west leg of the triangle 
is 400 — 250t. Use the Pythagorean Theorem to find that the square of the 
distance between the two planes is 


d* = (600 — 400r)” + (400 — 250r) 


Therefore, the distance between the two planes as a function of time is given by 
the model 


d(t) = V (600 — 400r)* + (400 — 250r) 


Figure 73(a) shows the graph of d = d(t) ona TI-84 Plus C. Using MINIMUM, 
the minimum distance between the planes is 21.20 miles, and the time at which 
the planes are closest is after 1.53 hours, each rounded to two decimal places. See 
Figure 73(b). 


HORHAL FLOAT AUTO REAL RADIAN HP HORHAL FLOAT AUTO REAL RADIAN HP 
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Hiniminm 
H=1.5280906 ¥=21.199956 
(a) (b) 
Figure 73 = 


ovmmm=m===-Now Work PROBLEM 19 
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2.6 Assess Your Understanding 


Applications and Extensions 


Non 


2. 


N 7 


. A right triangle 


Let P = (x,y) be a point on the graph of y = x? — 8. 

(a) Express the distance d from P to the origin as a function 
of x. 

(b) What is dif x = 0? 

(c) What is dif x = 1? 

(d) Use a graphing utility to graph d = d(x). 

(e) For what values of x is d smallest? 

Let P = (x,y) be a point on the graph of y = x? — 8. 


(a) Express the distance d from P to the point (0, —1 
a function of x. 


(b) What is dif x = 0? 
(c) What is dif x = —1? 
(d) Use a graphing utility to graph d = d(x). 


) as 


(e) For what values of x is d smallest? 


. Let P = (x,y) be a point on the graph of y = Vx. 


(a) Express the distance d from P to the point (1, 0) as a 
function of x. 

(b) Use a graphing utility to graph d = d(x). 

(c) For what values of x is d smallest? 

(d) What is the smallest distance? 


1 
. Let P = (x,y) bea point on the graph of y = = 


(a) Express the distance d from P to the origin as a 
function of x. 


(b) Use a graphing utility to graph d = d(x). 
(c) For what values of x is d smallest? 
(d) What is the smallest distance? 


has one vertex 

on the graph 

of y = x,x > 0, 

at (x, y), another at 
the origin, and the 
third on the positive 
y-axis at (0, y),as 
shown in the figure. 
Express the area A 
of the triangle as a 
function of x. 





. A right triangle has one vertex on the graph 


of y = 9 — x’*,x > 0, at (x, y), another at the origin, 
and the third on the positive x-axis at (x, 0). Express the 
area A of the triangle as a function of x. 


A rectangle has one corner in 
quadrant I on the graph 

of y = 16 — x’, another at 

the origin, a third on the 

positive y-axis, and the fourth on 
the positive x-axis. See the figure. 


(a) Express the area A of the 
rectangle as a function of x. 





10. 


11. 


. A rectangle is inscribed in a 


(b) What is the domain of A? 
(c) Graph A = A(x). For what value of x is A largest? 
(d) What is the largest area? 


semicircle of radius 2. See the 
figure. Let P = (x, y) be the 
point in quadrant I that is a 
vertex of the rectangle and is 
on the circle. 





(a) Express the area A of the rectangle as a function 
of x. 





(b) Express the perimeter p of the rectangle as a function 
of x. 


(c) Graph A = A(x). For what value of x is A largest? 
(d) Graph p = p(x). For what value of x is p largest? 





(e) What is the largest area? What is the largest perimeter? 


. A rectangle is inscribed in a circle 


of radius 2. See the figure. 

Let P = (x,y) be the point in 
quadrant I that is a vertex of the 
rectangle and is on the circle. 


(a) Express the area A of the 
rectangle as a function of x. 








(b) Express the perimeter p of the 
rectangle as a function of x. 


(c) Graph A = A(x). For what value of x is A largest? 
(d) Graph p = p(x). For what value of x is p largest? 


xr +ye=4 


A circle of radius r is inscribed in a square. [> 
See the figure. 


(a) Express the area A of the square 
as a function of the radius r of the 
circle. 

(b) Express the perimeter p of the square as a function 
of r. 








(J x 


be cut into two pieces. One piece will 
be shaped as a square, and the other 
piece will be shaped as acircle.See the 10m 
figure. 10 — 4x 
(a) Express the total area A enclosed | 

by the pieces of wire as a function 

of the length x of a side of the 

square. 
(b) What is the domain of A? 
(c) Graph A = A(x). For what value of x is A smallest? 


Geometry A wire 10 meters long is to | 


- Geometry A wire 10 meters long is to be cut into two 


pieces. One piece will be shaped as an equilateral triangle, 

and the other piece will be shaped as a circle. 

(a) Express the total area A enclosed by the pieces of wire 
as a function of the length x of a side of the equilateral 
triangle. 

(b) What is the domain of A? 


He (c) Graph A = A(x). For what value of x is A smallest? 


13. Geometry A wire of length x is bent into the shape of a 


w circle. 


(a) Express the circumference C of the circle as a function 
of x. 
(b) Express the area A of the circle as a function of x. 


. Geometry A wire of length x is bent into the shape of a 
square. 


(a) Express the perimeter p of the square as a function 
of x. 
(b) Express the area A of the square as a function of x. 


- Geometry A semicircle of radius r is 
inscribed in a rectangle so that the diameter 
of the semicircle is the length of the rectangle. 
See the figure. 





(a) Express the area A of the rectangle as a function of the 
radius r of the semicircle. 

(b) Express the perimeter p of the rectangle as a function 
of r. 


- Geometry An equilateral triangle is 
inscribed in a circle of radius r.See the figure. / x 
Express the circumference C of the circle as | _ 
a function of the length x of a side of the ¥ 
triangle. 





?) 
x 
Hint: First show that r2 = 3 


. Geometry An equilateral triangle is inscribed in a circle of 
radius r. See the figure in Problem 16. Express the area A 
within the circle, but outside the triangle, as a function of the 
length x of a side of the triangle. 


. Uniform Motion Two cars leave an intersection at the same 
time. One is headed south at a constant speed of 30 miles 
per hour, and the other is headed west at a constant speed 
of 40 miles per hour (see the figure). Build a model that 
expresses the distance d between the cars as a function of 
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. Inscribing a Cylinder in a Sphere Inscribe a right circular 


cylinder of height 4 and radius 7 in a sphere of fixed 
radius R. See the figure. Express the volume V of the cylinder 
as a function of h. 


(Hint: V = wr7h. Note also the right triangle. ] 





Sphere 


. Inscribing a Cylinder in a Cone Inscribe a right circular 


cylinder of height / and radius 7 in a cone of fixed radius R 
and fixed height H. See the figure. Express the 
volume V of the cylinder as a function of r. 


[Hint: V = ar7h. Note also the similar triangles. | 





Cone 


. Installing Cable TV MetroMedia Cable is asked to provide 


service to a customer whose house is located 2 miles from 
the road along which the cable is buried. The nearest 
connection box for the cable is located 5 miles down the road. 


the time t. See the figure. 


[Hint: At ¢ = 0, the cars leave the intersection. | 


oe 
= 

a 

, Rit; — 

7 z J == |) ra = — 
—_— 1 eel 
=> ae 4 ti 
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=. 
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(a) If the installation cost is $500 per mile along the road 
and $700 per mile off the road, build a model that 
expresses the total cost C of installation as a function of 
the distance x (in miles) from the connection box to the 
point where the cable installation turns off the road. Find 
the domain of C = C(x). 

(b) Compute the cost if x = 1 mile. 

(c) Compute the cost if x = 3 miles. 

he (d) Graph the function C = C(x). Use TRACE to see how 
the cost C varies as x changes from 0 to 5. 
(e) What value of x results in the least cost? 


\ 19. Uniform Motion Two cars are approaching an intersection. 
One is 2 miles south of the intersection and is moving at a 
constant speed of 30 miles per hour. At the same time, the 
other car is 3 miles east of the intersection and is moving at 
a constant speed of 40 miles per hour. 


(a) Build a model that expresses the distance d between the 
cars as a function of time tf. 
[Hint: At ¢ = 0, the cars are 2 miles south and 3 miles 
east of the intersection, respectively. | 
HE (b) Use a graphing utility to graph d = d(t). For what value 
: of tis d smallest? 
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23. Time Required to Go from an Island to a Town An island is 





24. 


2 miles from the nearest point P on a straight shoreline. A town 
is 12 miles down the shore from P. See the figure. 








(a) If a person can row a boat at an average speed of 3 miles 
per hour and the same person can walk 5 miles per hour, 
build a model that expresses the time T that it takes to 
go from the island to town as a function of the distance x 
from P to where the person lands the boat. 


(b) What is the domain of T? 


(c) How long will it take to travel from the island to town if 
the person lands the boat 4 miles from P? 





(d) How long will it take if the person lands the boat 8 miles 
from P? 


Constructing an Open Box An open box with a square base 
is required to have a volume of 10 cubic feet. 


(a) Express the amount A of material used to make such a 
box as a function of the length x of a side of the square 
base. 


(b) How much material is required for such a box with 
a base 1 foot by 1 foot? 


(c) How much material is required for such a box with 
a base 2 feet by 2 feet? 


te (d) Use a graphing utility to graph A = A(x). For what 


Retain Your Knowledge 


value of x is A smallest? 


(e) What is the least amount of material needed? 


25s 


Constructing an Open Box An open box with a square base 
is to be made from a square piece of cardboard 24 inches on 
a side by cutting out a square from each corner and turning 
up the sides. See the figure. 








X X 
|«——— 24 in. ——+| 


(a) Express the volume V of the box as a function of 
the length x of the side of the square cut from each 
corner. 


(b) What is the volume if a 3-inch square is cut out? 


(c) What is the volume if a 10-inch square is cut out? 


Le (d) Graph V = V(x). For what value of x is V largest? 


26. 


27. 


(e) What is the largest volume? 


Challenge Problem Filling a Conical Tank 

Water is poured into a container in the shape ) 
of a right circular cone with radius 4 feet ) 
and height 16 feet. See the figure. Express 

the volume V of the water in the cone asa | 
function of the height h of the water. h. 


A, 





<j 


Challenge Problem Inventory Management A retailer 
buys 600 USB Flash Drives per year from a distributor. The 
retailer wants to determine how many drives to order, x, per 
shipment so that her inventory is exhausted just as the next 
shipment arrives. The processing fee is $15 per shipment, 
the yearly storage cost is $1.60x, and each drive costs the 
retailer $4.85. 


(a) Express the total yearly cost C as a function of the 
number x of drives in each shipment. 


ra (b) Use a graphing utility to determine the minimum yearly 
i cost and the number of drives per order that yields the 
minimum cost. 





Problems 28-37 are based on material learned earlier in the course. The purpose of these problems is to keep the material fresh in your 
mind so that you are better prepared for the final exam. 


28. Solve: |2x — 3] —5 = —2 
29. A 16-foot long Ford Fusion wants to pass a 50-foot truck 


traveling at 55 mi/h. How fast must the car travel to 
completely pass the truck in 5 seconds? 


30. Find the slope of the line containing the points (3, —2) 


and (1,6). 


31. Find the missing length x for the given pair of similar 
triangles. 


Chapter Review 117 





32. Given y = and u = x + 1, express y in terms of u. 35. If the point (3, —2) is on the graph of an equation that is 
5 ie ae | symmetric about the origin, what other point must be on the 
: ott. iB me graph? 
AX 33. Write >a, + ¥ asa single quotient with only positive E 
3x 36. Solve v = —~,/— for P. 
exponents. P 
34. Solve —V/3x —-2 = 4. 37. Find the discriminant of the quadratic 


equation 3x” — 7x = 4x — 2. 





Chapter Review 


Library of Functions 


Constant function (p. 88) Identity function (p. 88) Square function (p. 88) 
f(x) =b f(x) =x f(x) =2 
The graph is a horizontal line with The graph is a line with slope 1 and The graph is a parabola with 
y-intercept b. y-intercept 0. intercept at (0, 0) 
y y y 
f(x) = b : (-2, 4) 4 (2, 4) 








X 
4 (0, 0) 4 x 
Cube function (p. 89) Square root function (p. 89) Cube root function (p. 89) 
f(z) =x f(x) = Vx f(x) = Wx 
y y 
4 2 











—4 
Reciprocal function (p. 89) Absolute value function (p. 89) Greatest integer function (p. 90) 
; f(x) = |x| f(x) = int(x) 
io) = y y 
, 9 4 e—O 
y —) 
(22 (2, 2) 2 — 
(—1, 1) (1, 1) 0 
(1, 1) —3 (0,0) 3X —2 9 4 4 
0 
=3 
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Things to Know 
Function (pp. 49-51) 


Function notation (pp. 51-54) 


Difference quotient of f (p. 54) 


Domain (pp. 55-57) 
Vertical-line test (p. 64) 


Even function f (p. 73) 
Odd function / (p. 73) 


Increasing function (p. 75) 
Decreasing function (p. 75) 
Constant function (p. 75) 


Local maximum (p. 76) 


Local minimum (p. 76) 


Absolute maximum and absolute 


minimum (p. 77) 


Average rate of change of a function 


e A relation between two nonempty sets so that each element x in the first set, 
the domain, has corresponding to it exactly one element y in the second set. 
The range is the set of images of the elements in the domain. 


e A function can also be described as a set of ordered pairs (x, y) in which no 
first element is paired with two different second elements. 


e y=f(x) 
e fisasymbol for the function. 


e xis the argument, or independent variable. 





e yis the dependent variable. 
e f(x) is the value of the function at x. 
e A function f may be defined implicitly by an equation involving x and y or 
explicitly by writing y = f(x). 
flx +h) — f(x) 
h 


If unspecified, the domain of a function f defined by an equation is the largest set 
of real numbers for which f(x) is a real number. 


h#0 


A set of points in the xy-plane is the graph of a function if and only if every 
vertical line intersects the graph in at most one point. 


f(—x) = f(x) for every x in the domain (— x must also be in the domain). 
f(-x) = —f(x) for every x in the domain (—x must also be in the domain). 


A function fis increasing on an interval / if, for any choice of x, and x, in J, 

with x; < X5, then f(x,) < f(x2). 

A function fis decreasing on an interval / if, for any choice of x; and x, 1n J, 
with x; < X5, then f(x,) > f(x2). 

A function fis constant on an interval / if, for all choices of x in J, the values 
of f(x) are equal. 


A function f, defined on some interval /, has a local maximum at c if there is an 
open interval in J containing c so that f(c) = f(x), for all x in this open interval. 
The local maximum value is f(c). 


A function f, defined on some interval /, has a local minimum at c if there is an 
open interval in J containing c so that f(c) =< f(x), for all x in this open interval. 
The local minimum value is f(c). 


Let f denote a function defined on some interval /. 


e If there isa number u in / for which f(u) = f(x) for all x in J, then fhas an 
absolute maximum at u, and the number f(w) is the absolute maximum of f on J. 


e If there isa number v in / for which f(v) = f(x), for all x in J, then fhas an 
absolute minimum at v, and the number f(v) is the absolute minimum of f on J. 





The average rate of change of f from a to b is 





(pp. 79-80) Ay _ f(b) — f(a) 
a beg == = 
Objectives - 
Section You should be able to... Examples Review Exercises 
2A 1 Describe a relation (p. 47) 1 1 
2 Determine whether a relation represents a function (p. 49) 2-5 2-5 
3 Use function notation; find the value of a function (p. 51) 6,7 6-8, 43 
4 Find the difference quotient of a function (p. 54) 8 18 
5 Find the domain of a function defined by an equation (p. 55) 9,10 9-14 
6 Form the sum, difference, product, and quotient of two 11 15-17 


functions (p. 57) 
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Section You should be able to... Examples Review Exercises 
pap) 1 Identify the graph of a function (p. 64) i, 31, 32 
2 Obtain information from or about the graph of a function (p.64) 2-4 19(a)-(e), 20(a), 
20(e), 20(g) 
Ze 1 Identify even and odd functions from a graph (p. 73) 1 20(f) 
2 Identify even and odd functions from an equation (p. 74) 2 21-24 
3 Use a graph to determine where a function Is increasing, 3 20(b) 
decreasing, or constant (p. 75) 
4 Use a graph to locate local maxima and local minima (p. 76) 4 20(c) 
5 Use a graph to locate the absolute maximum and the absolute 5 20(d) 
minimum (p. 77) 
ae 
‘43 6 Use a graphing utility to approximate local maxima and local 6 25, 26, 44(d), 45(b) 
minima and to determine where a function is increasing or 
decreasing (p. 79) 
7 Find the average rate of change of a function (p. 79) fe. 27-30 
2.4 1 Graph the functions listed in the library of functions (p. 86) 1,2 33, 34 
2 Analyze a piecewise-defined function (p. 91) 3-5 41, 42 
ZS 1 Graph functions using vertical and horizontal shifts (p. 98) 1-5, 11-13 19(f), 35, 37-40 
2 Graph functions using compressions and stretches (p. 102) 6-8, 12 19(¢), 36, 40 
3 Graph functions using reflections about the x-axis and 9,10, 13 19(h), 36, 38, 40 
the y-axis (p. 104) 
2.6 1 Build and analyze functions (p. 111) 1-3 44,45 


Review Exercises 


1. While shopping online for AA batteries, Masoud found that he could order a pack of 8 batteries for $6.30, a pack of 16 for $13.99, 
a pack of 20 for $12.32, or a pack of 24 for $13.99. Define a relation using number of batteries as input and price as output. 


(a) What is the domain and range of the relation? 
(b) Express the relation as a set of ordered pairs. 
(c) Express the relation as a mapping. 


(d) Express the relation as a graph. 


In Problems 2-5, find the domain and range of each relation. Then determine whether the relation represents a function. 











2. 1 (=1,0), (2,3), (4,0) } 3. { (4,-1), (2,1), (4,2) } 4. (x-1)*+y?=4 § y=|-—4x —5| —3 
In Problems 6-8, find the following for each function: 
(a) f(2) (b) f(-2) (c) f(-x) (d) —f(x) (e) f(x — 2) (f) f(2x) 
2 
6. f(x) = at LI) = Ve 4 8. f(x) == 7 
x 1 x 
In Problems 9-14, find the domain of each function. iy 
9. f(x) = > ; 10. f(x) = V2 —x it.¢Gy = — 
_ x . Ve wa _ x 
12. f(x) = <a ——- 13. f(x) = 7 = 14. g(x) = ae 


In Problems 15-17 find f + g, f — g, f-g, and u for each pair of functions. State the domain of each of these functions. 
§ 


x+1 (x) 1 
_) = 
x-1? & x 





15. f(x) =2-—-x; g(x) =3x+1 16. f(x) = 3x7 +x4+1; g(x) = 3x 17. f(x) = 
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18. Find the difference quotient of f(x) = —2x? + x + 1; 
MP). = fx 
that is, find pee ~ 0. 


19. Consider the graph of the function f below. 
(a) Find the domain and the range of f. 
(b) List the intercepts. 
(c) Find f(-2). 
(d) For what value of x does f(x) = —3? 
(e) Solve f(x) > 0. 


(f) Graph y = f(x — 3). 
1 
(g) Graph y = (5x). 


(h) Graph y = —f(x). 





20. Use the graph of the function f shown below to find: 

(a) The domain and the range of f 

(b) The intervals on which fis increasing, decreasing, 
or constant. 

(c) The local minimum values and local maximum values. 

(d) The absolute maximum and absolute minimum. 

(e) Whether the graph is symmetric with respect to the x-axis, 
the y-axis, the origin, or none of these. 

(f) Whether the function is even, odd, or neither. 

(g) The intercepts, if any. 





In Problems 21-24, determine (algebraically) whether the given 
function is even, odd, or neither. 


4+ x? 

21. =x -4 22. =——; 
f(x) =x x g(x) lax 

— a 2 24. ——<——<<—<— 

23. G(x) =1—-x+x I) ia 


ft In Problems 25 and 26, use a graphing utility to graph each 

function over the indicated interval. Approximate any local 
maximum values and local minimum values. Determine where 
the function is increasing and where it is decreasing. 


25. f(x) =2x -—S5x+1 (-3,3) 

26. f(x) = 2x4 — 5x3 + 2x +1 = (-2,3) 

27. Find the average rate of change of f(x) = 8x* — x: 
(a) From 1 to 2 


(b) From 0 to 1 
(c) From 2 to 4 





In Problems 28 and 29, find the average rate of change from 2 to 3 
for each function f. Be sure to simplify. 


28. f(x) = 2 — 5x 29. f(x) = 3x - 4x” 
30. If f(x) = 3x — 4x’, find an equation of the secant line of f 
from 2 to 3. 


In Problems 31 and 32, is the graph shown the graph of a function? 
31. y 32. y 


In Problems 33 and 34, graph each function. Be sure to label at 
least three points. 


3.50) =e 34, f(x) = Vx 


In Problems 35-40, graph each function using the techniques of 
shifting, compressing or Stretching, and reflections. Identify any 
intercepts of the graph. State the domain and, based on the graph, 
find the range. 


35. F(x) = |x| - 4 36. g(x) = —2|x| 


37, h(x) = Vx-1 38. f(x) = V1-x 


39. h(x) = (x —1)7+2 40. g(x) = -2(x + 2)? - 8 


In Problems 41 and 42: 
(a) Find the domain of each function. 
(b) Locate any intercepts. 
(c) Graph each function. 
(d) Based on the graph, find the range. 


3x if—2<x<=1 
x+1 ifx >1 


41. f(x) = 


x if-4<x<0 
42. f(x) = 41 ifx = 0 

Ses ifx > 0 
43. A function fis defined by 


A 5 
f(x) = 2 





If f(1) = 4, find A. 


44. Constructing a Closed Box A closed box with a square base 


& is required to have a volume of 10 cubic feet. 





(a) Build a model that expresses the amount A of material 
used to make such a box as a function of the length x of 
a side of the square base. 

(b) How much material is required for a base 1 foot 
by 1 foot? 

(c) How much material is required for a base 2 feet 
by 2 feet? 

Ae (d) Graph A = A(x). For what value of x is A smallest? 


45. Area ofa Rectangle A rectangle has one vertex in quadrant I 
on the graph of y = 10 — x’, another at the origin, one on 
the positive x-axis, and one on the positive y-axis. 

(a) Express the area A of the rectangle as a function of x. 

AB (b) Find the largest area A that can be enclosed by the 

rectangle. 
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CHAPTER The Chapter Test Prep Videos include step-by-step solutions to all chapter test 
Test Prep exercises. These videos are available in MyLab™ Math, or on this text's YouTube 
Chapter Test VIDEOS channel. Refer to the Preface for a link to the YouTube channel. 

1. Find the domain and range of each relation. Then determine fi 6. Graph the function f(x) = —x* + 2x° + 4x? — 2 on the 
whether each relation represents a function. interval (—5,5) using a graphing utility. Then approximate 
(a) 4 (2,5 )5 (46), (6, 7), 1858) 5 any local maximum values and local minimum values 
(Dye) Cla 2 en = oO Kl Fy rounded to two decimal places. Determine where the function 

(c) is increasing and where it is decreasing. 


y 
6 





2x +1 ifx < -1l 


7. Consider the function g(x) = 4 ee | 
LS L 


(a) Graph the function. 
(b) List the intercepts. 
(c) Find g(—S). 
(d) Find g(2). 
8. For the function f(x) = 3x* — 3x + 4, 





(a) Find the average rate of change of f from 3 to 4. 
(d) 


(b) Find an equation of the secant line from 3 to 4. 
9. For the functions f(x) = 2x” + 1 and g(x) = 3x — 2, find 
the following and simplify. 
(a) (f — g) (x) 
(b) (fg) (x) 
(c) f(x +h) — f(x) 
10. Graph each function using the techniques of shifting, 


compressing or stretching, and reflecting. Start with the graph 
of the basic function and show all the steps. 


(a) h(x) = -2(x +1)? +3 





In Problems 2-4, find the domain of each function and evaluate (b) g(x) = |x + 4) +2 
each function atx = —1. . , 
mS Il. Find the difference quotient of f(1)-= x = 3x. 
2. f(x) = V4 —- 5x 3. g(x) = —— ; mere ee 
: “8 Ix + 2 12. A community skating rink is in the shape of a rectangle with 
| semicircles attached at the ends. The length of the rectangle 
1) is 20 feet less than twice the width. The thickness of the ice 
Near ON = 30 ae 
is 2 inches. 
5. Consider the graph of the function f below. (a) Build a model that expresses the ice volume V as a 
y function of the width, x. 


(b) How much ice is in the rink if the width is 90 feet? 





=e 
(5, —2) 
(=3; 2) 4 (3, —3) 
13. Determine if the function f(x) = —x? — 7 is even, odd, 
(a) Find the domain and the range of f. or neither. 


(b) List the intercepts. 

(c) Find f(1). 

(d) For what value(s) of x does f(x) = —3? 
(e) Solve f(x) < 0. 
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Cumulative Review 


In Problems 1-6, find the real solutions of each equation. 


1. 3x — 8 = 10 2. 3x* —-x = 0 


2 8 — Ao — oo — 


6 V2x+3=2 


5, |2x + 3| =4 


In Problems 7-9, solve each inequality. Graph the solution set. 
de 2 3 6 8. |2x — 5| <3 9, |4x + 1| =7 


10. (a) Find the distance from P, = (—2, —3) toP, = (3,—5). 
(b) What is the midpoint of the line segment from P, to P,? 
(c) What is the slope of the line containing the points P; 
and P,? 





Chapter Projects 


(@) Internet-based Project 


I. Choosing a Data Plan Collect information from your family, 
friends, or consumer agencies such as Consumer Reports. 
Then decide on a service provider, choosing the company that 
you feel offers the best service. Once you have selected a 
service provider, research the various types of individual plans 
offered by the company by visiting the provider’s website. 
Many cellular providers offer family plans that include 
unlimited talk, text, and data. However, once a data cap has 
been reached, service may be slowed, which prevents media 
from being streamed. So, many customers still purchase data- 
only plans for devices such as tablets or laptops. The monthly 
cost is primarily determined by the amount of data used and 
the number of data-only devices. 





1. Suppose you expect to use 10 gigabytes of data for a 
single tablet. What would be the monthly cost of each 
plan you are considering? 


2. Suppose you expect to use 30 gigabytes of data and want 
a personal hotspot, but you still have only a single tablet. 
What would be the monthly cost of each plan you are 
considering? 

3. Suppose you expect to use 20 gigabytes of data with three 


tablets sharing the data. What would be the monthly cost 
of each plan you are considering? 


4. Suppose you expect to use 20 gigabytes of data with a 
single tablet and a personal hotspot. What would be the 
monthly cost of each plan you are considering? 


In Problems 11-14, graph each equation. 


M34 = 2y— 12 12 
13. x2 + (y — 3)? = 16 14. y = Vx 


15. For the equation 3x” — 4y = 12, find the intercepts and 
check for symmetry. 


16. Find the slope-intercept form of the equation of the line 


containing the points (—2, 4) and (6, 8). 


In Problems 17-19, graph each function. 


17 AC eee =e 18. f(x) = = 


Ue Se ee 
|x| lien = 2 


19. f(x) = 4 





5. Build a model that describes the monthly cost C, in dollars, 
as a function of the number g of data gigabytes used, 
assuming a single tablet and a personal hotspot for each 
plan you are considering. 


Graph each function from Problem 5. 


Based on your particular usage, which plan is best for you? 
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8. Now, develop an Excel spreadsheet to analyze the various plans you are considering. Suppose you want a plan that 
offers 50 gigabytes of shared data and costs $60 per month. Additional gigabytes of data cost $15 per gigabyte, extra tablets can 
be added to the plan for $10 each per month, and each hotspot or laptop costs $20 per month. Because these data plans have a 
cost structure based on piecewise-defined functions, we need an “if/then” statement within Excel to analyze the cost of the plan. 
Use the accompanying Excel spreadsheet as a guide in developing your spreadsheet. Enter into your spreadsheet a variety of 
possible amounts of data and various numbers of additional tablets, laptops, and hotspots. 


— ee ee eee 
4, Cost of data =IF(B4<B3,B2,B2+B5*(B4-B3)) Lod 
| ‘&] Cost of additional devices/hotspots | =B8B7+B10*89 Cd 
— Pe ee eee 
15 FREES p=pizvBis | | 
m 8 = 





9. Write a paragraph supporting the choice in plans that best 10. How are “if/then” loops similar to a piecewise-defined 
meets your needs. function? 


Source: Excel © 2018 Microsoft Corporation. Used with Permission from Microsoft. 
The following projects are available on the Instructor’s Resource Center (IRC). 


II. Project at Motorola: Wireless Internet Service Use functions and their graphs to analyze the total cost of various wireless Internet 
service plans. 


III. Cost of Cable When government regulations and customer preference influence the path of a new cable line, the Pythagorean 
Theorem can be used to assess the cost of installation. 


IV. Oi! Spill Functions are used to analyze the size and spread of an oil spill from a leaking tanker. 





Wlalsr-lar-]alemeler-lalgeyare 


melaredlelabs 





The Beta of a Stock 





Investing in the stock market can be rewarding and fun, but how does one go 
about selecting which stocks to purchase? Financial investment firms hire 
thousands of analysts who track individual stocks (equities) and assess the 
value of the underlying company. One measure the analysts consider is the 
beta of the stock. Beta measures the risk of an individual company’s equity 
relative to that of a market basket of stocks, such as the Standard & Poor’s 500. 
But how is beta computed? 


( @ ) — See the Internet-based Chapter Project I— 
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3.1 Properties of Linear Functions and = Up to now, our discussion has focused on equations and functions and their graphs. We 


Linear Models sraphed equations by plotting points, using intercepts, and testing for symmetry. We learned 
3.2 Building Linear Models from Data to identify whether a relation represents a function, and we discussed properties of functions, 
3.3 Quadratic Functions and Their such as domain/range, increasing/decreasing, even/odd, and average rate of change. Using this 


information, we developed a library of functions, and analyzed piecewise-defined functions. 
Finally, we used transformations to graph new functions from the graphs of the familiar 
functions listed in the library of functions. 


Properties 
3.4 Building Quadratic Models from 
Verbal Descriptions and from Data 
3.5 Inequalities Involving Quadratic 


Functions 
Chapter Review Now we begin looking at classes of functions. This chapter focuses on linear and quadratic 
Chapter Test functions, their properties, and their applications. 


Cumulative Review 
Chapter Projects 
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3.1 Properties of Linear Functions and Linear Models 


PREPARING FOR THIS SECTION Before getting started, review the following: 


Lines (Section 1.3, pp. 20-31) e Functions (Section 2.1, pp. 49-59) 

Graphs of Equations in Two Variables; Intercepts; e The Graph of a Function (Section 2.2, pp. 63-67) 
Symmetry (Section 1.2, pp. 9-17) e Properties of Functions (Section 2.3, pp. 73-81) 
Solving Equations (Section A.6, pp. A44—-A51) 


~\ Now Work the ‘Are You Prepared?’ problems on page 131. 


OBJECTIVES 1 Graph Linear Functions (p. 125) 
2 Use Average Rate of Change to Identify Linear Functions (p. 125) 


3 Determine Whether a Linear Function Is Increasing, Decreasing, or 
Constant (p. 128) 


4 Build Linear Models from Verbal Descriptions (p. 129) 





1 Graph Linear Functions 


In Section 1.3 we discussed lines. In particular, for nonvertical lines we developed the 
slope-intercept form of the equation of a line, y = mx + b. When the slope-intercept 
form of a line is written using function notation, the result is a Jinear function. 


( DEFINITION Linear Function 


A Imear function is a function of the form 


The graph of a linear function is a line with slope m and y-intercept Db. Its 
domain is the set of all real numbers. J 


Functions that are not linear are said to be nonlinear. 


| EXAMPLE 1 | Graphing a Linear Function 


Graph the linear function f(x) = —3x + 7. What are the domain and the range of f? 


Solution This is a linear function with slope m = —3 and y-intercept b = 7. To graph this 
function, plot the point (0, 7), the y-intercept, and use the slope to find an additional 
point by moving right 1 unit and down 3 units. See Figure 1. The domain and the range 
of f are each the set of all real numbers. will 


Alternatively, an additional point can be found by evaluating the function at 
some x ~ 0. Forx = 1, f(1) = —3-1+7 = 4,so the point (1,4) lies on the graph. 


qummmmm- Now Work PROBLEMS 13(a) AND (b) 





Figure1 f(x) = —-3x+/7 . . P 
2 Use Average Rate of Change to Identify Linear Functions 


Look at Table 1 on the next page, which shows several values of the independent 
variable x and corresponding values of the dependent variable y for the function 
f(x) = —3x + 7. Notice that as the value of the independent variable x increases 
by 1, the value of the dependent variable y decreases by 3. That is, the average rate 
of change of y with respect to x is a constant, —3. 
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Table 1 


Ay 
y = f(x) = —3x + 7 Average Rate of Change = re 





It is not a coincidence that the average rate of change of the linear function 


A 
f(x) = —3x + 71s the slope of the linear function. That is, 7 = m = —3. The 


following theorem states this fact. 


( THEOREM Average Rate of Change of a Linear Function 


Linear functions have a constant average rate of change. That is, the average 
rate of change of a linear function f(x) = mx + bis 


Ay _ 
Ne ae 
=a) 


Proof The average rate of change of f(x) = mx + b from x, to X2,x1 A Xp, is 


Ay _ f(s) = fla) _ (mx, + b) ~ (mu, + 6) 


Ax X. — X4 x7 — XH 


MX, — MX, M(xX2— xX) 


XQ —~ X4 X. — X4 


Based on the theorem just proved, the average rate of change of the 


2 
function g(x) = — 5% Fis 5 


ovum NOW Work PROBLEM 13(C) 


As it turns out, only linear functions have a constant average rate of change. 
Because of this, the average rate of change can be used to determine whether a 
function is linear. This is especially useful if the function is defined by a data set. 


GS | EXAMPLE 2 ~ Using the Average Rate of Change to Identify Linear Functions 


(a) A strain of FE. coli known as Beu 397-recA441 is placed into a Petri dish 
at 30° Celsius and allowed to grow. The data shown in Table 2 are collected. 
The population is measured in grams and the time in hours. Plot the ordered 
pairs (x, y) in the Cartesian plane, and use the average rate of change to determine 
whether the function is linear. 
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(b) The data in Table 3 represent the maximum number of heartbeats that a healthy 
individual of different ages should have during a 15-second interval of time 
while exercising. Plot the ordered pairs (x, y) in the Cartesian plane, and use the 
average rate of change to determine whether the function is linear. 


Table 3 
Table 2 


| Time Population ie Maximum Number 
(hours), x (grams), y Age, x of Heartbeats, y (x, y) 


(0, 0.09) (20, 50) 


(Oe) (30, 47.5) 
(2, 0:16) (40, 45) 
(3,022) (50, 42.5) 
(4, 0.29) (60, 40) 
(570539) (707 37.5) 


Source: American Heart Association 





Solution Compute the average rate of change of each function. If the average rate of change 
is constant, the function is linear. If the average rate of change is not constant, the 
function is nonlinear. 


(a) Figure 2 shows the points listed in Table 2 plotted in the Cartesian plane. Note 
that it is impossible to draw a straight line that contains all the points. Table 4 
displays the average rate of change of the population. 


Table 4 


S 









Ay 


2 0.4 & Time (hours), x Population (grams), y Average Rate of Change = io 
wo 
= 03 é 
s 
ia “ O12 = Oe 
S 6 = NE 
2 02 . —- 
0.1 
0 1 2 3 4 «5 X SHON 
Time (hours) 

Figure 2 aan 0.06 





Because the average rate of change is not constant, the function is not 
linear. In fact, because the average rate of change is increasing as the value of 
the independent variable increases, the function is increasing at an increasing 
rate. So not only is the population increasing over time, but it is also growing 
more rapidly as time passes. 


(b) Figure 3 on the next page shows the points listed in Table 3 plotted in the 
Cartesian plane. Table 5 on the next page displays the average rate of change of 
the maximum number of heartbeats. The average rate of change of the heartbeat 
data is constant, —0.25 beat per year, so the function is linear, and the points in 
Figure 3 lie on a line. 
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Heartbeats 


20 30 40 50 60 


Figure 3 





Table 5 


Maximum Number 
Age, x of Heartbeats, y 


ommm===-Now Work PROBLEM 21 


Decreasing, or Constant 





A 
Average Rate of Change = ra 
Ax 


3 Determine Whether a Linear Function Is Increasing, 


When the slope m of a linear function is positive (m > 0), the line slants upward from 
left to right. When the slope m of a linear function is negative (m < 0), the line slants 
downward from left to right. When the slope m of a linear function is zero (m = 0), 


the line is horizontal. 


( THEOREM Increasing, Decreasing, and Constant Linear Functions 


A linear function f(x) = mx + bis increasing over its domain if its slope, m, is 
positive. It is decreasing over its domain if its slope, m, is negative. It is constant 


over its domain if its slope, m, is zero. 


3) 


| EXAMPLE 3 | Determining Whether a Linear Function Is Increasing, Decreasing, or 


Solution 


Constant 


Determine whether the following linear functions are 
constant. 


increasing, decreasing, or 


(a) f(x) = sx — 2 (D) 24) = 208 


(c) s(t) = 4 —4 (d) h(z) =7 


(a) The linear function f(x) = 5x — 2 has slope 5, which is positive. The 


function fis increasing on the interval (— 0, oo). 


(b) The linear function g(x) = —2x + 8 has slope —2, which is negative. The 


function g is decreasing on the interval (— oo, oo). 


(c) The linear function s(t) = a¢ — 4 has slope 


function s is increasing on the interval (— 00, ©). 


mt which is positive. The 


(d) The linear function / can be written as h(z) = 0z + 7. Because the slope is 0, 


the function h is constant on the interval (— 00, co). 


ommmmmmns- NOW Work PROBLEM 13(d) 


J 
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4 Build Linear Models from Verbal Descriptions 


When the average rate of change of a function is constant, a linear function can 
model the relation between the two variables. For example, if a recycling company 
pays $0.52 per pound for aluminum cans, then the relation between the price p 
paid and the pounds recycled x can be modeled as the linear function p(x) = 0.52x, 





, 0.52 dollar 
with slope m = ——_. 
1 pound 
In Words ( Modeling with a Linear Function 


A constant rate of change involvin — : 
: : If the average rate of change of a function is a constant m, a linear function f 


two variables indicates a linear ; 
eae on , can be used to model the relation between the two variables as follows: 


where b is the value of f at 0; that is, b = f(0). J 


| EXAMPLE 4 | Straight-line Depreciation 


Book value is the value of an asset that a company uses to create its balance sheet. 

Some companies depreciate assets using straight-line depreciation so that the 

value of the asset declines by a fixed amount each year. The amount of the decline 

depends on the useful life that the company assigns to the asset. Suppose a company 

just purchased a fleet of new cars for its sales force at a cost of $31,500 per car. 

The company chooses to depreciate each vehicle using the straight-line method 
$31,500 





over 7 years. This means that each car will depreciate by = $4500 per year. 


(a) Write a linear function that expresses the book value V of each car as a function 
of its age, x, in years. 

(b) Graph the linear function. 

(c) What is the book value of each car after 3 years? 

(d) Interpret the slope. 

(e) When will the book value of each car be $9000? 


Solution (a) If we let V(x) represent the value of each car after x years, then V(0) represents 
the original value of each car,so V(0) = $31,500. The y-intercept of the linear 
function is $31,500. Because each car depreciates by $4500 per year, the slope of 
the linear function is — 4500. The linear function that represents the book value V 





V : 
31,500 of each car after x years is 
27,000 V(x) = —4500x + 31,500 
_ 22,500 
= en (b) Figure 4 shows the graph of V. 
Ss (c) The book value of each car after 3 years is 
3 13,500 
~ “ne V(3) = —4500-3 + 31,500 
4500 = $18,000 
1 2 3 4 5 6 7x ~~ (d) Since the slope of V(x) = —4500x + 31,500 is —4500, the average rate of change 
Age of vehicle (years) of the book value is — $4500/year. So for each additional year that passes, the 
Figure 4 V(x) = —4500x + 31,500 book value of the car decreases by $4500. 


(continued) 
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(e) To find when the book value will be $9000, solve the equation 


V(x) = 9000 
—4500x + 31,500 = 9000 
—4500x = —22,500 Subtract 31,500 from both sides. 
— fo 5 _ Divide by — 4500. 
— 4500 
The car will have a book value of $9000 when it is 5 years old. a) 


emus Now Work PROBLEM 47 


| €XAMPLE5 | Supply and Demand 


The quantity supplied of a good is the amount of a product that a company is willing 
to make available for sale at a given price. The quantity demanded of a good is 
the amount of a product that consumers are willing to purchase at a given price p. 
Suppose that the quantity supplied, S$, and the quantity demanded, D, of smartphones 
each month are given by the following functions: 


S(p) = 15p — 900 
D(p) = —3.75p + 2850 
where p is the price (in dollars) of the smartphone. 


(a) The equilibrium price of a product is defined as the price at which quantity 
supplied equals quantity demanded. That is, the equilibrium price is the price at 
which S(p) = D(p). Find the equilibrium price of smartphones. What is the 
equilibrium quantity, the amount demanded (or supplied) at the equilibrium price? 

(b) Determine the prices for which quantity supplied is greater than quantity 
demanded. That is, solve the inequality S(p) > D(p). 

(c) Graph S$ = S(p) and D = D(p), and label the equilibrium point, the point of 
intersection of S$ and D. 


Solution (a) To find the equilibrium price, solve the equation S(p) = D(p). 
15p — 900 = —3.75p + 2850 S(p) = 15p—900, 


D(p) = —3.75p + 2850 
1DSp == 3,15p 3100 Add 900 to both sides. 
18.75p = 3750 Add 3.75p to both sides. 
p = 200 Divide both sides by 18.75. 


The equilibrium price is $200 per smartphone. To find the equilibrium quantity, 
evaluate either S(p) or D(p) at p = 200. 


$(200) = 15+200 — 900 = 2100 


The equilibrium quantity is 2100 smartphones. At a price of $200 per phone, the 
company will produce and sell 2100 phones each month and have no shortages 
or excess inventory. 


(b) The inequality S(p) > D(p) is 
15p — 900 > —-3.75p + 2850 = S(p) > D(p) 
1p: = 3.799 + 3150 Add 900 to both sides. 
18.75p > 3750 Add 3.75p to both sides. 
p > 200 Divide both sides by 18.75. 


If the company charges more than $200 per phone, quantity supplied will exceed 
quantity demanded. In this case the company will have excess phones in inventory. 
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(c) Figure 5 shows the graphs of S = S(p) and D = D(p) with the equilibrium 





point labeled. 
3,0 
S = S(p) 
3000 
.~ O 
Ss 
Sa Equilibrium point 
25 2000 
a 
ct 
S3 1000 D= Dp) 
200 400 
Price ($) 
Figure 5 Supply and demand functions ail 


ofmmmmmmme-Now Work PROBLEM 41 
3.1 Assess Your Understanding 


‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. Graph y = 3x — 1. (pp. 25-26) 4. Solve: 60x — 900 = —15x + 2850. (pp. A44—-A45) 

2. Find the slope of the line joining the points (2, 5) 5. f(x) = 7.5% + 1d, tind f(—2).(pp.31-53) 
and (—1,3). (pp. 20-21) , 2 _ ; 

4 Hint dhe: averse ine OF hanes oF 1 = 4S. 6. True or False The function f(x) = 3% + 15 is increasing on 
from 2 to 4. (pp. 79-80) the interval (— 00, 00). (pp. 75-76) 


Concepts and Vocabulary 





7. For the graph of the linear function f(x) = mx + b, mis 11. Multiple Choice What is the only type of function that has 
the and b is the a constant average rate of change? 
(a) linear function (b) quadratic function 


8. If the slope m of the graph of a linear function is 
the function is increasing over its domain. (c) step function (d) absolute value function 
12. Multiple Choice A car has 12,500 miles on its odometer. Say 
the car is driven an average of 40 miles per day. Choose the 
model that expresses the number of miles N that will be on 


its odometer after x days. 
(a) N(x) = —40x + 12,500 (b) N(x) = 40x — 12,500 
(c) N(x) = 12,500x + 40 (d) N(x) = 40x + 12,500 


9. True or False The slope of a nonvertical line is the average 
rate of change of the linear function. 








10. True or False The average rate of change of f(x) = 2x + 8 
is 8. 


Skill Building 


In Problems 13-20, a linear function is given. 
(a) Find the slope and y-intercept of each function. 
(b) Use the slope and y-intercept to graph each function. 
(c) What is the average rate of change of each function? 
(d) Determine whether each function is increasing, decreasing, or constant. 


N13. f(x) = 2x + 3 14. o(x) =5x—-4 15. h(x) = -3x + 4 16. p(x) = -x + 6 
17. f(x) = a =5 18. h(x) = -=1 + 4 19. F(x) =4 20. G(x) = -2 


In Problems 21-28, determine whether each function is linear or nonlinear. [f it is linear, determine the slope. 


‘N21. 
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25. 





Applications and Extensions 


29. Suppose that f(x) = 4x — landg(x) = —2x + 5. 34. In parts (a) and (b), use the figure below. 


30. Suppose that f(x) = 3x + Sand g(x) = —2x + 15. 


31. 


32. 


(a) Solve f(x) = 0. (b) Solve f(x) > 0 

(c) Solve f(x) = g(x). (d) Solve f(x) = g(x). 

(e) Graph y = f(x) and y = g(x) and label the point that 
represents the solution to the equation f(x) = g(x). 


(a) Solve f(x) = 0. (b) Solve f(x) < 

(c) Solve f(x) = g(x). (d) Solve f(x) = g(x). 

(e) Graph y = f(x) and y = g(x) and label the point that 
represents the solution to the equation f(x) = g(x). 





y= 9() 


(a) Solve the equation: f(x) = g(x). 








In parts (a)—(f), use the figure below. (b) Solve the inequality: f(x) < g(x). 
y 35. In parts (a) and (b), use the figure below. 
(—40, 0) 
(a) Solve f(x) = 7 (b) Solve f(x) = 80. 
(c) Solve f(x) = (d) Solve f(x) > 50. (0,—5) 
(e) Solve f(x) = 80. (f) SolveO0 < f(x) < 80. 
In parts (a)-(f), use the figure below. (a) Solve the equation: f(x) = g(x). 
= i) r (b) Solve the inequality: g(x) = f(x) < h(x). 
-—< 36. In parts (a) and (b), use the figure below. 
(—15, 60) 
y 
(5, 20) 
(15, 0) 
(a) Solve g(x) = 20. (b) Solve g(x) = 60. 
(c) Solve g(x) = 0. (d) Solve g(x) > 20. 
(e) Solve g(x) = 60. (f) Solve 0 < g(x) < 60. 
33. In parts (a) and (b), use the figure below. (a) Solve the equation: f(x) = g(x). 
y= ft) y 6 (b) Solve the inequality: g(x) < f(x) = h(x). 
y=9 


37. Getting Towed The cost C, in dollars, to tow a car is modeled 
by the function C(x) = 2.5x + 85, where x is the number of 
(—4, 6) miles towed. 
: (a) What is the cost of towing a car 40 miles? 
(b) If the cost of towing a car is $245, how many miles was it 
towed? 

(c) Suppose that you have only $150. What is the maximum 
(a) Solve the equation: f(x) = g(x). number of miles that you can be towed? 
(b) Solve the inequality: f(x) > g(x). (d) What is the domain of C? 





38. 


39. 


40. 


‘AL 


42. 


Phone Charges The monthly cost C, in dollars, for calls from 
the United States to Germany on a certain wireless plan is 
modeled by the function C(x) = 0.26x + 5, where x is the 
number of minutes used. 


(a) What is the cost if you talk on the phone for 50 minutes? 


(b) Suppose that your monthly bill is $21.64. How many 
minutes did you use the phone? 


(c) Suppose that you budget $50 per month for calls to 
Germany. What is the maximum number of minutes that 
you can talk? 


(d) What is the domain of C if there are 30 days in the 
month? 





Forensic Science The relationship between the height H of an 
adult male and the length x of his humerus, in centimeters, can 
be modeled by the linear function H(x) = 2.89x + 78.10. 


(a) If incomplete skeletal remains of an adult male include 
a humerus measuring 371 centimeters, approximate the 
height of this male to the nearest tenth. 





(b) If an adult male is 175.3 centimeters tall, approximate 
the length of his humerus to the nearest tenth. 





Forensic Science The relationship between the height H of 

an adult female and the length x of her femur, in centimeters, 

can be modeled by the linear function H(x) = 2.47x + 54.10. 

(a) Ifincomplete skeletal remains of an adult female include 
a femur measuring 46.8 centimeters, approximate the 
height of this female to the nearest tenth. 





(b) If an adult female is 152.4 centimeters tall, approximate 
the length of her femur to the nearest tenth. 





Supply and Demand Suppose that the quantity supplied S 
and the quantity demanded D of T-shirts at a concert are 
given by the following functions: 


S(p) = —600 + 50p 
D(p) = 1200 — 25p 


where p is the price of a T-shirt. 

(a) Find the equilibrium price for T-shirts at this concert. 
What is the equilibrium quantity? 

(b) Determine the prices for which quantity demanded is 
ereater than quantity supplied. 


(c) What do you think will eventually happen to the price 
of T-shirts if quantity demanded is greater than quantity 
supplied? 

Supply and Demand Suppose that the quantity supplied S 

and the quantity demanded D of hot dogs at a baseball game 

are given by the following functions: 


S(p) = —2000 + 3000p 
D(p) = 10,000 — 1000p 


where p is the price of a hot dog. 

(a) Find the equilibrium price for hot dogs at the baseball 
game. What is the equilibrium quantity? 

(b) Determine the prices for which quantity demanded is 
less than quantity supplied. 


(c) What do you think will eventually happen to the price 
of hot dogs if quantity demanded is less than quantity 
supplied? 
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43. 


44. 


45. 


46. 


48. 
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Taxes The function T(x) = 0.12(x — 9525) + 952.50 
represents the tax bill 7 of a single person whose adjusted 
gross income is x dollars for income over $9525 but not over 
$38,700, in 2018. 


Source: Internal Revenue Service 

(a) What is the domain of this linear function? 

(b) What is a single filer’s tax bill if adjusted gross income 
is $20,000? 

(c) Which variable is independent and which is dependent? 

(d) Graph the linear function over the domain specified in 
part (a). 

(e) What is a single filer’s adjusted gross income if the tax 
bill is $3109.50? 


Competitive Balance Tax Under the 2017-2021 labor 
agreement between Major League Baseball and the players, 
any team whose payroll exceeded $195 million in 2017 had 
to pay a competitive balance tax of 50%. The linear function 
T(p) = 0.50(p — 195) describes the competitive balance 
tax T for a team whose payroll was p (in millions of dollars). 


Source: Major League Baseball 


(a) What is the domain of this linear function? 

(b) What was the competitive balance tax for the New York 
Yankees, whose 2017 payroll was $209.3 million? 

(c) Graph the linear function. 

(d) What was the 2017 payroll for the Los Angeles 
Dodgers who paid a competitive balance tax of 
$24.5 million? 


The point at which a company’s profits equal zero is called 
the company’s break-even point. For Problems 45 and 46, 
let R represent a company’s revenue, let C represent the 
company’s costs, and let x represent the number of units 
produced and sold each day. 
(a) Find the firm’s break-even point; that is, find x so 
that R = C. 
(b) Solve the inequality R(x) > C(x) to find the units that 
represent a profit for the company. 


R(x) = 8x 
C(x) = 4.5x + 17,500 
R(x) = 12x 


C(x) = 10x + 15,000 


. Straight-line Depreciation Suppose that a company has just 


purchased a new computer for $3000. The company chooses 

to depreciate the computer using the straight-line method 

over 3 years. 

(a) Write a linear model that expresses the book value V of 
the computer as a function of its age x. 

(b) What is the domain of the function found in part (a)? 

(c) Graph the linear function. 

(d) What is the book value of the computer after 2 years? 

(e) When will the computer have a book value of $2000? 


Straight-line Depreciation Suppose that a company has 

just purchased a new machine for its manufacturing facility 

for $120,000. The company chooses to depreciate the 

machine using the straight-line method over 10 years. 

(a) Write a linear model that expresses the book value V of 
the machine as a function of its age x. 

(b) What is the domain of the function found in part (a)? 

(c) Graph the linear function. 

(d) What is the book value of the machine after 4 years? 

(e) When will the machine have a book value of $72,000? 
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49. 


50. 


51. 


52, 
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Cost Function The simplest cost function C is a linear 

cost function, C(x) = mx + b, where the y-intercept b 

represents the fixed costs of operating a business and the 

slope m represents the cost of each item produced. Suppose 

that a small bicycle manufacturer has daily fixed costs 

of $1800, and each bicycle costs $90 to manufacture. 

(a) Write a linear model that expresses the cost C of 
manufacturing x bicycles in a day. 

(b) Graph the model. 

(c) What is the cost of manufacturing 14 bicycles in a day? 

(d) How many bicycles could be manufactured for $3780? 


Cost Function Refer to Problem 49. Suppose that the 

landlord of the building increases the bicycle manufacturer’s 

rent by $100 per month. 

(a) Assuming that the manufacturer is open for business 
20 days per month, what are the new daily fixed costs? 

(b) Write a linear model that expresses the cost C 
of manufacturing x bicycles in a day with the higher 
rent. 

(c) Graph the model. 

(d) What is the cost of manufacturing 14 bicycles in a day? 

(e) How many bicycles can be manufactured for $3780? 


Hooke’s Law According to Hooke’s Law, a linear 

relationship exists between the distance that a spring 

stretches and the force stretching it. Suppose a weight 

of 0.5 kilograms causes a spring to stretch 2.75 centimeters 

and a weight of 1.2 kilograms causes the same spring to 

stretch 6.6 centimeters. 

(a) Find a linear model that relates the distance d of the 
stretch and the weight w. 

(b) What stretch is caused by a weight of 2.4 kilograms? 

(c) What weight causes a stretch of 19.8 centimeters? 


Hooke’s Law The distance d between the bottom of a 
suspended spring and a countertop is a linear function of 
the weight w attached to the bottom of the spring. The 
bottom of the spring is 9 inches from the countertop when 


Explaining Concepts: Discussion and Writing 


55. Which functions might have the graph shown? (More than 


one answer is possible.) 


(a) f(x) = 2x -7 y 
(b) g(x) = -—3x + 4 
(ce) H(x) =5 


(d) F(x) =3x+4 


(e) G(x) = a ) 


50; 
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the attached weight is 1.5 pounds and 5 inches from the 

countertop when the attached weight is 2.5 pounds. 

(a) Find a linear model that relates the distance d from the 
countertop and the weight w. 

(b) Find the distance between the bottom of the spring and 
the countertop if no weight is attached. 

(c) What is the smallest weight that will make the bottom of 
the spring reach the countertop? (Ignore the thickness of 
the weight.) 


Challenge Problem Temperature Conversion The linear 
: 2 ; 
function F(C) = 5 C + 32 converts degrees Celsius to degrees 


Fahrenheit, and the linear function R(F) = F + 459.67 
converts degrees Fahrenheit to degrees Rankine. Find 
a linear function that converts degrees Rankine to 
degrees Celsius. 


Mixed Practice Building a Linear Model from Data The 
following data represent the various combinations of soda and 
hot dogs that Yolanda can buy at a baseball game with $60. 


Soda, s Hot Dogs, h 
20 0 





3 
6 
S, 


(a) Plot the ordered pairs (s, 4) in a Cartesian plane. 

(b) Show that the number / of hot dogs purchased is a linear 
function of the number s of sodas purchased. 

(c) Determine the linear function that describes the relation 
between s and h. 

(d) What is the domain of the linear function? 

(e) Graph the linear function in the Cartesian plane drawn 
in part (a). 

(f) Interpret the slope. 

(g) Interpret the intercepts. 








56. Which functions might have the graph shown? (More than 


one answer is possible.) 


(a) f(x) =3x4+1 y 

(b) g(x) = -2x + 3 

(c) H(x) =3 

(d) F(x) = —4x - 1 > 


(e) G(x) = - 5x +3 





57. Under what circumstances is a linear function f(x) = mx + b odd? Cana linear function ever be even? 


58. Explain how the graph of f(x) = mx + bcan be used to solve mx + b > 0. 
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Retain Your Knowledge - 


Problems 59-68 are based on material learned earlier in the course. The purpose of these problems is to keep the material fresh in your 
mind so that you are better prepared for the final exam. 





59. Graph x* — 4x + y? + 10y -7 = 0. 65. Find the x-intercept(s) and y-intercepts(s) of the 
4B graph of 4x7 + 9y = 72. 
60. If f(x) = —=3 and f(5) = 8, what is the value of B? | | Je +2 
66. Find the domain of f(x) = ———. 
61. Find the average rate of change of f(x) = 3x” — 5x x— 4 
from 1 to 3. EX 67. Suppose f(x) = x” — 3x + 7. Find an equation of the 
2 fp secant line containing the points (—1, f(—1) ) 
62. Graph g(x) = and:( 2, 7.2) ). 
me) ad if > 0 aie ae 
is 68. Use a graphing utility to graph f(x) = x — 8x* + 13x — 2 
In Problems 63-64, complete the square for each quadratic ; 
i over the interval [—2, 8]. Then, approximate any local 
function. 5 a ’ 
: maximum values and local minimum values, and determine 
63. f(x) =x — 10x +7 where f is increasing and where f is decreasing. Round 
64. g(x) = 3x* + 15x + 13 answers to two decimal places. 


‘Are You Prepared?’ Answers 


1. y 2. 4. {50} 5. 0 6. True 


WIN 
Ye 
| 
A 


3.2 Building Linear Models from Data 


PREPARING FOR THIS SECTION Before getting started, review the following: 


e Rectangular Coordinates (Section 1.1, pp. 2-3) e Lines (Section 1.3, pp. 20-31) 
e Functions (Section 2.1, pp. 47-57) 


™% Now Work the ‘Are You Prepared?’ problems on page 139. 
OBJECTIVES 1 Draw and Interpret Scatter Plots (p. 135) 
2 Distinguish between Linear and Nonlinear Relations (p. 136) 
re 3 Use a Graphing Utility to Find the Line of Best Fit (p. 138) 





1 Draw and Interpret Scatter Plots 


In Section 3.1, we built linear models from verbal descriptions. Linear models can also 
be constructed by fitting a linear function to data that can be represented as ordered 
pairs. The first step is to plot the ordered pairs using rectangular coordinates. The 
resulting graph is a scatter plot. 


| EXAMPLE 1 | Drawing and Interpreting a Scatter Plot 


In baseball, the on-base percentage for a team represents the percentage of time that 
the players safely reach base. The data given in Table 6 on the next page represent 
the number of runs scored y and the on-base percentage x for teams in the National 
League during the 2017 regular baseball season. 


(a) Draw a scatter plot of the data, treating on-base percentage as the independent 
variable. 

(b) Use a graphing utility to draw a scatter plot. 

(c) Describe what happens to runs scored as the on-base percentage increases. 
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Table 6 


On-Base Runs 
Percentage, x Scored, y (x, y) 


Arizona (32.9, 812) 
Atlanta (3276) 732} 
Chicago Cubs (33.8, 822) 
Cincinnati (32.977 53) 
Colorado (33.8, 824) 
LA Dodgers (S374,977.0) 
Miami (Soule) 
Milwaukee (32.2, 732) 
NY Mets (32.0, 735) 
Philadelphia (31:5; 690) 
Pittsburgh (31.8, 668) 
San Diego (29.9, 604) 
San Francisco (30:9) 639) 
St. Louis (33.4, 761) 
Washington (33227019) 





Source: espn.com 


Solution (a) To draw a scatter plot, plot the ordered pairs listed in Table 6, with the on-base 
percentage as the x-coordinate and the runs scored as the y-coordinate. See 
Figure 6(a). Notice that the points in the scatter plot are not connected. 


Re (b) Figure 6(b) shows a scatter plot using a TI-84 Plus C graphing calculator. 


~~ (c) The scatter plots show that as the on-base percentage increases, the number of 
runs scored also increases. 


Runs Scored versus On-base Percentage 





s 
jo) 
79) 
& 
0 Xx 
295 30.0 305 310° 31.5: 320 325 33:0 33.5. 34.0 
On-base Percentage 
Figure 6 (a) (b) TI-84 Plus C 


ommum=m==-Now Work PROBLEM 11(a) 


2 Distinguish between Linear and Nonlinear Relations 


Notice that the points in Figure 6 do not follow a perfect linear relation. However, 
the data exhibit a linear pattern. There are numerous possible explanations why 
the data are not perfectly linear, but one easy explanation is the fact that other 
variables besides on-base percentage (such as number of home runs hit) play a role 
in determining runs scored. 

Scatter plots are used to help us to see the type of relation that exists between 
two variables. In this text, we discuss a variety of different relations that may exist 
between two variables. For now, we concentrate on distinguishing between linear and 
nonlinear relations. See Figure 7 
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(a) Linear (b) Linear (c) Nonlinear (d) Nonlinear (e) Nonlinear 


y=m+b,m>0 y=m+b,m<0 
Figure 7 


| EXAMPLE 2 | Distinguishing between Linear and Nonlinear Relations 


Determine whether the relation between the two variables in each scatter plot in 
Figure 8 is linear or nonlinear. 





(a) (b) (c) (d) 


Figure 8 


Solution (a) Linear (b) Nonlinear (c) Nonlinear (d) Nonlinear 


J 


ovpmummmmmen- Now Work PROBLEM 5 


i Suppose that the scatter plot of a set of data indicate a linear relationship, as in 

tue Figure 7(a) or (b). We might want to model the data by finding an equation of a line 
that relates the two variables. One way to obtain a model for such data is to draw a 

line through two points on the scatter plot and determine an equation of the line. 


| €XAMPLE3 | Finding a Model for Linearly Related Data 


Use the data in Table 6 from Example 1. 





(a) Select two points and find an equation of the line containing the points. 
(b) Graph the line on the scatter plot obtained in Example 1(a). 


Solution (a) Select two points, say (31.5, 690) and (33.1, 778). The slope of the line joining the 
points (31.5, 690) and (33.1, 778) is 


_ 718-690 _ 88 _ .. 
a. 5 =e.) 6s 


An equation of the line with slope 55 and containing the point (31.5, 690) is found 
using the point-slope form with m = 55, x, = 31.5, and y; = 690. 
y-y,=m(x-—x,)  Point-slope form of a line 
y — 690 = 55(x — 31.5) x, = 31.5, y, = 690,m = 55 
y= 6090 = 55% — 17325 


y = 55x — 1042.5 The model ; 
(continued) 
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(b) Figure 9 shows the scatter plot with the graph of the line found in part (a). 


Runs Scored versus On-base Percentage 
y in the National League, 2017 





0 595 30.0 30.5 31.0 315 320 325 33.0 335 340% 
On-base Percentage 


Figure9 y = 55x — 1042.5 


2 


cmmmmm===- Select two other points and complete the solution. Graph the line on the 
scatter plot obtained in Figure 6. 


enmmmms- NOW Work PROBLEMS 11(bD) AND (c) 


AE 3 Use a Graphing Utility to Find the Line of Best Fit 


The model obtained in Example 3 depends on the selection of points, which varies 
from person to person. So, the model that we found might be different from the model 
you found. Although the model in Example 3 appears to fit the data well, there may 
be a model that “fits them better.” Do you think your model fits the data better? Is 
there a line of best fit? As it turns out, there is a method for finding a model that best 
fits linearly related data (called the line of best fit).* 


| EXAMPLE 4 © Finding the Line of Best Fit for Linearly Related Data 


Use the data in Table 6 from Example 1. 


(a) Use a graphing utility to find the line of best fit that models the relation between 
on-base percentage and runs scored. 


(b) Graph the line of best fit on the scatter plot obtained in Example 1(b). 
(c) Interpret the slope. 


(d) Use the line of best fit to predict the number of runs a team will score if their 
on-base percentage is 32.2. 


Solution (a) Graphing utilities contain built-in programs that find the line of best fit for a 
collection of points in a scatter plot. Executing the LINear REGression program 








pndoie Grit ninet nit amici i] on a TI-84 Plus C provides the results shown in Figure 10. This output shows the 
: equation y = ax + b, where ais the slope of the line and b is the y-intercept. The 
y=axt ; : 
a=57. 34554128 line of best fit that relates on-base percentage to runs scored may be expressed 
b=-1120. 747788 as the line 
r2=, 882277341 
(Hs ISIZIGL IAD y = 57.35x — 1120.75. The model 





* We do not discuss the underlying mathematics of lines of best fit in this text. 


Figure 10 Linear Regression 


NORMAL FLOAT AUTO REAL RADIAN HP fi 





29.5» 


Figure11 y = 57.35x — 1120.75 





975 
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(b) Figure 11 shows the graph of the line of best fit, along with the scatter plot. 


(c) The slope of the line of best fit is 5735, which means that, for every 1 percent 
increase in the on-base percentage, runs scored increase by 5735, on average. 


(d) Letting x = 32.2 in the equation of the line of best fit, we obtain 


y = 57.35+32.2 — 1120.75 ~ 726 runs = 


ommmmmmns- NOW Work PROBLEMS 11(d) AND (f) 


Does the line of best fit appear to be a good fit? In other words, does it appear 
to accurately describe the relation between on-base percentage and runs scored? 

And just how “good” is this line of best fit? Look again at Figure 10. The last line 
of output is r = 0.939. This number, called the correlation coefficient,7,—1 < r < 1, 
is a measure of the strength of the linear relation that exists between two variables. 
The closer |r| is to 1, the more nearly perfect the linear relationship is. If r is close 
to O, there is little or no linear relationship between the variables. A negative value 
of r, r < O, indicates that as x increases, y decreases; a positive value of r,r > 0, 
indicates that as x increases, y does also. The data given in Table 6, which have a 
correlation coefficient of 0.939, indicate a linear relationship with positive slope. 


3.2 Assess Your Understanding 


‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. Plot the points (1, 5), (2, 6), (3, 9), (1, 12) in the Cartesian 2. Find an equation of the line containing the points (1, 4) 
plane. Is the relation {(1, 5), (2, 6), (3, 9), (1, 12)} a function? and (3, 8). (p. 27) 


Concepts and Vocabulary 


3. 


Why? (pp. 2 and 47-51) 


A ____________ is used to help us to see what type of 4. True or False The correlation coefficient is a measure of the 


relation, if any, may exist between two variables. 


Skill Building 


In Problems 5-10, examine each scatter plot and determine whether the relation is linear or nonlinear. 


N 5. 
Va 


35 
30 
20 
20 
15 
10 

0 





0 5 10152025303540 xX 


strength of a linear relation between two variables and must 
lie between —1 and 1, inclusive. 


7 te eh ee fl 





02 4 6 8 10121416 x 
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In Problems 11-16: 
(a) Draw a scatter plot. 
(b) Select two points from the scatter plot, and find an equation of the line containing the points selected. 
(c) Graph the line found in part (b) on the scatter plot. 


(d) Use a graphing utility to find the line of best fit. 
(e) What is the correlation coefficient r? 


Q, Da ae ee ie fl 


10. Ginwe 





FLOAT AUTO REAL RADIAN HP fl 


(f) Use a graphing utility to draw the scatter plot and graph the line of best fit on it. 


\ 11. 


14. 


Applications and Extensions 


17. Candy The following data represent the weight (in grams) 





of various candy bars and the corresponding number of 
calories. 


ries, y 
0 


Hershey’s Milk Chocolate® 44.28 
Nestle’s Crunch® 44.84 
61.30 
66.45 
47.33 
58.00 
Snickers® 61.12 280 
Heath® Sone 210 


Source: Megan Pocius, student at Joliet Junior College 


23 
230 
270 
280 
220 
280 


Butterfinger® 
Baby Ruth® 
Almond Joy® 


Twix® (with caramel) 


(a) Draw a scatter plot of the data, treating weight as the 
independent variable. 

(b) What type of relation appears to exist between the 
weight of a candy bar and the number of calories? 

(c) Select two points and find a linear model that contains 
the points. 

(d) Graph the line on the scatter plot drawn in part (a). 

(e) Use the linear model to predict the number of calories 
in a candy bar that weighs 62.3 grams. 

(f) Interpret the slope of the line found in part (c). 





Ms 4 5 & 7 8 ¢ LD.) [eee Lb. |, |e 
y|4 6 7 10 12 14 16 y |onenCENCEET yl-4 0 1 4 5 
x |= eo ee Lb.) . oe peso 16. | ¥]-30 -27 —25 —20 -14 
y =e y {100 120 118 130 140 y| 10 12 13 #13 ~=«18 


18. Tornadoes The following data represent the width (in yards) 
and length (in miles) of various tornadoes. 


<= | Width (yards), w Length (miles), L 





200 
350 
180 
300 
500 
400 
500 
3800 
100 
50 
700 
600 
Source: NOAA 


(a) Draw a scatter plot of the data, treating width as the 
independent variable. 

(b) What type of relation appears to exist between the 
width and the length of tornadoes? 

(c) Select two points and find a linear model that contains 
the points. 

(d) Graph the line on the scatter plot drawn in part (a). 


2.5 
4.8 
2.0 
225 
5.8 
4.5 
8.0 
8.0 
3.4 
0.5 
2:0 
Di7 


(e) Use the linear model to predict the length of a tornado 
that has a width of 450 yards. 
(f) Interpret the slope of the line found in part (c). 





19. 





20. 


Video Games and Grade-Point Average Professor Grant 
Alexander wanted to find a linear model that relates the 
number / of hours a student plays video games each week 
to the cumulative grade-point average G of the student. He 
randomly selected 10 full-time students at his college and 
asked each student to disclose the number of hours spent 
playing video games and the student’s cumulative grade- 
point average. 


Grade-point 
Average, G 


Hours of Video Games 
per Week, h 





0 
0 
2 
3 
3 
5 
8 
8 
0 
2 


—_ om 


(a) Explain why the number of hours spent playing video 
games is the independent variable and cumulative 
grade-point average is the dependent variable. 

(b) Use a graphing utility to draw a scatter plot. 

(c) Use a graphing utility to find the line of best fit that 
models the relation between number of hours of video 
game playing each week and grade-point average. 
Express the model using function notation. 

(d) Interpret the slope of the line of best fit. 

(e) Predict the grade-point average of a student who plays 
video games for 8 hours each week. 

(f) How many hours of video game playing do you think a 
student plays whose grade-point average is 2.40? 








Hurricanes The data at the top of the next column represent the 
atmospheric pressure p (in millibars) and the wind speed w 
(in knots) measured during various tropical systems in the 
Atlantic Ocean. 

(a) Use a graphing utility to draw a scatter plot of the 
data, treating atmospheric pressure as the independent 
variable. 

(b) Use a graphing utility to find the line of best fit that 
models the relation between atmospheric pressure 
and wind speed. Express the model using function 
notation. 

(c) Interpret the slope. 

(d) Predict the wind speed of a tropical storm if the atmospheric 
pressure measures 990 millibars. 

(e) What is the atmospheric pressure of a hurricane if the 
wind speed is 85 knots? 
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Wind Speed 
(knots), w 


Atmospheric Pressure 
(millibars), p 





Source: National Hurricane Center 


21. Maternal Age versus Down Syndrome A biologist would 


like to know how the age of the mother affects the incidence 
of Down syndrome. The following data represent the age 
of the mother and the incidence of Down syndrome 
per 1000 pregnancies. Draw a scatter plot treating age of the 
mother as the independent variable. Would it make sense to 
find the line of best fit for these data? Why or why not? 


Rem ay. 
BR a BR 
aor ts 
eee ae 
ij tone 
Lae 2 re 
J f 


Age of Mother, x 





Incidence of Down 
Syndrome, y 





Source: Hook, E.B., Journal of the American 
Medical Association, 249, 2034-2038, 1983. 
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22. U.S. Advertising The following data represent the 
percentages of U.S. advertising spending for Internet ads, n, 
and magazine ads, m, over time. 





Internet, n Magazine, m 





Source: Marketing Fact Pack 2018. The Ad Age 
Datacenter, 12/18/2017 


Explaining Concepts: Discussion and Writing 


23. Find the line of best fit for the ordered pairs (1, 5) 
and (3,8). What is the correlation coefficient for these data? 
Why is this result reasonable? 


24. What does a correlation coefficient of 0 imply? 


‘Retain Your Knowledge 


(a) Draw a scatter plot of the data, treating percentage of 
spending on Internet ads as the independent variable. 
Does the relation appear to be linear? 

“| (b) Use a graphing utility to find the line of best fit that 
models the relation between the percentages of 
spending on Internet ads and magazine ads. Express 
the model using function notation. 

(c) What is the correlation coefficient? Does the 
correlation coefficient support your conclusion from 
part (a)? 

(d) Interpret the slope of the line of best fit. 

(e) What is the domain of the function? 

(f) Predict the percentage of spending on magazine 
ads when Internet ads account for 26.0% of ad 
spending. 





25. Explain why it does not make sense to interpret 
the y-intercept in Problem 17. 


26. Refer to Problem 19. Solve G(h) = 0 and provide an 
interpretation of this result. Find G(0) and provide an 
interpretation of this result. 


Problems 27-36 are based on material learned earlier in the course. The purpose of these problems is to keep the material fresh in your 


mind so that you are better prepared for the final exam. 


27. Find an equation for the line containing the points (—1, 5) 
and (3, —3). Write the equation using either the general 
form or the slope-intercept form, whichever you prefer. 

5 eee! 

x? — 25 

29. For f(x) = 5x — 8and g(x) =x*-—3x +4, 
find (g — f) (x). 

30. Find a function whose graph is the graph of y = x’, but 
shifted to the left 3 units and shifted down 4 units. 


31. Solve: x? — 4x = 3 





28. Find the domain of f(x) = 


‘Are You Prepared?’ Answers 


1. Not a function because the 
input, 1, corresponds to two 


different outputs. 





JX 35. Rationalize the numerator: 


AX 36. Write 


32. Solve. Write the answer in interval notation. 


SCX 7). = 6% 2 10 — 3 9) ; 


33. Determine algebraically whether the function f(x) = <a 
= 25 


is even, odd, or neither. 


34. Find the x-intercept(s) and y-intercept(s) of the graph 


of 3x — 8y = 6. 

62 Ve 1 

2ST 2 -1x #35 
cote) 

4x 1/2 

a  ol2 ee) aS 2, os wsinele 
(2+x)" 
quotient in which only positive exponents appear. 


2 y=2x+2 
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3.3 Quadratic Functions and Their Properties 


PREPARING FOR THIS SECTION Before getting started, review the following: 


e Intercepts (Section 1.2, pp. 12-13) ¢ Completing the Square (Section A.3, p. A29; 
e¢ Graphing Techniques: Transformations (Section 2.5, Section A.6, Example 6, pp. A48—-A49) 
pp. 98-107) e Quadratic Equations (Section A.6, pp. A47—A51) 


\ Now Work the ‘Are You Prepared?’ problems on page 152. 


OBJECTIVES 1 Graph a Quadratic Function Using Transformations (p. 144) 
2 Identify the Vertex and Axis of Symmetry of a Parabola (p. 146) 


3 Graph a Quadratic Function Using Its Vertex, Axis, and 
Intercepts (p. 147) 


4 Find a Quadratic Function Given Its Vertex and One Other Point (p. 150) 
5 Find the Maximum or Minimum Value of a Quadratic Function (p. 150) 





Quadratic Functions 


Here are some examples of quadratic functions. 


1 2 
f(x) =x? F(x) = 3x? -5x +1 g(x) = -6x7+1 A(x) = se F 3% 


C DEFINITION Quadratic Function 


A quadratic function is a function of the form 


f(x) = ax’? +bx+c | 


where a, b, and c are real numbers and a ¥ O. The domain of a quadratic 


function is the set of all real numbers. J) 
In Words . Many applications require a knowledge of quadratic functions. For example, 
A quadratic function is a function suppose that Texas Instruments collects the data shown in Table 7, which relate the 


defined by a second-degree | number of calculators sold to the price p (in dollars) per calculator. Since the price 

polynomial in one variable. P of a product determines the quantity that will be purchased, we treat price as the 
independent variable. The relationship between the number x of calculators sold and 
the price p per calculator is given by the linear equation 


x= 21,000 — 150p 


Table 7 5 Price p per Calculator, Number of 
(in dollars) Calculators, x 


12,000 
pZoe 


10,500 
5750 
9,000 
8,250 
72500 
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Figure 13. Path of a cannonball 


Then the revenue R derived from selling x calculators at the price p per calculator 
is equal to the unit selling price p of the calculator times the number x of units 
actually sold. That 1s, 


R= xp 
R(p) 


(21,000 — 150p)p x = 21,000 — 150p 
= —150p” + 21,000p 


So the revenue R is a quadratic function of the price p. Figure 12 illustrates the graph 
of this revenue function, whose domain is 0 = p = 140, since both x and p must be 
nonnegative. 


Revenue (dollars) 





= 
0 14 28 42 56 70 84 98 112 126 140 p 
Price per calculator (dollars) 


Figure12 R(p) = —150p* + 21,000p 


A quadratic function also models the motion of a projectile. Based on Newton’s 
Second Law of Motion (force equals mass times acceleration, F = ma), it can be 
shown that, ignoring air resistance, the path of a projectile propelled upward at an 
inclination to the horizontal is the graph of a quadratic function. See Figure 13 for 
an illustration. 


1 Graph a Quadratic Function Using Transformations 


Figure 14 shows the graph of three functions of the form f(x) = ax’,a > 0, 
1 
fora=1l,a= 5 and a = 3. Figure 15 shows the graphs of f(x) = ax’ for a < 0. 


Notice that these graphs are reflections about the x-axis of the graphs in Figure 14. 
The graphs in Figures 14 and 15 are typical of the graphs of all quadratic functions, 
which are called parabolas. 





Figurel4 y= ax‘a>0 Figure15 y = ax‘a <0 
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Axis of Vertex is Two conclusions can be drawn about the graph of f(x) = ax’. 
symmetry highest point 
e As |a| increases, the graph is vertically stretched (becomes “taller”), and as |a| 
gets closer to zero, the graph is vertically compressed (becomes “‘shorter”). 
e Ifa > 0,the graph opens “up,” and if a < 0, the graph opens “down.” 
Refer to Figure 16, where two parabolas are pictured. 
LX e The parabola on the left opens up. We describe this by saying the graph is 
Vertex is Axis of concave up. Notice that the graph has a lowest point, where there is an absolute 
lowest point symmetry - 
minimum. 
a) Concave u b) Concave down : : 
2 oi : si a xX e The parabola on the right opens down. We describe this by saying the graph is 
. . mas concave down. Notice the graph has a highest point, where there is an absolute 
Figure 16 Graphs of a ae 
a quadratic function, 
f(x) = ax* + bx+Ga#40 The lowest or highest point of a parabola is called the vertex. The vertical line 


ee ee 


passing through the vertex in each parabola is called the axis of symmetry (usually 
abbreviated to axis) of the parabola. The axis of a parabola can be used to find 
additional points on the parabola. 

The parabolas shown in Figure 16 are the graphs of a quadratic 
function f(x) = ax? + bx + c,a # 0. Notice that the coordinate axes are not 
included in the figure. Depending on the numbers a, b, and c, the axes could be placed 
anywhere. The important fact is that the shape of the graph of a quadratic function 
will look like one of the parabolas in Figure 16. 

In the following example, techniques from Section 2.5 are used to graph a 
quadratic function f(x) = ax* + bx + c,a # 0. The method of completing the 
square is used to write the function fin the form f(x) = a(x — h)* + k. 


| €XAMPLE1 | Graphing a Quadratic Function Using Transformations 


Graph the function f(x) = 2x* + 8x + 5. Find the vertex and axis of symmetry. 


Solution Recall that to complete the square, the coefficient of x? must equal 1. So we factor 
out 2 on the right-hand side. 


Need To Review? f(x) = 2x* + 8x + 5 

Completing the square is = _ 7 . 
HCeICouITASECHORNAS. = 2(x° + 4x) +5 Factor out the 2 from 2x* + 8x. 

p. A29, and Section A.6, = 2(x? + 4x + 4) + 5 — 8 Complete the square of x? + 4x by 
pp. A48-A49. adding 4. Notice that the factor of 2 





— 2 —- 
2(x + 2) 3 requires that 8 be added and subtracted. 


The graph of f can be obtained from the graph of y = x* using transformations as 


shown in Figure 17 Now compare this graph to the graph in Figure 16(a). The graph 
of f(x) = 2x* + 8x + 5 isa parabola that is concave up and has its vertex (lowest 
point) at (—2, —3). Its axis of symmetry is the line x = —2. 








yi 
9 MM 


y Axisof Y 
3 symmetry 3 
X= =2 





(= 35:1) 
~3 —3 ~3 

Replace x Multiply Subtract 3; Vertex 

by x + 2; by 2; Shiftdown (—2, —3) 

Shift left Vertical 3 units. 

a9 - 2 = 2 -_ —_ 
(a) y=x 9 units, (b) Y= (X42) rete KO) Y= 2K 4 2) (d) y=2(x+2)?-3 
Figure 17 _J 
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The method used in Example 1 can be used to graph any quadratic 
function f(x) = ax? + bx + c,a # 0,as follows: 


f(x) = ax? + bx +c 


b 
= a + 2x aC Factor out a from ax” + bx. 
a 
b? b? b? 
= (e + te) *) + c—a+—> Complete the square by adding — in the 
4a’ 4a’ 4a 2 
5 \2 42 parentheses, and subtracting a- Age 
= a(x I >) a ae Factor; simplify. 7 
2a 4a 
( b ) 4dac — b* b? 4a b&  4ac — b? 
=alxt+e—a] + ——=> i 
4a 4a Aa 4a 4a 


These results lead to the following conclusion: 


( DEFINITION Vertex Form of a Quadratic Function 


Suppose fis the quadratic function f(x) = ax* + bx + c. If fis written as 
f(x) = a(x — h)* +k (1) 


b Ne 
where h = —— and k= a then the quadratic function f is in 


vertex form. t 4a J 


The graph of f(x) =a(x —h)? +k is the parabola y = ax’ shifted 
horizontally h units (replace x by x — h) and vertically k units (add k). The vertex of the 
parabola is (h, k), and the function is concave up ifa > Oandis concave downifa < 0. 
The axis of symmetry is the vertical line x = h. 

For example, compare equation (1) with the solution given in Example 1. 


f(x) =2(x + 2)*-3 
ie me) ae Ga) 
ft ft ft 
=e5 Ao + £ 


Because a = 2, the graph is concave up. Also, because h = —2andk = —3, its vertex 
is (—2, —3), the lowest point on the graph. 


2 Identify the Vertex and Axis of Symmetry of a Parabola 


We do not need to complete the square to identify the vertex of a parabola. It 


; ; b 
usually easier to obtain the vertex by remembering that its x-coordinate ish = — aA 
a 


b b 
The y-coordinate k is then found by evaluating fat — A That is,k = f (- >.) 


(Eipropenies of the Graph of a Quadratic Function (a Parabola) 
f(x) = ax’? +bxt+c a #0 


® Vertex = (- = r(- 7) | 


e Axis of symmetry: the vertical line x = — os 
a 


e A parabola is concave up if a > 0; the vertex is the minimum point. 


A parabola is concave down if a < 0; the vertex is the maximum point. J 
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| EXAMPLE 2 © Locating the Vertex of a Parabola without Graphing 


Without graphing, locate the vertex and axis of symmetry of the parabola defined 
by f(x) = —3x* + 6x + 1. Is it concave up or concave down? 


Solution — For this quadratic function, a = —3,b = 6, andc = 1. 


The x-coordinate of the vertex is 
b 6 
h = i ee Ss — = 1 
2a 23) 


The y-coordinate of the vertex is 





«= 7-2) =f(1)=-3-P +6-14+1=4 


The vertex is located at the point (1, 4). The axis of symmetry is the line x = 1. 
Because a = —3 < 0, the parabola is concave down. _J 


ovum NOW Work PROBLEM 43(a) 


3 Graph a Quadratic Function Using Its Vertex, Axis, 
and Intercepts 


The location of the vertex and intercepts, along with knowledge of whether 
the graph is concave up or concave down, is usually enough information to 


graph f(x) = ax? + bx + c,a ¥ 0. 
e The y-intercept is the value of fat x = 0; that is, the y-intercept is f(0) = c. 
e The x-intercepts, if there are any, are found by solving the quadratic equation 
ax’ + bx +c =0 
A quadratic equation has two, one, or no real solutions, depending on whether the 
discriminant b* — 4ac is positive, 0, or negative. 


( the x-Intercepts of a Quadratic Function 


e If the discriminant b” — 4ac > 0, the graph of f(x) = ax? + bx + c has 
two distinct x-intercepts so it crosses the x-axis in two places. 


e If the discriminant b” — 4ac = 0, the graph of f(x) = ax’ + bx + c has 
one x-intercept so it touches the x-axis at its vertex. 


e If the discriminant b” — 4ac < 0, the graph of f(x) = ax’ + bx + c has 
no x-intercepts so it does not cross or touch the x-axis. J 


Figure 18 illustrates these possibilities for parabolas that are concave up. 





Axis of symmetry Axis of symmetry Axis of symmetry 
xX=-— y= _ 5 x=-—— 
2a 2a 2a 
y y y 
x-intercept ee x-intercept a x-intercept b a b b . 
(-2.0)  (-ag:f(-aq)) 
b b 
(-a 3 f (753) 
(a) b?-4ac>0 (b) b*-4ac=0 (c) b2-4ac<0 


Figure 18 | | 
io = ax¢ + bx+ca>0 Two x-intercepts One x-intercept No x-intercepts 
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| EXAMPLE 3 ~ Graphing a Quadratic Function Using Its Vertex, Axis, and Intercepts 


(a) Graph f(x) = —x? + 6x — 5 by determining whether the graph is concave up 
or down and by finding its vertex, axis of symmetry, y-intercept, and x-intercepts, 
if any. 


(b) Find the domain and the range of f. 
(c) Determine where fis increasing and where it is decreasing. 
(d) Determine where f(x) > 0 and where f(x) < 0. 


Solution (a) For f(x) = —x* + 6x — 5,a = -1,b = 6,andc = —5. Because a = —1 < 0, 
the parabola is concave down. The x-coordinate of the vertex is 


__b_ 6 _, 
2a 2-1) 
The y-coordinate of the vertex is 
Axis of symmetry k = f(3) = -3°+6:3-5=-9+18-5=4 


y x=3 


The vertex is (3,4). The axis of symmetry is x = 3. The y-intercept is f(0) = —5. 
The x-intercepts are found by solving f(x) = 0. This results in the 
equation —x* + 6x — 5 = 0, which we solve by factoring: 
—x° + 6x —-5=0 
=e = 1) D) a) Factor. 
x-1=0 or x-5=0 Use the Zero-Product Property. 
x=1 or x=5 


The x-intercepts are 1 and 5. 





See Figure 19. Notice that we used the y-intercept and the axis of 

Figure 19 f(x) = —x° + 6x—5 symmetry, x = 3, to obtain the additional point (6, —5) on the graph. 

(b) The domain of fis the set of all real numbers. Based on the graph, the range of f 
is the interval (— 00, 4]. 

(c) The function f is increasing on the interval (—°co,3] and decreasing on the 
interval [3, —©o). 

(d) Note that f(x) > 0 where the graph of f is above the x-axis, and f(x) < 0 


where the graph of fis below the x-axis. So, f(x) > 0 on the interval (1,5) or 
forl <x < 5,and f(x) < 0on (—~,1) U (5,0) orforx<1,x>5. _J 


oumeme- Graph the function in Example 3 by completing the square and using 
transformations. Which method do you prefer? 


emmummms-NOwW Work PROBLEMS 27 AND 43 (b)-(f) 


If the graph of a quadratic function has only one x-intercept or no x-intercepts, 
it is usually necessary to plot an additional point to obtain the graph. 


| EXAMPLE 4 | Graphing a Quadratic Function Using Its Vertex, Axis, and Intercepts 


(a) Graph f(x) =x? —6x +9 by determining whether the parabola is 
concave up or concave down and by finding its vertex, axis of symmetry, y-intercept, 
and x-intercepts, if any. 

(b) Find the domain and the range of f 

(c) Determine where fis increasing and where it is decreasing. 

(d) Determine where f(x) > 0 and where f(x) < 0. 


Solution (a) For f(x) = x* — 6x + 9,a = 1,b = —6, and c = 9. Because a = 1 > 0, the 
parabola is concave up. The x-coordinate of the vertex is 


Axis of symmetry 
y x=3 
(0, 9) (6, 9) 
6 
3 (b) 


(c) 





— 


Figure 20 f(x) = x* —-6x+9 (d 
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The y-coordinate of the vertex is 
k =f(3) =3* -6-3+9=0 


The vertex is (3, 0). The axis of symmetry is the line x = 3. The y-intercept 
is f(0) = 9. Since the vertex (3, 0) lies on the x-axis, the graph touches the x-axis 
at the x-intercept. By using the axis of symmetry and the y-intercept at (0,9), we 
can locate the additional point (6, 9) on the graph. See Figure 20. 

The domain of fis the set of all real numbers. Based on the graph, the range 
of fis the interval | 0, ©). 

The function f is decreasing on the interval (— 00,3] and increasing on the 
interval [| 3, co). 

The graph of f is above the x-axis everywhere except at the vertex (3, 0). 
So, f(x) > 0 on (—%,3) U (3,0) or for x < 3,x > 3, and f(x) is never 
negative. 


ovmm=»m-Now Work PpRoBLEM 49 


| EXAMPLE 5 ~ Graphing a Quadratic Function Using Its Vertex, Axis, and Intercepts 


(a) 


(b) 
(c) 
(d) 


Solution (a) 


NOTE In Example 5, since the vertex 
is above the x-axis and the parabola Is 
concave up, we can conclude that the 
graph of the quadratic function has 
no x-Intercepts. ha 


Axis of 7 
symmetry 





(b) 


(c) 


—1 1 x (d) 
Figure 21 f(x) = 2x*+x+1 


Graph f(x) = 2x? + x + 1 by determining whether the graph is concave 
up or concave down and by finding its vertex, axis of symmetry, y-intercept, 
and x-intercepts, if any. 

Find the domain and the range of f 

Determine where fis increasing and where it is decreasing. 

Determine where f(x) > 0 and where f(x) < 0. 


For f(x) = 2x* + x + 1,we havea = 2,b = 1,andc = 1. Becausea = 2 > 0, 
the parabola is concave up. The x-coordinate of the vertex is 


The y-coordinate of the vertex is 


1 1 il 7 
k= f(-$)=2-6+(-G)+1-2 


1 7 1 , 
The vertex is (- mn 1) The axis of symmetry is the line x = — 1 The y-intercept 


is f(0) = 1. The x-intercept(s), if any, satisfy the equation 2x7 + x + 1 = 0. 
The discriminant b” — 4ac = 1? — 4-2-1 = —7 < 0. This equation has no 
real solutions, which means the graph has no x-intercepts. Use the point (0, 1) 


1 1 
and the axis of symmetry x = — A to locate the additional point (- > 1) on the 
graph. See Figure 21. 


The domain of f is the set of all real numbers. Based on the graph, the range 
7 
of fis the interval iz 00) 
1 

The function fis decreasing on the interval (- O,= | and is increasing on the 
interval | : 00 | 

val | — — 

A: 


The graph of fis always above the x-axis. So, f(x) > 0 on the interval (— ©, 00) 
or for all real numbers x. _J 
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4 Find a Quadratic Function Given Its Vertex and One Other Point 


- If the vertex (h, k) and one additional point on the graph of a quadratic 
function f(x) = ax? + bx + c,a # 0, are known, then the vertex form of f, 


(ACS ea et) oes (2) 


can be used to obtain the quadratic function. J 


| €XAMPLE6 | Finding the Quadratic Function Given Its Vertex and One Other Point 


Determine the quadratic function whose vertex is (1, —5) and whose y-intercept 
is), 
Solution The vertexis (1,-—5),so h = landk = —5. Substitute these values into equation (2). 
f(x) =a(x —h)? +k Equation (2) 
f(x) =a(x -—1)*-5 h=1,k=-5 
To determine the value of a, use the fact that f(0) = —3 (the y-intercept). 
f(x) =a(x -1)*-5 
—3=a(0-1)*-5 x=0y= f(0)=-3 





=o ==) 
a=2 
The quadratic function we seek is 
f(x) =a(x —h)* +k =2(x -1)* -—5 = 2x? - 4x - 3 if 
Figure 22 f(x) = 2x* —- 4x- 3 See Figure 22. 
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5 Find the Maximum or Minimum Value of a Quadratic Function 


The graph of a quadratic function 
f(x) = ax? + bx +c a # 0) 


b b 
is a parabola with vertex (- AA 7 (- 2) The vertex is the highest point on the 
graph if a < O and the lowest point on the graph if a > 0. If the vertex is the highest 


point (a < 0), then i( is the maximum value of f If the vertex is the 


2a 


b 
lowest point (a > 0), then f ( = 2) is the minimum value of ¢ 
a 


| EXAMPLE 7 ~ Finding the Maximum or Minimum Value of a Quadratic Function 


Determine whether the quadratic function 
f(x) =x? - 4x -—5 
has a maximum or a minimum value. Then find the maximum or minimum value. 


Solution For f(x) = x* — 4x — 5,a = 1,b = —4, and c = —5. Because a > 0, the graph 
of f is concave up, which means the vertex is a minimum point. The minimum occurs at 


Figure 23 


Solution 


| Seeing the Concept 


tz Use a graphing utility to graph 


x* + x + 500 





NX) = So90 
0 <= x = 5500 


Use the appropriate commands to 
find the maximum height of the 
projectile and the distance from the 
base of the cliff to where it strikes 
the water. Compare your results 


with those obtained in Example 8. 
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The minimum value of fis 


{-2) = 42) =2?- 4-2-5 =4-8-5=-9 


= 
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| EXAMPLE 8 ~ PLE 8 Analyzing the Motion of a Projectile 


A projectile is fired from a cliff 500 feet above the water at an inclination of 45° to the 
horizontal, with a muzzle velocity of 400 feet per second. From physics, the height h 
of the projectile above the water can be modeled by 


32h 


2 
ho + x +500 
() = Tope t * 





where x is the horizontal distance of the projectile from the base of the cliff. See Figure 23. 


(a) 
(b) 


(a) 


(b) 





1000 2000 3000 4000 5000 Xx 


Find the maximum height of the projectile. 
How far from the base of the cliff will the projectile strike the water? 


The height of the projectile is given by the quadratic function 


+x+ 500 = 
4002 7 5000 

We are looking for the maximum value of h. Because a < 0, the vertex is the 
maximum point and occurs at 


b 1 5000 
oe = ig 9500 
. 2a = 2 


“5000 


The maximum height of the projectile is 








h(x) = x? + x + 500 





h(2500) = = —- 25007 + 2500 + 500 = -1250 + 2500 + 500 = 1750 ft 


The projectile strikes the water when the height h is zero. To find the distance x 
traveled, solve the equation 


5000 
The discriminant of this quadratic equation 1s 


h(x) = x7 +x +500 =0 





—| 
b* — 4dac = Y — 4-——-500 = 1.4 


5000 
Then 
—-b + Vb? -4ac -1 t VIA 
Bo eT 
5000 


x =~ —458 or x = 5458 


Discard the negative solution. The projectile strikes the water about 5458 feet 
from the base of the cliff. J 
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SUMMARY 


Steps for Graphing a Quadratic Function f(x) = ax? + bx + c,a # 0 

Option 1 
STEP 1: Complete the square in x to write the quadratic function in the vertex form f(x) = a(x — h)? + k. 
STEP 2: Graph the function using transformations. 


Option 2 


STEP 1: Determine whether the parabola is concave up (a > 0) or down (a < 0). 


STEP 2: Find the vertex (- =. is ( Be )) 


2a 

STEP 3: Find the axis of symmetry, x = — aa 
STEP 4: Find the y-intercept, f(0), and the x-intercepts, if any. 

© If b* — 4ac > 0, the graph of the quadratic function has two x-intercepts, which are found by solving 

the equation ax* + bx +c = 0. 

© If b* — 4ac = 0, the vertex is the x-intercept. 

© If b* — 4ac < 0, there are no x-intercepts. 
STEP 5: Find an additional point using the y-intercept and the axis of symmetry. 
STEP 6: Plot the points and draw the graph. 





3.3 Assess Your Understanding 


‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. Find the intercepts of the equation y = x* — 9. (pp. 12-13) 4. To graph y = (x — 4)’, shift the graph of y = x? to the 
2. Find the real solutions of the equation 2x” + 7x — 4 = 0. ______a distance of ____ units. (pp. 98-102) 
(pp. A47-A51) 5. Find the discriminant of 2x* — 5x — 8 = 0. Then identify 
3. To complete the square of x2 — 5x, add the number the number of real solutions of the equation. (p. A50) 
. (p. A29) 6. Complete the square of 3x* + 7x. Factor the new 


expression. (p. A29) 


Concepts and Vocabulary 


7. The graph of a quadratic function iscalleda(n)_ = S13. Multiple Choice If b? — 4ac > 0, which conclusion can be 

8. The vertical line passing through the vertex of a parabola is made about the graph of f(x) = ax* + bx + c,a 4 0? 
calledthe (a) The graph has two distinct x-intercepts. 

9. The x-coordinate of the vertex (b) The graph has no x-intercepts. 


of f(x) = ax* + bx + c,a ¥ 0,is 


(c) The graph has three distinct x-intercepts. 
10. True or False The graph of f(x) = 2x? + 3x — 4 is concave up. 


(d) The graph has one x-intercept. 


14. Multiple Choice Ifthe graphof f(x) = ax’ + bx + c,a # 0, 
has a maximum value at its vertex, which condition must be 


11. True or False The y-coordinate of the vertex 
of f(x) = —x* + 4x + Sis f(2). 


12. True or False If the discriminant b* — 4ac = 0, the graph true? 
of f(x) = ax? + bx + c,a ¥ 0, touches the x-axis at its b b 
vertex. (a) — oF =U (b) — a <0 


(c) a>O (d) a<0O 
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Skill Building 


In Problems 15-22, match each graph to one the following functions. 


15. f(x) =x*-1 16. f(x) = -x*?-1 17. f(x) =x*-2x4+1 18. f(x) =x? +2x4+1 
19, f(x) =x? -2x4+2 20. f(x) =x? + 2x 21. f(x) =x? — 2x 22. f(x) =x? +2x+2 
A. 





In Problems 23-30, (a) find the vertex and axis of symmetry of each quadratic function. (b) Determine whether the graph is concave up or 
concave down. (c) Graph the quadratic function. 


23:.$ (4) = (= 3)" = 2 A faye -@s4)-=1 G.f@)H=e-3)°ts 2Wefa)Hserl)H4 
1 1 i. ae 
N27. f(x) =2(x - 6)? +3 28. f(x) = 5 (x +1)*-3 29. f(x) = a6 = x) -& 30. f(x) = -—(x + 5)? 


In Problems 31-42, graph the function f by starting with the graph of y = x’ and using transformations (shifting, compressing, stretching, 
and/or reflecting). 


(Hint: If necessary, write fin the form f(x) = a(x — h)* + k.] 


31. f(x) = 7 32. f(x) = 2x7 + 4 33. f(x) = (x +2)*-2 34, f(x) = (x — 3)*- 10 
X35. f(x) = 22 + 4x +2 36. f(x) =x - 6x —1 37. f(x) =2x2 -— 4x $1 38. f(x) = 3x2 + 6x 
39. f(x) = —x* — 2x 40. f(x) = —2x* + 6x + 2 41. f(x) = = +x-1 42. f(x) = =x + = —1 


In Problems 43-58, (a) find the vertex and the axis of symmetry of each quadratic function, and determine whether the graph is concave up 
or concave down. (b) Find the y-intercept and the x-intercepts, if any. (c) Use parts (a) and (b) to graph the function. (d) Find the domain 


and the range of the quadratic function. (e) Determine where the quadratic function is increasing and where it is decreasing. (f) Determine 
where f(x) > Oand where f(x) < 0. 


\ 43. f(x) =x* + 2x 44, f(x) =x* -— 4x 45. f(x) = —x* — 6x 46. f(x) = —x? + 4x 
47. f(x) =x2 + 2x —8 48. f(x) =2-2x -3 49. f(x) =? +241 50. f(x) =x? + 6x +9 
51. f(x) = 2x2 —-x +2 52. f(x) = 4x2 -2r +1 N53. f(x) = 2? 42x -3 = 54. f(x) = -3x2 + 3x -2 
55. f(x) = 3x7 + 6x + 2 56. f(x) = 2x° + 5x +3 57, f(x) = —4x* - 6x +2 58. f(x) = 3x* — 8k +2 
In Problems 59-64, determine the quadratic function whose graph is given. 
X59. oo. 4 61. vertex: (-3,5) 
8 
4 
(0, 5) 2 
4 






(0, —4) 





Vertex: (-1,-2) 


—1 1 2 3 4 35xX 


—8 
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64. ye 
Vertex: (—2, 6) 
6 


62. yi 63. 





_4 L Vertex: (1, -3) 


In Problems 65-72, determine, without graphing, whether the given quadratic function has a maximum value or a minimum value, and 
then find the value. 


65. f(x) = 3x? + 24x 66. f(x) = -2x2 + 12x = 67 f(x) = 2x? + 12x - 3 68. f(x) = 4x7 — 8x +3 
69. f(x) = —x* + 6x -— 1 70. f(x) = —2x* + 8x + 3 71. f(x) = —5x* + 20x + 3 72. fh) = 4 a 


Applications and Extensions 


73. The graph of the function f(x) = ax* + bx + c has vertex 74. The graph of the function f(x) = ax” + bx + c has vertex 
at (0, 2) and passes through the point (1, 8). Find a, b, at (1, 4) and passes through the point (—1, —8). Find a, b, 
and c. and c. 


In Problems 75-80, for the given functions f and g: 

aS (a) Graph f and g on the same Cartesian plane. 
(b) Solve f(x) = g(x). 
(c) Use the result of part (b) to label the points of intersection of the graphs of f and g. 
(d) Shade the region for which f(x) > g(x); that is, the region below f and above g. 


75. f(x) =2x-1; g(x) =x?-4 76. f(x) = -—2x -—1; g(x) =x*-9 
77, f(x) = —x* +4; g(x) =—-2x4+1 78. f(x) = -x* +9; g(x) =2x4+1 
79, f(x) = —x* + 5x; g(x) =x7?4+ 3x -4 80. f(x) = -x*7 + 7x —6; g(x) =x? +x-6 


For Problems 81 and 82, use the fact that a quadratic function of the form f(x) = ax” + bx + c with b* — 4ac > 0 may also be written 
in the form f(x) = a(x — ry) (x — 1%), where r, and rz are the x-intercepts of the graph of the quadratic function. 


81. (a) Find quadratic functions whose x-intercepts are —3 ‘85. Analyzing the Motion of a Projectile A projectile is fired 





and 1 witha = 1;a = 2;a = —2;a = 5. from a cliff 200 feet above the water at an inclination of 45° 
(b) How does the value of a affect the intercepts? to the horizontal, with a muzzle velocity of 50 feet per second. 
(c) How does the value of a affect the axis of symmetry? The height h of the projectile above the water is modeled by 
(d) How does the value of a affect the vertex? 5 
(e) Compare the x-coordinate of the vertex with the h(x) = pals 4.42 te. OOO) 
midpoint of the x-intercepts. What might you conclude? 5 
82. (a) Find quadratic functions whose x-intercepts are —5 where x is the horizontal distance of the projectile from the 
and 3 with a = 1; a= pap a= ~ 23a = 5. face of the cliff. 
(b) How does the value of a affect the intercepts? (a) At what horizontal distance from the face of the cliff is 
(c) How does the value of a affect the axis of symmetry? the height of the projectile a maximum? 
(d) How does the value of a affect the vertex’? (b) Find the maximum height of the projectile. 
(e) Compare the x-coordinate of the vertex with the (c) At what horizontal distance from the face of the cliff will 
midpoint of the x-intercepts. What might you conclude? the projectile strike the water? 
83. Suppose that f(x) = x7 + 4x — 21. ie (d) Graph the function h,0 = x = 200. 
(a) What is the vertex of f? (e) Use a graphing utility to verify the solutions found in 
(b) What are the x-intercepts of the graph of f? parts (b) and (c). 
(c) Solve f(x) = —21 for x. What points are on the graph (f) When the height of the projectile is 100 feet above the 
of f? water, how far is it from the cliff? 
(d) Use the information obtained in parts (a)-(c) to 86. Analyzing the Motion of a Projectile A projectile is fired 
graph f(x) = x? + 4x — 21. at an inclination of 45° to the horizontal, with a muzzle 
84. Suppose that f(x) = x2 + 2x — 8. velocity of 100 feet per second. The height h of the projectile 
(a) What is the vertex of f? is modeled by 
(b) What are the x-intercepts of the graph of f? 39,2 
(c) Solve f(x) = —8 for x. What points are on the graph h(x) = 7 tx 
of f? 100 
(d) Use the information obtained in parts (a)-(c) to where x is the horizontal distance of the projectile from the 


graph f(x) = x* + 2x — 8. firing point. 


87. 


88. 


89. 


90. 


91. 


92. 


(a) At what horizontal distance from the firing point is the 
height of the projectile a maximum? 

(b) Find the maximum height of the projectile. 

(c) At what horizontal distance from the firing point will the 
projectile strike the ground? 

(d) Graph the function h,0 = x < 350. 

(e) Use a graphing utility to verify the results obtained in 
parts (b) and (c). 

(f) When the height of the projectile is 50 feet above the 
ground, how far has it traveled horizontally? 


Maximizing Revenue Suppose that the manufacturer 
of a gas clothes dryer has found that when the unit price 
is p dollars, the revenue R (in dollars) is 


R(p) = —4p” + 4000p 


What unit price p maximizes revenue? What is the maximum 
revenue? 





Maximizing Revenue A lawn mower manufacturer has 
found that the revenue, in dollars, from sales of zero-turn 
mowers is a function of the unit price p, in dollars, that it 
charges. If the revenue R is 


kip) = 


what unit price p should be charged to maximize revenue? 
What is the maximum revenue? 





1 
= ia + 2900p 





Minimizing Marginal Cost The marginal cost of a product 
can be thought of as the cost of producing one additional 
unit of output. For example, if the marginal cost of producing 
the 50th product is $6.20, it costs $6.20 to increase production 
from 49 to 50 units of output. Suppose the marginal cost C 
(in dollars) to produce x thousand digital music players is 
given by the function 


C(x) = x* — 140x + 7400 


(a) How many players should be produced to minimize the 
marginal cost? 
(b) What is the minimum marginal cost? 


Minimizing Marginal Cost (See Problem 89.) The marginal 
cost C (in dollars) of manufacturing x smartphones (in 
thousands) is given by 


C(x) = 5x”? — 200x + 4000 


(a) How many smartphones should be manufactured to 
minimize the marginal cost? 
(b) What is the minimum marginal cost? 


Business The monthly revenue R achieved by selling 
x wristwatches is R(x) = 75x — 0.2x”. The monthly cost C 
of selling x wristwatches is 


C(x) = 32x + 1750 


(a) How many wristwatches must the firm sell to maximize 
revenue? What is the maximum revenue? 

(b) Profit is given as P(x) = R(x) — C(x). What is the 
profit function? 

(c) How many wristwatches must the firm sell to maximize 
profit? What is the maximum profit? 

(d) Provide a reasonable explanation as to why the 
answers found in parts (a) and (c) differ. Explain why 
a quadratic function is a reasonable model for revenue. 


Business The daily revenue R achieved by selling x boxes 
of candy is R(x) = 9.5x — 0.04x”. The daily cost C of 
selling x boxes of candy is C(x) = 1.25x + 250. 
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94. 


95: 


96. 


97. 


98. 


99. 


100. 
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(a) How many boxes of candy must the firm sell to 
maximize revenue? What is the maximum revenue? 

(b) Profit is given as P(x) = R(x) — C(x). What is the 
profit function? 

(c) How many boxes of candy must the firm sell to 
maximize profit? What is the maximum profit? 

(d) Provide a reasonable explanation as to why the answers 
found in parts (a) and (c) differ. Explain why a quadratic 
function is a reasonable model for revenue. 


Stopping Distance An accepted relationship between 

stopping distance d (in feet), and the speed v of a car 

(in mph), is d = 1.1v + 0.06v7 on dry, level concrete. 

(a) How many feet will it take a car traveling 45 mph to 
stop on dry, level concrete? 

(b) If an accident occurs 200 feet ahead of you, what is the 
maximum speed you can be traveling to avoid being 
involved? 


Birth Rate of Unmarried Women In the United States, 

the birth rate B of unmarried women (births per 1000 

unmarried women) for women whose age is a is modeled 

by the function B(a) = —0.33a* + 19.17a — 213.37. 

(a) What is the age of unmarried women with the highest 
birth rate? 

(b) What is the highest birth rate of unmarried women? 

(c) Evaluate and interpret B(40). 


Source: National Vital Statistics Reports, 1/31/2018 


Chemical Reactions A self-catalytic chemical reaction results 
in the formation of a compound that causes the formation 
ratio to increase. If the reaction rate V is modeled by 


V(x) = kx(a- x), lea%7= 4 


where k is a positive constant, a is the initial amount of the 
compound, and x is the variable amount of the compound, 
for what value of x is the reaction rate a maximum? 


Mixed Practice Find the distance from the vertex of 
the parabola f(x) = 2(x — 3)* +5 to the center of 
the circle (x + 3)? + (y -—1)* =4. 

Mixed Practice Find the distance from the vertex of 
the parabola g(x) = —3x? + 6x + 1 to the center of 
the circle x7 + y* + 10x + 8y + 32 =0. 


Challenge Problem Let f(x) = ax? + bx + c, where a,b, 
and c are odd integers. If x is an integer, show that f(x) must 
be an odd integer. 


[Hint: x is either an even integer or an odd integer. ] 


Challenge Problem Find the point on the line y = x that is 
closest to the point (3,1). 


Challenge Problem Find the point on the line y = x + 1 
that is closest to the point (4,1). 


Challenge Problem Increasing/Decreasing Function Test 
Suppose f(x) = x° — 7x”? — 5x + 35. From calculus, the 
derivative of f is given by f’(x) = 3x7 — 14x — 5. The 
function f is increasing where f’(x) > 0 and decreasing 
where f’(x) < 0. Determine where f is increasing and 
where f is decreasing. 


Challenge Problem Test for Concavity Suppose 

f(x) = 3x* — 8° + 6x + 1. From calculus, the second 
derivative of fis given by f”(x) = 36x” — 48x. The function 
f is concave up where f”"(x) > 0 and concave down 
where f”(x) < 0. Determine where f is concave up and 
where f is concave down. 
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Explaining Concepts: Discussion and Writing 


103. Make up a quadratic function that opens down and has only 106. State the circumstances that cause the graph of a quadratic 
one x-intercept. Compare yours with others in the class. function f(x) = ax? + bx + c to have no x-intercepts. 
What are the similarities? What are the differences? 107. Why is the graph of a quadratic function concave up if a > 0 

104. On one set of coordinate axes, graph the family of and concave down ifa < 0? 
parabolas f(x) =x° +2x +e for c= —3, = 0, 108. Can a quadratic function have a range of (— ©, 00 )? Justify 
and c = 1. Describe the characteristics of a member of this your answer. 
family. 


109. What are the possibilities for the number of times the graphs 


105. On one set of coordinate axes, graph the family of of two different quadratic functions intersect? 


parabolas f(x) = x7 + bx + 1 for b = —4, = 0, and 
b = 4. Describe the general characteristics of this family. 


Retain Your Knowledge 


Problems 110-119 are based on material learned earlier in the course. The purpose of these problems is to keep the material fresh in your 
mind so that you are better prepared for the final exam. 


110. Determine whether x2 + 4y? = 16 is symmetric respect 115. State the domain and range of the relation given below. Is 
to the x-axis, the y-axis, and/or the origin. the relation a function? 

111. Solve the inequality 27 — x = 5x + 3. Write the solution { (5, —3), (4, -4), G, —5), (2, -6), 1, -7)} 
in both set notation and interval notation. 

112. Find the center and radius of the circle 116. If f(x) = Ba = 250 28, tind 7 CE): 


24 y2 — 10x + 4y + 20=0 2 3 
a ie 117, If g(x) = Fx — 8, find g{ Sx + 12}. 
113. Find the function whose graph is the graph of y = Vx, 3 


but reflected about the y-axis. 2 


AX 118. Write + 8x(3x +5)'° as a single quotient 


114. Find an equation of the line that contains the point (3x +5)*8 
(14, —3) and is parallel to the line 5x + 7y = 35. Write with positive exponents. 
the equation in slope-intercept form. yee 
iS 419. If f(x) = x2 + 5x, find and simplify I : - , | I. 


‘Are You Prepared?’ Answers 


1 a A 
1, (0,5=9) (= 3,0), (3,0) 2. 1-45} 3. 7 4. right;4 5. 89;tworealsolutions 6. a( +—x + 2) = a(. + 1) 


3.4 Building Quadratic Models from Verbal Descriptions and 
from Data 


PREPARING FOR THIS SECTION Before getting started, review the following: 


e Problem Solving (Section A.8, pp. A62—A69) e¢ Building Linear Models from Data (Section 3.2, 
pp. 135-139) 


\ Now Work the ‘Are You Prepared?’ problems on page 161. 


OBJECTIVES 1 Build Quadratic Models from Verbal Descriptions (p. 157) 
re 2 Build Quadratic Models from Data (p. 160) 





© In this section, we first discuss models that lead to a quadratic function from verbal 

descriptions. Then we fit a quadratic function to data, which is another form of modeling. 

When a quadratic function models a problem, the properties of the graph of the 

function can provide important information about the model. In particular, we can 

determine the maximum or minimum value of the function. The fact that the graph of 

a quadratic function has a maximum or minimum value enables us to answer questions 
involving optimization — that is, finding the maximum or minimum values in models. 
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1 Build Quadratic Models from Verbal Descriptions 


In economics, revenue R, in dollars, is defined as the amount of money received from 
the sale of an item and is equal to the unit selling price p, in dollars, of the item times 
the number x of units actually sold. That 1s, 


R= xp 


The Law of Demand states that p and x are inversely related: As one 
increases, the other decreases. The equation that relates p and x 1s called 
a demand equation. When a demand equation is linear, the revenue model is a 
quadratic function. 


| €XAMPLE1 | Maximizing Revenue 


The marketing department at Texas Instruments has found that when certain 
calculators are sold at a price of p dollars per unit, the number x of calculators sold 
is given by the demand equation 


x = 21,000 — 150p 


(a) Find a model that expresses the revenue R as a function of the price p. 

(b) What is the domain of R? Assume revenue is nonnegative. 

(c) What unit price should be used to maximize revenue? 

(d) If this price is charged, what is the maximum revenue? 

(ce) How many units are sold at this price? 

(f) Graph R. 

(¢) What price should Texas Instruments charge to collect at least $675,000 in 
revenue? 


Solution (a) The revenue is R = xp, where x = 21,000 — 150p. 
R = xp = (21,000 — 150p)p = —150p* + 21,000p The model 


(b) Because x represents the number of calculators sold, we have x = 0, 
so 21,000 — 150p = 0. Solving this linear inequality gives p =< 140. 


Also from R = (21,000 — 150p)p, since R is assumed to be nonnegative 
and 21,000 — 150p = 0, it follows that p = 0. Combining these inequalities 
gives the domain of R, which is { p|0 S p = 140}. 

(c) The function R is a quadratic function with a = —150, b = 21,000, and c = 0. 
Because a < 0, the vertex is the highest point on the parabola. The revenue R is 
a maximum when the price p is 


—b 21,000 
a = —150,b6 = 21,000 


p= = $70.00 


(d) The maximum revenue R is 
R(70) = —150-+707 + 21,000: 70 = $735,000 


(e) Thenumber of calculators sold is given by the demand equation x = 21,000 — 150p. 
Ata price of p = $70, 


x = 21,000 — 150-70 = 10,500 


calculators are sold. (continued) 
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(f) To graph R, plot the intercepts (0, 0) and (140, 0) and the vertex (70, 735 000). 


Revenue (dollars) 


See Figure 24 for the graph. 


(70, 735 000) 





(0,0)14 28 42 56 70 84 98 112 126 140 Pp 
Price per calculator (dollars) 


(g) Graph R = 675,000 and R(p) = —150p’ + 21,000p on the same Cartesian 


Figure 24 
g 
s 
é 
Figure 25 


plane. See Figure 25. We find where the graphs intersect by solving 


675,000 = —150p” + 21,000p 
150p” — 21,000p + 675,000 = 0 Add 150p? — 21,000p to both sides. 
p’ — 140p + 4500 = 0 __ Divide both sides by 150. 
(p — 50)(p — 90) =0 _ Factor. 


p=50 or p=90_ Use the Zero-Product Property. 

The graphs intersect at (50, 675 000) and (90, 675 000). Based on the graph 
in Figure 25, Texas Instruments should charge between $50 and $90 to earn 
at least $675,000 in revenue. 


R 
800,000 
700,000 (eer 
600,000 
900,000 
400,000 
300,000 
200,000 
100,000 }- 







(50, 675 000) 


tee Petite Tit tert teat ip tert a eet tl titi te Uubbbosceesivetesemsasa ri bdesees ii ini iseoeesl 





Tet Jet ete tL Ti | 


Pope. Be SS a ee a ee ee a ee eerie, CA ee 





14 28 42 56 70 84 98 112 126 140 | 
Price per calculator (dollars) 


(0, 0) 


at 


om=nme-Now Work PROBLEM 3 


| EXAMPLE 2 | Maximizing the Area Enclosed by a Fence 


A 


farmer has 2000 yards of fence to enclose a rectangular field. What are the 


dimensions of the rectangle that encloses the most area? 


Solution 


Figure 26 illustrates the situation. The available fence represents the perimeter of the 


rectangle. If x is the length and w is the width, then 





2x + 2w = 2000 (1) 


The area A of the rectangle is 


A = xw 


To express A in terms of a single variable, solve equation (1) for w and substitute 


Figure 26 


the result in A = xw. Then A involves only the variable x. [You could also solve 


equation (1) for x and express A in terms of w alone. Try it! | 


2x + 2w = 2000 
2w = 2000 — 2x 
_ 2000 — 2x 
—— 7 


= 1000 - x 
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A Then the area A is 
(500, 250 000) 
eau 0ue A = xw = x(1000 — x) = —x? + 1000x 
Now, A is a quadratic function of x. 
(0, 0) (1000, 0) A= A(x) — — x? + 1000x a= —1,b = 1000, c = 0 
000 1000 x Figure 27 shows the graph of A(x) = —x* + 1000x. Because a < 0, the vertex 
Figure 27 A(x) = —x2 + 1000x is amaximum point on the graph of A. The maximum value occurs at 
b 1000 
=—-—=- = 500 
7 2 et 


The maximum value of A is 


b 
A(- 2) = A(500) = —5007 + 1000-500 = —250,000 + 500,000 = 250,000 


The largest rectangle that can be enclosed by 2000 yards of fence has an area 
of 250,000 square yards. Its dimensions are 500 yards by 500 yards. _J 


ovmmmmmm-NoOw Work PROBLEM 7 


| €XAMPLE3 | The Golden Gate Bridge 


The Golden Gate Bridge, a suspension bridge, spans the entrance to San Francisco 
Bay. Its 746-foot-tall towers are 4200 feet apart. The bridge is suspended from two huge 
cables more than 3 feet in diameter; the 90-foot-wide roadway is 220 feet above the 
water. The cables are parabolic in shape* and touch the road surface at the center of 
the bridge. Find the height of the cable above the road at a distance of 1000 feet from 
the center. 


Solution Begin by choosing the coordinate axes so that the x-axis coincides with the road 
surface and the origin coincides with the center of the bridge. See Figure 28. As 
a result, the 746-foot towers will be vertical (height 746 — 220 = 526 feet above 
the road) and located 2100 feet from the center. Also, the cable has the shape of 
a parabola that is concave up. The parabola extends from the towers and has its 
vertex at (0, 0). This choice of the axes results in the equation of the parabola having 
the form y = ax’*,a > 0. Note that the points (—2100, 526) and (2100, 526) are on 
the graph. 


(—2100, 526) V4 (2100, 926) 





Figure 28 


Use these facts to find the value of ain y = ax’. 


2 





y=ax 
526 = a°2100* x = 2100,y = 526 
526 
~ 2100? 
The equation of the parabola is 
526, 
y~ 71002” (continued) 


* A cable suspended from two towers is in the shape of a catenary, but when a horizontal roadway is 
suspended from the cable, the cable takes the shape of a parabola. 
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When x = 1000, the height of the cable is 


526 
y ==," 1000° ~ 119.3 feet 
2100 





The cable is 119.3 feet above the road at a distance of 1000 feet from the center 
of the bridge. 


ommenm-Now Work PROBLEM 11 


*% li 2 Build Quadratic Models from Data 


ete 





In Section 3.2, we found the line of best fit for data that appeared to be linearly 
related. But data may also follow a nonlinear relation. Figures 29(a) and (b) show 
scatter plots of data that follow a quadratic relation. 





y= ax’ + bx+¢6,a>0 y=axe+bx+coa<0 
Figure 29 (a) (b) 


iz | EXAMPLE 4 ~ Fitting a Quadratic Function to Data 


Table 8 The data in Table 8 represent the average annual expenditures for consumers of 
Average Annual various ages in 2016. 


Expenditures ; 
(in thousands of (a) Draw a scatter plot of the data, treating age as the independent variable. 


Age, x dollars), E Comment on the type of relation that exists between age and average annual 
expenditures. 


(b) Use a graphing utility to find the quadratic function of best fit that models the 
relation between age and average annual expenditures. 


(c) Use the model found in part (b) to approximate the age at which the expenditures 
is greatest. 


(d) Use the model found in part (b) to approximate the highest average annual 





expenditure. 
(ce) Use a graphing utility to draw the quadratic function of best fit on the scatter 
Source: Consumer Expenditure Survey, plot. 
August 2017 


Solution (a) Figure 30 shows the scatter plot on a TI-84 Plus C graphing calculator. It appears 
the data follow a quadratic relation, witha < 0. 

(b) Use the QUADratic REGression program to obtain the results shown in 
Figure 31 on the next page. The output shows the equation y = ax” + bx +c. 
The quadratic function of best fit that models the relation between age and 
average annual expenditures is 


E(x) = —0.0425x* + 4.2056x — 34.9639 The model 


where x represents age and F represents average annual expenditure in thousands 
of dollars. 





Figure 30 11-84 Plus C 


MORAL FLOAT AUTO REAL RADIAN MP rl 








y=ax?+bxtec 
a= ~-. 64749053606 
b=4,. 70561936 

c=-34.96393483 


Figure 31 Quadratic Regression 


MORMAL FLOAT AUTO REAL RADIAN HP fl 


75 





15 
9°39 


Figure 32 
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(c) Based on the quadratic function of best fit, the age of consumers with the greatest 
expenditures is 


b 4.2056 
Se OD. DD 49.5 
"2a 2(—0.0425) — 


(d) Evaluate the function E(x) atx = 49.5. 


E(49.5) = —0.0425+ 49.5? + 4.2056 49.5 — 34.9639 ~ 69.1 


According to the model, 49.5-year-olds have the greatest expenditures. On 
average, a 49.5-year-old spends about $69,100 annually. 


(e) Figure 32 shows the graph of the quadratic function found in part (b) drawn on 
the scatter plot. 


Look again at Figure 31. Notice that the output given by the graphing calculator 
does not include r, the correlation coefficient. Recall that the correlation coefficient 
is a measure of the strength of a linear relation that exists between two variables. 
The graphing calculator does not provide an indication of how well the function 
fits the data in terms of 7, since a quadratic function is not linear. 


E(x) = —0.0425x + 4.2056x — 34.9639 


oomm__-Now Work PROBLEM 17 


3.4 Assess Your Understanding 


‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. Translate the following sentence into a mathematical Ae 2. Use a graphing utility to find the line of best fit for the 


equation: The area A of a circle equals the product 


following data: (pp. 138-139) 


of the square of its radius r and the constant 7. 


(pp. A62-A63) 


Applications and Extensions 


\ 3. Maximizing Revenue The price p (in dollars) and the quantity x 
wS sold of a certain product satisfy the demand equation 


x = —6p + 600 





(c) What price p maximizes the revenue? 

(d) What is the maximum revenue? 

(e) How many units are sold at this price? 

(f) Graph R. 

(g) What price should the company charge to earn 





(a) Find a model that expresses the revenue R as a function 
of p. Remember, R = xp.) 


at least $9600 in revenue? 


(b) What is the domain of R? Assume R is nonnegative. 5. Maximizing Revenue The price p (in dollars) and the 





(c) What price p maximizes the revenue? 
(d) What is the maximum revenue? 


quantity x sold of a certain product satisfy the demand 
equation 


(e) How many units are sold at this price? 


(f) Graph R. 


(g) What price should the company charge to earn 
at least $12,600 in revenue? 


4. Maximizing Revenue The price p (in dollars) and the quantity x 
sold of a certain product satisfy the demand equation 


x = —3p + 360 


x = —Sp + 100 





(a) Find a model that expresses the revenue R as a 
function of p. 

(b) What is the domain of R? Assume R is nonnegative. 

(c) What price p maximizes the revenue? 

(d) What is the maximum revenue? 

(e) How many units are sold at this price? 








(a) Find a model that expresses the revenue R as a 


function of p. 


(b) What is the domain of R? Assume R is nonnegative. 


(f) Graph R. 
(g) What price should the company charge to earn 
at least $480 in revenue? 
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6. 


Maximizing Revenue The price p (in dollars) and the quantity x 


GS sold of a certain product satisfy the demand equation 


10. 


1. 


12. 


x = —20p + 500 





(a) Find a model that expresses the revenue R as a 
function of p. 

(b) What is the domain of R? Assume R is nonnegative. 

(c) What price p maximizes the revenue? 

(d) What is the maximum revenue? 

(e) How many units are sold at this price? 

(f) Graph R. 

(g) What price should the company charge to earn 
at least $3000 in revenue? 


. Enclosing a Rectangular Field David has 400 yards of fencing 


and wishes to enclose a rectangular area. 

(a) Express the area A of the rectangle as a function of the 
width w of the rectangle. 

(b) For what value of w is the area largest? 

(c) What is the maximum area? 


. Enclosing a Rectangular Field Beth has 3000 feet of fencing 


available to enclose a rectangular field. 
(a) Express the area A of the rectangle as a function of x, 
where x is the length of the rectangle. 
(b) For what value of x is the area largest? 
(c) What is the maximum area? 


. Enclosing the Most Area with a Fence A farmer with 


4000 meters of fencing wants to enclose a rectangular plot 
that borders on a river. If the farmer does not fence the side 
along the river, what is the largest area that can be enclosed? 
(See the figure.) 








4000 — 2x 


Enclosing the Most Area with a Fence A farmer with 
2000 meters of fencing wants to enclose a rectangular plot 
that borders on a straight highway. If the farmer does not 
fence the side along the highway, what is the largest area that 
can be enclosed? 


Suspension Bridge A suspension bridge with weight uniformly 
distributed along its length has twin towers that extend 
75 meters above the road surface and are 400 meters apart. 
The cables are parabolic in shape and are suspended from 
the tops of the towers. The cables touch the road surface at 
the center of the bridge. Find the height of the cables at a 
point 100 meters from the center. (Assume that the road 
is level.) 


Architecture A parabolic arch has a span of 120 feet and 
a maximum height of 25 feet. Choose suitable rectangular 
coordinate axes and find the equation of the parabola. Then 
calculate the height of the arch at points 10 feet, 20 feet, 
and 40 feet from the center. 


13. 


14. 


15. 


16. 


Constructing Rain Gutters A rain gutter is to be made of 

aluminum sheets that are 12 inches wide by turning up the 

edges 90°. See the illustration. 

(a) What depth will provide maximum cross-sectional area 
and allow the most water to flow? 

(b) What depths will allow at least 16 square inches of water 
to flow? 





Norman Windows A Norman window has the shape of a 
rectangle surmounted by a semicircle of diameter equal to 
the width of the rectangle. See the figure. If the perimeter of 
the window is 20 feet, what dimensions will admit the most 
light (maximize the area)? 








Constructing a Stadium A track-and-field playing area is 
in the shape of a rectangle with semicircles at each end. 
See the figure. The inside perimeter of the track is to 
be 1500 meters. What should the dimensions of the rectangle 
be so that the area of the rectangle is a maximum? 





tint Me 
i mht 


wih eget ap 


gan a rah 





Architecture A special window has the shape of a rectangle 
surmounted by an equilateral triangle. See the figure. If the 
perimeter of the window is 16 feet, what dimensions will 
admit the most light? 


3 
—x?, where x is 


[Hint: Area of an equilateral triangle = A 


the length of a side of the triangle. ] 
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his or her age. The following table shows the median income / 
of males of different age groups within the United States for 
2016. For each age group, let the class midpoint represent the 
independent variable, x. For the class “65 years and older,” we 
will assume that the class midpoint is 69.5. 


7 or 

ag ited ? 

i 
La Class 


Midpoint, x 





Median 
Income, / 
$12,396 
$38,152 
$51,443 
$51,476 
$47,001 
$31,618 


15-24 years 
25-34 years 
30-44 years 
45-54 years 
590-64 years 


65 years and older 


Source: U.S. Census Bureau 


(a) Use a graphing utility to draw a scatter plot of the data. 
Comment on the type of relation that may exist between 
the two variables. 

(b) Use a graphing utility to find the quadratic function of 
best fit that models the relation between age and median 
income. 

(c) Use the function found in part (b) to determine the age at 
which an individual can expect to earn the most income. 

(d) Use the function found in part (b) to predict the peak 
income earned. 

(e) With a graphing utility, graph the quadratic function of 
best fit on the scatter plot 


Height of a Ball A shot-putter throws a ball at an inclination 
of 45° to the horizontal. The following data represent the 
height of the ball /, in feet, at the instant that it has traveled 
x feet horizontally. 


Distance, x Height, h 





(a) Use a graphing utility to draw a scatter plot of the data. 
Comment on the type of relation that may exist between 
the two variables. 

(b) Use a graphing utility to find the quadratic function of 
best fit that models the relation between distance and 
height. 

(c) Use the function found in part (b) to determine how far 
the ball will travel before it reaches its maximum height. 

(d) Use the function found in part (b) to find the maximum 
height of the ball. 

(e) With a graphing utility, graph the quadratic function of 
best fit on the scatter plot. 





AB 20. 


\. 17. Life Cycle Hypothesis An individual’s income varies with { 19. Mixed Practice Which Model? The following data represent 


the square footage and rents (dollars per month) for 
apartments in the La Jolla area of San Diego, California. 


Rent per Month, R 


- \! Square Footage, x 





Source: apartments.com, 2018 


(a) Using a graphing utility, draw a scatter plot of the data 
treating square footage as the independent variable. 
What type of relation appears to exist between square 
footage and rent? 

(b) Based on your response to part (a), find either a linear 
or a quadratic model that describes the relation between 
square footage and rent. 

(c) Use your model to predict the rent for an apartment in 
San Diego that is 875 square feet. 


Mixed Practice Which Model? A cricket makes a chirping 
noise by sliding its wings together rapidly. Perhaps you have 
noticed that the number of chirps seems to increase with 
the temperature. The following data list the temperature (in 
degrees Fahrenheit) and the number of chirps per second for 
the striped ground cricket. 


a. 


”}’ Temperature (°F), x oni Pemecconane 





Source: Pierce, George W. The Songs of Insects. Cambridge, 
MA Harvard University Press, 1949, pp. 12 —21 


(a) Using a graphing utility, draw a scatter plot of the data, 
treating temperature as the independent variable. What 
type of relation appears to exist between temperature 
and chirps per second? 

(b) Based on your response to part (a), find either a linear 
or a quadratic model that best describes the relation 
between temperature and chirps per second. 

(c) Use your model to predict the chirps per second if the 
temperature is 80°F. 
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iz 21. Mixed Practice Which Model? The following data represent 
™ the birth rate (births per 1000 population) for women whose 
age is a, in 2016. 


















SS Age, a Birth Rate, B 
ee 8.8 







19 
(fe 
2/ 
32 
of 
42 


Sled 
73.8 
102.1 
027 
aya If 
11.4 


























i Source: National Vital Statistics 
Reports, 2018 


(a) Using a graphing utility, draw a scatter plot of the data, 
treating age as the independent variable. What type of 
relation appears to exist between age and birth rate? 

(b) Based on your response to part (a), find either a linear 
or a quadratic model that describes the relation between 
age and birth rate. 

(c) Use your model to predict the birth rate for 
35-year-old women. 





Explaining Concepts: Discussion and Writing 


27. Refer to Example 1 in this section. Notice that if the price 
charged for the calculators is $0 or $140, then the revenue 
is $0. It is easy to explain why revenue would be $0 if the 





Retain Your Knowledge 


/\ 22. Challenge Problem Simpson’s Rule The figure shows 
the graph of y = ax? + bx +c. Suppose that the 
points (—h, yo), (0, y;),and (h, yz) are on the graph. It can 
be shown that the area enclosed by the parabola, the x-axis, 
and the lines x = —hand x = his 


h 
Area = 3 (2ah’ + 6c) 
Show that this area may also be given by 


h 
Area = 3 (yo + 41 + yo) 





/\ 23. Challenge Problem Use the result obtained in Problem 22 
to find the area enclosed by f(x) = —5x* + 8, the x-axis, 
and the lines x = —landx = 1. 


. Challenge Problem Use the result obtained in Problem 22 
to find the area enclosed by f(x) = 2x’ + 8, the x-axis, 
and the lines x = —2 and x = 2. 

. Challenge Problem Use the result obtained in Problem 22 
to find the area enclosed by f(x) = x” + 3x + 5, the x-axis, 
and the lines x = —4and x = 4. 

. Challenge Problem Use the result obtained in Problem 22 
to find the area enclosed by f(x) = -x7+x +4, 
the x-axis, and the lines x = —1 andx = 1. 





price charged were $0, but how can revenue be $0 if the 
price charged is $140? 


Problems 28-37 are based on material learned earlier in the course. The purpose of these problems is to keep the material fresh in your 


mind so that you are better prepared for the final exam. 





28. Find the distance between the points P, = (4, —-7) 
and P, = (—1,5). 

29. Find the equation of the circle with center (—6,0) and 
radius r = V7. 

30. Solve: 5x7 + 8x —- 3 = 0 


31. Find the x-intercept and y-intercept of the 
graph of 5x + 7y = 140. 


32. Solve: 2|3x — 7|-—9 = 21 
33. Find the quotient and remainder: 
x? — 7x? + 19x — 15 is divided by x — 3 
a aaa | 


34. Find the domain of f(x) = 4———. 
ye Oe 


‘Are You Prepared?’ Answers 
1. A = ar? 2. y = 1.7826x + 4.0652 


35. Find the function that is finally graphed after all three 
of the following transformations are applied to the 


graph of f(x) = V9 — x’: 

(1) Shift left 3 units 

(2) Vertical stretch by a factor of 2 
(3) Shift down 4 units 


" ; 3 
ZX 36. Find the difference quotient of f: f(x) = — 
X —_— 


‘\ 37, Factor completely: 
4(x +1)°(x — 7)? + 5(x + 1)4(x — 7)4 
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3.5 Inequalities Involving Quadratic Functions 


PREPARING FOR THIS SECTION Before getting started, review the following: 
e Solve Inequalities (Section A.9, pp. A76-A79) e Use Interval Notation (Section A9, pp. A73-A74) 


™\ Now Work the ‘Are You Prepared?’ problems on page 167. 


OBJECTIVE 1 Solve Inequalities Involving a Quadratic Function (p. 165) 





1 Solve Inequalities Involving a Quadratic Function 


In this section we solve inequalities that involve quadratic functions. 


e To solve the inequality 
ax? +bx+c>0 a#0 


graph the quadratic function f(x) = ax? + bx + c, and, from the graph, 
determine where the function is above the x-axis—that is, where f(x) > 0. 


e To solve the inequality 
ax? +bx+c<0 a#0 


graph the quadratic function f(x) = ax? + bx + c, and, from the graph, 
determine where the function is below the x-axis —that is, where f(x) < 0. 


e Ifthe inequality is not strict, include the x-intercepts, if any, in the solution. 


Solving an Inequality 





Solve the inequality x* — 4x — 12 < O and graph the solution set. 


Solution Graph the function f(x) = x? — 4x — 12. 


e y-intercept: f(0) = —-12 Evaluate fat. 
e x-intercepts (if any): x? — 4x -12 =0 Solve f(x) = 0. 
(x —6)(x +2) =0 Factor. 
x—-6=0 or x+2=0 Use the Zero-Product 
x=6 or fag Tne 


The y-intercept is — 12; the x-intercepts are —2 and 6. 





b —4 
ihe: ‘vertex is at. x = "= —=—"= 2. Because f(2) = —16, ‘the vertex 
2 2 
is (2, -16). 
Figure 33 f(x) = x* — 4x-—12 See Figure 33 for the graph. 
iE The graph is below the x-axis for —2 < x < 6. Because the original inequality is 
49 0 2 4 6 g * not strict, the solution includes the x-intercepts. The solution set is {x|-2 < x = 6} 
Figure 34 or, using interval notation, | —2, 6]. See Figure 34 for the graph of the solution ae 


ocmm=_==-Now Work PROBLEM 9 
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| EXAMPLE 2 | Solving an Inequality 


Solve the inequality 2x7 < x + 10 and graph the solution set. 


Solution Option I Rearrange the inequality so that 0 is on the right side. 


2x7 <x+10 
2x* —-x —10 <0 Subtract x + 10 from both sides. 


This inequality is equivalent to the original inequality. 


Next graph the function f(x) = 2x? — x — 10 to find where f(x) < 0. 


e y-intercept: f(0) = —10 _ Evaluate f at 0. 
e x-intercepts (if any): 2x7 — x — 10 = 0 Solve f(x) = 0. 
(27 3)(e 2) = 0 Factor. 
2x -5=0 or x+2=0 Use the Zero-Product 
Property. 
x= 5 or x =-2 


» 
The y-intercept is — 10; the x-intercepts are —2 and 7: 





b = ee! 1 
1 = SS SST B os = i | 12 h 
The vertex is at x ae A z Because 7 ( | 0.125, the vertex 
1 
Figure 35 f(x) = 2x* — x-— 10 is (+ 10.25) See Figure 35 for the graph. 


5 
The graph is below the x-axis (f(x) < 0) between x = —2andx = 5 Because 





the inequality is strict, the solution set is 4x}|-2<x< 7 f OF using interval 


=) 
tati —2,= |. 
notation, ( 5) 


Option 2 If f(x) = 2x* and g(x) =x + 10, then the inequality to be solved 
is f(x) < g(x). Graph the functions f(x) = 2x? and g(x) = x + 10. See Figure 36. 
The graphs intersect where f(x) = g(x). Then 


2x7 =x+10 f(x) = g(x) 
2x7 -x -10 = 0 





(2x —5)(x +2) =0 Factor. 
27> )—0. Or FF2HSv Use the Zero-Product 
5 Property. 
x= 5 or x=-2 
Figure 36 , , > 25 
§ The graphs intersect at the points (—2,8) and ey . Then f(x) < g(x) on the 
5 
es es es interval (-2, =) where the graph of fis below the graph of g. 
-4 -2 0 2 4 
Figure 37 See Figure 37 for the graph of the solution set. 2 


evmmmmme- Now Work PROBLEMS 5 AND 13 
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| EXAMPLE 3 | Solving an Inequality 


2 Solution 





Figure 39 


Solve the inequality x* + x + 1 > Oand graph the solution set. 


The graph of the function f(x) =x? +x+1 has y-intercept 1. There are 
1.3 
no x-intercepts (Do you know why? Check the discriminant.). The vertex is (- > >) 


Since a > 0, the parabola is concave up and lies above the x-axis for all real numbers x. 


So x? + x + 1 > 0 for all real numbers. See Figure 38. 
See Figure 39 for the graph of the solution set (— ©, 00), ol 


omme_mmee-Now Work PROBLEM 17 


3.5 Assess Your Understanding 


‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. Solve the inequality —3x — 2 < 7. (pp. A76-A77) 2. Write (—2, 7] using inequality notation. (pp. A73—A74) 


Skill Building 


In Problems 3-6, use the figure to solve each inequality. 











y= g(x) 
(a) f(x) > 0 (a) g(x) <0 (a) g(x) = f(x) (a) f(x) < g(x) 
(b) f(x) =0 (b) g(x) =0 (b) f(x) > g(x) (b) f(x) = g(x) 
In Problems 7-22, solve each inequality. : 
7. x2 — 3x -10 <0 8.x? + 3x - 10 >0 NX 9.22 — 4x > 0 10. x2 + 8x > 0 
1. 2-9 <0 12. x2-1<0 N13. 2 +> 12 14.2 + 7x < -12 
15. 2x? < 5x +3 16. 6x2 <6 + 5x Nin 2? -x+1<0 18.2 +2x+4>0 
19. 4x7 + 9 < 6x 20. 25x? + 16 < 40x 21. 6(x7 —1) > 5x 22. 2(2x? — 3x) > -9 
Mixed Practice In Problems 23-30, use the given functions f and g. 
(a) Solve f(x) = 0. (b) Solve g(x) = 0. (c) Solve f(x) = g(x). (d) Solve f(x) > 0. 
(e) Solve g(x) = 0. (f) Solve f(x) > g(x). (g) Solve f(x) = 1. 
23. f(x) =x*-1 24. f(x) = -x* +3 25. f(x) = -x* +1 26. f(x) = —-x? +4 
g(x) =3x+3 g(x) = -3x + 3 g(x) =4x +1 gy) === 2 
27. f(x) =x -4 28. f(x) =x*-2x4+1 29. f(x) =x*-x-2 30. f(x) = -x*-x+1 
g(x) = —-x* +4 g(x) =-x7 +1 g(x) =x*+x-2 g(x) =—-x*7+x+6 


Applications and Extensions 


31. What is the domain of the function f(x) = Vx? — 16? 32. What is the domain of the function f(x) = Vx — 3x’? 
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33. 


34. 


3D. 


36. 


Physics A ball is 

thrown vertically 

upward with an initial 

velocity of 80 feet per 

second. The distance s 

(in feet) of the ball 

from the ground 

after t seconds is 

s(t) = 80t — 1607. 

(a) At what time f 
will the ball strike 
the ground? 

(b) For what time f is 
the ball more than 
96 feet above the 
eround? 


s = 80t— 16f° 





Physics A ball is thrown vertically upward with an initial 

velocity of 96 feet per second. The distance s (in feet) of the 

ball from the ground after t seconds is s(t) = 96t — 16f7. 

(a) At what time ¢ will the ball strike the ground? 

(b) For what times fis the ball more than 128 feet above the 
ground? 


Revenue Suppose that the manufacturer of a gas clothes 

dryer has found that when the unit price is p dollars, the 

revenue R (in dollars) is 
R(p) = —4p* + 4000p 

(a) At what prices p is revenue zero? 

(b) For what range of prices will revenue exceed $800,000? 








Revenue The John Deere company has found that the 
revenue from sales of heavy-duty tractors is a function of 
the unit price p, in dollars, that it charges. The revenue R, in 
dollars, is given by 


1 
R(p) = —P + 1900p 





(a) At what prices p is revenue zero? 
(b) For what range of prices will revenue exceed $1,200,000? 





Explaining Concepts: Discussion and Writing 


39. 
40. 


41. 


Show that the inequality (x — 4)? <0 has exactly one solution. 


Show that the inequality (x — 2)? >0 has one real 
number that is not a solution. 


Explain why the inequality x* + x + 1 > 0 has all real 
numbers as the solution set. 


Retain Your Knowledge 


37. Artillery A projectile fired from the point (0, 0) at an angle 


38. 


42. 


43. 


to the positive x-axis has a trajectory given by 


y=cx- (1+ )(£)(2) 


x = horizontal distance in meters 


where 


y = height in meters 





Vv 
& 


initial muzzle velocity in meters per second (m/s) 





acceleration due to gravity = 9.81 meters per second 
squared (m/s”) 
c > Qisaconstant determined by the angle of elevation. 


A howitzer fires an artillery round with a muzzle velocity 

of 897 m/s. 

(a) If the round must clear a hill 200 meters high at a 
distance of 2000 meters in front of the howitzer, 
what c values are permitted in the trajectory equation? 

(b) If the goal in part (a) is to hit a target on the 
eround 75 kilometers away, is it possible to do so? If so, 
for what values of c? If not, what is the maximum distance 
the round will travel? 


Source: www.answers.com 


Challenge Problem Runaway Car Using Hooke’s Law, we 
can show that the work W done in compressing a spring 


; es it 
a distance of x feet from its at-rest position is W = 5 kx’, 


where & is a stiffness constant depending on the spring. 
It can also be shown that the work done by a body in 
aay? where 
28 

w = weight of the object (in lb), g = acceleration due to 
gravity (32.2 ft/s”), andv = object’s velocity (in ft/s). A parking 
garage has a spring shock absorber at the end of a ramp to stop 
runaway cars. The spring has a stiffness constant k = 9450 Ib/ft 
and must be able to stop a 4000-lb car traveling at 25 mph. What 
is the least compression required of the spring? Express your 
answer using feet to the nearest tenth. 


motion before it comes to rest is given by W = 





Source: www.sciforums.com 


Explain why the inequality x* — x + 1 < 0 has the empty 
set as the solution set. 
Explain the circumstances under which the x-intercepts of 


the graph of a quadratic function are included in the solution 
set of a quadratic inequality. 


Problems 44-53 are based on material learned earlier in the course. The purpose of these problems is to keep the material fresh in 
your mind so that you are better prepared for the final exam. 


44. 
45. 


46. 


47. 


48. 





Find the domain of f(x) = V10 — 2x. 
Determine algebraically whether f(x) = 3 is even, 
x 


odd, or neither. ; 
Suppose f(x) = 3 6. 

(a) Find the intercepts of the graph of f 

(b) Graph f. 

Determine whether the graphs of 3x + y=4 and 


x + 3y = 6are parallel, perpendicular, or neither. 
Find the zeros of f(x) = x? + 6x — 8. 


49. Find the intercepts of the graph of y = 


Ax* — 25 


x7 —-1~ 


In Problems 50 and 51, if f(x) = x? + 2x — 7and g(x) = 3x — 4, 


find: 
50. 
51. 


éX 53. Simplify: 


(g —f) (x) 
(f-g) (x) 


4X 52. Find the difference quotient of f: f(x) = 3x* — 5x 


5x4(2x + 7)* — 8x°(2x + 7) 
(2x + 7) 
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‘Are You Prepared?’ Answers 


1. {x|x > —3} or (-3, 00) 
Chapter Review 


Things to Know 
Linear function (p. 125) 
f(x) = mx +d 


Quadratic function (pp. 143-147) 
f(x) = ax’ + bx +c,a ¥ 0 





De 2 





Average rate of change of f = m 


The graph of f is a line with slope m and y-intercept b. 


The graph of f is a parabola that is concave up if a > 0 and is concave down if a < 0. 


Vertex: (- 2 (- oy) 


Axis of tryix = -= 
xis of symmetry: x 5S 


y-intercept: f(0) = c 
x-intercept(s): If any, found by finding the real solutions of the equation ax? + bx + c = 0 


Objectives 
Section You should be able to... Examples Review Exercises 
a 1 Graph linear functions (p. 125) if 1(a)-3(a), 1(c)—3(c) 
2 Use average rate of change to identify linear functions (p. 125) 2 1(b)—3(b), 4,5 
3 Determine whether a linear function is increasing, decreasing, or constant (p.128) 3 1(d)-3(d) 
4 Build linear models from verbal descriptions (p. 129) 4,5 vA 
32 1 Draw and interpret scatter plots (p. 135) it 29(a), 30(a) 
2 Distinguish between linear and nonlinear relations (p. 136) 2.3 29(b), 30(a) 
i 3 Use a graphing utility to find the line of best fit (p. 138) 4 29(c) 
3.3 1 Graph a quadratic function using transformations (p. 144) | 6-8 
2 Identify the vertex and axis of symmetry of a parabola (p. 146) 2 9-13 
3 Graph a quadratic function using its vertex, axis, and intercepts (p. 147) 3-5 9-13 
4 Find a quadratic function given its vertex and one other point (p. 150) 6 19, 20 
5 Find the maximum or minimum value of a quadratic function (p. 150) 7-8 14-16, 22-27 
3.4 1 Build quadratic models from verbal descriptions (p. 157) 1-3 22-28 
iz 2 Build quadratic models from data (p. 160) 4 30 
ee) 1 Solve inequalities involving a quadratic function (p. 165) 1-3 17,18 


Review Exercises 
In Problems 1-3: 


(a) Find the slope and y-intercept of each linear function. 

(b) What is the average rate of change of each function? 

(c) Graph each function. Label the intercepts. 

(d) Determine whether the function is increasing, decreasing, or constant. 


L Jie) =] 2 =—5 


Ze NX} =ir-6 3. G(x) =4 


In Problems 4 and 5, determine whether the function is linear or nonlinear. If the function is linear, state its slope. 
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In Problems 6-8, graph each quadratic function using transformations (shifting, compressing, stretching, and/or reflecting). 


6. 


f(x) = (x+1)?-4 


1 f(x) = F(x — 4)? 


8. f(x) = -3(x + 2)*4+1 


In Problems 9-13, (a) graph each quadratic function by determining whether its graph is concave up or is concave down and by finding its 
vertex, axis of symmetry, y-intercept, and x-intercepts, if any. (b) Determine the domain and the range of the function. (c) Determine where 
the function is increasing and where it is decreasing. 


9, f(x) = (x —2)* +2 


12. 


9 
f(x) = 5x) + 3x + it 


1 
10. f(x) = roa — 16 


13. f(x) = 3x7 + 4x -1 


V1. f(x) = -4x7 + 4x 


In Problems 14-16, determine whether the given quadratic function has a maximum value or a minimum value, and then find the value. 


14. 
16. 


f(x) =3x* -6x +4 
f(x) = -3x? + 12x +4 


In Problems 17 and 18, solve each quadratic inequality. 


17. 


x* + 6x —-16<0 18. 3x7 = 14x + 5 


In Problems 19 and 20, find the quadratic function for which: 


19. 
20. 
21. 


22. 


23. 


24. 


Vertex is (2, —4); y-intercept is —16 
Vertex is (—1, 2); contains the point (1, 6) 


Sales Commissions Bill was just offered a sales position for 
a computer company. His salary would be $25,000 per year 
plus 1% of his total annual sales. 


(a) Find a linear function that relates Bill’s annual salary, S, 
to his total annual sales, x. 

(b) If Bill’s total annual sales were $1,000,000, what would 
be Bill’s salary? 

(c) What would Bill have to sell to earn $100,000? 

(d) Determine the sales required of Bill for his salary to 
exceed $150,000. 


Demand Equation The price p (in dollars) and the quantity x 
sold of a certain product satisfy the demand equation 
x = 1500 — 10p 
(a) Find a model that expresses the revenue R as a function 
of the price p. 
(b) What is the domain of R? Assume R is nonnegative. 
(c) What unit price should be used to maximize revenue? 
(d) If this price is charged, what is the maximum revenue? 
(e) How many units are sold at this price? 
(f) What price should be charged to collect at least $56,000 
in revenue? 








Landscaping A landscape engineer has 200 feet of border to 
enclose a rectangular pond. What dimensions will result in 
the largest pond? 


Enclosing the Most Area with a Fence A farmer with 
10,000 meters of fencing wants to enclose a rectangular field 
and then divide it into two plots with a fence parallel to one 
of the sides. See the figure. What is the largest area that can 
be enclosed? 








15. 


26 


26. 


f(x) = -x? + 8x -4 


Architecture A special window in the shape of a rectangle with 
semicircles at each end is to be constructed so that the outside 
perimeter is 100 feet. See the illustration. Find the dimensions 
of the rectangle that maximizes the area of the rectangle. 











Minimizing Marginal Cost Callaway Golf Company has 
determined that the marginal cost C of manufacturing x 
Big Bertha golf clubs may be expressed by the quadratic 
function 





C(x) = 4.9x? — 617.4x + 19,600 


(a) How many clubs should be manufactured to minimize 
the marginal cost? 
(b) At this level of production, what is the marginal cost? 


27. Maximizing Area A rectangle has one vertex on the 


28. 


29. 


line y=10-—x, x >0, another at the origin, one 
on the positive x-axis, and one on the positive y-axis. 
Express the area A of the rectangle as a function 
of x. Find the largest area A that can be enclosed by the 
rectangle. 


Parabolic Arch Bridge A horizontal bridge is in the shape of 
a parabolic arch. Given the information shown in the figure, 
what is the height / of the arch 2 feet from shore? 





Bone Length Research performed at NASA, led by 
Dr. Emily R. Morey-Holton, measured the lengths of the 
right humerus and right tibia in 11 rats that were sent to 
space on Spacelab Life Sciences 2. The data shown on the 
next page were collected. 


(a) Draw a scatter plot of the data, treating length of the 
right humerus as the independent variable. 


(b) Based on the scatter plot, do you think that there is a 
linear relation between the length of the right humerus 
and the length of the right tibia? 

J (c) Use a graphing utility to find the line of best fit 
relating length of the right humerus and length of the 
right tibia. 

(d) Predict the length of the right tibia on a rat whose right 
humerus is 26.5 millimeters (mm). 


’ Right Humerus 
(mm), x 


Right Tibia 
(mm), y 





Source: NASA Life Sciences Data Archive 


Test Pre 
Chapter Test yeEOeE 
1. For the linear function f(x) = —4x + 3: 


(a) Find the slope and y-intercept. 
(b) What is the average rate of change of f? 
(c) Determine whether f is increasing, decreasing, or 
constant. 
(d) Graph f- 
In Problems 2 and 3, find the intercepts, if any, of each quadratic 
function. 


2. f(x) = 3x* -2x - 8 3. G(x) = —2x* + 4x +1 
4. Suppose f(x) = x* + 3x and g(x) = 5x + 3. 

(a) Solve f(x) = g(x). 

(b) Graph each function and label the points of intersection. 


(c) Solve the inequality f(x) < g(x) and graph the solution 
set. 





5. Graph f(x) = (x — 3)* — 2 using transformations. 
6. Consider the quadratic function f(x) = 3x7 — 12x + 4. 
(a) Is the graph concave up or concave down? 
(b) Find the vertex. 
(c) Find the axis of symmetry. 
(d) Find the intercepts. 
(e) Use the information from parts (a)—(d) to graph f. 
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30. Advertising A small manufacturing firm collected the 
following data on advertising expenditures A (in thousands 
of dollars) and total revenue R (in thousands of dollars). 


Total Revenue 
($1000s) 


Advertising 
{| Expenditures ($1000s) 





(a) Draw a scatter plot of the data. Comment on the type of 
relation that may exist between the two variables. 


(b) The quadratic function of best fit to these data is 
R(A) = —7.76A* + 411.88A + 942.72 


Use this function to determine the optimal level of 
advertising. 

(c) Use the function to predict the total revenue when the 
optimal level of advertising is spent. 

te (d) Use a graphing utility to verify that the function given in 

part (b) is the quadratic function of best fit. 

(e) Use a graphing utility to draw a scatter plot of the data, 
and then graph the quadratic function of best fit on the 
scatter plot. 





The Chapter Test Prep Videos include step-by-step solutions to all chapter test 
exercises. These videos are available in MyLab™ Math, or on this text's YouTube 
Channel. Refer to the Preface for a link to the YouTube channel. 


7. Determine whether f(x) = —2x*+12x+3 has a 
maximum or a minimum. Then find the maximum or 
minimum value. 


8. Solve x* — 10x + 24 = 0. 


9. RV Rental The weekly rental cost of a 20-foot recreational 
vehicle is $129.50 plus $0.15 per mile. 
(a) Find a linear function that expresses the cost C as a 
function of miles driven m. 
(b) What is the rental cost if 860 miles are driven? 
(c) How many miles were driven if the rental cost 
is $213.80? 


10. Maximizing Revenue The price p (in dollars) and the quantity x 
sold of a certain product satisfy the demand equation 


x = —10p + 10,000 


(a) Find a model that expresses the revenue R as a function 
of p. 

(b) What is the domain of R? Assume R is nonnegative. 

(c) What price p maximizes the revenue? 

(d) What is the maximum revenue? 

(e) How many units are sold at this price? 

(f) What price should the company charge to earn 
at least $1,600,000 in revenue? 
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Cumulative Review 


. Find the distance between the pomts P — (—1,3)} 








and Q= (4,—2). Find the midpoint of the line segment 
from: / to): 


. Which points are on the graph of y = x° — 3x + 1? 


(a) (=2.—-1) (b) (2,3) (c) (S45) 


. Solve the inequality 5x + 3 = O and graph the solution set. 


. Find the equation of the line containing the points (—1, 4) 


and (2, —2). Express your answer in slope-intercept form 
and graph the line. 


. Find the equation of the line perpendicular to the 


line y = 2x + 1 and containing the point (3,5). Express your 
answer in slope-intercept form and graph both lines. 


6. Graph the equation x* + y” — 4x + 8y —-5 = 0. 


7, Does the following relation represent a function? 


10. 


11. 


t (—3, 8), (1,3), (2,5), (3,8) F- 


. For the function f defined by f(x) = x* — 4x + 1, find: 





(a) f(2) (b) f(x) + f(2) 

(c) f(-x) (d) —f(x) 

(e) f(x + 2) (f) ma hz 
. Find the domain of h(z) = = - = 


Is the following graph the graph of a function? 


y 


x 
ed. 





Consider the function f(x) = 
1 
(a) Is the point (. i) on the graph of f? 


(b) If x = —2, what is f(x)? What point is on the 
graph of f? 

(c) If f(x) = 2, what is x? What point is on the 
graph of f? 


12. 


Ez 13. 


14. 


15. 


Is the function f(x) = 





zs even, odd, or neither? 
Vis gab 
Approximate the local maximum values and local minimum 
values of f(x) = x° — 5x + 1on[-—4,4]. Determine where 
the function is increasing and where it is decreasing. 
If f(x) = 3x + Sandg(x) = 2x + 1: 


(a) Solve f(x) = g(x). 

(b) Solve f(x) > g(x). 

Consider the graph below of the function f- 

(a) Find the domain and the range of f. 

(b) Find the intercepts. 

(c) Is the graph of f symmetric with respect to the x-axis, 
the y-axis, or the origin? 

(d) Find f(2). 

(e) For what value(s) of x is f(x) = 

(f) Solve f(x) < 0. 


(g) Graph y = f(x) + 2. 
(h) Graph y = f(x). 


(i) Graph y = 2f(x). 
(j) Is feven, odd, or neither? 
(k) Find the interval(s) on which f is increasing. 


oh 





(1, 0) 9 X 
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Chapter Projects 


2. Using Excel to draw a scatter plot. Treat the percentage 
change in the S& P500 as the independent variable and the 
percentage change in the stock you chose as the dependent 
variable. The easiest way to draw a scatter plot in Excel 
is to place the two columns of data next to each other 
(for example, have the percentage change in the S&P500 
in column F and the percentage change in the stock you 
chose in column G). Then highlight the data and select the 
Scatter Plot icon under Insert. Comment on the type of 
relation that appears to exist between the two variables. 











3. Finding beta. To find beta requires that we find the line of 
best fit using least-squares regression. The easiest approach 
is to click inside the scatter plot. Select the Chart Elements 
icon (+). Check the box for Trendline, select the arrow 
to the right, and choose More Options. Select Linear and 
check the box for Display Equation on chart. The line of 
best fit appears on the scatter plot. See below. 


fh» 


] 
| 





(@) Internet-based Project 


I. The Beta of a Stock You want to invest in the stock market 
but are not sure which stock to purchase. Information is the 


key to making an informed investment decision. One piece eee - eo 
of information that many stock analysts use is the beta of Pot 
the stock. Go to Wikipedia (http-//en. wikipedia.org/wiki/ | | ae | @ 

; 9,06] 2 -f 
Beta_(finance)) and research what beta measures and what it | | | | we | ge 


represents. 


1. Approximating the beta of a stock. Choose a well-known 
company such as Google or Coca-Cola. Go to a website 
such as Yahoo! Finance (http-//finance.yahoo.com/) and 
find the weekly closing price of the company’s stock 
for the past year. Then find the closing price of the 





Standard & Poor’s 500 (S&P500) for the same time period. |__| _.|_I. kk Pres dena 
To get the historical prices in Yahoo! Finance, select | | | | fe tel tel 
Historical Data from the menu. Choose the appropriate || | | | aft . | 
time period. Select Weekly and Apply. Finally, select J we 
Download Data, and Open with Microsoft Excel. Repeat ;r roy o.)~CUe oe 
this for the S&P500, and copy the data into the same a aR 
spreadsheet. Finally, rearrange the data in chronological y = 0.9046x + 0.0024 R2 = 0.4887 





order. Be sure to expand the selection to sort all the data. 
Now, using the adjusted close price, compute the percentage 
change in price for each week, using the formula 


® Series 1 === Linear (series 1) 





The line of best fit for this data is y = 0.9046x + 0.0024. 
You may click on Chart Title or either axis title and insert 
Pi — Fo the appropriate names. The beta is the slope of the line of 

Po best fit, 0.9046. We interpret this by saying, “If the S&P500 
increases by 1%, then this stock will increase by 0.9%, 
on average.” Find the beta of your stock and provide an 
_ Di interpretation. NOTE: Another way to use Excel to find 
————.. Repeat this for the line of best fit requires using the Data Analysis Tool 

= Pack under add-ins. 





% change = 


For example, if week 1 price is in cell D1 and week 2 price 


is in cell D2, then % change = 
the S&P500 data. 


The following projects are available on the Instructor’s Resource Center (IRC): 








II. Cannons A battery commander uses the weight of a missile, its initial velocity, and the position of its gun to determine where the 
missile will travel. 





HII. First and Second Differences Finite differences provide a numerical method that is used to estimate the graph of an unknown function. 


IV. CBL Experiment Computer simulation is used to study the physical properties of a bouncing ball. 





melivinlevanitclmrelare 


Rational Functions 





Day Length 





Day length is the length of time each day from the moment the upper 
limb of the sun’s disk appears above the horizon during sunrise to the 
moment when the upper limb disappears below the horizon during 
sunset. The length of a day depends on the day of the year as well as the 
latitude of the location. Latitude gives the location of a point on Earth 
north or south of the equator. In the Internet Project at the end of this 
chapter, we use information from the chapter to investigate the relation 
between day length and latitude for a specific day of the year. 


( @ " — See the Internet-based Chapter Project I— 











Outline 


4.1 Polynomial Functions In Chapter 2, we began our discussion of functions. We defined domain, range, and independent 


4.2 Graphing Polynomial Functions, and dependent variables, found the value of a function, and graphed functions. We continued our 
Models Study of functions by listing properties of functions, such as being even or odd, and created a 


4.3 Properties of Rational Functions —_—_|ibrary of functions, naming and graphing key functions and listing their properties. 
4.4 The Graph of a Rational Function 


4.5 Polynomial and Rational 
Inequalities 

4.6 The Real Zeros of a Polynomial 
Function 

4.7 Complex Zeros; Fundamental 
Theorem of Algebra 
Chapter Review 
Chapter Test 
Cumulative Review 
Chapter Projects 


In Chapter 3, we discussed linear functions and quadratic functions, which belong to the 
class of polynomial functions. 


In this chapter, we look at two general classes of functions, polynomial functions and rational 
functions, and examine their properties. Polynomial functions are arguably the simplest 
functions in algebra. They are often used to approximate other, more complicated functions. 
Rational functions are ratios of polynomial functions. 
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4.1 Polynomial Functions 


PREPARING FOR THIS SECTION Before getting started, review the following: 


¢ Polynomials (Section A.3, pp. A22—-A29) ¢ Graphing Techniques: Transformations (Section 2.5, 
e¢ Obtain Information from or about the Graph of a pp. 98-107) 
Function (Section 2.2, pp. 64-67) e Intercepts (Section 1.2, pp. 12-13) 
e Library of Functions (Section 2.4, pp. 86-90) 


\ Now Work the ‘Are You Prepared?’ problems on page 187. 
OBJECTIVES 1 Identify Polynomial Functions and Their Degree (p. 175) 


2 Graph Polynomial Functions Using Transformations (p. 179) 


3 Identify the Real Zeros of a Polynomial Function and 
Their Multiplicity (p. 180) 





1 Identify Polynomial Functions and Their Degree 


In Chapter 3, we studied the linear function f(x) = mx + b, which can be written as 
f(x) = ax + do 
and the quadratic function f(x) = ax’ + bx + c,a # 0, which can be written as 
f(x) = ax? + ax + a a, ~ 0 


Both of these functions are examples of a polynomial function. 


C DEFINITION Polynomial Function 


A polynomial function in one variable is a function of the form 


f(x) = a,x" + dy_yx™ | +--+ + ax + ay 











where d,,d,-1,...,4,,d) are constants, called the coefficients of the 
polynomial, n = 0 is an integer, and x is a variable. If a, # 0, it is called the 
leading coefficient, and 7 is the degree of the polynomial. 


The domain of a polynomial function is the set of all real numbers. =) 


The monomials that make up a polynomial function are called its terms. 

Ifa, # 0, a,x" is called the leading term; dp is called the constant term. If all of the 

4 coefficients are 0, the polynomial is called the zero polynomial, which has no degree. 

; Polynomial functions are usually written in standard form, beginning with the 

nonzero term of highest degree and continuing with terms in descending order 
according to degree. If a power of x is missing, it is because its coefficient is zero. 

Polynomial functions are among the simplest in algebra. They are easy to 

evaluate: only addition and repeated multiplication are required. Because of this, 

they are often used to approximate other, more complicated functions. In this section, 

we investigate properties of this important class of functions. 


| EXAMPLE 1 ~ Identifying Polynomial Functions 


Determine which of the following are polynomial functions. For those that are, state 
the degree; for those that are not, state why not. Write each polynomial function in 
standard form, and then identify the leading term and the constant term. 


In Words 
A polynomial function is a 
sum of monomials. 





(a) p(x) =5x° - rt — 9 (b) f(x) =x +2 —- 3x" (c) g(x) = Vx 


(a) A(x) = 5 





(ec) G(x) =8 (f) H(x) = —2x?(x -1)° 
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Solution (a) p is a polynomial function of degree 3, and it is in standard form. The leading 


Table 1 
Degree 


No degree 


In Words 
A power function is defined 
by a single monomial. 


Form 


term is 5x°, and the constant term is —9. 


(b) f isa polynomial function of degree 4. Its standard form is f(x) = —3x* + x + 2. 
The leading term is —3x*, and the constant term is 2. 


(c) gis not a polynomial function because g(x) = Vx = 02, so the variable x is 


il eas — 
raised to the 5 power, which is not a nonnegative integer. 
(d) his not a polynomial function. It is the ratio of two distinct polynomials, and the 
polynomial in the denominator is of positive degree. 


(e) Gis anonzero constant polynomial function, so it is of degree 0. The polynomial 
is in standard form. The leading term and constant term are both 8. 

(f) H(x) = —2x7(x — 1)% = -2x3 (x? — 2x +1) = —2x° + 4x4 — 2x°. So, H is 
a polynomial function of degree 5. The leading term is —2x°. Since no constant 
term is shown, the constant term is 0. 7 


Do you see a way to find the degree of H, in part (f), without multiplying it out? 


oummmmme- NOW Work PROBLEMS 15 AND 19 


We have discussed in detail polynomial functions of degrees 0, 1, and 2. See 
Table 1 for a summary of properties of the graphs of these polynomial functions. 


f(x) =0 Zero function The x-axis 


f(x) = ao, a #0 Constant function Horizontal line with y-intercept ao 


f(x) =a,xX+ a, a, #0 Linear function Nonvertical, nonhorizontal line with 


slope a, and y-intercept dg 


F(x) = a)x* + a,X + a9, ad) #0 Quadratic function Parabola: graph is concave up if a > 0; 


graph is concave down if ay < 0 





If you take a course in calculus, you will learn that the graph of every polynomial 
function is both smooth and continuous. By smooth, we mean that the graph contains 
no sharp corners or cusps; by continuous, we mean that the graph has no gaps or holes 
and can be drawn without lifting your pencil from the paper. See Figures 1(a) and (b). 





y y 
Cusp 
Corner Hole 
Gap 
x 
Figure 1 (a) Graph of a polynomial function: (b) Cannot be the graph of a 
smooth, continuous polynomial function 


Power Functions 


Polynomial functions of degree n,n > 0, that have only one term are called power 
functions. 


( DEFINITION Power Function 


4 A power function of degree n is a monomial function of the form 


f(x) = ax’ (2) 


where a is areal number,a # 0, andn > (is an integer. 2 
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Examples of power functions are 


1 
fle) = 3x fx) = Se f(x) = 8 fx) = — 34 
degree 1 degree 2 degree 3 degree 4 


The graph of a power function of degree 1, f(x) = ax, is a line with slope a that 
passes through the origin. The graph of a power function of degree 2, f(x) = ax’, 
is a parabola with vertex at the origin. The parabola is concave up if a > O and is 
concave down ifa < 0. 

If we know how to graph a power function of the form f(x) = x”, a compression, 
a stretch, or, perhaps, a reflection about the x-axis gives us the graph of g(x) = ax". 
Consequently, we concentrate on graphing power functions of the form f(x) = x”. 

We begin with power functions of even degree of the form f(x) = x",n = 2 
and n even. The domain of fis the set of all real numbers, and the range is the set 
of nonnegative real numbers. Such a power function is an even function. (Do you 
see why?) Its graph is symmetric with respect to the y-axis. The graph of a power 
function f(x) = x",n even, always contains the origin (0,0) and the points (—1, 1) 
and (1,1). 

Ifn = 2, the graph is the familiar parabola y = x’ that is concave up, with vertex 
at the origin. If n = 4, the graph of f(x) = x”, n even, will be closer to the x-axis 
than the parabola y = x if -1 <x <1,x # 0, and farther from the x-axis than 
the parabola y = x? if x < —1 or if x > 1. Figure 2(a) illustrates this conclusion. 
Figure 2(b) shows the graphs of y = x* and y = x® for further comparison. 


jiojax” 
n=4 y-x8 y=x4 
y 
4 
2 


(—1, 1) (1, 1) 





=3 (0, 0)] 3X 
Figure 2 (a) (b) 
RECALL Infinity, 00, is nota Figure 2 shows that as n increases, the graph of f(x) = x",n = 2 and n even, 
real number, but a symbol used tends to flatten out near the origin and is steeper when x is far from 0. For large n, 
to indicate unboundedness in it may appear that the graph coincides with the x-axis near the origin, but it does 


the positive direction. 

Similarly, — CO Is a symbol used 
to indicate unboundedhess in 
the negative direction. 


not; the graph actually touches the x-axis only at the origin. Also, for large n, it may 
appear that for x < —1 or for x > 1 the graph is vertical, but it is not; it is only 
increasing very rapidly in these intervals. If the graphs were enlarged many times, 
these distinctions would be clear. 

Figure 2 also shows that as x becomes unbounded in the negative direction, 
x —> —©O, or as x becomes unbounded in the positive direction, x — oo, the power 
function f(x) = x”, n even, becomes unbounded in the positive direction, f(x) — ©. 


See Table 2. 


= — 100,000 x—>-0o x= 10,000 x= 100,000 x-><x 





We define the behavior of the graph of a function for large values of x, either 
positive or negative, as its end behavior. 


178 CHAPTER 4 Polynomial and Rational Functions 





| Seeing the Concept 


Graph Y; = x*, Y> = x®, and Y; = x'* using the viewing rectangle —2 =< x < 2,-4 < y= 16. Then 

~ graph each again using the viewing rectangle —1 <= x =< 1,0 s y < 1. See Figure 3. TRACE along one 
of the graphs to confirm that for x close to 0 the graph is above the x-axis and that for x > O the graph 
iS increasing. 


MORHAL FLOAT AUTO REAL RADIAN HP fl 





Figure 3 


Properties of Power Functions, f(x) = x", nls a Positive Even Integer 
e fis an even function, so its graph is symmetric with respect to the y-axis. 


e The domain is the set of all real numbers. The range is the set of nonnegative 
real numbers. 


e The graph always contains the points (—1, 1), (0,0), and (1, 1). 


e As the exponent n increases in magnitude, the graph is steeper 
when x < —1lorx > 1; but for x near the origin, the graph tends to flatten 
out and lie closer to the x-axis. 


e End behavior: 
a ASX =O, f(x) = x 


e Asx ovo, f(x) =x" > ow, 


Now consider the power functions f(x) = x”",n = 3,andn odd.The domain and 
the range of fare the set of real numbers. Such a power function is an odd function. 
(Do you see why?) Its graph is symmetric with respect to the origin. The graph 


-3 (0, 0) 3 * of a power function f(x) = x",n odd, always contains the origin (0, 0) and the 
-1,-9 points (—1, —-1) and (1,1). 
The power function f(x) = x° is the cube function. Its graph is shown in Figure 4. 
If n = 5, the graph of f(x) = x”, n odd, will be closer to the x-axis than that 
4 of y = x°if -—1 < x < 1 and farther from the x-axis than that of y = x*ifx < —1lor 
ifx > 1. Figure 4 illustrates this fact. Figure 5 shows the graphs of y = x° andy = x” 
Figure 4 for further comparison. 





Figure 5 


It appears that each graph in Figure 5 coincides with the x-axis near the origin, 
but it does not. Each graph actually crosses the x-axis at the origin. Also, it appears 
that as x increases, the graphs become vertical, but they do not; each graph is just 
increasing very rapidly. 

Figures 4 and 5 show the end behavior of the power function f(x) = x",n odd. 
As x becomes unbounded in the negative direction, x — — oo, the power function 
becomes unbounded in the negative direction, that is f(x) — — co. But, as x becomes 
unbounded in the positive direction, x — co, the power function becomes unbounded 
in the positive direction, that is, f(x) — oo. 


| Seeing the Concept 


als Graph Y, = x?, Yo = x’, and Y3 = x'+ using the viewing rectangle —2 < x < 2,-16 < y < 16. Then 
graph each again using the viewing rectangle —1 <= x =< 1,-1 s y < 1. See Figure 6. TRACE along one 
of the graphs to confirm that the graph is increasing and crosses the x-axis at the origin. 
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Figure 6 (a) (b) 
To summarize: 


Properties of Power Functions, f(x) = x", nls a Positive Odd Integer 
e fis an odd function, so its graph is symmetric with respect to the origin. 
e The domain and the range are the set of all real numbers. 

e The graph always contains the points (—1, —1), (0,0), and (1, 1). 


e As the exponent n increases in magnitude, the graph is steeper 
when x < —1lorx > 1; but for x near the origin, the graph tends to flatten 
out and lie closer to the x-axis. 


e End behavior: 
e Asx—>—o, f(x) = x"—> —-o, 


e Asx ovo, f(x) =x" > ov, 


2 Graph Polynomial Functions Using Transformations 


The methods of shifting, compression, stretching, and reflection studied in Section 2.5, 
when used with the facts just presented, enable us to graph polynomial functions that 
are transformations of power functions. 


| EXAMPLE 2 © Graphing a Polynomial Function Using Transformations 


Graph: f(x) =1—x 


Solution It is helpful to rewrite fas f(x) = —x° + 1. Figure 7 shows the required steps. 
p g q p 





Multiply by —1; Add 1; 
reflect shift up 
about x-axis 1 unit 
Figure 7 (a) y=x° (b) y= —x° (c) y= —-x°+1=1-x° . 


| EXAMPLE 3 | Graphing a Polynomial Function Using Transformations 


Graph: f(x) = (x —1)* 
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Solution —__ Figure 8 shows the required steps. 
Replace x by x — 1; Multiply by 5; 
shift right 1 unit vertical compression by 
a factor of 1 
Figure 8 (a) y=x4 (b) y=(x-1)* : (c) y= 5(x— 1)4 - 


emu Now Work PROBLEMS 27 AND 33 


Identify the Real Zeros of a Polynomial Function 
and Their Multiplicity 


Figure 9 shows the graph of a polynomial function with four x-intercepts. Notice 
that at the x-intercepts, the graph must either cross the x-axis or touch the x-axis. 
Consequently, between consecutive x-intercepts the graph is either above the x-axis 
or below the x-axis. 





Crosses 
X-axis 








Below Below 
X-axis | X-axis - 
| 

Figure 9 Graph of a polynomial function 


If a polynomial function fis factored completely, it is easy to locate the x-intercepts 
of the graph by solving the equation f(x) = 0 using the Zero-Product Property. For 


example, if f(x) = (x — 1)*(x + 3), then the solutions of the equation 
f(x) = (#— 1)?(x + 3) =0 
are 1 and —3. That is, f(1) = 0 and f(—3)=0. 


( DEFINITION Real Zero 


If fis a function and r is a real number for which f(r) = 0, then r is called a 
real zero of f. AN 


As a consequence of this definition, the following statements are equivalent. 


e risareal zero of a polynomial function f. 

® ris an x-intercept of the graph of f. 

e x — risa factor of f. 

e ris areal solution to the equation f(x) = 0. 


So the real zeros of a polynomial function are the x-intercepts of its graph, and 
they are found by solving the equation f(x) = 0. 
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Finding a Polynomial Function from Its Real Zeros 
(a) Find a polynomial function of degree 3 whose real zeros are —3, 2, and 5. 
Le (b) Use a graphing utility to graph the polynomial found in part (a) to verify your 


result. 


Solution (a) If ris a real zero of a polynomial function f, then x — r is a factor of f. This 
means that x — (—3) =x +3,x — 2, and x — 5 are factors of f. As a result, 
any polynomial function of the form 


NORMAL FLOAT AUTO REAL RADIAN MP Fy f(x) = a(x + 3) (x — 2) (x — 5) 








where a is a nonzero real number, qualifies. The value of a causes a stretch, 
compression, or reflection, but it does not affect the x-intercepts of the graph. 
Do you know why? 


fy (b) We choose to graph f with a = 1. Then 





2 f(x) = (x + 3)(x — 2) - 5) 
Figure 10 
f(x) = (x 4+ 3) (x - 2) (x- 5) Figure 10 shows the graph of f. Notice that the x-intercepts are —3, 2, and 5. = 
| Seeing the Concept 
tz Graph the function found in Example 4 for a = 2 anda = —1. Does the value of a affect the real zeros 


of f ? How does the value of a affect the graph of f? 


quem Now Work PROBLEM 41 


If, when f is factored, the factor x — r occurs more than once, r is called a repeated, 
or multiple, real zero of f. More precisely, we have the following definition. 


C DEFINITION Real Zero of Multiplicity m 


If (x — r)"™ is a factor of a polynomial f and (x — r)*! is not a factor of f, 
then r is called a real zero of multiplicity m of f.* J 


| €XAMPLE5 ~ Identifying Real Zeros and Their Multiplicities 


For the polynomial 
1 + 
f(x) = 5x? (x + 2)(2 = >) 


In Words e (Qisareal zero of multiplicity 2 because the exponent on the factor x is 2. 


The multiplicity of a real zero Is e —21s areal zero of multiplicity 1 because the exponent on the factor x + 2 is 1. 


A 


the number of times its 


i ee i. 
corresponding factor occurs. e 5 is areal zero of multiplicity 4 because the exponent on the factor x — 5 is 4. 


= 





ommm===-Now Work PROBLEM 59(a) 


Suppose that it is possible to completely factor a polynomial function and, as a 
result, locate all the x-intercepts of its graph (the real zeros of the function). 
These x-intercepts then divide the x-axis into open intervals and, on each interval, the 
graph of the polynomial is either above or below the x-axis over the entire interval. 
Let’s look at an example. 


*Some texts use the terms multiple root and root of multiplicity m. 
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| EXAMPLE 6 Graphing a Polynomial Function Using Its x-Intercepts 


Consider the polynomial function: f(x) = (x + 1)*(x — 2) 


(a) Find the x- and y-intercepts of the graph of f. 


(b) Use the x-intercepts to find the intervals on which the graph of f is above 
the x-axis and the intervals on which the graph of fis below the x-axis. 


(c) Locate other points on the graph, and connect the points with a smooth, 
continuous curve. 


Solution (a) The y-intercept is f(0) = (0 + 1)7(0 — 2) = -2. 
The x-intercepts satisfy the equation 
f(x) = (x + 1)*(x - 2) =0 
from which we find 
(x+1)*=0 or x-2=0 
x =-1 or x=2 
The x-intercepts are —1 and 2. 
(b) The two x-intercepts divide the x-axis into three intervals: 
(—oo, -1) (12) (2, 00) 


Since the graph of f crosses or touches the x-axis only at x = —1andx = 2, 
it follows that the graph of fis either above the x-axis | f(x) > 0] or below 
the x-axis | f(x) < 0] on each of these three intervals. To see where the graph 
lies, we need only pick a number in each interval, evaluate f at the number, 
and see whether the value is positive (above the x-axis) or negative (below 
the x-axis). See Table 3. 

(c) In constructing Table 3, we obtained three additional points on the graph: 
(—2, —4), (1, —4) and (3, 16). Figure 11 shows these points, the intercepts, and 
a smooth, continuous curve (the graph of f) connecting them. 


Table 3 


2,0) 


Interval : Gal 2)) 
1 


( 
S 
Value of f f(3) = 16 


Number chosen 





Location of graph Below x-axis Below x-axis Above x-axis 


Point on graph (2A) (1, —4) vera), 





eielire 11 f(x) = (x+1)*(x- 2) 


Look again at Table 3. Since the graph of f(x) = (x + 1)7(x — 2) is below 
the x-axis on both sides of —1, the graph of f touches the x-axis at x = —1, a real 
zero of multiplicity 2. Since the graph of fis below the x-axis for x < 2 and above 
the x-axis for x > 2, the graph of f crosses the x-axis atx = 2, areal zero of multiplicity 1. 


SUMMARY 


| If r Is a Real Zero of Even Multiplicity 


e Numerically: The sign of f(x) does not change from one side to the other side of r. 
© Graphically: The graph of f touches the x-axis at r. 


If r Is a Real Zero of Odd Multiplicity 


e Numerically: The sign of f(x) changes from one side to the other side of r. 
e Graphically: The graph of f crosses the x-axis at r. 





ommummns- NOW Work PROBLEM 59(b) 


‘8:°6@e6 8 


Need To Review? 
Local maximum and local 
minimum are discussed in 
Section 2.3, pp. 76-77. 





] 
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Turning Points 


Look again at Figure 11. We cannot be sure how low the graph actually goes 
between x = —1landx = 2. But we do know that somewhere in the interval (—1, 2) 
the graph of f must change direction (from decreasing to increasing). The points 
at which a graph of a function changes direction are called turning points.* Each 
turning point results in either a local maximum or a local minimum of f. The following 
theorem from calculus tells us the maximum number of turning points that the graph 
of a polynomial function can have. 


( THeoreM Turning Points 


e Iff isa polynomial function of degree n, then the graph of f has at mostn — 1 
turning points. 

e If the graph of a polynomial function f has n — 1 turning points, then the 
degree of fis at least n. J 


Based on the first bullet of the theorem, a polynomial function of degree 5 will 
have at most 5 — 1 = 4 turning points. Based on the second bullet of the theorem, 
if the graph of a polynomial function has three turning points, then the degree of the 
function must be at least 4. 


| Exploration 


rs A graphing utility can be used to locate the turning points of a graph. Graph ¥,; = (x + 1)*(x - 2). 
Use MINIMUM to find the location of the turning point for O = x S 2. See Figure 12. 


o 

















HORHAL FLOA 


T AUTO REAL RADIAN HP 
CALC MINIHUM 


a 
Hinman 
Hel Yo-4 


Figurel2 Y, = (x +1)*(x- 2) | 


om NOW Work PROBLEM 59(C) 





Identifying the Graph of a Polynomial Function 


Which graphs in Figure 13 could be the graph of a polynomial function? For those 
that could, list the real zeros and state the least degree the polynomial can have. For 
those that could not, say why not. 





(b) (c) (d) 
Figure 13 


*Graphing utilities can be used to approximate turning points. For most polynomials, calculus is needed 
to find the exact turning points. 
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Solution (a) The graph in Figure 13(a) cannot be the graph of a polynomial function 
because there is a gap at x = —1. The graph of a polynomial function is always 
continuous—no gaps or holes. (Refer back to Figure 1.) 

(b) The graph in Figure 13(b) could be the graph of a polynomial function because the 
graph is smooth and continuous. It has three real zeros: —2, 1, and 2. Since the 
graph has two turning points, the degree of the polynomial function must be at 
least 3. 

(c) The graph in Figure 13(c) cannot be the graph of a polynomial function because 
it has a corner at x = 1. The graph of a polynomial function is smooth. 

(d) The graph in Figure 13(d) could be the graph of a polynomial function. It has two 
real zeros: —2 and 1. Since the graph has three turning points, the degree of the 
polynomial function is at least 4. wal 


ommmm=_=-Now Work PROBLEM 71 


End Behavior 
Take one last look at Figure 11. For large values of x, either positive or negative, the 
graph of f(x) = (x + 1)*(x — 2) resembles the graph of y = x°. To see why, 
write fin the form 


3 2 


f(x) = (e+ 1)%(e-2) =P -3x-2=0 (1-3-3) 


- 6 pi 
For large values of x, either positive or negative, the terms — and — are close 
to 0. So for large values of x, Xx Xx 


3 2 
f(x) =e -3-2=0(1-3-4)~x 
x x 


C tHEeoReM End Behavior of the Graph of a Polynomial Function 


The end behavior of the graph of the polynomial function 


In Words 
The end behavior of the graph of a AO Re ee (ea eee ep see ee ee al 


polynomial function resembles ¥ 





is the same as that of the graph of the power function 


=> nN 


J 


that of its leading term. 


For example, the end behavior of the graph of the polynomial function 
f(x) = -2x° + 5x7 +x-4 


is the same as that of the graph of the power function y = —2x°. We can see that the 
graphs “behave” similarly by considering Table 4 and Figure 14. 


Table 4 NORMAL FLOAT AUTO REAL RADIAN HP fy 










= Jie 2 _ 
—1,494 ~2,000 Yo = —2X + 9X +x-4 


— 1,949,904 —2,000,000 
—248,749,504 — 250,000,000 
—1,994,999,004 —2,000,000,000 





Figure 14 
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In calculus, limits are used to convey the idea of end behavior. There the symbolism 
lim f(x)= —ov, read “the limit as x approaches infinity of f(x) equals negative 


infinity,’ means that f(x) > —c asx > oO. 

Look back at Figures 2 and 4. Based on the preceding theorem and the discussion 
on power functions, the end behavior of a polynomial function can only be of four 
types. See Figure 15. 


f(x) -* 00 f(x) — 00 fx) 00 {X) + & 
aS XERRT OO as X -* 00 y. ye SSXqmOO as xe, 
xX xX x Xx 
Fix) “ee —00 ix) —00 IX) = —00 f(x)  —00 
as X —-* —00 as X —* 00 as X -* —00 as X —* 00 
(a) (b) (c) (d) 
n= 2 even; a, > 0 n= 2 even; a, < 0 n=30dd; a, > 0 n=30o0dd; a, < 0 
Figure 15 €nd behavior of f(x) = a,x" + ap4xX7+ +--+: + aX + a 


ovum NOW Work PROBLEM 59(d) 


EXAMPLE 8 Identifying the Graph of a Polynomial Function 








Which graph in Figure 16 could be the graph of 


f(x)=x* + ax? + bx? — 5x — 6 


where a > 0,b > 0? 


y y 
e, x “ t x 
(a) (b) 


Figure 16 





(d) 


Solution ‘The y-intercept of f is f(0)= —6. We can eliminate the graph in Figure 16(a), 
whose y-intercept is positive. 

We now look at end behavior. For large values of x, the graph of f will behave like 
the graph of y = x*. This eliminates the graph in Figure 16(d), whose end behavior 
is like the graph of y = —x*. 

We are not able to solve f(x) = 0 to find the x-intercepts of f, so we move on to 
investigate the turning points of each graph. Since fis of degree 4, the graph of fhas 
at most 3 turning points. We eliminate the graph in Figure 16(c) because that graph 
has 5 turning points. 


Only the graph in Figure 16(b) could be the graph of 


f(x)=x* + ax? + bx’ — 5x — 6 


where a > 0,b > 0. _J 
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Finding a Polynomial Function from a Graph 





Find a polynomial function whose graph is shown in Figure 17 (use the smallest 
degree possible). 





Figure 17 


Solution The x-intercepts are —2, 0, and 2. Therefore, the polynomial must have the factors 
(x + 2),x,and (x — 2), respectively. There are three turning points, so the degree 
of the polynomial must be at least 4. The graph touches the x-axis at x = —2,so —2 
has an even multiplicity. The graph crosses the x-axis at x = 0 and x = 2, so 0 
and 2 have odd multiplicities. Using the smallest degree possible (1 for odd multiplicity 
and 2 for even multiplicity), we write 


f(x) = ax(x + 2)*(x - 2) 


All that remains is to find the leading coefficient, a. From Figure 17, the point (—1, 6) 


is on the graph of f. 
6 = a(—-1)(-1 + 2)7(-1 -— 2) f(-1) = 6 
6 = 3a 
2=a 


The polynomial function f(x) = 2x(x + 2)?(x — 2) has the graph in Figure 17 


Ee / Check: Graph Y,; = 2x(x + 2)7(x — 2) using a graphing utility to verify this 
result. 


ommummmnss- NOW Work PROBLEMS 75 AND 79 


SUMMARY 


Graph of a Polynomial Function f(x) = a,x" + a,1x" }+ --- + axt+a) a, #0 


The domain of a polynomial function is the set of all real numbers. 

Degree of the polynomial function f:n 

y-intercept: f(0) = ag 

Graph is smooth and continuous. 

Maximum number of turning points:n — 1 

At areal zero of even multiplicity: The graph of f touches the x-axis. 

At areal zero of odd multiplicity: The graph of f crosses the x-axis. 
Between real zeros, the graph of fis either above or below the x-axis. 

End behavior: For large |x|, the graph of fresembles the graph of y = a,x". 
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4.1 Assess Your Understanding 


‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. The intercepts of the graph of 9x? + 4y = 36 are ; 5. Multiple Choice The cube function f(x) = x? is 
(pp. 12-13) (a)even (b) odd (c) neither 
2. Is the expression 4x° — 3.6x7 — V2 a polynomial? If so, 


ce The graph of the cube function 
what is its degree? (pp. A22—A29) 


(a) has no symmetry 


3. To graph y=x*-—4, you would shift the graph (b) is symmetric about the y-axis 
oy =a adistance of units. (pp. 98-107) (c) is symmetric about the origin 
4. True or False The x-intercepts of the graph of a (gis an apOur ene x 
function y=f(x) are the real solutions of the =) 
equation f(x) = 0. (pp. 64-67) 
Concepts and Vocabulary 
6. The graph of every polynomial function is both 11. The graph of the function f(x) = 3x4 — x° + 5x* — 2x -—7 
and resembles the graph of for large values of |x|. 
q. Multiple Choice If ris a real zero of even multiplicity ofa 12. If f(x) = —2x5 + x3 — 5x? +7, then f(x) > 
polynomial function f, then the graph of f the x-axis at r. 
asx —> —0o, and f(x) = aS x => Co, 
(a) crosses (b) touches . 
8. The graphs of power functions of the form f(x) = x", 13. Multiple Choice The of a real zero is the number of 


times its corresponding factor occurs. 

(a) degree (b) multiplicity (c) turning point (d) limit 
14. Multiple Choice The graph of y = 5x° — 3x* + 2x — 9has 

at most how many turning points? 

(a) —9 (b) 14 (c) 6 (d) 5 


where 7 is an even integer, always contain the points 
, and 


9 


9. If r is a real solution of the equation f(x) = 0, list three 
equivalent statements regarding f and r. 











10. The points at which a graph changes direction (from 
increasing to decreasing or decreasing to increasing) are 


called 


Skill Building 


In Problems 15-26, determine which functions are polynomial functions. For those that are, state the degree. For those that are not, state 
why not. Write each polynomial in standard form. Then identify the leading term and the constant term. 








‘\ 15. f(x) = 4x + x? 16. f(x) = 5x? + 4x4 17. g(x) = : aa 
18. h(x) = 3- = \ 19. f(x) = 1- : 20. f(x) = x(x — 1) 
21. 2) Sa Sa +2 22. h(x) = Vx(Vx — 1) 23. F(x) = 5x4 - ax + : 
24, F(x) = ag > 25. G(x) = 2(x — 1)?(x? + 1) 26. G(x) = —3x*(x + 2)° 
In Problems 27-40, use transformations of the graph of y = x‘ or y = x° to graph each function. 
N27. f(x) = (x +.1)4 28. f(x) = (x —2)5 29. f(x) = 8 —3 30. f(x) = x4 +2 
31. f(x) = =x! 32. f(x) = 3x9 NX 33. f(x) = -x 34. f(x) = —x'4 
35. f(x) = (x -1)°+2 36. f(x) = (x + 2)*-3 37, f(x) = 2(x +1)*4+1 38. f(x) = s(x -1)5-2 


39, f(x) = 4- (x - 2) 40. f(x) = 3 - (x + 2)4 
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In Problems 41-468, find a polynomial function whose real zeros and degree are given. Answers will vary depending on the choice of the 
leading coefficient. 


\ 41. Zeros: —1, 1,3; degree 3 42. Zeros: —2, 2,3; degree 3 43. Zeros: —5, 0,6; degree 3 
44. Zeros: —4, 0, 2; degree 3 45. Zeros: —5, —2, 3,5; degree 4 46. Zeros: —3, —1, 2,5; degree 4 
47. Zeros: —1, multiplicity 1;3, multiplicity 2; degree 3 48. Zeros: —2, multiplicity 2; 4, multiplicity 1; degree 3 
In Problems 49-58, find a polynomial function with the given real zeros whose graph contains the given point. 
49. Zeros: —2, 3,5 50. Zeros: —2, 0,2 51. Zeros: —2,0,1,3 
Degree 3 Degree 3 Degree 4 
Point: (2, 36) Point: (—4, 16) . 1 
Point: | — =, —63 
52. Zeros: —5, —1, 2,6 53. Zeros: —3, 1,4 54. Zeros: —4, —1,2 
Degree 4 Degree 3 Degree 3 
5 y-intercept: 36 y-intercept: 16 
Point: 3 15] 
2 
55. Zeros: —1 (multiplicity 2), 1 (multiplicity 2) 56. Zeros: (0 (multiplicity 1), —1 (multiplicity 2), 3 (multiplicity 2) 
Degree 4 Degree 5 
Point: (—2, 45) Point: (1, —48) 


57. Zeros: —5 (multiplicity 2), 2 (multiplicity 1), 4 (multiplicity 1); degree 4; contains the point (3, 128) 
58. Zeros: —4 (multiplicity 1), 0 (multiplicity 3), 2 (multiplicity 1); degree 5; contains the point (—2, 64) 


In Problems 59-70, for each polynomial function: 
(a) List each real zero and its multiplicity. 
(b) Determine whether the graph crosses or touches the x-axis at each x-intercept. 
(c) Determine the maximum number of turning points on the graph. 
(d) Determine the end behavior; that is, find the power function that the graph of f resembles for large values of |x|. 


X59. f(x) =3(x -—7)(x + 3)? 60. f(x) = 4(x + 4) (x + 3)? 61. f(x) = 7(x? + 4)*(x -— 5)? 
2 2 
62. f(x) = 2(x — 3) (x? + 4)? 63. f(x) = -o(x +5) (eae 64. f(x) = (x - +) (x - 1)? 
65. f(x) = (x — 5)? (x + 4)” 66. f(x) = (x + V3)7(x - 2) 67. f(x) = 5(2x? +9)? (x? +7) 
68. f(x) = —2(x*? + 3)? 69. f(x) = —2x*(x* - 2) 70. f(x) = 4x(x? - 3) 


In Problems 71-74, identify which of the graphs could be the graph of a polynomial function. For those that could, list the real zeros and 
state the least degree the polynomial can have. For those that could not, say why not. 


N71. 72. 74. y 





In Problems 75-78, find a polynomial function that might have the given graph. (More than one answer may be possible.) 
N\ 75. 16. y 71. y4 78. y 
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In Problems 79-82, write a polynomial function whose graph is shown (use the smallest degree possible). 


‘\ 79. 


83. 


85. 





y 80. y 
14 





Mixed Practice G(x) = (x + 3)7(x — 2) 
(a) Identify the x-intercepts of the graph of G. 


(b) What are the x-intercepts of the graph 
of y= G(x + 3)? 


Challenge Problem Find the real zeros of 
f(x) = 3(x* — 1) (x? + 4x + 3)? 


and their multiplicity. 


Explaining Concepts: Discussion and Writing 


87. Can the graph of a polynomial function have no y-intercept? 


88. 


89. 


Can it have no x-intercepts? Explain. 
The illustration shows the graph of a polynomial function. 


y 


(a) Is the degree of the polynomial even or odd? 

(b) Is the leading coefficient positive or negative? 

(c) Is the function even, odd, or neither? 

(d) Why is x’ necessarily a factor of the polynomial? 
(e) What is the minimum degree of the polynomial? 





(f) Formulate five different polynomials whose graphs could 
look like the one shown. Compare yours to those of other 
students. What similarities do you see? What differences? 


Which of the following statements are true regarding the graph 


of the polynomial function f(x) = x° + bx? + cx + d? 
(Give reasons for your conclusions. ) 


(a) It intersects the y-axis in one and only one point. 

(b) It intersects the x-axis in at most three points. 

(c) It intersects the x-axis at least once. 

(d) For |x| very large, it behaves like the graph of y = x°. 
(e) It is symmetric with respect to the origin. 

(f) It passes through the origin. 


81. 


84. Mixed Practice h(x) = 


86. 


90. 


91. 


92. 


93. 


94. 





y 





Gel) —4)- 
(a) Identify the x-intercepts of the graph of h. 


(b) What are the x-intercepts of the graph 
of y= h(x — 2)? 


Challenge Problem Determine the power function that 
resembles the end behavior of 


g(x) = —4x2 (4 — 5x)? (2x — 3) (> " 1) 


The graph of a polynomial function is always smooth and 
continuous. Name a function studied earlier that is smooth 
but not continuous. Name one that is continuous but not 
smooth. 


Make up two polynomial functions, not of the same degree, 
with the following characteristics: crosses the x-axis at —2, 
touches the x-axis at 1, and is above the x-axis between —2 
and 1. Give your polynomials to a fellow classmate and ask 
for a written critique. 


Make up a polynomial function that has the following 
characteristics: crosses the x-axis at —1 and 4, touches 
the x-axis at 0 and 2, and is above the x-axis between 0 
and 2. Give your polynomial to a fellow classmate and ask 
for a written critique. 


Write a few paragraphs that provide a general strategy for 
graphing a polynomial function. Be sure to mention the 
following: degree, intercepts, end behavior, and turning 
points. 


Design a _ polynomial function with the following 
characteristics: degree 6; four distinct real zeros, one of 
multiplicity 3; y-intercept 3; behaves like y = —5x° for large 
values of |x|. Is this polynomial unique? Compare your 
polynomial with those of other students. What terms will be 
the same as everyone else’s? Add some more characteristics, 
such as symmetry or naming the real zeros. How does this 
modify the polynomial? 
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Retain Your Knowledge 


Problems 95-104 are based on material learned earlier in the course. The purpose of these problems is to keep the material fresh in your 
mind so that you are better prepared for the final exam. 


4895, Find an equation of the line that contains the point (2, —3) and is perpendicular to the line 5x — 2y = 6. 
aa, 

ea. 

97, Use the quadratic formula to find the real zeros of the function f(x) = 4x7 + 8x — 3. 


98. Solve: |5x — 3| = 7 





96. Find the domain of the function h(x) = 


‘99, Determine whether the function f(x) = —3x + 2 is increasing, decreasing, or constant. 
100. Find the function that is finally graphed if the graph of f(x) = x’ is shifted left 2 units and up 5 units. 


4101. The function f(x) = 2x? — 3x? + 4 is increasing where its derivative f’(x) = 6x” — 6x > 0. Where is f 
increasing? 


1 
4102. Find the difference quotient of {x)= = 3° + 2. 
103. The midpoint of a line segment is (3, —5) and one endpoint is (—2, 4). Find the other endpoint. 


104. Find the quotient and remainder if 4x° — 7x” + 5 is divided by x? — 1. 


‘Are You Prepared?’ Answers 
1. (-—2,0), (2,0), (0,9) 2 Yes;3 3. Down;4 4. True 5. b;c 


4.2 Graphing Polynomial Functions; Models 


PREPARING FOR THIS SECTION Before getting started, review the following: 


e¢ Local Maxima and Local Minima (Section 2.3, e Intercepts (Section 1.2, pp. 12-13) 
pp. 76-77) Build Quadratic Models from Data (Section 3.4, 
Using a Graphing Utility to Approximate Local pp. 160-161) 
Maxima and Local Minima (Section 2.3, p. 79) Polynomials (Section A.3, pp. A22—A29) 


\ Now Work the ‘Are You Prepared?’ problems on page 195. 


OBJECTIVES 1 Grapha Polynomial Function (p. 190) 
2 Graph a Polynomial Function Using a Graphing Utility (p. 192) 
~3 Build Cubic Models from Data (p. 194) 





1 Graph a Polynomial Function 


| EXAMPLE 1 | Graphing a Polynomial Function 


Graph the polynomial function f(x) = (2x + 1) (x — 3)”. 


Step-by-Step Solution Expand the polynomial: 

Step 1 Determine the end f(x) = (2x +1)(x - 3)? 

behavior of the graph of the : 
function. = (29+ 1) ie = 64.42 9) Multiply out (x — 3)”. 


= 2x? — 12x* + 18x + x7 — 6x +9 Multiply. 
= 2x? — 11x + 12x +9 Combine like terms. 


The polynomial function f is of degree 3. The graph of f resembles the graph 
of y = 2x? for large values of | x]. 
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Step 2 Find the x- and The y-intercept is f(0) = 9. To find the x-intercepts, solve f(x) = 0. 
y-intercepts of the graph of the eo 
function. 


(2x +1)(x -3)*=0 
2x+1=0 or (x-3)*=0 


1 
X= iF or x=3 
; 1 
The x-intercepts are — 5 and 3. 
Step 3 Determine the real 1 ds ee 
ae er eee ne The real zeros of f are — 5 and 3. The zero — — is areal zero of multiplicity 1, so the 
multiplicity. Use this information graph of f crosses the x-axis at x = ——. The zero 3 is a real zero of multiplicity 2, so 
to determine whether the graph 2 
crosses or touches the x-axis at the eraph of f touches the x-axis at x = 3. 


each x-intercept. 


Step 4 Determine the maximum Because the polynomial function is of degree 3 (Step 1), the graph of the function 
number of turning points on the 


| has at most 3 — 1 = 2 turning points. 
graph of the function. 


Step 5 Putall the information Figure 18(a) illustrates the information obtained from Steps 1 through 4. We 





from Steps 1 through 4 together evaluate fat —1, 1, and 4 to help establish the scale on the y-axis. 
to obtain the graph of f. To help We find that f(-—1) = —16, f(1) = 12, and f(4) = 9, so we plot the 
establish the y-axis scale, find points (—1, —16), (1,12), and (4, 9). The graph of fis given in Figure 18(b). 
additional points on the graph on 
each side of any x-intercept. v3 y 
End behavior: 
40 Resembles 40 
y= 2x 
The graph a y -intercept: 9 = 
seen 20 ‘J 20 (1, 12) 
warisat 7) 4 yan -10) 404 
X= - p29) (0, 9) (3, 0) 29) 10.9 6 yf” 
—10 \ 10 
The graph (—1, —16) 
=20) touches the = 20 
End behavior: / —30 aes ~30 
Resembles eo 
peer —40 —40 
Figure 18 (a) (b) f(x) = (2x + 1) (x-3) _J 


SUMMARY 


Steps for Graphing a Polynomial Function 


STEP 1: Determine the end behavior of the graph of the function. 
STEP 2: Find the x- and y-intercepts of the graph of the function. 


STEP 3: Determine the real zeros of the function and their multiplicity. Use this information to determine 
whether the graph crosses or touches the x-axis at each x-intercept. 


STEP 4; Determine the maximum number of turning points on the graph of the function. 


STEP 5: Use the information in Steps 1 through 4 to draw a complete graph of the function. To help establish 
the y-axis scale, find additional points on the graph on each side of any x-intercept. 
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| EXAMPLE 2 ~ Graphing a Polynomial Function 


Graph the polynomial function f(x) = (x — 2) (x + 3)*(x — 5). 
Solution Srep i: f(x) = (x* — 7x + 10) (x + 3)? Multiply (x — 2) (x — 5). 
= (x? — 7x + 10) (x* + 6x +9) Multiply (x + 3)?. 
= xt — x9 — 23x? — 3x + 90 Multiply. 
roman =x ht Penis =x i a an gn een all 


= 0. 


(6, 324) STEP 2: The y-intercept is f(0) = 90.The x-intercepts are found by solving f( > 


x) 
Using the Zero-Product Property, solve (x — 2) = 0, (x + 3) 
and (x — 5) = 0. The x-intercepts are 2, —3, and 5. 


STEP 3: The real zeros of the function are 2, —3, and 5. The zeros 2 and 5 each have 
multiplicity 1, so the graph of f crosses the x-axis at 2 and 5. The zero —3 
has multiplicity 2, so the graph of ftouches the x-axis at —3. 


STEP 4: The graph of fhas at mostn — 1 = 4 — 1 = 3 turning points. 
STEP 5: ‘To help establish the y-scale, evaluate fat —5, —1, 3, and 6. 
f(-5) =280 = f(-1) =72 ~~ f(3) =-72 ~~ f(6) = 324 


neues : Plot the additional points (—5,280), (—1,72), (3, -72), and (6, 324). 
BS 0G 2) Oo) 2) Then connect the points with a smooth curve as shown in Figure 19. i 
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2 Graph a Polynomial Function Using a Graphing Utility 


For polynomial functions that have noninteger coefficients and for polynomials 
that are not easily factored, we use a graphing utility early in the analysis. This is 
because the information that can be obtained from algebraic analysis is limited. 


Graphing a Polynomial Function Using a Graphing Utility 








Analyze the graph of the polynomial function 


f(x) = 2° + 2.48x* — 4.3155x + 2.484406 
Step-by-Step Solution 


Step 1 Determine theendbehavior | The polynomial function f is of degree 3. The graph of f behaves like y = x° for large 
of the graph of the function. values of |x]. 


Step 2 Graph the function using See Figure 20 for the graph of fusing a TI-84 Plus C. 
a graphing utility. 


MORHAL FLOAT AUTO REAL RADIAN HP fl 





Figure 20 Y; = x? + 2.48x* — 4.3155x + 2.484406 


Step 3 Use the graphing utility to 
approximate the x- and y-intercepts 
of the graph. 


Step 4 Use the graphing utility to 
create a TABLE to find points on the 
graph around each x-intercept. 


Step 5 Approximate the turning 
points of the graph. 


Step 6 Use the information 

in Steps 1 through 5 to draw a 
complete graph of the function by 
hand. 


Figure 21 


Step 7 From the graph, find the 
range of the polynomial function. 


Step 8 Use the graph to determine 
where the function Is Increasing and 
where It Is decreasing. 


SUMMARY 
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The y-intercept is f(0) = 2.484406. 

Since it is not readily apparent how to factor f, use a graphing utility’s ZERO 
(or ROOT or SOLVE) feature and determine the x-intercept is —3.79, rounded to 
two decimal places. 


Table 5 below shows values of x on each side of the x-intercept using a TI-84 Plus C. The 
points (—4, —4.57) and (—2, 13.04), rounded to two decimal places, are on the graph. 


HORMAL FLOAT AUTO REAL RADIAN HP 
PRESS ENTER TO EDI 


* 
—_ 8 =— 


fl 


Table 5 


= a 
: 


¥iBX°+2, 48X°-4. 3155X+2. 4844 





From the graph of f shown in Figure 20, we see that f has two turning points. Using 
MAXIMUM reveals one turning point is at (—2.28, 13.36), rounded to two decimal 
places. Using MINIMUM shows that the other turning point is at (0.63, 1), rounded 
to two decimal places. 


Figure 21 shows a graph of f drawn by hand using the information in Steps 1 through 5. 


y 


(—2.28, 13.36) 
12 


End behavior: 
Resembles y = x° 







End behavior: 
Resembles y = x° 


The range of fis the set of all real numbers. 


Based on the graph, f is increasing on the intervals (— co, —2.28]| and [| 0.63, co). 
Also, f is decreasing on the interval | —2.28, 0.63 |. J 


Steps for Using a Graphing Utility to Analyze the Graph of a Polynomial Function 


STEP 
STEP 
STEP 
STEP 
STEP 
STEP 
STEP 
STEP 


SIAN b&w bY 


: Determine the end behavior of the graph of the function. 

: Graph the function using a graphing utility. 

: Use the graphing utility to approximate the x- and y-intercepts of the graph. 

: Use the graphing utility to create a TABLE to find points on the graph around each x-intercept. 
Approximate the turning points of the graph. 

: Use the information in Steps 1 through 5 to draw a complete graph of the function by hand. 

: From the graph, find the range of the polynomial function. 


: Use the graph to determine where the function is increasing and where it is decreasing. 





ovum NOW Work PROBLEM 23 
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3 Build Cubic Models from Data 


In Section 3.2 we found the line of best fit from data, and in Section 3.4 we found the 
quadratic function of best fit. It is also possible to find other polynomial functions of 
best fit. However, most statisticians do not recommend finding polynomials of best 
fit of degree higher than 3. 

Data that follow a cubic relation should look like Figure 22(a) or (b). 








y=ax? + bx? + ex+da>0 y=ax° + bx? + ox+ da<0 


(a) (b) 
Figure 22 Cubic relation 


A | EXAMPLE 4 | A Cubic Function of Best Fit 


The data in Table 6 represent the weekly cost C (in thousands of dollars) of 
printing x thousand textbooks. 


(a) Draw a scatter plot of the data using x as the independent variable and C as the 
8 dependent variable. Comment on the type of relation that may exist between the 
Se tay two variables x and C. 
Number of 
Textbooks, x Cost, C 
(thousands) ($1000s) 


(b) Using a graphing utility, find the cubic function of best fit C = C(x) that models 
the relation between number of textbooks and cost. 

(c) Graph the cubic function of best fit on your scatter plot. 

(d) Use the function found in part (b) to predict the cost of printing 22 thousand 
textbooks per week. 


Solution 


(a) Figure 23 shows the scatter plot. A cubic relation may exist between the two 
variables. 


(b) Upon executing the CUBIC REGression program on a TI-84 Plus C, 
we obtain the results shown in Figure 24. The output shows the 
equation y = ax’ + bx? + cx + d. The cubic function of best fit to the data 
is C(x) = 0.0155x° — 0.5951x? + 9.1502x + 98.4327. 


(c) Figure 25 shows the graph of the cubic function of best fit on the scatter plot on 
a TI-84 Plus C, and Figure 26 shows the result using Desmos. 





MORHMAL FLOAT AUTO REAL RADIAN HP 


y=axt+bx¢+cx+d 
a=.0154590051 

b= ~.59514247724 
c=9.150171681 
d=98. 43272255 
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o 
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=o " 30 


Figure 23 Figure 24 Figure 25 
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i et iSting , (d) Evaluate the function C(x) at x = 22. 

~ HR 160 . C(22) = 0.0155 +22 — 0.5951 +22? + 9.1502-22 + 98.4327 ~ 176.8 
a Se = / The model predicts that the cost of printing 22 thousand textbooks in a week 
So ae” will be 176.8 thousand dollars —that is, $176,800. _J 


i= 





ommmms- Now Work PROBLEM 43 
Figure 26 


4.2 Assess Your Understanding 


‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. What are the intercepts of y = 5x + 10? (pp. 12-13) te 4. Use a graphing utility to find the quadratic function of best 
fit for the data below. (pp. 160-161) 
2. Determine the leading term of 3 + 2x — 7x°*. (p. A23) 


x 2 2.5 3 3.5 4 
Ae 3. Use a graphing utility to approximate (rounded to two decimal y 3.08 3.42 3.65 3.82 3.6 
places) any local maximum values and local minimum values 
of f(x) = x° — 2x? — 4x + 5, for -—3 = x = 3.(p.79) 


Skill Building 
_In Problems 5-22, graph each polynomial function by following Steps 1 through 5 on page 191. 
NO5. f(x) = x2 (x - 3) 6. f(x) = x(x +2)? 7. f(x) = (x + 4)2(1 — x) 
8. f(x) = (x —1)(x 4+ 3)? 9, f(x) = —2(x + 2) (x - 2)? 10. f(x) = -S(x + 4)(x- 1) 
1h. fix) = (ee 1) ee 2) (e+ 4) D..7( 4) =e = 1a] ie = 3) Bef) =o = 2) = 2) 
14. f(x) = (3—x)(2+x)(x+1) 15. f(x) = (x +:1)?(x - 2)? 16. f(x) = (x — 4)?(x + 2)° 
17. f(x) = —2(x — 1)7(x? — 16) 18. f(x) = (x + 1)?(x - 3) 19. f(x) = 5x(x* — 4) (x + 3) 
20. f(x) = (x —2)*(x +2)(x +4) 21. f(x) = x7(x — 2) (x? + 3) 22. f(x) = x7(x* +.1)(x +4) 


Le In Problems 23-30, use a graphing utility to graph each polynomial function f. Follow Steps 1 through & on page 193. 


\. 23. f(x) = 28 + 0.2x2 — 1.5876x — 0.31752 24. f(x) = x3 — 0.8x? — 4.6656x + 3.73248 
25. f(x) = x? + 2.56x* — 3.31x + 0.89 26. f(x) = x° — 2.91x* — 7.668x — 3.8151 
27. f(x) = x* — 25x” + 0.5625 28. f(x) = x* — 18.5x* + 50.2619 
29. f(x) = 2x4 -— ax + V5x - 4 30. f(x) = —1.2x* + 0.5x? — V3x +2 


In Problems 31-42, graph each polynomial function f by following Steps 1 through 5 on page 191. 


31. f(x) =4x —x° 32. f(x) =x —-—x° 33. f(x) =x + x? -— 12x 
34, f(x) =x? + 2x? — 8x 35. f(x) = 2x4 + 12x? — 8x? — 48x 36. f(x) = 4x° + 10x” — 4x — 10 
37, f(x) = —-w —xtt+ 4+ 38. f(x) = —x° + 5x4 + 42° — 20x? 39. f(x) = 15x° + 80x* + 80x° 


it 4 3 15 
40. f(x) = 3x° + 6x° — 12x* — 24x° 41. f(x) = x 7 se = 3x 420 42. f(x) = xt 7 qe — 6x + 15 
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Applications and Extensions 


‘\ 43. Hurricanes In 2012, Hurricane Sandy struck the East 
Coast of the United States, killing 147 people and causing 
wS an estimated $75 billion in damage. With a gale diameter 
of about 1000 miles, it was the largest ever to form over 2004, 1 14.8 2010, 7 18.5 
the Atlantic Basin. The accompanying data represent the 2005, 2 14.5 2011, 8 18.5 
number of major hurricane strikes in the Atlantic Basin 
(category 3, 4, or 5) each decade from 1921 to 2010. enn Le eoteng ie 
2007, 4 ews, 2013) 110 18.1 


2008, 5 hoy 2014, 11 17.6 
2009, 6 17.1 201512 Gers 


Source: U.S. Census Bureau 


Percent below Percent below 
Year, t Poverty Level, p Year, t Poverty Level, p 





Major Hurricanes Striking 
Decade, x Atlantic Basin, H 


45. Temperature The following data represent the 
1921-1930, 1 temperature 7 (°Fahrenheit) in Kansas City, Missouri, 
1931-1940, 2 x hours after midnight on March 18, 2018. 


1941-1950, 3 
1951-1960, 4 
1S61=197075 
197 1-136076 
1881-1990; 7 
1991-2000, 8 
2001-2010, 9 


Source: National Oceanic & Atmospheric 
Administration 





(a) Draw a scatter plot of the data. Comment on the 
type of relation that may exist between the two 

















si variables. Source: The Weather Underground 
fe (b) Use a graphing utility to find the cubic function of 
best fit that models the relation between decade and (a) Draw a scatter plot of the data. Comment on the type 
number of major hurricanes. . of relation that may exist between the two variables. 
(c) Use the model found in part (b) to predict the (b) Find the average rate of change in temperature from 
number of major hurricanes that struck the Atlantic 9 Aw te-12 neon: 
Basin between 1961 and 1970. (c) What is the average rate of change in temperature from 
(d) With a graphing utility, draw a scatter plot of the data 3 pm to 9 pm? 


and then graph the cubic function of best fit on the 
scatter plot. 

(e) Concern has risen about the increase in the number 
and intensity of hurricanes, but some scientists 
believe this is just a natural fluctuation that could last 
another decade or two. Use your model to predict 
the number of major hurricanes that will strike the 


Atlantic Basin between 2011 and 2020. Is your result 
reasonable? What does this result suggest about the 46. Future Value of Money Suppose that you make deposits 


reliability of using a model to predict an event outside of $500 at the beginning of every year into an Individual 
fhe domaimorihe data? Retirement Account (IRA), earning interest r (expressed 


as a decimal). At the beginning of the first year, the value 
of the account will be $500; at the beginning of the second 
year, the value of the account, will be 


hE (d) Decide on a function of best fit to these data (linear, 
; quadratic, or cubic) and use this function to predict the 
temperature at 5 pM. 

(e) With a graphing utility, draw a scatter plot of the data 
and then graph the function of best fit on the 
scatter plot. 

(f) Interpret the y-intercept. 








i 44. Poverty Rates The data (top, right) represent the percentage 

‘ of families with children in the United States whose income 

is below the poverty level. 

(a) With a graphing utility, draw a scatter plot of the data. $500 + $500r + $500 = 500r + 1000 
Comment on the type of relation that appears to exist 


between the two variables. a 
(b) Decide on a function of best fit to these data (linear, (a) Verily that the value of the account at the beginning of 


quadratic, or cubic), and use this function to predict the third year is T(r) = 500r7 + 1500r + 1500. 

the percentage of U.S. families with children that were (b) The account value at the beginning of the fourth year 

below the poverty level in 2016 (t = 13). Compare is F(r) = 500r° + 2000r* + 3000r + 2000. If the 

your prediction to the actual value of 15.0. annual rate of interest is 5% = 0.05, what will be the 
(c) Draw the function of best fit on the scatter plot drawn value of the account at the beginning of the fourth 

in part (a). year? 


‘\ 47. Challenge Problem A Geometric Series In calculus, you 


will learn that certain functions can be approximated 
by polynomial functions. We will explore one such 
function now. 


(a) Using a graphing utility, create a table of values with 
1 
Y, = - d 
(a) eae an 
Y,= g(x) =1t+x4+x74+x 
for -—1 < x < 1 and ATbl = 0.1. 
Using a graphing utility, create a table of values with 


1 
Yi = f(x) = — 
Y= o3(x) =1ltxt+xr4+xr4+ x1 
for -—1 < x < land ATbl = 0.1. 
(c) Using a graphing utility, create a table of values with 
i 
Yi = f(x) = ——and 
Y= g(x) =1ltxtx*t+xr¢xt4+Hx 
for —1 < x < land ATbl = 0.1. 
(d) What do you notice about the values of the function as 
more terms are added to the polynomial? Are there some 
values of x for which the approximations are better? 





(b 


wy 





and 





. Challenge Problem Tennis Anyone? Assume that the 
probability of winning a point on serve or return is 
treated as constant throughout the match. Further suppose 
that x is the probability that the better player in a match 
wins a Set. 


(a) The probability P,; that the better player wins a 
best-of-three match is P;(x) = x? [1+ 2(1 — x)]. 
Suppose the probability that the better player wins a 
set is 0.6. What is the probability that this player wins a 
best-of-three match? 


SECTION 4.2 Graphing Polynomial Functions; Models 197 


Suppose the probability that the better player wins a 
set is 0.6. What is the probability that this player wins a 
best-of-five match? 





AS (c) The difference between the probability of winning 


and losing is known as the win advantage. For a 
best-of-n match, the win advantage is 


P,—-(1-P,) =2P,-1 





The edge, Eis defined as the difference in win advantage 
between a best-of-five and best-of-three match. That is, 


Bee (205 1) (Zia Ly 2s es) 


Edge as a function of win probability of a set x is 


E(x)= af] 1 +3(1-x)+6(1- o|-(1 +2(1- »)f 


Graph F = E(x) for0.5 =x <1. 

(d) Find the probability of winning a set x that maximizes 
the edge. What is the maximum edge? 

(e) Explain the meaning of EF (0.5). 

(f) Explain the meaning of EF (1). 
Source: Stephanie Kovalchik, “Grand Slams Are 


Short-Changing Women’s Tennis,” Significance, October 
2015; 


. Challenge Problem Suppose f(x) = —ax?(x — b)(x +c)’, 


where 0) =a = b= cc. 

(a) Graph f- 

(b) In what interval(s) is there a local maximum value? 
(c) Which numbers yield a local minimum value? 

(d) Where is f(x) < 0? 

(e) Where is f(—x — 4) < 0? 


(b) The probability P; that the better player wins a 
best-of-five match is 


P(x) = x (1 oCL =X) 4-61 — oo ae 


(f) Is fincreasing, decreasing, or neither on (— 00, —c |? 


Retain Your Knowledge 


Problems 50-59 are based on material learned earlier in the course. The purpose of these problems is to keep the material fresh in your 
mind so that you are better prepared for the final exam. 





50. Solve 2|3x — 1] + 4 > 10. 54. Given f(x) = 2x° — 7x + 1.tind f (- >) 
51. Determine the function that is graphed if the graph 
of f(x) = Vx is reflected about the x-axis and then vertically 55. Find the domain of f(x) = -9Vx —4 + 1. 
compressed by a factor of - /\56. Find the average rate of change of f(x) = x7 + 4x — 3 
3 from —2 to 1. 


; hy - 
2s ee EMCO Seek) oe ee 57. Find the center and radius of the circle 


53. The strain S on a solid object depends on the external et+4ar+¢y?—-2y=11 


tension force F(in Newtons) acting on the solid and on 





the cross-sectional area A (in m’) according to the model a. We. 
F ‘S58. Determine if the function g(x) = : is even, odd, or 
S=5 x10 me neither. RN 
Find the strain for a rod with a cross-sectional area 59. How long will it take $5000 to grow to $7500 at a simple 


of 8.75 X 10°? m’ anda tension force of 2.45 X 10° N. interest rate of 8%? 


‘Are You Prepared?’ Answers 


1. (0,10), (-2,0) 2. -7x 3. Local maximum value 6.48 at x = —0.67; local minimum value —3 at x = 2 
4. y = —0.337x? + 2.311x — 0.216 
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4.3 Properties of Rational Functions 


PREPARING FOR THIS SECTION Before getting started, review the following: 


1 
e Rational Expressions (Section A.5, pp. A35—A42) ¢ Graph of f(x) = . (Section 1.2, Example 13, p. 17) 


¢ Polynomial Division (Section A.3, pp. A25—-A27) e Graphing Techniques: Transformations (Section 2.5, 
pp. 98-107) 


%, Now Work the ‘Are You Prepared?’ problems on page 206. 


OBJECTIVES 1 Find the Domain of a Rational Function (p. 198) 
2 Find the Vertical Asymptotes of a Rational Function (p. 201) 
3 Find a Horizontal or an Oblique Asymptote of a Rational Function (p. 203) 





Ratios of integers are called rational numbers. Similarly, ratios of polynomial functions 
are called rational functions. Examples of rational functions are 


2 a ,) 
x~ —4 x 3x 
—_______— Fix) = G(x) = 
xt+xtil (x) x7 -4 (x) x6 -1 








R(x) = 


( DEFINITION Rational Function 


A rational function is a function of the form 





where p and g are polynomial functions and gq is not the zero polynomial. 
The domain of R is the set of all real numbers, except those for which the 
denominator gq 1s 0. J 


1 Find the Domain of a Rational Function 


| EXAMPLE 1 ~ Finding the Domain of a Rational Function 


DK 
(a) The domain of R(x) = 





5 is the set of all real numbers x except —5; that 
is, the domain is {x|x ~ —5}. 


1 1 
b) The domain of R = > = ——_.> is the set of all real numb 
(b) The domain of R(x) re eo is the set of all real numbers x 
except —2 and 2; that is, the domain is {x|x ~ —2,x # 2}. 
3 
(c) The domain of R(x) = a is the set of all real numbers. 





ae a5 
ha 


(d) The domain of R(x) = —— j is the set of all real numbers x except 1; that is, 
the domain is {x|x ~ 1}. = 





be 


2 
aaa eT er . 
i simplifies tox + 1, itis important to observe that the functions 





Although 
oe 
2 
= 1 
ea =- and f(x) =x+1 
pio | 
are not equal, since the domain of R is {x|x ~ 1} and the domain of fis the set of 
all real numbers. 





onmmmm__m=-Now Work PROBLEM 17 


WARNING The domain of a rational 


function must be found before writing 


the function in lowest terms. 
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If R(x) = nn 





is a rational function, and if p and g have no common factors, 


then the rational function R is said to be in lowest terms. For a rational function 





R(x) = in lowest terms, the real zeros, if any, of the numerator, which are 


x 
q(x) 
also in the domain of R, are the x-intercepts of the graph of R. The real zeros of the 
denominator of R [that is, the numbers x, if any, for which g(x) = OJ], although not 
in the domain of R, also play a major role in the graph of R. 


1 
We have already discussed the properties of the rational function y = x (Refer 


1 


x2 


to Example 13, page 17). The next rational function that we analyze is H(x) = 


EXAMPLE 2 Graphing A(x) = zi 
X 


Solution 


il 
Analyze the graph of H(x) = —. 
x 


1 
The domain of H(x) = — is the set of all real numbers x except 0. The graph has 
x 


no y-intercept, because x cannot equal 0. The graph has no x-intercept because the 
equation H(x) = Ohas no solution. Therefore, the graph of H does not cross or touch 
either of the coordinate axes. Because 


H(-x) = —a= 75 = A(x 
His an even function, so its graph is symmetric with respect to the y-axis. 
Table 7 shows values of H(x) = — for selected positive numbers x. (We use 
x 


symmetry to obtain values of H when x < 0.) From the first three rows of Table 7, 
we see that as the values of x approach (get closer to) 0, the values of H(x) become 
unbounded in the positive direction. That is, as x > 0, H(x) — co. (In calculus we 
use limit notation, lim H(x) = ©, to convey this). 


Look at the last four rows of Table 7. As x — 00, then H(x) — 0, so we have the 
end behavior of the graph. Figure 27 shows the graph. Notice the use of red dashed 
lines to convey these ideas. 


Table 7 


10,000 


100,000,000 


1 


10,000 


1 
100,000,000 
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Using Transformations to Graph a Rational Function 
1 


Graph the rational function: R(x) = ————, + 1 
(x — 2)° 


Solution The domain of R is the set of all real numbers except x = 2. To graph R, start with 


1 
the graph of y = —. See Figure 28 for the steps. 
x 











Replace x by x — 2; Add 1; 
shift right 2 units. shift up 1 unit. 
Figure 28 (a) y= ar (b) y= (c) y= +1 
8 ¥~ 'y2 1 x 22 Y~ x — 2 
emmummms-NOw Work PROBLEMS 35(a) AND 35(b) 
Asymptotes 
Let’s investigate the roles of the vertical line x = 2 and the horizontal line y = 1 in 
Figure 28(c). 1 
First, we look at the end behavior of R(x) = ————, + 1. Table 8(a) shows 


(x — 2) 
the values of R at x = 10, 100, 1000, and 10,000. Note that as x becomes unbounded 
in the positive direction, the values of R approach 1. That is, as x > 00, R(x) > 1. 
From Table 8(b) we see that as x becomes unbounded in the negative direction, the 
values of R also approach 1. That is, as x ~ — 00, R(x) 1. 

Although x = 2 is not in the domain of R, the behavior of the graph of R 
near x = 2 is important. Table 8(c) shows the values of R at x = 1.5, 1.9, 1.99, 1.999, 
and 1.9999. We see that as x approaches 2 for x < 2, denoted x 2 , the values 
of R increase without bound. That is, as x 2° (from the left), R(x) — oo. From 
Table 8(d), we see that as x approaches 2 for x > 2, denoted x — 2", the values of R 
also increase without bound. That is, as x — 2” (from the right), R(x) — ©. 


Table 8 


ale) 1.0069 
= 100 1.0001 1:9 2.1 


1.0001 
1000 1.000001 
10,000 1.00000001 


= 1000 1.000001 1:99 10,001 2.01 10,001 
= (0,000 1.00000001 i:999 1,000,001 2.001 1,000,001 
199939 100,000,001 2.0001 100,000,001 


(a) (D) (c) (d) 





The vertical line x = 2 and the horizontal line y = 1 are called asymptotes of 
the graph of R. 





(a) End behavior: 
As x oo, then A(x) L. 
That is, the points on the graph 
of Rare getting closer to 
the liney=L;y=Lisa 
horizontal asymptote. 


Figure 29 





Figure 30 Oblique asymptote 


WARNING If a rational function ts 
not In lowest terms, this theorem may 
result in an incorrect listing of vertical 
asymptotes. i 
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C DeFINITION Horizontal and Vertical Asymptotes 


Let R denote a function. 


If, as x >—©O or as x00, the values of R(x) approach some fixed 
number L, then the line y = L 1s a horizontal asymptote of the graph of R. 
[Refer to Figures 29(a) and (b).| 


If, as x approaches some number c, the values | R(x) | — 00 [that is, R(x) — —0o 
or R(x) — oo], then the line x = c is a vertical asymptote of the graph of R. 
[Refer to Figures 29(c) and (d).| J 





(b) End behavior: (c) As x—>c-, then R(x) — oo; (d) Asx—c-, then R(x) — —00; 
As X—» —oo, then R(x) L. as Xx > c+, then R(x) > 0. as x—> c+, then R(x) — 0. 
That is, the points on the graph That is, the points on the That is, the points on the 
of Rare getting closer to graph of Rare getting closer graph of A are getting closer 
the line y= L; y= Lisa to the line x = c;x= isa to the line x= c;x=cisa 
horizontal asymptote. vertical asymptote. vertical asymptote. 


A horizontal asymptote, when it occurs, describes the end behavior of the graph 
as x — CO or as x — — OO, The graph of a function may intersect a horizontal asymptote. 

A vertical asymptote, when it occurs, describes the behavior of the graph when x 
is close to some number c. The graph of a rational function never intersects a vertical 
asymptote. 

There is a third possibility. If, as x ~—0©o or as x >, the value of a 
rational function R(x) approaches a linear expression ax + b, a # 0, then the 
line y = ax + b,a # 0, 1s an oblique (or slant) asymptote of R. Figure 30 shows an 
oblique asymptote. An oblique asymptote, when it occurs, describes the end behavior 
of the graph. The graph of a function may intersect an oblique asymptote. 


ovummmm-NOW Work PROBLEMS 27 AND 35(c) 


Find the Vertical Asymptotes of a Rational Function 


P(x) , 
, 1n lowest terms, are 
x 





The vertical asymptotes of a rational function R(x) = 


located at the real zeros of the denominator g(x). Suppose that r is a real zero of gq, 
sox — risa factor of g. As x — 1, the values x — r— 0, causing the ratio to become 
unbounded; that is, | R(x) | — oo. Based on the definition, we conclude that the 
line x = ris a vertical asymptote. 


( THEOREM Locating Vertical Asymptotes 
p(x) 


q(x) 
asymptote x = rif ris areal zero of the denominator q. That is, if x — risa 
factor of the denominator g of the rational function R, in lowest terms, the 
graph of R has a vertical asymptote x = r. i) 


The graph of a rational function R(x) = in lowest terms, has a vertical 
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| EXAMPLE 4 ~ Finding Vertical Asymptotes 


Solution 


WARNING When identifying a 
vertical asymptote, as in the solution to 
Example 4(a), write the equation of the 
vertical asymptote as X = 1. Do not say 
that the vertical asymptote Is 1. f 


Find the vertical asymptotes, if any, of the graph of each rational function. 














ie ae, x 
(a) F(x) =~ (b) R(x) = 37> 
2 2 
x x =F 
Ve — d) G = _—__"_, 
) Be) aaa RO al 
5 ie ato ; ; 
(a) F(x) = 7 sin lowest terms, and the only real zero of the denominator is 1. 
X — 


The line x = 1 1s the vertical asymptote of the graph of F. 
(b) R(x) = =e is in lowest terms, and the real zeros of the denominator x” — 4 
ques 


are —2 and 2. The lines x = —2 and x = 2 are the vertical asymptotes of the 


graph of R. 
2 
(c) H(x) = oar is in lowest terms, and the denominator has no real zeros. The 
bs 


graph of H has no vertical asymptotes. 


y) 
—9 
(d) Factor the numerator and denominator of G(x) = a to determine 
whether G is in lowest terms. KO SAK 2d. 
ak LF Oye +3 
G(x) === feat Cena) 224 





w+4x—21 (x +7)(x-3) x+7 


The only real zero of the denominator of G in lowest terms is —7. The 
line x = —7i1s the only vertical asymptote of the graph of G. J 


As Example 4 illustrates, rational functions can have no vertical asymptotes, one 
vertical asymptote, or more than one vertical asymptote. 


eomummns-NOW Work PROBLEMS 45, 47, AND 49 (FIND THE VERTICAL 
ASYMPTOTES, IF ANY.) 


Multiplicity and Vertical Asymptotes 


Recall from Figure 15 in Section 4.1 that the end behavior of a polynomial function is 
always one of four types. For polynomials of odd degree, the ends of the graph go in 
opposite directions (one up and one down), whereas for polynomials of even degree, 
the ends go in the same direction (both up or both down). 

For a rational function in lowest terms, the multiplicities of the real zeros in the 
denominator can be used in a similar fashion to determine the behavior of the graph 
around each vertical asymptote. Consider the following four functions, each with a 
single vertical asymptote, x = 2. 

il 1 1 1 
BO) ag BO ag Be oe 


Figure 31 shows the graphs of each function. The graphs of R; and R; are transformations 





1 
of the graph of y = Y and the graphs of R; and Ry are transformations of the graph 


of y = =. 
y = 


Based on Figure 31, we can make the following conclusions: 


e If the multiplicity of the real zero that gives rise to a vertical asymptote is 
odd, the graph approaches ©o on one side of the vertical asymptote and 
approaches — co on the other side. 

e Ifthe multiplicity of the real zero that gives rise to the vertical asymptote is even, 
the graph approaches either Co or — © on both sides of the vertical asymptote. 


These results are true in general and will be helpful when graphing rational functions 
in the next section. 





(a) Odd multiplicity 
As x— 2 (from the left), 
Ri (x) > —00. 
As x — 2° (from the right), 
R(X) > ©. 


Figure 31 
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y=0 y=0 
| 5s = % 
| 
| 
| 
| 
| 
| 
| 
| 
V Ro (x) lx=2 V Ri) 
(b) Odd multiplicity (c) Even multiplicity (d) Even multiplicity 
As x 2° (from the left), As x 2° (from the left), As x 2° (from the left), 
Ro(x) — ©, oe Ry (x) > — 0. 
As x— 2* (from the right), As x— 2* (from the right), As x 2* (from the right), 
Ro (xX) > —00. R3(X) >. Ry (xX) —> —00, 


3 Find a Horizontal or an Oblique Asymptote 


of a Rational Function 


To find horizontal or oblique asymptotes, we need to know how the function 
behaves as x — —©O or as x ~ ©. That is, we need to determine the end behavior 
of the function. This can be done by examining the degrees of the numerator and 
denominator, and the respective power functions that each resembles. For example, 
consider the rational function 


_ a SD 
5x? — 7x +1 
The degree of the numerator, 1, is less than the degree of the denominator, 2. 
When |x | is very large, the numerator of R can be approximated by the power 


function y = 3x, and the denominator can be approximated by the power 
function y = 5x’. This means 


R(x) 


ae-2 0 3e 3 
5x* — 7x +1 5x2 5x 


t I 


For |x| very large Asx > —®orx—>0o 


R(x) = 


which shows that the line y = 0 is a horizontal asymptote. This result is true for all 
rational functions that are proper (that is, the degree of the numerator is less than the 
degree of the denominator). If a rational function is improper (that is, if the degree of 
the numerator is greater than or equal to the degree of the denominator), there could 
be a horizontal asymptote, an oblique asymptote, or neither. The following summary 
details how to find horizontal or oblique asymptotes. 


( Finding a Horizontal or an Oblique Asymptote of a Rational Function 
Consider the rational function 

7 p(x) ee a Gy 4x * ee + ax + ap 
G(x) by x™ + b,x b+ ees + byx + do 





R(x) 
in which the degree of the numerator is 1 and the degree of the denominator is m. 
e If n < m (the degree of the numerator is less than the degree of the 


denominator), the line y = 01s a horizontal asymptote. 


(continued) 
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e If n=™m (the degree of the numerator equals the degree of the 
ay . ° . 
denominator), the line y = , sa horizontal asymptote. (That is, the 
horizontal asymptote equals the ratio of the leading coefficients.) 


e Ifn =m + 1 (the degree of the numerator is one more than the degree 
of the denominator), the line y = ax + bis an oblique asymptote, which 
is the quotient found using polynomial division. 

e Ifn =m + 2 (the degree of the numerator is two or more greater than 
the degree of the denominator), there are no horizontal or oblique 
asymptotes, and the end behavior of the graph resembles the power 
function y = on nom 

Dm 

Note: A rational function never has both a horizontal asymptote and an oblique 

asymptote. A rational function may have neither a horizontal nor an oblique 


asymptote. J 


| €XAMPLE5 | Finding a Horizontal Asymptote 


Find the horizontal asymptote, if one exists, of the graph of 
4x? — 5x +2 
(xy) Se 
(2) 7x? + 2x* — 3x 


Solution Since the degree of the numerator, 3, is less than the degree of the denominator, 5, 
the rational function R is proper. The line y = 0 is a horizontal asymptote of the 


graph of R. a 


| EXAMPLE 6 ~ Finding a Horizontal or an Oblique Asymptote 


Find the horizontal or oblique asymptote, if one exists, of the graph of 


3xt — x? 
ae) eae as 


Solution Since the degree of the numerator, 4, is exactly one greater than the degree of the 
denominator, 3, the rational function H has an oblique asymptote. Find the asymptote 
by using polynomial division. 


oa aS, 
x — x* + 1)3x4 — 
3x4 — 3x? + 3x 
3x° — x* — 3x 
3x° — 3x? + 3 
y : 2x7 — 3x — 3 
As a result, 
2 : 4 2 2 
[y= s6+3 He) = Soy t3 + SS 
/ AS x —-—0O orasx—> oO, 


2 S3e Sr 
2, Se 





As x > -—©Oo or as x > &, we have H(x) —3x + 3. The graph of the rational 
function H has an oblique asymptote y = 3x + 3. Put another way, as x — + oo, the 
90 graph of H resembles the graph of y = 3x + 3. 4 


Ix = aaa 


Fi 32 H(x) = ~——>——_ Bi 32 shows the graph of 7 =. 
igure (x) <j igure 32 show erap (x) cman 
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| EXAMPLE 7 ~ Finding a Horizontal or an Oblique Asymptote 


Find the horizontal or oblique asymptote, if one exists, of the graph of 


8x* —x +2 


= 4x? — 1 


Solution Since the degree of the numerator, 2, equals the degree of the denominator, 2, the 
rational function R has a horizontal asymptote equal to the ratio of the leading 
coefficients. 


To see why the horizontal asymptote equals the ratio of the leading coefficients, 
investigate the behavior of R as x ~—©O or as x ~ 00. When |x| is very large, 


the numerator of R can be approximated by the power function y = 8x’, and the 


denominator can be approximated by the power function y = 4x”. This means that 
as x > —CO or asx > OO, 


ee See. ee 
(2) 4x? — 1 4x? 4 
The graph of the rational function R has a horizontal asymptote y = 2. The graph 
of R resembles the graph of y = 2asx > +O, 7) 


| €XAMPLES PLE 8 Finding a Horizontal or an Oblique Asymptote 


Find the horizontal or oblique asymptote, if one exists, of the graph of 


De aa 
G(x) = —,—— 
mo) xe 1 

Solution Since the degree of the numerator, 5, is greater than the degree of the 
denominator, 3, by more than one, the rational function G has no horizontal 
or oblique asymptote. The end behavior of the graph resembles the power 
fiinction y= 2° = 2x. <j 


To see why this is the case, investigate the behavior of G as x ~—©o or 
as x —> 00. When |x | is very large, the numerator of G can be approximated by the 
power function y = 2x°, and the denominator can be approximated by the power 
function y = x°. This means as x > — 00 or asx > ©, 


eae. 


_ 53 — a2 
oat oo = DX 


G(x) = 





x=1 
2x5 — 342 Since this is not linear, the graph of G has no horizontal or oblique asymptote. 
Figure 33 G(x) = —_;—_~_—_ 2° - x +2 
ee Figure 33 shows the graph of G(x) = —s.75 
qo = 


evummmmmn- NOW Work PROBLEMS 45, 47, AND 49 (FIND THE HORIZONTAL 
OR OBLIQUE ASYMPTOTE, IF ONE EXISTS.) 
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4.3 Assess Your Understanding 


‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. True or False The quotient of two polynomial expressions is 2 


a rational expression. (pp. A35—A42) 


2. What are the quotient and remainder when 3x* — x? is 4. 


divided by x° — x* + 1. (pp. A25—A27) 


Concepts and Vocabulary 


5. True or False The domain of every rational function is the 11. 


set of all real numbers. 


6. If, as x—-—0O or as xo, the values of R(x) 12. 


approach some fixed number L, then the line y = Lisa 
of the graph of R. 


7. If, as x approaches some number c, the values 
of | R(x) | — ©, then the line x = cisa 


of the graph of R. 








8. For a rational function R, if the degree of the numerator is 
less than the degree of the denominator, then R is 


9. True or False The graph of a rational function may intersect 
a horizontal asymptote. 


10. True or False The graph of a rational function may intersect 
a vertical asymptote. 


Skill Building 


In Problems 15-26, find the domain of each rational function. 








13. 


14. 





4 2 
15. R(x) == = 16. R(x) = aa 
18. G(x) = : 19. F(x) = = 
» OU) "G4 3) (4 2) PO) = 52 oy — 12 
Xx 
21. R(x) = 22. R(x) = 
C) = 36 oa 
— 3 3(x* — x — 6) 
4, G(x) = 25, R(x) = ———— 
Gate 1 a(x = 4) 








In Problems 27-32, use the graph shown to find 


(a) The domain and range of each function 
(d) Vertical asymptotes, if any 


NX 27 


(b) The intercepts, if any 


1 
Graph y = me (p. 17) 


Graph y = 2(x + 1)? — 3 using transformations. 
(pp. 98-107) 


If a rational function is proper, then is a horizontal 


asymptote. 

True or False If the degree of the numerator of a rational 
function equals the degree of the denominator, then the 
rational function has a horizontal asymptote. 


— p(x) 
Multiple Choice If R(x) = ae 





is a rational function and 


if p and g have no common factors, then R is 


(b) proper 
(d) in lowest terms 


(a) improper 
(c) undefined 
Multiple Choice Which type of asymptote, when it occurs, 
describes the behavior of a graph when x is close to some 
number’? 


(a) vertical (b) horizontal (c) oblique (d) allofthese 


N17. (x) = aoa 
20. O(x) = a 
23, H(x) = ate 
26. F(x) = ar late} 


3(x* + 4x + 4) 


(c) Horizontal asymptotes, if any 


(e) Oblique asymptotes, if any 


28. 


29. | 
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In Problems 33-44, (a) graph the rational function using transformations, (b) use the final graph to find the domain and range, and (c) use 
the final graph to list any vertical, horizontal, or oblique asymptotes. 








1 1 
33. F(x) = 24+ 34. O(x) =3 +5 
x x 
= 2 
37, H(x) = 38. G(x) == 
pes el (ear 2,) 
2 il 
41. G(x) = 1+ ——_,; 42. F(x) =2—- 
(x — 3)? eo 1 








In Problems 45-56, find the vertical, horizontal, and oblique asymptotes, if any, of each rational function. 


‘\. 45. 


\ 49. 


53; 














eee 6) anal, 
R(x) =7 46. R(x) = 7 
Sa Ax? 
Tr - 50. P = 
6x* + 19x — 7 8x* + 26x — 7 
oe 


Applications and Extensions 


57. Gravity In physics, it is established that the acceleration due 


58. 


to gravity, g (in meters/sec’), at a height / meters above sea 
level is given by 


3.99 x 10'4 
CO) ee 
(6.374 X 10° + h) 


where 6.374 X 10° is the radius of Earth in meters. 

(a) What is the acceleration due to gravity at sea level? 

(b) The Willis Tower in Chicago, Illinois, is 443 meters tall. 
What is the acceleration due to gravity at the top of the 
Willis Tower? 

(c) The peak of Mount Everest is 8848 meters above sea 
level. What is the acceleration due to gravity on the peak 
of Mount Everest? 

(d) Find the horizontal asymptote of g(h). 

(e) Solve g() = 0. How do you interpret your answer? 

Population Model A rare species of insect was discovered 

in the Amazon Rain Forest. To protect the species, 

environmentalists declared the insect endangered and 

transplanted the insectinto a protected area. The population P 

of the insect t months after being transplanted is 


or 50 (1+ 0:51) 
(1) = O01 





59. 








‘ 1 3 
X35. R(x) = ——— 36. R(x) == 
(x — 1) x 
39. R(x) = 40. R(x) +1 
e XxX i e XxX = 
x°+4x4+4 x=. 
x74 —4 
43. R(x) =— > 44. R(x) = —— 
X 
: > — 8 | 
N47. H(x) = —~~__ 48. G(x) = =———— A. 
t= 5+ 6 yo = Oy S14 
2x* — 5x — 12 x>+ 6x45 
51. = S852, F(x) = — 
QO) 33 ay 4 2) o2 tS 
4 _ 1 + _ 16 
55. G(x) = 56. F(x) = 5 
b irae ¢ fy 


(a) How many insects were discovered? In other words, what 
was the population when t = 0? 

(b) What will the population be after 5 years? 

(c) Determine the horizontal asymptote of P(t). What 
is the largest population that the protected area can 
sustain? 


Resistance in Parallel Circuits From Ohm’s Law for circuits, 
it follows that the total resistance R,,, of two components 
hooked in parallel is given by the equation 


where R, and R; are the individual resistances. 


(a) Let R; = 10 ohms, and graph R,,; as a function of R>. 

(b) Find and interpret any asymptotes of the graph obtained 
in part (a). 

(c) If Ry = 2VR,, what value of R, will yield an Ry 
of 17 ohms? 
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i 60. Challenge Problem Newton’s Method In calculus you will 
learn that if 


p(x) = a,x" + ayax™ +--+ + ax + a 
is a polynomial function, then the derivative of p(x) is 
p'(x) =na,x"! + (n- 1)a,4x"? +--+ +2amx+ 4 


Newton’s Method is an efficient method for approximating 
the x-intercepts (or real zeros) of a function, such as p(x). The 
following steps outline Newton’s Method. 


STEP 1: Select an initial value x, that is somewhat close 
to the x-intercept being sought. 





STEP 2: Find values for x using the relation 
Xn 
ig = P n=0,1,2,... 
P' (Xn) 


until you get two consecutive values x, 
and x,,4, that agree to whatever decimal place 
accuracy you desire. 


STEP 3: The approximate zero will be x,,+,. 
Consider the polynomial p(x) = x° — 7x — 40. 


(a) Evaluate p(3) and p(5). 
(b) What might we conclude about a zero of p? 


Explaining Concepts: Discussion and Writing 


64. If the graph of a rational function RK has the horizontal 
asymptote y = 2, the degree of the numerator of R equals 
the degree of the denominator of R. Explain why. 


65. The graph of a rational function cannot have both a 
horizontal and an oblique asymptote. Explain why. 


Retain Your Knowledge 


(c) Use Newton’s Method to approximate an x-intercept, r, 
3 <r <5, of p(x) to four decimal places. 


61. Challenge Problem ‘The standard form of the rational 
_ OD 


il 
a wae 
cx + d’ 1) . 


To write a rational function in standard form requires 
polynomial division. 








function R (x) c # 0,is R(x) = a(- 





: ; 2x +3. 
(a) Write the rational function R(x) = 7; im standard 
a ¢ — 
form by writing R in the form 
remainder 


Quotient + = 
divisor 


(b) Graph R using transformations. 
(c) Find the vertical asymptote and the horizontal asymptote 


of R. 
62. Challenge Problem Repeat Problem 61 for the rational 
—6x + 16 
function R = —==—= 
unction R (x) a, 7 


63. Challenge Problem Make up a rational function that 


has y = 2x + 1 as an oblique asymptote. 


66. If the graph of a rational function R has the vertical 
asymptote x = 4, the factor x — 4 must be present in the 


denominator of R. Explain why. 


Problems 67—76 are based on material learned earlier in the course. The purpose of these problems is to keep the material fresh in your 


mind so that you are better prepared for the final exam. 


67. Find the equation of a vertical line passing through the 
point (5, —3). 


a 
se — 2 

4 

Is the graph of the equation 2x° — xy” = 4 symmetric 
with respect to the x-axis, the y-axis, the origin, or none of 
these? 


2 
68. Solve: 5 (3x =) ) a a, = 


69. 





S70. What are the points of intersection of the graphs of the 
functions f(x) = —3x +2 and g(x) =x? — 2x - 4? 

— 6 

71. Find the intercepts of the graph of f(x) = : ra 


‘Are You Prepared?’ Answers 


1. True 2. Quotient: 3x + 3; remainder: 2x* — 3x — 3 


He {\72. Use a graphing utility to find the local maximum of 


Xx TB. 


3. 


f(x) =x + 4x7 - 3x41 
Where is f(x) = 5x? — 13x — 6 < 0? 


3 











74. Determine whether the function f(x) = = js even, 
odd, or neither. x" + 6 
75. Simplify: — 
; poy x7>-9 x+3 
76. Solve:3 — (2x + 4) > 5x + 13 
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4.4 The Graph of a Rational Function 


PREPARING FOR THIS SECTION Before getting started, review the following: 
e Intercepts (Section 1.2, pp. 12-13) 
\ Now Work the ‘Are You Prepared?’ problem on page 220. 


OBJECTIVES 1 Grapha Rational Function (p. 209) 
2 Solve Applied Problems Involving Rational Functions (p. 219) 





1 Graph a Rational Function 


We commented earlier that calculus provides the tools required to graph a polynomial 
function accurately. The same holds true for rational functions. However, we can 
gather together quite a bit of information about their graphs to get an idea of the 
general shape and position of the graph. 


| €XAMPLE1 | Graphing a Rational Function 








= 1 
Graph the rational function R(x) = ~ ri 
q. = 
Step-by-Step Solution 
= I = il 
Step 1 Factor the numerator and R(x) = _— — a 
denominator of R. Find the domain x4 (e+ 2) (4 — 2) 
of the rational function. The domain of R is {x|x # —2,x # 2}. 
Step 2 Write R in lowest terms. Because there are no common factors between the numerator and denominator, 
=A 
R(x) = Z is in lowest terms. 
x" —4 
, ; 3 , , 1 , 1 

Step 3 Find and plot the Since 0 is in the domain of R, the y-intercept is R(O) = 1 Plot the point | 0, a} 
intercepts of the graph. Use . . . 
multiplicity to determine the The x-intercepts are the real zeros of the numerator of R written in lowest terms. 
behavior of the graph of R at Solving x — 1 = 0, we find that the only real zero of the numerator is 1. So the 
each x-intercept. only x-intercept of the graph of R is 1. Plot the point (1, 0). The multiplicity of 1 is 

odd, so the graph crosses the x-axis at x = 1. 
Step 4 Find the vertical The vertical asymptotes are the zeros of the denominator with the rational function 
asymptotes. Graph each vertical in lowest terms. With R written in lowest terms, the graph of R has two vertical 
asymptote using a dashed line. asymptotes: the lines x = —2 and x = 2. The multiplicities of the zeros that give rise 
Determine the behavior of the to the vertical asymptotes are both odd. Therefore, the graph approaches ©o on one 
graph on either side of each side of each vertical asymptote and approaches — co on the other side. 


vertical asymptote. 


Step 5 Find the horizontal or Because the degree of the numerator is less than the degree of the denominator, R 
oblique asymptote, if one exists. is proper and the line y = 0 (the x-axis) is a horizontal asymptote of the graph. The 
Graph the asymptote using a graph of R intersects the horizontal asymptote at the x-intercept(s) of R. That is, the 
dashed line. Find points, if any, graph of R intersects the horizontal asymptote at (1, 0). 


where the graph of R intersects the 
asymptote. Plot the points. 
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Step 6 Use the real zeros of the The real zero of the numerator, 1, and the real zeros of the denominator, —2 and 2, 
numerator and denominator of R divide the x-axis into four intervals: 
to divide the x-axis into intervals. 
== 7 =7 1 Tae 250 
Determine where the graph of R ( — a ee) oa) 


is above or below the x-axis by Now construct Table 9. 
choosing a number tn each interval 

and evaluating R. Plot the points Table 9 

found. 


Interval 


Number chosen 


Value of R Po ii a= 1) -= 


Location of 


grminh Below x-axis Above x-axis Above x-axis 


Point on graph (3,520.8) (-1, 2) 





Figure 34(a) shows the asymptotes, the points from Table 9, the y-intercept, and 
the x-intercept. 


Step 7 Use the results obtained in e The graph crosses the x-axis at x = 1, changing from above the x-axis for x < 1 
Steps 1 through 6 to graph R. to below it for x > 1. Indicate this on the graph. See Figure 34(b). 


e Since y = 0 (the x-axis) is a horizontal asymptote and the graph lies below 
the x-axis for x < —2, we can sketch a portion of the graph by placing a small 
arrow to the far left and under the x-axis. 


e Since the line x = —21sa vertical asymptote and the graph lies below the x-axis 
for x < —2, we place an arrow well below the x-axis and approaching the 
line x = —2 from the left. (As x — —2 from the left, R(x) — — 0.) 


e Since the graph approaches —co on one side of x = —2, and —2 1s a zero of 
odd multiplicity, the graph will approach °° on the other side of x = —2. That 
is, as x >-—2 from the right, R(x) ~ oo. Similarly, as x ~2 from the 
left, R(x) — -—©o and as x — 2 from the right, R(x) — 00. 


e End behavior: As x > —©co, R(x) — 0; and as x > 00, R(x) > 0. 


Figure 34(b) illustrates these conclusions and Figure 34(c) shows the 
eraph of R. 








Figure 34 (a) (b) 
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44 | Exploration 


Graph the rational function: R(x) = = ; 
x- — 4 





Result The analysis in Example 1 helps us to set the viewing rectangle to obtain a complete graph. 


Figure 35(a) shows the graph of R(x) = “ 7 in connected mode, and Figure 35(b) shows it in 
XxX — 





dot mode. Notice in Figure 35(a) that the graph has vertical lines at x = —2 and x = 2. This is due 
to the fact that when a graphing utility is in connected mode, some will connect the dots between 
consecutive pixels, and vertical lines may occur. We know that the graph of R does not cross the 
lines x = —2 and x = 2, Since R is not defined at x = —2 or x = 2. So, when graphing rational 
functions, use dot mode if extraneous vertical lines are present in connected mode. Other graphing 
utilities may not have extraneous vertical lines in connected mode. See Figure 35(c) and (d). 


4 HORHAL FLOAT AUTO REAL RADIAN HP 











—4 
Connected mode with extraneous Dot mode Connected mode without extraneous 
vertical lines vertical lines 


Figure 35 (a) TI-84 Plus (b) TI-84 Plus (c) TI-84 Plus C (d) Desmos | 


SUMMARY 


Steps for Graphing a Rational Function R 


STEP 1: Factor the numerator and denominator of R. Find the domain of the rational function. 
STEP 2: Write R in lowest terms. 


STEP 3: Find and plot the intercepts of the graph. Use multiplicity to determine the behavior of the graph of R at 
each x-intercept. 


STEP 4: Find the vertical asymptotes. Graph each vertical asymptote using a dashed line. Determine the behavior 
of the graph of R on either side of each vertical asymptote. 


STEP 5: Find the horizontal or oblique asymptote, if one exists. Graph the asymptote using a dashed line. Find 
points, if any, where the graph of R intersects the asymptote. Plot the points. 


STEP 6: Use the real zeros of the numerator and denominator of R to divide the x-axis into intervals. Determine 
where the graph of R is above or below the x-axis by choosing a number in each interval and evaluating R. 
Plot the points found. 


STEP 7: Use the results obtained in Steps 1 through 6 to graph R. 





ormmummm_m_==-Now Work PROBLEM 7 


| EXAMPLE 2 © Graphing a Rational Function 





) 
=] 
Graph the rational function: R(x) = a 
. (ee Le = 1) . 
Solution Strep 1:R(x) = ——— The domain of R is {x|x 4 O}. 


STEP 2: R is in lowest terms. 


STEP 3: Because x cannot equal 0, there is no y-intercept. The graph has 
two x-intercepts, — 1 and 1, each with odd multiplicity. Plot the points (—1, 0) 
and (1,0). The graph crosses the x-axis at both points. 
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NOTE Because the denominator of 
the rational function is a monomial, we 
can also find the oblique asymptote as 
follows: 





il 
Since =— 0 as x > &O, y = xis the 
Xx 


oblique asymptote. B 


Table 10 


NOTE Notice that R in Example 2 Is an 
odd function. Do you see the symmetry 
about the origin in the graph of R in 
Figure 36(c)? o 





STEP 4: The real zero of the denominator with R in lowest terms is 0, so the graph 
of R has the line x = 0 (the y-axis) as a vertical asymptote. Graph x = 0 
using a dashed line. The multiplicity of 0 1s odd, so the graph approaches co 
on one side of the asymptote x = 0 and —©o on the other side. 


STEP 5: Since the degree of the numerator, 2, is one greater than the degree of the 
denominator, 1, the graph of R has an oblique asymptote. To find the oblique 


asymptote, use polynomial division. 


The quotient is x, so the line y = x is an oblique asymptote of the graph. 
Graph y = x using a dashed line. 

To determine whether the graph of R intersects the asymptote y = x, 
solve the equation R(x) = x. 





-1=0 


Impossible 





The equation = x has no solution, so the graph of R does not 
intersect the line y = x. 

The real zeros of the numerator are — 1 and 1; the real zero of the denominator 
is 0. Use these numbers to divide the x-axis into four intervals: 


(0, 1) 


STEP 6: 


(—00,-1) — (~1,0) (1, ©) 
Now construct Table 10. Plot the points from Table 10. You should now have 


Figure 36(a). 


Interval 


Number chosen 


Value of R 


Below x-axis Above x-axis Below x-axis Above x-axis 


Ga) GD) G2 


STEP 7: To graph the function, begin by recalling that the graph crosses the x-axis at 
both x-intercepts (Step 3). 

Since the graph of R is below the x-axis for x < —1 and is above 
the x-axis for x > 1, and since the graph of R does not intersect the oblique 
asymptote y = x (Step 5), the graph of R approaches the line y = x, as 
shown in Figure 36(b). 

Since the graph of R is above the x-axis for —1 < x < 0, the graph 
of R approaches oo as R approaches the vertical asymptote x = 0 from 
the left. Since the graph of R is below the x-axis for 0 < x < 1, the graph 
of R approaches —0o as R approaches the vertical asymptote x = 0 from 
the right. See Figure 36(b). 


Location of graph 


Point on graph 





Figure 36 (a) 


Solution 
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The complete graph is given in Figure 36(c). 








orm Now Work PROBLEM 15 


| €XAMPLE3 | Graphing a Rational Function 


Graph the rational function: R(x) = 


STEP 1: 
STEP 2: 
STEP 3: 


STEP 4: 


STEP 5: 


STEP 6: 


Table 11 


x7 4+1 


x2 





R is completely factored. The domain of R is {x|x # 0}. 

R is in lowest terms. 

There is no y-intercept. Since x* + 1 = 0 has no real solutions, there are 
no x-intercepts. 

R is in lowest terms, so x = O (the y-axis) is a vertical asymptote of R. 
Graph the line x = O using dashes. The multiplicity of 0 is even, so the graph 
approaches either Co or — co on both sides of the asymptote. 

Since the degree of the numerator, 4, is two more than the degree of the 
denominator, 2, the rational function does not have a horizontal or oblique 
asymptote. Find the end behavior of R. As |x| > &%, 





2 


The graph of R approaches the graph of y = x“ as x > —00 andasx > ©. 


The graph of R does not intersect y = x”. Do you know why? Graph y = x? 
using dashes. 


The numerator has no real zeros, and the denominator has one real zero 
at 0. Divide the x-axis into the two intervals (— co, 0) and (0, co). Construct 
Table 11. 


Interval (cee 0)) 
Number chosen — 


Value of R R(-1) =2 PGI ee 
Location of graph Above x-axis Above x-axis 
Point on graph (2) ie2) 
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STEP 7: 


NOTE Notice that R in Example 3 Is an 
even function. Do you see the symmetry 
about the y-axis inthe graph of Rs 


Since the graph of R is above the x-axis and does not intersect y = x’, the 
graph of R approaches y = x” from above on the left and right. Also, since 
the graph of R lies completely above the x-axis, and the multiplicity of the 
zero that gives rise to the vertical asymptote, x = 0, is even, the graph of R 
approaches oo from both the left and the right of x = 0. See Figure 37 


x=0 





ya] 
F 7 R(x)= 
igure 3 (x) 2 





oummm_m- Now Work PROBLEM 13 


| EXAMPLE 4 © Graphing a Rational Function 


Solution STEP 1: 


ay 3 
Graph the rational function: R(x) = ——_ 
eS 12 
Factor R. 
- _. eee= 4) 
() = "Tt 4) (x — 3) 


STEP 2: 
STEP 3: 


STEP 4: 


STEP 5: 


The domain of R is {x|x # —4,x # 3}. 
R is in lowest terms. 


The y-intercept is R(0) = 0. Plot the point (0, 0). Since the real solutions 
of the equation 3x(x — 1) = 0 are x = 0 and x = 1, the graph has 
two x-intercepts, 0 and 1, each with odd multiplicity. Plot the points (0, 0) 
and (1,0); the graph crosses the x-axis at both points. 


R is in lowest terms. The real solutions of the equation (x + 4) (x — 3) =0 
are x = —4 and x = 3, so the graph of R has two vertical asymptotes, the 
lines x = —4 and x = 3. Graph these lines using dashes. The multiplicities 
that give rise to the vertical asymptotes are both odd, so the graph 
approaches ©o on one side of each vertical asymptote and — 0¢ on the other side. 


Since the degree of the numerator equals the degree of the denominator, 
the graph has a horizontal asymptote. To find it, form the quotient of the 
leading coefficient of the numerator, 3, and the leading coefficient of the 
denominator, 1. The graph of R has the horizontal asymptote y = 3. 

To find out whether the graph of R intersects the asymptote, solve the 
equation R(x) = 3. 


3x? — 3x 
ae) ak pee | i 
3x* — 3x = 3x7 + 3x — 36 
=6y = =36 


x=6 


SECTION 4.4 The Graph of a Rational Function 215 


The graph intersects the line y = 3 at x = 6,so (6,3) is a point on the graph 
of R. Plot the point (6,3) and graph the line y = 3 using dashes. 

STEP 6: The real zeros of the numerator, 0 and 1, and the real zeros of the 
denominator, —4 and 3, divide the x-axis into five intervals: 


(—00,-4) (4,0) (0,1) (1,3) (3%) 
Construct Table 12. Plot the points from Table 12. 


STEP 7: We analyze the graph from left to right. We know that y = 3 is a horizontal 
asymptote as x — — 0d. Since the graph of R is above the x-axis for x < —4 
and intersects the line y = 3 only at (6,3), as x approaches — 00 the graph 
of R approaches the horizontal asymptote y = 3 from above. The graph 
of R approaches ©° as x approaches —4 from the left and approaches — co 
as x approaches —4 from the right. 

The graph crosses the x-axis at x = 0, changing from being below 
the x-axis to being above. The graph also crosses the x-axis atx = 1, changing 
from being above the x-axis to being below. 

Next, the graph of R approaches — co as x approaches 3 from the left 
and approaches ©° as x approaches 3 from the right. See Figure 38(a). 

We do not know whether the graph of R crosses or touches the line y = 3 
at (6,3). To see whether the graph crosses or touches the line y = 3, plot an 


63 
additional point to the right of (6,3). We use x = 7to find R(7) = 59 < 3. 


The graph crosses y = 3 at x = 6. Because (6, 3) is the only point where 
the graph of R intersects the asymptote y = 3, the graph approaches the 
line y = 3 from below as x > ~. 

See Figure 38(b). 


Table 12 


Interval 


Number chosen 


Value of R R(-5) = 11.25 (3) =— 
2 15 


Location of graph Above x-axis Below x-axis Above x-axis Below x-axis Above x-axis 


2’ 15 


Point on graph (=5,-14;25)) (= 2) 1:8) € ) (257— 41) (4, 4.5) 





(a) 7 3x? = 3X 


Figure 38 
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{| Exploration 


re Graph the rational function: R(x) = 


3x* — 3x 
x+x-12 
Result Figure 39(a) shows the graph on a TI-84 Plus C. The graph does not clearly display the behavior 
of the function between the two x-intercepts, O and 1. Nor does it clearly display the fact that the 
graph crosses the horizontal asymptote at (6, 3). To see these parts better, graph Rfor -1=x=<2 
[Figure 39(b)] and for 4 = x s 60 [Figure 39(c)]. 
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ar 
ia 





Figure 39 


‘60 


(a) (b) (c) 


The new graphs show the expected behavior. Furthermore, we observe two turning points, one between 0 
and 1 and the other to the right of 6. Rounded to two decimal places, these turning points are (0.52, 0.07) 
and (11.48, 2.75). 


oummemmmme-Now Work PROBLEM 31 





Solution 


NOTE The coordinates of the hole are 
obtained by evaluating R in lowest terms 





2 | 
at x = 2. R in lowest terms Is 
x ae 2 

. ag — 1 3 
which, at x = 2, is ——-—- = — Of 


Ze 4 


Graphing a Rational Function with a Hole 


2 = Sx 2 


Graph the rational function: R(x) = 24 
= 


STEP 1: Factor R and obtain 

C2 deme oC eee’, 
eae 2 = 2) 

The domain of Ris {x|x # —2,x # 2}. 


STEP 2: In lowest terms, 


R(x) = 


Oh oat 
R(x) ==> x A-2,x A2 





1 il 
STEP 3: The y-intercept is R(0) = — 5 Plot the point (0. = >) The graph has 


1 1 
one x-intercept, > with odd multiplicity. Plot the point (; 0}, The graph 


will cross the x-axis atx = 7 


STEP 4: Since x + 2 is the only factor of the denominator of R(x) in lowest terms, 
the graph has one vertical asymptote, x = —2. Graph the line x = —2 using 
dashes. The multiplicity of —2 is odd, so the graph approaches ©o on one side 
of the vertical asymptote and — co on the other side. 


Since 2 is not in the domain of R, and x = 2 is not a vertical asymptote of 


3 
the graph of R, the graph of R has a hole at the point (2 >) Draw an open 
circle at the point (2 >) as shown in Figure 40(a) on page 218. 
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STEP 5: Since the degree of the numerator equals the degree of the denominator, 
the graph has a horizontal asymptote. To find it, form the quotient of the 
leading coefficient of the numerator, 2, and the leading coefficient of the 
denominator, 1. The graph of A has the horizontal asymptote y = 2. Graph 
the line y = 2 using dashes. 

To find out whether the graph of R intersects the horizontal 
asymptote y = 2, solve the equation R(x) = 2. 
is eam 


l= i gee 


2 1 S24 a2) 
2x -1=2x+4 





—1=4 Impossible 
The graph does not intersect the line y = 2. See Figure 40(a). 


; 1 a 
STEP 6: The real zeros of the numerator and denominator, —2, > and 2, divide 
the x-axis into four intervals: 


can (a3) &) ew 


Construct Table 13. Plot the points in Table 13. 


Table 13 


Interval 


Number chosen 


Value of R i) 3 


Location of graph Above x-axis Below x-axis Above x-axis Above x-axis 





Point on graph (-3,7) (Sj, =) @ | (3; 1) 


STEP 7: From Table 13 we know that the graph of R is above the x-axis for x < —2. 
From Step 5 we know that the graph of R does not intersect the 
asymptote y = 2. Therefore, the graph of R approaches y = 2 from above as 
x — —©o and approaches © as x approaches —2 from the left. 


1 
Since the graph of R is below the x-axis for —2 < x < 5 the graph 


of R approaches — co as x approaches —2 from the right. Finally, since the 
graph of R is above the x-axis for x > , and does not intersect the 
horizontal asymptote y = 2, the graph of R approaches y = 2 from below 
as x — 0o. The graph crosses the x-axis atx = a changing from being below 


the x-axis to being above. See Figure 40(a). 
See Figure 40(b) for the complete graph. 
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4 Hole at 





Figure 40 (a) (b) A(x) = —_7-—_— J 





Exploration 


*_ 5x + 
——* Do you see the hole at (2, +)? TRACE along the graph. Did you obtain an 
XxX _— 


ERROR at x = 2? Are you convinced that an algebraic analysis of a rational function is required in order to 
accurately interpret the graph obtained with a graphing utility? 


Graph R(x) = 


As Example 5 shows, the zeros of the denominator of a rational function give 
rise to either vertical asymptotes or holes on the graph. 


ommmmm=me- Now Work PROBLEM 33 





Constructing a Rational Function from Its Graph 


Find a rational function that might have the graph shown in Figure 41. 





Figure 41 


p(x) 
q(x) 


the x-intercepts of its graph. The graph shown in Figure 41 has x-intercepts —2 (even 
multiplicity; graph touches the x-axis) and 5 (odd multiplicity; graph crosses 


in lowest terms determines 





Solution The numerator of a rational function R(x) = 


the x-axis). So one possibility for the numerator is p(x) = (x + 2)*(x — 5). 

The denominator of a rational function in lowest terms determines the vertical 
asymptotes of its graph. The vertical asymptotes of the graph are x = —5 
and x = 2. Since R(x) approaches © to the left of x = —5 and R(x) approaches — co 
to the right of x = —5, we know that (x + 5) isa factor of odd multiplicity in g(x). 
Also, R(x) approaches — co on both sides of x = 2, so (x — 2) is a factor of even 
multiplicity in g(x). A possibility for the denominator is g(x) = (x + 5) (x — 2)’. 

(x + 2)7(x -— 5) 


So far we have R(x) = (x + 5) (x — 2)? 
X xXx — 


SECTION 4.4 The Graph of a Rational Function 219 


The horizontal asymptote of the graph given in Figure 41 is y = 2, so we know 
NORMAL FLOAT AUTO REAL RADIAN HP that the degree of the numerator must equal the degree of the denominator, which it 


2 
does, and that the quotient of leading coefficients must be —. This leads to 


2(x + 2)7(x — 5) 


Rix) = 5) (a - 2)? J 





tz / Check: Figure 42 shows the graph of R on a TI-84 Plus C. Since Figure 42 looks similar 


Figure 42 to Figure 41, we have found a rational function R for the graph in Figure 41. 


ovmmummmm=-Now Work PRoBLEM 51 


2 Solve Applied Problems Involving Rational Functions 





Finding the Least Cost of a Can 





Reynolds Metal Company manufactures aluminum cans in the shape of a cylinder 
1 
with a capacity of 500 cubic centimeters 5 liter }. The top and bottom of the can are 


made of a special aluminum alloy that costs 0.05¢ per square centimeter. The sides of 
the can are made of material that costs 0.02¢ per square centimeter. 


__ (a) Express the cost of material for the can as a function of the radius r of the can. 
ic (b) Use a graphing utility to graph the function C = C(r). 

(c) What value of r will result in the least cost? 

(d) What is this least cost? 


Solution (a) Figure 43 illustrates the components of a can in the shape of a right circular 
cylinder. Notice that the material required to produce a cylindrical can of 
height / and radius r consists of a rectangle of area 27rrh and two circles, each of 
area 7r~. The total cost C (in cents) of manufacturing the can is 


Top 





) Area = ar? 
C = Cost of the top and bottom + Cost of the side 


a Totalarea Cost/unit Total Cost/unit 
Wag 72 oftopand area areaof area 

, bottom side 

Bottom = 0.10mr* + 0.04arh 


Figure 43 
There is an additional restriction that the height 4 and radius 7 must be chosen so 
that the volume V of the can is 500 cubic centimeters. Since V = mr7h, we have 


500 = mr*h so h= of 


ar 
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. , 900 
Substituting —, for h, we find that the cost C, in cents, as a function of the 
Tr 


radius r is 


20 0.10mr? + 20 


500 
C(r) = 0.107r? + 0.047r - —7 0.10ar? + 


Tr r r 
° Me Fe (b) See Figure 44 for the graph of C = C(r). 
Figue44 | (c) Using the MINIMUM command, the cost is least for a radius of 
about 3.17 centimeters. 
(d) The least cost is C(3.17) ~ 9.47¢. =) 
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4.4 Assess Your Understanding 


‘Are You Prepa red?’ The answer is given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


2 





1. Find the intercepts of the graph of the equation y = 


Concepts and Vocabulary 


2. True or False The graph of every rational function has at 
least one asymptote. 


3. Multiple Choice Which type of asymptote will never 
intersect the graph of a rational function? 
(a) horizontal (b) oblique 


al! 
oa (pp. 12-13) 


x(x — 2)? 
5. R(x) = 


(a) Find the domain of R. 
(b) Find the x-intercepts of R. 
6. Multiple Choice Identify the y-intercept of the graph of 





























(c) vertical (d) all of these R(x) = 6(x — 1) 
4. True or False The graph of a rational function sometimes (x + 1) (x + 2) 
has a hole. (a) —3 (b) —2 e. <4 (d) 1 
Skill Building 
In Problems 7-50, follow Steps I through 7 on page 211 to graph each function. 
XR __xtti e Pir) = x R _ 3x +3 10. R _ 2a +4 
nes x(x + 4) mo (e-1)(x+2)  *RO = 5TG A) 
3 6 ; xitx?t] xt 1 
11. R(x) = 12. R(x) = Na. P(x Se 14. x)= 
@=s5 (x) =3—— (x) = Q(x) = 
3 3 2 2 
Rs. ae) = i.e... 17. R(x) =+—— 18. 2G) = 
| (*) 2_ 9 oe x? + 2x ey x +x—6 oe x4 
x 3x 3 —4 
19. G(x) = 20. G(x) = 21, Kix) =——_,.. 22. K = 
(2) x7 — 4 (2) | i (x — 1) (x7 - 4) (2) (x +1) (x7 - 9) 
x7 - 1 x7 +4 x? — 3x —4 x7 + 3x +2 
23. H =I——— 24. H = 2k = —— 26. F = 
3. H(x) = (x) = 8. F(x) == 6. F(x) == 
xv+x-—12 x>—-x- 12 xr+x-—12 x>-x-12 
04 p R(x) = ar 28. R(x) = Por 29. F(x) = ee aa 30. G(x) = er ae 
x(x — 1)? SL) 2 le = 3 Ot AD 
N31. R(x) = a ee a 
(x4 3) x(x — 4) f= G6 
* + 3x — 10 Gr a T= 3 8x? + 26x + 15 
34, R(x) = 35. R(x) = 36. R(x) = — "> 
et Our AS 2 So 2 = 4 = 15 
x? + 5x + 6 x? +x — 30 ok = 6 
37. R(x) = ea 38. R(x) — ai an 39. {x} — 4 _ Re) 
222. i Kea heat eat 
40. H(x) =——— 41. F(x) == 42. F(x) = 43. G(x) =~ 
Gael 0 oily ae XOX 9 (642-23 
2. = 9 
44. G(x) = 7 45. f(x) =x +- 46. f(x) = 2x += 47. f(x) = += 
= 
16 1 9 
48. f(x) = 2x7 += 49. f(x) =x +3 50. f(x) = 2x +3 
x x x 
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In Problems 51-54, find a rational function that might have the given graph. (More than one answer might be possible. ) 


N51. 


32: 





Applications and Extensions 


552 


56. 


ay 


4 
tl 


Probability At a fundraiser, each person in attendance 
is given a ball marked with a different number from 
1 through x. All the balls are then placed in an urn, and a 
ball is chosen at random from the urn. The probability that 


a particular ball is selected is a So the probability that a 


it 1 
particular ball is not chosen is 1 — rs Graph P(x) =1-—— 
x 


using transformations. Comment on the probability a 
particular ball is not chosen as x increases. 


Waiting in Line Suppose two employees at a fast-food 
restaurant can serve customers at the rate of 6 customers 
per minute. Further suppose that customers are arriving 
at the restaurant at the rate of x customers per minute. 
The average time 7, in minutes, spent waiting in line and 
having your order taken and filled is given by the function 


T(x) =- , where 0 < x < 6. Graph this function 


—s 
x= 6 
using transformations. 
Drug Concentration The concentration C of a certain drug 
in a patient’s bloodstream ¢ hours after injection is given by 
t 
C(t) == 
) Ss ia aaa 
(a) Find the horizontal asymptote of C(t). What happens 
to the concentration of the drug as f increases? 
(b) Using a graphing utility, graph C = C(t). 
(c) Determine the time at which the concentration is 
highest. 


52. 





58. 


cs 
a 


, 


Drug Concentration The concentration C of a certain drug in 
a patient’s bloodstream ¢ minutes after injection is given by 
SOt 
= t? + 25 
(a) Find the horizontal asymptote of C(t). What happens to 
the concentration of the drug as ¢ increases? 
(b) Using a graphing utility, graph C = C(t). 
(c) Determine the time at which the concentration is 
highest. 


Minimum Cost A rectangular area adjacent to a river is 
to be fenced in; no fence is needed on the river side. The 
enclosed area is to be 1000 square feet. Fencing for the side 
parallel to the river is $5 per linear foot, and fencing for 
the other two sides is $8 per linear foot; the four corner 
posts are $25 apiece. Let x be the length of one of the sides 
perpendicular to the river. 


(a) Write a function C(x) that describes the cost of the 
project. 
(b) What is the domain of C? 


(c) Use a graphing utility to graph C = C(x). 





(d) Find the dimensions of the cheapest enclosure. 
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60. 


62. 


Doppler Effect The Doppler effect (named after Christian 
Doppler) is the change in the pitch (frequency) of the 
sound from a source (s) as heard by an observer (0) when 
one or both are in motion. If we assume both the source 
and the observer are moving in the same direction, the 


relationship is 
f= (2 : “| 
ae gone 


where f’ = perceived pitch by the observer 





a 
| 


= actual pitch of the source 
v = speed of sound in air (assume 772.4 mph) 


speed of the observer 


= 
9 
| 


x 
a 
| 


= speed of the source 


Suppose that you are traveling down a road at 45 mph and 
you hear an ambulance (with siren) coming toward you 
from the rear. The actual pitch of the siren is 600 hertz (Hz). 


(a) Write a function f’ (v,) that describes this scenario. 
(b) If f’ = 620 Hz, find the speed of the ambulance. 

(c) Use a graphing utility to graph the function. 

(d) Verify your answer from part (b). 


Source: www.acs.psu.edu/drussell/ 


. Minimizing Surface Area United Parcel Service has 


contracted you to design a closed box with a square base 

that has a volume of 10,000 cubic inches. See the illustration. 

(a) Express the surface area S of the box as 
a function of x. 

(b) Using a graphing utility, graph the 
function found in part (a). | 

(c) What is the minimum amount of © 
cardboard that can be used to construct 
the box? 

(d) What are the dimensions of the box that minimize the 
surface area? 

(e) Why might UPS be interested in designing a box that 
minimizes the surface area? 








Minimizing Surface Area United Parcel 
Service has contracted you to design an open (qi 
box with a square base that has a volume 
of 5000 cubic inches. See the illustration. 








(a) Express the surface area S of the box as 
a function of x. 

(b) Using a graphing utility, graph the function found 
in part (a). 

(c) What is the minimum amount of cardboard that can be 
used to construct the box? 

(d) What are the dimensions of the box that minimize the 
surface area? 

(e) Why might UPS be interested in designing a box that 
minimizes the surface area? 





. Cost of a Can A can in the shape of a right circular cylinder 


is required to have a volume of 500 cubic centimeters. The 
top and bottom are made of material that costs 6¢ per 
square centimeter, while the sides are made of material that 
costs 4¢ per square centimeter. 





(a) Express the total cost C of the material as a function of 
the radius r of the cylinder. (Refer to Figure 43.) 


A (b) Graph C = C(r). For what value of 7 is the cost Ca 


minimum? 





64. Material Needed to Make a Drum A steel drum in the 


shape of a right circular cylinder is required to have a 
volume of 100 cubic feet. 





(a) Express the amount A of material required to make the 
drum as a function of the radius r of the cylinder. 

(b) How much material is required if the drum’s radius is 
3 1cet? 

(c) How much material is required if the drum’s radius is 
4 feet? 

(d) How much material is required if the drum’s radius is 
5 feet? 


dd (e) Graph A =A(r). For what value of r is A 


smallest? 


65. Tennis Anyone? To win a game in tennis, a player must win 


four points. If both players have won three points, the play 
continues until a player is ahead by two points to win the 
game. The model 


x*(—8x? + 28x? — 34x + 15) 


P(x) = 
0) Dee el 

represents the probability P of a player winning a game in 

which the player is serving the game and x is the probability 

of winning a point on serve. The player serving is the first to 

put the ball in play. 


Source: Chris Gray, “Game, set and Stats,” Significance, 
February 2015. 


(a) What is the probability that a player who ts serving will 
win the game if the probability of the player winning a 
point on serve is 0.64? 

(b) Find and interpret P(0.62). 

(c) Solve P(x) = 0.9. 

(d) Graph P = P(x) for 0 =x = 1. Describe what 
happens to P as x approaches 1. 


66. Texting Speed A study of a new keyboard layout for 


smartphones found that the average number of words users 
could text per minute could be approximated by 


_ S2(E 2) 


a Ca 3 


where fis the number of days of practice with the keyboard. 





(a) What was the average number of words users could 
text with the new layout at the beginning of the study? 

(b) What was the average number of words users could 
text after using the layout for 1 week? 

(c) Find and interpret the horizontal asymptote of N. 








/\ 67. Challenge Problem Removing a Discontinuity In Example 5, 


: , 2x? — Sx +2 
we graphed the rational function R(x) = —— 
X — 
2 
and found that the graph has a hole at the point (2 >). 





3 - 
Therefore, the graph of R is discontinuous at (2 >) We X 68. 


can remove this discontinuity by defining the rational 
function R using the following piecewise-defined function: 


2x* — 5x +2 
x? — 4 


. ie =-2 
4 





ifx A 2 
Ky) = 


Discussion and Writing 


69. Graph each of the following functions: 


x~-—1 ae ac ee iio | 
ea ce 2 y x= 1 


aT 














Is x = 1 a vertical asymptote? Why? What happens 
for x = 1? What do you conjecture about the graph 


nN 


ofy =~ 
b' 


= 4 
70. Graph each of the following functions: 
7 x2 7 Pi +o 8 
x a | y 





,n = 1 aninteger,for x = 1? 














What similarities do you see? What differences? 


71. Create a rational function that has the following 
characteristics: crosses the x-axis at 3; touches the x-axis 
at —2; one vertical asymptote, x = 1; and one horizontal 
asymptote, y = 2. Give your rational function to a fellow 
classmate and ask for a written critique of your rational 
function. 


-Retain Your Knowledge 


Ts 


7a 


74. 


TDs 
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(a) Redefine R from Problem 33 so that the discontinuity 
at x = 3 is removed. 
(b) Redefine R from Problem 35 so that the discontinuity 


2. 
atx = 5 is removed. 


Challenge Problem Removing a Discontinuity Refer to 
Problem 67, 


(a) Redefine R from Problem 34 so that the discontinuity 
at x = —5 is removed. 


(b) Redefine R from Problem 36 so that the discontinuity 


oa 
| ie le ae 5 is removed. 


Create a rational function that has the following 
characteristics: crosses the x-axis at 2; touches the x-axis 
at —1; one vertical asymptote at x = —5 and another 
at x = 6; and one horizontal asymptote, y = 3. Compare 
your function to a fellow classmate’s. How do they differ? 
What are their similarities? 


Write a few paragraphs that provide a general strategy 
for graphing a rational function. Be sure to mention the 
following: proper, improper, intercepts, and asymptotes. 


Create a rational function with the following characteristics: 
three real zeros, one of multiplicity 2; y-intercept 1; 
vertical asymptotes, x = —2 and x = 3; oblique 
asymptote, y = 2x + 1. Is this rational function unique? 
Compare your function with those of other students. 
What will be the same as everyone else’s? Add some more 
characteristics, such as symmetry or naming the real zeros. 
How does this modify the rational function? 


Explain the circumstances under which the graph of a 
rational function has a hole. 


Problems 76-85 are based on material learned earlier in the course. The purpose of these problems is to keep the material fresh in your 


mind so that you are better prepared for the final exam. 


76. Subtract: (4x° — 7x + 1) — (5x* — 9x + 3) 
a ee 
Oy li- aD 








77. Solve: 


Zl 
JX 78. Find the absolute maximum of f(x) = — Z x + 6x — 5S. 


79. Find the vertex of the graph of f(x) = 3x* — 12x + 7. 


80. Find the function whose graph is the same as the graph of 
= |x| but shifted down 4 units. 


‘Are You Prepared?’ Answer 


1 
1. (0. r) (1.0). (=1,0) 


81. 


X82. 
83. 


Find g(3) where 
w= ar if x<0 
= 9 t 220 
Given f(x) = x* + 3x — 2, find f(x — 2). 





Determine whether the lines y = 3x — 2 and 2x + 6y = 7 
are parallel, perpendicular, or neither. 


» Solve:x — Vx +7=5 
— aed 
Solve: 2) yA j= -| = () 


V4 = x? 
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4.5 Polynomial and Rational Inequalities 


PREPARING FOR THIS SECTION Before getting started, review the following: 


e Solving Inequalities (Section A.9, pp. A76-A78) e Solving Quadratic Inequalities (Section 3.5, 
pp. 165-167) 


es Now Work the ‘Are You Prepared?’ problems on page 228. 


OBJECTIVES 1 Solve Polynomial Inequalities (p. 224) 
2 Solve Rational Inequalities (p. 226) 





1 Solve Polynomial Inequalities 


In this section we solve inequalities that involve polynomials of degree 3 and higher, 
along with inequalities that involve rational functions. To help understand the 
algebraic procedure for solving such inequalities, we use the information obtained in 
the previous four sections about the graphs of polynomial and rational functions. The 
approach follows the same methodology that we used to solve inequalities involving 
quadratic functions. 





Solving a Polynomial Inequality Using A Graph 
Solve (x + 3) (x — 1)* > O by graphing f(x) = (x + 3) (x -— 1)’. 


Solution Graph f(x) = (x + 3)(x — 1)* and determine the intervals of x for which the 
graph is above the x-axis. The function is postive on these intervals. Using Steps 1 
through 5 on page 191, we obtain the graph shown in Figure 45. 





End behavior | 
y= y3 =i 


Figure 45 f (x) = (x + 3)(x-1)° 


From the graph, we can see that f(x) > Ofor-—3 < x < lorforx > 1.The solution 
setis {x|—3 <x < lorx > 1} or, using interval notation, (—3,1)U(1, ©). J 


omme===e-Now Work PROBLEM 9 


The results of Example 1 lead to the following approach to solving polynomial 
and rational inequalities algebraically. Suppose that the polynomial or rational 
inequality is in one of the forms 


f(x) <0 f(x) >0 f(x) =0- f(x) 20 
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Locate the real zeros of f if f is a polynomial function, and locate the real zeros of the 
numerator and the denominator if fis a rational function. Use these zeros to divide 
the real number line into intervals because on each interval, the graph of fis either 
above the x-axis | f(x) > 0] or below the x-axis | f(x) < 0]. This enables us to 
identify the solution of the inequality. 


| EXAMPLE 2 | Solving a Polynomial Inequality Algebraically 


Solve the inequality x* > x algebraically, and graph the solution set. 


Step-by-Step Solution Rearrange the inequality so that 0 is on the right side. 
Step 1 Write the inequality so that ae 
a polynomial function fis on the left 4 


side-and zero is onthe rightside x" — x > 0 Subtract x from both sides of the inequality. 


This inequality is equivalent to the one we are solving. 
Step 2 Determine the real zeros Find the real zeros of f(x) = x* — x by solving x* — x = 0. 
(x-intercepts of the graph) of f. v-x+=0 
x(x°—1) =0 Factor outx. 


XX — 1) (x? t+y+ 1) —() Factor the difference of two cubes. 
x=0 or x-1=0 or x*+x+1=0 _ Use the Zero-Product Property. 


x=0 or x=1 
The equation x* + x + 1 = Ohas no real solutions. Do you see why? 


Step 3 Use the real zeros found Use the real zeros to separate the real number line into three intervals: 
in Step 2 to divide the real number (—00, 0) (0, 1) (1, 00) 
line Into intervals. 


Step 4 Select a number in each Select a test number in each interval found in Step 3 and evaluate f(x) = x* — xat 


interval, evaluate fat the number, each number to determine whether the value of fis positive or negative. See Table 14. 
and determine whether the value 

of fis positive or negative. Ifthe value Table 14 
of fis positive, all values of fin the 

interval are positive. If the value 

of fis negative, all values of fin the 

interval are negative. 


Interval 


Number chosen 





NOTE If the inequality Is not strict Value of f f(-1) =2 
(that Is, if it is S or =), include the 
solutions of f(x) = 0 In the solution Conclusion Positive Negative Positive 
set. iz 

<_<. oe e Conclude that f(x) > 0 for all numbers x for which x < 0 or x > 1. The 
— =. 2 0 2 ee solution set of the inequality x* > x is {x|x <0 or x > 1} or, using interval 
Figure 46 notation, (— 00,0) U(1, ©). 

Figure 46 shows the graph of the solution set. i 


The Role of Multiplicity in Solving Polynomial Inequalities 


In Example 2, we used the number —1 and found that fis positive for all x < 0. 
Because the “cut point” of 0 is a zero of odd multiplicity (x is a factor to the first 
power), the sign of f changes on either side of 0, so for 0 < x < 1, fis negative. 
Similarly, fis positive for x > 1, since the multiplicity of the zero 1 is odd. 


ovommmm=m==- Now Work PROBLEM 21 
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2 Solve Rational Inequalities 


Just as we used a graphical approach to help understand the algebraic procedure for 
solving inequalities involving polynomials, we use a graphical approach to motivate 
the algebraic procedure for solving inequalities involving rational expressions. 


| EXAMPLE 3 | Solving a Rational Inequality Using a Graph 


x= 1 
x -4 








i 
Solve cae = 0 by graphing R(x) = 





: = al 
Solution Graph R(x) = ; and determine the intervals of x for which the graph 
i 


is above or on the x-axis. The function R is nonnegative on these intervals. We 


==. 
graphed R(x) = i in Example 1, Section 4.4 (pp. 209-210). We reproduce the 


x? — 
graph in Figure 47 
L==c y X=2 
3 











= 
=. 
Figure 47 R(x) = . A 
xX — 


From the graph, we can see that R(x) = Ofor —2 < x = lorx > 2.The solution set 
is {x|—2 <x <1lorx > 2} or, using interval notation, (—2,1]U (2, ©). i} 


ommmm_=me-Now Work PROBLEM 15 


To solve a rational inequality algebraically, we follow the same approach that 
we used to solve a polynomial inequality algebraically. However, we must also 
identify the real zeros of the denominator of the rational function because the sign 
of a rational function may change on either side of a vertical asymptote. Convince 
yourself of this by looking at Figure 47 Notice that the function values are negative 
for x < —2 and are positive for x > —2 (but less than 1). 


| EXAMPLE 4 ~ Solving a Rational Inequality Algebraically 


3x2 + 13x + 9 


Solve the inequality = 2)2 


<= 3 algebraically, and graph the solution set. 


Step-by-Step Solution 


Step 1 Write the inequality so 
that a rational function fis on the 
left side and zero is on the right 
side. 


Step 2 Determine the real zeros 
(x-intercepts of the graph) of fand 
the real numbers for which f is 
undefined. 


Step 3 Use the real zeros and 
undefined values found tn Step 2 
to divide the real number line into 
intervals. 


Step 4 Select a number in each 
interval, evaluate fat the number, 
and determine whether the value 
of f Is positive or negative. If the 
value of fis positive, all values of f 
in the interval are positive. If the 
value of fis negative, all values 

of fin the interval are negative. 


NOTE If the inequality is not strict 


(= or =), include the solutions 
of f(x) = Oin the solution set. a 


Mofo bp EE 
—6 -4 -2 0 2 4 6 


Figure 48 
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Rearrange the inequality so that 0 is on the right side. 


3x7 + 13x + 9 
ea 


(2) 2 
3x* + 13x + 9 _3<0 Subtract 3 from both sides of the 
y~+4x4+4 _ inequality; Expand (x + 2)?. 


3x? + 13x + 9 
x* + 4x + 4 


x +4x +4 
——$—<$<$<<<<§88F <— 
a Ae 


Multiply 3 b x? + 4x +4 
yee + ax + 4 


3x2 + 13x + 9 — 3x? — 12x — 12 . , 
=< 2 OWYite as asingle quotient. 


x7 + 4x +4 
a = (0 Combine like terms. 
Cea 
The real zero of f(x) = en is 3. Also, fis undefined for x = —2. 
x 


Use the real zero and the undefined value to divide the real number line into three 
intervals: 


(—00,-2) (-2,3) (3,0) 


Select a test number in each interval from Step 3, and evaluate f at each number to 
determine whether the value of fis positive or negative. See Table 15. 


Table 15 


Interval 


Number chosen 


Value of f 





Conclusion Positive 


Negative 


Negative 


We conclude that f(x) =< 0 for all numbers for which x < —2 0r -2 < x S$ 3. 
Notice that we do not include —2 in the solution because —2 is not in the domain of f. 
3x* + 13x + 9 

(x +2)? 
or, using interval notation, (— co, —2) U (—2,3]. Figure 48 shows the graph of the 
solution set. 


The solution set of the inequality = 3is4x4\4 = —20r=—2 = 7 = 3} 


The Role of Multiplicity in Solving Rational Inequalities 


In Example 4, we used the number —3 and found that f(x) is negative for allx < —2. 
Because the “cut point” of —2 is a zero of even multiplicity, we know the sign of f(x) 
does not change on either side of —2, so for —2 < x < 3, f(x) is negative. Because 
the “cut point” of 3 is a zero of odd multiplicity, the sign of f(x) changes on either side 
3x* + 13x + 9 
—_______ = 
(x +2)? 
is {x|x < —2 or —2 < x S 3} or, using interval notation, (— ©, —2) U (—2, 3]. 


of 3,so for x > 3, f(x) is positive. Therefore, the solution set of 


omen Now Work PROBLEMS 35 AND 41 
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SUMMARY 


Steps for Solving Polynomial and Rational Inequalities Algebraically 


STEP 1: Write the inequality so that a polynomial or rational function fis on the left side and zero is on the 
right side in one of the following forms: 


f(x) >O f(x) =O f(x) <0 f(x) =0 


For rational functions, be sure that the left side is written as a single quotient. Find the domain of f. 


Determine the real numbers at which f(x) = 0 and, if the function is rational, the real numbers at 


which the function fis undefined. 
Use the numbers found in Step 2 to divide the real number line into intervals. 
Select a number in each interval and evaluate fat the number. 


e If the value of fis positive, then f(x) > 0 for all numbers x in the interval. 

e If the value of fis negative, then f(x) < 0 for all numbers x in the interval. 

e If the inequality is not strict (= or =), include the solutions of f(x) = 0 that are in the domain of fin 
the solution set. Be careful to exclude values of x where fis undefined. 





4.5 Assess Your Understanding 


‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 





1. Solve the inequality 3 — 4x > 5. Graph the solution set. 2. Solve the inequality x? — 5x <= 24. Graph the solution 
(pp. A76—A78) set. (pp. 165-167) 


Concepts and Vocabulary 





3. Multiple Choice Which of the following could be a test 4. True or False The graph of f(x) = ; = is above 


; , 
—2<x< 5? ; 
DERE D eT OI DEN INEI yg) <2 eat 2 the x-axis for x < 0 or x > 3, so the solution set of the 





a) ~ “ ors m7 inequality — _ z= Ois: tale = 0 Or x= 3}. 
Skill Building 
In Problems 5-8, use the graph of the function f to solve the inequality. 
5. (a) f(x) > 0 6. (a) f(x) <0 
(b) f(x) = 0 (b) f(x) = 0 





7. (a) f(x) <0 8. (a) f(x) > 0 
(b) f(x) =0 (b) f(x) =0 
x= 1 xa AY 


3 





4-3 -2 
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In Problems 9-14, solve the inequality by using the graph of the function. 


[Hint: The graphs were drawn in Problems 5-10 of Section 4.2.] 
Xo. Solve f(x) < 0,where f(x) = x*(x — 3). 


11. Solve f(x) = O,wheref(x) = (x + 4)7(1 — x). 
13. 


Solve f(x) =< 0, where f(x) 


—2(x + 2)(x - 2)? 


10. Solve f(x) < 0, where f(x) = x(x + 2)?. 


In Problems 15-18, solve the inequality by using the graph of the function. 


[Hint: The graphs were drawn in Problems 7-10 of Section 4.4. ] 


























14. Solve f(x) < 0, where f(x) 


12. Solve f(x) > 0, where f(x) = (x — 1)(x + 3)%. 


—5(x + 4)(x -1)3. 

















3 + 1 
N15. Solve R(x) > 0, where R(x) = aeeeT, 16. Solve R(x) < 0, where R(x) = ESET 
3x + 3 20 4A 
17. Solve R(x) = 0, where R(x) = >—~. 18. Solve R(x) = 0, where R(x) = ——— 
In Problems 19-54, solve each inequality algebraically. 
19. (x — 4)?(x +6) <0 20. (x — 5) (x +2)? >0 Nai. 8 - 42> 0 
22. x3 + 8x? < 0 23. 2x7 > —8x 24, 3x7 < —15x? 
25. (x + 2) (x —4)(x —6) =0 26. (x +1) (x +2)(x +3) $0 27. x° — 4x? - 12x > 0 
2a Oe = 3x > 0 29. xt > x? 30. x* < 9x? 
31. x4 > 1 32. x7 > 1 33. 3(x?-2) <2(x-1)* +x? 
i + 1 — 3 
34. (x —3)(x +2) <x? +3xr+5 35.2 -=>0 36,—_=> 0 
a= J Kd 
x—2)(x+2 LO) (ee? — 3)2 
pec aee ae ee ree Cama LC cae) ee = a 
x = ll x7 — A 
2 +4 +2 
Pei) ae 1. <1 ie > | 
° x2 =A x—2 x—4 
ax = 9 x= 4 x +1 
; < 44. = 1 ’ < 
= KZ . 2x + 4 same 
me 1 2 5 3 
46. > — 47. = 48. = 
x FZ Le 2 pee ——s x+1 
x°(34+x)(x +4 x(x? +.1)(x-2 3 —x)3(2x +1 
pe eS. ee ae Pe ee 
(FO) e = 1} (y=) (x4 1) =] 
= wi? -_ 6 We 
gp, OOH) 8g 53, 6x —-5 <= CS ae 
e+ x x 
Mixed Practice In Problems 55-58, (a) graph each function by hand, and (b) solve f(x) = 0. 
x? + 5x — 6 2x7 + 9x + 9 
55; = 2>——_—_—_—_— 56. =— Se 
LO aad fe) 4 
x +4)(x*-2x -3 x —1)(x? —5x +4 
57. f(x) - ST ar 3) 58. f(x) = See) 


r—-x-—6 


Applications and Extensions 


rope 


60. 


61. 
62. 


63. 


64. 


x7 +x—- 20 


For what positive numbers is the cube of the number 
greater than four times its square? 


For what positive numbers is the cube of the number 
less than the number’? 


What is the domain of the function f(x) = Vx* — 16? 
What is the domain of the function f(x) = Vx° — 3x7? 


2 
x+4 





What is the domain of the function f(x) = ? 


x71, 
x+4 


What is the domain of the function f(x) 





TLE 


/\ In Problems 65-68, determine where the graph of f is below the 
graph of g by solving the inequality f(x) =< g(x). Graph f 


and g together. 

65. f(x) =x*-1 
g(x) = —2x? + 

66. f(x) =x*-1 
g(x) =x-1 


69. Where is the graph of R(x) 


2 


67. f(x) =x'-4 
g(x) = 3x? 
68. f(x) =x" 
g(x) =2—x° 
xt - 


6 
above the x-axis? 





x? — 
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70. 


71. 


TZ 


Ts 
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3 

—— above the x-axis? 

2 oa 

Average Cost Suppose that the daily cost C of manufacturing 

bicycles is given by C(x) = 80x + 5000. Then the average 

_ 80x + 5000 
x 


Where is the graph of R(x) = 


daily cost C is given by C(x) = . How many 


bicycles must be produced each day for the average cost to 
be no more than $100? 


Average Cost See Problem 71.Suppose that the government 
imposes a $1000-per-day tax on the bicycle manufacturer so 
that the daily cost C of manufacturing x bicycles is now given 
by C(x) = 80x + 6000. Now the average daily cost C is 
_ 80x + 6000 





given by C(x) . How many bicycles must be 


x 
produced each day for the average cost to be no more than $100? 


Challenge Problem Bungee Jumping Originating on 
Pentecost Island in the Pacific, the practice of a person 
jumping from a high place harnessed to a flexible attachment 
was introduced to Western culture in 1979 by the Oxford 
University Dangerous Sport Club. One important parameter 
to know before attempting a bungee jump is the amount the 
cord will stretch at the bottom of the fall. The stiffness of the 
cord is related to the amount of stretch by the equation 
2W(S + L) 
K = a 
where W = weight of the jumper (pounds) 
K = cord’s stiffness (pounds per foot) 
L = free length of the cord (feet) 


S = stretch (feet) 


Explaining Concepts: Discussion and Writing 


1D. 


+ 4 
76. A student attempted to solve the inequality ——— = 0 
X —_— 


The inequality x* + 1 < —5 has no solution. Explain why. 





74. 


77. 


by multiplying both sides of the inequality by x — 3 to 


get x + 4 < 0. This led to a solution of {x|x =< —4}. Is 
student correct? Explain. 


Retain Your Knowledge 


Problems 79-88 are based on material learned earlier in the course. The purpose of these problems is to keep the material fresh in your 
mind so that you are better prepared for the final exam. 


79. 


80. 


81. 


82. 


83. 


Solve:9 — 2x = 4x +1 
Factor completely: 6x4y* + 3x°y> — 18x7y° 
Write a function whose graph is the graph of y = Vx but 


2 
is vertically compressed by a factor of 3 


If f(x) V 3x°= Land 2(x) Wome As 


find (f+ g) (x) and state its domain. 


If f(x) = 4x + 3, find (24) 


‘Are You Prepared?’ Answers 


1. 


ts 





— sb or( CO *) : — an 
Xx — i SA ae 
2 2/ -2 -1-50 1 


the 


78. 


(a) A 150-pound person plans to jump off a ledge attached 
to acord of length 42 feet. If the stiffness of the cord is 
no less than 16 pounds per foot, how much will the cord 
stretch? 

(b) If safety requirements will not permit the jumper to 
get any closer than 3 feet to the ground, what is the 
minimum height required for the ledge in part (a)? 


Source: American Institute of Physics, Physics News Update, 
No. 150, November 5, 1993. 


Challenge Problem Gravitational Force According to 
Newton’s Law of Universal Gravitation, the attractive 
force F between two bodies is given by 


MM, 


r2 


F=G 


where m,,m, = the masses of the two bodies 





= distance between the two bodies 


G = gravitational constant = 6.6742 x 10°" 
newtons: meter: kilogram ” 


Suppose an object is traveling directly from Earth to the 
moon. The mass of Earth is 5.9742 x 10% kilograms, the 
mass of the moon is 7.349 X 10” kilograms, and the mean 
distance from Earth to the moon is 384,400 kilometers. For 
an object between Earth and the moon, how far from Earth 
is the force on the object due to the moon greater than the 
force on the object due to Earth? 





Source: www.solarviews.com; en.wikipedia.org 


Write a rational inequality whose solution set 
iS tx =3 =x Sh, 


Make up an inequality that has no solution. Make up one 
that has exactly one solution. 








1 
84. Solve w = for C. 
VEG 
85. Determine whether the graph of 


(x? + y? — 2x)? = 9(x? + y’) 


is symmetric with respect to the x-axis, y-axis, origin, or none 
of these. 


A 46 
i 


87. 
88. 


Approximate the turning points of f(x) = x° — 2x? + 4. 
Round answers to two decimal places. 


Solve: 5x? — 3 = 2x7 + 1lx +1 


What are the quotient and remainder when 8x” — 4x + 5 is 


divided by 4x + 1? 


ye cae 


5 x= $}- Or | —3;5| 


Se 
—3 0 
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4.6 The Real Zeros of a Polynomial Function 


PREPARING FOR THIS SECTION Before getting started, review the following: 


e Evaluating Functions (Section 2.1, pp. 51-53) ¢ Polynomial Division (Section A.3, pp. A25—A27) 
e Factoring Polynomials (Section A.3, pp. A27—A28) e Solve a Quadratic Equation (Section A.6, 
e Synthetic Division (Section A.4, pp. A31—-A34) pp. A47-A51) 


\ Now Work the ‘Are You Prepared?’ problems on page 242. 


OBJECTIVES 1 Use the Remainder and Factor Theorems (p. 231) 


2 Use Descartes’ Rule of Signs to Determine the Number of Positive 
and the Number of Negative Real Zeros of a Polynomial Function 
(p. 234) 


Use the Rational Zeros Theorem to List the Potential Rational Zeros of a 
Polynomial Function (p. 235) 


Find the Real Zeros of a Polynomial Function (p. 236) 
Solve Polynomial Equations (p. 238) 

Use the Theorem for Bounds on Zeros (p. 239) 

Use the Intermediate Value Theorem (p. 240) 





In Section 4.1, we were able to identify the real zeros of a polynomial function because 
either the polynomial function was in factored form or it could be easily factored. But 
how do we find the real zeros of a polynomial function if it is not factored or cannot 
be easily factored? 

Recall that if r is a real zero of a polynomial function f, then f(r) = 0, r is 
an x-intercept of the graph of f, x — ris a factor of f, and 7 is a solution of the 
equation f(x) = 0. For example, if x — 4 is a factor of f, then 4 is a real zero of f, 
and 4 is a solution to the equation f(x) = 0. For polynomial functions, we have 
seen the importance of the real zeros for graphing. In most cases, however, the real 
zeros of a polynomial function are difficult to find using algebraic methods. No nice 
formulas like the quadratic formula are available to help us find zeros for polynomials 
of degree 3 or higher. Formulas do exist for solving any third- or fourth-degree 
polynomial equation, but they are somewhat complicated. No general formulas exist 
for polynomial equations of degree 5 or higher. Refer to the Historical Feature at the 
end of this section for more information. 


1 Use the Remainder and Factor Theorems 


When one polynomial (the dividend) is divided by another (the divisor), a quotient 
polynomial and a remainder are obtained. The remainder is either the zero 
polynomial or a polynomial whose degree 1s less than the degree of the divisor. To 
check, verify that 


(Quotient ) (Divisor) + Remainder = Dividend 


This checking routine is the basis for a famous theorem called the division 
algorithm* for polynomials, which we now state without proof. 


* A systematic process in which certain steps are repeated a finite number of times is called an algorithm. 
For example, polynomial division is an algorithm. 
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( THEOREM Division Algorithm for Polynomials 


If f(x) and g(x) denote polynomial functions and if g(x) is a polynomial whose 
degree is greater than zero, then there are unique polynomial functions g(x) 
and r(x) for which 


oy Meee ene (1) 


t 1 4 I 


dividend quotient divisor remainder 


where r(x) is either the zero polynomial or a polynomial of degree less than 





that of g(x). J 


In equation (1), f(x) is the dividend, g(x) is the divisor, g(x) is the quotient, 


and r(x) is the remainder. 


If the divisor g(x) is a first-degree polynomial of the form 


g(x) =x- Cc c areal number 


then the remainder r(x) is either the zero polynomial or a polynomial of degree 0. 
As a result, for such divisors, the remainder is some number, say R, and we may write 


f(x) = (¥ — e)q(x) +R (2) 


fle) = (e— e)q(e) + R 
fle) =R 


Substitute f(c) for R in equation (2) to obtain 


This equation is an identity in x and is true for all real numbers x. Suppose that x = c. 
Then equation (2) becomes 


f(x) = (x — e)a(x) + fle) (3) 


which proves the Remainder Theorem. 


( REMAINDER THEOREM 


Suppose f is a polynomial function. If f(x) is divided by x — c, then the 
remainder is f(c). 


J 


| €XAMPLE1 | Using the Remainder Theorem 


Solution 


be, COMMENT A graphing utility 
“~~ provides another way to find the value 
of a function using the eVALUEate 
feature. Consult your manual for 
details. Then check the results of 
Example 1. a 


Find the remainder when f(x) = x° — 4x” — 5 is divided by 
(a) x — 3 (b): #2 


use the Remainder Theorem, which states that the remainder is f(3). 
f(3) =3-4:3-5=27-36-5=-14 


The remainder is —14. 


f(-2) = (-2)° - 4(-2)* -5 = -8 - 16-5 = —29 


The remainder is —29. 


(a) Either polynomial division or synthetic division could be used, but it is easier to 


(b) To find the remainder when f(x) is divided by x + 2 = x — (—2), find f(—2). 


J 


Compare the method used in Example 1(a) with the method used in Example 1 of 
Section A.4. Which method do you prefer? 
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An important and useful consequence of the Remainder Theorem is the Factor 
Theorem. 


( eAcTOR THEOREM 
Suppose f is a polynomial function. Then x — c is a factor of f(x) if and only 


if f(c) = 0. : 
fle) J 


The Factor Theorem actually consists of two separate statements: 


ii jc) =, then — cis atactor ot ((7): 
2. If x — cisa factor of f(x), then f(c) = 0. 


The proof requires two parts. 


Proof 


1. Suppose that f(c) = 0. Then, by equation (3), we have 
f(x) = (¥ — €)q(x) 


for some polynomial g(x). That is, x — cis a factor of f(x). 


2. Suppose that x — cis a factor of f(x). Then there is a polynomial function g for 
which 


f(x) = (¥ — e)q(x) 
Replacing x by c, we find that 
fle) = (e — e)q(c) = 0-q(c) = 0 


This completes the proof. | 


One use of the Factor Theorem is to determine whether a polynomial has a 
particular factor. 


| EXAMPLE 2 © Using the Factor Theorem 


Use the Factor Theorem to determine whether the function 


f(x) = 2x -—x*° +2x -3 


has the factor 
(a). x= A (e) ee a ae 
Solution = The Factor Theorem states that if f(c) = 0, then x — c isa factor. 
(a) Because x — 1 is of the form x — c withc = 1, find the value of f(1). 
fl) =220 =F 41 = 3S 2 1 oH 3H 


By the Factor Theorem, x — 1 is a factor of f(x). 
(b) To test the factor x + 2, first write itin the form x — c.Sincex + 2 =x — (-2), 


find the value of f(—2). Using synthetic division, 
—2)2 -1 2 -3 
—-4 10 —24 
Z- 12 77 
Because f(—2) = —27 40, conclude from the Factor Theorem 
that x — (—2) =x + 2is nota factor of f(x). 


ovmmmm_e-NOwW Work PROBLEM 11 
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From Example 2(a), x — 1 is a factor of f. To write fin factored form, divide f 


by (x — 1). 
12 =i. 2. =3 
— 
2 ito 


The quotient is g(x) = 2x? + x + 3 with a remainder of 0, as expected. Write f in 
factored form as 
f(x) = 2x? — x7 + 2x —-3 = (x —1)(2x7 +x 4+ 3) 


But how many real zeros can a polynomial function have? In counting the zeros 
of a polynomial, count each zero as many times as its multiplicity. 


( tHeoRem Number of Real Zeros 


A polynomial function cannot have more real zeros than its degree. =J 


Proof The proof is based on the Factor Theorem. If r is a real zero of a polynomial 
function f, then f(r) = 0, and x — risa factor of f(x). Each real zero corresponds 
to a factor of degree 1. Because f cannot have more first-degree factors than its 
degree, the result follows. a 


2 Use Descartes’ Rule of Signs to Determine the Number 
of Positive and the Number of Negative Real Zeros of a 
Polynomial Function 
Descartes’ Rule of Signs provides information about the number and location of the 
real zeros of a polynomial function written in standard form (omitting terms with 
a 0 coefficient). It uses the number of variations in the sign of the coefficients of f(x) 
and f(— x). 
For example, the following polynomial function has two variations in the signs 
of the coefficients. 
f(x) = -3x! + 4x4 + 3x* — 2x - 1 
V7 7 
— to + + to — 
Replacing x by — x gives 
f(-—x) = -—3(-x)’ + 4(—x)4 + 3(-—x)? - 2(-x) - 1 
= 3x7 + 4x4 + 3x7 + 2x - 1 
oom 
+ to — 
which has one variation in sign. 


( THEOREM Descartes’ Rule of Signs 


Suppose fis a polynomial function written in standard form. 


e The number of positive real zeros of f either equals the number of variations 
in the sign of the nonzero coefficients of f(x) or else equals that number less 
an even integer. 


e The number of negative real zeros of feither equals the number of variations 
in the sign of the nonzero coefficients of f(—x) or else equals that number 
less an even integer. = 


We do not prove Descartes’ Rule of Signs. Let’s see how it is used. 
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| EXAMPLE 3 © Using the Number of Real Zeros Theorem and Descartes’ Rule of Signs 


Discuss the real zeros of f(x) = 3x’ — 4x4 + 3x° + 2x* — x - 3. 


Solution —_ Because the polynomial is of degree 7, by the Number of Real Zeros Theorem there 
are at most seven real zeros. Since there are three variations in the sign of the nonzero 
coefficients of f(x), by Descartes’ Rule of Signs we expect either three positive real 
Zeros Or One positive real zero. 

To continue, look at f(—x). 


fa) S30 =a = ae Pe a 


There are two variations in sign, so we expect either two negative real zeros or no 
negative real zeros. Equivalently, we now know that the graph of f has either three 
positive x-intercepts or one positive x-intercept and two negative x-intercepts or no 
negative x-intercepts. _J 


ovmmm=a-Now Work PROBLEM 21 


3 Use the Rational Zeros Theorem to List the Potential Rational 
Zeros of a Polynomial Function 


The next result, called the Rational Zeros Theorem, provides information about the 
rational zeros of a polynomial with integer coefficients. 


( tHEoREM Rational Zeros Theorem 


Let f be a polynomial function of degree 1 or higher of the form 


f(x) = a,x" + a,x" 1 +--+ + ax + a a, 70 a #0 





where each coefficient is an integer. If . in lowest terms, is a rational zero of f, 


= 
| EXAMPLE 4 Listing Potential Rational Zeros 


List the potential rational zeros of 


f(x) = 2x? + 11x” -— 7x - 6 


then p must be a factor of ag, and g must be a factor of a,. 


Solution _—_ Because f has integer coefficients, the Rational Zeros Theorem may be used. First, list 
all the integers p that are factors of the constant term ag = —6 and all the integers g 
that are factors of the leading coefficient a3; = 2. 


p: +1,2+2, +3, 46 Factors of —6 


G wile? Factors of 2 


Now form all possible ratios = 


q a dL 2 2 
which simplify to 
D 1 3 
= 1,242,253, 56,t a t= 
q 9 9 9 9 oh 2 
If fhas a rational zero, it will be found in this list of 12 possibilities. = 


ommm=»_=-Now Work PROBLEM 33 
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Be sure that you understand what the Rational Zeros Theorem says: For a 
polynomial with integer coefficients, if there is a rational zero, it is one of those listed. 
It may be the case that the function does not have any rational zeros. 

Polynomial division, synthetic division, or substitution can be used to test each 
potential rational zero to determine whether it is indeed a zero. To make the work 
easier, integers are usually tested first. 


4 Find the Real Zeros of a Polynomial Function 


| EXAMPLE 5 ~ Finding the Real Zeros of a Polynomial Function 


Find the real zeros of the polynomial function f(x) = 2x° + 11x* — 7x — 6. 
Write fin factored form. 


Step-by-Step Solution Since f is a polynomial of degree 3, there are at most three real zeros. 


Step 1 Use the degree of the 
polynomial to determine the 
maximum number of zeros. 


Step 2 Use Descartes’ Rule of By Descartes’ Rule of Signs, there is one positive real zero. Also, because 


Signs to determine the possible f(—x) = —2x3 + 11x? + 7x — 6 
number of positive real zeros and 


negative real zeros. there are two negative real zeros or no negative real zeros. 

Step 3 Ifthe polynomial has List the potential rational zeros obtained in Example 4: 

integer coefficients, use the 1 3 

Rational Zeros Theorem to identify t,o 2. 3. 6, eae 
. Z° 2 

the rational numbers that are oo 

potential zeros. Use substitution, From the list, test 1 first using synthetic divison. 

synthetic division, or polynomial 

division to determine whether each 2 11 —7 —6 

potential rational zero is a zero. If it 2 13 6 

is, factor the polynomial function. 213 6 0 


Repeat Step 3 until all the rational 
2eros of the polynomial function Since f(1) = 0,1 isa zero of fand x — 1 is a factor of f. So, 


have been identified, or until the f(x) = 2x3 + 11x? — 7x — 6 = (x — 1) (2x? + 13x + 6) 
function can be factored. 5 
Now any solution of the equation 2x* + 13x + 6 = 0 is also a zero of f. The 


equation 2x* + 13x + 6 = 0 is called a depressed equation of f. Because any 
solution to the equation 2x” + 13x + 6 = O isa zero of f, work with the depressed 
equation to find the remaining zeros of f- 

The depressed equation 2x” + 13x + 6 = Ocan be factored. 


2x* + 13x + 6 = (2x +1)(x +6) =0 
2x +1=0 or x+6=0 


x= -— or x= -6 


1 
The zeros of fare —6, — > and 1. 


The factored form of f is: 
f(x) = 2x? + 11x? — 7x — 6 = (x — 1) (2x* + 13x + 6) 
== 1) (201) 6) gk 


Notice in Example 5 that all three zeros of f are in the list of potential rational zeros 
and agree with what was expected from Descartes’ Rule of Signs. 
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SUMMARY 


Steps for Finding the Real Zeros of a Polynomial Function 


STEP 1: Use the degree of the polynomial to determine the maximum number of real zeros. 


STEP 2: Use Descartes’ Rule of Signs to determine the possible number of positive real zeros and negative real 
Zeros. 


STEP 3: @ If the polynomial has integer coefficients, use the Rational Zeros Theorem to identify those rational 
numbers that potentially could be zeros. 


e Use substitution, synthetic division, or polynomial division to test each potential rational zero. Each 
time a zero is obtained, a factor is found. Repeat Step 3 on the depressed equation. 


@ When searching for the zeros, use factoring techniques already known when possible. 





| €XAMPLE6 | Finding the Real Zeros of a Polynomial Function 


Find the real zeros of f(x) = x° — 7x* + 19x? — 37x? + 60x — 36. Write f in 
factored form. 


Solution STEP 1: Because fis a polynomial of degree 5, there are at most five real zeros. 
STEP 2: By Descartes’ Rule of Signs, there are five, three, or one positive real zeros. 
There are no negative real zeros because 
f(-x) = —x° -— 7x4 — 19x? — 37x” — 60x — 36 
has no sign variation. 


STEP 3: Because the leading coefficient a; = 1 and there are no negative real zeros, 
the potential rational zeros are limited to the positive integers 1, 2, 3, 4, 6, 9, 12, 18, 
and 36 (the positive factors of the constant term, 36). Test the potential rational 
zero | first, using synthetic division. 


Ll =f 12: 37 60°36 
1 =6§ 13 =24 36 
1 -6 13 -—24 36 0 


The remainder is f(1) = 0,so1isazero and x — 1 isa factor of f. Use the entries 
in the bottom row of the synthetic division to begin factoring f. 


f(x) = 2x — Tx* + 19x° — 37x? + 60x — 36 
= (x — 1) (x* — 6x° + 13x? — 24x + 36) 
Continue the process using the depressed equation: 


q(x) = x* — 6x° + 13x* — 24x + 36 = 0 


REPEAT STEP 3: The potential rational zeros of q, are still 1,2, 3,4, 6,9, 12, 18, and 36. 
Test 1 again, since it may be a repeated zero of f. 


1)1 -6 13 —24 36 
il. =) 5 = 16 
Las G=16 20 


Since the remainder is 20, 1 is not a repeated zero. Try 2 next. 


2)1 -6 13 —24 36 
2 8, 10: =38 
1-4 5 -14 8 
Since the remainder is 8, 2 is not a zero. Try 3 next. 
3/1 -6 13 —24 36 
5 =) 12 =S0 
1-3 4-12 O 
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The remainder is f(3) = 0,so 3 is a zero and x — 3 isa factor of f. Use the bottom 
row of the synthetic division to continue the factoring of f. 


f(x) =x — Tx* + 19x° — 37x? + 60x — 36 
= (x — 1) (x — 3) (x° — 3x7 + 4x - 12) 
The remaining zeros satisfy the new depressed equation 
go(x) =x? — 3x7 + 4x - 12 =0 


Notice that gz (x) can be factored by grouping. Alternatively, Step 3 could be repeated 
to again check the potential rational zero 3. The potential rational zeros 1 and 2 would 
no longer be checked because they have already been eliminated. 

Now 


x? — 3x* + 4x — 12 = 0 
x*(x — 3) + 4(x — 3) =0 
(x7 + 4)(x —3) =0 
x*+4=0 or x-3=0 
x=3 


Since x* + 4 = Ohas no real solutions, the real zeros of fare 1 and 3, with 3 being a 
repeated zero of multiplicity 2. The factored form of fis 


f(x) =x — Tx* + 19x° — 37x? + 60x — 36 
= (x —1)(x —3)*(x? + 4) I 
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5 Solve Polynomial Equations 


| €XAMPLE7 | Solving a Polynomial Equation 


Find the real solutions of the equation: x° — 7x* + 19x° — 37x? + 60x — 36 = 0 


Solution — The real solutions of this equation are the real zeros of the polynomial function 
f(x) =x — Txt + 19x° — 37x? + 60x — 36 


Using the result of Example 6, the real zeros of fare 1 and 3. The real solutions of the 
equation x° — 7x* + 19x° — 37x” + 60x — 36 = Oare 1 and 3. 4 


ommmeme-Now Work PROBLEM 57 


In Example 6, the quadratic factor x? + 4 that appears in the factored form of f is 
called irreducible, because the polynomial x* + 4 cannot be factored over the real 
numbers. In general, a quadratic factor ax” + bx + c is irreducible if it cannot be 
factored over the real numbers —that is, if it is prime over the real numbers. 

Refer to Examples 5 and 6. The polynomial function of Example 5 has three real 
zeros, and its factored form contains three linear factors. The polynomial function 
of Example 6 has two distinct real zeros, and its factored form contains two distinct 
linear factors and one irreducible quadratic factor. 


Cy HEOREM 
Every polynomial function with real coefficients can be uniquely factored into a 
product of linear factors and/or irreducible quadratic factors. J 


We prove this result in Section 4.7, and in fact, we shall draw several additional 
conclusions about the zeros of a polynomial function. One conclusion is worth noting 
now. If a polynomial with real coefficients is of odd degree, it must have at least one 
linear factor. (Do you see why? Consider the end behavior of polynomial functions 
of odd degree.) This means that it must have at least one real zero. 
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C tHeorem 


A polynomial function with real coefficients of odd degree has at least one real zero. 


6 Use the Theorem for Bounds on Zeros 
The work involved in finding the zeros of a polynomial function can be reduced 
somewhat if upper and lower bounds to the zeros can be found. A number ™ is an 
upper bound to the zeros of a polynomial fif no zero of fis greater than M. The 
number m is a lower bound if no zero of fis less than m. Accordingly, if m is a lower 
bound and M is an upper bound to the zeros of a polynomial function f, then 


A) COMMENT The bounds on the real zeros m = any zero of f= M 
of a polynomial provide good choices for 2. _ 
setting Xmin and Xmax of the viewing For polynomials with integer coefficients, knowing the values of a lower bound m 


rectangle. With these choices, all the and an upper bound M may enable you to eliminate some potential rational zeros — 
x-intercepts of the graph can be seen. m that is, any zeros outside the interval [m, M]. 


( THEOREM Bounds on Zeros 


Let f denote a polynomial function whose leading coefficient is positive. 


e If M > 01s areal number and if the third row in the process of synthetic 
division of f by x — M contains only numbers that are positive or zero, 
then M is an upper bound to the real zeros of f 

e If m < 01s areal number and if the third row in the process of synthetic 
division of f by x — m contains numbers that alternate positive (or 0) and 
negative (or 0), then m is a lower bound to the real zeros of f s4) 


NOTE When finding a lower bound, — Proof (Outline) We give only an outline of the proof of the first part of the theorem. 
a 0 can be treated as either positive or Suppose that M is a positive real number, and the third row in the process of synthetic 
negative, but not both. For example, — division of the polynomial f by x — M contains only numbers that are positive or 0. 


the numbers 3, 0,5 would be considered == Then there are a quotient g and a remainder R for which 
to alternate sign, whereas 3, 0, — 


would not. a f(x) = (x -M)q(x) +R 


where the coefficients of g(x) are positive or 0 and the remainder R = 0. Then, for 
any x > M,wemusthavex — M > 0,q(x) > 0,and R = 0,sothat f(x) > 0.That 
is, there is no zero of f larger than M. The proof of the second part follows similar 
reasoning. | 


In finding bounds, it is preferable to find the smallest upper bound and largest lower 
bound. This will require repeated synthetic division until a desired pattern is observed. 
For simplicity, we consider only potential rational zeros that are integers. If a bound 
is not found using these values, continue checking positive and/or negative integers 
until you find both an upper and a lower bound. 


| EXAMPLE 8 PLE 8 Finding Upper and Lower Bounds of Zeros 


For the polynomial function f(x) = 2x* + 11x? — 7x — 6, use the Bounds on Zeros 
Theorem to find integer upper and lower bounds to the zeros of f- 

1 

5° 
To find an upper bound, start with the smallest positive integer that is a potential 
rational zero, which is 1. Continue checking 2, 3, and 6 (and then subsequent positive 
integers), if necessary, until an upper bound is found. To find a lower bound, start with 
the largest negative integer that is a potential rational zero, which is —1. Continue 
checking —2, —3, and —6 (and then subsequent negative integers), if necessary, until 
a lower bound is found. Table 16 summarizes the results of doing repeated synthetic 


; 3 
Solution From Example 4, the potential rational zeros of fare +1, £2, +3, +6, t=, + 7: 
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divisions by showing only the third row of each division. For example, the first row 
of the table shows the result of dividing f(x) by x — 1. 


2 i. =f =6 


2 13 6 


Coefficients of q(x) 1 Remainder 
Upper All nonnegative 
bound 
NOTE Keep track of any zeros that are 
found when looking for bounds. ln 
Lower Alternating 
bound 





signs 


For r = 1, the third row of synthetic division contains only numbers that are positive 
or 0,so we know there are no real zeros greater than 1. Since the third row of synthetic 


division for r = —7 results in alternating positive (or 0) and negative (or 0) values, 
we know that —7 is a lower bound. There are no real zeros less than —7. Notice that 
in looking for bounds, two zeros were discovered. These zeros are | and —6. _) 
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If the leading coefficient of fis negative, the upper and lower bounds can still be 
found by first multiplying the polynomial by —1. Since —f(x) = (—1)f(x), the 
zeros of —f(x) are the same as the zeros of f(x). 


7 Use the Intermediate Value Theorem 


mas The next result, called the Intermediate Value Theorem, is based on the fact that the 
graph of a polynomial function is continuous; that is, it contains no “holes” or “gaps.” 


THEOREM Intermediate Value Theorem 


Let f denote a polynomial function. If a < b and if f(a) and f(b) are of opposite 
sign, there is at least one real zero of f between a and b. J 


Although the proof of the Intermediate Value Theorem requires advanced methods 
in calculus, it is easy to “see” why the result is true. Look at Figure 49. 





(a) (b) 


Figure 49 If fis a polynomial function and if f(a) and f(b) are of opposite 
Sign, then there is at least one real zero between a and b. 


| EXAMPLES | Using the Intermediate Value Theorem to Locate a Real Zero 


Show that f(x) = x° — x° — 1 hasa real zero between 1 and 2. 
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Solution Evaluate fat 1 and at 2. 
f(1) =-1 and f(2) = 23 
Because f(1) < 0 and f(2) > 0, it follows from the Intermediate Value Theorem 
that the polynomial function fhas at least one real zero between 1 and 2. _J 


ommmnme-Now Work PROBLEM 79 


Let’s look at the polynomial function f of Example 9 more closely. From Descartes’ 
Rule of Signs, f has exactly one positive real zero. From the Rational Zeros Theorem, 
1 is the only potential positive rational zero. Since f(1) # 0, the zero between 1 and 2 
is irrational. The Intermediate Value Theorem can be used to approximate it. 


Steps for Approximating the Real Zeros of a Polynomial Function 

STEP 1: Find two consecutive integers a anda + 1 for which f has a real zero 
between them. 

STEP 2: Divide the interval | a, a + 1] into 10 equal subintervals. 


STEP 3: Evaluate f at the endpoints of each subinterval until the sign 
of f changes. Then by the Intermediate Value Theorem, this interval 
contains a real zero. 


STEP 4; Now divide the new interval into 10 equal subintervals and repeat 
Step: 3. 


STEP 5: Continue with Steps 3 and 4 until the desired accuracy is achieved. 


Note: If at Step 3 the value of f equals 0, the process ends since that value is 
a Zero. 


| EXAMPLE 10 | Approximating a Real Zero of a Polynomial Function 


5 


Find the positive real zero of f(x) = x° — x° — 1 correct to two decimal places. 


Solution From Example 9 we know that the positive real zero is between 1 and 2. Divide the 
interval [1,2] into 10 equal subintervals: | 1,1.1], [1.1,1.2], [1.2,1.3], [1.3, 1.4], 
[1.4,1.5], [1.5,1.6], | 1.6, 1.7], [1.7,1.8], [1.8, 1.9], [1.9, 2]. Now find the value 
of f(x) =x? — x° — 1 at each endpoint until the Intermediate Value Theorem 
applies. 
f(1.0) =—-1 f(1.1) = —0.72049 f(1.2) = —0.23968 = f(1.3) = 0.51593 


We can stop here and conclude that the zero is between 1.2 and 1.3. Now divide 
the interval | 1.2, 1.3] into 10 equal subintervals and evaluate f at each endpoint. 


f(1.20) = —0.23968 (1.21) ~ —0.1778185 (1.22) ~ —0.1131398 


f(1.23) ~ —0.0455613 f(1.24) ~ 0.025001 
The zero lies between 1.23 and 1.24, and so, correct to two decimal places, the zero 
| Oe ee fl iS 1 23 
| ed : ; . 


| Exploration 


a We examine the polynomial function f given in Example 10. The Theorem on Bounds of Zeros tells 
us that every real zero is between —1 and 2. Graphing f using —1 = x S 2 (See Figure 50), we see 
that f has exactly one x-intercept. Using ZERO or ROOT, we find this zero to be 1.23 correct to two 


sia decimal places. 
eéro 
M=1.2365057 


¥=O 
Figure 50 I-84 Plus C ovmmmmmns-Now Work PROBLEM 91 


There are many other numerical techniques for approximating a real zero of a 
polynomial. The one outlined in Example 10 (a variation of the bisection method) 
has the advantages that it always works, it can be programmed on a computer, and 
each time it is used, another decimal place of accuracy is achieved. See Problem 118 
for the bisection method, which places the zero in a succession of intervals, with each 
new interval being half the length of the preceding one. 





re COMMENT The TABLE feature of 
a graphing calculator makes the 
computations In the solution to 
Example 10 a lot easier. 
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Historical Feature 


ormulas for the solution of third- and fourth-degree polynomial 
equations exist, and while not very practical, they do have an 
interesting history. 

In the 1500s in Italy, mathematical contests were a popular 
pastime, and people who possessed methods for solving problems 
kept them secret. (Solutions that were published were already 
common knowledge.) Niccolo of Brescia (1499-1557), commonly 
referred to as Tartaglia (“the stammerer”), had the secret for solving 
cubic (third-degree) equations, which gave him a decided advantage 
in the contests. Girolamo Cardano (1501—1576) learned that Tartaglia 
had the secret, and, being interested in cubics, he requested it from 
Tartaglia. The reluctant Tartaglia hesitated for some time, but finally, 
Swearing Cardano to secrecy with midnight oaths by candlelight, 
told him the secret. Cardano then published the solution in his book 


Historical Problems 
Problems 1—8 develop the Tartaglia-Cardano solution of the cubic 
equation and show why it is not altogether practical. 


1. Show that the general cubic equation y? + by* + cy+ d=0 
can be transformed into an equation of the form 


x? + px + gq = O by using the substitution y = x — 2. 
. In the equation x? + px + gq = 0, replace x by H + K. 
Let 3HK = —p, and show that H? + K? = —g. 
. Based on Problem 2, we have the two equations 


3HK =—p and H?+K? =~-q 


Solve for Kin 3HK = —pand substitute into H? + K? = —q. 
Then show that 


p 


3/4 
+ +: 
2 


[Hint: Look for an equation that is quadratic in form.] 





4.6 Assess Your Understanding 


Ars Magna (1545), giving Tartaglia the credit but rather compromising 
the secrecy. Tartaglia exploded into bitter recriminations, and each 
wrote pamphlets that reflected on the other's mathematics, moral 
character, and ancestry. 

The quartic (fourth-degree) equation was solved by Cardano’s 
Student Lodovico Ferrari, and this solution also was included, with 
credit and this time with permission, in the Ars Magna. 

Attempts were made to Solve the fifth-degree equation in similar 
ways, all of which failed. In the early 1800s, P. Ruffini, Niels Abel, 
and Evariste Galois all found ways to show that it is not possible to 
solve fifth-degree equations by formula, but the proofs required the 
introduction of new methods. Galois’s methods eventually developed 
into a large part of modern algebra. 


4. Use the solution for H from Problem 3 and the 
equation H? + K? = —q to show that 


. Use the results from Problems 2 to 4 to show that the solution 
of x? + px + q= Ois 


Use the result of Problem 5 to solve the 
equation x? — 6x -9 = 0. 
Use a calculator and the result of Problem 5 to solve the 
equation x? + 3x —14=0. 

. Use the methods of this section to solve the equation 
x +3x-14=0. 


‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. Find f(—1) if f(x) = 2x? — x. (pp. 51-53) 
2. Factor the expression 6x” + x — 2. (pp. A27-A28) 


Concepts and Vocabulary 
5. Multiple Choice If f(x) = q(x)g(x) + r(x), the 
function r(x) is called the 
(b) dividend (c) quotient (d) divisor 


6. When a polynomial function f is divided by x — c, the 
remainder is 


(a) remainder 


7. Multiple Choice Given f(x) = 3x* — 2x° + 7x — 2, how 
many sign changes are there in the coefficients of f(—x)? 


(a) 0 (b) 1 (c) 2 (d) 3 





3. Find the quotient and remainder when 3x* — 5x° + 7x — 4 
is divided by x — 3. (pp. A25—A27 or A31-A34) 


4. Solve x* = 3 — x. (pp. A47-A51) 


8. True or False Every polynomial function of degree 3 with 
real coefficients has exactly three real zeros. 
9. If fis a polynomial function and x — 4 is a factor of f, 
then f(4) = 
10. True or False If fis a polynomial function of degree 4 and 
if f(2) = 5, then 
f(x) 5 
= p(x) + 
pate! Be) beat 


where p(x) is a polynomial of degree 3. 
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Skill Building 


In Problems 11-20, use the Remainder Theorem to find the remainder when f(x) is divided by x — c. Then use the Factor Theorem to 
determine whether x — c is a factor of f(x). 


NG. f(x) = 43 - 3x? - 8x + 45x -2 12. f(x) = —4x3 + 5x? + 8x +3 
13. f(x) = 5xt- 20° +x-4x-2 Se aces aa, 
15. f(x) = 2x® + 129x° + 64;x + 4 16. f(x) = 2x® — 18x* + x7 -9;x +3 
17, f(x) = 4x® — 64x4 + x? -— 153% +4 18. f(x) = x° — 16x4 + x? -— 16;x +4 
it 


1 
19. f(x) =2xt-x° + 2x -1;x-= 20. f(x) = 3x8 +x — 3x + hx ts 


2 


In Problems 21-32, determine the maximum number of real zeros that each polynomial function may have. Then use Descartes’ Rule of Signs 
to determine how many positive and how many negative real zeros each polynomial function may have. Do not attempt to find the zeros. 


X21. f(x) = -4x74+ x - 3x7? +2 22. f(x) = 5x4 + 2x? — 6x -— 5 23. f(x) = 8x®° — 7x? —x +5 
24. f(x) = -3x° + 4x4 +2 25. f(x) = -2x° + 5x? - x -7 26. f(x) =—-x -x*+x4+1 
27. f(x) = -—xt+x*-1 28. f(x) =x*+ 5x - 2 29. f(x) =x +xt4+x7 4+ x41 
30. f(x) =e —xtt+ xe -—xr t+x-1 31. f(x) =x°-1 32. f(x) =2x° +1 


In Problems 33-44, list the potential rational zeros of each polynomial function. Do not attempt to find the zeros. 


N33. f(x) = 3x4 - 3x3 +22 —x 41 34. f(x) =x — x4 + 2x2 +3 35. f(x) =x — 2x? + 8x —5 
36. f(x) = 2x? — xt - x? +1 37, f(x) = -9P — x? +x 43 38. f(x) = 6xt -— x7 +2 
39. f(x) = 6x4 — x7 +9 40. f(x) = -40 +x? + x46 41. f(x) = 2x? — x9 + 2x? + 12 
42. f(x) = 3x° — x? + 2x + 18 43. f(x) = 6x4 + 2x? — x? + 20 44. f(x) = -60° — x7 +x+ 10 


In Problems 45—56, use the Rational Zeros Theorem to find all the real zeros of each polynomial function. Use the zeros to factor f over 
the real numbers. 


N45. f(x) = 28 + 2x? — 5x — 6 46. f(x) = 23 + 8x2 + 11x — 20 AT. f(x) = 2x3 —x2+2x-1 
48. f(x) = 2x7 +27 +2x4+1 49. f(x) = 2x? — 4x” — 10x + 20 50. f(x) = 3x° + 6x” — 15x — 30 
51. f(x) = 2x4 + x — 7x? - 3x +3 52. f(x) = 2xt -— x? — 5x7 + 2x +2 53. f(x) =x7 +x - 3x? - x 4+2 
54, f(x) = x* — x — 6x7 +4 +8 55. f(x) = 4x4 + 5x° + 9x7 4+ 10x +2 56. f(x) = 3x4 + 49° + 7x7 + 8x +2 


In Problems 57-68, solve each equation in the real number system. 


N\O57. x4 — 3 + 2x? — 4x — 8 = 0 58. 2x3 + 3x2 + 2x +3 =0 
59, 3x° + 4x7 — 7x +2 =0 60. 2x° — 3x7 — 3x —-5 =0 
61. 3x° — x’ — 15x +5 =0 62. 2x7 — 11x7 + 10x + 8 = 0 
63. x4 + 40° + 2x7 -x +6=0 64. xt — 2x° + 10x? — 18x +9 = 0 
65.x9— Sx + Sy $1 =0 66.x9 + 5x7 + 3x-2=0 


67. 2x* — 19x> + 57x? — 64x + 20 = 0 68. 2x* + x° — 24x? + 20x + 16 = 0 
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In Problems 69-78, find bounds on the real zeros of each polynomial function. 


X69. 
71. 
73. 
75. 
71. 


f(x) =x* - 3x? -4 


f(x) =xt+x-x-1 

f(x) = 3x4 + 3x° — x? - 12x - 12 
f(x) = 4 -— x4 42-27? +x -1 
f(x) = —x* + 3x° -— 4x7 - 2x + 9 


70. f(x) = x‘ — 5x? — 36 

72. f(x) =xt-xt+x-1 

74, f(x) = 3x4 — 3x° — 5x” + 27x — 36 
76. f(x) =4P + x44 4+x7-2x-2 
78. f(x) = —4x° + 5x? + 9x? + 3x - 12 


In Problems 79-84, use the Intermediate Value Theorem to show that each polynomial function has a real zero in the given interval. 


X79, 
81. 


83. 


f(x) = 8x4 — 2x? + 5x — 1; [0,1] 
f(t) = 2 > 6x> = Be +2; | =5,=4] 


f(x) =x — x4 4+ 7x — 7x? — 18x + 18; [1.4, 1.5] 


80. f(x) = x* + 8x° — x? + 2;[-1,0] 


82. f(x) = 3x° — 10x + 9; [-3, -2] 


84. f(x) =x° — 3x4 — 2x9 + 6x? + x + 2; [1.7, 1.8] 


In Problems 85-688, each equation has a solution r in the interval indicated. Use the method of Example 10 to approximate this solution 
correct to two decimal places. 


85. 
87. 


8x4 — 2x7 + 5x —-1=0;05r<=1 
2x7 + 6x7 — 8¥ +2=0;-5 = r= -4 


86. x4 + 8° —x7+2=0;-1=r=0 
88. 3x° — 10x + 9=0;-3 = r= -2 


In Problems 89-92, each polynomial function has exactly one positive real zero. Use the method of Example 10 to approximate the zero 
correct to two decimal places. 


89. 
‘\ 91. 


Mixed Practice In Problems 93-104, graph each polynomial function. 


93. 
96. 
99. 
102. 


f(x) =e +x 4+x-4 
f(x) = 2x* -— 3x? - 4x? - 8 


f(x) =x + 2x? -— 5x - 6 


90. f(x) = 2x4 +%7-1 


92. f(x) = 3x° — 2x? — 20 


= 2x7 —x°+2x-1 


94, f(x) =x? + 8x? + 11x — 20 95. f(x) 
f(x) =20 +27 4+ 2x41 97, f(x) =x'+x7°-2 ek a ae 
f(x) = 4x4 + 7x? — 2 100. f(x) = 4x* + 15x* - 4 101. f(x) = x° 4+ x? - 3x*°-x4+2 
f(x) =xt- x - 6x7 + 4x + 8 103. f(x) = 4x° — 8xt* -—x4+2 104. f(x) = 4° + 12x47 - x - 3 


Applications and Extensions 


105. 


106. 


107. 


108. 


109. 


110. 


111. 


112. 


113. 


114. 


115. 


Suppose that f(x) = 3x° + 16x? + 3x — 10. Find the zeros 
of f(x 3). 
Suppose that f(x) = 4x° — 11x” — 26x + 24. Find the zeros 
OL f(x =2). 
Find k so that x — 2 1s a factor of 

f(x) =x — kx* + kx +2 
Find k so that x + 2 is a factor of 


f(x) =x? -— ke t+ kx’? +1 


What is the remainder when f(x) = 2x”? — 8x19 + x — 2is 
divided by x — 1? 

What is the remainder when f(x) 
is divided by x + 1? 

Use the Factor Theorem to prove that x — c is a factor 
of x” — c” for any positive integer n. 


—3x17 + x? — ° + 2x 


Use the Factor Theorem to prove that x + c is a factor 
of x” + c"ifn = 11s an odd integer. 

One solution of the equation x* — 8x” + 16x — 3 = Ois3. 
Find the sum of the remaining solutions. 


One solution of the equation x° + 5x* + 5x — 2 = Ois —2. 
Find the sum of the remaining solutions. 


Geometry What is the length of the edge of a cube if, after a 
slice 1-inch thick is cut from one side, the volume remaining 
is 294 cubic inches? 





117. 


118. 


116. Geometry What is the length of the edge of a cube if its 


volume is doubled by an increase of 6 centimeters in one edge, 
an increase of 12 centimeters in a second edge, and a decrease 
of 4 centimeters in the third edge? 


Let f(x) be a polynomial function whose coefficients are 
integers. Suppose that ris a real zero of f and that the leading 
coefficient of fis 1. Use the Rational Zeros Theorem to show 
that r is either an integer or an irrational number. 


Bisection Method for Approximating Real Zeros of a 
Polynomial Function We begin with two consecutive 
integers, a and a+ 1, for which f(a) and f(a +1) are 
of opposite sign. Evaluate f at the midpoint m, of a 
anda + 1. If f(m,) = 0, then m, is the zero of f, and we 
are finished. Otherwise, f(7,) is of opposite sign to either 
f(a) or f(a + 1). Suppose that it is f(a) and f(m,) that are 
of opposite sign. Now evaluate f at the midpoint m, of a 
and m,. Repeat this process until the desired degree of 
accuracy is obtained. Note that each iteration places the 
zero in an interval whose length is half that of the previous 
interval. Use the bisection method to approximate the zero 
of f(x) x* — 2x* + 5x — lin the interval [0, 1] correct to 
three decimal places. 





[Hint: The process ends when both endpoints agree to the 
desired number of decimal places. ] 
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119. Challenge Problem Suppose f is a polynomial function. except 1 and —1, be a zero of the polynomial function 
If f(-—2) = 7and f(6) = —1, then the Intermediate Value lo 8 
Theorem guarantees which of the following? Justify your P(%) = GpX" + dyyx + os Fax + ay 
Sen whose coefficients are all integers. Show that 
(a) f(0) =0 -1 -1 
CO Ope + +++ +a,;pq" ~ + aq” = 0 
(b) f(c) = 3 for at least one number c between —2 and 6. nD + n—P" 4 oe ms 
(c) f(c) = 0 for at least one number between —1 and 7 Now, show that p must be a factor of aj, and that g must be 
(d) —1 <f(x) =7 for all numbers in the closed a factor of a,,.] 
interval | —2, 6]. 121. Challenge Problem Use the Intermediate Value Theorem 
120. Challenge Problem Prove the Rational Zeros Theorem. 4. to show that the functions y = x° and y = 1 — x’ intersect 





[Hint: Let Ee. where p and g have no common factors Sone Viner Dewan 2 
q 


Explaining Concepts: Discussion and Writing 


it 3 

122. Is 3% 4 Zero of f(x) = 2x? + 3x? — 6x + 7? Explain. 124. Is 5 2ZeF0 of f(x) = 2x° — 5x4 + x? — x +1? Explain. 
1 2 

123. Is 3 2 Zero of f(x) = 4x° — 5x? — 3x + 1? Explain. 125. Is 3 22er0 of f(x) = x’ + 6x° — x4 + x + 2? Explain. 


Retain Your Knowledge 


Problems 126-135 are based on material learned earlier in the course. The purpose of these problems is to keep the material fresh in 
your mind so that you are better prepared for the final exam. 


126. Write f(x) = —3x* + 30x — 4in the form 127. Express the inequality 3 = x < 8 using interval 
f(x) = a(x _ h)? 4. i notation. 
il 
128. Solve 2x — 5y = 3 for y. 129. Solve 3e —-2x+9=0. 


For Problems 130-135, use the graph on the right. 
130. On which interval(s) is f increasing? 

131. On which interval(s) is f decreasing? 

132. What are the zeros of f, if any? 

133. What are the intercepts of the graph of f? 
134. What are the turning points? 








135. What are the absolute extrema, if any? 


‘Are You Prepared?’ Answers 


= ee a 


1.3 2 (3x +2)(2x-—1) 3. Quotient:3x° + 4x* + 12x + 43;Remainder:125 4, —s 5 


4.7 Complex Zeros; Fundamental Theorem of Algebra 


PREPARING FOR THIS SECTION Before getting started, review the following: 


¢ Complex Numbers (Section A.7, pp. A54—A59) ¢ Complex Solutions of a Quadratic Equation 
(Section A.7, pp. AS9-A61) 


\ Now Work the ‘Are You Prepared?’ problems on page 250. 


OBJECTIVES 1 Use the Conjugate Pairs Theorem (p. 247) 
2 Find a Polynomial Function with Specified Zeros (p. 248) 
3 Find the Complex Zeros of a Polynomial Function (p. 249) 





In Section A.6, we found the real solutions of a quadratic equation. That is, we found 
the real zeros of a polynomial function of degree 2. Then, in Section A.7 we found the 
complex solutions of a quadratic equation. That is, we found the complex zeros of a 
polynomial function of degree 2. 
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se = 2 


Need to Review? 


Complex numbers and the 
complex solutions of a quadratic 
equation are discussed In 
Appendix A, pp. A54-Aé1. 


In Section 4.6, we found the real zeros of polynomial functions of degree 3 or 


higher. In this section we will find the complex zeros of polynomial functions of 
degree 3 or higher. 


C DEFINITION Complex Zeros 


A variable in the complex number system is referred to as a complex variable. 
A complex polynomial function f of degree n is a function of the form 





f(x) = a,x” + ayyx™ tb +--+ + ax + a 


where 4, G,—1,--- »@, 4 are complex numbers, a, # 0, n is a nonnegative 
integer, and x is a complex variable. As before, a, is called the leading coefficient 
of f. A complex number r is called a complex zero of fif f(r) = 0. 4 


In most of our work, the coefficients in (1) are real numbers. 

We have learned that some quadratic equations have no real solutions, but that in the 
complex number system every quadratic equation has at least one solution, either real 
or complex. The next result, proved by Karl Friedrich Gauss (1777-1855) when he was 
22 years old,* gives an extension to complex polynomials. In fact, this result is so important 
and useful that it has become known as the Fundamental Theorem of Algebra. 


a 


Fundamental Theorem of Algebra 


Every complex polynomial function fof degree n = 1 has at least one complex 


ZCTO. _J) 


We shall not prove this result, as the proof is beyond the scope of this text. 
However, using the Fundamental Theorem of Algebra and the Factor Theorem, we 
can prove the following result: 


( THEOREM 


Every complex polynomial function f of degree n = 1 can be factored into 
n linear factors (not necessarily distinct) of the form 


Te) — Ay (Xx = r)(x a ry) mo (x _ la) 





where a, 11,7, ... ,%, are complex numbers. That is, every complex polynomial 
function of degree n = 1 has exactly n complex zeros, some of which may 
repeat. 


Proof Let f(x) = a,x" + a,_yx" |} + +++ +a,x + ap. 


By the Fundamental Theorem of Algebra, fhas at least one zero, say r7,. Then, by the 
Factor Theorem, x — 1, 1s a factor, and 


f(x) = (*— n)aqi(x) 
where q,(x) is a complex polynomial of degree n — 1 whose leading coefficient 
is a,. Repeating this argument n times, we arrive at 


fx) = (e > 1) (% > ra) ttt (= Tn) an (Xx) 
where q,, (x) is a complex polynomial of degreen — n = 0 whose leading coefficient 


is a,. That is, g,(x) = a,x° = a,, and so 
nN nN nN nN 


FOR) = he FT) Oe a) 2 eS, 
We conclude that every complex polynomial function f of degree n = 1 has 
exactly n (not necessarily distinct) zeros. a 


*In all, Gauss gave four different proofs of this theorem, the first one in 1799 being the subject of his 
doctoral dissertation. 
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1 Use the Conjugate Pairs Theorem 


The Fundamental Theorem of Algebra can be used to obtain valuable information 
about the complex zeros of polynomial functions whose coefficients are real 
numbers. 


- 


Conjugate Pairs Theorem 


Suppose f is a polynomial function whose coefficients are real numbers. 
Ifr = a+ biisazero of f, the complex conjugate r = a — biis also a zero of fy 


In other words, for polynomial functions whose coefficients are real numbers, the 
complex zeros occur in conjugate pairs. This result should not be all that surprising 
since the complex zeros of a quadratic function occurred in conjugate pairs. 


Proof Let 
f(x) = a,x" + a,x +--+ + ax + a 
where @,, G,—1, --- 4, 4 are real numbers anda, # 0.Ifr = a+ biisa zero of f, 
then f(r) = f(a + bi) = 0,so0 
At" + dy yr" b +--+ +art a =0 


Take the conjugate of both sides to get 


ar” + a," 1 +--+ +ar+ a= 0 

—S , __  _. = The conjugate of a sum equals the sum 

Ant + Any" + +++ + OF + G9 = 90 of the conjugates (see Section A.7). 

— The conjugate of a product equals 
—(5\N . ~—/2)n-1 a 
Qn(T) + a,a(r)" +++: +art+ao=0 the product of the conjugates. 
_\n _\n-1 . _ The conjugate of a real number 

Oy (7) + dna(7) Fs * + ar + a = 0 equals hea number. 
This last equation states that f(7) = 0; that is,r = a — biisa zero of f B 


The importance of this result is that once we know a complex number, 
say 3 + 4i, 1s a zero of a polynomial function with real coefficients, then we know 
that its conjugate 3 — 471s also a zero. This result has an important corollary. 


cori 


A polynomial function f of odd degree with real coefficients has at least one 
hedl Zone: J 


Proof Because complex zeros occur as conjugate pairs in a polynomial function 
with real coefficients, there will always be an even number of zeros that are not 
real numbers. Consequently, since fis of odd degree, one of its zeros must be a real 
number. a 


For example, the polynomial function f(x) = x° — 3x* + 4x° — 5 has at least 
one zero that is a real number, since fis of degree 5 (odd) and has real coefficients. 
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| EXAMPLE 1 ~ Using the Conjugate Pairs Theorem 


A polynomial function f of degree 5 whose coefficients are real numbers has the 
zeros 1,57,and 1 + i. Find the remaining two zeros. 


Solution Since f has coefficients that are real numbers, complex zeros appear as conjugate 
pairs. It follows that —5i, the conjugate of 57, and 1 — i, the conjugate of 1 + i, are 
the two remaining zeros. ait 


opmmmmmme- Now Work PROBLEM 9 


2 Find a Polynomial Function with Specified Zeros 


| EXAMPLE 2 | Finding a Polynomial Function Whose Zeros Are Given 


Find a polynomial function f of degree 4 whose coefficients are real numbers that has 
the zeros 1,1,and —4 + i. 


Solution Since —4 + 71s a zero, by the Conjugate Pairs Theorem, —4 — 7 is also a zero of f 
From the Factor Theorem, if f(c) = 0, then x — c is a factor of f(x). So f can now 
be written as 


f(x) = a(x — 1) (x - 1) [x — (-4 +4) |[x- (-4- 3) ] 
where a is any nonzero real number. Then 


f(x) = a(x — 1) (x - 1) [x - (-4 +2) [x - (-4- 2) ] 


= a(x? — 2x +1)[(x +4) -i][ (x +4) +i] 

= a(x? — 2x + 1)[(x + 4) - 77] 

= a(x? — 2x + 1)[x* + 8x + 16 — (-1)] i2?=-1 

= a(x” — 2x + 1)(x* + 8x + 17) 

= a(x* + 8x? + 17x? — 2x? — 16x* — 34x + x7 + 8x + 17) 

= a(x* + 6x? + 2x” — 26x + 17) wall 


| Exploration 


NORMAL FLOAT AUTO REAL RADIAN HP f] Ee Graph the function f found in Example 2 for ag = 1. Does the value of a affect the zeros of f? 
How does the value of a affect the graph of f? What information about fis sufficient to uniquely 
determine a? 


Result An analysis of the polynomial function f tells us what to expect: 
e At most three turning points. 
e For large |x|, the graph resembles the graph of y = x" 
e Arepeated real zero at 1, So the graph will touch the x-axis at 1. 
e The only x-intercept is 1; the y-intercept is 17. 





Figure 51 
fx — x4 4+ 6x? + 2x? — 26x +17 ~~ #&2¥Figure 51 shows the complete graph on a TI-84 Plus C. (Do you see why? The graph has exactly 
three turning points.) The value of a causes a stretch or compression; a reflection also occurs 
if aq < O. The zeros are not affected. 
If any point other than an x-intercept on the graph of fis known, then acan be determined. For 
example, if (2, 3) is on the graph, then f(2) = 3 = a(37),sog = 3/37. Why won't an x-intercept 


work? | 
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We can now prove the theorem stated in Section 4.6. 


( THEOREM 


Every polynomial function with real coefficients can be uniquely factored over 
the real numbers into a product of linear factors and/or irreducible quadratic 


factors. J 


Proof Every complex polynomial function f of degree n has exactly n zeros and 
can be factored into a product of nv linear factors. If its coefficients are real, the zeros 
that are complex numbers always occur in conjugate pairs. As a result, ifr = a + bi 
is acomplex zero, then so is7 = a — bi. Consequently, when the linear factors x — r 
and x — rof fare multiplied, we have 


(x—r)(x —7) =x? - (rt+7)x+ 7 =x -2axt+a°+ db 


This second-degree polynomial has real coefficients and is irreducible (over the real 
numbers). So, the factors of f are either linear or irreducible quadratic factors. a 


ovommm__==—-Now Work PROBLEM 19 


3 Find the Complex Zeros of a Polynomial Function 


The steps for finding the complex zeros of a polynomial function are the same as 
those for finding the real zeros. 


| €XAMPLE3 | Finding the Complex Zeros of a Polynomial Function 


Find the complex zeros of the polynomial function 
f(x) = 3x* + 5x? + 25x? + 45x — 18 
Write fin factored form. 


Solution Step 1: The degree of fis 4,so f has four complex zeros. 


STEP 2: Since the coefficients of fare real numbers, Descartes’ Rule of Signs can be 
used to obtain information about the real zeros. For this polynomial function, 
there is one positive real zero. There are three negative real zeros or one 
negative real zero, because 


f(—x) = 3x4 -— 5x? + 25x? — 45x -— 18 
has three variations in sign. 


STEP 3: Since the coefficients of f are integers, the Rational Zeros Theorem can 
be used to obtain information about the potential rational zeros of f. The 
potential rational zeros are 

1 Z 


a 3° ole 3 Ag GE, Se Dy ae Oy n.d 


Table 17 summarizes some results of synthetic division. 


Table 17 


Coefficients of g (x) ; Remainder 


1 is not a zero. 
— lis nota zero. 
2 is not a zero. 


—2 1S a zero. 





Since f(—2) = 0, then —2 isa zero and x + 2 isa factor of f The depressed 
equation is 


3x3 — x7 + 27x -9 = 0 
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REPEAT STEP 3: ‘The depressed equation can be factored by grouping. 
3x? — x° + 27x —-9 =0 
x*(3x — 1) + 9(3x — 1) =0 Factor x? from 3x? — x? and 9 from 27x — 9. 
(x* + 9)(3x — 1) = 0 Factor out the common factor 3x — 1. 
x7 +9 =0 or 3x — 1 = 0 Use the Zero-Product Property. 


x= =9 -of x= 


x= -31, x =3i or x = = Use the Square Root Method. 


Wir wl, 


1 
The four complex zeros of f are — 37, 31, —2, and 3) 


The factored form of fis 
f(x) = 3x4 + 5x? + 25x” + 45x — 18 


= 3(x + 3i) (x — 3i) (x + 2)(2 7 2) 


=3(x° +9) (x +2)(x-5) 7 


onmmmmmms-Now Work PROBLEM 35 


4.7 Assess Your Understanding 


‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. Find the sum and the product of the complex numbers 2. Solve x? + 2x + 2 = 0 in the complex number system. 
3 — 2iand —3 + 5i. (pp. A54-A59) (pp. A59-A61) 
3. What is the conjugate of —3 + 4i? (p. A56) 4. Given z = 5 + 2i, find the product z- Z. (p. A56) 


Concepts and Vocabulary 


5. Every polynomial function of odd degree with real 7, True or False A polynomial function of degree n with real 
coefficients will have at least real zero(s). coefficients has exactly n complex zeros. At most n of them 
are real zeros. 
6. If3 + 471s a zero of a polynomial function of degree 5 with 8. True or False A polynomial function of degree 4 with real 
real coefficients, then so is coefficients could have —3,2 + 1,2 — i, and —3 + Si as 
its Zeros. 


Skill Building 


In Problems 9-18, information is given about a polynomial function f whose coefficients are real numbers. Find the remaining zeros of f. 


‘\ 9. Degree 3; zeros: 3,4 — 1 10. Degree 3; zeros: 4,3 + i 
11. Degree 4; zeros: 1,3 + 1 12. Degree 4; zeros: 1,2,2 + 1 
13. Degree 5; zeros: 1, i, 5i 14. Degree 5; zeros: 0, 1, 2,1 
15. Degree 4; zeros: 1,7, —7 16. Degree 4; zeros: 2 — 1, -i 


17. Degree 6; zeros: 2,4 + 91, —7 — 21,0 18. Degree 6; zeros: i,3 — 2i,-2 +i 
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In Problems 19-24, find a polynomial function f with real coefficients having the given degree and zeros. Answers will vary depending on 
_the choice of leading coefficient. 


X19. Degree 4; zeros: 3 + 27; 4, multiplicity 2 20. Degree 4; zeros: i, 1 + 27 
21. Degree 5; zeros: 2; —i;1 + i 22. Degree 6; zeros:i,4 — 1;2 + i 
23. Degree 4; zeros: 3, multiplicity 2; —i 24. Degree 5; zeros: 1, multiplicity 3;1 + 7 


In Problems 25-32, use the given zero to find the remaining zeros of each polynomial function. 


25. f(x) = x° — 5x* + 9x — 45; zero: 3i 26. g(x) = x° + 3x? + 25x + 75; zero: —5i 

27. f(x) = 4x* + 7x? + 62x” + 112x — 32; zero: —4i 28. h(x) = 3x4 + 5x° + 25x? + 45x — 18; zero: 3i 

29. h(x) = x* — 7x? + 23x? — 15x — 522; zero:2 — 5i 30. f(x) = x* — 7x? + 14x” — 38x — 60; zero: 1 + 3i 

31. h(x) = 3x + 2x4 — 9x3 — 6x” — 84x — 56; zero: —2i 32. g(x) = 2x° — 3x4 — 5x? — 15x? — 207x + 108; zero: 3i 


In Problems 33-42, find the complex zeros of each polynomial function. Write f in factored form. 


33. f(x) =x -1 34. f(x) =x*-1 
N35. f(x) = 28 — 8x2 + 25x — 26 36. f(x) = 2x9 + 13x? + 57x + 85 
37, f(x) = x4 + 5x? +4 38. f(x) = x4 + 13x” + 36 
39, f(x) = x* + 2x? + 22x" + 50x — 75 40. f(x) = x* + 3x? — 19x? + 27x — 252 
41. f(x) = 3x* — x — 9x7 + 159x — 52 42. f(x) = 2x4 + x° — 35x” — 113x + 65 


43. Challenge Problem Suppose f(x) = 2x° — 14x? + bx — 3 with f(2) = O and g(x) = x° + cx? — 8x + 30, with the 
zero x = 3 — i, where b and c are real numbers. Find (f-g) (1)." 


44. Challenge Problem Let f be the polynomial function of degree 4 with real coefficients, leading coefficient 1, and 
zeros x = 3 + i, 2, —2. Let g be the polynomial function of degree 4 with intercept (0, —4) and zeros x = i, 2i. Find (f + g) (1). 


45. Challenge Problem The complex zeros of f(x) = x* + 1 For the function f(x) = x* + 1: 


(a) Factor finto the product of two irreducible quadratics. 
(b) Find the zeros of f by finding the zeros of each irreducible quadratic. 


Explaining Concepts: Discussion and Writing 
In Problems 46 and 47 explain why the facts given are contradictory. 


46. fis a polynomial function of degree 3 whose coefficients are 49. fis a polynomial function of degree 4 whose coefficients are 
real numbers; its zeros are 2,7, and 3 + i. real numbers; three of its zeros are 2,1 + 27, and 1 — 21. 


47. fis a polynomial function of degree 3 whose coefficients are Explain why the remaining zero must be a real number. 


real numbers; its zeros are 4 + i,4 — i, and2 + i. 50. For the polynomial function f(x) = x* + 2ix — 10: 


48. fis a polynomial function of degree 4 whose coefficients are (a) Verity that3 —i is a zero of f. 
real numbers; two of its zeros are —3 and 4 — i. Explain why (b) Verily that 3 + 71s not a zero of f. . 
one of the remaining zeros must be a real number. Write (c) Explain why these results do not contradict the 
down one of the missing zeros. Conjugate Pairs Theorem. 


‘Courtesy of the Joliet Junior College Mathematics Department 
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Retain Your Knowledge 


Problems 51-60 are based on material learned earlier in the course. The purpose of these problems is to keep the material fresh in your 
mind so that you are better prepared for the final exam. 


51. Draw a scatter plot for the given data. 





56. Solve x = Vy + 3 — Sfor y. 


x— Vx 


57. Find the domain of g(x) = 


x+2- 
52. Given f(x) = V3 — x, find x so that f(x) = 5. 58. Find the intercepts of the graph of the 
tion 3x + y* = 12. 
53. Multiply: (2x — 5) (3x2 + x — 4) Ameo ee TY 
54. Find the area and circumference of a circle with a 5 Pationalive the wumerator x —3 
diameter of 6 feet. x+7 


55. If f(x) = 274 





state its domain. 


‘Are You Prepared?’ Answers 
1. Sum: 37; product: 1 + 217 


Chapter Review 


Things to Know 
Power function (pp. 176-179) 


(xe) =n = 2 even 
T(x) =2".n = 3 odd 


Polynomial function (pp. 175-176, 179-186) 
IO). F348 +a4" 


+to+++ + ax + aoa, ~ 0 


Real zeros of a polynomial function f (p. 180) 
Multiplicity (p. 181) 


Rational function (pp. 198-205) 
x 
Ri) = p(x) 
q(x) 


p,q are polynomial functions and gq is not the 
zero polynomial. 





Remainder Theorem (p. 232) 
Factor Theorem (p. 233) 


and g(x) = 3x — 2, find ele and 


an 


60. Find the difference quotient of f(x) = x° + 8. 


9 ae i ee ee 333 = a 4. 29 


Domain: all real numbers; Range nonnegative real numbers 
Contains the points (—1,1), (0,0), (1,1) 

Even function 

Decreasing on (— ©, 0], increasing on [ 0, ©) 


Domain: all real numbers; Range all real numbers 
Contains the points (—1, —1), (0,0), (1, 1) 
Odd function 

Increasing on (— ©, oo) 


Domain: all real numbers 
At most n — 1 turning points 
End behavior: Behaves like y = a,x” for large |x| 


Real numbers for which f(x) = 0; the real zeros of fare the x-intercepts of 
the graph of f. 


If (x — r) isa factor of a polynomial f and (x — r)”*! 


then r is called a real zero of multiplicity m of f. 


is not a factor of f, 


Domain: {x|q(x) 4 0} 

Vertical asymptotes: With R(x) in lowest terms, if g(r) = 0 for some real 
number, then x = risa vertical asymptote. 

Horizontal or oblique asymptote: See the summary on pages 203-204. 


If a polynomial function f(x) is divided by x — c, then the remainder is f(c). 


x — cisa factor of a polynomial function f(x) if and only if f(c) = 0. 
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Descartes’ Rule of Signs (p. 234) Let f denote a polynomial function written in standard form. 

e The number of positive zeros of f either equals the number of variations 
in the sign of the nonzero coefficients of f(x) or else equals that number 
less an even integer. 

e The number of negative real zeros of f either equals the number of 
variations in the sign of the nonzero coefficients of f(—x) or else equals 
that number less some even integer. 


Rational Zeros Theorem (p. 235) Let f be a polynomial function of degree 1 or higher of the form 
f(x) = a,x" + a,x” + +++ +axt+a) a, # 0,a 4 0 
where each coefficient is an integer. If ie in lowest terms, is a rational zero 
q 


of f, then p must be a factor of ap, and g must be a factor of a,. 


Intermediate Value Theorem (p. 240) Let f be a polynomial function. If a < b and f(a) and f(b) are of opposite 
sign, then there is at least one real zero of f between a and b. 


Fundamental Theorem of Algebra (p. 246) Every complex polynomial function f of degree n = 1 has at least one 
complex zero. 


Conjugate Pairs Theorem (p. 247) Let f be a polynomial function whose coefficients are real numbers. Ifr = a + bi 
is a zero of f, then its complex conjugate r = a — biis also a zero of f. 





Objectives 
Section You should be able to... Example(s) Review Exercises 
4.1 1 Identify polynomial functions and their degree (p. 175) 1 1-4 
2 Graph polynomial functions using transformations (p. 179) 25 5-7 
3 Identify the real zeros of a polynomial function and their multiplicity (p.180) 4-9 8-11 
4.2 1 Graph a polynomial function (p. 190) Pe 8-11 
2 Graph a polynomial function using a graphing utility (p. 192) 3 49 
3 Build cubic models from data (p. 194) 4 1 
4.3 1 Find the domain of a rational function (p. 198) 1-3 12-14 
2 Find the vertical asymptotes of a rational function (p. 201) 4 12-14 
3 Find a horizontal or an oblique asymptote of a rational function (p. 203) 5-8 12-14 
4.4 1 Graph a rational function (p. 209) 1-6 15-20 
2 Solve applied problems involving rational functions (p. 219) 7 50 
4.5 1 Solve polynomial inequalities (p. 224) je iA NEB 
2 Solve rational inequalities (p. 226) 3,4 23-25 
4.6 1 Use the Remainder and Factor Theorems (p. 231) 152 26-28 


2 Use Descartes’ Rule of Signs to determine the number of positive and the 
number of negative real zeros of a polynomial function (p. 234) 3 29, 30 


3 Use the Rational Zeros Theorem to list the potential rational zeros of a 








polynomial function (p. 235) 4 31-34 

4 Find the real zeros of a polynomial function (p. 236) 5,6 32-34 

5 Solve polynomial equations (p. 238) 7 39,00 

6 Use the Theorem for Bounds on Zeros (p. 239) 8 37, 38 

7 Use the Intermediate Value Theorem (p. 240) 9,10 39-42 

4.7 1 Use the Conjugate Pairs Theorem (p. 247) 1 43,44 
2 Find a polynomial function with specified zeros (p. 248) 2 43,44 


3 Find the complex zeros of a polynomial function (p. 249) 3 45-48 
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Review Exercises 


In Problems 1-4, determine whether the function is a polynomial function, a rational function, or neither. For those that are polynomial 
functions, state the degree. For those that are not polynomial functions, tell why not. 





1. f(x) = 40° — 3x? + 5x - 2 fa = — ; 3. f(x) = 3x? + 5x1? - 1 4. f(x) =3 
In Problems 5-7 graph each function using transformations (shifting, compressing, stretching, and reflecting). Show all the stages. 
5. f(x) = (x + 2)? 6. f(x) = —(x -1)4 7. f(x) = (x -—1)4+2 
In Problems 8-11, graph each polynomial function by following Steps 1 through 5 on page 191. 
S. f(4) =aie +2) (x 4) 9, f(x) = (x — 2)*(x + 4) 
10. f(x) = —2x° + 4x? 11. f(x) = (x — 1)7(x + 3) (x + 1) 


In Problems 12-14, find the domain of each rational function. Find any horizontal, vertical, or oblique asymptotes. 


x+2 x7 +4 x7 +3x+2 


ia.0 13. R(x) = 14. R(x) = eet 2)? 


12. R(x) = 
(x) =) 








In Problems 15-20, graph each rational function following the seven steps given on page 211. 








2 = 6 x+2 x +x-6 

15. R(x) a - 16. H(x) = =D). 17. R(x) = are 
x Dc 77-4 

18. F = 19. R = +> 20. G = =. 

(x) g = 4 oe (x - 1)? oa i = H=2 


In Problems 21-25, solve each inequality. Graph the solution set. 





ye = G eae Al *— 8x + 12 
etek Seeds ease | eg ge 
igs. A= 3 x’ — 16 
In Problems 26 and 27 find the remainder R when f(x) is divided by g(x). Is g a factor of f? 
26. f(x) = 8° — 3x7 +x+4; g(x) =x-1 27. f(x) =xt-—2x° + 15x -—2; g(x) =x+2 


28. Find the value of f(x) = 12x° — 8x4 + latx = 4. 


In Problems 29 and 30, use Descartes’ Rule of Signs to determine how many positive and negative real zeros each polynomial function may 
have. Do not attempt to find the zeros. 

29. f(x) = 12x8 — x’ + &xt- 2 +2x%43 

30. f(x) = -6 +44 +5 +x 41 

31. List all the potential rational zeros of f(x) = 12x® — x’ + 6x* — x + x — 3. 


In Problems 32-34, use the Rational Zeros Theorem to find all the real zeros of each polynomial function. Use the zeros to factor f over 
the real numbers. 


32. f(x) =x — 3x7 - 6x + 8 33. f(x) = 4x° + 4x? — 7x +2 34, f(x) = x4 — 4x? + 9x? — 20x + 20 
In Problems 35 and 36, solve each equation in the real number system. 
35. 2x* + 2x° — 11x*° +x-6=0 36. 2x* + 7x? + x* — 7x -3 =0 
In Problems 37 and 38, find bounds on the real zeros of each polynomial function. 
37, f(x) =x - x? - 4x +2 38. f(x) = 2x? — 7x” — 10x + 35 
In Problems 39 and 40, use the Intermediate Value Theorem to show that each polynomial function has a real zero in the given interval. 
39. f(x) = 3x -—x-1;[0,1] 40. f(x) = 8x* - 4° - 2x - 1; [0,1] 
In Problems 41 and 42, each polynomial function has exactly one positive zero. Approximate the zero correct to two decimal places. 
4. f(x) =x -x-2 42. f(x) = 8x*- 4° -2x-1 


In Problems 43 and 44, information is given about a complex polynomial f whose coefficients are real numbers. Find the remaining zeros 
of f Then find a polynomial function with real coefficients that has the zeros. 


43. Degree 3; zeros: 4 + 1,6 44, Degree 4; zeros: i, 1 + 1 
In Problems 45-48, find the complex zeros of each polynomial function f. Write f in factored form. 
45. f(x) = x° — 3x7 - 6x + 8 46. f(x) = 49° + 4x? — 7x +2 
47, f(x) = x* — 40° + 9x* — 20x + 20 48. f(x) = 2x4 + 2x? — 11x? + x — 6 


49. Graph the polynomial function 
AB f(x) = x3 — 2.37x2 — 4.68x + 6.93 
by following Steps 1 through 8 on page 193. 


50. Making a Can A can in the shape of a right circular cylinder 
is required to have a volume of 250 cubic centimeters. 

w (a) Express the amount A of material needed to make the 
can as a function of the radius r of the cylinder. 

(b) How much material is required if the can is of 
radius 3 centimeters? 

(c) How much material is required if the can is of 
radius 5 centimeters? 

(d) Graph A = A(r). For what value of r is A smallest? 


51. Housing Prices The data in the table on the right represent 
the January median new-home prices in the United States for 
the years shown. 

(a) With a graphing utility, draw a scatter plot of the data. 
Comment on the type of relation that appears to exist 
between the two variables. 


CHAPTER 


Test Prep 


VIDEOS 


Chapter Test 


1. Graph f(x) = (x — 3)* — 2 using transformations. 


2. For the polynomial function g(x) = 2x° + 5x? — 28x — 15, 

(a) Determine the maximum number of real zeros that the 
function may have. 

(b) List the potential rational zeros. 

(c) Determine the real zeros of g. Factor g over the reals. 

(d) Find the x- and y-intercepts of the graph of g. 

(e) Determine whether the graph crosses or touches 
the x-axis at each x-intercept. 

(f) Find the power function that the graph of g resembles 
for large values of |x|. 

(g) Put all the information together to obtain the graph of g. 


3. Find the complex zeros of f(x) = x° — 4x” + 25x — 100. 


4. Solve 3x° + 2x — 1 = 8x? — 4 in the complex number 
system. 





In Problems 5 and 6, find the domain of each function. Find any 
horizontal, vertical, or oblique asymptotes. 


_ x (4 


Se ee 
S50) Serpe ~ 


6. r(x) a 
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(b) Decide on the function of best fit to these data (linear, 
quadratic, or cubic), and use this function to predict 
the median new-home price in the United States for 
January 2022 (t = 10). 

(c) Draw the function of best fit on the scatter plot obtained 
in part (a). 


Year, t Median Price, P ($1000s) 





The Chapter Test Prep Videos include step-by-step solutions to all chapter test 
exercises, [hese videos are available in MyLab™ Math, or on this text's YouTube 
Channel. Refer to the Preface for a link to the YouTube channel. 


7. Graph the function in Problem 6. Label all intercepts, vertical 

asymptotes, horizontal asymptotes, and oblique asymptotes. 
In Problems 8 and 9, write a function that meets the given conditions. 

8. Fourth-degree polynomial with real coefficients; 
Zeros: 2 Us aoa, 

9. Rational function; asymptotes: y = 2,x = 4; 
domain: {x|x # 4,x 4 9} 

10. Use the Intermediate Value Theorem to show that the 


function f(x) = —2x* — 3x + 8 has at least one real zero 
on the interval [0, 4]. 





eS 


+ 
11. Soke 
i 


12. Solve: x? + 7x? < 2x? — 6x 
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Cumulative Review 


1. 





Find the distance between the points P = (1,3) 
and Q = (—4,2). 


2. Solve the inequality x = x and graph the solution set. 


. Solve the inequality x7 — 3x < 4 and graph the solution set. 


. Find a linear function with slope —3 that contains the 


point (—1,4). Graph the function. 


. Find the equation of the line parallel to the line y = 2x + 1 


and containing the point (3, 5). Express your answer in 
slope-intercept form, and graph the line. 


6. Graph the equation y = x°. 
TD oes the relauon 47 (3.6). 1.-3 5 (2,5). 3.8) \ represent 


10. 


11. 


12. 


13. 


14. 


15. 


16. 
17. 


a function? Why or why not? 


. Solve the equation x° — 6x? + 8x = 0. 


. Solve the inequality 3x + 2 < 5x — 1 and graph the solution 


set. 

Find the center and the radius of the circle 
x°+ 4x + y?-2y-4=0 

Graph the circle. 





For the equation y = x° — 9x, determine the intercepts and 
test for symmetry. 





Find an equation of the line perpendicular to 3x — 2y = 7 
that contains the point (1,5). 


Is the following the graph of a function? Why or why not? 


For the function f(x) = x* + 5x — 2, find 





(a) f(3) (b) f(—x) 
(c) —f(x) (d) f(3x) 
ce EAM =F) 4 4 9 
Given the function 
eae 
f(x) = 


(a) What is the domain of f? 

(b) Is the point (2, 6) on the graph of f? 

(c) Ifx = 3, what is f(x)? What point is on the graph of f? 
(d) If f(x) = 9, what is x? What point is on the graph of f? 
(e) Is fa polynomial or a rational function? 

Graph the function f(x) = —3x + 7. 


Graph f(x) = 2x* — 4x + 1 by determining whether its 
graph is concave up or concave down and by finding its 
vertex, axis of symmetry, y-intercept, and x-intercepts, if any. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 





Find the average rate of change of f(x) = x* + 3x +1 
from 1 to 2. Use this result to find the equation of the secant 
line containing (1, f(1)) and (2, f(2)). 


In parts (a) to (f), use the following graph. 





(a) Find the intercepts. 

(b) Based on the graph, tell whether the graph is symmetric 
with respect to the x-axis, the y-axis, and/or the origin. 

(c) Based on the graph, tell whether the function is even, 
odd, or neither. 

(d) List the intervals on which f is increasing. List the 
intervals on which fis decreasing. 

(e) List the numbers, if any, at which fhas a local maximum. 
What are the local maximum values? 

(f) List the numbers, if any, at which fhas a local minimum. 
What are the local minimum values? 


Determine algebraically whether the function 





a 
X — 
f(x) mG 
is even, odd, or neither. 
; ll 28 er ak = 3% = 2 
For the function f(x) = 13 a 


(a) Find the domain of f 

(b) Locate any intercepts. 

(c) Graph the function. 

(d) Based on the graph, find the range. 

Graph the function f(x) = —3(x + 1)* + S using 
transformations. 

Suppose that f(x) = x* — 5x + land g(x) = —4x — 7. 
(a) Find f + g and state its domain. 


(b) Find “and state its domain. 


Demand Equation The price p (in dollars) and the quantity x 
sold of a certain product obey the demand equation 


1 
p= —~to* t 150,007 = 1500 


(a) Express the revenue R as a function of x. 

(b) What is the revenue if 100 units are sold? 

(c) What quantity x maximizes revenue? What is the 
maximum revenue? 

(d) What price should the company charge to maximize 
revenue? 
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(@) Internet-based Project 


I. Length of Day Go to http://en.wikipedia.org/wiki/Latitude and 
read about latitude through the subhead “Preliminaries.” Now 
go to http://www.orchidculture.com/COD/daylength.html. 


1. For a particular day of the year, record in a table the 
length of day for the equator (0°N), 5°N, 10°N,..., 60°N. 
Enter the data into an Excel spreadsheet, TI-graphing 
calculator, or some other spreadsheet capable of finding 
linear, quadratic, and cubic functions of best fit. 


2. Draw a scatter diagram of the data with latitude as the 
independent variable and length of day as the dependent 
variable using Excel, a TI-graphing calculator, or some 
other spreadsheet. The Chapter 3 project describes how 
to draw a scatter diagram in Excel. 





3. Determine the linear function of best fit. Graph the linear 
function of best fit on the scatter diagram. To do this in 
Excel, right click on any data point in the scatter diagram. 
Now click the Add Trendline ... menu. Under Trendline 
Options, select the Linear radio button and select Display 
Equation on Chart. See Figure 52. Move the Trendline 
Options window off to the side and you will see the linear 
function of best fit displayed on the scatter diagram. Do 
you think the function accurately describes the relation 
between latitude and length of day? 





4. Determine the quadratic function of best fit. Graph the 
quadratic function of best fit on the scatter diagram. To do 
this in Excel, right-click on any data point in the scatter 
diagram. Now click the Add Trendline . . . menu. Under 
Trendline Options, select the Polynomial radio button with 
Order set to 2. Select Display Equation on chart. Move the 
Trendline Options window off to the side and you will see 
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TRENDLINE OPTIONS *¥ 
oO ill 
4 TRENDLINE OPTIONS 
f oe © Exponential 
a @ Linear 
a {2 Logarithmic 
vi OQ Polynomial Order | 2 


F aes 
cae =) Poqyer 


a & Moving Period | 2 
ay Average 


Trendline Name 
(*) Automatic Linear (Series1) 
() Custom 


Forecast 
Forward [oo | period. 
Backward foo | period 
(_] Set Intercept 0.0 
(] Display Equation on chart 
(_] Display R-squared value on chart 


Ss | 





Figure 52 


the quadratic function of best fit displayed on the scatter 
diagram. Do you think the function accurately describes 
the relation between latitude and length of day? 


Determine the cubic function of best fit. Graph the cubic 
function of best fit on the scatter diagram. To do this in 
Excel right-click on any data point in the scatter diagram. 
Now click the Add Trendline ... menu. Under Trendline 
Options, select the Polynomial radio button with Order set 
to 3. Select Display Equation on chart. Move the Trendline 
Options window off to the side and you will see the cubic 
function of best fit displayed on the scatter diagram. Do 
you think the function accurately describes the relation 
between latitude and length of day? 


Which of the three models seems to fit the data best? 
Explain your reasoning. 


Use your model to predict the hours of daylight on the day 
you selected for Chicago (41.85 degrees north latitude). 
Go to the Old Farmer’s Almanac or another website to 
determine the hours of daylight in Chicago for the day you 
selected. How do the two compare? 





Citation: Excel © 2018 Microsoft Corporation. Used with permission from Microsoft. 


The following project is available at the Instructor’s Resource Center (IRC): 





II. Theory of Equations The coefficients of a polynomial function can be found if its zeros are known, which is an advantage of using 


polynomials in modeling. 
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Depreciation of Cars 


You are ready to buy that first new car. You know that cars lose value over time due to 
depreciation and that different cars have different rates of depreciation. So you will research 
the depreciation rates for the cars you are thinking of buying. After 


all, for cars that sell for about the same price, the lower the 


depreciation rate, the more the car will be worth each year. 


©) — See the Internet-based Chapter Project I— 


Until now, our study of functions has concentrated on polynomial and rational functions. These 
functions belong to the class of algebraic functions—that is, functions that can be expressed in 
terms of sums, differences, products, quotients, powers, or roots of polynomials. Functions that 
are not algebraic are termed transcendental. That is, they transcend, or go beyond, algebraic 
functions. 


In this chapter, we study two transcendental functions: the exponential function and the 
logarithmic function. These functions occur frequently in a wide variety of applications, such as 
biology, chemistry, economics, and psychology. 

The chapter begins with a discussion of composite, one-to-one, and inverse functions— 
concepts that are needed to explain the relationship between exponential and logarithmic 
functions. 
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5.1 Composite Functions 


PREPARING FOR THIS SECTION Before getting started, review the following: 
e Find the Value of a Function (Section 2.1, pp. 51-53) ¢ Domain of a Function (Section 2.1, pp. 55-57) 
\ Now Work the ‘Are You Prepared?’ problems on page 263. 


OBJECTIVES 1 Forma Composite Function (p. 259) 
2 Find the Domain of a Composite Function (p. 260) 





1 Form a Composite Function 


Suppose that an oil tanker is leaking oil and you want to determine the area of the 
circular oil patch around the ship. See Figure 1. It is determined that the radius of the 
circular patch of oil around the ship is increasing at a rate of 3 feet per minute. Then 
the radius r of the oil patch at any time f, in minutes, is given by r(t) = 3r. So after 
20 minutes, the radius of the oil patch is r(20) = 3(20) = 60 feet. 

The area A of a circle is a function of the radius r given by A(r) = ar’.The area 
of the circular patch of oil after 20 minutes is A (60) = 7 (60)? = 36007 square feet. 
Note that 60 = r(20),so A(60) = A(r(20) ). The argument of the function A is 
the output of the function r. 

In general, the area of the oil patch can be expressed as a function of time ¢ 
by evaluating A(r(t)) and obtaining A(r(t)) = A(3t) = 7(3t)* = 97t?. The 
function A(r(t) ) is a special type of function called a composite function. 

As another example, consider the function y = (2x + 3)*.Lety = f(u) =u 
and u = g(x) = 2x + 3. Then by a substitution process, the original function is 
obtained as follows: y = f(u) = f(g(x)) = (2x + 3)”. 

In general, suppose that f and g are two functions and that x is a number 
in the domain of g. Evaluating g at x yields g(x). If g(x) is in the domain of f, 
then evaluating f at g(x) yields the expression f(g(x) ). The correspondence from x 
Figure 1 to f(g(x) ) is called a composite function f° g. 


2 





C DEFINITION Composite Function 


Given two functions f and g, the composite function, denoted by f° g (read as 
“ fcomposed with g”), is defined by 


(fog) (x) = fle(x)) | 


The domain of f° gis the set of all numbers x in the domain of g for which g(x) 
is in the domain of f. 2a) 


Look carefully at Figure 2. Only those values of x in the domain of g for 
which g(x) is in the domain of f can be in the domain of f° g. The reason is if g(x) 
is not in the domain of f, then f(g(x) ) is not defined. Because of this, the domain 
of f° gis a subset of the domain of g; the range of f° gis a subset of the range of f. 
Domain of g 


Range of g 


Domain of f dons of f 


ee 












Domain of fog Range of fog 


fog 


Figure 2 
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Figure 3 provides a second illustration of the definition. Here x is the input to the 
function g, yielding g(x).Then g(x) is the input to the function f, yielding f(g(x)). 
Note that the “inside” function g in f(g(x)) is “processed” first. 


INPUT xX —= ——» QUTPUT f(g(x)) 





Figure 3 


| €XAMPLE1 | Evaluating a Composite Function 


Suppose that f(x) = 2x? — 3and g(x) = 4x. Find: 
(a) (feg)(1) — (B) (gef)G) ©) Cfef)(-2) = (d) (828) (-1) 
Solution (a) (feg)(1) =f(g(1)) =f(4) =2°4-3 = 29 
I I 
g(x) = 4x f(x) = 2x? - 3 
g(1) = 4 
Dy (ees) A) = et) — ; ed 
f(x) = 2x* — 3 g(x) = 4x 
f(1) = -1 
©) (FAV(-2) = F-2)) = 105) = 2-523 = 47 
f(-—2) = 2(-2)?-3=5 
(d) (g°8)(-1) = 8(s(-1)) i” = 4+(—4) = —16 


HORMAL FLOAT AUTO REAL RADIAN HP fl 





(a) TI-84 Plus C 





7 g(—1) = -4 a 

@® s(x)-2°-3 ‘a 

@ atx) ay x Ee COMMENT Graphing utilities can evaluate composite functions.* Using a TI-84 Plus C graphing 

| calculator, let¥, = f(x) = 2x* — 3and% = g(x) = 4x, and find (fe) (1) as shown in Figure 4(a). 

f(g(1)) x Using Desmos, find (f° g) (1) as shown in Figure 4(b). Note that these give the result obtained in 
: Example 1(a). = 
29 

, eal ommm=-Now Work PROBLEM 13 

Figure 4 


2 Find the Domain of a Composite Function 


| EXAMPLE 2 ~ Finding a Composite Function and Its Domain 


Suppose that f(x) = x7 + 3x — Landg(x) = 2x + 3. 
Find: (a) f°g (b) gcf 


Then find the domain of each composite function. 


Solution The domain of f and the domain of g are the set of all real numbers. 
(a) (fog) (x) = f(g(x)) = f(2x + 3) = (2k + 3)* + 3(2e +3) -1 
g(x) = 2x +3 f(x) =x? +3x-1 
= 4x2 +12x +94+ 6x +9-—1 = 4x7 + 18x +17 


Because the domains of both fand g are the set of all real numbers, the domain 
of fo gis the set of all real numbers. 
*Consult your user’s manual for the appropriate keystrokes. 
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(b) (gef) (x) = 8(f(x)) on oe 1) = 2(x° + 3x—-1) +3 


f(x) = x2 +. 3x -—1 g(x) 


t 


2x + 3 
= 2x7 + 6x -24+3=2x7 + 6x41 


Because the domains of both fand g are the set of all real numbers, the domain 
of g°f is the set of all real numbers. =i 


Example 2 illustrates that, in general, fog ~ gof. Sometimes fog does 
equal g° f, as we shall see in Example 5. 
Look back at Figure 2 on page 259. 


In determining the domain of the composite function (f° g) (x) = f(g(x) ), 
keep the following two thoughts in mind about the input x. 

e Any x notin the domain of g must be excluded. 

e Any x for which g(x) is not in the domain of f must be excluded. 


Finding the Domain of f°g 


4 


Find the domain of fo gif f(x) = = 








Pare and g(x) = 


Solution For (f°g) (x) = f(g(x) ), first note that the domain of g is {x|x ¥ 1}, so 1 is 
excluded from the domain of f° g. Next note that the domain of fis {x|x # —2}, 





which means that g(x) cannot equal —2. Solve the equation g(x) = —2 to 
determine what additional value(s) of x to exclude. 
4 
=-2 = -2 
=a 9 (x) 

4 = —2(x —1) Multiply both sides by x — 1. 

4=—-2x+2 

X= =2 

x=-l 


Also exclude —1 from the domain of f° g. 
The domain of fogis {x|x ~ —-1,x #1}. 





4 
/ check: For x = 1,g(x) = — 7 is not defined, so (f°g)(1) = f(g(1) ) is not 








defined. 
for a= Let) = —22and (fog) (1) = 7(el 1) = 70-2) is tiel 
defined. - 
| EXAMPLE 4 © Finding a Composite Function and Its Domain 
4 
Suppose f(x) = yh and g(x) = yo] 
Find: (a) feg (b) fof 


Then find the domain of each composite function. 


Solution The domain of fis {x|x ~ —2} and the domain of gis {x|x # 1}. 














-| il y= 2 ieee | aT 
(a) (fog) (x) = f(g(x)) nL ype SE Eee ae es Mae 
yx-1 x -—1 
g(x) = —7 f(x) = args Multiply bye — eonnned) 


262 CHAPTERS Exponential and Logarithmic Functions 


In Example 3, the domain of f° g was found to be {x|x # —1,x # 1}. 

The domain of f°g also can be found by first looking at the domain 
of g: {x|x # 1}. Exclude 1 from the domain of f° gas a result. Then look at fo g and 
note that x cannot equal —1, because x = —1 results in division by 0. So exclude —1 
from the domain of f° g. Therefore, the domain of fo gis {x|x # —1,x # 1}. 




















i 1 Lae? LZ 
©) (FA) = Ff) = (+5) <== “ety Bs 
ee 

F(x) = —— F(x) = > _Muttiply by> =. 


The domain of f° f consists of all values of x in the domain of f, {x|x # —2}, for 


1 
which f(x) = ao # —2. To find other numbers x to exclude, solve the equation 
x 





=> CO 
L = —2(x =P 2) 
1=-2x-4 
Zea 5 
oe 
2 


5 
So f(x) # —-2ifx # — 5: The domain of f° f is 2 





=) 
x F# Tia - -2} 


The domain of f° f also can be found by noting that —2 is not in the domain 
of f and so is not in the domain of f° f. Then, looking at fe f, note that x cannot 





5 
x F Tae A -2} 


J 


2 
equal — 5" Do you see why? Therefore, the domain of f° f is 2 


emmmmmms=-Now Work PROBLEMS 27 AND 29 


| €XAMPLE5 | Showing That Two Composite Functions Are Equal 


+ 4 
If f(x) = 3x — 4and g(x) = sm show that 


(Foe) (x)= tee) xt) Sy 


for every x in the domain of f° g and g°f. 











Solution (er Soe) = (254) = a: = *)—4 ee eer ee 
i} ft 
g(x) = f(x) = 3x -4 
Seeing the Concept (3x-4) +4 3x 
Using a graphing calculator, let (Sos) (4). 2 4)) = giae- 4) = 3 _ 3 — x 
Y= f(x) = 3x4 a _xt+4 
eae F(x) = 3x - 4 g(x) = 3 
Ye = g(x) = 3 (xt 4) 
B= 9G. Goes We conclude that (f° g) (x) = (g°f) (x) = x,x any real number. J 


Using the viewing window —3 S x S3, 
—2 = y <2, graph only Y3 and Y,. What 


do you see? TRACE to verify that Y3 = Y4. 
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In Section 5.2, we shall see that there is an important relationship between 
functions f and g for which (f° g) (x) = (g°f)(x) =x. 


ovrmmmmmm=-Now Work PROBLEM 39 


Calculus Application 

Some techniques in calculus require the ability to determine the components 
LX of a composite function. For example, the function H(x) = Vx +1 is the 

composition of the functions f and g, where f(x) = Vx and g(x) =x +1, 

because H(x) = (fog) (x) = f(g(x)) = f(x +1) = Vx +1. 


| EXAMPLE 6 | Finding the Components of a Composite Function 


Find functions f and g so that fo g = H when H(x) = (x? + 1 ae 


Solution The function H raises the expression x” + 1 to the power 50. A natural way to 
decompose H/ is to raise the function g(x) = x? + 1 to the power 50. Let f(x) = x” 
and g(x) = x* + 1. Then 

f fig) = fx" + 1) 


eae 1) (fog) (x) = flg(x)) =f? +1) = (x? +1)" = (a) 


X Fe * 
g(x)= x" +1 
: Hx) = (x° + 1)" 


H See Figure 5. all 


Figure 5 
Other functions f and g may be found for which fe g = H in Example 6. For 


instance, if f(x) = x* and g(x) = (x? + iD ae then 


(fog) (x) =flg(x)) =f((2 +1)") = [02 +1)” 2? = (x? +1)” 


Although the functions f and g found as a solution to Example 6 are not unique, there 
is usually a “natural” selection for fand g that comes to mind first. 


| EXAMPLE 7 ~ Finding the Components of a Composite Function 


i | 
x+1 


Find functions f and g so that fo g = H when H(x) 





: 1 
Solution Here His the reciprocal of g(x) = x + 1. Let f(x) = > and g(x) =x + 1.Then 


(fog) (x) = fle(x)) =f +1) = —== A(x) 


bi cael | 





J 


ovmmmmmen--Now Work PROBLEM 47 


5.1 Assess Your Understanding 


‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


2 
— 1 
1. Find f(3) if f(x) = —4x? + 5x. (pp. 51-53) 3. Find the domain of the function f(x) = = 


*— 25 
2. Find f(3x) if f(x) = 4 — 2x2. (pp.51-53) (pp. 55-57) * 
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Concepts and Vocabulary 


4. Given two functions f and g, the 


denoted f° g, is defined by (fog) (x) = 
5. True or False If f(x) = x? andg(x) = Vx +9, 


then (fo°g) (4) =5. 


3 
6. Multiple Choice If f(x) = Vx + 2and g(x) = . 


then ( f° g) (x) equals 
3 








3 
b) e+ 2 
Vero ° Vi 
3 3 
ae? @ Vra2 
Skill Building 


7. Multiple Choice If H = f° gand H(x) = V25 — 4x’, 


which of the following cannot be the component 
functions f and g? 


(a) f(x) = V25 — x*3¢(x) = 4x 
(b) f(x) = Vazg (x) = 25 - 40° 
(c) f(x) = V25 — x g(x) = 4x 
(d) f(x) = V25 - 4x;g(x) = 2 


8. True or False The domain of the composite 
function (f° g)(x) is the same as the domain of g(x). 


In Problems 9 and 10, evaluate each expression using the values given in the table. 





(a) (f°g) (1) (b) (feg)(-1) 
(c) (gef)(-1) (d) (g°f) (0) 
(e) (g°g) (-2) (f) (fof) (-1) 
(a) (feg) (1) (b) (feg) (2) 
(c) (g°f) (2) (d) (g°f) (3) 
(e) (geg) (1) (f) (fef) (3) 


In Problems 11 and 12, evaluate each expression using the graphs of y = f(x) and y = g(x) shown in the figure. 


11. (a) (g°f)(-1) (b) (g°f) (0) 
(c) (fog) (-1) (d) (f°g) (4) 
12. (a) (g°f) (1) (b) (g°f) (5) 
(c) (f°g) (0) (d) (f°g) (2) 


In Problems 13-22, for the given functions f and g, find: 


(a) (feg)(4) = (Bb) (gef)(2) — () (fe f) (1) 
N\ 23. fey =2x @(%) =Se 41 

15. f(x) = 8x* — 3; g(x) =3- v 

17) = Vx, 2G) =e 


19. f(x) = |x|; g(x) = oma 
i) ae 


3 
x+1 


21. f(x) = 


In Problems 23-38, for the given functions f and g, find: 


(a) fog (b) gef (ce) fef (dad) g-g 
State the domain of each composite function. 

23. f(x) =2x +3; g(x) = 4x 

25. fx) =] 3e— 1. 2) Hx 





(d) (g°g) (0) 


14, f(x) =3x +2; g(x) =2x*-1 
16. f(x) = 2x7; g(x) = 1 —- 3x” 
18. f(x) = Vx +1; g(x) = 3x 





20. f(x) = lx — 2 g(x) = as 





22. f(x) = x75 g(x) = aa 


24. f(x) = —-x; g(x) =2x-4 
26. f(x) =xt+1; g(x) =x +4 


MS 27. f(x) =x*s g(x) =2°4+4 


N29. f(x) a : 








31. f(x) = >; 


33. f(x) = Vx; g(x) =2x +5 








35. f(x) =x? +7; g(x) = Vx-7 
ae) ia me 
3%. f(x) =; g(x) = 5 
In Problems 39-46, show that (f° g) (x) = (gef) (x) = x. 
X39. f(x) = 2x; g(x) = st 40. f(x) = 4x; 


42. f(x) =x +5; g(x) =x-5 
45. f(x) = ax + b; g(x) == (x=) a # 0 


/\ In Problems 47-52, find functions f and g so that f° g = H. 
No 47. H(x) = (2x + 3)4 
49. H(x) = Vx? +1 


51. H(x) = |2x +1 


Applications and Extensions 


53. If f(x) = 2x° — 3x* + 4x — landg(x) 
and (g° f) (x). 
ee. 
54. If f(x) = ===) find (fof) (x). 
55. If f(x) = 2x* +5 and g(x) = 3x +a, find a so that 
the y-intercept of f° gis 23. 
56. If f(x) = 3x* —7 and g(x) = 2x +a, find a so that 
the y-intercept of f° g is 68. 
In Problems 57 and 58, use the functions f and g to find: 
(a) fg (b) gof 
(c) the domain of f° g and of g°f 
(d) the conditions for which fog = gof 
57, f(x) =ax +b g(x) =cx+d 
ax + b 
58. = =—— 
Mx) cx +d 
59. Surface Area of a Balloon The surface area S (in square 
meters) of a hot-air balloon is given by 
S(r) = 4ar? 
where r is the radius of the balloon (in meters). If the 
radius r is increasing with time f (in seconds) according to 


2,find (f° g) (x) 


g(x) = mx 


2 
the formula r(t) = ne t = 0, find the surface area S of the 


balloon as a function of the time ¢. 
60. Volume of a Balloon The volume V (in cubic meters) 
of the hot-air balloon described in Problem 59 is given 


4 
by V(r) = 37 If the radius r is the same function of f as 


in Problem 59, find the volume V as a function of the time ¢. 


61. Automobile Production The number JN of cars produced 
at a certain factory in one day after ¢ hours of operation is 


43. f(x) = 9x — 6; g(x) = 
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28. f(x) = +1; g(x) = 207 +3 
1 2, 
30. f(x) =" a(x) = —& 
32. f(x) = ss g(x) -= 
34. 7 (4). = VARK 2 ot) HLH a 
OIC) He te HS VeEHZ 
38. f(x) = —s g(x) = ee 
= a AL. fx) Sey 2a) = Ve 
s(x +6) 44 f(x) =4-3x; g(x) = =(4 — x) 
46. f(x) = =: g(x) == 
48. H(x) = (1+ x*)° 


50. 
52. 


62. 


63. 


64. 


H(x) = V1-+ 


H(x) = |2x? + 3] 


given by N(t) = 100t — 5t*,0 < ¢ < 10. If the cost C (in 
dollars) of producing N cars is C(N) = 15,000 + 8000N, 
find the cost C as a function of the time ¢ of operation of the 
factory. 


Environmental Concerns The spread of oil leaking from a 
tanker is in the shape of a circle. If the radius r (in feet) of 
the spread after ¢t hours is r(t) = 200V*, find the area A of 
the oil slick as a function of the time ¢. 


Production Cost The price p, in dollars, of a certain product 
and the quantity x sold follow the demand equation 


1 
p= —4x + 100 O0O=x =< 400 


Suppose that the cost C, in dollars, of producing x units is 


Vx 
= —— + 600 
a 25 


Assuming that all items produced are sold, find the cost C as 
a function of the price p. 


[Hint: Solve for x in the demand equation and then form the 
composite function. ] 


Cost of a Commodity The price p, in dollars, of a certain 
commodity and the quantity x sold follow the demand equation 


1 
p= — 5% + 200 0 =x = 1000 
Suppose that the cost C, in dollars, of producing x units is 
Vx 
C = —— + 400 
10 


Assuming that all items produced are sold, find the cost C as 
a function of the price p. 
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65. Volume of a Cylinder The volume V of a right circular 
cylinder of height # and radius r is V = ar7h. If the 
height is twice the radius, express the volume V as a function 
of 7. 


66. Volume of a Cone The volume V of a right circular cone 


il 
is V = 3a h. If the height is twice the radius, express the 


volume V as a function of r. 


Foreign Exchange Traders often buy foreign currency 

in the hope of making money when the currency’s value 

changes. For example, on April 10, 2018, one U.S. dollar 

could purchase (0.8101 euro, and one euro could 

purchase 132.317 yen. Let f(x) represent the number of 

euros you can buy with x dollars, and let g(x) represent the 

number of yen you can buy with x euros. 

(a) Find a function that relates dollars to euros. 

(b) Find a function that relates euros to yen. 

(c) Use the results of parts (a) and (b) to find a function that 
relates dollars to yen. That is, find (g° f) (x). 

(d) What is (g°f) (1000)? 


68. Temperature Conversion The function C(F) 


5 
9 (F — 32) 


converts a temperature in degrees Fahrenheit, F, 

to a temperature in degrees Celsius, C. The 

function K(C) = C + 273, converts a temperature in 

degrees Celsius to a temperature in Kelvins, K. 

(a) Find a function that converts a temperature in degrees 
Fahrenheit to a temperature in kelvins. 

(b) Determine 80 degrees Fahrenheit in kelvins. 


69. Discounts The manufacturer of a computer is offering two 
discounts on last year’s model computer. The first discount is 
a $200 rebate and the second discount is 20% off the regular 
price, p. 

(a) Write a function f that represents the sale price if only 


the rebate applies. 


Retain Your Knowledge 


(b) Write a function g that represents the sale price if only 
the 20% discount applies. 

(c) Find fe g and gof. What does each of these functions 
represent? Which combination of discounts represents a 
better deal for the consumer? Why? 

70. Taxes Suppose that you work for $15 per hour. Write 
a function that represents gross salary G as a function of 
hours worked h. Your employer is required to withhold taxes 
(federal income tax, Social Security, Medicare) from your 
paycheck. Suppose your employer withholds 20% of your 
income for taxes. Write a function that represents net salary N 
as a function of gross salary G. Find and interpret No G. 
Suppose f(x) = x° + x* — 16x — 16 and g(x) = x* -— 4. 
Find the zeros of (f° g) (x). 

Suppose f(x) = 2x° — 3x* — 8x + 12 and g(x) =x +5. 


Find the zeros of (f° g) (x). 


71. 


72. 


73. Let f(x) = ax + band g(x) = bx + a, where a and b are 
integers. If f(1) = 8 and f(g(20)) — g(f(20)) = —-14, 


find the product of a and b.* 


Challenge Problem If f and g are odd functions, show that 
the composite function f° g is also odd. 


74. 


75. Challenge Problem If fis an odd function and g is an even 
function, show that the composite functions f° g and g° ff are 
both even. 

Challenge Problem If f(x) = x* + 5x + c,g(x) = ax + b, 


and (fog) (x) = 4x? + 22x + 31, find a, b, and c. 
Challenge Problem Given three functions f, g, and h, 
define (fogeh)(x) = flg(h(x)) |. Find (fegeh) (2) 
it f(x) = 64 = 7,2(%) = - and h(x) Vx +7. 


i! 
Challenge Problem If f(x) = vad g(x) = ro 


andh(x) = Vx + 3, find the domain of (fe g°h) (x). 


76. 


77. 





78. 


* Courtesy of the Joliet Junior College Mathematics Department 


Problems 79-88 are based on material learned earlier in the course. The purpose of these problems is to keep the material fresh in your 


mind so that you are better prepared for the final exam. 


79. Given f(x) = 3x + 8and g(x) =x — 5, find 


(f + g) (x), (F— 8) (x), (frg) (x), and (Z)es 


State the domain of each. 


80. Find the real zeros of f(x) = 2x — 5Vx + 2. 


*+ 6x + 5 
81. Find the domain of R(x) = ———= 
= 


horizontal, vertical, or oblique asymptotes. 


. Find any 


82. For the quadratic function f(x) 


—3e + 2x + 5, find 


the vertex and the axis of symmetry, and determine whether 
the graph is concave up or concave down. 


‘Are You Prepared?’ Answers 


1. —21 2. 4 — 18x’ 


i 
FAN 
- 


x 


x 


7 


Solve: x* — 6x —-7 <0 


If a right triangle has hypotenuse c = 2 and lega = 1, find 
the length of the other leg b. 


83. 
84. 








85. Find the points of intersection of the graphs of the 
functions f(x) = x7 + 3x + 7andg(x) = —2x + 3. 
86. Find the distance between the points (—3, 8) and (2, —7). 
Se ee 
Sed We ae 
87. Simplify: ——————_— 
implify ——= 


88. Solve: —x°(9 — x7) -¥? + 2x(9 — x”)? =0 


3. {x|x # —5,x # 5} 
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5.2 One-to-One Functions; Inverse Functions 


PREPARING FOR THIS SECTION Before getting started, review the following: 


e Functions (Section 2.1, pp. 47-59) e Rational Expressions (Section A.5, pp. A35—A42) 
e Increasing/Decreasing Functions (Section 2.3, e Properties of Rational Functions (Section 4.3, 
pp. 75-76) pp. 198-205) 


5 Now Work the ‘Are You Prepared?’ problems on page 275. 


OBJECTIVES 1 Determine Whether a Function Is One-to-One (p. 267) 


2 Obtain the Graph of the Inverse Function from the Graph of a 
One-to-One Function (p. 270) 


3 Verify an Inverse Function (p. 271) 
4 Find the Inverse of a Function Defined by an Equation (p. 272) 





1 Determine Whether a Function Is One-to-One 


Section 2.1 presented five ways to represent a function: (1) verbally, (2) with a 
mapping, (3) as a set of ordered pairs, (4) with a graph, and (5) with an equation. For 
example, Figures 6 and 7 illustrate two different functions represented as mappings. 
The function in Figure 6 shows the correspondence between states and their 
populations (in millions). The function in Figure 7 shows a correspondence between 
animals and life expectancies (in years). 


Life Expectancy 
Animal (in years) 
Population 
State (in millions) 
Indiana 
Washington 
South Dakota 


North Carolina 


Oklahoma 





Figure 6 Figure 7 


Suppose several people are asked to name a state that has a population of 
0.9 million based on the function in Figure 6. Everyone will respond “South Dakota.” 
Now, if the same people are asked to name an animal whose life expectancy is 11 years 
based on the function in Figure 7, some may respond “dog,” while others may respond 
“cat.” What is the difference between the functions in Figures 6 and 7? In Figure 6, 
no two elements in the domain correspond to the same element in the range. In 
Figure 7 this is not the case: Different elements in the domain correspond to the same 
element in the range. Functions such as the one in Figure 6 are given a special name. 


( DEFINITION One-to-One 


A function is one-to-one if any two different inputs in the domain correspond 
to two different outputs in the range. That is, if x, and x» are two different inputs 
of a function f, then fis one-to-one if f(x,) #4 f(x). J 


In Words 
A function 1s not one-to-one If two 


different inputs correspond to r 


Put another way, a function f is one-to-one if no y in the range is the image of 
more than one x in the domain. A function is not one-to-one if any two (or more) 
different elements in the domain correspond to the same element in the range. So the 


the same output. manage 
function in Figure 7 1s not one-to-one because two different elements in the domain, 
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dog and cat, both correspond to 11 (and also because three different elements in the 
domain correspond to 10). 

Figure 8 illustrates the distinction among one-to-one functions, functions that are 
not one-to-one, and relations that are not functions. 





Domain Range Domain Range 
(a) One-to-one function: (b) Nota one-to-one function: (c) Nota function: 
Each xin the domain has y, is the image of both x, has two images, 
one and only one image xX, and x,. y, and y,. 
in the range. 
Figure 8 





Determining Whether a Function Is One-to-One 
Determine whether the following functions are one-to-one. 


(a) For the following function, the domain represents the ages of five males, and the 
range represents their HDL (good) cholesterol scores (mg/dL). 


Age HDL Cholesterol 





(b) { (—2, 6), (ut eye (0,2), (1,5); (2,8) } 


Solution (a) The function is not one-to-one because there are two different inputs, 55 and 61, 
that correspond to the same output, 38. 


(b) The function is one-to-one because every distinct input corresponds to a different 
output. 


onmes- Now Work PROBLEMS 13 AND 17 


For functions defined by an equation y = f(x) and for which the graph of f is 
known, there is a simple test, called the horizontal-line test, to determine whether f 
is one-to-one. 


( tHeoREM Horizontal-line Test 


If every horizontal line intersects the graph of a function fin at most one point, 
then fis one-to-one. eu 


The reason why this test works can be seen in Figure 9, where the horizontal 
line y = h intersects the graph at two distinct points, (x,;,4) and (x,,h). Since h is 
Figure 9 the image of both x, and x, and x, # Xx, fis not one-to-one. Based on Figure 9, we 
f(x.) = f(x) = hand x, # x3; can state the horizontal-line test in another way: If the graph of any horizontal line 
f is not a one-to-one function. intersects the graph of a function f at more than one point, then fis not one-to-one. 
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| EXAMPLE 2 | Using the Horizontal-line Test 


Solution 


In Words 

Suppose that f Is a one-to-one 
function so that the input 5 
corresponds to the output 10. 
For the inverse function f ?, 
the input 10 will correspond 
COSMeOuED ES, 


y 





For each function, use its graph to determine whether the function is one-to-one. 
(a) f(x) = x° (b) g(x) = 3° 


(a) Figure 10(a) illustrates the horizontal-line test for f(x) = x’. The horizontal 
line y = 1 intersects the graph of f twice, at (1,1) and at (—1,1), so fis not 
one-to-one. 

(b) Figure 10(b) illustrates the horizontal-line test for g(x) = x°. Because 
every horizontal line intersects the graph of g exactly once, the function g is 
one-to-one. 





(a) A horizontal line intersects the graph (b) Every horizontal line intersects the graph 


twice; f is not one-to-one. exactly once; g is one-to-one. 
Figure 10 = 


opm NOW Work PROBLEM 21 


Look more closely at the one-to-one function g(x) = x°. This function is an 
increasing function. Because an increasing (or decreasing) function always has 
different y-values for unequal x-values, it follows that a function that is increasing 
(or decreasing) over its domain is also a one-to-one function. 


( THEOREM 


e A function that is increasing on an interval / is a one-to-one function on J. 
e A function that is decreasing on an interval / is a one-to-one function on J. SS 


One-to-one functions y = f(x) have an important property. Corresponding to 
each x in the domain of f, there is exactly one y in the range because fis a function. 
And corresponding to each y in the range of f, there is exactly one x in the domain 
because f is one-to-one. The function represented by the correspondence from the 
range back to the domain is called the inverse function of f. 


C DEFINITION Inverse Function 


Suppose y = f(x) isa one-to-one function. The correspondence from the range 
of f to the domain of fis called the inverse function of f. The symbol f ! is used 
to denote the inverse function of f. In other words, if y = f(x) is a one-to-one 
function, then fhas an inverse function f | andx = f '(y). J 
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2 Obtain the Graph of the Inverse Function from the Graph 
of a One-to-One Function 


y oe Suppose (a, b) isa point on the graph of a one-to-one function f defined by y = f(x). 

ae Then b = f(a). This means that a = f '(b), so (b,a) is a point on the graph of 
| : the inverse function f *. The relationship between the point (a,b) on f and the 
a ast point (b,a) on f | is shown in Figure 11. The line segment with endpoints (a, b) 
and (b,a) is perpendicular to the line y = x and is bisected by the line y = x. (Do 
you see why?) It follows that the point (b,a) on f ' is the reflection about the 
line y = x of the point (a,b) onf. 





Figure 11 


C THEOREM 
The graph of a one-to-one function f and the graph of its inverse function f ! 
are symmetric with respect to the line y = x. J 


Figure 12 illustrates the theorem. Once the graph of f is known, the graph of f ! 
can be obtained by reflecting the graph of f about the line y = x. 





Figure 12 


| EXAMPLE 3 ~ Graphing an Inverse Function 


The graph in Figure 13(a) shows a one-to-one function y = f(x). Draw the graph 
of its inverse. 


Solution — First add the graph of y = x to Figure 13(a). Since the points (—2, —1), (—1,0), 
and (2,1) are on the graph of f, the points (—1, —2), (0, —-1), and (1,2) must be 
on the graph of f _'. Keeping in mind that the graph of f ' is the reflection about the 
line y = x of the graph of f, graph f '. See Figure 13(b). 





Figure 13 (a) (b) al 


ovrmemmm=--NoOw Work PROBLEM 27 
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3 Verify an Inverse Function 


Domain of f Range of f Suppose f is a one-to-one function. Then f has an inverse function f '. Figure 14 
shows the relationship between the domain and range of f and the domain and range 
of f |. As Figure 14 illustrates, 





e Domain of f = Range of f-' e¢ Range of f = Domain of f! 


Range of f a Domain of f | 


Figure 14 
Look again at Figure 14 to visualize the relationship. Starting with x, applying f, 


WARNING Be carefull f“isasymbol and then applying f | gets x back again. Starting with x, applying f ', and then 
for the inverse function of f. The —1 ann lying f gets the number x back again. To put it simply, what f does, f~! undoes, 


eo f “Is not an exponent. That and vice versa. See the illustration that follows. 
is, f — does not mean the reciprocal 


1 
of fF; F-1(x) is not equal to ——. B 


) Input x from domain of f _ f(x) sll f'(S(x)) = 
: T] Apply fot 1 Apply f =I = 
nput x from domain of f~ — > | f(x) | —> |fU -(*)) =x 


In other words, 


- 


e f l(f(x)) = x where x is in the domain of f 





e f(f-'(x)) = x where x is in the domain of f! 


J 


Consider the function f(x) = 2x, which multiplies the argument x by 2. 
The inverse oe f+ undoes whatever f does. So the inverse function of f 


is oe) = =x which divides the argument by 2. For example, f(3) = 2-3 = 6 


—_— 


f and f '(6) = = 3, so f | undoes f. This is verified by showing 


f(x) = il 1 1 
Telooae that f-'(f(x)) = fo'(2x) = 5+2e=x and f(f'(x)) = (gx) =2-9x=% 
f-\(2x) = 52x = x 
Figure 15 See Figure 15. 


| EXAMPLE 4 © Verifying Inverse Functions 


(a) Verify that the inverse of g(x) =x is g '(x) = Wx. 
(b) Verify that the inverse of f(x) = 2x + 3 is f '(x) = 5 ‘Caer e 


Solution (a) g!(g(x)) = g 2 (x3) = Wx = x for all x in the domain of g 
ge) = g( Wx) = (Wx)3 = x for all x in the domain of g! 


(b) f-'( f(x)) =f t(2x +3) ==[ (2+ 3) -3) = = 2x = x for all x in the 


domain of f 
1 1 
he a) = (3 (r-3)) = 2°5(x — 3) +3 = x for all x in the domain of fF” 


N | rR 
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| EXAMPLE 5 ~ Verifying Inverse Functions 


Verify that the inverse of f(x) = 





il 
x1 is [oo = 7 + 1. For what values of x 


is f '( f(x)) = x? For what values of x is f( f-'(x)) = x? 


Solution The domain of fis {x|x # 1} and the domain of fis {x|x # 0}. Now 





PU) = (4) - : +1=x-1+1=x providedx ~ 1 


a= 1 il 
grt 
f( f"(*)) -s(£+1)=—~+>—-=+-, provided x # 0 
(2+1)-1 - J 


ommmmmmn-- Now Work PROBLEMS 33 AND 37 


4 Find the Inverse of a Function Defined by an Equation 


The fact that the graphs of a one-to-one function f and its inverse function f ' are 
symmetric with respect to the line y = x tells us more. It says that we can obtain f ! 
by interchanging the roles of x and y in f If fis defined by the equation 


y = f(x) 
then f | is defined by the equation 
“ Need to Review? 
ae | — x= fly) 
mplicit functions are | 
“discussed in Section 2.1, The equation x = f(y) defines f ! implicitly. If we can solve this equation for y, we 


nr oe Ban : i =i ; 
will have the explicit form of f ~, that is, 


y=f'(x) 


Let’s use this procedure to find the inverse of f(x) = 2x + 3. Because fis a 
linear function and is increasing, fis one-to-one and so has an inverse function. 


| €XAMPLE6 | Finding the Inverse of a Function Defined by an Equation 


Find the inverse of f(x) = 2x + 3. Graph f and f' on the same coordinate axes. 


Step-by-Step Solution Replace f(x) with yin f(x) = 2x + 3 and obtain y = 2x + 3. Now interchange the 


Step 1 Replace f(x) with y. Then variables x and y to obtain 
interchange the variables x and y. 


This equation defines the inverse ae ee 
function f ~ implicitly. This equation defines the inverse function f | implicitly. 
Step 2 If possible, solve the To find the explicit form of the inverse, solve x = 2y + 3 for y. 
implicit equation for y in terms _ 
of x to obtain the explicit form ray 
er = 2y+3=x 
2y=x-3 Subtract 3 from both sides. 
1 
Ls (x — 3) Multiply both sides by = 


The explicit form of the inverse function f ! is 
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Step 3 Check the result by We verified that f and f ! are inverses in Example 4(b). 

showing that f“(f(x)) =x 1 

andf(f1(x)) =x. The graphs of f(x) = 2x + 3anditsinverse f-'(x) = 5 (x — 3) are shown in 
Figure 16. Note the symmetry of the graphs with respect to the line y = x. _J 


Steps for Finding the Inverse of a One-to-One Function 


STEP 1: In y = f(x), interchange the variables x and y to obtain 


ey) 


This equation defines the inverse function f | implicitly. 


STEP 2: If possible, solve the implicit equation for y in terms of x to obtain the 
explicit form of f *: 


y=f '(x) 





Figure 16 STEP 3: Check the result by showing that 
f°(f(x)) =x and f(f"(x)) =x 


| €XAMPLE7 | Finding the Inverse of a Function Defined by an Equation 


The function 
ee 


A 1 
x= 4 - 





f(x) 
is one-to-one. Find its inverse function and check the result. 


Solution  Srep1: Replace f(x) with y and interchange the variables x and y in 





ee cel! 
y = 
to obtain 
_ 2ytd 
; — 


STEP 2: Solve for y. 
atl 
y-1 
x(y—1) =2y +1 Multiply both sides by y — 1. 
xy —x =2y+ 1 Use the Distributive Property. 
xy —2y =x+1 = Subtract 2y from both sides; add x to both sides. 
(x —2)y=x+1 — Factor. 


ee rk 
= 2 





y Divide by x — 2. 


The inverse function is 


eel 
She 





f(x) x #2 Replace y by f~1(x). 
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STEP 3: J Check: 
2x+1 





| 
2x4+1 x-1 Ax+14+x-1 aX 
—1 —_ ¢-l1 a _ —_ __ 
= gee 4 

PUN =F (a=) at 4 Big) 3 ee 

x-1 

—~ 

oa 


_ _ x+1 _ x -—2 —2(xt1j)tx-2 3x _ 
futen = (25) - oa 1 ~ x +t1-(x-2) ieee ee 


—— J 


| Exploration 


ex sane l 
In Example 7, we found that if f(x) = — ,thenf~! (x) = , = . Compare the vertical and horizontal 


asymptotes of fand f 1. = 














Result The vertical asymptote of fis x = 1, and the horizontal asymptote is y = 2. The vertical asymptote 


of ft is x = 2, and the horizontal asymptote is y = 1. | 


onmmmmme-- Now Work PROBLEMS 45 AND 59 


If a function is not one-to-one, it has no inverse function. Sometimes, though, an 
appropriate restriction on the domain of such a function yields a new function that is 
one-to-one. Then the function defined on the restricted domain has an inverse function. 


| EXAMPLES | PLE 8 Finding the Inverse of a Domain-restricted Function 


Find the inverse of y = f(x) = x’ ifx = 0. Graph fand f *. 


Solution The function y = x’ is not one-to-one. [Refer to Example 2(a).] However, restricting 
the domain of this function to x = 0, as indicated, results in a new function 
that is increasing and therefore is one-to-one. Consequently, the function defined 
by y = f(x) = x’,x = 0, has an inverse function, f'. 

Follow the steps to find f'. 


2 


STEP 1: In the equation y = x*, x = 0, interchange the variables x and y. The result is 


x=y yz0 





7 f(x) = x*,x=0 pee This equation defines the inverse function implicitly. 
: - STEP 2: Solve for y to get the explicit form of the inverse. Because y = 0, only one 
a solution for y is obtained: y = Vx.So f '(x) = Vx. 
Srep 3: W Check: f° UG) ) =f eS Ve He Sav because xr = 0 
2 x _ 
FF (x)) =f(VE) = (Ve)? = x 
Figure 17 Figure 17 illustrates the graphs of f(x) = x*,x = 0,and f !(x) = Vx. J 


Adel Eas 





If a function f is one-to-one, then it has an inverse function f !. 
Domain of f = Range of f~'; Range of f = Domain of ft. 
To verify that f~! is the inverse of f, show that f-!(f(x)) = x for every x in the domain of f and that f(f-!(x)) = x 


for every x in the domain of f!. 


The graphs of f and f ! are symmetric with respect to the line y = x. 
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5.2 Assess Your Understanding 


‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 





it 
+2 ‘lle 
x 
1. Suppose f(x) = 4x — 2. Find f (=?) (pp. 51-53) 4. Simplify: ; (pp. A40-A42) 
eed 
2. Where is the function f(x) = x” increasing? Where is it a 
decreasing? (pp. 75-76) 
Eig one. 
3. What is the domain of f(x) = >—————_-? (pp. 55-57 
Cs aera mer i ) 
Concepts and Vocabulary 
5. If x; and x» are any two different inputs of a function f, 11. Multiple Choice If (—2,3) is a point on the graph of a 
then fis one-to-one if one-to-one function f, which of the following points is on the 
6. If every horizontal line intersects the graph of a function fat no graph of f-'? 
more than one point, then fis a(n) function. (a) (3,-—2) ©) (,-3) (© (-3;2) @ (-—2.—3) 
7. If fis a one-to-one function and f(3) = 8, 12. Multiple Choice Suppose f is a one-to-one function with a 


then f ! (8) = 
8. If f-| is the inverse of a function f, then the graphs of f 
and f ' are symmetric with respect to the line 


, 
domain of {x|x # 3} andarange of {fp = =}. which of 


the following is the domain of f~!? 


9. If the domain of a one-to-one function fis | 4, co), then the (a) { x|x # 3} (b) All real numbers 
range of its inverse function f | is 
——— 2 2 
10. True or False If f and g are inverse functions, then the (c) {x|x # or * 3 (d) \x\x # 3 








domain of fis the same as the range of g. 


Skill Building 


In Problems 13-20, determine whether the function is one-to-one. 


\ 13. Domain Range 14. Domain Range 


20 Hours 
25 Hours 


30 Hours 
40 Hours 





15. Domain Range 16. Domain Range 


Hee ) CU 
ee tc te 


30 Hours 
40 Hours 





N17. { (2,6), (-3,6), (4,9), (1,10) } 18. { (—2,5), (-1,3), (3,7), (4,12)} 
19. { (0,0), (1,1), (2,16), (3,81) } 20. { (1,2), (2,8), (3,18), (4,32) } 


In Problems 21-26, the graph of a function f is given. Use the horizontal-line test to determine whether f is one-to-one. 


\ 21. YA 22, 23, 
3 
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24. 25. 26. 


os 
wo 





In Problems 27-32, the graph of a one-to-one function f is given. Draw the graph of the inverse function f. 


\ 21. y y=x 28. y=x 29, 


y 
3 


oS 
= 

| 

x< 





30. 


wo — 
= 
I| 
x 
Ce 
ph 

ws 
= 
II 
x 
Ce 
ho 
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In Problems 33-42, verify that the functions f and g are inverses of each other by showing that f(g(x)) = x and g(f(x)) = x. Give any 
values of x that need to be excluded from the domain of f and the domain of g. 














N33. f(x) =3x +4; g(x) = = (x — 4) 34. f(x) =3-—2x; g(x) = =H (x — 3) 
35. f(x) =4x — 8, g(x) = + 2 36. f(x) =2x +6; g(x) = = — 3 

N37. f(x) = 8-8 g(x) = We $8 38. f(x) = (x -2)4x=2; g(x) = Vx +2 
39. f(x) = a(x) == 40. f(x) =x; g(x) = 2 
a fe) =< SS a) - SS a2. f(x) =F a(x) = 2S 


In Problems 43-54, the function f is one-to-one. (a) Find its inverse function f—' and check your answer. (b) Find the domain and the range 
of f and f_'. (c) Graph f, f-', and y = x on the same coordinate axes. 








43. f(x) = 3x 44, f(x) = —4x N45. f(x) = 4x +2 
46. f(x) = 1 — 3x 47. f(x) =x -1 48. f(x) =x +1 
49. f(x) =x? +4, x=0 50. f(x) =x° +9, x =0 51. f(x) -< 

3 1 4 
52. f(x) = are 53. f(x) = a5 54. f(x) = 9 
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In Problems 55-72, the function f is one-to-one. (a) Find its inverse function f—' and check your answer. (b) Find the domain and the range 





























of fand f~. 

55. f(x) =4—— 56. f(x) = — 57. f(x) = =. 

58. f(x) = = X59. f(x) = = ; 60. f(x) = — : 

61. f(x) = = — 62. f(x) = = 63. f(x) = oo 

64. f(x) = => 65. f(x) = x x>0 66. f(x) = r+ x >0 
67. f(x) =x3-4, x=0 68. f(x) =x7+5 69. f(x) = Wx - 2 

70. f(x) = Wx +13 71. f(x) = F(x = 1)? +2 x=1 72. f(x) =2Vx+3-5 


Applications and Extensions 


7 


Use the graph of y = f(x) given in Problem 27 to evaluate 
the following: 


(a) f(-1) @® ft) OftQ) @® f'(2) 


74. Use the graph of y = f(x) given in Problem 28 to evaluate 
the following: 
(a) f(2) @) ff) @f'(0) @W f'(-1) 


73. 
76. 
77. 


78. 


79. 


80. 


81. 


If f(7) = 13 and fis one-to-one, what is f '(13)? 

If g(—5) = 3nd gis one-to-one, what is g '(3)? 

The domain of a one-to-one function f is [5, 0%), and its 
range is [—2, co). State the domain and the range of f 1. 
The domain of a one-to-one function f is [0, 0%), and its 
range is [5, 00). State the domain and the range of f 1. 

The domain of a one-to-one function g is (— 00, 0, and its 
range is [0, co). State the domain and the range of g 1. 

The domain of a one-to-one function gis | 0, 15 ],and its range 
is (0, 8). State the domain and the range of g 1. 

A function y = f(x) is increasing on the interval | 0, 5 |. What 
conclusions can you draw about the graph of y = f-!(x)? 


82. 


83. 


84. 


85. 


86. 


87. 


88. 


A function y = f(x) is decreasing on the interval [0,5]. 
What conclusions can you draw about the graph of y = f (x)? 


Find the inverse of the linear function 
f(x) =mx+b, m0 


Find the inverse of the function 


f(x) =VrP-2, O<xer 


A function f has an inverse function f |. If the graph of flies 
in quadrant I, in which quadrant does the graph of f lie? 


A function fhas an inverse function f '. If the graph of flies in 
quadrant II, in which quadrant does the graph of f lie? 


The function f(x) = |x| is not one-to-one. Find a suitable 
restriction on the domain of f so that the new function 
that results is one-to-one. Then find the inverse of the new 
function. 


The function f(x) = x* is not one-to-one. Find a suitable 
restriction on the domain of f so that the new function 
that results is one-to-one. Then find the inverse of the new 
function. 


In applications, the symbols used for the independent and dependent variables are often based on common usage. So, rather than using 
y = f(x) torepresent a function, an applied problem might use C = C(q) to represent the cost C of manufacturing q units of a good. Because 
of this, the inverse notation f—' used in a pure mathematics problem is not used when finding inverses of applied problems. Rather, the inverse 
of a function such as C = C(q) willbe q = q(C). So C = C(@q) is a function that represents the cost C as a function of the number q of 
units manufactured, and q = q(C) is a function that represents the number q as a function of the cost C. Problems 89-96 illustrate this idea. 


89. 


90. 


Vehicle Stopping Distance Taking into account reaction time, 
the distance d (in feet) that a car requires to come to a complete 
stop while traveling r miles per hour is given by the function 


d(r) = 6.97r — 90.39 


(a) Express the speed r at which the car is traveling as a 
function of the distance d required to come to a complete 
Stop. 

(b) Verify that r = r(d) is the inverse of d = d(r) by 
showing thatr(d(r)) = randd(r(d)) = d. 

(c) Predict the speed that a car was traveling if the distance 
required to stop was 300 feet. 


Height and Head Circumference The head circumference C 
of a child is related to the height H of the child (both in 
inches) through the function 


H(C) = 2.15C — 10.53 


91. 


(a) Express the head circumference C as a function of 
height H. 

(b) Verify that C = C(H#) is the inverse of H = H(C) by 
showing that H(C(H)) = Hand C(H(C)) =C. 

(c) Predict the head circumference of a child who 
is 26 inches tall. 


Ideal Body Weight One model for the ideal body weight W 


for men (in kilograms) as a function of height / (in inches) is 
given by the function 
W(h) = 50 + 2.3(h — 60) 

(a) What is the ideal weight of a 6-foot male? 

(b) Express the height / as a function of weight W. 

(c) Verify that h = h(W) is the inverse of W = W(h) by 
showing thath(W(h)) = handW(h(W)) = W. 

(d) What is the height of a male who is at his ideal weight 
of 80 kilograms? 
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9 ; 
92. Temperature Conversion The function F(C) = =C + 32 95. Gravity on Earth Ifa rock falls from a height of 100 meters 


5 ; 
b Earth, the height H t fter ¢ d 
converts a temperature from C degrees Celsius to F degrees : ener ia en ie icreaiter -beeconee i 
Fahrenheit. PP y 
(a) Express the temperature in degrees Celsius C as a function H(t) = 100 — 4.977 
of the temperature in degrees Fahrenheit F-. ; : 
(b) Verify that C = C(F) is the inverse of F = F(C) by (a) In general, quadratic functions are not one-to-one. 


However, the function H is one-to-one. Why? 
(b) Find the inverse of H and verify your result. 
(c) How long will it take a rock to fall 80 meters? 


showing that C(F(C)) = Cand F(C(F)) = F. 
(c) What is the temperature in degrees Celsius if it 
is 70 degrees Fahrenheit? 
93. Income Taxes The function 96. Period of a Pendulum The period T (in seconds) of a simple 
pendulum as a function of its length / (in feet) is given by 
T(g) = 4453.05 + 0.22(g — 38,700) 





} 

represents the 2018 federal income tax T (in dollars) due P(l) = 2m 399 
for a “single” filer whose modified adjusted gross income 
is g dollars, where 38,700 < g < 82,500. (a) Express the length /asa function of the period T. 
(a) What is the domain of the function T? (b) How long is a pendulum whose period is 3 seconds? 
(b) Given that the tax due T is an increasing linear function 97. Challenge Problem Given 

of modified adjusted gross income g, find the range of ae ed 

the function T. f(x) = a: 
(c) Find adjusted gross income g as a function of federal income 

tax T. What are the domain and the range of this function? find f ‘(x).Ifc # 0, under what conditions on a, b,c, and d 

94. Income Taxes The function isf=fl? 


T = 1905 + 0.12(g — 19,050 
(g) (g ) 98. Challenge Problem Ifh(x) = (f°g) (x), findh'! in terms 


represents the 2018 federal income tax T (in dollars) due for of f-! and g7). 

a “married filing jointly” filer whose modified adjusted gross 

income is g dollars, where 19,050 < g S 77,400. 

(a) What is the domain of the function 7? 

(b) Given that the tax due Tis an increasing linear function 
of modified adjusted gross income g, find the range of 


2X oS, =O 


99. Challenge Problem For f(x) = { a, 


(a) Find the domain and range of f. 


the function T. (b) Find f. 

(c) Find adjusted gross income g as a function of federal (c) Find the domain and range of f’?. 
income tax 7. What are the domain and the range of this 
function? 


Explaining Concepts: Discussion and Writing 


100. Can a one-to-one function and its inverse be equal? What 103. Is every odd function one-to-one? Explain. 
must be true about the graph of f for this to happen? Give 104 


. Suppose that C(g) represents the cost C, in dollars, of 
some examples to support your conclusion. 


manufacturing g cars. Explain what C~'( 800,000) represents. 

101. Draw the graph of a one-to-one function that contains the 105 
points (—2, —3), (0,0), and (1, 5). Now draw the graph of 
its inverse. Compare your graph to those of other students. 
Discuss any similarities. What differences do you see? 


. Explain why the horizontal-line test can be used to identify 
one-to-one functions from a graph. 


106. Explain why a function must be one-to-one in order to have 
an inverse that is a function. Use the function y = x’ to 
support your explanation. 


102. Give an example of a function whose domain is the set of 
real numbers and that is neither increasing nor decreasing 
on its domain, but is one-to-one. 

[Hint: Use a piecewise-defined function. ] 





Retain Your Knowledge 





Problems 107-116 are based on material learned earlier in the course. The purpose of these problems is to keep the material fresh in 
your mind so that you are better prepared for the final exam. 


107. If f(x) = 3x? —7x,find f(x + h) — f(x). 109. Use the techniques of shifting, compressing or stretching, 
108. Find the zeros of the quadratic function and reflections to graph f(x) = —|x + 2| + 3. 
_— 2,2 6x? — 1ix — 2 
ee i a 110. Find the domain of R(x) = aS Find any 
What are the x-intercepts, if any, of the graph of the . . 2x* —x — 6 
function? Find the vertex. Is it a maximum or minimum? horizontal, vertical, or oblique asymptotes. 


Is the graph concave up or concave down? 
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111. Find an equation of a circle with center (—3,5) and X 114. Solve for D:2x + 2yD = xD + y 


radius 7 X 115. Find the average rate of change of f(x) = —3x* + 2x + 1 
112. Find an equation of the line that contains the point (—4, 1) from 2 to 4. 


and is perpendicular to the line 3x — 6y = 5. Write the X 116. Find the difference quotient of f: f(x) = ‘ ore 
equation in slope-intercept form. 


113. Is the function f(x) = : 


x 
—3 am even, odd, or neither? 
a 





‘Are You Prepared?’ Answers 





1. x 2. Increasing on [ 0, co ); decreasing on (— co, 0] 3. {x|x # —6,x 4 3} 4. j x #0,x A -1 
=X, 


5.3 Exponential Functions 


PREPARING FOR THIS SECTION Before getting started, review the following: 


Exponents (Section A.1, pp. A7-A9 and Average Rate of Change (Section 2.3, pp. 79-81) 
Section A.10, pp. A87—A88) Quadratic Functions (Section 3.3, pp. 143-152) 
Graphing Techniques: Transformations (Section 2.5, Linear Functions (Section 3.1, pp. 125-128) 

pp. 98-107) Horizontal Asymptotes (Section 4.3, pp. 203-205) 
Solving Equations (Section A.6, pp. A44—-A51) 


%& Now Work the ‘Are You Prepared?’ problems on page 290. 


OBJECTIVES 1 Evaluate Exponential Functions (p. 279) 
2 Graph Exponential Functions (p. 283) 
3 Define the Number e (p. 286) 
4 Solve Exponential Equations (p. 288) 





1 Evaluate Exponential Functions 


Appendix A, Section A.10 gives a definition for raising a real number a to a rational 
power. That discussion provides meaning to expressions of the form 


a 


where the base a is a positive real number and the exponent r is a rational number. 
But what is the meaning of a*, where the base ais a positive real number and the 
mas exponent x is an irrational number? Although a rigorous definition requires methods 
discussed in calculus, the basis for the definition is easy to follow: Select a rational 
number r that is formed by truncating (removing) all but a finite number of digits 
from the irrational number x. Then it is reasonable to expect that 


a~a 
For example, take the irrational number 7 = 3.14159... .Then an approximation 
to a” is 
qu = qo '4 


where the digits of a7 after the hundredths position are truncated. A better 
approximation is 


a™ ~ qi14159 


where the digits after the hundred-thousandths position are truncated. Continuing 
in this way, we can obtain approximations to a” to any desired degree of accuracy. 
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Most calculators have an key or a caret key for working with exponents. 
To evaluate expressions of the form a”, enter the base a, then press the key (or 


the key), enter the exponent x, and press |=] (or|ENTER)). 


| €XAMPLE 1 | Using a Calculator to Evaluate Powers of 2 


Use a calculator to evaluate: 


(a) pia (b) pial (c) pi4al4 (d) pi.4142 (ec) qv2 
Solution § = (a) 2!4 = 2.639015822 (b) 2!4! = 2.657371628 
(c) 2'4!4 ~ 2.66474965 (d) 2'41 ~ 2.665119089 
(ce) 2¥? ~ 2.665144143 a) 


enummmm_m=-Now Work PROBLEM 17 


It can be shown that the laws for rational exponents hold for real exponents. 


( THeoReM Laws of Exponents 


If s,t,a,and b are real numbers with a > 0 and b > O, then 





Introduction to Exponential Growth 

Suppose a function f has the following two properties: 

e The value of f doubles with every 1-unit increase in the independent variable x. 
e ©The value of fat x = 01s 5,so f(0) = 5. 


Table 1 shows values of the function ffor x = 0, 1, 2, 3, and 4. 
Let’s find an equation y = f(x) that describes this function f. The Key fact is that 
the value of f doubles for every 1-unit increase in x. 


Table 1 


f(0) = 5 

f(1) = 2f(0) = 2-5 = 5-2! Double the value of f at 0 to get the value at 1. 
f(2) = 2f(1) = 2(5+2) =5-2* — Double the value of f at 1 to get the value at 2. 
Fo) 220) S25) a 

f(A) = 2f(3) = 26:2) =5+2' 





The pattern leads to 
f(x) = 2f(x —1) =2(5-2"") =5-2" 


( DEFINITION Exponential Function 


An exponential function is a function of the form 


where ais a positive real number (a > 0),a ~ 1,andC #¥ Oisareal number. 
The domain of fis the set of all real numbers. The base a is the growth factor, 
and, because f(0) = Ca° = C, Cis called the initial value. J 
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In the definition of an exponential function, the base a = 1 is excluded 
because this function is simply the constant function f(x) =C:l =C. 
Bases that are negative are also excluded; otherwise, many values of x would 


have to be excluded from the domain, such as x = 5 and x = ri [Recall 


that (—2)!? = V-2,(-3)37/4 = W(-3)3 = W—27, and so on, are not defined 
WARNING Itisimportantto distinguish in the set of real numbers.] 
a power function, g(x) = ax",n = 2 Transformations (vertical shifts, horizontal shifts, reflections, and so on) of a 
an integer, from an exponentialtunction, — function of the form f(x) = Ca* are also exponential functions. Examples of such 


f(x) = C-a',a ~ 1,4 > 0.Ina power exponential functions are 
function, the base ts a variable and the 














exponent Is a constant. In an exponential _ 4x = 1 7 _ 4, 3x73 
function, the base is a constant and the Cs ant oe) (=) cc a 
t| lable. 
i ec " For each function, note that the base of the exponential expression is a constant 
and the exponent contains a variable. 

In the function f(x) = 5-2", notice that the ratio of consecutive outputs is 
constant for 1-unit increases in the input. This ratio equals the constant 2, the base of 
the exponential function. In other words, 

FUT) _ = 2 Fle) _ = = 2 W3) _ aes = 2 andsoon 
f(0) SS fi) 362. (2) 5ee 
This leads to the following result. 
(THEOREM 
For an exponential function f(x) = Ca‘,a > 0,a ~ 1,andC #4 0, if x is any 
real number, then 
f(x +1) 
Sa a is 
f(x) 
In Words 
For 1-unit changes in the 
input x of an exponential Proof 
function f(x) = C:a, re 
the ratio of consecutive Fixer tT) _ Ca’ pax 1. 
) = a a=a 
outputs Is the constant a. 4 f(x) Ca* 7 











Identifying Linear or Exponential Functions 


Determine whether the given function is linear, exponential, or neither. For those that 
are linear, find a linear function that models the data. For those that are exponential, 
find an exponential function that models the data. 





Solution For each function, compute the average rate of change of y with respect to x and the 
ratio of consecutive outputs. If the average rate of change is constant, then the function 
is linear. If the ratio of consecutive outputs is constant, then the function is exponential. 


(continued) 
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Table 2 (a) Average Rate of Change Ratio of Consecutive Outputs 


ay ee ee 
Ax 0O- (-1) 
—1-2 
=-5 
1-0 
2-1 


—~7 —(-4) | 
=a 


(b) Average Rate of Change Ratio of Consecutive Outputs 


A we 
Ny I=. 
Ax 0O-(-1) 


(c) Average Rate of Change Ratio of Consecutive Outputs 


AVE. Sage 2 


ie 0=Sn 





(a 


—_ 


See Table 2(a). The average rate of change for every 1-unit increase in x is —3. 
Therefore, the function is a linear function. In a linear function the average 
rate of change is the slope m, so m = —3. The y-intercept b is the value 
of the function at x = 0, so b = 2. The linear function that models the data 
is f(x) =mx + b = —3x + 2. 


(b 


—_ 


See Table 2(b). For this function, the average rate of change is not constant. 
So the function is not a linear function. The ratio of consecutive outputs for 


a J-unit increase in the inputs is a constant, 5 Because the ratio of consecutive 

outputs is constant, the function is an exponential function with growth 
1 ee ; ee 

factora = > The initial value C of the exponential functionis C = 16, the value 


of the function at 0. Therefore, the exponential function that models the data 


1 X 
isg(x) = Ca = 16-(5) 
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(c) See Table 2(c). For this function, neither the average rate of change nor the ratio 
of two consecutive outputs is constant. Because the average rate of change is not 
constant, the function is not a linear function. Because the ratio of consecutive 
outputs is not a constant, the function is not an exponential function. i 


ovrmummmme=-Now Work PROBLEM 29 


2 Graph Exponential Functions 


If we know how to graph an exponential function of the form f(x) = a‘, then we 
can use transformations (shifting, stretching, and so on) to obtain the graph of any 
exponential function. 

First, let’s graph the exponential function f(x) = 2°. 


| €XAMPLE3 | Graphing an Exponential Function 


Graph the exponential function: f(x) = 2° 


Solution The domain of f(x) = 2" is the set of all real numbers. Begin by locating some points 
on the graph of f(x) = 2", as listed in Table 3. 

Because 2° > 0 for all x, the graph has no x-intercepts and lies above the x-axis 
for all x. The y-intercept is 1. 

Table 3 suggests that as x ~ —©v, the value of f approaches 0. Therefore, 
the x-axis (y = 0) is a horizontal asymptote of the graph of f as x ~ —oo. This 
provides the end behavior for x large and negative. 

To determine the end behavior for x large and positive, look again at Table 3. 
As x > ©, f(x) = 2* grows very quickly, causing the graph of f(x) = 2* to rise 
very rapidly. 

Using all this information, plot some of the points from Table 3 and connect them 
with a smooth, continuous curve, as shown in Figure 18. From the graph, we conclude 
that the range of f is (0, 0©). We also conclude that fis an increasing function, and 
so f is one-to-one. 


Table 3 


2-19 = 0.00098 


n 


1 
NOTE Recalla’"” = — 
q ia 





ee O24 Figure 18 f(x) = 2” _J 


Graphs that look like the one in Figure 18 occur very frequently in a variety of 
situations. For example, the graph in Figure 19 on the next page shows the annual 
revenue of Amazon, Inc. from 2000 to 2017 One might conclude from this graph that 
Amazon’s annual revenue 1s growing exponentially. 

Later in this chapter, we discuss other situations that exhibit exponential growth. 
For now, we continue to explore properties of exponential functions. 
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Amazon Revenue 
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Source: Amazon, Inc. 


Figure 19 


. The graph of f(x) = 2* in Figure 18 is typical of all exponential functions of 
ya YqP the form f(x) = a* with a > 1. Such functions are increasing functions and so are 
one-to-one. Their graphs lie above the x-axis, contain the point (0, 1), and rise rapidly 
as x > co, As x > — ov, the x-axis (y = 0) is a horizontal asymptote. There are no 
vertical asymptotes. Finally, the graphs are smooth and continuous with no corners 
or gaps. 

Figure 20 illustrates the graphs of two other exponential functions whose bases 
are larger than 1. Notice that the larger the base, the steeper the graph is when x > 0, 
and when x < QO, the larger the base, the closer the graph is to the x-axis. 





y=0 -3 


Figure 20 | Seeing the Concept 


Ae Graph Y, = 2* and compare what you see to Figure 18. Clear the screen, graph Y; = 3% and Y> = 6%, 


and compare what you see to Figure 20. Clear the screen and graph Y,; = 10* and Ys = 100% 


Properties of the Exponential Function f(x) = a“,a > 1 


e The domain is the set of all real numbers, or (—©o, ©) using interval 
notation; the range is the set of positive real numbers, or (0, ©) using 
interval notation. 


e There are no x-intercepts; the y-intercept is 1. 
e The x-axis (y = 0) isahorizontal asymptote of the graph of fas x — — co. 


e f(x) = a’‘,a > 1,18 an increasing function and is one-to-one. 
i 
e The graph of f contains the points (-1 ~) (Ol and: (ina): 


e The graph of f is smooth and continuous, with no corners or gaps. 
See Fioune Zi: 





Figure 21 f(x) =aa>1 


Now consider f(x) = a* when0 <a <1. 


| EXAMPLE 4 | Graphing an Exponential Function 


1 X 
Graph the exponential function: f(x) = (5) 


Solution 





Need to Review? = 
Reflections about the y-axis 


are discussed tn Section 2.5, 
p. 105. 


DS a i a} 


| Seeing the Concept 


Using a graphing utility, simultaneously 
graph: 


nA ae (5) 
b) 4 = 64% = (=) 


x 
Conclude that the graph of Yo = (=) 4 


for g>O, is the reflection about 


the y-axis of the graph of Y,; = a”. 





Figure 24 
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1 Xx 
The domain of f(x) = (5) is all real numbers. As before, locate some points on 
1 X 
the graph as shown in Table 4. Because (5) > 0 for all x, the range of fis the 


interval (0,00). The graph lies above the x-axis and has no x-intercepts. The 
1 Xx 

y-intercept is 1. Asx > —©&, f(x) = (5) grows very quickly. As x — 00, the values 

of f(x) approach 0. The x-axis (y = 0) is a horizontal asymptote of the graph of f 


as x — 00, The function f is a decreasing function and so is one-to-one. Figure 22 


shows the graph of f. 
y 
6 
(=2, 4) 
3 





Figure 22 f(x) = (5) =A] 


1 X 
The graph of y = (5) also can be obtained from the graph of y = 2* using 


1 X 
transformations. The graph of y = (5) = 2 “is areflection about the y-axis of the 


graph of y = 2* (replace x by —x). See Figures 23(a) and (b). 





a) y= 2% Replace x by —x; bi eos 1)" 
ne reflect about (b) y (2) 
the y-axis 


Figure 23 


1 Xx 
The graph of f(x) = (>) in Figure 22 is typical of all exponential functions of 


the form f(x) = a* with O < a < 1. Such functions are decreasing and one-to-one. 
Their graphs lie above the x-axis and contain the point (0, 1). The graphs rise rapidly 
as x > — co. As x > 0, the x-axis (y = 0) is a horizontal asymptote. There are no 
vertical asymptotes. Finally, the graphs are smooth and continuous, with no corners 
Or gaps. 

Figure 24 illustrates the graphs of two other exponential functions whose bases 
are between 0 and 1. Notice that the smaller base results in a graph that is steeper 
when x < 0. When x > 0, the graph of the equation with the smaller base is closer 
to the x-axis. 
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Properties of the Exponential Function f(x) = a“,0 <a < 1 


e The domain is the set of all real numbers, or (—°°, ©) using interval 
notation; the range is the set of positive real numbers, or (0, 0%) using 
interval notation. 


y e There are no x-intercepts; the y-intercept is 1. 
e The x-axis (y = 0) is a horizontal asymptote of the graph of fas x — 00. 
(-1, 4) e f(x) = a’,0 <a < 1, isa decreasing function and is one-to-one. 


1 
e The graph of f contains the points (-1 - ) (Oy 1) ane iia. 





e The graph of fis smooth and continuous, with no corners or gaps. See 
Figure 25 f(x) =a%O0<a<1 Figure 25: 


| EXAMPLE 5 ~ Graphing an Exponential Function Using Transformations 


Graph f(x) = 2~* — 3 and determine the domain, range, horizontal asymptote, 
and y-intercept of f. 


Solution Begin with the graph of y = 2". Figure 26 shows the steps. 





(a) y=2* Replace xby—X; (hy y= 2-% Subtract 3; (c) y=2-*-3 
reflect shift down 
about y-axis 3 units 


Figure 26 


As Figure 26(c) illustrates, the domain of f(x) = 2.* — 3 is the interval (—0o, ©) 
and the range is the interval (—3, co). The horizontal asymptote of the graph of fis 
the line y = —3. The y-intercept is f(0) = 27-3 = 1 —- 3 = -2. _J 


ommmmmm-NoOw Work PROBLEM 45 


3 Define the Number e 


Many problems that occur in nature require the use of an exponential function whose 
base is a certain irrational number, symbolized by the letter e. 
| One way of arriving at this important number e is given next. 


SECTION 5.3 Exponential Functions 287 


Historical DEFINITION Number e 
Fe atu re The number e is defined as the number that the expression 


he number e is called Euler's leg 
number in honor of the Swiss eS ie (2) 


mathematician Leonard Euler 


(1707-1783). Bg 
approaches as n — ©. In calculus, this is expressed, using limit notation, as 





2) 


Table 5 illustrates what happens to the defining expression (2) as n takes on 
increasingly large values. The last number in the right column in the table approximates e 
correct to nine decimal places. That is, e = 2.718281828.... Remember, the three 
dots indicate that the decimal places continue. Because these decimal places continue 
but do not repeat, e is an irrational number. The number e is often expressed as a 
decimal rounded to a specific number of places. For example,e ~ 2.71828 is rounded 
to five decimal places. 





Table 5 


1 
0.5 1.5 2.25 

Table 6 0.2 12 2.48832 

0.1 ted 2.59374246 


100 0.01 1.01 2./04813829 

1,000 0.001 1.001 2./16923932 

10,000 0.0001 1.0001 2./18145927 

100,000 0.00001 1.00001 2./18268237 
1,000,000 0.000001 1.000001 2./18280469 
10,000,000,000 10=22 (ee Oe 2./18281828 





The exponential function f(x) = e*, whose base is the number e, occurs with 
such frequency in applications that it is usually referred to as the exponential function. 


Most calculators have the key le*| or exp (x) |, which may be used to approximate 


the exponential function for a given value of x.* 
Use your calculator to approximate e* for x = —2,x = —1,x =0, x = 1, 


(2, e?) 


and x = 2. See Table 6. The graph of the exponential function f(x) = e” is given in 
Figure 27 Since 2 < e < 3, the graph of y = e* lies between the graphs of y = 2" 
and y = 3°. Do you see why? (Refer to Figures 18 and 20.) 


| Seeing the Concept 


X — 
te Graph Y,; = e*“ and compare what you see to Figure 27. Use eVALUEate or TABLE to verify the points on the 
Figure 27 y = e graph shown in Figure 27. Now graph Y> = 2* and Y3 = 3* onthe same screen as Y, = e*. Notice that the 


Graphing an Exponential Function Using Transformations 


Graph f(x) = —e* * and determine the domain, range, horizontal asymptote, 
and y-intercept of f. 





y=0 


*If your calculator does not have one of these keys, refer to your owner’s manual. 
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Solution Begin with the graph of y = e*. Figure 28 shows the steps. 





Figure 28 (a) y = e* Multiply by —1; (b) y= —e* Replace x by (c) y= —e*” 
reflect about X—3; 
the x-axis. shift right 
3 units. 
As Figure 28(c) illustrates, the domain of f(x) = —e* ° is the interval (— ©, oo), 
and the range is the interval (— 00, 0). The horizontal asymptote is the line y = 0. 
The y-intercept is f(0) = —e° ° = —e-? ~ —0.05. ma 
oummmm_ns-Now Work PROBLEM 57 
4 Solve Exponential Equations 
Equations that involve terms of the form a*, where a > 0 anda # 1, are referred 
to as exponential equations. Such equations can sometimes be solved by using the 
Laws of Exponents and property (3): 
In Words If a*° =a’, then u=v. (3) 


When two exponential expressions 


with the same base are equal, , 
then their exponen a a qual - Property (3) is a consequence of the fact that exponential functions are one-to-one. 
To use property (3), each side of the equality must be written with the same base. 


| EXAMPLE 7 ~ Solving Exponential Equations 


Solve each exponential equation. 


(a) 3xt1 — 81 (b) q2x-1 -_ Qx+3 
Solution (a) Since 81 = 3°, write the equation as 
ax+1 = 34 


Now the expressions on both sides of the equation have the same base, 3. Set the 
exponents equal to each other to obtain 


x+1=4 
x=3 
The solution set is {3}. 
(b) 42x-1 = gxt3 
2 (24-1). (23) (43) 4= 22. = 23 
92(2x-1) = 93(x+3) (a")> = a’ 


2(2x —1) =3(x +3) Ia" = a’, thenu = v, (property (3)). 
4x —-2=3x+9 
x= 11 
The solution set is {11}. =z 


om Now Work PROBLEMS 67 AND 77 
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| EXAMPLE 8S ~ 8 Solving an Exponential Equation 


oe a 
Solve:e ~*~ = (e*) “a 


Solution —_Use the Laws of Exponents first to get a single expression with the base e on the 


right side. 
(6)? ti pepe expo 3 
Then, 
e* = ex-3 
—x? = 2x —3 Use property (3). 
x7 + 2x -—-3=0 Place the quadratic equation in standard form. 
(x +3)(x-—1) =0 Factor. 
x=-3 or x=1 Use the Zero-Product Property. 
The solution set is {—3,1}. id} 


ommm__=e=- Now Work PROBLEM 83 


| EXAMPLES Exponential Probability 


Between 9:00 pm and 10:00 pM, cars arrive at Burger King’s drive-thru at the rate of 12 
cars per hour (0.2 car per minute). The following formula from probability theory can 
be used to determine the probability that a car will arrive within ¢ minutes of 9:00 pM. 


F(t) =1-e° 


(a) Determine the probability that a car will arrive within 5 minutes of 9 pm 
(that is, before 9:05 pM). 


(b) Determine the probability that a car will arrive within 30 minutes of 9 pm 
(before 9:30 pm). 


ie (c) Graph F. 
(d) What does F approach as ¢ increases without bound in the positive direction? 


Solution (a) The probability that a car will arrive within 5 minutes is found by evaluating F(t) 
att = 5. 


F(5) =1 — e 0) = 0.63212 


Use a calculator. 


There is a 63% probability that a car will arrive within 5 minutes. 


(b) The probability that a car will arrive within 30 minutes is found by evaluating 
F(t) att = 30. 


F(30) = 1 — e929) = 0.9975 


Use a calculator. 


There is a 99.75% probability that a car will arrive within 30 minutes. 


MORHAL FLOAT AUTO REAL RADIAN HP f] 





: tz (c) See Figure 29 for the graph of F. 


(d) As time passes, the probability that a car will arrive increases. The value that F 


1 
approaches can be found by letting t— oo. Since e °° = 5020” it follows that 


e °*! +0) as t— 00. Therefore, F(t) = 1 — e °7'—>1 as t— ©. The algebraic 


0K 30 analysis is supported by Figure 29. _J 


Figure 29 F(t) =1-—e°%* onmmmmm-NOwW Work PROBLEM 115 


290 


CHAPTER 5 Exponential and Logarithmic Functions 


SUMMARY 


Properties of the Exponential Function 


f(x) = a", 


aot 


Domain: the interval (— 00, co ); range: the interval (0, co) 


x-intercepts: none; y-intercept: 1 


Horizontal asymptote: x-axis (y = 0) asx > —©o 


Increasing; one-to-one; smooth; continuous 


See Figure 21 for a typical graph. 


Domain: the interval (— 0°, co ); range: the interval (0, co) 


x-intercepts: none; y-intercept: 1 


Horizontal asymptote: x-axis (y = 0) asx —> co 


Decreasing; one-to-one; smooth; continuous 


See Figure 25 for a typical graph. 


Ifa” = a’, thenu = v. 


5.3 Assess Your Understanding 





‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. 


43 — - 92/3 — 
pp. A87-A88) 


C= . (pp. A7—A9 and 


. Solve: x? + 3x = 4 (pp. A47-A51) 
. True or False To graph y = (x — 2)°, shift the graph 


of y = x’ to the left 2 units. (pp. 98-107) 





. Find the average rate of change of f(x) = 3x — 5 from 


x = Otox = 4. (pp. 79-81) 


Concepts and Vocabulary 





8. A(n) is a function of the form 
f(x) = Ca‘, wherea > 0,a #1, and C #0 are real 
numbers. The base a is the and C is 
the 

oe f(x +1) 
9. For an exponential function f(x) = Ca’, —~.— = 


10. 
11. 


12. 


Skil 


f(x) 
True or False The domain of the function f(x) 
where a > Oanda # 1,1s the set of all real numbers. 


— ee 


True or False The function f(x) = e” is increasing and is 
one-to-one. 


The graph of every exponential function f(x) =a’, 
where a>0O and a #1, contains the three points: 
,and 


9 











a 


14. 


15. 


16. 


. If f(x) = —3x + 10, then the graph of fis a 


2X 
y=3 





True or False The graph of the function f(x) = 
has y = 2 as a horizontal asymptote. (pp. 203-205) 


with 


slope and y-intercept . (pp. 125-128) 


. Where is the function f(x) = x* — 4x + 3 increasing? 


Where is it decreasing? (pp. 146-149) 


. If 3° = 3°, thenx = 


i xX 
True or False The graphs of y = 3* and y = (3) are 
identical. 


Multiple Choice Which exponential function is increasing? 


€@) fle) = 05") f(x) = (3) 


(ce) f(x) = (=) (d) f(x) = 0.9" 


Multiple Choice The range of the function f(x) =a’, 
where a > Oanda = 1, is the interval 
(a) (~~, 00) + (b) (~~%,0) (©) (0,00) (d) [0, ©) 


In Problems 17-28, approximate each number using a calculator. Express your answer rounded to three decimal places. 


\ 17. 


19. 


21. 


25. 


| Building 
(a) 93.14 (b) 93.141 (c) 93.1415 (d) AS 
(a) 3.177 (b) 3.1477! (c) 3.1417718 (d) 7° 
0.09 \74 
oe ees 22,(1 + —— 
) (1 +9) 
el2 %6. ets 


18. 
20. (a) 2.731 


23. 


27, 125e 9-926(7) 


(b) 92.71 
(b) 2.71°-4 


(c) 92.718 
(c) 2.718714! 


5 \ 8.63 
24. 158| — 
s8(2) 


28. 83.6e 0197095) 


(a) 92.7 (d) 2¢ 


(d) e” 


1 2.9 
8.4| — 
G) 
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In Problems 29-36, determine whether the given function is linear, exponential, or neither. For those that are linear functions, find a linear 
function that models the data; for those that are exponential, find an exponential function that models the data. 


X29. 





In Problems 37-44, the graph of an exponential function is given. Match each graph to one of the following functions. 
Uo ei (B) y= 3% (C) y= -3* (D) y= —3™ 
(2) 0 eae 5) I ia (G) yao 50D toes Garg 


37. 38. y 39. 
3 





41. 42. 





In Problems 45—56, use transformations to graph each function. Determine the domain, range, horizontal asymptote, and y-intercept of 
each function. 


N45. f(x) = 241 46. f(x) = 3-2 47. f(x) = 3 48. f(x) = 2°? 
a eg 
49. f(x) = 3-(5) 50. f(x) = s-(3) 51. f(x) =3*-2 52, f(x) = -3* +1 
53. f(x) =2+ 4"! 54. f(x) =1- 2° 55, f(x) =2+ 3% 56. f(x) =1-27° 


In Problems 57-64, begin with the graph of y = e* (Figure 27) and use transformations to graph each function. Determine the domain, 
range, horizontal asymptote, and y-intercept of each function. 


‘N57. f(x) =e* 58. f(x) = —e* 59. f(x) =e? 60. f(x) =e*-1 
6L,, j(x).=3 >e* 62. f(x) =9 — 3e~* 63. f(x) =2-—e%”? 64. f(x) = 7 — 3e” 
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In Problems 65-64, solve each equation. 


65. 6° = 6° 66. 5° = 5° 
1\* 1 1\* 1 
.(=) == 7. (—) =— 
= g 35 ? (5) 64 
73.3° = 74, 4° = 2 
77, 3°77 = 27 78. 5° +8 = 125% 
81. ex _ ext 82. et = e-* 


85. If 4° = 7, what does 4 ~ equal? 
87. If 3 * = 2, what does 3** equal? 


89. If 9° = 25, what does 3* equal? 


NX 67. 


71; 


TS 
79. 


83. 


86. 
88. 


90. 


2* = 16 68. 3" = 81 
Ces, 72. 5*1° = : 
odd a qe 76, 97+15 = 97% 
4*-2* = 167 80. 97-277 = 31 
gir OS 84. (e4)* +e" — pl2 


If 2* = 3, what does 4 * equal? 
If 5 * = 3, what does 5** equal? 


1 
12S 1000” what does 2* equal? 


In Problems 91-94, determine the exponential function whose graph is given. 


91. 








95. Find an exponential function whose graph has the horizontal 
asymptote y = 2 and contains the points (0,3) and (1,5). 


97. Suppose that f(x) = 2*. 
(a) What is f(4)? What point is on the graph of f? 


1 
(b) If f(x) = =, what is x? What point is on the graph of f? 


16 
99. Suppose that g(x) = 4° + 2. 
(a) What is g(—1)? What point is on the graph of g? 


(b) If g(x) = 66, what is x? What point is on the graph 


of g? 


i Xx 
101. Suppose that H(x) = (5) — 4, 


(a) What is H(—6)? What point is on the graph of H? 


(b) If H(x) = 12, what is x? What point is on the graph 


of H”? 
(c) Find the zero of H. 


92. 


94. 


96. 


98. 


100. 


102. 





Find an exponential function whose graph has the horizontal 
asymptote y=-—3 and contains the points (0,—2) 
and (—2,1). 
Suppose that f(x) = 3". 
(a) What is f (4)? What point is on the graph of f? 
1 

(b) If f(x) = 9: what is x ? What point is on the graph of f? 
Suppose that g(x) = 5“ — 3. 
(a) What is g(—1)? What point is on the graph of g? 
(b) If g(x) = 122, what is x? What point is on the graph 

of g? 


1 Xx 
Suppose that F(x) = (=) = 3: 
(a) What is F(—5)? What point is on the graph of F? 
(b) If F(x) = 24, what is x? What point is on the graph 
of F? 
(c) Find the zero of F. 


Mixed Practice In Problems 103-106, graph each function. Based on the graph, state the domain and the range, and find any 


intercepts. 
e* ifx <0 
103. = 
eae, if ifx =0 
=e wx 0 
105. = 
I(x) = ifx =0 


ee xntxr= 0 
ae ae = iy = 0 

—er Tx 0 
106. f(x) = = fr =0 


Applications and Extensions 


107. Optics If a single pane of glass obliterates 3% of the light 


108. 


109. 


110. 


111. 


112. 


passing through it, the percent p of light that passes through 
n successive panes is given approximately by the function 


p(n) = 100-0.97" 


(a) What percent of light will pass through 10 panes? 
(b) What percent of light will pass through 25 panes? 
(c) Explain the meaning of the base 0.97 in this problem. 


Atmospheric Pressure The atmospheric pressure p on 
a balloon or airplane decreases with increasing height. 
This pressure, measured in millimeters of mercury, is 
related to the height h (in kilometers) above sea level by 
the function 








p (h) — 7160e70:1454 


(a) Find the atmospheric pressure at a height of 2 km (over 
a mile). 
(b) What is it at a height of 10 kilometers (over 30,000 feet)? 


Depreciation The price p, in dollars, of a Honda Civic EX-L 
sedan that is x years old is modeled by 


p(x) = 22,265 -0.90* 


(a) How much should a 3-year-old Civic EX-L sedan cost? 
(b) How much should a 9-year-old Civic EX-L sedan cost? 
(c) Explain the meaning of the base 0.90 in this problem. 


Healing of Wounds The normal healing of wounds can be 
modeled by an exponential function. If Ap represents the 
original area of the wound and if A equals the area of the 
wound, then the function 


A(n) — Ayer? 


describes the area of a wound after n days following an 

injury when no infection is present to retard the healing. 

Suppose that a wound initially had an area of 100 square 

millimeters. 

(a) If healing is taking place, how large will the area of the 
wound be after 3 days? 

(b) How large will it be after 10 days? 


Advanced-Stage Pancreatic Cancer The percentage of 
patients P who have survived t years after initial diagnosis of 
advanced-stage pancreatic cancer is modeled by the function 


P(t) = 100-03! 


Source: Cancer Treatment Centers of America 

(a) According to the model, what percent of patients survive 
1 year after initial diagnosis? 

(b) What percent of patients survive 2 years after initial 
diagnosis? 

(c) Explain the meaning of the base 0.3 in the context of this 
problem. 


Endangered Species In a protected environment, the 
population P of a certain endangered species recovers over 
time ¢ (in years) according to the model 





P(t) = 30-1149" 


(a) What is the size of the initial population of the 
species? 

(b) According to the model, what will be the population of 
the species in 5 years? 


113. 


114. 


X15. 


116. 


117. 
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(c) According to the model, what will be the population of 
the species in 10 years? 

(d) According to the model, what will be the population of 
the species in 15 years? 

(e) What is happening to the population every 5 years? 


Drug Medication The function 
D(h) = 5e U-ah 


can be used to find the number of milligrams D of a certain 
drug that is in a patient’s bloodstream h hours after the 
drug has been administered. How many milligrams will be 
present after 1 hour? After 6 hours? 


Spreading of Rumors A model for the number N of people 
in a college community who have heard a certain rumor is 


N= P(1 _ ge) 


where P 1s the total population of the community and d is the 
number of days that have elapsed since the rumor began. In 
a community of 1000 students, how many students will have 
heard the rumor after 3 days? 


Exponential Probability Between 12:00 pm and 1:00 pM, cars 
arrive at Citibank’s drive-thru at the rate of 6 cars per hour 
(0.1 car per minute). The following formula from probability 
can be used to determine the probability that a car arrives 
within ¢ minutes of 12:00 pM. 


F(t) =1-e°" 


(a) Determine the probability that a car arrives within 
10 minutes of 12:00 pm (that is, before 12:10 pm). 

(b) Determine the probability that a car arrives within 
40 minutes of 12:00 pm (before 12:40 pm). 

(c) What does F approach as t becomes unbounded in the 
positive direction? 

(d) Graph F using a graphing utility. 

(e) Using INTERSECT, determine how many minutes are 
needed for the probability to reach 50%. 


Exponential Probability Between 5:00 pM and 6:00 pM, cars 
arrive at Jiffy Lube at the rate of 9 cars per hour (0.15 car 
per minute). This formula from probability can be used to 
determine the probability that a car arrives within ¢ minutes 
of 5:00 PM: 


F(t) — | - e 0-15 


(a) Determine the probability that a car arrives within 
15 minutes of 5:00 pm (that is, before 5:15 pm). 

(b) Determine the probability that a car arrives within 
30 minutes of 5:00 pm (before 5:30 PM). 

(c) What does F approach as t becomes unbounded in the 
positive direction? 

(d) Graph F. 

(e) Using INTERSECT, determine how many minutes are 
needed for the probability to reach 60%. 


Poisson Probability Between 5:00 pm and 6:00 pM, cars 
arrive ata McDonald’s drive-thru at the rate of 20 cars per 
hour. The following formula from probability can be used to 
determine the probability that x cars arrive between 5:00 pm 
and 6:00 pM. 

7 20% e720 


P(x) 





x! (continued) 
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118. 


119. 


120. 


121. 
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where 
x! =x+(x —1)+ (x — 2)e0++ +3261 


(a) Determine the probability that x = 15 cars arrive 
between 5:00 Pm and 6:00 pM. 
(b) Determine the probability that x = 


between 5:00 pm and 6:00 PM. 


Poisson Probability People enter a line for the Demon Roller 
Coaster at the rate of 4 per minute. The following formula 
from probability can be used to determine the probability 
that x people arrive within the next minute. 


20 cars arrive 








4X e~4 
P(x) = I 
where 
x! =x+(x —1)+ (x — 2) ee: 63-261 


(a) Determine the probability that x = 5 people arrive 
within the next minute. 

(b) Determine the probability that x = 8 people arrive 
within the next minute. 


Relative Humidity The relative humidity is the ratio 
(expressed as a percent) of the amount of water vapor in 
the air to the maximum amount that the air can hold at a 
specific temperature. The relative humidity, R, is found using 


the following formula: 
4221 


R = 10% rat bsaat2) 

where T is the air temperature (in °F) and D is the dew point 

temperature (in °F). 

(a) Determine the relative humidity if the air temperature 
is 50° Fahrenheit and the dew point temperature 
is 41° Fahrenheit. 

(b) Determine the relative humidity if the air temperature 
is 68° Fahrenheit and the dew point temperature 
is 59° Fahrenheit. 

(c) What is the relative humidity if the air temperature and 
the dew point temperature are the same? 


Learning Curve Suppose that a student has 500 vocabulary 
words to learn. If the student learns 15 words after 5 minutes, 
the function 


L(t) = 500(1 — e?°°!*) 


approximates the number of words L that the student will 

have learned after ¢ minutes. 

(a) How many words will the student have learned 
after 30 minutes? 

(b) How many words will the student have learned 
after 60 minutes? 


Current in an RL Circuit The equation governing the amount 
of current / (in amperes) after time f (in seconds) in a single RL 
circuit consisting of a resistance R (in ohms), an inductance L 
(in henrys), and an electromotive force E (in volts) is 


E 


P= 1 — (RD 

plii-e 
R 

+ 

E L 


122. 


123. 


124. 


125. 


(a) If FE = 120 volts, R = 10o0hms, and L = Shenrys, 
how much current J, is flowing after 0.3 second? 
After 0.5 second? After 1 second? 

(b) What is the maximum current? 

(c) Graph this function J = J,(t), measuring J along 
the y-axis and ¢ along the x-axis. 

(d) If FE = 120 volts, R= Sohms, and L = 10 henrys, 
how much current J, is flowing after 0.3 second? 
After 0.5 second? After 1 second? 

(e) What is the maximum current? 

(f) Graph the function J = J,(t) on the same coordinate 
axes as I(t). 


Current in an RC Circuit The equation governing the amount 
of current J (in amperes) after time ¢ (in microseconds) in a 
single RC circuit consisting of a resistance R (in ohms), a 
capacitance C (in microfarads), and an electromotive force E 
(in volts) is 


7a EelRo) 
R 


(a) If E =120 volts, R = 2000 ohms, and C = 1.0 microfarad, 
how much current J, is flowing initially (t = 0)? 
After 1000 microseconds? After 3000 microseconds? 

(b) What is the maximum current? 

(c) Graph the function J = /,(t), measuring J along 
the y-axis and ¢ along the x-axis. 

(d) If £ = 120 volts, R = 1000 ohms, and C = 2.0 microfarads, 
how much current J/ is flowing initially? After 
1000 microseconds? After 3000 microseconds? 

(e) What is the maximum current? 

(f) Graph the function J = J,(t) on the same coordinate 
axes as I; (ft). 

If fis an exponential function of the form f(x) = Ca* with 

growth factor 3, and if f(6) = 12, what is f(7)? 

Another Formula for e Use a calculator to compute the 

values of 


i 


1 1 
2 +e t+ eet ess + 
2! 3! n! 
forn = 4, 6, 8, and 10. Compare each result with e. 
(Hint: 1! = 1,2! = 2-1,3! = 3-2-1, 
n! = n(n — 1)+:-: + (3) (2) (1).] 
Another Formula for e Use a calculator to compute the 
various values of the expression. Compare the values to e. 


ae | 
1l+i1 
2. 2 
3+ 3 
4+4 
etc. 

















AX 126. Difference Quotient If f(x) = a‘, show that 


fet h) f(x) a1 


‘i o—— hA#0 
127. If f(x) = a‘, show that f(A + B) = f(A) -f(B). 
128. If f(x) = a‘, show that f(-—x) = ae 


129. If f(x) = a‘, show that f(ax) = [f(x)]*. 


Problems 130 and 131 define two other transcendental functions. 


130. The hyperbolic sine function, designated by sinh x, is 
defined as 


1 
sinh x = 5 (e —e*) 


__ (a) Show that f(x) = sinh x is an odd function. 
te (b) Graph f(x) = sinh x. 
131. The hyperbolic cosine function, designated by cosh x, is 
defined as 


1 
cosh x = one + e*) 
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(a) Show that f(x) = cosh x is an even function. 


Ee (b) Graph f(x) = cosh x. 
~~ (c) Refer to Problem 130. Show that, for every x, 


(cosh x)? — (sinhx)? = 1 





132. Historical Problem Pierre de Fermat (1601-1665) 
conjectured that the function 


f(x) = 2°) +1 


for x = 1,2,3,..., would always have a value equal 
to a prime number. But Leonhard Euler (1707-1783) 
showed that this formula fails for x = 5. Use a calculator 
to determine the prime numbers produced by f 
for x = 1,2,3,4. Then show that f(5) = 641 Xx 6,700,417, 
which is not prime. 


133. Challenge Problem Solve: 3**~' — 4-3% +9 =0 
134. Challenge Problem Solve: 23**! — 3+23* — 20 = 0 


Explaining Concepts: Discussion and Writing 


135. The bacteria in a 4-liter container double every minute. 
After 60 minutes the container is full. How long did it take 
to fill half the container? 


136. Explain in your own words what the number e is. Provide at 
least two applications that use this number. 


137. Do you think that there is a power function that increases 
more rapidly than an exponential function? Explain. 


Retain Your Knowledge 


138. As the base a of an exponential function f(x) =a’, 


where a > 1, increases, what happens to its graph for x > 0? 
What happens to its graph for x < 0? 


1 Xx 
139. The graphs of y = a“ andy = (*) are identical. Why? 


Problems 140-149 are based on material learned earlier in the course. The purpose of these problems is to keep the material fresh in 
your mind so that you are better prepared for the final exam. 


140. 


141. 


142. 


143. 


Solve the inequality: x° + 5x”? < 4x + 20. 
; er Sil | 
Solve the inequality: a) = hy 
= 


Find the equation of the quadratic function f that has its 

vertex at (3,5) and contains the point (2,3). 

Suppose f(x) = x? + 2x — 3. 

(a) Graph f by determining whether its graph is concave 
up or concave down and by finding its vertex, axis of 
symmetry, y-intercept, and x-intercepts, if any. 

(b) Find the domain and range of f. 

(c) Determine where f is increasing and where it is 
decreasing. 


144, Solve: 13x — (5x — 6) = 2x — (8x — 27) 


145. Find an equation for the circle with center (0,0) and 


radius r = 1. 


146. Solve:x — 16\Vx + 48 = 0 


147. If $12,000 is invested at 3.5% simple interest for 2.5 years, 
how much interest is earned? 


148. Determine where the graph of f(x) = x* — 5x? — 6 


is below the graph of g(x) = 2x? + 12 by solving the 
inequality f(x) < g(x). 


4149. Find the difference quotient of f(x) = 2x? — 7x. 


‘Are You Prepared?’ Answers 


1 
1. 04,455 2. {—4,1} 3. False 4. 3 5. True 6. line; —3; 10 I... 12,005 ( = 00, 2. 
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5.4 Logarithmic Functions 


PREPARING FOR THIS SECTION Before getting started, review the following: 


e Solving Inequalities (Section A.9, pp. A76-A79) e Polynomial and Rational Inequalities (Section 4.5, 
¢ Quadratic Inequalities (Section 3.5, pp. 165-167) pp. 224-228) 


hy Now Work the ‘Are You Prepared?’ problems on page 304. 
OBJECTIVES 1 Change Exponential Statements to Logarithmic Statements and 
Logarithmic Statements to Exponential Statements (p. 296) 
2 Evaluate Logarithmic Expressions (p. 297) 
3 Determine the Domain of a Logarithmic Function (p. 297) 
4 Graph Logarithmic Functions (p. 298) 
5 Solve Logarithmic Equations (p. 302) 





Recall that a one-to-one function y = f(x) has an inverse function that is 
defined implicitly by the equation x = f(y). In particular, the exponential 
function y = f(x) = a’, where a > O anda € 1, is one-to-one, so it has an inverse 
function that is defined implicitly by the equation 


x= @ a> 0 a#l 
This inverse function is so important that it is given a name, the logarithmic function. 


( DEFINITION Logarithmic Function with Base a 


The logarithmic function with base a, where a > 0 and a # 1, is denoted 
by y = log, x (read as “ y is the logarithm with base a of x”’) and is defined by 


y =log,x ifandonlyif x = a’ 


In Words_ | The domain of the logarithmic function y = log, x isx > 0. J 


When you need to evaluate log, x, 
think eae self “a es to = As this definition illustrates, a logarithm is a name for a certain exponent. 
HORI OMSL QUES Oe | So log, x equals the exponent to which a must be raised to obtain x. 


| EXAMPLE 1 ~ Relating Logarithms to Exponents 


(a) If y = log3 x, then x = 3”. For example, the logarithmic statement 4 = log; 81 
is equivalent to the exponential statement 81 = 3°. 








1 1 
(b) Ify = logs x, thenx = 5”. For example, —1 = loas( =) is equivalent to 5 . 


J 


1 Change Exponential Statements to Logarithmic Statements 
and Logarithmic Statements to Exponential Statements 


The definition of a logarithm can be used to convert from exponential form to 
logarithmic form, and vice versa, as illustrated in the next two examples. 


| EXAMPLE 2 ~ Changing Exponential Statements to Logarithmic Statements 


Change each exponential statement to an equivalent statement involving a logarithm. 


(a) 12 =m (b) e? =9 (c) a = 24 

Solution —_ Use the fact that y = log, x and x = a’, where a > Oanda # 1, are equivalent. 
(a) If 1.27 = m, then3 = log, m. (b) Ife’ = 9, then b = log, 9. 
(c) Ifa* = 24, then 4 = log, 24. J 


oumm___--Now Work PROBLEM 11 
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| EXAMPLE 3 ~ Changing Logarithmic Statements to Exponential Statements 


Change each logarithmic statement to an equivalent statement involving an exponent. 


Solution 


Solution 


e Domain of the logarithmic function = Range of the exponential function = (0, ©) 


(a) log, 4 =5 


(a) Iflog,4 = 5,thena> = 4. 
(b) If log, b = —3, thene > = b. 
(c) Iflog3;5 = c, then 3° = 5. 


ommmmmmmn=- Now Work PRosLEM 19 


2 Evaluate Logarithmic Expressions 


(b) log. b = —3 


(c) log35 = c 


To find the exact value of a logarithm, write the logarithm in exponential notation 


using the fact that y = log,x is equivalent to a” = x, and use the fact that if a“ = a’, 
then u = v. 


| EXAMPLE 4 ~ Finding the Exact Value of a Logarithmic Expression 


Find the exact value of: 


(a) log, 16 


(a) To find log, 16, think “2 raised to 


what power equals 16?” Then, 


y = log, 16 

2” = 16 Change to exponential form. 
Y=2 16 = 24 

y =4 __ Equate exponents. 


Therefore, log, 16 = 4. 


oevemmm=mm=- Now Work PROBLEM 27 


1 
(b) log; =— 


Zi 


1 
(b) To find log; —, think “3 raised to 


27 
what power equals he Then, 
= lo - 
y §3 7 
1 
3% = oa Change to exponential form. 
yaozgd see be 3-3 
27 «3? 
y = —3  Equate exponents. 
if 
Therefore, log3;-~ = —3. 
erefore, log; 7 i 


3 Determine the Domain of a Logarithmic Function 


The logarithmic function y = log, x has been defined as the inverse of the exponential 
function y = a‘. That is,if f(x) = a*,then f-'(x) = log, x. Based on the discussion 
in Section 5.2 on inverse functions, for a function f and its inverse f ', 


Domain of f-' = Range of f and Range of f | = Domain of f 


Consequently, it follows that 








e Range of the logarithmic function = Domain of the exponential function = (—©o, ~) 


The next box summarizes some properties of the logarithmic function. 


y = log, x 


Domain: 0<x< © 


Range: 


ifandonlyif x = a@ 





— OO = y= 


The domain of a logarithmic function consists of the positive real numbers, 
so the argument of a logarithmic function must be greater than zero. 
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| EXAMPLE 5 ~ Finding the Domain of a Logarithmic Function 








(b) a> 1 


Figure 30 


Find the domain of each logarithmic function. 


(a) F(x) = log)(x+3) — (b) g(x) = loas( 





L=— 2% 


Solution (a) The domain of F consists of all x for which x + 3 > 0, that is, x > —3. Using 
interval notation, the domain of Fis (—3, ©). 


— *) (c) A(x) = log 1 /2|x| 


(b) The domain of g is restricted to 
A ete 
Ly 





> 0 


Solve this inequality to find that the domain of g consists of all x between —1 
and 1, that is, -1 < x < 1, or, using interval notation, (—1,1). 

(c) Since |x| > 0, provided that x # 0, the domain of h consists of all real numbers 
except zero, or, using interval notation, (— 00,0) U (0, ©). 


ommmmmmm==- Now Work PROBLEMS 41 AND 47 


4 Graph Logarithmic Functions 


Because exponential functions and logarithmic functions are inverses of each other, 

the graph of the logarithmic function y = log, x is the reflection about the line y = x 

of the graph of the exponential function y = a*, as shown in Figures 30(a) and (b). 
For example, to graph y = log,x, graph y = 2" and reflect it about the 


1 X 
line y = x. See Figure 31.To graph y = log; /3 x, graph y = (;) and reflect it about 
the line y = x. See Figure 32. 





Figure 31 Figure 32 


ommenm-Now Work PROBLEM 61 


The graphs of y = log, x in Figures 30(a) and (b) lead to the following properties. 


Properties of the Logarithmic Function f(x) = log, x;a > 0,a # 1 


e The domain is the set of positive real numbers, or (0, ©) using interval 
notation; the range is the set of all real numbers, or (—©o, ©) using 
interval notation. 


e The x-intercept of the graph is 1. There is no y-intercept. 
e The y-axis (x = 0) isa vertical asymptote of the graph of f. 
e A logarithmic function is decreasing if0 < a < 1 andisincreasingifa > 1. 


1 
e The graph of f contains the points (1,0), (a, 1), and (=. -1), 


e The graph is smooth and continuous, with no corners or gaps. 


OE 
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If the base of a logarithmic function is the number e, the result is the natural 
In Words logarithm function. This function occurs so frequently in applications that it is given 
y = log. xis written y = Inx. Y a special symbol, In (from the Latin, logarithmus naturalis). That is, 


y=Inx ifandonlyif x =e (1) 


Because y = In x and the exponential function y = e* are inverse functions, 
the graph of y = In x can be obtained by reflecting the graph of y = e* about the 
line y = x. See Figure 33. 

Using a calculator with an key, we can obtain other points on the graph 
of f(x) = Inx. See Table 7 


Table 7 


| Seeing the Concept 


Graph Y, = e* and Y> = In x on the same 
Square screen. Use eVALUEate to verify the 
points on the graph given in Figure 33. Do 
you see the symmetry of the two graphs 


with respect to the line y = x? 





Figure 33 

| EXAMPLE 6 | Graphing a Logarithmic Function and Its Inverse 
(a) Find the domain of the logarithmic function f(x) = —In(x — 2). 
(b) Graph f. 


(c) From the graph, determine the range and vertical asymptote of f. 
(d) Find f~1, the inverse of f. 

(ec) Find the domain and the range of f 1. 

(f) Graph ft. 


Solution (a) The domain of fconsists of all x for which x — 2 > 0, or equivalently, x > 2.The 
domain of fis {x|x > 2}, or (2, 0) in interval notation. 
(b) To obtain the graph of y = —In(x — 2), begin with the graph of y = In x and 
use transformations. See Figure 34. 





xXx=2 
i 
I 
I 
i 
| 
I 
I 
ik (4+ 2,1) 
| 
» \03,0) 
i | 3 5 x 

| 
! (e + 2, —1) 
i 
1 

-_. ] 

Multiply by —1; Replace x by 

reflect about the X — 2; shift 

Figure 34 (a) y=Inx X-axis. (b) y= —Inx right 2 units. (c) y= —In(x— 2) 


(continued) 
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Figure 36 


(Cc) 


(d) 


(e) 


(f) 


The range of f(x) = —In(x — 2) is the set of all real numbers. The vertical 
asymptote is x = 2. [Do you see why? The original asymptote (x = 0) is shifted 
to the right 2 units.] 


To find f-', begin with y = —In(x — 2). The inverse function is defined 
implicitly by the equation 


x = —In(y — 2) 
Now solve for y. 


—x =In(y — 2) _ Isolate the logarithm. 


e*=y-2 Change to exponential form. 


y=e*+2 Solve for y. 


The inverse of fis f-'(x) = e* + 2. 

The domain of f * equals the range of f, which is the set of all real numbers, 
from part (c). The range of f | is the domain of f, which is (2, ©) in interval 
notation. 


To graph f ', use the graph of f in Figure 34(c) and reflect it about the 
line y = x. See Figure 35. We could also graph f '(x) =e* +2 using 
transformations. 





Figure 35 = 


ormummmen- Now Work PROBLEM 73 


If the base of a logarithmic function is the number 10, the result is the common 


logarithm function. If the base a of the logarithmic function is not indicated, it is 
understood to be 10. That ts, 


y =logx ifandonlyif x = 10” | 


Because y = log x and the exponential function y = 10” are inverse functions, 


the graph of y = log x can be obtained by reflecting the graph of y = 10* about the 
line y = x. See Figure 36. 
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| EXAMPLE 7 ~ Graphing a Logarithmic Function and Its Inverse 


(a) Find the domain of the logarithmic function f(x) = 3 log (x — 1). 
(b) Graph f. 

(c) From the graph, determine the range and vertical asymptote of f. 
(d) Find f !, the inverse of f. 

(ec) Find the domain and the range of f¢. 

(f) Graph ft. 


Solution (a) The domain of fconsists of all x for which x — 1 > 0, or equivalently, x > 1.The 
domain of fis {x|x > 1}, or (1, 00) in interval notation. 


(b) To obtain the graph of y = 3 log(x — 1), begin with the graph of y = log x and 
use transformations. See Figure 37 





—2 4 6 8 10 12x 
—2 
1 
T (or 3) 
—_——_—_——__»- ' —— 

Replace x by x —1; Multiply by 3; vertical 

horizontal shift stretch by a factor of 3. 

right 1 unit. 

Figure 37 (a) y = log x (b) y = log (x — 1) (c) y = 3 log (x — 1) 


(c) The range of f(x) = 3 log(x — 1) is the set of all real numbers. The vertical 
asymptote is x = 1. 
(d) Begin with y = 3 log(x — 1). The inverse function is defined implicitly by the 







equation 
x = 3log(y — 1) 
Solve for y. 
y fx) = 10% + 1 a 
, 8,11) _— 3 log (y — 1) Isolate the logarithm. 
10°? = ye] Change to exponential form. 
f(x) = 3 log (x — 1) y=1077 +1 — Solve fory. 


(11, 3) 
The inverse of fis f-!(x) = 10%? + 1. 

(ec) The domain of f ! is the range of f, which is the set of all real numbers, from 
part (c). The range of f ‘is the domain of f, which is (1, 00 ) in interval notation. 


(f) To graph f!, use the graph of fin Figure 37(c) and reflect it about the line y = x. 
Figure 38 See Figure 38. J] 


We could also graph f-!(x) = 10*/° + 1 using transformations. 


om Now Work PprRosB_tem 81 
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5 Solve Logarithmic Equations 


Equations that contain logarithms are called logarithmic equations. Care must be 
taken when solving logarithmic equations algebraically. In the expression log, M, 
remember that a and M are positive and a ¥ 1. Be sure to check each apparent 
solution in the original equation and discard any that are extraneous. 

Some logarithmic equations can be solved by changing the logarithmic equation 
to exponential form using the fact that y = log,x means a” = x. 


| EXAMPLE 8 ~ PLE 8 Solving Logarithmic Equations 


Solve: 
(a) log3(4x — 7) =2 (a) log, 64 = 2 
Solution (a) Tosolve, change the logarithmic equation to exponential form. 


log3(4x — 7) =2 


4x — 7 = 37 Change to exponential form. 


4x -—7=9 
4x = 16 
x=4 


“check: log3(4x — 7) = log3(4-4 —7) =log39 =2 37 =9 
The solution set is {4}. 
(b) To solve, change the logarithmic equation to exponential form. 


log, 64 = 2 


v= 64 Change to exponential form. 


x = +V64 = +8 _ Use the Square Root Method. 


Because the base of a logarithm must be positive, discard —8. Check the potential 
solution 8. 


/ check: logg64 =2 87 = 64 
The solution set is {8}. = 


| EXAMPLES | Using Logarithms to Solve an Exponential Equation 


Solve: e = 5 


Solution Tosolve, change the exponential equation to logarithmic form. 


OSS 
In5 = 2x Change to logarithmic form. 
In 5 ; 
= - Exact solution 


t 


0.805 Approximate solution 


In 5 
Th luti tis ( —?. 
e solution se | >| il 


ommmmmmme— NOW Work PROBLEMS 89 AND 101 
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| EXAMPLE 10 — Alcohol and Driving 


ee Blood alcohol concentration (BAC) is a measure of the amount of alcohol in a 
ae person’s bloodstream. A BAC of 0.04% means that a person has 4 parts alcohol 





Solution 


NOTE A BAC of 0.30% results In a loss 
of consciousness in most people. is 


NOTE In most states, the blood alcohol 
content at which a DUI citation Is given 
is 0.08%. a 


per 10,000 parts blood in the body. Relative risk is defined as the likelihood of one 
event occurring divided by the likelihood of a second event occurring. For example, 
if an individual with a BAC of 0.02% is 1.4 times as likely to have a car accident 
as an individual who has not been drinking, the relative risk of an accident with a 
BAC of 0.02% is 1.4. Recent medical research suggests that the relative risk R of 
having an accident while driving a car can be modeled by an equation of the form 


R=e? 
where x is the percent concentration of alcohol in the bloodstream and k is a constant. 
(a) Research indicates that the relative risk of a person having an accident with 
a BAC of 0.02% is 1.4. Find the constant & in the equation. 
(b) Using this value of k, what is the relative risk if the BAC is 0.17%? 


(c) Using this same value of k, what BAC corresponds to a relative risk of 100? 


(d) If the law asserts that anyone with a relative risk of 4 or more should not have 
driving privileges, at what concentration of alcohol in the bloodstream should a 
driver be arrested and charged with DUI (driving under the influence)? 


(a) For a blood alcohol concentration of 0.02% and a relative risk R of 1.4, 
let x = 0.02 and solve for k. 





R=¢< 
LA=eC™ R = 1.4;x = 0.02 
0.02k = In 1.4 Change to a logarithmic statement. 
In 1.4 
= a = 16.82 Solve for k. 


(b) A BAC of 0.17% means x = 0.17. Use k = 16.82 in the equation to find the 
relative risk R: 


R= ek = e (16.82) (0.17) ~ 175 


For a blood alcohol concentration of 0.17%, the relative risk R of an accident is 
about 175. That is, a person with a BAC of 0.17% is 175 times as likely to have a 
car accident as a person with no alcohol in the bloodstream. 

(c) A relative risk of 100 means R = 100. Use k = 16.82 in the equation R = e*. 
The blood alcohol concentration x obeys 





100 =e R = e™ R = 100,k = 16.82 
16.82x = In 100 Change to a logarithmic statement. 
In 100 
= —_ = (0.27 Solve for x. 


For a blood alcohol concentration of 0.27%, the relative risk R of an accident is 100. 


(d) A relative risk of 4 means R = 4. Use k = 16.82 in the equation R = e“*. The 
blood alcohol concentration x obeys 





A = pl6.82x 
16.80% — ind 
— 104 _ og 
1682. 


A driver with a BAC of 0.082% or more should be arrested and charged 
with DUI. . 
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SUMMARY 


Properties of the Logarithmic Function 


f(x) = log,x, a> 1 Domain: the interval (0, co); Range: the interval (—©o, co) 


(y = log, x if and only if x = a’) x-intercept: 1; y-intercept: none; 
vertical asymptote: x = 0 (y-axis ); increasing; one-to-one 


The graph of fis smooth and continuous. It contains the 
1 
points (2 -1) (1,0), and (a,1). 


See Figure 39(a) for a typical graph. 


f(x) =loggx, O<a<1 Domain: the interval (0, co); Range: the interval (— co, co) 


(y = log, x if and only if x = a’) x-intercept: 1; y-intercept: none; . 
vertical asymptote: x = 0 (y-axis ); decreasing; one-to-one 


The graph of fis smooth and continuous. It contains the 


1 
points (a,1), (1,0), and (2 -1) 


See Figure 39(b) for a typical graph. 


Figure 39 (b) 0<a<1 





5.4 Assess Your Understanding 


‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


=I 

1. Solve each inequality: 2. Solve the inequality: —— > 0 (pp. 226-228) 
(a) 3x — 7 < 8 — 2x (pp. A76-A79) . 
(b) x* — x — 6 > 0 (pp. 165-167) 

Concepts and Vocabulary 

3. The domain of the logarithmic function f(x) = log,x 7. True or False The graph of f(x) = log, x, where a > 0 
is ; anda # 1, has an x-intercept equal to 1 and no y-intercept. 

4. The graph of every logarithmic function f(x) = log, x, 8. Multiple Choice Select the answer that completes the 
where a >Q and a #1, contains the three points: statement: y = In x if and only if 
6 1 (a) x=e” (b) y=e* (ce) x= 10" (d) y= 10% 

5. If the graph of a logarithmic function f(x) = log, x, 9. Multiple Choice The domain of f(x) = log3(x + 2) is 
where a > 0 anda # 1, is increasing, then its base is larger 


(a) (~~, ©) (b) (2,0) (© (—2,~) @) (0,~%) 
10. Multiple Choice log; 81 equals 
(ya9 (b) 4 (2 = (d) 3 


than . 


6. True or False If y = log, x, then y = a’. 
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Skill Building 


In Problems 11-18, change each exponential statement to an equivalent statement involving a logarithm. 




















\u.9 =? 12. 16 = # 13. a? = 16 14. = 21 
is. 2°72 16. 3* = 4.6 17, e° = 8 18. e?? = M 
In Problems 19-26, change each logarithmic statement to an equivalent statement involving an exponent. 
, il 
XA. 19. log, 8 = 3 20. 1os,(2) = -2 21. log, 3 = 6 22. log, 4 = 2 
23. log32 = x 24. log, 6 = x 25. In4 = x 26. Inx = 4 
_ In Problems 27-38, find the exact value of each logarithm without using a calculator. i 
X. 27. log, 1 28. logs 8 29. log, 49 30. 1os3(5 
31. logy) 125 32. logy /39 33. log V/10 34. log W/100 
35. logy74 36. logyz9 37. Inve 38. Ine? 
In Problems 39-50, find the domain of each function. 
39. f(x) = In(x — 3) 40. g(x) = In(x — 1) N41. F(x) = log, x? 
Ad. Hin) = lopex” 43. f(x) =3- 21024( % 7 5) 44. g(x) = 8+ 5In(2x + 3) 
: 1 : eal | 
45. f(x) = in(- zs -) 46. g(x) = in(- = =) N47. g(x) = loas( ) 
1 
48. h(x) = loas(~ = -) 49. f(x) = Vinx 50. g(x) = ae 
In Problems 51-58, use a calculator to evaluate each expression. Round your answer to three decimal places. 
10 2 
ln— In = 
5 In 5 é. 3 
51. In 3 52. 3) 53. 0.04 54. Tl 
In4 + In2 log 15 + log 20 2In5 + log 50 3 log 80 — In5 
" log 4 + log 2 * In 15 + In 20 ' log 4 — In2 * log 5 + In 20 
59. Find a so that the graph of f(x) = log,x contains the point (2, 2). 
1 
60. Find a so that the graph of f(x) = log, x contains the point (5. -4) 
_ In Problems 61-64, graph each function and its inverse on the same set of axes. 
No 61. f(x) = 3% f(x) = logs x 62. f(x) = 4: f(x) = logy x 
i LV x 
63. f(x) = (5) fC) = log, 64. fx) = (F) sf") = tog, 
In Problems 65-72, the graph of a logarithmic function is given. Match each graph to one of the following functions: 
(A) y = logsx (B) y = log3(—x) (C) y = —logsx (D) y = —logs(—x) 
(E) y = log3x — 1 (F) y = log3(x — 1) (G) y = log3(1 — x) (H) y = 1— log3x 
65. y 66. 67. y 68. 





71. 
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In Problems 73-88, use the given function f. 


(a) Find the domain of f 


(b) Graph f 


(c) From the graph, determine the range and any asymptotes of f. 


(d) Find f~', the inverse of f (e) Find the domain and the range of f_'. (f) Graph f7. 
N73. f(x) = In(x + 4) 74, f(x) = In(x — 3) 75. f(x) =2+Inx 16. f(x) = ce x) 
77, f(x) = aad =i 3 78. f(x) = —2In(x + 1) 79. f(x) = log(x — 4) + 2 80. f(x) = log x = 
NX 81. f(x) = zest 82. f(x) = log(—2x) 83. f(x) =3 + log;(x +2) 84. f(x) =2 — log3(x +1) 
85. f(x) =e? — 3 86. f(x) = 3e 87. f(x) = 2 4+4 88. f(x) = -3*71 
In Problems 89-112, solve each equation. 
\\ 89. log3x = 2 90. log; x = 3 91. log, (3x + 4) =5 92. log3(3x — 2) =2 
1 
93. log, 16 = 2 94, 1oa.(5) = 3 95. Ine* = 5 96. Ine ~* = 8 
97. log, 64 = x 98. logs 625 = x 99. log; 243 = 2x + 1 100. logs 36 = 5x + 3 
: 1 
N01. ¢?* = 10 102. e * = ’ 103. e**° = 8 104. 7"! = 13 
105. log;(x*7 + 4) =2 106. logs(x7 +x+4) =2 107. log, 8 = —6 108. log; 3* = —1 
109. 5e°* = 7 110. 8-10°"’ = 3 111. 2-10°* = 5 112. 4e**! = 5 
113. Suppose that G(x) = log3;(2x + 1) — 2. 114. Suppose that F(x) = logo(x + 1) — 3. 


(a) What is the domain of G? 
(b) What is G(40)? What point is on the graph of G? 


(c) If G(x) = 3, what is x? What point is on the graph 


of G? 
(d) What is the zero of G? 


(a) What is the domain of F'? 

(b) What is F(7)? What point is on the graph of F? 

(c) If F(x) = —1, what is x? What point is on the graph 
of F’? 

(d) What is the zero of F? 


Mixed Practice In Problems 115-118, graph each function. Based on the graph, state the domain and the range, and find any intercepts. 


115. 


117. 


_ fin(-x) ifx <0 
La) = el ifx > 0 
—-Inx ifO<x<1l 
Cs ae ifx =1 


Applications and Extensions 


119. 


120. 


Chemistry The pH of a chemical solution is given by the 
formula 
pH = —logio [H™] 

where [ H" ] is the concentration of hydrogen ions in moles 

per liter. Values of pH range from 0 (acidic) to 14 (alkaline). 

(a) What is the pH of a solution for which [ H™ ] is 0.1? 

(b) What is the pH of a solution for which [ H™] is 0.01? 

(c) What is the pH of a solution for which [ H™ ] is 0.001? 

(d) What happens to pH as the hydrogen ion concentration 
decreases? 

(e) Determine the hydrogen ion concentration of an orange 
(pH = 3.5). 

(f) Determine the hydrogen ion concentration of human 
blood (pH = 7.4). 


Diversity Index Shannon’s diversity index is a measure of 

the diversity of a population. The diversity index is given by 

the formula 
H= 


— (p, log p, + p2 log po +--+ + p, log py) 


where p, is the proportion of the population that is 

species 1, p> 1s the proportion of the population that is species 2, 

and so on. In this problem, the population is people in the 

United States and the species is race. 

(a) According to the U.S. Census Bureau, the distribution of 
race in the United States in 2015 was: 


In(— x) ie = 
116. = 
Bee) ae if-1<x<0 
In x f0<x< 1 
ee = ane ifx =1 


Proportion 


White 


Black or African American 


American Indian and Alaska Native 


Asian 


Native Hawaiian and Other Pacific Islander 


Hispanic 





Two or More Races 


Source: U.S. Census Bureau 


Compute the diversity index of the United States 
in 2015. 

The largest value of the diversity index is given 
by Hinax = log(S), where S is the number of categories 
of race. Compute Aya. 


(b) 





(c) The evenness ratio is given by Ey, = 


ie 
where? = Ey = 1.If Fy = 1, there is complete evenness. 
Compute the evenness ratio for the United States. 
Obtain the distribution of race for the United States 
in 2010 from the Census Bureau. Compute Shannon’s 
diversity index. Is the United States becoming more 
diverse? Why? 








(d) 


121. 


122. 


123. 


124. 


Atmospheric Pressure The atmospheric pressure p on 
an object decreases with increasing height. This pressure, 
measured in millimeters of mercury, is related to the 
height h (in kilometers) above sea level by the function 


p (h) = 7160e70:1454 


(a) Find the height of an aircraft if the atmospheric pressure 
is 320 millimeters of mercury. 

(b) Find the height of a mountain if the atmospheric pressure 
is 667 millimeters of mercury. 


Healing of Wounds The normal healing of wounds can be 
modeled by an exponential function. If Ag represents the 
original area of the wound, and if A equals the area of the 
wound, then the function 


A (n) = Ave 


describes the area of a wound after n days following an injury 

when no infection is present to retard the healing. Suppose 

that a wound initially had an area of 100 square millimeters. 

(a) If healing is taking place, after how many days will the 
wound be one-half its original size? 

(b) How long before the wound is 10% of its original size? 


Exponential Probability Between 12:00 pm and 1:00 pM, 
cars arrive at Citibank’s drive-thru at the rate of 6 cars per 
hour (0.1 car per minute). The following formula from 
probability can be used to determine the probability that a 
car will arrive within ¢ minutes of 12:00 PM. 


F(t) =1-e¢°" 


(a) Determine how many minutes are needed for the 
probability to reach 50%. 

(b) Determine how many minutes are needed for the 
probability to reach 80%. 

(c) Is it possible for the probability to equal 100% ? Explain. 


Exponential Probability Between 5:00 Pm and 6:00 pM, 
cars arrive at Jiffy Lube at the rate of 9 cars per hour 
(0.15 car per minute). The following formula from probability 
can be used to determine the probability that a car will arrive 
within ¢ minutes of 5:00 pM. 


F(t) — | - e UlSt 
(a) Determine how many minutes are needed for the 
probability to reach 50%. 


(b) Determine how many minutes are needed for the probability 
to reach 80%. 





125. 


126. 


127. 


128. 
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Drug Medication The function 
Dih) =se"" 


can be used to find the number of milligrams D of a certain 
drug that is in a patient’s bloodstream h hours after the 
drug was administered. When the number of milligrams 
reaches 2, the drug is to be administered again. What is the 
time between injections? 


Spreading of Rumors A model for the number N of people 
in a college community who have heard a certain rumor is 


N(d) = P(1 = ere’) 


where P is the total population of the community and dis the 
number of days that have elapsed since the rumor began. In 
a community of 1000 students, how many days will elapse 
before 450 students have heard the rumor? 


Current in an RL Circuit The equation governing the 
amount of current J (in amperes) after time ¢ (in seconds) in 
a simple RL circuit consisting of a resistance R (in ohms), an 
inductance L (in henrys), and an electromotive force E (in 
volts) is 


E 
Pa ty — eH (RIL 
mil—e 


If EF = 12 volts, R = 10 ohms, and L = 5 henrys, how long 
does it take to obtain a current of 0.5 ampere? Of 1.0 ampere? 
Graph the equation. 





Learning Curve Psychologists sometimes use the function 


L(t) = A(1 -e*) 





to measure the amount L learned at time t. Here A represents 

the amount to be learned, and the number k measures the 

rate of learning. Suppose that a student has an amount A 

of 200 vocabulary words to learn. A psychologist determines 

that the student has learned 20 vocabulary words 

after 5 minutes. 

(a) Determine the rate of learning k. 

(b) Approximately how many words will the student have 
learned after 10 minutes? 

(c) After 15 minutes? 

(d) How long does it take for the student to learn 180 words? 


Loudness of Sound Problems 129-132 use the following discussion: The loudness L(x), measured in decibels (dB), of a sound 


: : : : : Xx = 
of intensity x, measured in watts per square meter, is defined as L(x) = 10 log 7? where I) = 10°'* watt per square meter 


is the least intense sound that a human ear can detect. Determine the loudness, in decibels, of each of the following sounds. 


129. 


130. 


Normal conversation: intensity of x = 10°’ watt per square 


meter. 


Amplified rock music: intensity of 10°' watt per square 


meter. 


131. Heavy city traffic: intensity of x = 10° watt per square 
meter. 


132. Diesel truck traveling 40 miles per hour 50 feet away: intensity 
10 times that of a passenger car traveling 50 miles per hour 
50 feet away, whose loudness is 70 decibels. 
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The Richter Scale Problems 133 and 134 use the following discussion: The Richter scale is one way of converting seismographic 
readings into numbers that provide an easy reference for measuring the magnitude M of an earthquake. All earthquakes are compared to a 
zero-level earthquake whose seismographic reading measures 0.001 millimeter at a distance of 100 kilometers from the epicenter. An 


earthquake whose seismographic reading measures x millimeters has magnitude M (x), given by 


M(x) = loe( =) 


where x) = 10° is the reading of a zero-level earthquake the same distance from its epicenter. In Problems 133 and 134, determine the 


magnitude of each earthquake. 


133. Magnitude of an Earthquake Mexico City in 1985: 
seismographic reading of 125,892 millimeters 100 kilometers 
from the center 


134. Magnitude of an Earthquake San Francisco in 1906: 
seismographic reading of 50,119 millimeters 100 kilometers 
from the center 


135. Alcohol and Driving The concentration of alcohol in a 
*m™ person’s bloodstream is measurable. Suppose that the 
relative risk R of having an accident while driving a car can 

be modeled by an equation of the form 


R= 


where x is the percent concentration of alcohol in the 

bloodstream and k is a constant. 

(a) Suppose that a concentration of alcohol in the 
bloodstream of 0.03 percent results in a relative risk of 
an accident of 1.4. Find the constant k in the equation. 

(b) Using this value of k, what is the relative risk if the 
concentration is 0.17 percent? 

(c) Using the same value of k, what concentration of alcohol 
corresponds to a relative risk of 100? 

(d) If the law asserts that anyone with a relative risk of 
having an accident of 5 or more should not have driving 
privileges, at what concentration of alcohol in the 
bloodstream should a driver be arrested and charged 
with a DUI? 

(e) Compare this situation with that of Example 10. If you 
were a lawmaker, which situation would you support? 
Give your reasons. 


Explaining Concepts: Discussion and Writing 


140. Is there any function of the form y = x*,0 <a < 1, that 
increases more slowly than a logarithmic function whose 
base is greater than 1? Explain. 


141. In the definition of the logarithmic function, the base a is not 
allowed to equal 1. Why? 


142. Critical Thinking In buying a new car, one consideration 
might be how well the price of the car holds up over time. 
Different makes of cars have different depreciation rates. 
One way to compute a depreciation rate for a car is given 
here. Suppose that the current prices of a certain automobile 
are as shown in the table. 


-Retain Your Knowledge 


136. The Marriage Problem There is an infamous problem 
from mathematics that attempts to quantify the number of 


potential mates one should date before choosing one’s “true 
love.” The function 


L(x) = -xInx 


represents the probability of finding the ideal mate after 
rejecting the first x proportion of potential mates. For 
example, if you reject the first 20% = 0.20 of individuals 
you date, the probability of finding the ideal mate 
is L(0.2) ~ 0.322. So, if you want the probability of 
finding the ideal mate to be greater than 0.332 and you are 
only willing to date up to 20 individuals, you should reject 
the first 0.2(20) = 4 individuals before attempting to 
decide on the ideal mate. Presumably, you are using those 
first 4 individuals to help you decide which traits you value 
in a mate. 
(a) Determine and interpret L (0.1). 
(b) Determine and interpret L (0.6). 
(c) What is the domain of L? 
A (d) Graph L = L(x) over the domain. 
™ (e) Judging on the basis of the approach suggested by the 
model, what is the value of x that maximizes L? What is 
the highest probability of finding the ideal mate? 


137. Challenge Problem Solve: log, (log, x) = 1 
138. Challenge Problem Solve: log>{ log4(log3x)] = 0 
139. Challenge Problem Solve: log, 9*** = x? + 1 


Age in Years 


2 3 
$38,000 $36,600 $32,400 $28,750 $25,400 $21,200 


Use the formula New = Old(e*’) to find R, the annual 
depreciation rate, for a specific time 4 When might be the 
best time to trade in the car? Consult the NADA (“blue”) 
book and compare two like models that you are interested 











in. Which has the better depreciation rate? 





Problems 143-152 are based on material learned earlier in the course. The purpose of these problems is to keep the material fresh in 


your mind so that you are better prepared for the final exam. 





iE 
143. Find the real zeros of g(x) = 4x* — 37x” + 9. What are 144, Find the average rate of change of f(x) = % from 5 


the x-intercepts of the graph of g? 


to 1. 
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145. Use the Intermediate Value Theorem to show that the 149, Solve: |2x + 17| = 45 
function f(x) = 4x° — 2x” — 7 has a real zero in the 150 


. Forensic Science The relationship between the height H of 
interval | 1,2]. 


an adult female and the length x of her tibia, in centimeters, 


146. A complex polynomial function f of degree 4 with real is estimated by the linear model H(x) = 2.90x + 61.53. If 
coefficients has the zeros —1,2, and 3 — 1. Find the incomplete skeletal remains of an adult female include a 
remaining zero(s) of f. Then find a polynomial function tibia measuring 30.9 centimeters, estimate the height of the 
that has the zeros. female. Round to the nearest tenth. 

2 = 
mn a es ba a 151. For f(x) = x°, find Ke) — 2) 2) 
. Find an equation of the line that contains the —7Z 
points (0,1) and (8, —4). Write the equation in general #152. Factor completely: 
form. (x + 5)4-7(x — 3)° + (x — 3)7+4(x + 5)? 





‘Are You Prepared?’ Answers 


1. (a) x = 3 (b) x < —2orx > 3 2.4% = —407%- > 1 


5.5 Properties of Logarithms 


OBJECTIVES 1 Work with the Properties of Logarithms (p. 309) 


2 Write a Logarithmic Expression as a Sum or Difference of 
Logarithms (p. 311) 


3 Write a Logarithmic Expression as a Single Logarithm (p. 312) 
4 Evaluate Logarithms Whose Base Is Neither 10 Nor e (p. 313) 





1 Work with the Properties of Logarithms 


Logarithms have some very useful properties that can be derived directly from the 
definition and the laws of exponents. 


| EXAMPLE 1 | Establishing Properties of Logarithms 
(a) Show that log, 1 = 0. (b) Show that log, a = 1. 


Solution (a) This fact was established when we graphed y = log, x (see Figure 30 on page 298). 
To show the result algebraically, let y = log, 1. Then 


y = log, 1 
a =1 Change to exponential form. 
Ha a® = 1sincea > 0,a #1 
y=0 Equate exponents. 

log, 1 = 0 y = log,1 

(b) Let y = log, a. Then 

y = log,a 
a=a Change to exponential form. 
w=a a=a' 
y=1 Equate exponents. 

log,a=1 y = log,a J 


To summarize: 


log, 1 =0 log,a=1 
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( THEOREM Properties of Logarithms 


In these properties, M and a are positive real numbers,a # 1, and ris any real 


number. 
e The number log, M is the exponent to which a must be raised to obtain M. 


That is, 
a&aM = M (1) 
e The logarithm with base a of a raised to a power equals that power. That is, 


logga’ =r (2) : 
The proof uses the fact that y = a* and y = log, x are inverse functions. 
Proof of Property (1) For inverse functions, 
f(f- '(x)) =x for all x in the domain of f' 
Use f(x) = a‘ and f (x) = log, x to find 
f(f 1 (x)) = ala* =x forx > 0 
Now let x = M to obtain a!°8a” = M,where M > 0. a 
Proof of Property (2) For inverse functions, 
f-'(f(x)) =x for all x in the domain of f 
Use f(x) = a‘ and f '(x) = log, x to find 


f'(f(x)) = log, a* =x for all real numbers x 


Now let x = r to obtain log, a’ = r, where r is any real number. i 
| EXAMPLE 2 ~ Using Properties of Logarithms (1) and (2) 
(a) 2°27 = 7 (b) logy» 0.2-v2 = -V/2 (c) Ine“ = kt il 


ommemmeme--Now Work PROBLEM 15 


Other useful properties of logarithms are given next. 


( THEOREM Properties of Logarithms 


In these properties, M, N, and a are positive real numbers,a # 1, andr is any 
real number. 


The Log of a Product Equals the Sum of the Logs 


log,(MN) = log, M + log, N (3) 


The Log of a Quotient Equals the Difference of the Logs 
losa( = log, M — log, N (4) 


The Log of a Power Equals the Product of the Power and the Log 


log, M’ = rlog, M (5) 
q = el! Ina (6) 
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We prove properties (3), (5), and (6) and leave the proof of property (4) as an 
exercise (see Problem 109). 


Proof of Property (3) Let A = log, M and let B = log, N. These expressions are 
equivalent to the exponential expressions 


a*=M and a2=N 


Now 
log,(MN) = log,(a‘*a?) = log, a4? Law of Exponents 
=A+B Property (2) of logarithms 
= log, M + log, N cs 


Proof of Property (5) Let A = log, M. This expression is equivalent to 
i= M 
Now 
log, M’ = log,(a*)’ = log,a’4 _ Law of Exponents 
=rA Property (2) of logarithms 


rlog, M ey 
Proof of Property (6) Property (1), with a = e, gives 
ein M — M 


Now let M = a’ and use property (5). 


, rlna r 


—€ =a a 


Ina 


Now Work prosBLtem 19 





2 Write a Logarithmic Expression as a Sum 
or Difference of Logarithms 


Logarithms can be used to transform products into sums, quotients into 
differences, and powers into factors. Such transformations are useful in certain 
calculus problems. 


| EXAMPLE 3 ~ Writing a Logarithmic Expression as a Sum of Logarithms 


Write log, (xV x? + 1),x > 0,as asum of logarithms. Express all powers as factors. 


Solution log, (xVx7 +1) =log,x + log, Vx? + 1 log,(M-N) = log,M + log,N 
Le 


= log, x + log,(x” + 1) 


1 
= log, x + 5 loga(e +1) log,M’ = rlog,M J 


| EXAMPLE 4 © Writing a Logarithmic Expression as a Difference of Logarithms 


Write 


x2 


ss i | 
x — 


as a difference of logarithms. Express all powers as factors. 


x2 


Solution merci In x* — In(x — 1)? = 2Inx — 3In(x - 1) 
ra 


oa4( = log,M — log,N log, M’ = rlog,M sail 
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| EXAMPLE 5 ~ Writing a Logarithmic Expression as a Sum 


and Difference of Logarithms 


Write 
Vx7 +1 
l0fg a7... 4u.4 * -') 
Mie 1) 
as a sum and difference of logarithms. Express all powers as factors. 
Var +1 >— 
Solution lo8s SQ Fi)t = log, x? = log ,[x° (x os iO eg Property (4) 
bal 9 
WARNING In using properties (3) = log, Vx’ + 1 — [log,x° + log,(x +1)*] Property (3) 
through (5), be careful about the values , 1/2 : j 
that the variable may assume. For = log, (x + 1)" — log, x° — log,(x + 1) 
example, the domain of the variable 1 
for log, x is x > O and for log,(x — 1) = 5 loka (x +1) — 3log,x — 4log,(x +1) Property (5) J 


is x > 1. If these expressions are 
added, the domain ts x > 1. That ts, 
logg x + logy (x — 1) = log,| x(x-1)] 

is true only for x > 1. w 


Now Work PprosBtem 51 





3 Write a Logarithmic Expression as a Single Logarithm 


Another use of properties (3) through (5) is to write sums and/or differences of 
logarithms with the same base as a single logarithm. This skill is needed to solve 
certain logarithmic equations discussed in the next section. 


| EXAMPLE 6 ~ Writing Expressions as a Single Logarithm 


Write each of the following as a single logarithm. 

Z 
(a) log, 7 + 4log, 3 (b) 3 ns — In(5? — 1) 
(c) log, x + log, 9 + log,(x* +1) — log, 5 


Solution (a) log, 7 + 4log,3 = log, 7 + log,3*  rlog,M = log,M’ 
= log, 7 + log, 81 
= log, (7°81) log, M + log,N = log,(M-N) 
= log, 567 


2 
(b) 3in8 — In(5* — 1) = In8*¥? — In(25—1) rlog,M = log, M’ 


=In4—1n24 eo (yey = 2 4 
+ M 
n( 5 “ log, log, N log, ) 
il 
— In| — 
(5) 
= In1 — In6 
= = [16 In1l = 0 


(c) log, x + log, 9 + log,(x7 +1) — log,5 = log,(9x) + log, (x7 +1) — log,5 
| 9x(x7 + 1)] — log, 5 


wpe +1) 4 
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WARNING A common error that some students make Is to express the logarithm of a sum as the 
sum of logarithms. 


logg(M +N) Isnotequalto log,M + log, N 
Correct statement log,(MN) = log,M + log,N Property (3) 


Another common error Is to express the difference of logarithms as the quotient of logarithms. 


log, M 
log, N 





log, M — loggN_ Is not equal to 


M 
Correct statement log, M — log, N = ca,( Property (4) 


A third common error Is to express a logarithm raised to a power as the product of the power times 
the logarithm. 


(loggM)" isnotequalto rlog,M 
Correct statement log,M’ = rlog,M Property (5) a 


oummmmmes- Now Work PROBLEMS 57 AND 63 


Two other important properties of logarithms are consequences of the fact that 
the logarithmic function y = log, x is a one-to-one function. 


( tHeoReM Properties of Logarithms 


In these properties, M, N, and a are positive real numbers,a # 1. 


e If M =N, then log, M = log, N. 


e Iflog, M = log, N, then M = N. 





J 


Property (7) is used as follows: Starting with the equation M = N, “take the 
logarithm of both sides” to obtain log, M = log, N. 

Properties (7) and (8) are useful for solving exponential and logarithmic equations, 
a topic discussed in the next section. 


4 Evaluate Logarithms Whose Base Is Neither 10 Nor e 


Logarithms with base 10—common logarithms—were used to facilitate arithmetic 
computations before the widespread use of calculators. (See the Historical Feature 
at the end of this section.) Natural logarithms—that is, logarithms whose base is 
the number e—remain very important because they arise frequently in the study of 
natural phenomena. 

Common logarithms are usually abbreviated by writing log, with the base 
understood to be 10, just as natural logarithms are abbreviated by In, with the base 
understood to be e. 

Most calculators have both and keys to calculate the common logarithm 
and the natural logarithm of a number, respectively. Let’s look at an example to see 
how to approximate logarithms having a base other than 10 or e. 


| EXAMPLE 7 ~ Approximating a Logarithm Whose Base Is Neither 10 Nor e 


Approximate log,7. Round the answer to four decimal places. 
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Solution |Remember, evaluating log,7 means answering the question “2 raised to what 
exponent equals 7?” Let y = log, 7. Then 2” = 7. Because 2” = 4 and 2° = 8, the 
value of log, 7 is between 2 and 3. 


2 =7 
In 2” = In7 Property (7) 
yln2 = In7 Property (5) 
y= in 7. Exact value 
In 2 


y ~ 2.8074 Approximate value rounded to four decimal places ay 


Example 7 shows how to approximate a logarithm whose base is 2 by changing 
to logarithms involving the base e. In general, the Change-of-Base Formula is used. 


( theorem Change-of-Base Formula 


Ifa ~ 1,b ¥ 1, and M are positive real numbers, then 





Proof Let y = log, M. Then 
a’ = M 
log, a’ = log, M Property (7) 
y log, a = log, M __ Property (5) 





log, M 
y = ——— _ Solve for y. 
D TECHNOLOGY NOTE Some logy a 
calculators have features for evaluating log, M 
logarithms with bases other than 10 log, M = | y = log,M 
OZ, a a 


or e. For example, the TI-84 Plus C has 
the logBASE function (under Math > 


lo In |, 1 
Math > A: logBASE). Consult the user’s Because most calculators have keys for and | In |, in practice, the 





manual for your calculator. =  Change-of-Base Formula uses either b = 10 or b = e. That is, 
log M In M 
log, M = ee and log, M = ais 
loga Ina 


| EXAMPLE 8 ~ PLE 8 Using the Change-of-Base Formula 











Approximate: 
(a) logs 89 (b) logy V5 
Round answers to four decimal places. 
log 89 log V5 
Solution logs 89 = —— ~ 2.7889 b) logys V5 = ~ 2.3219 
sii log 5 0) le8va log V2 
or or 
In 89 In V5 
logs 89 = ~ 2.7889 log. ; V5 = ~ 2.3219 
In 5 In V2 J 


oummmmmm=-Now Work PROBLEMS 23 AND 71 
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) COMMENT We can use the Change-of-Base Formula to graph logarithmic functions when 





iz | 

the base is different from e or 10. For example, to graph y = log) x, graph either y = > 
log x 

ory = ea 5° ‘ 
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SUMMARY 


Properties of Logarithms 


In the list that follows, a,b, M,N, andr are real numbers. Also,a > 0,a 4 1,b >0,b 4 1,M >0,andN > 0. 


Definition y = log, x if and only if x = a 
Properties of logarithms los, 1 =O e log,a=1 e log, M’ =rlog,M 


q°&aM = M e log,a’ =r ee 


M 
log,(MN) = log, M + log, N e los.( 4) = log, M — log, N 


If M = N, then log, M = log, N. e Iflog, M = log, N, then M = N. 


log, M 
Change-of-Base Formula log, M = O8b 
log, a 


Historical Feature 


ogarithms were invented about 1590 by functions (described in Section 5.4). Napier’s tables, published 
John Napier (1550-1617) and Joost Burgi in 1614, listed what would now be called natural logarithms of sines and 
(1552-1632), working independently. were rather difficult to use. A London professor, Henry Briggs, became 
Napier, whose work had the greater influence, interested in the tables and visited Napier. In their conversations, they 
was a Scottish lord, a secretive man whose developed the idea of common logarithms, which were published 
neighbors were inclined to believe him to in 1617. The importance of this tool for calculation was immediately 
be in league with the devil. His approach to recognized, and by 1650 common logarithms were being printed as far 
a logarithms was very different from ours; it was away as China. They remained an important calculation tool until the 
1) based on the relationship between arithmetic advent of inexpensive handheld calculators in about 1972, which has 
John Napier and geometric sequences, discussed in a decreased their calculational—but not their theoretical—importance. 
(1550-1617) later chapter, and not on the inverse function A side effect of the invention of logarithms was the popularization 
relationship of logarithms to exponential of the decimal system of notation for real numbers. 





5.5 Assess Your Understanding 


Concepts and Vocabulary 











lolog,1= 9. True or False log,(3x*) = 4 log, (3x) 
7 ae 2 log 2 
3. log, a" = 10. True or False 1oa() = ene 
4. log, (MN) = = 11. Multiple Choice Choose the expression equivalent to 2". 
7 lose( _ 7 (a) ex (b) e In 2 (c) e log x (d) e2Inx 
N SO 12. Multiple Choice Writing log, x — log, y + 2log,z asa 
6. log, M’ = single logarithm results in which of the following? 
2 

7. Iflogg M = 085 is then M = . (a) log, (x — y + 2z) (b) log, (=) 

log; 8 ——= y 


In(x + 3) ON 5 
8. True or False In(x a9 3) a In (2x) = ~In(2x) (c) log, y (d) log, 7 
Ya 
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Skill Building 

In Problems 13-28, use properties of logarithms to find the exact value of each expression. Do not use a calculator. 
13. log, 7° 14. log, 273 X15. Ine 16. IneY? 
17, 9!%13 18. el’ A 19. logg2 + loge 4 20. log, 9 + log. 4 
21. logs 35 — logs7 22. logs 16 — logs 2 \ 23. log, 6: log, 8 24. log; 8: logs 9 
25, glogs6—log,5 26, 5!0856+1og57 27, elog.216 28. clos 29 


In Problems 29-36, suppose that \n 2 = a and \n3 = DB. Use properties of logarithms to write each logarithm in terms of a and b. 


29. In 6 30. n= 31. In 1.5 32. In 0.5 
2 
33. In 8 34. In 27 35. In 6 36. In Re 


In Problems 37-56, write each expression as a sum and/or difference of logarithms. Express powers as factors. 











37. log, 36x 38. logs 5 39. logs y® 40. log, x° 
41. In(ex) 42. In 43. In= 44, In(xe*) 
45. log, (u’v’?) u>0,v>0 46. 1os:( 4) a>0,b>0 47. In(x? V1 —x) O0<x<1 
3 43/2 
+1 
48. In(xV1+x°) x>0 49. oes 7 x>3 50. loa“) x>1 
= = 
| Re 2.) 7 Aare 2_y 9 3 
\ 51. lof | 5 as 52. log] SE we 53. inf 2 | aa 
(x + 3) C2) (x + 4) 
ioe el de 5xV1 +3 5x27 W1 
54, f§ x>4 55, In————_ x >4 56. of EE 0<x<1 
= (x — 4) A(x +1) 
In Problems 57-70, write each expression as a single logarithm. 
N57. 3 logsu + 4logsv 58. 2 log,u — log3v 59. log; Vx — log3x° 
1 1 
60. los:( =) + lex 5) 61. logy(x* — 1) — Slog,(x + 1) 62. log(x* + 3x + 2) — 2log(x + 1) 
x 
. x baa aes | x’ + 2x -3 x*+ 7x +6 a a 
3 2 3 1 1 3 1 2 
66. 21 log, Vx + log3(9x*) — log; 9 67. 2 log, (5x°) — 5 loga(2x + 3) 68. 3 log (x +1) + 5 log (x + 1) 
69. 2 log.(x + 1) — log.(x + 3) — logs(x — 1) 70. 3 logs(3x + 1) — 2logs(2x — 1) — logs x 


In Problems 71-78, use the Change-of-Base Formula and a calculator to evaluate each logarithm. Round your answer to three decimal places. 


‘N71. log; 21 72. logs 18 73. logy )371 74. log 1/2 15 


75. logvz7 76. logys 8 77. log, e 78. log, V2 


tz In Problems 79-84, graph each function using a graphing utility and the Change-of-Base Formula. 


N79. y = logy x 80. y = logs x 81. y = logs(x + 2) 

82. y = logy(x — 3) 83. y = log, _,(x + 1) 84. y = log,i.(x — 2) 

85. Mixed Practice If f(x) = Inx, g(x) = e, 86. Mixed Practice If f(x) = log. x, g(x) = 2", 
and h(x) = x’, find: and h(x) = 4x, find: 
(a) (f°g) (x). What is the domain of f° g? (a) (f°g) (x). What is the domain of f° g? 
(b) (g°f) (x). What is the domain of go f? (b) (g°f) (x). What is the domain of go f? 
(c) (f°g) (5) (c) (f°g) (3) 
(d) (fch) (x). What is the domain of fo h? (d) (fch) (x). What is the domain of f° h? 
(e) (feh) (e) (e) (feh) (8) 


a 


Applications and Extensions 


SECTION 5.5 Properties of Logarithms 


In Problems 87-96, express y as a function of x. The constant C is a positive number. 


87. 
89. 
91. 
93. 


95. 


97. 
99. 


101. 
102. 
103. 


104. 


105. 


107. 


109. 


111. 


113. 


Exp 


115. 


116. 


R 


Iny=Inx+InC 

Iny =Inx + In(x +1) +1InC 
Iny =3x+InC 

In(y — 3) = -—4x + InC 


il il 
3Iny = 5 in(2x no oe 3 n(x +4) +1InC 


Find the value of log, 3+ log; 4: log, 5+ logs 6: log, 7: log? 8. 
Find the value of log, 3-log; 4+ --- -log,(m + 1) -log,4+, 2. 
Show that log, (x + Vx* — 1) + log,(x — Vx? -— 1) =0. 


Show that log,(Vx + Vx —1) + log,(Vx - Vx-1) = 


Show that In(1 + e”) = 2x + In(1 +e”). 


Difference Quotient If f(x) = log, x, show that 
If f(x) = log, x, show that —f(x) = logy), x. 


If f(x) = log, x, show that (=) =F x); 


flx +h) — f(x) 
h 


88. In y = In(x + C) 
90. Iny = 2Inx — In(x +1) +1InC 
92. ny = —2k + In€ 
94. In(y + 4) =5x+InC 
il il 
96. 2Iny = —>Inx + 3 in (x° +1) +Inc 


98. Find the value of log, 4° log, 6: logg 8. 


100. Find the value of log, 2+ log, 4: log, 8+ --- + log, 2”. 


i 


h 1/h 
= lon,( 1 as “) , h#A 0. 


106. If f(x) = log, x, show that f(AB) = f(A) + f(B). 


108. If f(x) = log, x, show that f(x*) 


af(x). 
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M 1 
Show that tos.) = log, M — log, N,wherea,M,andN — 110. Show that los.) = —log, N, where a and N are positive 


are positive real numbers anda # 1. 


it 
=———* where a 
log, a 


and b are positive real numbers,a # 1,andb # 1. 
m 


Challenge Problem Show that log, b = 


Challenge Problem Show that log,» b” log, b, 


n 
where a, b, m, and n are positive real numbers, a ~ 1, 
and b $1. 


laining Concepts: Discussion and Writing 


Graph Y, = log(x*) and Y, = 2log(x) using a graphing 
utility. Are they equivalent? What might account for any 
differences in the two functions? 


Write an example that illustrates why (log, x)" # rlog, x. 


etain Your Knowledge 


real numbers anda # 1. 


112. Challenge Problem Show that log,\/;m = log, m’, 


where a and m are positive real numbers anda # 1. 


114. Challenge Problem Find n: 


log, 3-log;4-logy5:... -log,(m +1) = 10 


117. Write an example that illustrates why 
logo(x + y) # log. x + logs y 


118. Does 3'°% (>) = —5? Why or why not? 


Problems 119-128 are based on material learned earlier in the course. The purpose of these problems is to keep the material fresh in 
your mind so that you are better prepared for the final exam. 


119 


120. 


121. 


122. 


. Use a graphing utility to solve x° — 3x? — 4x + 8 = 0. 


Round answers to two decimal places. 


Without solving, determine the character of the solution of 
the quadratic equation 4x7 — 28x + 49 = 0 in the complex 
number system. 


Find the real zeros of 
f(x) = 5x? + 44x* + 116x> + 95x? — 4x - 4 


Graph f(x) V2 — x using the techniques of shifting, 


compressing or stretching, and reflecting. State the domain _x 47 


and the range of f- 


123. Find the domain of f(x) = 2V3 — 5x — 4. 
124. Solve: 4|x + 1] — 9 < 23 
125. Find the vertex of f(x) = 


if the graph is concave up or concave down. 
126. Find the center and radius of the circle 


x* — 10x + y? + 4y = 35 





/\ 127. 


= 


5x? — 3x4 


V/y 


. Is the function f(x) = 


= xe + 4x + 5,and determine 


Find the average rate of change f(x) = x° from —1 to3. 


even, odd, or neither? 
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5.6 Logarithmic and Exponential Equations 


PREPARING FOR THIS SECTION Before getting started, review the following: 


e Using a Graphing Utility to Solve Equations e Solving Quadratic Equations (Section A.6, 
(Section B.4, pp. B6-B8) pp. A47-A51) 


\ now Work the ‘Are You Prepared?’ problems on page 322. 
OBJECTIVES 1 Solve Logarithmic Equations (p. 318) 
2 Solve Exponential Equations (p. 320) 


“e 3 Solve Logarithmic and Exponential Equations Using a Graphing 
Utility (p. 321) 





1 Solve Logarithmic Equations 


In Section 5.4, we solved logarithmic equations by changing a logarithmic expression 
to an exponential expression. That is, we used the definition of a logarithm: 


y=log,x ifandonlyif x=a@ a>) as | 


For example, to solve the equation log,(1 — 2x) = 3, write the logarithmic equation 
as an equivalent exponential equation 1 — 2x = 2° and solve for x. 


logs(1 — 2x) = 3 
1—2x=23 Change to exponential form. 


—2x =7 Simplify. 


J t 
x 5 Solve. 
You should check this solution for yourself. 

For most logarithmic equations, some manipulation of the equation (usually 
using properties of logarithms) is required to obtain a solution. Also, to avoid 
extraneous solutions with logarithmic equations, determine the domain of the 
variable first. 

Let’s begin with an example of a logarithmic equation that requires using the fact 
that a logarithmic function is a one-to-one function: 








| €XAMPLE1 | Solving a Logarithmic Equation 


Solve: 2 logs x = logs 9 


Solution The domain of the variable in this equation is x > 0. Note that each logarithm has 
the same base, 5. Now use properties of logarithms to solve the equation. 


2 logs x = logs 9 


logs x” = logs 9 rlog,M = log, M' 
= 9 Iflog,M = log, N, thenM = N. 
x=3 or x=-3 


Since the domain of the variable is x > 0, —3 1s extraneous and is discarded. 


eo check: 2logs3 = logs9 
= logs 9 


logs 3° = 
logs 9 = logs 9 
The solution set is {3}. 


opmmmmmme-Now Work PROBLEM 17 
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rlog,M = log, M’ 


~ 


Often one or more properties of logarithms are needed to rewrite the equation 
as a single logarithm. In the next example, the log of a product property is used. 


| EXAMPLE 2 © Solving a Logarithmic Equation 


Solve: logs(x + 6) + logs(x +2) =1 


Solution 


WARNING A negative solution ts 
not automatically extraneous. You 
must determine whether the potential 
solution causes the argument of any 
logarithmic expression tn the equation 
to be negative or 0. a 


The domain of the variable requires that x + 6 > 0 andx+2>0,so x > —6 
and x > —2. This means any solution must satisfy x > —2. To obtain an exact 
solution, first express the left side as a single logarithm. Then change the equation to 


an equivalent exponential equation. 


logs(x + 6) + logs(x +2) =1 
logs| (x + 6) (x + 2)] =1 

(x + 6)(x + 2) =5'=5 Change to exponential form. 

x7 + 8x +12 =5 

x7 + 8x+7=0 


log, M + log,N = log, (MN) 


Multiply out. 


Place the quadratic equation in standard form. 


te ep 1) 0 Factor. 
L=—]=—7 of X= 1 Use the Zero-Product Property. 
Only x = —1 satisfies the restriction that x > —2, so x = —7 is extraneous. The 


solution set is { —1}, which you should check. 


ovammmmme-Now Work PROBLEM 25 


| EXAMPLE 3 ~ Solving a Logarithmic Equation 


Solution 


Solve: In x = In(x + 6) — In(x — 4) 


The domain of the variable requires that x > 0,x + 6>0,andx-—4>0.Asa 
result, the domain of the variable here is x > 4. Begin the solution using the log of 


a difference property. 


Inx = In(x + 6) — In(x — 4) 








t=O 
| = | 
nx n(2** 
x +6 
X = 
x-—4 


(4-4) Ha +6 

x7 - 4x =x+6 
x7 — 5x -6=0 
(4 = 6) (x 1) 0 


x=6 ofr x=-—1 


} 


M 
InM —InN = in( 
N 


If{n M = InN, thenM = N. 


Multiply both sides by x — 4. 

Distribute. 

Place the quadratic equation in standard form. 
Factor. 


Use the Zero-Product Property. 


Because the domain of the variable is x > 4, discard —1 as extraneous. The solution 


set is {6}, which you should check. 


= 
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WARNING In using properties of logarithms to solve logarithmic equations, avoid using the property 
log, x" = rlog, x, when r is even. The reason can be seen tn this example: 
Solve: log; x* = 4 


Solution: The domain of the variable x is all real numbers except 0. 


(a) log3x* = 4 (b) log3x? = 4 log,x’ = rlog,x 
x? = 3+ = 81 Changetoexponentialform. 2 log3X = 4 Domain of variable is x > 0. 
X= —-9orx =9 log3x = 2 
x=9 


Both —9 and 9 are solutions of log3 x* = 4 (as you can verify). The solution in part (b) does not find 
the solution —9 because the domain of the variable was further restricted due to the application of 
the property log, x" = r lod, x. a 


ovummmme--NoOw Work PROBLEM 35 


2 Solve Exponential Equations 


In Sections 5.3 and 5.4, we solved exponential equations algebraically by expressing 
each side of the equation using the same base. That is, we used the one-to-one 
property of the exponential function: 


If a” = a’, thenu =v a>0O aFl 


For example, to solve the exponential equation 4**! = 16, notice that 16 = 4° and use 
1 
the one-to-one property to obtain the equation 2x + 1 = 2, from which we findx = 5: 


Not all exponential equations can be expressed so that each side of the equation 
has the same base. For such equations, other techniques often can be used to obtain 
exact solutions. 


| EXAMPLE 4 ~ Solving Exponential Equations 


Solve: (a) 2* =5 (b) 8°3* =5 


Solution (a) Because 5 cannot be written as an integer power of 2 (2* = 4 and 2’ = 8), write 
the exponential equation as the equivalent logarithmic equation. 
2*=5 
In 5 


= | 5 = 
z 052 s n2 


Change-of-Base Formula 


Alternatively, the equation 2* = 5 can be solved by taking the natural logarithm 
(or common logarithm) of each side. 
2* =5 
In2* =InS  IfM = N,thenInM = InN. 
xIn2=In5  =%InM’ = rlnM 
_ Ind 
~~ In2 
== 2.322 Approximate solution 


Exact solution 


In 5 
The solution set 1s aot 
In 2 
(Db) 333" = 5 


3% = 


Solve for 3”. 


CO; 
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Exact solution 


= —(0.428 Approximate solution 


) 
The solution set is in( >) ; 
In 3 _J 
ofmmnm=-Now Work PROBLEM 47 


| EXAMPLES | Solving an Exponential Equation 


5x-2 = 33x42 





Solve: 


Solution In this equation, the bases are 3 and 5, and we cannot express one as a power of 
the other as we did in Section 5.3 (pp. 288-289). Instead begin by taking the natural 
logarithm of both sides and then use the fact that In M’ = rlIn M. This results in an 
equation we know how to solve. 


5x2 = 33xt2 


In 5*-* = In3°**** IfM = N,InM = InN. 
(x — 2) In5 = (3x + 2) In3 In M’ = rlnM 
NOTE Because of the properties of (In mee ~~ 21n5 — (3 In 3)x r 2 1In3 Distribute. 
logarithms, exact solutions involving (in ae (313) 2 nS: 2 IS Place terms involving x on the left. 
logarithms often can be expressed in (In 5 — 3In3)x = 2(In3 + In5) fits 


multiple ways. For example, the solution 
to 5*~* = 3°**2 from Example 5 can be 


2( In 3 In) 


= SSS Exact solution 
| 2(n15 In5 — 31In3 
expressed equivalently as —————__ 
abe (a5 = In27 SZ Approximate solution 
ras in(S) among others. Do you see ae 7 2(In3 + InS) 
why? . e solution set is "Fae = Sia J 
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| EXAMPLE 6 Solving an Exponential Equation That Is Quadratic in Form 


Solve: 4" — 2% — 12 = 0 


Solution Note that 4* = (27) OY = Caw so the equation is quadratic in form and can 
be written as 


‘Cag —2%—-12=0 _ Letu = 2*%,thenuw’? — u —- 12 = 0. 
Now factor as usual. 
(2* — 4)(2* + 3) =0 (u — 4)(u + 3) = 0 
2°>—-4=0 or 2°+3=0 u-—-4=0 or u+3=0 
2 =4 2 =-3 ia] = u= 2% = -3 
The equation on the left has the solution x = 2; the equation on the right has no 
solution, since 2* > 0 for all x. The solution set is {2}. ml 
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4 3 Solve Logarithmic and Exponential Equations Using a 
Graphing Utility 
The algebraic techniques introduced in this section to obtain exact solutions can be 
- used to solve only certain types of logarithmic and exponential equations. Solutions 


for other types are generally studied in calculus, using numerical methods. For such 
types, we can use a graphing utility to approximate the solution. 
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| EXAMPLE 7 ~ Solving Equations Using a Graphing Utility 


Solve: x + e* = 
Express the solution(s) rounded to two decimal places. 


Solution The solution is found using a TI-84 Plus C by graphing Y,; = x + e* and Y, = 2 
as shown in Figure 40(a). Note that because Y, is an increasing function (do you 
know why?), there is only one point of intersection for Y,; and Y;. Using the 
INTERSECT command reveals that the solution is 0.44, rounded to two decimal 
places. Figure 40(b) shows the solution using Desmos. 


HORMAL FLOAT AUTO REAL RADIAN HF fl 
CALC INTERSECT 
Pi 























a fat, 
=. 4426544 We? 


Figure 40 (a) TI-84 Plus C (b) Desmos a3 
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5.6 Assess Your Understanding 


‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. Solve x” — 7x — 30 = 0. (pp. A47-AS1) 2. Solve (x + 3)? -—4(x +3) + 3 = 0. (pp. A47-A51) 


Re 3. Approximate the solution(s) to x*> = x” — 5 using a graphing ie 4. Approximate the solution(s) to x° — 2x + 2 = 0 using a 
utility. (pp. B6-B8) ™ graphing utility. (pp. Bo-B8) 


Skill Building 


In Problems 5-44, solve each logarithmic equation. Express irrational solutions in exact form. 


5. logyx = 2 6. log (x +6) =1 7. logs(5x) = 4 
8. log3;(3x — 1) =2 9. logy(x + 4) = log415 10. logs(2x + 3) = logs 3 
11. log,|x| = 3 12. log,|x — 7| =4 13. logs|2x — 1| = log; 13 
14. logy|3x + 4| = logg|5x — 12| 15. = log x = 3 log, 2 16. —2log,x = log,9 
\ 17. 3 log, x = —log, 27 18. 2 logs x = 3 logs4 19, 2log.(x — 5) + logg9 = 2 
20. 2 log3(x + 4) — log3;9 = 2 21. logx + log(x + 15) =2 22. logx + log (x — 21) =2 
23. log(7x + 6) = 1 + log(x — 1) 24. log(2x) — log(x — 3) =1 AQ 25. log)(x + 7) + log(x +8) =1 
26. loge(x + 4) + logg(x + 3) = 1 27. logs(x + 6) = 1 — logg(x + 4) 28. logs(x + 3) = 1 — logs(x — 1) 
29. Inx + In(x +2) =4 30. In(a 1) = Inx = 2 31. logo(x + 8) + logo(x + 7) = 2 
32. logo(x + 1) + logo(x + 7) = 3 33. log 1/3 (x? ee) = log 1/3 (x7 —x)=-1 34, log,(x? — 9) — logy(x + 3) =3 
C35. log,(x — 1) — log, (x + 6) = log,(x — 2) — log,(x + 3) 36. log, x + log,(x — 2) = log,(x + 4) 
37, 2 logs(x — 3) — logs8 = logs 2 38. log; x — 2log35 = log3(x + 1) — 2 log; 10 
39. 2 loge(x + 2) = 3logg2 + loge 4 40. 3(log7 x — log72) = 2 log74 
41. 2log;3(x + 2) = log)3(4x + 7) 42. log (x — 1) = =log 2 


43. (log,;x)* — 3log;x = 10 44. Inx —-3V Inx+2=0 
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In Problems 45—72, solve each exponential equation. Express irrational solutions in exact form. 


45. 
49. 


53. 


N57. 
61. 


N 65. 


69. 


r= 46. 5* = 25 
S712 50. 2* = 1.5 

31-2x — 4% 54. gxt1 = 51-2x 
i? 0s) 56.060" = 


62. 3% + 3° -2=0 
66. 9 — 3*t'4+1=0 
70. 2°40%° + 11-7 +5=0 


2* + 2-12 =0 
16° + 4°*' - 3 =0 
3-4" + 4-2°+ 8 =0 


\ 47. 2 = 10 48. 3° = 14 
51. 5(2*) =8 52.0314") = 02 
2 x 4 1-x 
55.(—) = 7) 56. | — = 
(2) 5) 
59.7) * =e 60. =r 


63. 


ak 


3 + 3*t1 -4=0 
67. 25" — 8-5* = —16 
4°—10-4* = 3 


ee 2 =a 
36 696 = 9 
3*— 14-3% = 5 


64. 
68. 
72. 


eG” Problems 73-86, use a graphing utility to solve each equation. Express your answer rounded to two decimal places. 
74. logo(x — 1) — loge(x + 2) = 2 


73. 
N 75. 
79. 
83. 


logs(x + 1) — logy(x -— 2) =1 


C=] Sy 716.e* =x+2 
Inx = —-x 80. In(2x) = -x +2 
e~+Inx=4 84. e* — Inx = 4 


Applications and Extensions 


87. 


88. 


89. 


90. 


91. 


92. 


f(x) = log.(x + 3) and g(x) = log,(3x + 1). 

(a) Solve f(x) = 3. What point is on the graph of f? 

(b) Solve g(x) = 4. What point is on the graph of g? 

(c) Solve f(x) = g(x). Do the graphs of f and g intersect? 
If so, where? 

(d) Solve (f + g) (x) = 7. 

(e) Solve (f — g) (x) = 2. 

f(x) = log3(x + 5) and g(x) = log3(x — 1). 

(a) Solve f(x) = 2. What point is on the graph of f? 

(b) Solve g(x) = 3. What point is on the graph of g? 

(c) Solve f(x) = g(x). Do the graphs of f and g intersect? 
If so, where? 

(d) Solve (f + g) (x) = 3. 

(e) Solve (f — g) (x) = 2. 

(a) If f(x) = 3**! and g(x) = 2°*?, graph f and g on the 
same Cartesian plane. 

(b) Find the point(s) of intersection of the graphs of f and g 
by solving f(x) = g(x). Round answers to three 
decimal places. Label any intersection points on the 
graph drawn in part (a). 

(c) Based on the graph, solve f(x) > g(x). 

(a) If f(x) = 5* ' and g(x) = 2°*1, graph f and g on the 
same Cartesian plane. 

(b) Find the point(s) of intersection of the graphs of f and g 
by solving f(x) = g(x). Label any intersection points 
on the graph drawn in part (a). 

(c) Based on the graph, solve f(x) > g(x). 

(a) Graph f(x) = 3*and g(x) = 100n the same Cartesian 
plane. 

(b) Shade the region bounded by the y-axis, f(x) = 3*, 
and g(x) = 10 on the graph drawn in part (a). 

(c) Solve f(x) = g(x) and label the point of intersection 
on the graph drawn in part (a). 


(a) Graph f(x) = 2* and g(x) = 12 0n the same Cartesian 
plane. 

(b) Shade the region bounded by the y-axis, f(x) = 2%, 
and g(x) = 12 on the graph drawn in part (a). 

(c) Solve f(x) = g(x) and label the point of intersection 
on the graph drawn in part (a). 


The =x 78. e = x? 
81. Inx=x-1 82. Inx = —x? 
85. e* =Inx 86. e * = -—Inx 


93. 


94. 


95. 


96. 


97. 


98. 


(a) Graph f(x) = 2°*! and g(x) =2°** on the same 
Cartesian plane. 

(b) Shade the region bounded by the y-axis, f(x) = 2**1, 
and g(x) = 2*"* on the graph drawn in part (a). 

(c) Solve f(x) = g(x) and label the point of intersection 
on the graph drawn in part (a). 

(a) Graph f(x) = 3%*! and g(x) 
Cartesian plane. 

(b) Shade the region bounded by the y-axis, f(x) = 3**1, 
and g(x) = 3* * on the graph drawn in part (a). 

(c) Solve f(x) = g(x) and label the point of intersection 
on the graph drawn in part (a). 

(a) Graph f(x) = 2° — 4. 

(b) Find the zero of f. 

(c) Based on the graph, solve f(x) < 0. 

(a) Graph g(x) = 3* — 9. 

(b) Find the zero of g. 

(c) Based on the graph, solve g(x) > 0. 


3*-2 on the same 


A Population Model The resident population of the United 

States in 2018 was 327 million people and was growing at 

a rate of 0.7% per year. Assuming that this growth rate 

continues, the model P(t) = 327(1.007)‘ *""® represents 

the population P (in millions of people) in year ¢. 

(a) According to this model, when will the population of the 
United States be 415 million people? 

(b) According to this model, when will the population of the 
United States be 470 million people? 


Source: U.S. Census Bureau 


A Population Model The population of the world in 2018 

was 7.63 billion people and was growing at a rate 

of 1.1% per year. Assuming that this growth rate continues, 

the model P(t) = 7.63(1.011)'*"'8 represents the 

population P (in billions of people) in year t. 

(a) According to this model, when will the population of the 
world be 9 billion people? 

(b) According to this model, when will the population of the 
world be 12.5 billion people? 


Source: U.S. Census Bureau 
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99. Depreciation The value V of a Chevy Cruze LT that is t years 
old can be modeled by V(t) = 19,200(0.82)". 
(a) According to the model, when will the car be 
worth $12,000? 
(b) According to the model, when will the car be 
worth $9000? 
(c) According to the model, when will the car be 
worth $3000? 
Source: Kelley Blue Book 
100. Depreciation The value V of a Honda Civic LX that is t years 
old can be modeled by V(t) = 19,705 (0.848) *. 
(a) According to the model, when will the car be 
worth $14,000? 


(b) According to the model, when will the car be 
worth $10,000? 





(c) According to the model, when will the car be 
worth $7500? 


Source: Kelley Blue Book 


Challenge Problems In Problems 101-105, solve each equation. Express irrational solutions in exact form. 


101. logs(x +1) — logygx = 1 


104. Inx? = (Inx)? 


Explaining Concepts: Discussion and Writing 


106. Fill in the reason for each step in the following two solutions. 


Solve: log3(x — 1)? = 


102. (W/2)2-* = 2” 


105. Vlog x = 2 log V3 


103. log, x'°&* = 4 


SolutionA Solution B 

log;(x —1)* =2 log;(x —1)* = 

(x-1)*=37=9 2 log3(x — 1) =2 

(A=) = eS log3(x —1) =1 

x-1=-3o0rx-1=3 x-1=3'= 

x= -2orx =4 x=4 

Both solutions given in Solution A check. Explain what caused the solution x = —2 to be lost in Solution B. 


Retain Your Knowledge 


Problems 107-116, are based on material learned earlier in the course. The purpose of these problems is to keep the material fresh in 


your mind so that you are better prepared for the final exam. 











107. Solve: 4x° + 3x* — 25x +6 = 0 
108. Determine whether the function is one-to-one: 
{(0, —4),(2, —2), (4,0),(6, 2) } 

109. For f(x) = —~— and g(x) =~ u >, find pan. 
Then find the domain of f° g. 

110. Find the domain of f(x) = Vx +34+ Vx -1. 

111. Solve:x — Vx +7=5 

112. Find the real zero of the function f(x) = 5x — 30. 


‘Are You Prepared?’ Answers 


1. {-3,10} a ky 3. {-1.43} 





113. If f(x) = 


) 
= Pree find (7 + g) (Xe) 


Find the distance between the center of the circle 
(x — 2)? + (y + 3)? = 25 


5 and g(x) 


114. 


and the vertex of the parabola y = —2(x — 6)? + 9. 
JX 115. Find the average rate of change f(x) = log, x 


from 4 to 16. 
Vx +6- Vx 
6 





iX 116. Rationalize the numerator: 


4. {-1.77} 
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5.7 Financial Models 


PREPARING FOR THIS SECTION Before getting started, review the following: 
e Simple Interest (Section A.8, pp. A63—A64) 





io Now Work the ‘Are You Prepared?’ problems on page 331. 


OBJECTIVES 1 Determine the Future Value of a Lump Sum of Money (p. 325) 
2 Calculate Effective Rates of Return (p. 328) 
3 Determine the Present Value of a Lump Sum of Money (p. 329) 


4 Determine the Rate of Interest or the Time Required to Double a Lump 
Sum of Money (p. 330) 





1 Determine the Future Value of a Lump Sum of Money 


Interest is money paid for the use of money. The total amount borrowed (whether 
by an individual from a bank in the form of a loan or by a bank from an individual in 
the form of a savings account) is called the principal. The rate of interest, expressed 
as a percent, is the amount charged for the use of the principal for a given period of 
time, usually on a yearly (that is, per annum) basis. 


C tHeorem Simple Interest Formula 


If a principal of P dollars is borrowed for a period of t years at a per annum 
interest rate r, expressed as a decimal, the interest / charged is 


(a ads (1) 
Interest charged according to formula (1) is called simple interest. 


In problems involving interest, the term payment period is defined as follows. 


Annually: Once per year Monthly: 12 times per year 
Semiannually: Twice per year Daily: 365 times per year* 
Quarterly: Four times per year 


When the interest due at the end of a payment period is added to the principal 
so that the interest computed at the end of the next payment period is based on this 
new principal amount (old principal + interest), the interest is said to have been 
compounded. Compound interest is interest paid on the principal and on previously 
earned interest. 


| €XAMPLE1 ~ Computing Compound Interest 


A credit union pays interest of 2% per annum compounded quarterly on a certain 
savings plan. If $1000 is deposited in the plan and the interest is left to accumulate, 
how much is in the account after 1 year? 


Solution —_Use the simple interest formula, J = Prt. The principal P is $1000 and the rate of 


, ; ; : _ 1 
interest is 2% = 0.02. After the first quarter of a year, the time f is 4 year, so the 
interest earned is 


il 
I= Prt = $1000 + 0.02 «7 = $5 


*Some banks use a 360-day “year.” Why do you think they do? (continued) 
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The new principalis P + J = $1000 + $5 = $1005. At the end of the second quarter, 
the interest on this principal is 


1 
I = $1005 - 0.02: a $5.03 


At the end of the third quarter, the interest on the new principal 
of $1005 + $5.03 = $1010.03 is 


1 
I = $1010.03 - 0.02 - — $5.05 
Finally, after the fourth quarter, the interest is 
1 
IT = $1015.08 - 0.02 - a $5.08 


After 1 year the account contains $1015.08 + $5.08 = $1020.16. = 


The pattern of the calculations performed in Example 1 leads to a general formula 
for compound interest. For this purpose, let P represent the principal to be invested at 
a per annum interest rate r that is compounded n times per year, so the time of each 


1 
compounding period is 7 year. (For computing purposes, r is expressed as a decimal.) 


The interest earned after each compounding period is given by formula (1). 
Interest = principal: rate+ time = P- rea = Pie 
The amount A after one compounding period is 
A=p+Pt=p(1+2) 
n n 


After two compounding periods, the amount A, based on the new principal 


p-(1+*),i 
n 
r r\ r r r r\? 
a=p-(1+2)ep-(1+2)2op(14+2)-(144)=r-(142) 
n n/ n *t n n n 
SS ——_— Se” 


r 
New Interest on Factor out P:-| 1 + “) 
principal new principal . 


After three compounding periods, the amount A is 


2 2 2 3 
a=p-(1+2) +P-(14+) t= p(1+2) (a+2)=p-(1+2) 
n n n n n n 


Continuing this way, after n compounding periods (1 year), the amount A is 


a=p-(1+2) 
n 


Because ft years will contain n> t compounding periods, the amount after f years 1s 


nt 
a=p-(1+2) 
n 


( tHeorem Compound Interest Formula 


The amount A after ¢ years due to a principal P invested at an annual interest 
rate r, expressed as a decimal, compounded n times per year is 





=) 


In equation (2), the amount A is typically referred to as the accumulated value 
of the account, and P is called the present value. 
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Exploration For example, to rework Example 1, use P = $1000, r = 0.02,n = 4 (quarterly 


. . compounding), and t = 1 year to obtain 
i’) To observe the effects of compounding 
interest monthly on an initial deposit of $1, 


r \12x a 0.02 \*"1 
graph Y, = (1 4 3) with r = 0.06 A=P: (1 25 “) = 1000( 1 + om) = $1020.15 
and r = 0.12 for 0 = x < 30. What is the 
future value of $1 in 30 years when the 
interest rate per annum is r = 0.06 (6%)? 
What is the future value of $1 in of rounding. 
30 years when the interest rate per annum 
is r= 0.12 (12%)? Does doubling the 
interest rate double the future value? 


| €XAMPLE2 | Comparing Investments Using Different Compounding Periods 


Investing $1000 at an annual rate of 10% compounded annually, semiannually, quarterly, 
monthly, and daily will yield the following amounts after 1 year: 


The result obtained here differs slightly from that obtained in Example 1 because 


ommmmmme-Now Work PROBLEM 7 


Annual compounding (n = 1): AS Po(1. = F) 
= $1000(1 + 0.10) = $1100.00 


2 

Semiannual compounding (n = 2): A=P: (1 | “ 
= $1000(1 + 0.05)? = $1102.50 

+\4 

Quarterly compounding (n = 4): A=P: (1 -- “ 


= $1000(1 + 0.025)* = $1103.81 


12 
Monthly compounding (n = 12): 7s a (1 = =) 
0.10 


12 


365 
Daily compounding (n = 365): A=P-> (1 aie =) 


0.10 \3® 
= $1000( 1 + st) = $1105.16 


J 


From Example 2, note that the effect of compounding more frequently is that the 
amount after 1 year is higher. This leads to the following question: What would happen 
to the amount after 1 year if the number of times that the interest is compounded 
were increased without bound? 

Let’s find the answer. Suppose that P is the principal, 7 is the per annum interest 
rate, and n is the number of times that the interest is compounded each year. The 


amount A after 1 year is 
A=P- (1 " “) 
n 


Rewrite this expression as follows: 


n n/r |" 


n hy? 
a=p-(1+2) =p-|14@) =p| (144 =p[(1+5) (3) 
u 2 t ‘ 
r 4 


nN 


7 
Il 


=sis 
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Now suppose that the number n of times that the interest is compounded per 
“ Need to Review? 


The number e is defined 
(~ on page 287, expression in brackets in equation (3) equals e. That is, A — Pe’. 


n 
year gets larger and larger; that is, suppose that n — co. Thenh = id oo, and the 


Table 8 compares (1 + “| , for large values of n, to e’ for r = 0.05, r = 0.10, 


r = 0.15, and r = 1. As n becomes larger, the closer (1 te “) gets to e’. No 
matter how frequent the compounding, the amount after 1 year has the upper 
bound Pe’. 


Table 8 


1.0512580 1.0512698 1.051271 1.0512711 


11051157 1.1051654 1.1051704 1.1051709 
1.161/7037 1.1618212 1.1618329 1.1618342 
2./048138 ZI NOO2Z32 2./181459 2./182818 





When interest is compounded so that the amount after 1 year is Pe’, the interest 
is said to be compounded continuously. 


a 


" THEOREM Continuous Compounding 


The amount A after ¢ years due to a principal P invested at an annual interest 
rate r compounded continuously is 


A = Pe” (4) 


a 


| EXAMPLE 3 | Using Continuous Compounding 


The amount A that results from investing a principal P of $1000 at an annual rate r 
of 10% compounded continuously for a time ¢ of 1 year is 


A = $1000e°!° = $1000+ 1.10517 = $1105.17 _J 


ommummmm-Now Work PROBLEM 13 


2 Calculate Effective Rates of Return 


Suppose that you have $1000 to invest and a bank offers to pay you 3 percent annual 
interest compounded monthly. What simple interest rate is needed to earn an equal 
amount after one year? To answer this question, first determine the value after 
one year of the $1000 investment that earns 3 percent compounded monthly. 


0.03 \'? n 
A= $1000( a “3 UseA = P(1 — “) with P = $1000,r = 0.03,n = 12. 
= $1030.42 


So the interest earned is $30.42. Using J = Prt witht = 1,7 = $30.42, and P = $1000, 
the annual simple interest rate is 0.03042 = 3.042%. This interest rate is known as 
the effective rate of interest. 
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The effective rate of interest is the annual simple interest rate that would 
yield the same amount as compounding n times per year, or continuously, after 
one year. 


( THEOREM Effective Rate of Interest 


The effective rate of interest rz of an investment earning an annual interest 
rate r is given by 


e Compounding n times per year: rg = (1 ar “) | 


e Continuous compounding: rp, =e’ — 1 J 


| EXAMPLE 4 © Computing the Effective Rate of Interest—Which Is the Best Deal? 


Suppose you want to buy a 5-year certificate of deposit (CD). You visit three banks 
to determine their CD rates. American Express offers you 2.15% annual interest 
compounded monthly, and First Internet Bank offers you 2.20% compounded 
quarterly. Discover offers 2.12% compounded daily. Determine which bank is 
offering the best deal. 


Solution The bank that offers the best deal is the one with the highest effective interest rate. 








American Express First Internet Bank Discover 
0:0215,\— 0.022 \4 00212, 
lr (1 1D 1] re (1 Fi ; 1 | re (1 365 1 
=~ 1.02171 —1 =~ 1.02218 — 1 =~ 1.02143 — 1 
= 0.02171 = 0.02218 = 0.02143 
= 2.171% = 2.218% = 2.143% 


The effective rate of interest is highest for First Internet Bank, so First Internet Bank 
is offering the best deal. 


ormummm=-Now Work PROBLEM 23 


3 Determine the Present Value of a Lump Sum of Money 


When people in finance speak of the “time value of money,” they are usually referring 
to the present value of money. The present value of A dollars to be received at a 
future date is the principal that you would need to invest now so that it will grow 
to A dollars in the specified time period. The present value of money to be received 
at a future date 1s always less than the amount to be received, since the amount to be 
received will equal the present value (money invested now) plus the interest accrued 
over the time period. 

The compound interest formula (2) is used to develop a formula for present 
value. If P is the present value of A dollars to be received after t years at a per annum 
interest rate r compounded n times per year, then, by formula (2), 


nt 
a=p-(1+2) 
nh 


nt 
To solve for P, divide both sides by (1 +r “) . The result is 





r —nt 
-= Lf or p=a-(1+2) 
sa n 
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( THEOREM Present Value Formulas 


The present value P of A dollars to be received after ¢ years, assuming a per 
annum interest rate r compounded n times per year, is 





If the interest is compounded continuously, then 


P= Ae" (6) 


J 


To derive (6), solve A = Pe” for P. 


| €XAMPLE5 | Computing the Value of a Zero-Coupon Bond 


A zero-coupon (noninterest-bearing) bond can be redeemed in 10 years for $1000. 
How much should you be willing to pay for it now if you want a return of 


(a) 8% compounded monthly? (b) 7% compounded continuously? 


Solution (a) To find the present value of $1000, use formula (5) with A = $1000, 
n = 12,r = 0.08, and t = 10. 


—nt 0.08 —12°10 
P-A- (1 + “) = $1000( 1 i oe) — $450.52 


For a return of 8% compounded monthly, pay $450.52 for the bond. 
(b) Here use formula (6) with A = $1000, r = 0.07, andt = 10. 


P = Ae™ = $1000e°°""'9 = $496.59 
For a return of 7% compounded continuously, pay $496.59 for the bond. _I 


oumm_m=-Now Work PROBLEM 15 


4 Determine the Rate of Interest or the Time Required 
to Double a Lump Sum of Money 


| €XAMPLE6 | Determining the Rate of Interest Required to Double an Investment 


What rate of interest compounded annually is needed in order to double an 
investment in 5 years? 


Solution If P is the principal and P is to double, then the amount A will be 2P. Use the 
compound interest formula with n = 1 and t = Sto find. 


nt 
a=p-(1+2) 
n 


2P = P-(1+,7r)° A=2P,n=1,t=5 
2=(1+,r)° Divide both sides by P. 
l+tr=wW2 Take the fifth root of both sides. 


r= W2—1 ~ 1.148698 — 1 = 0.148698 
The annual rate of interest needed to double the principal in 5 years is 14.87%. = 


oummmm-Now Work PROBLEM 31 
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| €XAMPLE7 | Determining the Time Required to Double or Triple an Investment 


(a) How long will it take for an investment to double in value if it earns 5% 
compounded continuously? 


(b) How long will it take to triple at this rate? 


Solution (a) If P is the initial investment and P is to double, then the amount A will be 2P. 
Use formula (4) for continuously compounded interest with r = 0.05. 


A = Pe" 
IP = Pe A = 2P,r = 0.05 
=e Cancel the P's. 
0.05¢ = In2 Rewrite as a logarithm. 
t= ae = 13.86 Solve for t. 


It will take about 14 years to double the investment. 


(b) To triple the investment, let A = 3P in formula (4). 


A = Pe" 
3P = Pet A = 3P,r = 0.05 
=e Cancel the P's. 
0.05¢ = In 3 Rewrite as a logarithm. 
In 3 
t= 0.05 = 21.97 Solve for t. 
It will take about 22 years to triple the investment. J 


evmmmmmm- Now Work PROBLEM 35 
5./ Assess Your Understanding 


‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. What is the interest due when $500 is borrowed for 6 months 2. If you borrow $5000 and, after 9 months, pay off the loan in 
at a simple interest rate of 6% per annum? (pp. A63—A64) the amount of $5500, what per annum rate of interest was 
charged? (pp. A63-A64) 


Concepts and Vocabulary 


3. The total amount borrowed (whether by an individual from 5. The 
a bank in the form of a loan or by a bank from an individual 
in the form of a savings account) is called the 


is the annual 
simple interest rate that would yield the same amount as 
compounding n times per year, or continuously, after 1 year. 


4. If a principal of P dollars is borrowed for a period of t years 6. Multiple Choice The principal that must be invested now so 








at a per annum interest rate r, expressed as a decimal, the that it will grow to a given amount in a specified time period 
interest J charged is = . Interest charged ‘sealed the 
according to this formula is called (a) present value (b) future value 
(c) interest (d) effective rate 
Skill Building 
In Problems 7-14, find the amount that results from each investment. 
\ 7. $100 invested at 4% compounded quarterly after a period 8. $50 invested at 6% compounded monthly after a period 
of 2 years of 3 years 
9. $900 invested at 3% compounded semiannually after a 10. $300 invested at 12% compounded monthly after a period 
1 
period of 2 5 years of 1 : years 
11. $1200 invested at 5% compounded daily after a period 12. $700 invested at 6% compounded daily after a period 
of 3 years of 2 years 
13. $1000 invested at 11% compounded continuously after a 14. $400 invested at 7% compounded continuously after a period 


period of 2 years of 3 years 
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In Problems 15-22, find the principal needed now to get each amount; that is, find the present value. 


N15. 
17. 
19. 


21. 


To get $100 after 2 years at 6% compounded monthly 

1 
To get $1500 after 25 years at 1.5% compounded daily 
To get $750 after 2 years at 2.5% compounded quarterly 


1 
To get $120 after 3 mn years at 5% compounded continuously 


In Problems 23-26, find the effective rate of interest. 


X23. 


25. 


In Problems 27-30, determine the rate that represents the better deal. 


27. 
29. 


N31. 


33. 


Jo 


37. 


For 5% compounded quarterly 


For 4% compounded continuously 


1 
6% compounded quarterly or 67% compounded annually 
9% compounded monthly or 8.8% compounded daily 


What rate of interest compounded annually is required to 
double an investment in 3 years? 


What rate of interest compounded annually is required to 
triple an investment in 5 years? 


(a) How long does it take for an investment to double in XX 


value if it is invested at 8% compounded monthly? 
(b) How long does it take if the interest is compounded 
continuously? 


What rate of interest compounded quarterly will yield an 
effective interest rate of 7%? 





Applications and Extensions 


39. 


40. 


41. 
42. 
43. 


44, 


45. 


Time Required to Reach a Goal If Tanisha has $100 to invest 
at 4% per annum compounded monthly, how long will it be 
before she has $150? If the compounding is continuous, how 
long will it be? 

Time Required to Reach a Goal If Angela has $100 to invest 
at 2.5% per annum compounded monthly, how long will it be 
before she has $175? If the compounding is continuous, how 
long will it be? 

Time Required to Reach a Goal How many years will it 
take for an initial investment of $10,000 to grow to $25,000? 
Assume a rate of interest of 6% compounded continuously. 


Time Required to Reach a Goal How many years will it 
take for an initial investment of $25,000 to grow to $80,000? 
Assume a rate of interest of 7% compounded continuously. 


Price Appreciation of Homes What will a $90,000 condominium 
cost 5 years from now if the price appreciation for condos over 
that period averages 3% compounded annually? 


Credit Card Interest A department store charges 1.25% 
per month on the unpaid balance for customers with charge 
accounts (interest is compounded monthly). A customer 
charges $200 and does not pay her bill for 6 months. What is 
the bill at that time? 


Saving for a Car Jerome will be buying a used car for $15,000 
in 3 years. How much money should he ask his parents for 
now so that, if he invests it at 5% compounded continuously, 
he will have enough to buy the car? 


16. 


18. 


20. 


22. 


24. 
26. 


28. 
30. 
32. 


34. 


36. 


38. 


46. 


47. 


48. 


49. 


50. 


To get $75 after 3 years at 8% compounded quarterly 


1 
To get $800 after 35 years at 7% compounded monthly 


To get $300 after 4 years at 3% compounded daily 


1 
To get $800 after 2 5 years at 8% compounded continuously 


For 6% compounded monthly 


For 6% compounded continuously 


1 
9% compounded quarterly or 9 4° compounded annually 
8% compounded semiannually or 729% compounded daily 


What rate of interest compounded annually is required to 
double an investment in 6 years? 


What rate of interest compounded annually is required to 
triple an investment in 10 years? 


(a) How long does it take for an investment to triple in value 
if it is invested at 6% compounded monthly? 

(b) How long does it take if the interest is compounded 
continuously? 


What rate of interest compounded continuously will yield an 
effective interest rate of 6%? 





Paying off a Loan John requires $3000 in 6 months to pay 
off a loan that has no prepayment privileges. If he has 
the $3000 now, how much of it should he save in an account 
paying 3% compounded monthly so that in 6 months he will 
have exactly $3000? 


Return on a Stock George contemplates the purchase 
of 100 shares of a stock selling for $15 per share. The 
stock pays no dividends. The history of the stock indicates 
that it should grow at an annual rate of 15% per year. 
How much should the 100 shares of stock be worth 
in 5 years? 

Return on an Investment A business purchased for $650,000 


in 2010 is sold in 2013 for $850,000. What is the annual rate 
of return for this investment? 


Comparing Savings Plans Jim places $1000 in a bank account 
that pays 5.6% compounded continuously. After 1 year, 
will he have enough money to buy a computer system that 
costs $1060? If another bank will pay Jim 5.9% compounded 
monthly, is this a better deal? 


Savings Plans On January 1, Kim places $1000 in a certificate 
of deposit that pays 6.8% compounded continuously and 
matures in 3 months. Then Kim places the $1000 and the 
interest in a passbook account that pays 5.25% compounded 
monthly. How much does Kim have in the passbook account 
on May 1? 


51. 


52. 


53, 


Comparing IRA Investments Will invests $2000 of the money 
in his IRA in a bond trust that pays 9% interest compounded 
semiannually. His friend Henry invests $2000 in his IRA 


1 
in a certificate of deposit that pays 85% compounded 


continuously. Who has more money after 20 years, Will 
or Henry? 


Comparing Two Alternatives Suppose that April has access 
to an investment that will pay 10% interest compounded 
continuously. Which is better: to be given $1000 now so that 
she can take advantage of this investment opportunity or to 
be given $1325 after 3 years? 


College Costs The average annual cost of college at 4-year 
private colleges was $34,740 in the 2017-2018 academic year. 
This was a 3.6% increase from the previous year. 

(a) If the cost of college increases by 3.6% each year, what 
will be the average cost of college at a 4-year private 
college for the 2037-2038 academic year? 

(b) College savings plans, such as a 529 plan, allow 
individuals to put money aside now to help pay for 
college later. If one such plan offers a rate of 2% 
compounded continuously, how much should be put in a 
college savings plan in 2019 to pay for 1 year of the cost 
of college at a 4-year private college for an incoming 
freshman in 2037? 


Source: The College Board 





54. 


55. 


56. 
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Analyzing Interest Rates on a Mortgage Colleen and Bill 
have just purchased a house for $650,000, with the seller 
holding a second mortgage of $100,000. They promise to 
pay the seller $100,000 plus all accrued interest 5 years from 
now. The seller offers them three interest options on the 
second mortgage: 

(a) Simple interest at 6% per annum 

(b) 5.5% interest compounded monthly 

(c) 5.25% interest compounded continuously 


Which option is best? That is, which results in paying the least 
interest on the loan? 


Comparing Bank Accounts Two bank accounts are opened 
at the same time. The first has a principal of $1000 in an 
account earning 5% compounded monthly. The second 
has a principal of $2000 in an account earning 4% interest 
compounded annually. Determine the number of years, 
to the nearest tenth, at which the account balances will 
be equal. 


Per Capita Federal Debt In 2018, the federal debt was 
about $21 trillion. In 2018, the U.S. population was 
about 327 million. Assuming that the federal debt is 
increasing about 5.5% per year and the U.S. population is 
increasing about 0.7% per year, determine the per capita 
debt (total debt divided by population) in 2030. 





Problems 57-62 require the following discussion. Inflation is a term used to describe the erosion of the purchasing power of money. 
For example, if the annual inflation rate is 3%, then $1000 worth of purchasing power now will have only $970 worth of purchasing 
power in I year because 3% of the original $1000 (0.03 X 1000 = 30) has been eroded due to inflation. In general, if the rate of inflation 
averages r% per annum over n years, the amount A that $P will purchase after n years is 


A= Ped = hy 


where r is expressed as a decimal. 


57. Inflation If the inflation rate averages 3%, what will be the 


58. 


59. 


purchasing power of $1000 in 2 years? 


Inflation If the inflation rate averages 2%, what will be the 
purchasing power of $1000 in 3 years? 


Inflation If the purchasing power of $1000 is only $950 
after 2 years, what was the average inflation rate? 


60. 


61. 


62. 


Inflation If the purchasing power of $1000 is only $930 
after 2 years, what was the average inflation rate? 


Inflation If the average inflation rate is 2%, how long is it 
until purchasing power is cut in half? 


Inflation If the average inflation rate is 4%, how long is it 
until purchasing power is cut in half? 


Problems 63-66 involve zero-coupon bonds. A zero-coupon bond is a bond that is sold now at a discount and will pay its face value at the 
time when it matures; no interest payments are made. 


63. 


64. 


65. 


66. 





Zero-Coupon Bonds A zero-coupon bond can be redeemed 
in 20 years for $10,000. How much should you be willing to 
pay for it now if you want a return of: 

(a) 5% compounded monthly? 

(b) 5% compounded continuously? 


Zero-Coupon Bonds A child’s grandparents are considering 
buying an $80,000 face-value, zero-coupon bond at her 
birth so that she will have enough money for her college 
education 17 years later. If they want a rate of return of 6% 
compounded annually, what should they pay for the bond? 


Zero-Coupon Bonds How much should a $10,000 face-value, 
zero-coupon bond, maturing in 10 years, be sold for now if its 
rate of return is to be 4.5% compounded annually? 


Zero-Coupon Bonds If Pat pays $15,334.65 for a $25,000 
face-value, zero-coupon bond that matures in 8 years, what 
is his annual rate of return? 


67. Time to Double or Triple an Investment The formula 


Inm 
nin( 1 + “| 
n 


can be used to find the number of years f required to multiply 

an investment m times when r is the per annum interest rate 

compounded n times a year. 

(a) How many years will it take to double the value of an 
IRA that compounds annually at the rate of 6%? 

(b) How many years will it take to triple the value of a 
savings account that compounds quarterly at an annual 
rate of 5%? 

(c) Give a derivation of this formula. 


{= 
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68. Time to Reach an Investment Goal The formula 
_ nA — InP 
ae —— = 
can be used to find the number of years ¢ required for an 


(a) How long will it take to increase an initial investment of 
$1000 to $4500 at an annual rate of 5.75%? 

(b) What annual rate is required to increase the value of a 
$2000 IRA to $30,000 in 35 years? 


investment P to grow to a value A when compounded (c) Give a derivation of this formula. 


continuously at an annual rate r. 


Problems 69-72 require the following discussion. The consumer price index (CPI) indicates the relative change in price over time for a 
fixed basket of goods and services. It is a cost-of-living index that helps measure the effect of inflation on the cost of goods and services. 
The CPI uses the base period 1982-1984 for comparison (the CPI for this period is 100). The CPI for March 2018 was 249.55. This means 
that $100 in the period 1982-1984 had the same purchasing power as $249.55 in March 2018. In general, if the rate of inflation averages r% per 
annum over n years, then the CPI index after n years is 


r n 
PI = CPI,{ 1 + —— 
© c ( =) 


where CPI) is the CPI index at the beginning of the n-year period. 
Source: U.S. Bureau of Labor Statistics 


69. Consumer Price Index 
(a) The CPI was 229.39 for 2012 and 243.80 for 2017 Assuming 
that annual inflation remained constant for this time period, 
determine the average annual inflation rate. 
(b) Using the inflation rate from part (a), in what year will 
the CPI reach 300? 


70. Consumer Price Index If the current CPI is 234.2 and the 
average annual inflation rate is 2.8%, what will be the CPI 
in 5 years? 





Explaining Concepts: Discussion and Writing 


73. Explain in your own words what the term compound interest 
means. What does continuous compounding mean? 


74. Explain in your own words the meaning of present value. 


75. Critical Thinking You have just contracted to buy a house 
and will seek financing in the amount of $100,000. You go 
to several banks. Bank 1 will lend you $100,000 at the rate 
of 4.125% amortized over 30 years with a loan origination fee 
of 0.45%. Bank 2 will lend you $100,000 at the rate of 3.375% 
amortized over 15 years with a loan origination fee of 0.95%. 
Bank 3 will lend you $100,000 at the rate of 4.25% amortized 
over 30 years with no loan origination fee. Bank 4 will lend 
you $100,000 at the rate of 3.625% amortized over 15 years with 
no loan origination fee. Which loan would you take? Why? Be 


Retain Your Knowledge 


71. Consumer Price Index If the average annual inflation rate 
is 3.1%, how long will it take for the CPI index to double? 
(A doubling of the CPI index means purchasing power is cut 
in half.) 


72. Consumer Price Index The base period for the CPI changed 
in 1998. Under the previous weight and item structure, 
the CPI for 1995 was 456.5. If the average annual inflation 
rate was 5.57%, what year was used as the base period for 
the CPI? 


sure to have sound reasons for your choice. Use the information 
in the table to assist you. If the amount of the monthly payment 
does not matter to you, which loan would you take? Again, have 
sound reasons for your choice. Compare your final decision with 
others in the class. Discuss. 













Monthly Loan 
Payment Origination Fee 


Problems 76-85 are based on material learned earlier in the course. The purpose of these problems is to keep the material fresh in your 


mind so that you are better prepared for the final exam. 


76. Find the remainder R when f(x) = 6x? + 3x? + 2x — 11 
is divided by g(x) = x — 1.Isga factor of f? 





77. The function f(x) = is one-to-one. Find f 1. 


x 
y= 2 
78. Find the real zeros of 
f(x) = 2 — x4 — 15x37 — 21x” — 16x — 20 
Then write fin factored form. 
79. Solve: log (x + 3) = 2 log (x — 3) 


80. Factor completely: 2x* + 6x? — 50x” — 150x 


‘Are You Prepared?’ Answers 


1 
1... $15 2. 135 %o 


83. For f(x) = 


81. If f(x) = 5x” + 4x — 8 and g(x) = 3x — 1, find (fg) (x). 
82. Find the domain and range of f(x) = —2x* — 8x + 1. 


2x? — 5x — 4 
| 
horizontal asymptotes, and oblique asymptotes, if any. 


, find all vertical asymptotes, 


84, If f(x) = x’ — 4x — 3, find an equation of the secant line 


containing the points (3, f(3)) and (5, f(5)). 


/X 85. Find the difference quotient for f(x) = 3x — 5. 
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5.8 Exponential Growth and Decay Models; 
Newton's Law; Logistic Growth and Decay Models 


OBJECTIVES 1 Model Populations That Obey the Law of Uninhibited Growth (p. 335) 
2 Model Populations That Obey the Law of Uninhibited Decay (p. 337) 
3 Use Newton's Law of Cooling (p. 338) 
4 Use Logistic Models (p. 340) 





1 Model Populations That Obey the Law of Uninhibited Growth 


Many natural phenomena follow the law that an amount A varies with time ¢t according 
to the function 


Ae ewe. (1) 


Here Ag is the original amount (t = 0) andk # OQ isa constant. 

If k > 0, then equation (1) states that the amount A is increasing over time; 
ifk < 0, the amount A is decreasing over time. In either case, when an amount A varies 
over time according to equation (1), it is said to follow the exponential law, or the law 
of uninhibited growth (k > 0) or decay (k < 0). See Figure 41. 

For example, in Section 5.7, continuously compounded interest was shown to 
follow the law of uninhibited growth. In this section we shall look at some additional 
phenomena that follow the exponential law. 

Cell division is the growth process of many living organisms, such as amoebas, 
plants, and human skin cells. Based on an ideal situation in which no cells die and no 





(a) A(t) = A,e“", k>0 by-products are produced, the number of cells present at a given time follows the law 
Exponential growth of uninhibited growth. Actually, however, after enough time has passed, growth at an 
exponential rate will cease as a consequence of factors such as lack of living space 

A and dwindling food supply. The law of uninhibited growth accurately models only the 


early stages of the cell division process. 

The cell division process begins with a culture containing No cells. Each cell in 
the culture grows for a certain period of time and then divides into two identical cells. 
Assume that the time needed for each cell to divide in two is constant and does not 
change as the number of cells increases. These new cells then grow, and eventually 
each divides in two, and so on. 





Uninhibited Growth of Cells 


(b) A(t) = A,e“, k<0 
Exponential decay A model that gives the number N of cells in a culture after a time ¢ has passed 

Figure 41 (in the early stages of growth) is 
N(t) =Me k>O (2) | 


where Np is the initial number of cells and k is a positive constant that represents 
the growth rate of the cells. 


Using formula (2) to model the growth of cells employs a function that yields 
positive real numbers, even though the number of cells being counted must be an 
integer. This is acommon practice in many applications. 
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| EXAMPLE 1 ~ Bacterial Growth 


A colony of bacteria that grows according to the law of uninhibited growth is 
modeled by the function N(t) = 100e°*’, where N is measured in grams and f is 
measured in days. 


(a) Determine the initial amount of bacteria. 

(b) What is the growth rate of the bacteria? 

(c) What is the population after 5 days? 

(d) How long will it take for the population to reach 140 grams? 
(ce) What is the doubling time for the population? 


Solution (a) The initial amount of bacteria, No, is obtained when t = 0, so 
No = N(0) = 100e%°*° = 100 grams 


(b) Compare N(t) = 100e°' to N(t) = No e“’. The value of k, 0.045, indicates a 
growth rate of 4.5%. 
(c) The population after 5 days is N(5) = 100e°°*? ~ 125.2 grams. 


(d) To find how long it takes for the population to reach 140 grams, solve the 
equation N(t) = 140. 


100e°°*" = 140 





ge a Divide both sides of the equation by 100. 
0.045¢ = In 1.4 Rewrite as a logarithm. 
{= = Divide both sides of the equation by 0.045 
0.045 a 
~= 7.5 days 


The population reaches 140 grams in about 75 days. 


(e) The population doubles when N(t) = 200 grams, so the doubling time is found 
by solving the equation 200 = 100e° for t. 


200 = 100e°4°! 





Vag Divide both sides of the equation by 100. 
In2 = 0.045t Rewrite as a logarithm. 
In 2 
52 ae aie 
0.045 Divide both sides of the equation by 0.045 
~ 15.4 days 
The population doubles approximately every 15.4 days. = 


ommem=-Now Work PROBLEM 1 


| EXAMPLE 2 © Bacterial Growth 


A colony of bacteria increases according to the law of uninhibited growth. 


(a) If Nis the number of cells and fis the time in hours, express N as a function of ¢. 


(b) If the number of bacteria doubles in 3 hours, find the function that gives the 
number of cells in the culture. 


(c) How long will it take for the size of the colony to triple? 


(d) How long will it take for the population to double a second time (that is, to 
increase four times)? 


Solution (a) Using formula (2), the number N of cells at time f is 
N(t) = Noe“ 


where Np is the initial number of bacteria present and k is a positive number. 


SECTION 5.8 Exponential Growth and Decay Models; Newton's Law; Logistic Growth and Decay Models 337 


(b) To find the growth rate k, note that the number of cells doubles in 3 hours, so 


N(3) = 2No 
Since N(3) = Noe*?, 
Noe*? = 2No 
er =2 Divide both sides by No. 
3k = In2 Write the exponential equation as a logarithm. 


k= =in2 ~= ().23105 


The function that models this growth process is therefore 
N(t) = No e0-23105¢ 


(c) The time ¢ needed for the size of the colony to triple requires that N = 3Np. 
Substitute 3No for N to get 


3No = No e0:23105¢ 





3 = 90231051 
0.23105t = In3 
In 3 
= ~ A755h 
0.23105 oe 


It will take about 4.755 hours, or 4 hours and 45 minutes, for the size of the 
colony to triple. 

(d) If a population doubles in 3 hours, it will double a second time in 3 more hours, 
for a total time of 6 hours. J 


2 Model Populations That Obey the Law of Uninhibited Decay 


Radioactive materials follow the law of uninhibited decay. 


Uninhibited Radioactive Decay 


The amount A of a radioactive material present at time fis given by 
A(t) = Age’ k <0 (3) 


where Ap is the original amount of radioactive material and k is a negative 
number that represents the rate of decay. 


All radioactive substances have a specific half-life, which is the time required for 
half of the radioactive substance to decay. Carbon dating uses the fact that all living 
organisms contain two kinds of carbon, carbon-12 (a stable carbon) and carbon-14 
(a radioactive carbon with a half-life of 5730 years). While an organism is living, the 
ratio of carbon-12 to carbon-14 is constant. But when an organism dies, the original 
amount of carbon-12 present remains unchanged, whereas the amount of carbon-14 
begins to decrease. This change in the amount of carbon-14 present relative to the 
amount of carbon-12 present makes it possible to calculate when the organism died. 


| EXAMPLE 3 | Estimating the Age of Ancient Tools 


Traces of burned wood along with ancient stone tools in an archeological dig 
in Chile were found to contain approximately 1.67% of the original amount of 
carbon-14. If the half-life of carbon-14 is 5730 years, approximately when was the 
tree cut and burned? 
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Solution Using formula (3), the amount A of carbon-14 present at time f is 
AG) =Age™ 


where Apo is the original amount of carbon-14 present and k is a negative number. We 
first seek the number k. To find it, we use the fact that after 5730 years, half of the 


1 
original amount of carbon-14 remains, so A (5730) = 5 Ao. Then 


1 , 
5 Ao = Aer 


1 
5 gs Divide both sides of the equation by Ao. 
1 
5730k = In 5 Rewrite as a logarithm. 
1 





1 
= 3730 In 5 ~= —().000120968 


Formula (3) therefore becomes 
A(t) = Ap e7 0:000120968" 


If the amount A of carbon-14 now present is 1.67% of the original amount, it 
follows that 


001L67As = Ane 


D067 =e ees Divide both sides of the equation by Apo. 
—(0.000120968r = In 0.0167 Rewrite as a logarithm. 
In 0.0167 
t = ———— = 33,830 
—0,0001209688 ~*~ 


The tree was cut and burned about 33,830 years ago. Some archeologists use this 
conclusion to argue that humans lived in the Americas nearly 34,000 years ago, much 
earlier than is generally accepted. 


ommemm:-Now Work PROBLEM 3 


3 Use Newton’s Law of Cooling 


Newton’s Law of Cooling* states that the temperature of a heated object decreases 
exponentially over time toward the temperature of the surrounding medium. 


Newton's Law of Cooling 


The temperature u of a heated object at a given time tf can be modeled by the 
following function: 


u(t) = T+ (u—-T)e“ k<0O (4) 


where 7 is the constant temperature of the surrounding medium, uw 1s the initial 
temperature of the heated object, and k is a negative constant. 


| EXAMPLE 4 | Using Newton's Law of Cooling 


An object is heated to 100°C (degrees Celsius) and is then allowed to cool in a room 
whose air temperature is 30°C. 


(a) Ifthe temperature of the object is 80°C after 5 minutes, when will its temperature 
be 50°C? 

(b) Determine the elapsed time before the temperature of the object is 35°C. 

(c) What do you notice about the temperature as time passes? 


*Named after Sir Isaac Newton (1643-1727), one of the cofounders of calculus. 
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Solution (a) Using formula (4) with T = 30 and up = 100, the temperature u(t) (in degrees 
Celsius) of the object at time ¢ (in minutes) is 


u(t) = 30 + (100 — 30)e“ = 30 + 70e“ (5) 
where k is a negative constant. To find k, use the fact that u = 80 when ¢ = 5S. 
Then 

u(t) = 30 + 70e™ 
80 = 30 + 70e*° u(5) = 80 
50 = 70e* Simplify. 
50 
| ed 5k 
€ 7 Solve for e°". 
5 
Sk = In 7 Rewrite as a logarithm. 


—— =In> = —().0673 Solve for k. 


Formula (5) therefore becomes 
u(t) = 30 + 70e °°” (6) 
To find t when u = 50°C, solve the equation 


50 = 30 + 70¢e °°”! 


20 = 702 Simplify. 
97 0.0673t — 20 
70 
2 : 
—0.0673t = In- Rewrite as a logarithm. 
2 
In 
t= 0.0673 = 18.6 minutes Solve fort. 


The temperature of the object will be 50°C after about 18.6 minutes, 
or 18 minutes, 36 seconds. 


(b) Use equation (6) to find t when u = 35°C. 
35 = 30 + 7000 


Bw) ed Simplify. 
5 
~0.0673¢ _ >. 
° 70 
5 
—0.0673t = In-5 Rewrite as a logarithm. 

5 

] ps 

"70 


t = 39.2 minutes’ Solve for t. 


~ 0.0673 


The object will reach a temperature of 35°C after about 39.2 minutes. 


(c) Look at equation (6). As t increases, the exponent — 0.0673t becomes unbounded 
in the negative direction. As a result, the value of e °°°’*’ approaches zero, so the 
value of u, the temperature of the object, approaches 30°C, the air temperature 
of the room. 


ommmm_eme--Now Work PpRoBLEM 13 
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Figure 42 





4 Use Logistic Models 


The exponential growth model A(t) = Aje“’, k > 0, assumes uninhibited growth, 
meaning that the value of the function grows without limit. Recall that cell division 
could be modeled using this function, assuming that no cells die and no by-products 
are produced. However, cell division eventually is limited by factors such as living 
space and food supply. The logistic model, given next, can describe situations where 
the growth or decay of the dependent variable is limited. 


Logistic Model 


In a logistic model, the population P after time f is given by the function 


7 C 
aes 


TA) (7) 


where a, b, and c are constants with a > 0 and c > 0. The model is a growth 
model if b > 0; the model is a decay model if b < 0. 


The number c is called the carrying capacity (for growth models) because 
the value P(t) approaches c as t approaches infinity; that is, lim P(t) = c. The 
t—co 


number |b| is the growth rate for b > 0 and the decay rate for b < 0. Figure 42(a) 
shows the graph of a typical logistic growth function, and Figure 42(b) shows the 
graph of a typical logistic decay function. 


5¢ Inflection point 





C C 
(a) At) 1+ get (b) Pit) 1+ ae 
Logistic growth Logistic decay 


Based on the figures, the following properties of logistic functions emerge. 


Properties of the Logistic Model, Equation (7) 


e The domain is the set of all real numbers. The range is the interval (0, c) 
where c is the carrying capacity. 


e There are no x-intercepts; the y-intercept is P(0). 
e There are two horizontal asymptotes: y = 0 and y = c. 
e P(t) is an increasing function if b > 0 and a decreasing function if b < 0. 


1 
‘Xe There is an inflection point where P(t) equals 5 of the carrying capacity. 


The inflection point is the point on the graph where the graph changes 
from being concave up to being concave down for growth functions, and the 
point where the graph changes from being concave down to being concave 
up for decay functions. 


e The graph is smooth and continuous, with no corners or gaps. 
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| EXAMPLE 5 ~ Fruit Fly Population 


Fruit flies are placed in a half-pint milk bottle with a banana (for food) and yeast 
plants (for food and to provide a stimulus to lay eggs). Suppose that the fruit fly 
population after ¢ days is given by 


230 


PP?) = —— 
(7) 1 + 56.5e 23" 


(a) State the carrying capacity and the growth rate. 

(b) Determine the initial population. 

(c) What is the population after 5 days? 

(d) How long does it take for the population to reach 180? 


“)(c) Use a graphing utility to determine how long it takes for the population to reach 
one-half of the carrying capacity. 


230 
Solution (a) As t—>o,e°°"—0 and P(t) > he The carrying capacity of the half-pint 


bottle is 230 fruit flies. The growth rate is |b] = |0.37| = 37% per day. 
(b) To find the initial number of fruit flies in the half-pint bottle, evaluate P(0). 


7 230 230 
1+ 56.5e 9379 = 1 + 56.5 


P(0) 


So, initially, there were 4 fruit flies in the half-pint bottle. 
(c) After 5 days the number of fruit flies in the half-pint bottle is 
230 
P(5) ==—@— © 23 fruit flies 
OO) = TF 56.50 078 
After 5 days, there are approximately 23 fruit flies in the bottle. 
(d) To determine when the population of fruit flies will be 180, solve the equation 


P(t) = 180 
230 
T+ 565e05" — 1®° 
230 = 180(1 + 56.5e°°") 
0.2778 ~ 56.5e °°" Divide both sides by 180. 
02718 565e °°" Subtract 1 from both sides. 
0.0049 = @ 8” Divide both sides by 56.5. 
In(0.0049) ~ —0.37t Rewrite as a logarithmic expression. 
A EF t ~ 14.4 days Divide both sides by — 0.37. 


| 
HORHAL FLOAT AUTO REAL RADIAN HP fl 
T 





CALC INTERSEC 


It will take approximately 14.4 days (14 days, 10 hours) for the population to 
reach 180 fruit flies. 


re (e) One-half of the carrying capacity is 115 fruit flies. Solve P(t) = 115 by graphing 





230 
Y= 7 T7237, and Y, = 115, and using INTERSECT. See Figure 43. 
1+ 56.5e °°?" 
0 ntersection The population will reach one-half of the carrying capacity in about 10.9 days 


M=10.903353 Y=1i5 


Figure 43 TI-84 Plus C cays ee TOME), 
Look at Figure 43. Notice the point where the graph reaches 115 fruit flies 

—~ (one-half of the carrying capacity): The graph changes from being concave up to 
being concave down. Using the language of calculus, we say the graph changes from 
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increasing at an increasing rate to increasing at a decreasing rate. For any logistic 
growth function, when the population reaches one-half the carrying capacity, the 
population growth starts to slow down. 


omm_=m==- Now Work PROBLEM 23 


tz { Exploration 


On the same viewing rectangle, graph 


500 sae eee 
1 + 247003 e+ 24e008t 


What effect does the growth rate |b| have on the logistic growth function? 
| €XAMPLE6 Wood Products 


The EFISCEN wood product model classifies wood products according to their 
life-span. There are four classifications: short (1 year), medium short (4 years), 
medium long (16 years), and long (50 years). Based on data obtained from the 
European Forest Institute, the percentage of remaining wood products after ¢ years 
for wood products with long life spans (such as those used in the building industry) 
is given by 


V4 


100.3952 
PO) = ee 
(7) 1 + 0.0316e9-8" 


(a) What is the decay rate? 
(b) What is the percentage of remaining wood products after 10 years? 


(c) How long does it take for the percentage of remaining wood products to 
reach 50%? 


(d) Explain why the numerator given in the model is reasonable. 


Solution (a) The decay rate is |b| = |—0.0581| = 5.81% per year. 
(b) Evaluate P(10). 


100.3952 
PO) = TF o03t6e0osRrTO ~ 9-9 


So 95% of long-life-span wood products remain after 10 years. 
(c) Solve the equation P(t) = 50. 


100.3952 _ 5 
1 + 0.0316e98"" 
100.3952 = 50(1 + 0.0316e°°°"") 
2.0079 ~ 1 + 0.031628" Divide both sides by 50. 
1,0079 = 0.0316e°°5" Subtract 1 from both sides. 
31.8956 = e° ele Divide both sides by 0.0316. 
In (31.8956) ~ 0.05817 Rewrite as a logarithmic expression. 


t 


t ~ 59.6 years Divide both sides by 0.0581. 


It will take approximately 59.6 years for the percentage of long-life-span wood 
products remaining to reach 50%. 


(d) The numerator of 100.3952 is reasonable because the maximum percentage of 
wood products remaining that is possible is 100%. ouil 
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5.8 Assess Your Understanding 


Applications and Extensions 


No. 


hh 3. 


Growth of an Insect Population The size P of a certain insect 
population at time ¢ (in days) obeys the law of uninhibited 
growth P(t) = 500e°°*" 

(a) Determine the number of insects at t = 0 days. 

(b) What is the growth rate of the insect population? 

(c) What is the population after 10 days? 

(d) When will the insect population reach 800? 

(e) When will the insect population double? 


. Growth of Bacteria The number N of bacteria present in 


a culture at time ¢ (in hours) obeys the law of uninhibited 
growth N(t) = 1000e°". 

(a) Determine the number of bacteria at t = 0 hours. 

(b) What is the growth rate of the bacteria? 

(c) What is the population after 4 hours? 

(d) When will the number of bacteria reach 1700? 

(e) When will the number of bacteria double? 


Radioactive Decay Strontium-90 is a radioactive material 
that decays according to the function A(t) = Age °4*, 
where Ag is the initial amount present and A is the amount 
present at time ¢ (in years). Assume that a scientist has a 
sample of 500 grams of strontium-90. 

(a) What is the decay rate of strontium-90? 

(b) How much strontium-90 is left after 10 years? 

(c) When will 400 grams of strontium-90 be left? 

(d) What is the half-life of strontium-90? 


. Radioactive Decay [odine-131 is a radioactive material 


that decays according to the function A(t) = Age °°8”, 
where Ap is the initial amount present and A is the amount 
present at time ¢ (in days). Assume that a scientist has a 
sample of 100 grams of iodine-131. 

(a) What is the decay rate of iodine-131? 

(b) How much iodine-131 is left after 9 days? 

(c) When will 70 grams of iodine-131 be left? 

(d) What is the half-life of iodine-131? 


Growth of a Colony of Mosquitoes The population of a 

colony of mosquitoes obeys the law of uninhibited growth. 

(a) If N is the population of the colony and f is the time in 
days, express N as a function of ¢. 

(b) If there are 1000 mosquitoes initially and there 
are 1800 after 1 day, what is the size of the colony 
after 3 days? 

(c) How long is it until there are 10,000 mosquitoes? 


. Bacterial Growth A culture of bacteria obeys the law of 


uninhibited growth. 

(a) If Nis the number of bacteria in the culture and t¢ is the 
time in hours, express N as a function of t. 

(b) If 500 bacteria are present initially and there are 800 
after 1 hour, how many will be present in the culture 
after 5 hours? 

(c) How long is it until there are 20,000 bacteria? 


. Population Growth The population of a southern city is 


growing according to the exponential law. 

(a) If Nis the population of the city and ris the time in years, 
express N as a function of ¢. 

(b) If the population doubled in size over an 18-month 
period and the current population is 10,000, what will 
the population be 2 years from now? 


8. 


? 


10. 


11. 


12. 


™~ 13. 


14. 


15. 
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Population Decline The population of a midwestern city is 

declining according to the exponential law. 

(a) If Nis the population of the city and ris the time in years, 
express N as a function of tf. 

(b) If the population decreased from 900,000 to 800,000 
from 2016 to 2018, what will the population be in 2020? 


Radioactive Decay The half-life of radium is 1690 years. 
If 10 grams is present now, how much will be present 
in 50 years? 


Radioactive Decay The half-life of radioactive potassium 
is 1.3 billion years. If 10 grams is present now, how much will 
be present in 100 years? In 1000 years? 


Estimating the Age of a Tree A piece of charcoal is found to 
contain 30% of the carbon-14 that it originally had. When did 
the tree die from which the charcoal came? Use 5730 years 
as the half-life of carbon-14. 


Estimating Age A fossilized leaf contains 70% of its normal 
amount of carbon-14. How old is the fossil? 


Cooling Time of a Pizza A pizza baked at 450°F is removed 

from the oven at 5:00 pm and placed in a room that is a 

constant 70°F. After 5 minutes, the pizza is at 300°F. 

(a) At what time can you begin eating the pizza if you want 
its temperature to be 135°F? 

(b) Determine the time that needs to elapse before the 
temperature of the pizza is 160°F. 

(c) What do you notice about the temperature as time 
passes? 








Newton’s Law of Cooling A thermometer reading 72°F 
is placed in a refrigerator where the temperature is a 
constant 38°F. 


(a) Ifthe thermometer reads 60°F after 2 minutes, what will 
it read after 7 minutes? 

(b) How long will it take before the thermometer 
reads 39°F? 

(c) Determine the time that must elapse before the 
thermometer reads 45°F. 

(d) What do you notice about the temperature as time 
passes? 








Newton’s Law of Heating A thermometer reading 8°C is 
brought into a room with a constant temperature of 35°C. If 
the thermometer reads 15°C after 3 minutes, what will it read 
after being in the room for 5 minutes? For 10 minutes? 


[Hint: You need to construct a formula similar to 
equation (4).] 
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16. Warming Time of a Beer Stein A beer stein has a X\ 23. Home Computers The logistic model 


17. 


18. 


19. 


20. 


21. 


22. 


temperature of 28°F. It is placed in a room with a constant 
temperature of 70°F. After 10 minutes, the temperature 
of the stein has risen to 35°F. What will the temperature of 
the stein be after 30 minutes? How long will it take the 
stein to reach a temperature of 45°F? (See the hint given for 
Problem 15.) 


Decomposition of Chlorine in a Pool Under certain 
water conditions, the free chlorine (hypochlorous acid, 
HOC) in a swimming pool decomposes according to the 
law of uninhibited decay. After shocking his pool, Ben 
tested the water and found the amount of free chlorine to 
be 2.5 parts per million (ppm). Twenty-four hours later, Ben 
tested the water again and found the amount of free chlorine 
to be 2.2 ppm. What will be the reading after 3 days (that 
is, 72 hours)? When the chlorine level reaches 1.0 ppm, Ben 
must shock the pool again. How long can Ben go before he 
must shock the pool again? 





Decomposition of Dinitrogen Pentoxide At 45°C, dinitrogen 
pentoxide (N,O;) decomposes into nitrous dioxide (NO>) 
and oxygen (O,) according to the law of uninhibited 
decay. An initial amount of 0.25 M NO; (M is a measure 
of concentration known as molarity) decomposes 
to 0.15 M N,O; in 17 minutes. What concentration of N,O; 
will remain after 30 minutes? How long will it take until 
only 0.01 M N,O; remains? 


Decomposition of Sucrose Reacting with water in an acidic 
solution at 35°C, sucrose (Cy2H2.0,,) decomposes into 
glucose (C6H 120¢) and fructose (C¢H)20¢)* according to the 
law of uninhibited decay. An initial concentration of 0.40M 
of sucrose decomposes to 0.36 M sucrose in 30 minutes. What 
concentration of sucrose will remain after 2 hours? How long 
will it take until only 0.10 M sucrose remains? 


Decomposition of Salt in Water Salt (NaCl) decomposes in 
water into sodium (Na’) and chloride (CI) ions according 
to the law of uninhibited decay. If the initial amount of salt 
is 25 kilograms and, after 10 hours, 15 kilograms of salt is left, 
how much salt is left after 1 day? How long does it take 


i! 
until 5 kilogram of salt is left? 





Radioactivity from Chernobyl After the release of radioactive 
material into the atmosphere from a nuclear power plant 
at Chernobyl (Ukraine) in 1986, the hay in Austria was 
contaminated by iodine 131 (half-life 8 days). If it is safe to 
feed the hay to cows when 10% of the iodine 131 remains, how 
long did the farmers need to wait to use this hay? 


Word Users According to a survey by Olsten Staffing 
Services, the percentage of companies reporting usage of 
Microsoft Word ¢ years since 1984 is given by 


99.744 
P(t) =*—___s at 
1) = Ty 30146 om 


(a) What is the growth rate in the percentage of Microsoft 
Word users? 

(b) Use a graphing utility to graph P = P(t). 

(c) What was the percentage of Microsoft Word users 
in 1990? 

(d) During what year did the percentage of Microsoft Word 
users reach 90%’? 

(e) Explain why the numerator given in the model is 
reasonable. What does it imply? 


24. 


25. 


26. 


95.4993 
P(t) = —-—————_ 
1) = TF 0.0805 558 


represents the percentage of households that do not own a 

personal computer f¢ years since 1984. 

(a) Evaluate and interpret P(0). 

(b) Use a graphing utility to graph P = P(t). 

(c) What percentage of households did not own a personal 
computer in 1995? 

(d) In what year did the percentage of households that do 
not own a personal computer reach 10%? 


Source: U.S. Department of Commerce 
Farmers The logistic model 

— 14,656,248 
1 + :0.059¢°.957 


represents the number of farm workers in the United 
States ¢ years after 1910. 


(a) Evaluate and interpret W(0). 

(b) Use a graphing utility to graph W = W(t). 

(c) How many farm workers were there in the United States 
in 2010? 

(d) When did the number of farm workers in the United 
States reach 10,000,000? 

(e) According to this model, what happens to the number of 
farm workers in the United States as t approaches co? 
Based on this result, do you think that it is reasonable to 
use this model to predict the number of farm workers in 
the United States in 2060? Why? 

Source: U.S. Department of Agriculture 


W(t) 


Birthdays The logistic model 
113.3198 
P(n) 


1, = Dale ee = 

models the probability that, in a room of 1 people, no two 

people share the same birthday. 

(a) Use a graphing utility to graph P = P(n). 

(b) Inaroom of 1 = 15 people, what is the probability that 
no two share the same birthday? 

(c) How many people must be in a room before the 
probability that no two people share the same birthday 
falls below 10%? 

(d) What happens to the probability as n increases? Explain 
what this result means. 





Population of an Endangered Species Environmentalists 
often capture an endangered species and transport the species 
to a controlled environment where the species can produce 
offspring and regenerate its population. Suppose that six 
American bald eagles are captured, transported to Montana, 
and set free. Based on experience, the environmentalists 
expect the population to grow according to the model 


500 
P(t) = ——-_————> 
(7) 1 + 83.33e 0.1624 


where f is measured in years. 














* Author’s Note: Surprisingly, the chemical formulas for glucose and fructose are the same: This is not a typo. 
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(a) Determine the carrying capacity of the environment. 

(b) What is the growth rate of the bald eagle? 

(c) What is the population after 3 years? 

(d) When will the population be 300 eagles? 

(e) How long does it take for the population to reach 
one-half of the carrying capacity? 


27. Invasive Species A habitat can be altered by invasive species 


that crowd out or replace native species. The logistic model 


431 
TT oie 


represents the number of invasive species present in the 

Great Lakes ¢ years after 1900. 

(a) Evaluate and interpret P(0). 

(b) What is the growth rate of invasive species? 

(c) Use a graphing utility to graph P = P(t). 

(d) How many invasive species were present in the 
Great Lakes in 2000? 

(e) In what year was the number of invasive species 175? 


Source: NOAA 


P(t) 
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28. Social Networking The logistic model 


_ 86.1 
1d 22ers 


P(t) 





gives the percentage of Americans who have a social media 
profile, where ¢ represents the number of years after 2008. 





(a) Evaluate and interpret P(0). 

(b) What is the growth rate? 

(c) Use a graphing utility to graph P = P(t). 

(d) During 2017 what percentage of Americans had a social 
media profile? 

(e) In what year did 69.3% of Americans have a social media 
profile? 


Source: Statista, 2018 


Problems 29 and 30 use the following discussion: Uninhibited growth can be modeled by exponential functions other than A(t) = Ape“. 
For example, if an initial population Py requires n units of time to double, then the function P(t) = Po- 2!" models the size of the population 
at time t. Likewise, a population requiring n units of time to triple can be modeled by P(t) = Po: 3" 


29. Growth of an Insect Population An insect population grows 
exponentially. 

(a) If the population triples in 20 days, and 50 insects are 
present initially, write an exponential function of the 
form P(t) = Py: 3” that models the population. 

(b) What will the population be in 47 days? 

(c) When will the population reach 700? 

(d) Express the model from part (a) in the form A (t) = Aye“. 


Retain Your Knowledge 


30. Growth of a Human Population The population of a town is 
growing exponentially. 

(a) If its population doubled in size over an 8-year period 
and the current population is 25,000, write an exponential 
function of the form P(t) = P-2'/" that models the 
population. 

(b) What will the population be in 3 years? 

(c) When will the population reach 80,000? 

(d) Express the model from part (a) intheform A(t) = Age”. 


Problems 31-40 are based on material learned earlier in the course. The purpose of these problems is to keep the material fresh in your 


mind so that you are better prepared for the final exam. 


31. Find the linear function f whose graph contains 


points (4,1) and (8, —5). 


Determine whether the graphs 


the iz 


32. of the linear 


functions f(x) = 5x — landg(x) = 5% + 1 are parallel, 


perpendicular, or neither. ; 


33. 





*) as the sum 


and/or difference of logarithms. Express powers as factors. 


x 
Write the logarithmic expression In ( 


e 








FAN 
34. Find the domain of f(x) = a ; 
a oe = G 
Si Se — ae ee 
x =A i= 2 
36. Find the x-intercept(s) and y-intercept(s) of the graph - 
of f(x) = 2x? — 5x +1. 
37. Solve: = Eye = 2 








Xe | 


38. For the data provided, use a graphing utility to find the line 


of best fit. What is the correlation coefficient? 


6 
me 
39. Use a graphing utility to graph f(x) = x* — 3x7 + 2x - 1 
over the interval | —3,3]. Then, approximate any local 
maximum values and local minimum values, and determine 


where f is increasing and where f is decreasing. Round 
answers to two decimal places. 


10x 
3(2x + 3)*% 
which only positive exponents appear. 


. Write + 5(2x + 3)'% as a single quotient in 
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5.9 Building Exponential, Logarithmic, and Logistic 
Models from Data 


PREPARING FOR THIS SECTION Before getting started, review the following: 





y=ab%\a>0,b>1 


Figure 44 





Building Linear Models from Data (Section 3.2, e Building Quadratic Models from Data (Section 3.4, 


pp. 160-161) 


Building Cubic Models from Data (Section 4.2, 


OBJECTIVES rie Build an Exponential Model from Data (p. 346) 


He Build a Logarithmic Model from Data (p. 348) 
43 Build a Logistic Model from Data (p. 348) 





In Section 3.2 we discussed how to find the linear function of best fit (y = ax + b), 
in Section 3.4 we discussed how to find the quadratic function of best fit 
(y = ax? + bx + c), and in Section 4.2 we discussed how to find the cubic function 
of best fit (y = ax? + bx? + cx + d). 

In this section we discuss how to use a graphing utility to find equations of best 
fit that describe the relation between two variables when the relation is thought to be 
exponential (y = ab’), logarithmic (y = a + b In x), or logistic ( = —) 

ae 
As before, we draw a scatter plot of the data to help to determine the appropriate 
model to use. 

Figure 44 shows scatter plots that are typically observed for the three models. 





y=ab0<b<1,a>0 y=a+binxa>0,b<0 y=atbinxa>0,b>0 y=——,a>0,b>0,c>0 


Exponential Logarithmic Logarithmic Logistic 


Most graphing utilities have REGression options that fit data to a specific type of 
curve. Once the data have been entered and a scatter plot obtained, the type of curve 
that you want to fit to the data is selected. Then that REGression option is used to 
obtain the curve of best fit of the type selected. 

The correlation coefficient r will appear only if the model can be written as a 
linear expression. As it turns out, r will appear for the linear, power, exponential, 
and logarithmic models, since these models can be written as a linear expression. 
Remember, the closer |r| is to 1, the better the fit. 


4 1 Build an Exponential Model from Data 


We saw in Section 5.7 that money earning compound interest grows exponentially, 
and we saw in Section 5.8 that growth and decay models also can behave exponentially. 
The next example shows how data can lead to an exponential model. 


| EXAMPLE 1 ~ Fitting an Exponential Function to Data 


Mariah deposited $20,000 into a well-diversified mutual fund 6 years ago. The data 
in Table 9 represent the value of the account each year for the last 7 years. 


Table 9 
20,000 
21,516 
23,355 
24,885 
27,484 
30,053 
32,622 
Solution 


40,000 





Figure 45 71-84 Plus C 


NORMAL FLOAT AUTO REAL RADIAN HP i 
Expres 
y=agtb"x 


a=19820. 43052 
b=1.085567777 


r2=, 9973560202 
r=.9966771351 





Figure 46 Exponential model 
using a Tl-84 Plus C 
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(a) Using a graphing utility, draw a scatter plot with year as the independent 
variable. 

(b) Using a graphing utility, build an exponential model from the data. 

(c) Express the function found in part (b) in the form A = Aye“. 

(d) Graph the exponential function found in part (b) or (c) on the scatter plot. 

(ce) Using the solution to part (b) or (c), predict the value of the account 
after 10 years. 

(f) Interpret the value of & found in part (c). 


(a) Enter the data into the graphing utility and draw the scatter plot as shown in 
Figure 45 on a TI-84 Plus C. 

(b) A graphing utility fits the data in Table 9 to an exponential model of the 
form y = ab’ using the EXPonential REGression option. Figure 46 shows 
that y = ab* = 19,820.43 (1.085568) * on a TI-84 Plus C. Notice that |r] = 0.999, 
which is close to 1, indicating a good fit. 

(c) To express y = ab* in the form A = Aje“’, where x = tand y = A, proceed as 


follows: 
ab* = Age 
Ifx = t = 0, thena = Ap. This leads to 
j= oA 
b* = (ek)! 
b= e x=t 


Because y = ab“ = 19,820.43 (1.085568)*, this means that a = 19,820.43 
and b = 1.085568. 


a = Ay = 19,820.43 and b = eX = 1.085568 
To find k, rewrite eX = 1.085568 as a logarithm to obtain 
k = In(1.085568) ~ 0.08210 


As aresult, A = Aye* = 19,820.43e908710" 


(d) See Figure 47 for the graph of the exponential function of best fit on a 
TI-84 Plus C. Figure 48 shows the exponential model using Desmos. 


NORHAL FLOAT AUTO REAL RADIAN HP fl 
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af Ling bicede CP 
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Figure 47 Figure 48 Exponential model using Desmos* 
(e) Let ¢ = 10 in the function found in part (c). The predicted value of the account 
after 10 years is 
A = Ae = 19,820.43e%0871000) = $45,047 


(f) The value of k = 0.08210 = 8.210% represents the annual growth rate of the 
account. It represents the rate of interest earned, assuming the account is growing 
continuously. J 


oomum_=-Now Work PROBLEM 1 


*For this result in Desmos to agree precisely with the result of a TI-84 Plus C, the “Log Mode” option must 
be selected. Consult the help feature in Desmos for more information about this option. 
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4 2 Build a Logarithmic Model from Data 


Some relations between variables follow a logarithmic model. 


| EXAMPLE 2 | Fitting a Logarithmic Function to Data 


Table 10 Jodi, a meteorologist, is interested in finding a function that explains the relation 
between the height of a weather balloon (in kilometers) and the atmospheric 
pressure (measured in millimeters of mercury) on the balloon. She collects the data 
shown in Table 10. 


Atmospheric 
Pressure, p Height, h 


(a) Using a graphing utility, draw a scatter plot of the data with atmospheric pressure 
as the independent variable. 

(b) It is known that the relation between atmospheric pressure and height follows 
a logarithmic model. Using a graphing utility, build a logarithmic model from 
the data. 

(c) Graph the logarithmic function found in part (b) on the scatter plot. 

(d) Use the function found in part (b) to predict the height of the weather balloon 
if the atmospheric pressure is 560 millimeters of mercury. 





Solution (a) Enter the data into the graphing utility, and draw the scatter plot. See Figure 49. 
(b) A graphing utility fits the data in Table 10 to a logarithmic function of the 


form y = a + binx by using the LOGarithm REGression option. Figure 50 
im shows the result on a TI-84 Plus C. The logarithmic model from the data is 
° h(p) = 45.7863 — 6.9025 In p 
ee where /1 is the height of the weather balloon and p is the atmospheric pressure. 
0.2 Notice that |r| is close to 1, indicating a good fit. 
Figure 49 [I-84 Plus C (c) Figure 51 shows the graph of h(p) = 45.7863 — 6.9025 In p on the scatter plot. 


Figure 52 shows the logarithmic model using Desmos. 
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Figure 50 Logarithmic model Figure 51 Figure 52 Logarithmic mo 


using a TI-84 Plus C 


(d) Using the function found in part (b), Jodi predicts the height of the weather 
balloon when the atmospheric pressure is 560 to be 


h (560) 45.7863 — 6.9025 In 560 
= 2.108 kilometers a 


ommmmmmme-Now Work PROBLEM 5 


46 3 Build a Logistic Model from Data 


Logistic growth models can be used to model situations for which the value of the 
dependent variable is limited. Many real-world situations conform to this scenario. 
For example, the population of the human race is limited by the availability of natural 
resources, such as food and shelter. When the value of the dependent variable is 
limited, a logistic growth model is often appropriate. 
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| EXAMPLE 3 | Fitting a Logistic Function to Data 


The data in Table 11 represent the amount of yeast biomass in a culture after ¢ hours. 


Table 11 


Time Yeast Time Yeast Time Yeast 
(hours) Biomass (hours) Biomass (hours) Biomass 





Source: Tor Carlson (Uber Geschwindigkeit und Grdsse der Hefevermehrung in Wiirze, Biochemische 
Zeitschrift, Bd. 57 pp. 313-334, 1913) 


(a) Using a graphing utility, draw a scatter plot of the data with time as the 
independent variable. 


(b) Using a graphing utility, build a logistic model from the data. 
(c) Using a graphing utility, graph the function found in part (b) on the scatter plot. 
(d) What is the predicted carrying capacity of the culture? 


(ec) Use the function found in part (b) to predict the population of the culture 
att = 19 hours. 


Solution (a) See Figure 53 for a scatter plot of the data on a TI-84 Plus C. 


HORHAL FLOAT AUTO REAL RADIAN HP f 





Figure 53 171-84 Plus C 
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v=c/(1+ae*( -bxD 
a=71.57629487 
b=. 5469947267 


c=663. 9219908 


Figure 54 Logistic model 
using a Tl-84 Plus C 





(b) A graphing utility fits the data in Table 11 to a logistic growth model of the 


form y = 8 by using the LOGISTIC regression option. Figure 54 shows 
ae 
the result on a TI-84 Plus C. The logistic model from the data is 
663.0 


1+ 7166 054708 


where y is the amount of yeast biomass in the culture and x is the time. 


(c) See Figure 55 for the graph of the logistic model on a TI-84 Plus C. Figure 56 
shows the logistic model using Desmos. 




















ial 14 —te 
® 2-1 0.9908 = iad 
aa = 68h 02? a=T1 5783 
b= 0.405 
Ce | | 
Figure 55 Figure 56 Logistic model using Demos 


(d) Based on the logistic growth model found in part (b), the carrying capacity of 
the culture is 663. 

(e) Using the logistic growth model found in part (b), the predicted amount of yeast 
biomass at t = 19 hours is 


663.0 


7 TE Tbe os Ig ~ 0°19 a! 


ommm_me-NoOw Work PROBLEM 7 
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5.9 Assess Your Understanding 


44 Applications and Extensions 


NX. Biology A strain of E-coli Beu 397-recA441 is placed into 
a nutrient broth at 30° Celsius and allowed to grow. The 
following data are collected. Theory states that the number of 
bacteria in the petri dish will initially grow according to the 
law of uninhibited growth. The population is measured using 
an optical device in which the amount of light that passes 
through the petri dish is measured. 





Source: Dr. Polly Lavery, Joliet 
Junior College 


(a) Draw a scatter plot treating time as the independent 
variable. 

(b) Using a graphing utility, build an exponential model 
from the data. 

(c) Express the function found in part (b) in the 
form N(t) = Noe™. 

(d) Graph the exponential function found in part (b) or (c) 
on the scatter plot. 

(e) Use the exponential function from part (b) or (c) to 
predict the population at x = 7 hours. 

(f) Use the exponential function from part (b) or (c) to 
predict when the population will reach 0.75. 


2. Tesla, Inc. Revenue The data in the table below represent 
annual revenue of Tesla, Inc. from 2010 to 2017. 


Year Revenue ($ Billion) 





Source: Tesla, Inc. 


(a) Using a graphing utility, draw a scatter plot of the data 
using 0 for 2010, 1 for 2011, and so on, as the independent 
variable. 

(b) Using a graphing utility, build an exponential model 
from the data. 

(c) Express the function found in part (b) in the 
form A(t) = Age. 





(d) Graph the exponential function found in part (b) or (c) 
on the scatter plot. 

(e) Use the exponential function from part (b) or (c) to 
predict Tesla’s revenue in 2019. 

(f) Interpret the meaning of & in the function found in 


part (c). 


. Advanced-Stage Breast Cancer The data in the table below 


represent the percentage of patients who have survived 
after diagnosis of advanced-stage breast cancer at 6-month 
intervals of time. 


Time after Diagnosis (years) Percentage Surviving 





Source: Cancer Treatment Centers of America 


(a) Using a graphing utility, draw a scatter plot of the data 
with time after diagnosis as the independent variable. 

(b) Using a graphing utility, build an exponential model 
from the data. 

(c) Express the function found in part (b) in the 
form A(t) = Age“. 

(d) Graph the exponential function found in part (b) or (c) 
on the scatter plot. 

(e) Use the model to predict the percentage of patients 
diagnosed with advanced-stage cancer who survive 
for 4 years after initial diagnosis? 

(f) Interpret the meaning of & in the function found in 


part (c). 


. Chemistry A chemist has a 100-gram sample of a radioactive 


material. He records the amount of radioactive material 
every week for 7 weeks and obtains the following data: 








Weight 
(in grams) 


SECTION 5.9 Building Exponential, Logarithmic, and Logistic Models from Data 


(a) Using a graphing utility, draw a scatter plot with week as 
the independent variable. 

(b) Using a graphing utility, build an exponential model from 
the data. 

(c) Express the function found in part (b) in the 
form A(t) = Age“. 

(d) Graph the exponential function found in part (b) or (c) 
on the scatter plot. 

(e) From the result found in part (b), determine the half-life 
of the radioactive material. 

(f) How much radioactive material will be left after 50 weeks? 

(g) When will there be 20 grams of radioactive material? 


‘A. 5. Milk Production The data in the table below represent the 


number of dairy farms (in thousands) and the amount of 
y milk produced (in billions of pounds) in the United States 
for various years. 


Milk Produced 
(billion pounds) 


Dairy Farms 


Year (thousands) 


Source: National Agricultural Statistics Services 


(a) Using a graphing utility, draw a scatter plot of the data with 
the number of dairy farms as the independent variable. 

(b) Using a graphing utility, build a logarithmic model from 
the data. 

(c) Graph the logarithmic function found in part (b) on the 
scatter plot. 

(d) In 2008, there were 67 thousand dairy farms in the 
United States. Use the function in part (b) to predict the 
amount of milk produced in 2008. 

(e) The actual amount of milk produced in 2008 
was 190 billion pounds. How does your prediction in 
part (d) compare to this? 





. Social Networking The data in the table below represent the 
percent of U.S. citizens aged 12 and older who have a profile 
on at least one social network. 


Percent ona 
Social Networking Site 





Source: Statista.com 
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(a) Using a graphing utility, draw a scatter plot of the data 
using 8 for 2008, 9 for 2009, and so on, as the independent 
variable, and percent on social networking site as the 
dependent variable. 

(b) Using a graphing utility, build a logarithmic model from 
the data. 

(c) Graph the logarithmic function found in part (b) on the 
scatter plot. 

(d) Use the model to predict the percent of U.S. citizens on 
social networking sites in 2019. 

(e) Use the model to predict the year in which 98% of U.S. 
citizens will be on social networking sites. 





Population Model The following data represent the 
population of the United States. An ecologist is interested 
in building a model that describes the population of the 
United States. 
















Population 


76,212,168 


1910 92,228,496 
1920 106,021,537 
1930 123,202,624 
1940 132,164,569 
1950 1'517325,796 
1960 I7Ol323, 175 
1970 203,302,031 
1980 226,542,203 
1990 248,/09,873 
2000 281,421,906 


308,745,538 


Source: U.S. Census Bureau 


(a) Using a graphing utility, draw a scatter plot of the data 
using years since 1900 as the independent variable and 
population as the dependent variable. 

(b) Using a graphing utility, build a logistic model from the data. 

(c) Using a graphing utility, graph the function found in 
part (b) on the scatter plot. 

(d) Based on the function found in part (b), what is the 
carrying capacity of the United States? 

(e) Use the function found in part (b) to predict the population 
of the United States in 2012. 

(f) When will the United States population be 350,000,000? 

(g) Compare actual U.S. Census figures to the predictions 
found in parts (e) and (f). Discuss any differences. 





. Population Model The data that follow on the next page 


represent world population. An ecologist is interested in 

building a model that describes the world population. 

(a) Using a graphing utility, draw a scatter plot of the data 
using years since 2000 as the independent variable and 
population as the dependent variable. 

(b) Using a graphing utility, build a logistic model from the data. 

(c) Using a graphing utility, graph the function found in 
part (b) on the scatter plot. 

(d) Based on the function found in part (b), what is the 
carrying capacity of the world? 





(continued) 
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(e) Use the function found in part (b) to predict the 
population of the world in 2025. 
(f) When will world population be 10 billion? 









Population 
(billions) 


Population 
(billions) Year 





Source: worldometers.info 


9. Mixed Practice Online Advertising Revenue The data in the 
table below represent the U.S. online advertising revenues 
for the years 2005-2016. 


U.S. Online Advertising 
Revenue ($ billions) 


2015 (x = 10) 
AIG (= 1) 


Source: marketingcharts.com 





(a) Using a graphing utility, draw a scatter plot of the 
data using 0 for 2005, 1 for 2006, and so on as the 
independent variable, and online advertising revenue 
as the dependent variable. 

(b) Based on the scatter plot drawn in part (a), decide what 
model (linear, quadratic, cubic, exponential, logarithmic, 
or logistic) that you think best describes the relation 
between year and revenue. 

(c) Using a graphing utitlity, find the model of best fit. 

(d) Using a graphing utility, graph the function found in 
part (c) on the scatter plot drawn in part (a). 

(e) Use your model to predict the online advertising revenue 
in 2021. 


10. Mixed Practice Age versus Total Cholesterol The data on 
top of the next column represent the age and average total 
cholesterol for adult males at various ages. 















Total 
Cholesterol 





(a) Using a graphing utility, draw a scatter plot of the data 
using age, x, as the independent variable and total 
cholesterol, y, as the dependent variable. 

(b) Based on the scatter plot drawn in part (a), decide on a 
model (linear, quadratic, cubic, exponential, logarithmic, 
or logistic) that you think best describes the relation 
between age and total cholesterol. Be sure to justify your 
choice of model. 

(c) Using a graphing utility, find the model of best fit. 

(d) Using a graphing utility, graph the function found in 
part (c) on the scatter plot drawn in part (a). 

(e) Use your model to predict the total cholesterol of 
a 35-year-old male. 


11. Mixed Practice Golfing The data below represent the 
expected percentage of putts that will be made by professional 
golfers on the PGA Tour, depending on distance. For example, 
it is expected that 99.3% of 2-foot putts will be made. 








Distance Distance Expected 


Percentage 


Expected 


(feet) Percentage (feet) 





Source: TheSandTrap.com 


(a) Using a graphing utility, draw a scatter plot of the data 
with distance as the independent variable. 

(b) Based on the scatter plot drawn in part (a), decide on a 
model (linear, quadratic, cubic, exponential, logarithmic, 
or logistic) that you think best describes the relation 
between distance and expected percentage. Be sure to 
justify your choice of model. 

(c) Using a graphing utility, find the model of best fit. 

(d) Graph the function found in part (c) on the scatter plot. 

(e) Use the function found in part (c) to predict what 
percentage of 30-foot putts will be made. 
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Retain Your Knowledge 


Problems 12-21 are based on material learned earlier in the course. The purpose of these problems is to keep the material fresh in your 
mind so that you are better prepared for the final exam. 


12. Construct a polynomial function that might have the graph 14. Graph the equation (x — 3)? + y* = 25. 
shown. (More than one answer is possible.) 15 





. Find the midpoint of the line segment with 
endpoints (—7,5) and (1, —9). 

16. Find the function whose graph is the shape of y = Vx, 

but shifted to the right 4 units and reflected about 





the x-axis. 
17. Solve: 3x” — 4x —5 = 0 
+] 
18. Solve: ——— = 0 
a = 25 


19. Use the Remainder Theorem to find the remainder 
when f(x) = 3x° — 7x* — 27x° + 67x” — 36 is divided 
byx + 3.Isx + 3a factor of f(x)? 





13. Use the Pythagorean Theorem to find the exact length of 
the unlabeled side in the given right triangle. 





1.2 
. Find the average rate of change of f(x) = 8* from 3 to 3 


“ 
S 
=> 


X 21. Use the Intermediate Value Theorem to show 
that f(x) = —x*4 + 2x° — 5x +1 has a zero in the 
y) interval | —2, —1]. Then, approximate the zero correct 


to two decimal places. 


Chapter Review 


Things to Know 


Composite function (p. 259) (fog) (x) = f(g(x) );The domain of f° g is the set of all numbers x in the domain of g for 
which g(x) is in the domain of f- 


One-to-one function f (p. 267) A function for which any two different inputs in the domain correspond to two different 
outputs in the range 





For any choice of elements x,, x. in the domain of f, if x1 # x2, then f(x,) 4 f(x). 


Horizontal-line test (p. 268) If every horizontal line intersects the graph of a function fin at most one point, fis one-to-one. 
Inverse function f~! of f For a one-to-one function y = f(x), the correspondence from the range of f to the domain of f. 
(pp. 269, 274) Domain of f = range of f '; range of f = domain of f! 


f '(f(x)) = x for all x in the domain of f 
iC i (x)) = x for all x in the domain of i 


The graphs of f and f ' are symmetric with respect to the line y = x. 


Properties of the exponential (a)-—]Ca. a> lc 0 Domain: the interval (— 09, oo ) 

function (pp. 284, 286, 290) Range: the interval (0, 00) 
x-intercepts: none; y-intercept: C 
Horizontal asymptote: x-axis (y = 0) asx > —©o 
Increasing; one-to-one; smooth; continuous 


See Figure 21 for a typical graph. 


fix) =Ca, Via 1,C > 0 Domain: the interval (— 00, 00 ) 
Range: the interval (0, © ) 
x-intercepts: none; y-intercept: C 
Horizontal asymptote: x-axis (y = 0) asx co 
Decreasing; one-to-one; smooth; continuous 


See Figure 25 for a typical graph. 
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1 n 
Number e (p. 287) Number approached by the expression (1 + +) as Nn — OO 
n 


Property of exponents (p. 288) Ifa" = a’, thenu = v. 
Natural logarithm (p. 299) y = Inxif and only if x = e’. 
Properties of the logarithmic f(x) =log,x, a>1 Domain: the interval (0, 00 ) 
function (p. 304) ; 
(y = log,x if and only if x = a’) Range: the interval (—09, 00 ) 
x-intercept: 1; y-intercept: none 
Vertical asymptote: x = 0 (y-axis) 
Increasing; one-to-one; smooth; continuous 


See Figure 39(a) for a typical graph. 


f(x) =logyx, O<a<1 Domain: the interval (0, © ) 

(y = log,.x if and only if x = a’) Range: the interval (— 00, oo) 
x-intercept: 1; y-intercept: none 
Vertical asymptote: x = 0 (y-axis) 
Decreasing; one-to-one; smooth; continuous 
See Figure 39(b) for a typical graph. 


Properties of logarithms log, 1 = 0 log,a = 1 gitaM — M log,a’ =r qa’ = e’lma 
(pp. 309-310, 313) M 
log,(MN) = log,M + log,N toa.( 4] = log, M — log, N 
log, M" = rlog,M 

If M = N, then log, M = log, N. 

Iflog, M = log, N, then M = N. 








Formulas 
log, M Ss 
Change-of-Base Formula (p. 314) log, M = isien a # 1,b ¥ 1,and M are positive real numbers 
b 
nt 
Compound Interest Formula (p. 326) A=P-: (1 + “) 
Continuous compounding (p. 328) A = Pe” 
Effective rate of interest (p. 329) Compounding n times per year: rg = (1 +t “| = 
n 
Continuous compounding: r, = e’ — 1 
—nt 
Present Value Formulas (p. 330) P=A: (1 Se “) or P= Ae” 
Uninhibited growth or decay (pp. 335, 337) A(t) = Age“ k # 0;growth,k > 0;decay,k < 0 
Newton’s Law of Cooling (p. 338) u(t) = T+ (uy — T)e“ k <0 
Logistic model (p. 340) P(t) = ——.. a>0,c>0,b #0 
1 + ae 
Objectives 
Section You should be able to... Example(s) Review Exercises 
Sel 1 Form a composite function (p. 259) 1,2,4,5 1-6 
2 Find the domain of a composite function (p. 260) 2-4 4-6 
5.2 1 Determine whether a function is one-to-one (p. 267) i 7(a), 8 
2 Obtain the graph of the inverse function from the graph of a . 8 
one-to-one function (p. 270) 
3 Verify an inverse function (p. 271) 4,5 9,10 
4 Find the inverse of a function defined by an equation (p. 272) 6,7,8 11-14 
5.3 1 Evaluate exponential functions (p. 279) 1 15(a), (c), 48(a) 
2 Graph exponential functions (p. 283) 3-6 32-34, (a)—(c), 35(d)-(f) 
3 Define the number e (p. 286) p. 287 
4 Solve exponential equations (p. 288) 7,8 36, 37, 40, 42, 48(b) 
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Section You should be able to... Example(s) Review Exercises 
5.4 1 Change exponential statements to logarithmic statements and 2.3 16, 17 
logarithmic statements to exponential statements (p. 296) 
2 Evaluate logarithmic expressions (p. 297) 4 15(b), (d), 20, 47(b), 
49(a), 50 
3 Determine the domain of a logarithmic function (p. 297) 5 18, 19, 35(a) 
4 Graph logarithmic functions (p. 298) 6.7 32-34, (d)-(f), 
35(b)—(c), 47(a) 
5 Solve logarithmic equations (p. 302) 8,9 38, 47(c), 49(b) 
ee, 1 Work with the properties of logarithms (p. 309) 1,2 21,22 
2 Write a logarithmic expression as a sum or difference of 3-5 23-26 
logarithms (p. 311) 
3 Write a logarithmic expression as a single logarithm (p. 312) 6 27-29 
4 Evaluate logarithms whose base is neither 10 nor e (p. 313) 7,8 30,31 
5.6 1 Solve logarithmic equations (p. 318) 1-3 38, 41, 44 
2 Solve exponential equations (p. 320) 4-6 39, 43, 45, 46 
3 Solve logarithmic and exponential equations using a graphing 7 36-46 
utility (p. 321) 
Onn 1 Determine the future value of a lump sum of money (p. 325) 1-3 51 
2 Calculate effective rates of return (p. 328) 4 51 
3 Determine the present value of a lump sum of money (p. 329) 5 a2 
4 Determine the rate of interest or the time required to double 6,7 51 
a lump sum of money (p. 330) 
Ps. 1 Model populations that obey the law of uninhibited 1,2 55 
growth (p. 335) 
2 Model populations that obey the law of uninhibited decay (p.337) 3 53.00 
3 Use Newton’s Law of Cooling (p. 338) 4 54 
4 Use logistic models (p. 340) 550 a7 
5.9 1 Build an exponential model from data (p. 346) 1 58 
2 Build a logarithmic model from data (p. 348) 2 59 
3 Build a logistic model from data (p. 348) 3 60 





Review Exercises 
In Problems 1-3, for each pair of functions f and g, find: 


(a) (f°g) (2) (b) (g°f)(—2) (c) (feof) (4) (b) (g°g)(—1) 

1. f(x) = 3x — 5; g(x) =1 —- 2x’ 2. f(x) = Vx +2: g(x) =2x7 +1 a StS es 24) =o = 2 
In Problems 4-6, find f° g,g°f, f° f, and g° g for each pair of functions. State the domain of each composite function. 

4. f(x) =2—-—x g(x) =3x4+1 a 7) = V3x; g(x) =1l+x+x 6. f(x) -* g(x) == 


7. (a) Verify that the function below is one-to-one. (b) Find its inverse. 
{ 1,2), (3,5), (5,8), (6, 10) F 
8. The graph of a function fis given below. State why f is one-to-one. Then draw the graph of the inverse function f ?. 





In Problems 9 and 10, verify that the functions f and g are inverses of each other by showing that f(g(x)) = x and g(f(x)) =x. 
Give any values of x that need to be excluded from the domain of f and the domain of g. 


9. f(x) = 5x — 10; g(x) = = ae 10. f(x) = == g(x) — 





fi, 
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In Problems 11-14, each function is one-to-one. Find the inverse of each function and check your answer. Find the domain and range of f and f —". 





11. f(x) = = = 12. f(x) = —— 13. f(x) = Vx -2 14. f(x) =xIP +1 
15. Given f(x) = 3* and g(x) = log; x, evaluate each of the following. 
1 
(a) (4) (b) £(9) (€) f(-2) @ (5) 


16. Change 5” = z to an equivalent statement involving a logarithm. 


17. Change logs u = 13 to an equivalent statement involving an exponent. 


In Problems 18 and 19, find the domain of each logarithmic function. 
18. f(x) = log(3x — 2) 19. H(x) = log,(x* — 3x + 2) 
In Problems 20-22, find the exact value of each expression. Do not use a calculator. 


1 
20. 1os:( 21. Inev? 22. 2082 0.4 


In Problems 23-26, write each expression as the sum and/or difference of logarithms. Express powers as factors. 
24. log, (a? Vb)* 


2 
23. tog.( u>0,v>0,w>0 a>0, b>0 
Ww 


2x+3 \ 
26. n( == 3) x>2 
a= ser 7 


ol 
28. in(* )+ in( ad )- In(x? — 1) 
x ba ae | 


25. log(x*7 Vx° +1) x>0 


In Problems 27-29, write each expression as a single logarithm. 








1 
27. 3 log,x” + 5 log, Vx 


1 1 1 
29. 5 n(x" se ees 4 Ins = 5 Linx — 4) + Inx] 
30. Use the Change-of-Base Formula and a calculator to evaluate log, 19. Round your answer to three decimal places. 


31. Graph y = log; x using a graphing utility and the Change-of-Base Formula. 


In Problems 32-35, for each function f: 
(a) Find the domain of f 


(d) Find f™, the inverse function of f 


(b) Graph f (c) From the graph, determine the range and any asymptotes of f. 
(e) Find the domain and the range of f'. (f) Graph fo. 


250) 2 33. f(x) =14+3~% 34, f(x) = 3e*? 35. f(x) = 5 in(x + 3) 


In Problems 36-46, solve each equation. Express irrational solutions in exact form. 


36. 3°*3* = 4 37. 3° = V3 
40. 25% = 5*-2 41. log; Vx —-2 =2 
44, log, (x +3) + logs (x +4) =1 45. eb *=5 


39, 5% = 3**? 
43. 2*-5 = 10° 


38. log, 64 = —3 
42. 8 = 4* .25* 
46. *% + 4-37 -3=0 


47. Suppose that f(x) = log.(x — 2) + 1. 
(a) Graph f 


49. Limiting Magnitude of a Telescope A telescope is limited 
in its usefulness by the brightness of the star that it is aimed 
at and by the diameter of its lens. One measure of a star’s 





48. 


(b) What is f(6)? What point is on the graph of f? 
(c) Solve f(x) = 4. What point is on the graph of f? 
(d) Based on the graph drawn in part (a), solve f(x) > 0. 
(e) Find f(x). Graph f' on the same Cartesian plane 

as f. 
Amplifying Sound An amplifier’s power output P (in watts) 
is related to its decibel voltage gain d by the formula 

P= 2504 


(a) Find the power output for a decibel voltage gain 
of 4 decibels. 

(b) For a power output of 50 watts, what is the decibel 
voltage gain? 


brightness is its magnitude; the dimmer the star, the larger 
its magnitude. A formula for the limiting magnitude L of a 
telescope — that is, the magnitude of the dimmest star that it 
can be used to view—1s given by 


L=9+4+ 5.1 logd 
where d is the diameter (in inches) of the lens. 


(a) What is the limiting magnitude of a 3.5-inch telescope? 


(b) What diameter is required to view a star of magnitude 14? 


50. 


51. 


52; 


53. 


54. 


30. 


56. 


a/. 


= 


Salvage Value The number of years n for a piece of machinery 
to depreciate to a known salvage value can be found using 
the formula 


_ logs — logi 
ue log (1 — d) 


where s is the salvage value of the machinery, 7 is its initial 

value, and d is the annual rate of depreciation. 

(a) How many years will it take for a piece of machinery to 
decline in value from $90,000 to $10,000 if the annual 
rate of depreciation is 0.20 (20%)? 

(b) How many years will it take for a piece of machinery to 
lose half of its value if the annual rate of depreciation 
is 15%? 

Funding a College Education A child’s grandparents 

purchase a $10,000 bond fund that matures in 18 years to 

be used for her college education. The bond fund pays 4% 

interest compounded semiannually. How much will the 

bond fund be worth at maturity? What is the effective rate 
of interest? How long will it take the bond to double in value 
under these terms? 








Funding a College Education A child’s grandparents wish to 
purchase a bond that matures in 18 years to be used for her 
college education. The bond pays 4% interest compounded 
semiannually. How much should they pay so that the bond 
will be worth $85,000 at maturity? 


Estimating the Date When a Prehistoric Man Died The 
bones of a prehistoric man found in the desert of New Mexico 
contain approximately 5% of the original amount of carbon-14. 
If the half-life of carbon-14 is 5730 years, approximately how 
long ago did the man die? 


Temperature of a Skillet A skillet is removed from an oven 
where the temperature is 450°F and placed in a room where 
the temperature is 70°F. After 5 minutes, the temperature of 
the skillet is 400°F. How long will it be until its temperature 
is 150°F? 

World Population The annual growth rate of the world’s 
population in 2018 was k = 1.1% = 0.011. The population 
of the world in 2018 was 7632,819,325. Letting t = 0 
represent 2018, use the uninhibited growth model to predict 
the world’s population in the year 2024. 





Source: worldometers.info 


Radioactive Decay The half-life of radioactive cobalt 
is 5.27 years. If 100 grams of radioactive cobalt is present 
now, how much will be present in 20 years? In 40 years? 


Logistic Growth The logistic growth model 


2 0.8 
1 = 1.67203" 


P(t) 
represents the proportion of new cars with a global 
positioning system (GPS). Let t = 0 represent 2006, t = 1 
represent 2007, and so on. 

(a) What proportion of new cars in 2006 had a GPS? 

(b) Determine the maximum proportion of new cars that 
have a GPS. 

(c) Using a graphing utility, graph P = P(t). 

(d) When will 75% of new cars have a GPS? 


Iz 58. 


ie ~ 


ne 60. 
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Rising Tuition The following data represent the average 
in-state tuition and fees (in 2017 dollars) at public 
four-year colleges and universities in the United States from 
the academic year 1990-91 to the academic year 2017-18. 


Tuition and Fees 


Academic Year (2017 dollars) 


1990-91 (x = 0 
1995-96 
2000-01 


x=5 


) 
) 
x = 10 
5 
3, 


2009-10 

2013-14 

2017-18 (x = 27) 
Source: The College Board 


x= 1 


( 

( 
2005-06 (x = 1 

( 

( 


) 
) 
) 
) 


xX = 23 





(a) Using a graphing utility, draw a scatter plot with academic 
year as the independent variable. 

(b) Using a graphing utility, build an exponential model from 
the data. 

(c) Express the function found in part (b) in the 
form A(t) = Age™. 

(d) Graph the exponential function found in part (b) or (c) 
on the scatter plot. 

(e) Predict the academic year when the average tuition will 
reach $16,000. 


Wind Chill Factor The data represent the wind speed 
(mph) and the wind chill factor at an air temperature 
or 1S F. 





Wind Chill 
Factor (°F) 


{ Wind Speed 
'| (mph) 


Source: U.S. National Weather 
Service 


(a) Using a graphing utility, draw a scatter plot with wind 
speed as the independent variable. 

(b) Using a graphing utility, build a logarithmic model from 
the data. 

(c) Using a graphing utility, draw the logarithmic function 
found in part (b) on the scatter plot. 

(d) Use the function found in part (b) to predict the wind 
chill factor if the air temperature is 15°F and the wind 
speed is 23 mph. 


Spreading of a Disease Jack and Diane live in a small town 
of 50 people. Unfortunately, both Jack and Diane have a 
cold. Those who come in contact with someone who has this 
cold will themselves catch the cold. The data that follow on 
the next page represent the number of people in the small 
town who have caught the cold after ¢ days. 


(continued) 








358 CHAPTERS Exponential and Logarithmic Functions 


—- at Number of People 
with Cold, C 


CON OO BB WN = 





CHAPTER 


Chapter Test 


VIDEOS 


(a) Using a graphing utility, draw a scatter plot of the data. 
Comment on the type of relation that appears to exist 
between the number of days that have passed and the 
number of people with a cold. 

(b) Using a graphing utility, build a logistic model from the 
data. 

(c) Graph the function found in part (b) on the scatter 
plot. 

(d) According to the function found in part (b), what is the 
maximum number of people who will catch the cold? 
In reality, what is the maximum number of people who 
could catch the cold? 

(e) Sometime between the second and third day, 10 people 
in the town had a cold. According to the model found in 
part (b), when did 10 people have a cold? 

(f) How long will it take for 46 people to catch the cold? 





The Chapter Test Prep Videos include step-by-step solutions to all chapter test 
Test Prep exercises, These videos are available in MyLab™ Math, or on this text's YouTube 
Channel. Refer to the Preface for a link to the YouTube channel. 





XE 2 
1. lf f(x) =" 


(a) f°g and state its domain 
(b) (g°f)(—2) 
(c) (feg)(—2) 


2. Determine whether the function is one-to-one. 
(a) y= Ay? + 3 


(b) y= Vx +3-5 


3. Find the inverse of f(x) = 





and g(x) = 2x + 5, find: 








O00 
State the domain and the range of f and f 1. 

4. If the point (3,—5) is on the graph of a one-to-one 
function f, what point must be on the graph of f !? 


In Problems 5-7 solve each equation. 


5. 3* = 243 6. log,16 = 2 7, logsx = 4 
In Problems 8-11, evaluate each expression. without using a 
calculator. 


1 
8. loge ze 9. log 10,000 


10. gloz2> 11. Ine’ 


In Problems 12 and 13, for each function f: 
(a) Find the domain of f. 
(b) Graph f. 
(c) From the graph, of f, find the range and any asymptotes. 
(d) Find f ', the inverse of f 
(e) Find the domain and the range of f—. 
(f) Graph f. 


2. 2 13. f(x) = 1 — logs(x — 2) 


5 and check your answer. 


In Problems 14-19, solve each equation. Express irrational solutions 
in exact form. 


1 Ros a5, 


15. log(x + 9) = 2 


16. 8 — 2e% = 17. log(x* + 3) = log(x + 6) 
15 7 19. log,(x — 4) + log,(x + 4) =3 
4 5 
20. Write ioe = —} as the sum and/or difference of 
Se) ate lc. 


logarithms. Express powers as factors. 


21. A 50-mg sample of a radioactive substance decays to 34 mg 
after 30 days. How long will it take for there to be 2 mg 
remaining? 

22. (a) If $1000 is invested at 5% compounded monthly, how 

much is there after 8 months? 

(b) If you want to have $1000 in 9 months, how much do 
you need to place in a savings account now that pays 5% 
compounded quarterly? 

(c) How long does it take to double your money if you can 
invest it at 6% compounded annually? 





23. The decibel level, D, of sound is given by the equation 


jl 
D = 10 ioo( 4) 
0 


where / is the intensity of the sound 
and Jy = 10 '* watt per square meter. 


(a) If the shout of a single person measures 80 decibels, 
how loud would the sound be if two people shout at the 
same time? That is, how loud would the sound be if the 
intensity doubled? 

The pain threshold for sound is 125 decibels. If the Athens 
Olympic Stadium 2004 (Olympiako Stadio Athinas 
‘Spyros Louis’) can seat 74,400 people, how many people in 
the crowd need to shout at the same time for the resulting 
sound level to meet or exceed the pain threshold? (Ignore 
any possible sound dampening.) 


(b 


wy 








Cumulative Review 


1. Is the following graph the graph of a function? If it is, is the 10. 


function one-to-one? 





11. 


-4 


2. For the function f(x) = 2x? — 3x + 1, find: 
(a) f(3) (b) f(-x) — (@®) f(x +A) 
3. Determine which points are on the graph of x7 + y” = 1. 
c (4.4) w (4 x) 
22 2 2 
4. Solve the equation 3(x — 2) = 4(x + 5). 
5. Graph the line 2x — 4y = 16. 
6. (a) Graph the quadratic function f(x) = —x* + 2x — 3 
by determining whether its graph is concave up 
or concave down and by finding its vertex, axis of 


symmetry, y-intercept, and x-intercept(s), if any. 
(b) Solve f(x) = 0. 


7. Determine the quadratic function whose graph is given in 
the figure. 


12. 


14. 


fy 15. 





Vertex: 
(4, —8) 


8. Graph f(x) = 3(x + 1)° — 2 using transformations. 
2 
Tae 
find (f° g) (x) and state its domain. What is (f° g) (5)? 


9, Given that f(x) = x* + 2 and g(x) 
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Cumulative Review 


For the polynomial function 
f(x) = 3x4 -— 15x? -— 12x? + 60x 


(a) Determine the end behavior of the graph. 

(b) Find the x- and y-intercepts of the graph. 

(c) Find the real zeros and their multiplicity, and determine if 
the graph crosses or touches the x-axis at each intercept. 

(d) Determine the maximum number of turning points on 
the graph. 

(e) Graph the function. 

For the function g(x) = 3* + 2: 


(a) Graph g using transformations. State the domain, range, 
and horizontal asymptote of the graph of g. 


(b) Determine the inverse of g. State the domain, range, and 
vertical asymptote of the graph of g 1. 
(c) On the same coordinate axes as g, graph g 1. 


Solve the equation: 4%? = 8** 


. Solve the equation: log3(x + 1) + log3(2x — 3) = logo9 


Suppose that f(x) = log3(x + 2). Solve: 


(a) f(x) = 0 
(b) f(x) > 0 
(c) f(x) = 3 


Data Analysis The following data represent the percent 
of all drivers by age who have been stopped by the police 
for any reason within the past year. The median age 
represents the midpoint of the upper and lower limit for 
the age range. 


Age Range 


Median Age, x __ Percent Stopped, y 


(a) Using a graphing utility, draw a scatter plot of the data 
treating median age, x, as the independent variable. 

(b) Determine a model that best describes the relation 
between median age and percent stopped. You may 
choose from among linear, quadratic, cubic, exponential, 
logarithmic, and logistic models. 

(c) Provide a justification for the model that you selected 
in part (b). 
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CHAPTER 5 Exponential and Logarithmic Functions 


Chapter Projects 





(@) Internet-based Project 


I. Depreciation of Cars Kelley Blue Book is a guide that provides 
the current retail price of cars. You can access the Kelley Blue 
Book online at www.kbb.com. 


1. 


Identify three cars that you are considering purchasing, 
and find the Kelley Blue Book value of the cars for 0 
(brand new), 1,2,3,4, and 5 years of age. Online, the value 
of the car can be found by selecting Price New/Used. 
Enter the year, make, and model of the new or used 
car you are selecting. To be consistent, assume the cars will 
be driven 12,000 miles per year, so a 1-year-old car will 
have 12,000 miles, a 2-year-old car will have 24,000 miles, 
and so on. Choose the same options for each year, 
and select Buy from a Private Party when choosing a price 
type. Finally, determine the suggested retail price for cars 
that are in Excellent, Good, and Fair shape. You should 
have a total of 16 observations (1 for a brand new car, 3 
for a 1-year-old car, 3 for a 2-year-old car, and so on). 





Draw ascatter plot of the data with age as the independent 
variable and value as the dependent variable using Excel, 
a TI-graphing calculator, or some other spreadsheet. The 
Chapter 3 project describes how to draw a scatter plot 
in Excel. 





Determine the exponential function of best fit. Graph the 
exponential function of best fit on the scatter plot. To do 
this in Excel, right click on any data point in the scatter 
plot. Now select Add Trendline. Select the Exponential 
radio button and select Display Equation on Chart. See 


Figure 57 Move the Trendline Options window off to the 
side, if necessary, and you will see the exponential function 
of best fit displayed on the scatter plot. Do you think the 
function accurately describes the relation between age of 
the car and suggested retail price? 


Format Trendline ~ x 


Trendline Options © 
oO 2 ill 
4 Trendline Options 


(a) Exponential 





_) Linear 





4 


(_) Lagarithmic 
() Polynomial Order 2 


(_) Power 


=, Moving 


Period 2 
Average mi 


1 
le { 
7 
Pi 
ae 
| al 


Trendline Name 





®) Automatic Expon. (Series 1) 
Custom 
Forecast 
Forward oO | periods 
Backward 100 | periods 
|_| Set Intercept oo 


(¥) Display Equation on chart 


|| Display B-squared value on chart 


Figure 57 


The exponential function of best fit is of the 
form y = Ce’*, where y is the suggested retail value of the 
car and x is the age of the car (in years). What does the 
value of C represent? What does the value of r represent? 
What is the depreciation rate for each car that you are 
considering? 


Write a report detailing which car you would purchase 
based on the depreciation rate you found for each car. 


Citation: Excel © 2018 Microsoft Corporation. Used with permission from Microsoft. 


The following projects are available on the Instructor’s Resource Center (IRC): 


II. Hot Coffee A fast-food restaurant wants a special container to hold coffee. The restaurant wishes the container to quickly cool the 
coffee from 200° to 130°F and Keep the liquid between 110° and 130°F as long as possible. The restaurant has three containers to 
select from. Which one should be purchased? 


HI. Project at Motorola Thermal Fatigue of Solder Connections Product reliability is a major concern of a manufacturer. Here a 
logarithmic transformation is used to simplify the analysis of a cell phone’s ability to withstand temperature change. 


i Narece)ate)an=aeare 


melaredlelabs 





Length of Day Revisited 


The length of a day depends on the day of the year as well as on the latitude of the 
location. Latitude gives the location of a point on Earth north or south of the equator. 
In Chapter 4 we found a model that describes the relation between the length of day and 
latitude for a specific day of the year. In the Internet Project at the end of this chapter, 
we will find a model that describes the relation between the length of day and day of the 
year for a specific latitude. 


( Pp j — See the Internet-based Chapter Project I— 





In Chapter 2, we began our discussion of functions. We defined domain and range and 
independent and dependent variables; we found the value of a function and graphed functions. 
We continued our study of functions by listing properties of functions, such as being even or 
odd, and we created a library of functions, naming key functions and listing their properties, 
including the graph. In Chapter 5, we introduced exponential and logarithmic functions, which 
we classified as transcendental functions. 


In this chapter, we continue to study transcendental functions by defining the trigonometric 
functions, six functions that have wide application. We find their domain and range, evaluate 
them, graph them, and develop a list of their properties. 

There are two widely accepted approaches to the development of the trigonometric 
functions: one uses right triangles; the other uses circles, especially the unit circle. In this text, 
we develop the trigonometric functions using the unit circle. In Chapter 8, we present right 
triangle trigonometry. 


6.1 


6.2 


6.3 


6.4 


6.5 


6.6 


Outline 





Angles, Arc Length, and Circular 
Motion 

Trigonometric Functions: Unit 
Circle Approach 

Properties of the Trigonometric 
Functions 

Graphs of the Sine and Cosine 
Functions 

Graphs of the Tangent, Cotangent, 
Cosecant, and Secant Functions 
Phase Shift; Sinusoidal Curve 
Fitting 

Chapter Review 

Chapter Test 

Cumulative Review 

Chapter Projects 
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362 CHAPTER 6 Trigonometric Functions 


6.1 Angles, Arc Length, and Circular Motion 


PREPARING FOR THIS SECTION Before getting started, review the following: 


e Circumference and Area of a Circle e Uniform Motion (Section A.8, 


(Section A.2, p. A16) 


pp. A66-A67) 


\ Now Work the ‘Are You Prepared?’ problems on page 370. 


OBJECTIVES 1 Angles and Degree Measure (p. 362) 


2 Convert between Decimal and Degree, Minute, Second Measures 
for Angles (p. 364) 


3 Find the Length of an Arc of a Circle (p. 365) 
4 Convert from Degrees to Radians and from Radians to Degrees (p. 366) 
5 Find the Area of a Sector of a Circle (p. 368) 
6 Find the Linear Speed of an Object Traveling in Circular Motion (p. 369) 





1 Angles and Degree Measure 


i = ii 
V Ray 


Figure 1 Aray or half-line 


Figure 2 


Need to Review? 


Rectangular Coordinates are 
discussed in Section 1.1, p. 2. 


2) &: & 


Figure 3 Standard position of an angle 


A ray, or half-line, is a portion of a line that starts at a point V on the line and extends 
indefinitely in one direction. The starting point V of a ray is called its vertex. See Figure 1. 

When two rays are drawn with a common vertex, they form an angle. We call one 
ray of an angle the initial side and the other the terminal side. The angle formed is 
identified by showing the direction and amount of rotation from the initial side to the 
terminal side. If the rotation is in the counterclockwise direction, the angle is positive; 
if the rotation is clockwise, the angle is negative. See Figure 2. 


a 
qe 





Vertex _ Initial side Initial side 





(a) Counterclockwise (b) Clockwise rotation; (c) Counterclockwise 
rotation; Negative angle rotation; 
Positive angle Positive angle 


Lowercase Greek letters, such as a (alpha), B (beta), y (gamma), and 6 (theta), 
are often used to denote angles. Notice in Figure 2(a) that the angle a is positive 
because the direction of the rotation from the initial side to the terminal side is 
counterclockwise. The angle 8 in Figure 2(b) is negative because the rotation 
is clockwise. The angle y in Figure 2(c) is positive. Notice that the angle a in 
Figure 2(a) and the angle y in Figure 2(c) have the same initial side and the same 
terminal side. However, a and y are unequal, because the amount of rotation required 
to go from the initial side to the terminal side is greater for angle y than for angle a. 

An angle @ is said to be in standard position if its vertex is at the origin of a 
rectangular coordinate system and its initial side coincides with the positive x-axis. 
See Figure 3. 


y, 







Terminal side 









Initial side Initial side xX 


Terminal side 


(a) @ is in standard position; (b) 4 is in standard position; 
4 is positive 4 is negative 
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When an angle @ is in standard position, either the terminal side will lie in a 
quadrant, in which case we say that 6 lies in that quadrant, or the terminal side will 
lie on the x-axis or the y-axis, in which case we say that 0 is a quadrantal angle. For 
example, the angle 0 in Figure 4(a) lies in quadrant II, the angle 6 in Figure 4(b) lies 
in quadrant IV, and the angle @ in Figure 4(c) is a quadrantal angle. 


l | l | 
Jy y 4 y 





lll IV lll 
Figure 4 (a) 4 lies in quadrant II (b) 4 lies in quadrant IV (c) 6 isaquadrantal angle 


Angles are measured by determining the amount of rotation needed for the 
initial side to coincide with the terminal side. The two commonly used measures for 
angles are degrees and radians. 


Degree Measure 


HISTORICAL NOTE One The angle formed by rotating the initial side exactly once in the counterclockwise 
counterclockwise rotation was direction until it coincides with itself (1 revolution) is said to measure 360 degrees, 
said to measure 360° because the as . 
Babylonian year had 360 days. = abbreviated 360°. One degree, 1°, is 360 revolution. A right angle is an angle that 
é' ; 
measures 90°, or 1 revolution; a straight angle is an angle that measures 180°, 
or, revolution. See Figure 5. As Figure 5(b) shows, it is customary to indicate a right 
angle by using the symbol LL. 
Terminal 
Terminal side - side 
Initial side 
Vertex Vertex _ Initial side Terminal side Vertex Initial side 
Figure 5 (a) 1 revolution (b) right angle, + revolution (c) straight angle, 5 revolution 
counterclockwise, 360° counterclockwise, 90° counterclockwise, 180° 


It is also customary to refer to an angle that measures @ degrees as an angle 
of 0 degrees. 








Drawing an Angle 
Draw each angle in standard position. 


(a) 45° (by =90° (c).225° (d) 405° 
i 
Solution (a) Anangle of 45° is 5 of a right angle. See Figure 6. 


(b) An angle of —90° is i revolution in the clockwise direction. See Figure 7 
(c) An angle of 225° consists of a rotation through 180° followed by a rotation 
through 45°. See Figure 8. 


(d) An angle of 405° consists of 1 revolution (360°) followed by a rotation 
through 45°. See Figure 9. 





2255 
Initial side 
Vertex Initial side 
a “ Initial side 
TT side 
Vertex Initial side : 


ormmmmmm=- NOW Work PROBLEM 11 
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2 Convert between Decimal and Degree, Minute, Second 
Measures for Angles 


Although subdivisions of a degree may be obtained by using decimals, the 
notion of minutes and seconds may also be used. One minute, denoted by I’, 


1 1 

is defined as 60 degree. One second, denoted by 1”, is defined as 60 minute or, 
1 

equivalently, 3600 degree. An angle of, say, 30 degrees, 40 minutes, 10 seconds is 


written compactly as 30°40'10". To summarize: 


1 counterclockwise revolution = 360° 


CO el G0), 





It is sometimes necessary to convert from the degree, minute, second 
notation (D°M’S”) to a decimal form, and vice versa. 


| EXAMPLE 2 | Converting between Decimal Form and the Degree, Minute, 


Second Form 


(a) Convert 50°6'21” to a decimal in degrees. Round the answer to four decimal places. 


(b) Convert 21.256° to the degree, minute, second notation. Round the answer to the 
nearest second. 
1 1 


1\ 1\ 
lution So . "= {—]}] = | —-— : 
Solutio (a) Because 1 (= and 1 (= (< =] , convert as follows 


50°6’21” = 50° + 6’ + 21” = 50° + 6-1’ + 21-1” 
oo ia 1 1) Convert minutes and 
oy ae (=) wks (= =) seconds to degrees. 
= 50° + 0.1° + 0.0058° 
= 50.1058° 


(b) Because 1° = 60’ and 1’ = 60”, proceed as follows: 


21.256° = 21° + 0.256° 
= 21° + 0.256- 1° 
= 21° + 0.256: 60’ 


Convert fraction of degree 
to minutes; 1° = 60’. 


= 21" = 15,36" 
= 2h 15" 40,36" 
fej COMMENT Graphing calculators (and = 2 =e 1D ar O30" 
some scientific calculators) have the — 91° + 15’ + 0.36°60" Ponverenaenon idiliisainaioilia 
ability to convert from degree, minute, or , seconds; 1’ = 60”. 
second to decimal form, and vice versa. = 21° + 15' + 21.6 
Consult your owner’s manual. ia =~ 21°15'22" Round to the nearest second. J 


emmmmmme=- NOW Work PROBLEMS 59 AND 65 


In many applications, such as describing the exact location of a star or the precise 
position of a ship at sea, angles measured in degrees, minutes, and even seconds are 
used. For calculation purposes, these are transformed to decimal form. In other 
applications, especially those in calculus, angles are measured using radians. 


Radian Measure 


A central angle is a positive angle whose vertex is at the center of a circle. The rays of a 
central angle subtend (intersect) an arc on the circle. If the radius of the circle is r 
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and the length of the arc subtended by the central angle is also r, then the measure 
of the angle is 1 radian. See Figure 10(a). 

For a circle of radius 1, the rays of a central angle with measure 1 radian subtend 
an arc of length 1. For a circle of radius 3, the rays of a central angle with measure 
1 radian subtend an arc of length 3. See Figure 10(b). 








Initial side Initial side 


Figure 10 (a) (b) 


3 Find the Length of an Arc of a Circle 


Now consider a circle of radius 7 and two central angles, 9 and 6,;, measured in radians. 
Suppose that these central angles subtend arcs of lengths s and s;, respectively, as 
shown in Figure 11. From geometry, the ratio of the measures of the angles equals 
the ratio of the corresponding lengths of the arcs subtended by these angles; that is, 


Pon & (2) 


0, (SY 





Suppose that 6, = 1 radian. Refer again to Figure 10(a). The length s, of the 
1 4 arc subtended by the central angle 6, = 1 radian equals the radius r of the circle. 
Then s; = r, so equation (2) reduces to 


0 
—=- or s=r0 (3) 
1 


( THEOREM Arc Length 


For a circle of radius r, a central angle of 6 radians subtends an arc whose 
length s is 


s=ré (4) 5 
NOTE Formulas must be consistent with the units used. In formula (4), we write 
s=ré 
To see the units, use equation (3) and write 


@radians _ length units 


1 radian r length units 


6 radians 


s lenath units = r length units ; 
J J 1 radian 


The radians cancel, leaving 
Ss length units = (rlengthunits)@ s = ré 
where 6 appears to be “dimensionless” but, in fact, is measured In radians. So, inthe formulas = r, 


the dimension for @ Is radians, and any convenient unit of length (such as inches or meters) can be 
used for s and r. oO 
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| EXAMPLE 3 ~ Finding the Length of an Arc of a Circle 


Find the length of the arc of a circle of radius 2 meters subtended by a central angle 
of 0.25 radian. 


Solution —_ Use formula (4) with r = 2 meters and 9 = 0.25. The length s of the arc is 
s = ré = 2:°0.25 = 0.5 meter al 


ovmmmm=mmme=- Now Work PROBLEM 71 


4 Convert from Degrees to Radians and from Radians to Degrees 


= 271 With two ways to measure angles, it is important to be able to convert from one 
measure to the other. Consider a circle of radius r. A central angle of 1 revolution 
subtends an arc equal to the circumference of the circle. See Figure 12. Because the 
circumference of a circle of radius r equals 27r, substitute 27rr for s in formula (4) to 
find that, for an angle @ of 1 revolution, 






1 revolution 


s=r0 


; , 27r = r0 0 = 1revolution;s = 2 
Figure 12 1 revolution = 2a radians 7 : a 


6 = 27 radians’ Solve for 0. 


From this, we have 
1 revolution = 27 radians (5) 


Since 1 revolution = 360°, we have 
360° = 27 radians 
Dividing both sides by 2 yields 


180° = wv radians (6) 


Divide both sides of equation (6) by 180. Then 

1 degree = a radian 
Divide both sides of equation (6) by 77. Then 

180 

— degrees = 1 radian 


We have the following two conversion formulas:* 


7 . __ 180 
1 degree = {89 radian 1 radian = = degrees 





| EXAMPLE 4 © Converting from Degrees to Radians 


Convert each angle in degrees to radians. 


(a) 60° (b) 150° (c) —45° (d) 90° (e) 107° 


; _ _ Degrees _ Radians . 
*Some students prefer instead to use the proportion = . Then substitute for what is 


given and solve for the measurement sought. i e 
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Solution (a) 60° = 60:1 degree = 60 radian = + radians 


5 
(b) 150° = 150-1° = 150+ radian = ~ radians 


oc) =45° = =45 "= radian = ~* radian 
180 4 


(d) 90° = 90 -— radian = > tadians 


(e) 107°: 107 yop radian ~ 1.868 radians J 


Example 4, parts (a)—(d), illustrates that angles that are “nice” fractions of a 
revolution are expressed in radian measure as fractional multiples of 77, rather than as 


decimals. For example, a right angle, as in Example 4(d), is left in the form 5 Tadians, 





ie ... Ww 3.1416 ; 
which is exact, rather than using the approximation = 1.5708 radians. 
When the fractions are not “nice,” use the decimal approximation of the angle, as in 


Example 4(e). 


ommmmms=— NOW Work PROBLEMS 23 AND 49 


- €XAMPLE5 | Converting from Radians to Degrees 


Convert each angle in radians to degrees. 
3 q 7 
(a) ; radian (b) o radians (c) — 7a radians (d) 5 radians (e) 3 radians 


180 
a 1 radian = ar degrees = 30° 


Solution (a) ; radian = 
3 37 180 
(b) —- radians = =~ — degrees = 270° 


fi 77 180 
(c).= “radians = + —— degrees = —315° 


7 7a 180 
(d) radians = “3° “degrees = 420° 


. _ , 180 _ : 
(e) 3 radians = 3 ~—__ degrees ~ 171.89 =f] 


ovmmmmmmn=- Now Work PROBLEM 35 


Table 1 lists the degree and radian measures of some common angles. You should 
learn to feel equally comfortable using either measure. 


Table 1 Degrees 


Radians 


Degrees 


Radians 
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aa | EXAMPLE 6 Field Width of a DSLR Camera Lens 


For small angles, the length of the arc subtended by a central angle is 
approximately equal to the length of the chord that is subtended. Use this fact to 
approximate the field width (the width of scenery the lens can image) of a400mm 
camera lens at a distance of 750 feet if the viewing angle of the lens is 6°12’. 





Solution See Figure 13. The measure of the central angle is 6°12’, but remember that the 
angle in formula (4) must be in radians. So begin by converting the angle to radians. 





¢=6012 =62 = 6.2 radian ~ 0.108 radian 
; 180 


12’ = 0.2° 


Viewing 
angle 


Use 6 = 0.108 radian and r = 750 feet in formula (4). The field width for the lens at 
a distance of 750 feet from the camera is approximately 


pe a ey 
Distance to object 


s = r0 = 750-0.108 = 81 feet —A 
Figure 13 Camera viewing angle 
NOTE Ifthe measure ofan angle Is given When an angle is measured in degrees, the degree symbol is always shown. 
as 5, ts understood to mean 5 radians; = However, when an angle is measured in radians, we usually omit the word radians. 


if the measure of an anole Is given as 5°, So if th f ieee 7 v7 aestaout 7 di 
it means 5 degrees. o if the measure of an angle is given as 6 it is understood to mean 6 radian. 


em Now Work PROBLEM 107 


5 Find the Area of a Sector of a Circle 


Consider a circle of radius r. Suppose that 0, measured in radians, is a central angle 
> of this circle. See Figure 14. We seek a formula for the area A of the sector (shown in 
» blue) formed by the angle 6. 

Consider a circle of radius 7 and two central angles @ and 6,, both measured in 
radians. See Figure 15. From geometry, the ratio of the measures of the angles equals 
the ratio of the corresponding areas of the sectors formed by these angles. That is, 


Figure 14 Sector of a Circle Go A 


a A 
Now suppose that 6, = 27 radians. Then A, = area of the circle = wr’. Solving 


for A, we find 


fl 6 1 
A = Aj = ar? ="779 
i Oe 


A, = av 7: 0, = 27 





( tHeoREM Area of a Sector 


The area A of the sector of a circle of radius r formed by a central angle 
of 6 radians is 


i 
A ==r’6 (8) 


2 
-, 
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| EXAMPLE 7 ~ Finding the Area of a Sector of a Circle 


Find the area of the sector of a circle of radius 2 feet formed by an angle of 30°. 
Round the answer to two decimal places. 


Solution —_ Use formula (8) withr = 2 feet and @ = 30° = @ radian. [Remember, in formula (8), 
6 must be in radians. | 


1 1 7 
A=<r70=—:2?->=— = 1.05 
a iar 
The area A of the sector is 1.05 square feet, rounded to two decimal places. J 
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6 Find the Linear Speed of an Object Traveling in Circular Motion 


The average speed of an object is the distance traveled divided by the elapsed 
time. For motion along a circle, we distinguish between linear speed and angular 
speed. 


C DEFINITION Linear Speed 


Suppose that an object moves on a circle of radius r at a constant speed. If s 
is the distance traveled in time f¢ on this circle, then the linear speed v of the 
object is defined as 


J 


As this object travels on the circle, suppose that @ (measured in radians) is the 
central angle swept out in time tf. See Figure 16. 





Figure16 v = = ‘- 


DEFINITION Angular Speed 


The angular speed w (the Greek lowercase letter omega) of an object is the 
angle 6 (measured in radians) swept out, divided by the elapsed time ¢; that is, 





=) 


Angular speed is the way the turning rate of an engine is described. For example, 
an engine idling at 900 rpm (revolutions per minute) is one that rotates at an angular 
speed of 

revolutions revolutions radians radians 


900 —— = 900 T —= TT = 
minute minute revolution minute 





There is an important relationship between linear speed and angular speed: 


6 6 
linear speed = v = ; fs : 


where w is measured in radians per unit time. 
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When using formula (11), v = rw, remember that v = , (the linear speed) has 


the dimensions of length per unit of time (such as feet per second or miles per hour), 
r (the radius of the circular motion) has the same length dimension as s, and w (the 
angular speed) has the dimension of radians per unit of time. If the angular speed 
is given in terms of revolutions per unit of time (as is often the case), be sure to 
convert it to radians per unit of time, using the fact that 1 revolution = 27 radians, 
before using formula (11). 


sy) WED CDea Finding Linear Speed 


A child is spinning a rock at the end of a 2-foot rope at the rate of 180 revolutions per 
minute (rpm). Find the linear speed of the rock when it is released. 





Solution Look at Figure 17 The rock is moving around a circle of radius r = 2 feet. The 
angular speed w of the rock is 


revolutions revolutions radians radians 
wo=1 a — Tl Ts 
minute minute revolution minute 


From formula (11), v = ra, the linear speed v of the rock is 


dais ~ 799 feet ~ 2762 feet 





Vv = rw = 2 feet: 3607 


qT : 
minute minute minute 





Figure 17 The linear speed of the rock when it is released is 2262 ft/min ~ 25.7 mi/h. =] 
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6.1 Assess Your Understanding 


‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 





1. What is the formula for the circumference C of a circle of 2. If an object has a speed of r feet per second and travels a 
radius r? What is the formula for the area A of a circle of distance d (in feet) in time ¢ (in seconds), then d = 
radius r? (p. A16) (pp. A66—A67) 


Concepts and Vocabulary 





3. An angle @ is in if its vertex is at the 7, Multiple Choice 180° = radians 
origin of a rectangular coordinate system and its initial side 7 30 
coincides with the positive x-axis. (a) = (b) 7 (C) = (d) 2a 
4, A is a positive angle whose vertex is at 8. An object travels on a circle of radius r with constant speed. 
the center of a circle. If s is the distance traveled in time ¢ on the circle and 6 is the 
5. Multiple Choice If the radius of a circle is r and the length central angle (in radians) swept out in time ¢, then the linear 
speed of the object is v = and the angular speed of 


of the arc subtended by a central angle is also r, then the 


measure of the angle is 1 the object is w = 


(a) degree (b) minute 9. True or False The angular speed w of an object traveling on 
(c) second (d) radian a circle of radius r is the angle 6 (measured in radians) swept 


6. On a circle of radius 7, a central angle of @ radians subtends OU CIDER Oy ee a eect, 


an arc of length s = ; the area of the sector formed by 10. True or False For circular motion on a circle of radius 7, 


this angle 0 is A = linear speed equals angular speed divided by r. 
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Skill Building 


In Problems 11-22, draw each angle in standard position. 


\ 11. 30° 12. 60° 15;,.135° 14. —120° 15. 450° 16. 540° 
377 Atr 7 277 167 217 
| Seer 18. — 1, == 20..-—= 2 223 
4 . 3 ‘ 6 : 3 3 4 
In Problems 23-34, convert each angle in degrees to radians. Express your answer as a multiple of 7. 
\ 2a, 30" 24. 120° 25. 495° 26. 330° 21 60° 28. —30° 
29. 540° 30. 270° 31. —240° 32. —225° 33. —90° 34. — 180° 


In Problems 35-46, convert each angle in radians to degrees. 


WX 35,2 36, 2%: 37, 27 38, 27 39, 27 40. 4 
r be 3 e 6 e 6 e 3 e 5) e qT 
37 51 7 177 37 
41. 70 42. 712 43. — > 44. -7 45. — 15) 46. — rk 


In Problems 47-52, convert each angle in degrees to radians. Express your answer in decimal form, rounded to two decimal places. 
47. 17° 48. 73° 49. — 40° 50. —51° 51. 125° 52, 350° 


In Problems 53-58, convert each angle in radians to degrees. Express your answer in decimal form, rounded to two decimal places. 


53. 3.14 54. 0.75 55.7 
56. 3 57, 9.28 58. V2 
In Problems 59-64, convert each angle to a decimal in degrees. Round your answer to two decimal places. 
‘\ 59. 40°10'25” 60. 61°42’21" 61. 50°14'20” 
62. 73°40'40” 63. 9°9'9”" 64. 98°22'45" 


In Problems 65-70, convert each angle to D°M'S" form. Round your answer to the nearest second. 
NX. 65. 40.32° 66. 61.24° 67. 18.255° 68. 29.411° 69. 19.99° 70. 44.01° 


In Problems 71—78, s denotes the length of the arc of a circle of radius r subtended by the central angle @. Find the missing quantity. Round 
answers to three decimal places. 


\ 71. r= 10meters, 0 = = radian, s=? 72. r= 6feet, 9 = 2radians, s=? 
73. 0 = Z radian, s = 8feet, r=? 74. 0 = 7 radian, s = 6centimeters, r=? 
75. r= 10miles, s =9miles, 06=? 76. r = 6Ometers, s = 8meters, 0=? 
77. r = 2inches, @ = 30°, s=? 78. r= 3meters, 06 = 120°, s=? 


In Problems 79-86, A denotes the area of the sector of a circle of radius r formed by the central angle 0. Find the missing quantity. Round 
answers to three decimal places. 


™ 79. r= 10meters, 9 = = radian, A=? 80. r = 6feet, 90 = 2 radians, A =? 
81. 0 = radian, A = 2 square feet, r=? 82. 9 = + radian, A = O6square centimeters, r=? 
83. r= Smiles, A = 3squaremiles, 6 =? 84. r = 6meters, A = 8square meters, 6 =? 
85. r= 2inches, @ = 30°, A=? 86. r= 3meters, 6 = 120°, A=? 


In Problems 87-90, find the length s and the area A. Round answers to three decimal places. 
88. 


OIA 
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Applications and Extensions 


91. 


92. 


93. 


94. 


96. 


97. 


98. 


XX 99. 


100. 


101. 


102. 


Movement of a Minute Hand The 
minute hand of a clock is 6 inches 
long. How far does the tip of the 
minute hand move in 15 minutes? 
How far does it move in 25 minutes? 
Round answers to two decimal 
places. 





Movement of a Pendulum A pendulum swings through an 
angle of 20° each second. If the pendulum is 40 inches long, 
how far does its tip move each second? Round answers to 
two decimal places. 


Area of a Sector Find the area of the sector of a circle of 
radius 4 meters formed by an angle of 45°. Round the answer 
to two decimal places. 


Area of a Sector Find the area of the sector of a circle of 
radius 3 centimeters formed by an angle of 60°. Round the 
answer to two decimal places. 


Watering a Lawn A water sprinkler sprays water over a 
distance of 30 feet while rotating through an angle of 135°. 
What area of lawn receives water? 





Designing a Water Sprinkler An engineer is asked to design 
a water sprinkler that will cover a field of 100 square yards 
that is in the shape of a sector of a circle of radius 15 yards. 
Through what angle should the sprinkler rotate? 


Windshield Wiper The arm and blade of a windshield wiper 
have a total length of 34 inches. If the blade is 25 inches 
long and the wiper sweeps out an angle of 120°, how much 
window area can the blade clean? 


Windshield Wiper The arm and blade of a windshield wiper 
have a total length of 30 inches. If the blade is 24 inches 
long and the wiper sweeps out an angle of 125°, how much 
window area can the blade clean? 


Motion on a Circle An object is traveling on a circle 
with a radius of 5 centimeters. If in 20 seconds a central angle 


it 
of 3 radian is swept out, what is the angular speed of the 


object? What is its linear speed? 


Ferris Wheels A neighborhood carnival has a Ferris wheel 
with a radius of 30 feet. You measure the time it takes for one 
revolution to be 70 seconds. What is the linear speed (in feet 
per second) of this Ferris wheel? What is the angular speed 
in radians per second? 


Amusement Park Ride A gondola on an amusement park 
ride, similar to the Spin Cycle at Silverwood Theme Park, 
spins at a rate of 13 revolutions per minute. If the gondola 
is 25 feet from the ride’s center, what is the linear speed of 
the gondola in miles per hour? 

Amusement Park Ride A centrifugal force ride, similar to 
the Gravitron, spins at a rate of 22 revolutions per minute. If 
the diameter of the ride is 13 meters, what is the linear speed 
of the passengers in kilometers per hour? 





103. 


104. 


105. 


106. 


107. 


108. 


Wind Turbine As of 

January 2018, the world’s tallest 
wind turbine was located in 
Gaildorf, Germany, with a hub 
height of 178 meters and a 
rotor diameter of 137 meters. 
If the blades turn at a rate of 
14 revolutions per minute, what 
is the linear speed of the blade 
tip, in km/h? 





Blu-ray Drive A Blu-ray drive has a maximum speed 
of 10,000 revolutions per minute. If a Blu-ray disc has 
a diameter of 12 cm, what is the linear speed, in km/h, of 
a point 4 cm from the center if the disc is spinning at a rate 
of 8000 revolutions per minute? 


Bicycle Wheels The diameter of each wheel of a bicycle is 
26 inches. If you are traveling at a speed of 35 miles per hour 
on this bicycle, through how many revolutions per minute are 
the wheels turning? 


Car Wheels The radius of each wheel of a car is 15 inches. If 
the wheels are turning at the rate of 3 revolutions per second, 
how fast is the car moving? Express your answer in inches 
per second and in miles per hour. 


Photography If the viewing angle for a 600mm lens is 4°6’ , 
use arc length to approximate the field width of the lens at a 
distance of 860 feet. 


Photography If the viewing angle for an 800mm lens 
is 1°42’, use arc length to approximate the field width of the 
lens at a distance of 920 feet. 


In Problems 109-110, the latitude of a location L is the angle 
formed by a ray drawn from the center of Earth to the equator and 
a ray drawn from the center of Earth to L. See the figure. 


109. 


110. 


North Pole 






“™ Equator 


# South Pole 


Linear Speed on Earth Earth rotates on an axis through 
its poles. The distance from the axis to a location on Earth 
at 30° north latitude is about 3429.5 miles. Therefore, a location 
on Earth at 30° north latitude is spinning on a circle of 
radius 3429.5 miles. Compute the linear speed on the surface 
of Earth at 30° north latitude. 


Linear Speed on Earth Earth rotates on an axis through 
its poles. The distance from the axis to a location on Earth 
at 40° north latitude is about 3033.5 miles. Therefore, a location 
on Earth at 40° north latitude is spinning on a circle of 
radius 3033.5 miles. Compute the linear speed on the surface 
of Earth at 40° north latitude. 


111. 





112. 


113. 


114. 


115. 


116. 


117. 


118. 


Speed of the Moon The mean distance of the moon from 
Earth is 2.39 X 10°miles. Assuming that the orbit of the 
moon around Earth is circular and that 1 revolution 
takes 273 days, find the linear speed of the moon. Express 
your answer in miles per hour. 


Speed of Earth The mean distance of Earth from the Sun 
is 9.29 X 10’miles. Assuming that the orbit of Earth around 
the Sun is circular and that 1 revolution takes 365 days, find 
the linear speed of Earth. Express your answer in miles 
per hour. 


Pulleys Two pulleys, one with radius 2 inches and the other 
with radius 8 inches, are connected by a belt. (See the figure.) 
If the 2-inch pulley is caused to rotate at 3 revolutions 
per minute, determine the revolutions per minute of 
the 8-inch pulley. 


[Hint: The linear speeds of the pulleys are the same; both 
equal the speed of the belt. ] 





Pulleys Two pulleys, one with radius 7; and the other with 
radius r, are connected by a belt. The pulley with radius r, 
rotates at w, revolutions per minute, whereas the pulley with 
radius r7 rotates at w, revolutions per minute. Show that 


ry W 


i) W} 
Use this result to rework Problem 113. 


Computing the Speed of a River 
Current To approximate the 
speed of the current of a river, 
a circular paddle wheel with 
radius 4 feet is lowered into the 
water. If the current causes 
the wheel to rotate at a speed 
of 10 revolutions per minute, 
what is the speed of the current? 
Express your answer in miles 
per hour. 





Spin Balancing Tires A spin balancer rotates the wheel of 
a car at 480 revolutions per minute. If the diameter of the 
wheel is 26 inches, what road speed is being tested? Express 
your answer in miles per hour. At how many revolutions 
per minute should the balancer be set to test a road speed 
of 80 miles per hour? 


The Cable Cars of San Francisco At the Cable Car 
Museum you can see the four cable lines that are used to 
pull cable cars up and down the hills of San Francisco. Each 
cable travels at a speed of 9.55 miles per hour, driven by 
a rotating wheel whose diameter is 8.5 feet. How fast is 
the wheel rotating? Express your answer in revolutions 
per minute. 


Difference in Time of Sunrise Naples, Florida, is about 
90 miles due west of Ft. Lauderdale. How much sooner would 
a person in Ft. Lauderdale first see the rising Sun than a 
person in Naples? See Hint, top right. 


119. 


120. 


121. 
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[Hint: Consult the figure. When a person at Q sees the first rays 
of the Sun, a person at Ps still in the dark. The person at P sees 
the first rays after Earth has rotated until P is at the location Q. 
Now use the fact that at the latitude of Ft. Lauderdale, 
in 24 hours an arc of length 277 (3559) miles is subtended. | 


90 miles 





Keeping Up with the Sun How fast would you have to travel 
on the surface of Earth at the equator to keep up with the 
Sun (that is, so that the Sun would appear to remain in the 
same position in the sky)? 


Nautical Miles A nautical mile equals the length of the arc 
subtended by a central angle of 1 minute on a great circle’ 
on the surface of Earth. See the figure. If the radius of Earth 
is taken as 3960 miles, express 1 nautical mile in terms of 
ordinary, or statute, miles. 






North Pole 


ie Equator 
# South Pole 


Approximating the Circumference of Earth Eratosthenes 
of Cyrene (276-195 Bc) was a Greek scholar who lived and 
worked in Cyrene and Alexandria. One day while visiting in 
Syene, he noticed that the Sun’s rays shone directly down 
a well. On this date 1 year later, in Alexandria, which is 
500 miles due north of Syene, he measured the angle of the Sun 
to be about 72 degrees. See the figure. Use this information to 
approximate the radius and circumference of Earth. 









Alexandria ‘ ~ 
= 


_—_— 


‘Any circle drawn on the surface of Earth that divides Earth into two 
equal hemispheres. 
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122. 


123. 


Exp 


126. 


127. 
128. 


129. 
130. 


Retain Your Knowledge 


CHAPTER 6 Trigonometric Functions 


Designing a Little League Field For a 60-foot Little League 
Baseball field, the distance from home base to the nearest 
fence (or other obstruction) in fair territory should be a 
minimum of 200 feet. The commissioner of parks and 
recreation is making plans for a new 60-foot field. Because 
of limited ground availability, he will use the minimum 
required distance to the outfield fence. To increase safety, 
however, he plans to include a 10-foot wide warning track 
on the inside of the fence. To further increase safety, the 
fence and warning track will extend both directions into 
foul territory. In total, the arc formed by the outfield fence 
(including the extensions into the foul territories) will be 
subtended by a central angle at home plate measuring 96°, 
as illustrated. 

(a) Determine the length of the outfield fence. 

(b) Determine the area of the warning track. 





Source: www.littleleague.org 


[Note: There is a 90° angle between the two foul lines. Then 
there are two 3° angles between the foul lines and the dashed 
lines shown. The angle between the two dashed lines outside 
the 200-foot foul lines is 96°.] 


Challenge Problem Let the Dog Roam A dog is attached to 
a 9-foot rope fastened to the outside corner of a fenced-in 
garden that measures 6 feet by 10 feet. Assuming that 
the dog cannot enter the garden, compute the exact area 
that the dog can wander. Write the exact area in square 
Tee.” 


laining Concepts: Discussion and Writing 


Do you prefer to measure angles using degrees or radians? 
Provide justification and a rationale for your choice. 


What is 1 radian? What is 1 degree? 


Which angle has the larger measure: 1 degree or 1 radian? Or 
are they equal? 





Explain the difference between linear speed and angular speed. 


For a circle of radius r, a central angle of 6 degrees subtends 


Ta" Discuss whether this 


statement is true or false. Defend your position. 


an arc whose length s is s = 


124. Challenge Problem Geometry See the figure. The measure 


125. 


of arc BE is 27. Find the exact area of the portion of the 


rectangle ABCD that falls outside of the circle whose center is 
at A.* 





Challenge Problem Cycling A bicycle has a pedal drive 
wheel with radius 5.2 inches and a rear cog wheel with 
radius 1.8 inches. See the figure. How many revolutions 
will the pedals need to make to move the bicycle 50 feet if 
the wheels have a diameter of 30 inches? Round to the 
nearest tenth. 








*Courtesy of the Joliet Junior College Mathematics Department 


131. 


132. 


Discuss why ships and airplanes use nautical miles to measure 
distance. Explain the difference between a nautical mile and 
a statute mile. 





Investigate the way that speed bicycles work. In particular, 





explain the differences and similarities between 5-speed 
and 9-speed derailleurs. Be sure to include a discussion of 
linear speed and angular speed. 





Problems 133-142 are based on material learned earlier in the course. The purpose of these problems is to keep the material fresh in 


yo 


ur mind so that you are better prepared for the final exam. 


133. Find the zero of f(x) = 3x + 7. 


134. Solve: 5x? +2 =5 — 14x 


135. Write the function that is finally graphed if the following transformations are applied in order to the graph of y = | x|. 


1. Shift left 3 units. 2. Reflect about the x-axis. 


3. Shift down 4 units. 
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eh opie 
136. Find the horizontal and vertical asymptotes of R(x) = ee 
J =o = 


137. Find c so the points (2,c) and (—1, 4) are ona line perpendicular to 2x — y = 5. 


3x 
x -— 9 


138. Solve:2Vx —-3+5=8 139. Find the domain of h(x) = 


JX 140. Find the difference quotient of f(x) = 2x? — 5, 141. Multiply: (3x — 2)° 
AX 142. Use a graphing utility to determine the interval(s) where g(x) = 3.2x4 — 5.3x* + 2x — 1 is decreasing. 





‘Are You Prepared?’ Answers 
1. C = 2ar, A = ar’ pa ee 


6.2 Trigonometric Functions: Unit Circle Approach 


PREPARING FOR THIS SECTION Before getting started, review the following: 

¢ Geometry Essentials (Section A.2, pp. A14-A19) e Symmetry (Section 1.2, pp. 13-15) 

e Unit Circle (Section 1.4, p. 36) e Functions (Section 2.1, pp. 49-54) 
\y Now Work the ‘Are You Prepared?’ problems on page 387. 


OBJECTIVES 1 Find the Exact Values of the Trigonometric Functions Using a Point on 
the Unit Circle (p. 377) 


2 Find the Exact Values of the Trigonometric Functions of Quadrantal 
Angles (p. 378) 


Find the Exact Values of the Trigonometric Functions of - = 45° (p. 380) 


Find the Exact Values of the Trigonometric Functions of = = 30° 


and = = 60° (p. 381) 


Find the Exact Values of the Trigonometric Functions for Integer 
Multiples or. = 30°, a = 45°, and = = 60° (p. 383) 


Use a Calculator to Approximate the Value of a Trigonometric 
Function (p. 385) 


Use a Circle of Radius r to Evaluate the Trigonometric Functions (p. 386) 





We now introduce the trigonometric functions using the unit circle. 


The Unit Circle 


Recall that the unit circle is a circle whose radius is 1 and whose center is at the 
origin of a rectangular coordinate system. Also recall that any circle of radius r 
has circumference of length 27rr. Therefore, the unit circle (radius = 1) has a 
circumference of length 27. In other words, for 1 revolution around the unit circle 
the length of the arc is 27 units. 

The following discussion sets the stage for defining the trigonometric functions 
using the unit circle. 

Let t be any real number. Position the f-axis so that it is vertical with the positive 
direction up. Place this t-axis in the xy-plane so that t = 0 1s located at the point 
(1, 0) in the xy-plane. 
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= (x, y) 
| $= tunits 






t 


Ss = tunits 





| 2 ltl units 
P= (Xx, y) 
(b) 


Figure 18 


In Words 

The point P = (x,y) onthe 
unit circle corresponding to 
a real number t Is given by 
ECs st ciikie) 





A 


Ift = 0, let s be the distance from the origin to ft on the t-axis. See the red portion 
of Figure 18(a). Beginning at the point (1,0) on the unit circle, travel s = ¢ units in 
the counterclockwise direction along the circle, to arrive at the point P = (x, y).In 
this sense, the length s = f units is being wrapped around the unit circle. 

Ift < 0, we begin at the point (1,0) on the unit circle and travel s = |¢| units in 
the clockwise direction to arrive at the point P = (x, y). See Figure 18(b). 

Ift > 27 orift < —2z, it will be necessary to travel around the unit circle more 
than once before arriving at the point P. Do you see why? 

Let’s describe this process another way. Picture a string of length s = |¢| units 
being wrapped around a circle of radius 1 unit. Start wrapping the string around the 
circle at the point (1,0). Ift = 0, wrap the string in the counterclockwise direction; 
if t < 0, wrap the string in the clockwise direction. The point P = (x, y) is the point 
where the string ends. 

This discussion tells us that, for any real number f¢, we can locate a unique point 
P = (x,y) on the unit circle. We call P the point on the unit circle that corresponds 
to ¢. This is the important idea here. No matter what real number ¢ is chosen, there is 
a unique point P on the unit circle corresponding to it. The coordinates of the point 
P = (x,y) on the unit circle corresponding to the real number tf are used to define 
the six trigonometric functions of f. 


( DEFINITION Trigonometric Functions of a Real Number 


Let t be a real number and let P = (x,y) be the point on the unit circle that 
orresponds to t. 


& 


The sine function associates with ¢ the y-coordinate of P and is denoted by 


sint = y 


The cosine function associates with ¢ the x-coordinate of P and is denoted by 


cost = xX 


If x # O, the tangent function associates with ¢ the ratio of the y-coordinate to 
the x-coordinate of P and is denoted by 


tant = — 


| 


If y ¥ O, the cosecant function is defined as 


CsCl =2— 


| 


If x ~ O, the secant function is defined as 


SCC f = = 


| 


If y ¥ 0, the cotangent function is defined as 


cott = —- 


| 


a 


Notice in these definitions that if x = 0, that is, if the point P is on the y-axis, then 
the tangent function and the secant function are undefined. Also, if y = 0, that is, if 
the point P is on the x-axis, then the cosecant function and the cotangent function 
are undefined. 
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Because we use the unit circle in these definitions of the trigonometric functions, 
they are sometimes referred to as circular functions. 


1 Find the Exact Values of the Trigonometric Functions Using 


a Point on the Unit Circle 


| €XAMPLE1 | Finding the Values of the Six Trigonometric Functions Using a Point on 


y Solution 





Figure 19 


WARNING When writing the values 
of the trigonometric functions, do not 
forget the argument of the function. 


V3 
> 
V3 
= 


cnt = correct 


sin = incorrect a 





Figure 20 (a) 





the Unit Circle 


1 V3 | _ 
Let t be a real number and let P = (-5. “3 be the point on the unit circle that 
corresponds to ¢. Find the values of sin f, cos ¢, tan f, csc t, sec t, and cot t. 


See Figure 19. We follow the definition of the six trigonometric functions, using 
L V5 
p=( Kee 


1 V3 
= ae “3 = (x,y). Then, with x = —5 and y = 3° we have 


V3 
; V3 y e) 
a cost =x =~ ante aes VE 
2 
es 
2V3 1 1 2 
csc tf =*= = — sect=-=—=-2 cott=-=--—>=- 
v3 
Z 


L els 


7 
2 


opmmmmmme-Now Work PROBLEM 13 


Trigonometric Functions of Angles 


Let P = (x,y) be the point on the unit circle corresponding to the real number ¢. 
See Figure 20(a). Let 6 be the angle in standard position, measured in radians, whose 
terminal side is the ray from the origin through P and whose arc length is |t|. See 
Figure 20(b). Since the unit circle has radius 1 unit, if s = |¢| units, then from the arc 
length formula s = r|6|, we have 0 = t radians. See Figures 20(c) and (d). 








r= 0 


(b) 





The point P = (x, y) on the unit circle that corresponds to the real number f is 
also the point P on the terminal side of the angle 0 = ¢ radians. As a result, we can 
say that 


sin t = sin 0 


I I 


Real number 0 = tradians 


and so on. We can now define the trigonometric functions of the angle 0. 
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C DEFINITION Trigonometric Functions of an Angle 6 


If 6 = t radians, the six trigonometric functions of the angle 0 are defined as 





Even though the trigonometric functions can be viewed both as functions of 
real numbers and as functions of angles, it is customary to refer to trigonometric 
functions of real numbers and trigonometric functions of angles collectively as the 
trigonometric functions. We shall follow this practice from now on. 

If an angle 6 is measured in degrees, we shall use the degree symbol when writing 
a trigonometric function of 0, as, for example, in sin 30° and tan 45°. If an angle 6 is 
measured in radians, then no symbol is used when writing a trigonometric function 


‘ TT 
of 6, as, for example, in cos 7 and sec —. 


Finally, since the values of the trigonometric functions of an angle 6 are 
determined by the coordinates of the point P = (x,y) on the unit circle 
corresponding to 6, the units used to measure the angle @ are irrelevant. For example, 


, , TT ; 
it does not matter whether we write 6 = 7 radians or 0 = 90°. The point on the 


unit circle corresponding to this angle is P = (0,1). Asa result, 


sin = sin90° = 1 and cos = cos 90° = 


2 Find the Exact Values of the Trigonometric Functions 
of Quadrantal Angles 


To find the exact value of a trigonometric function of an angle @ or a real number f 
requires that we locate the point P = (x, y) on the unit circle that corresponds to t. This 
is not always easy to do. In the examples that follow, we will evaluate the trigonometric 
functions of certain angles or real numbers for which this process is relatively easy. 
A calculator will be used to evaluate the trigonometric functions of most other angles. 


Finding the Exact Values of the Six Trigonometric 
Functions of Quadrantal Angles 





Find the exact values of the six trigonometric functions of each of the following angles: 


(a) 0 =0=0° (b) 6 = > = 90° 
3 
(c) 6 = 7 = 180° (d) 9 = = = 270° 


Solution (a) The point on the unit circle that corresponds to 6 = 0 = 0° is P = (1,0). See 
Figure 21(a). Then using x = 1 and y = 0 


sin0 = sin0° = y= 0 cos0 = cos0° =x =1 
1 

tan 0 = tan0® === 0 sec 0 = secO° =—=1 
x x 


Since the y-coordinate of P is 0, csc 0 and cot 0 are not defined. 





Figure 21 (a)@9 = 0 = O° 
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(b) The point on the unit circle that corresponds to 9 = S = 90° is P = (0,1). See 
Figure 21(b). Then 


sin — = sin90°= y= 1 cos — = cos 90° = x = 0 
2 2 
T il aT x 

csc — = csc 90° = —= 1 cot — = cot 90° = —=0 
Z y Z y 





Figure 21 (b) 6 =— = 90° 7 T 
S 2 Since the x-coordinate of P is 0, tan z and sec F are not defined. 


(c) The point on the unit circle that corresponds to 6 = 7 = 180° is P = (—1,0). 
See Figure 21(c). Then 


sin 7 = sin 180° = y = 0 cos 7 = cos 180° = x = —1 


tan 7 = tan 180° = ‘ 


1 
= 0 sec 7 = sec 180° = — = —1 





Since the y-coordinate of P is 0, csc 7 and cot 7 are not defined. 


3 
(d) The point on the unit circle that corresponds to 6 = = = 270° is P = (0, -1). 
See Figure 21(d). Then 


3 3 
sin = sin270° = y = —-1 cos = = cos 270° = x = 0 





3 1 3 
cr = 56270 =e e= 1 cot = cot 270° === 0 
Z y 2 y 


37 
i = Ci 3 3 
Pieuree? Ag) 2 em Since the x-coordinate of P is 0, tan ma and sec oa are not defined. J 


Table 2 summarizes the values of the trigonometric functions found in 
Example 2. 


Table 2 Quadrantal Angles 


@(Radians) 6 (Degrees) sin 0 cos 0 tan 0 csc 0 sec 0 cot 0 


0 Not defined 1 Not defined 


Not defined 1 Not defined 0 


0 Not defined —1 Not defined 


Not defined —1 Not defined 0 





There is no need to memorize Table 2. To find the value of a trigonometric 
function of a quadrantal angle, draw the angle and apply the definition, as we did in 
Example 2. 


| EXAMPLE 3 | Finding Exact Values of the Trigonometric Functions of 


Quadrantal Angles 


Find the exact value of each of the following angles: 
(a) sin (377 ) (b) cos(—270") 
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Solution (a) See Figure 22(a). The point P on (b) See Figure 22(b). The point P on 


the unit circle that corresponds the unit circle that corresponds 
to 6=37 is P= (-1,0), so to 6 = —270° is P= (0,1), so 
sin(377) = y = 0. cos(—270°) = x =0. 


P= (—1, 0) 





Figure 22 


epmmmmms- NOW Work PROBLEMS 21 AND 61 


3 Find the Exact Values of the Trigonometric 


Functions off = 45° 


| EXAMPLE 4 ~ Finding the Exact Values of the Trigonometric 


Functions of 7 = 45° 


oe , , 7 
Find the exact values of the six trigonometric functions of iin 45°. 


Solution Weseek the coordinates of the point P = (x, y) on the unit circle that corresponds 


tod = 7 = 45°. See Figure 23. First, observe that P lies on the line y = x. (Do you 


1 
see why? Since @ = 45° = 5 90°, P must lie on the line that bisects quadrant I.) 


Since P = (x,y) also lies on the unit circle, x? + y” = 1, it follows that 


v~+y=1 





xv t+x7=1 y=xx>O0y>0 


Figure 23 @ =7 = 45° S41 
yo bh iM@ 1M 
V2 2 > 2 
Then 
v2 
gin vo= gin 45° = 2 spel conde? ee i = tans eo 
4 ps py) 4 \/9 
os 
v2 
Sie lnc eon sted a i= cor ea 
’ v2 v2 v2 
2 2 2 
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| €XAMPLES5 | Finding the Exact Value of a Trigonometric Expression 


Solution 


Figure 24 30°—60°—90° triangle 





Find the exact value of each expression. 


7 2 


3 
(a) sin 45° cos 180° (b) tan 7 — sin 5" (c) (sec = - ese 
2 2 
(a) sin 45° cos 180° = V2, bh) a= v2 
2 Bs 
ft ft 
From Example 4 —_‘ From Table 2 
3 
(b) tan 7 = sin =1-—(-1) =2 
i} ft 
From Example 4 From Table 2 
2 
(c) (sec=) eee = (V2) +1=241=3 J 


comm Now Work PROBLEM 35 


4 Find The Exact Values of the Trigonometric Functions 


WT WT 
of — = 30° and — = 60° 

6 3 
Consider a right triangle in which one of the angles is % = 30°. It then follows that 
the third angle is = = 60°. Figure 24(a) illustrates such a triangle with hypotenuse of 


length 1. Our problem is to determine a and Db. 

Begin by placing next to the triangle in Figure 24(a) another triangle congruent 
to the first, as shown in Figure 24(b). Notice that we now have a triangle whose three 
angles each equal 60°. This triangle is therefore equilateral, so each side is of length 1. 





(a) 


1 
This means the base is 2a = 1, and so a= * By the Pythagorean Theorem, 


b satisfies the equation a” + b* = c’, so we have 
a+b=c 
1 
-+p=1 a==c=1 
4 2 
t 3 
P=1-,=5 
4 4 
b > 0 because b is 
b= v3 the length of the 
2 side of a triangle. 


This results in Figure 24(c). 
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Finding the Exact Values of the Trigonometric 





Functions ofS = 60° 


, —— , 7 
Find the exact values of the six trigonometric functions of 3 60°. 


Solution _—_ Position the triangle in Figure 24(c) so that the 60° angle is in standard position. 


See Figure 25. The point on the unit circle that corresponds to @ = 7 = 60° is 





1 WV3 
p= (5%*).ten 
eee ee ae 
sin~, = sin 60° = 5 cos, = cos 60 =5 
1 2 2V3 1 
ee % = ese agh = = 2 = NS secs = S006" == 2 
20 2 
V3 1 
ee ey ey ee ne 
1 ; Va Va 3 
2 5 al 





Finding the Exact Values of the Trigonometric 


Functions of = = 30° 


, ; 7 
Find the exact values of the trigonometric functions of aa 30°. 


Solution Position the triangle in Figure 24(c) so that the 30° angle is in standard position. 


See Figure 26. The point on the unit circle that corresponds to @ = = = 30° is 





6 
3 1 
p= (S2) then 
_ 5 ae aa T - V3 
sin = = sin 30 => cos* = cos 30° = 5 
1 1 S Is 
eso g = ese" = 7 = 2 se0-G = seo 30" = Fe = = 
2 a 
Figure 26 6 = — = 30° 
i i V3 
2 1 3 2 
a ee ee ee cot-— = cot 30° = = V3 
6 V3 V3 3 6 i 
pe 2 if 


Table 3 summarizes the information just derived for am 30°, = 45°, 


and — = 60°. Until you memorize the entries in Table 3, you should draw an 
appropriate diagram to determine the values given in the table. 
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Table 3 6 (Radians) 0 (Degrees) sin 0 cos@é = tand csc 0 sec 0 





omm__mm- Now Work PROBLEM 41 


| EXAMPLES ~ 8 Constructing a Rain Gutter 


A rain gutter is to be constructed of aluminum sheets 12 inches wide. After marking 
off a length of 4 inches from each edge, this length is bent up at an angle 6. See 
ee ?§—?_C—S—é<dPigrrle 27.. Thee ale A ff the Opening may be expressed as a function of 0 as 


A(@) = 16sin 6(cos 6 + 1) 
Sa ; aaa ee Mini Find the area A of the opening for 6 = 30°, 0 = 45°, and @ = 60°. 
zz 0 Solution For 6 = 30°: A(30°) = 16 sin 30°(cos 30° + 1) 


Figure 27 ll 
= 16-3.(%3 +4 1) = 4V/34+8 ~ 14.93 





|/-————_—_————- 12 in. 


The area of the opening for 9 = 30° is about 14.93 square inches. 


For 6 = 45°: A(45°) = 16 sin 45°(cos 45° + 1) 


= 16-¥2.(2 1) =8+8\/2 ~ 19.31 


Z 


The area of the opening for 9 = 45° is about 19.31 square inches. 


For 6 = 60°: A(60°) = 16 sin 60°(cos 60° + 1) 


= 16-Y3.(5 4 1) = 12\/3 = 20.78 


2 


The area of the opening for 0 = 60° is about 20.78 square inches. wil 


5 Find the Exact Values of the Trigonometric Functions 


for Integer Multiples of = 30°, 7 = 45° and — = 60° 


, ; , ws ; 
We know the exact values of the trigonometric functions of 1. 45°. Using symmetry, 


3 5) 
we can find the exact values of the trigonometric functions of 7 = 135°, = = 225°, 


v3 v3) 


7 
and va = 315°. The point on the unit circle corresponding to = = 45° is ( 59 


2. V2 
See Figure 28. Using symmetry with respect to the y-axis, the point (- x, v2 is 


3 
the point on the unit circle that corresponds to the angle ra = 135°. Similarly, using 


V2 


Figure 28 symmetry with respect to the origin, the point (- aT <2) is the point on the unit 
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5 
circle that corresponds to the angle - = 225°. Finally, using symmetry with respect 


; 2 ZY ; — 
to the x-axis, the point (2 <2) is the point on the unit circle that corresponds 


7 
to the angle r = 315°. 


| EXAMPLES Finding Exact Values for Multiples of “= 45° 


4 


Find the exact value of each expression. 


11 
(a) cos (b) sin 135° (c) tan 315° (d) sin( - *) (ec) cos 


V2 


' 2 5 
Solution (a) From Figure 28, we see the point (-, = we corresponds to = SO 


2 2 
Sar 170, 


oe 4 


Vo. V9 
Bt oC 
7 Vo V2 


(c) Since 315° = —-, the point (2-2) corresponds to 315°, so 


v2 


3 
(b) Since 135° = v7. the point (- corresponds to 135°,so sin 135° = 


= 


So 


' 


1a 3i>° = = =|. 


S sls 


aS els 


NO 


(d) The point ( [= corresponds to — mn SO sin( - *) == va, 


- 


corresponds to 1Lm, SO COS iL = — ae 


IS 


(e) The point (- 
ommummme=-Now Work PROBLEMS 51 AND 55 


The use of symmetry also provides information about certain integer multiples 


of the angles < = 30° and 5 = 60°. See Figures 29 and 30. 





Figure 29 Figure 30 
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| EXAMPLE 10 | Finding Exact Values for Multiples of * = 30°or— = 60° 


6 3 
Based on Figures 29 and 30, we see that 


Ma (b) sin(—60°) = sin( - =) _ v3 


fi 
(a) cos 210° = cos ~ == 


or = 999 ete 
3 S) Z 





(c) tan = = ae Ac) (d) cos 


evummmm=- Now Work PROBLEM 47 


6 Use a Calculator to Approximate the Value 
of a Trigonometric Function 
Before getting started, you must first decide whether to enter the angle in the 


calculator using radians or degrees and then set the calculator to the correct 
MODE. Check your instruction manual to find out how your calculator handles 


WARNING On your calculator the degrees and radians. Your calculator has keys marked sin |, cos], and |tan|. To 
second functions sin, cos~!, and tan? find the values of the remaining three trigonometric functions, secant, cosecant, 











do not represent the reciprocal of sin, | and cotangent, use the fact that, if P = (x,y) is a point on the unit circle on the 
cos, and tan. 5 terminal side of 6, then 
1 1 1 1 x 1 1 
sec¢ == csc = == cot@ =— === 
x  cosé y sind yy tan 0 
x 


| EXAMPLE 11 ~ Using a Calculator to Approximate the Value 


of a Trigonometric Function 


Use a calculator to find the approximate value of: 

IT 

12 
Express your answer rounded to two decimal places. 


(a) cos 48° (by) cse 21° he (c) tan 


Solution (a) First, set the MODE to receive degrees. Rounded to two decimal places, 
cos 48° = 0.6691306 ~ 0.67 


(b) Most calculators do not have a csc key. The manufacturers assume that the 
user knows some trigonometry. To find the value of csc 21°, use the fact that 





1 
csc 21° = ——_... Rounded to two decimal places, 
sin 21 


HORMAL FLOAT AUTO REAL RADIAN HP Hl] CSC 21° a 2./9 


he (c) Set the MODE to receive radians. Figure 31 shows the solution using a TI-84 Plus C 
graphing calculator. Rounded to two decimal places, 


WT 
tape = 0.27 
1 J 





Figure 31 ommmmmne- Now Work PROBLEM 65 
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7 Use a Circle of Radius r to Evaluate the Trigonometric 
Functions 


Until now, finding the exact value of a trigonometric function of an angle 0 required 
that we locate the corresponding point P = (x, y) on the unit circle. In fact, though, 
any circle whose center is at the origin can be used. 

Let 6 be any nonquadrantal angle placed in standard position. Let P = (x, y) 
be the point on the circle x? + y* = r? that corresponds to 6, and let P* = (x*, y*) 
be the point on the unit circle that corresponds to @. See Figure 32, where 0 is shown 
in quadrant II. 

Notice that the triangles OA*P* and OAP are similar; as a result, the ratios of 
corresponding sides are equal. 


y* y x* x yy y 
1 r r x* x 
1 _?r _ Tr a. 





These results lead us to formulate the following theorem: 


Figure 32 


( THEOREM 


For an angle @ in standard position, let P = (x, y) be the point on the terminal 
side of 6 that is also on the circle x7 + y* = r?. Then 








a) 





Finding the Exact Values of the Six Trigonometric Functions 


Find the exact values of each of the six trigonometric functions of an angle 6 if 
(4, —3) is a point on its terminal side in standard position. 


See Figure 33. The point (4, —3) is on a circle with center at the origin that has a 


radius of r = V4* + (-3)* = V164+9= V25=5. 


For the point (x, y) = (4, -3),wehavex = 4andy = —3.Sincer = 5, we find 


Solution 


a es neo 
r 5 r 5 x 4 
r 5 r 5 x 4 
a | | a ae aa = 





Figure 33 ovmemmm===-Now Work PROBLEM // 


Historical Feature 





confusion. Its origin is from the Sanskrit word jiva (meaning 

“chord"), first used in India by Araybhata the Elder (Ap 510). 
He really meant half-chord, but abbreviated it. This was brought into 
Arabic as jiba, which was meaningless. Because the proper Arabic 
word jaib would be written the same way (short vowels are not 
written out in Arabic), jfba was pronounced as jaib, which meant 
“bosom” or “hollow,” and jaib remains as the Arabic word for sine to 
this day. Scholars translating the Arabic works into Latin found that 


| he name sine for the sine function arose from a medieval 


the word sinus also meant “bosom” or “hollow,” and from sinus we 
get sine. 

The name tangent, due to Thomas Finck (1583), can be understood 
by looking at Figure 34. The line segment DC is tangent to the 
circle at C. If d(O,B) = d(O,C) =1, then the length of the line 
segment DC is 


d(D,C)  d(D,C) 
1 # §86d(0,C) 





d(D,C) = = tana 








Figure 34 


6.2 Assess Your Understanding 


SECTION 6.2 Trigonometric Functions: Unit Circle Approach 387 


The old name for the tangent is umbra versa (meaning turned 
shadow), referring to the use of the tangent in solving height 
problems with shadows. 

The names of the remaining functions came about as follows. If a 
and 6 are complementary angles, then cos a = sin B. Because Bis the 
complement of a, it was natural to write the cosine of a as Sin CO a. 
Probably for reasons involving ease of pronunciation, the co migrated 
to the front, and then cosine received a three-letter abbreviation to 
match sin, sec, and tan. The two other cofunctions were similarly 
treated, except that the long forms cotan and cosec Survive to this 
day in some countries. 















‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. In a right triangle, with legs a and b and hypotenuse c, the 
Pythagorean Theorem states that . (p.A14) 

2. The value of the function f(x) =3x—-—7at5Sis | 
(pp. 51-54) 

3. True or False For a function y = f(x), for each x in 
the domain, there is exactly one element y in the range. 
(pp. 49-51) 

4. If two triangles are similar, then corresponding angles 


are and the lengths of corresponding sides are 
. (pp. A16-A19) 


Concepts and Vocabulary 


7. Multiple Choice Which function takes as input a real 
number ¢ that corresponds to a point P = (x, y) on the unit 
circle and outputs the x-coordinate? 


(a) sine (b) cosine (c) tangent (d) secant 
8. The point on the unit circle that corresponds to 6 = ; is 
P= 





9. The point on the unit circle that corresponds to 6 = 


P= 


10. True or False Exact values can be found for the sine of any 
angle. 


Skill Building 


5. What point is symmetric with respect to the y-axis to the 
1 V3 
point (5. ‘3p (pp. 13-15) 
2. 2 
6. If (x, y) is a point on the unit circle in quadrant IV and if 


3 
x= x what is y? (p. 36) 


11. For any angle 0@ in standard position, let P = (x,y) be 
the point on the terminal side of 6 that is also on the circle 


x° + y?=r?.Then,sin@é = — andcos@ = __ 


12. Multiple Choice The point on the unit circle that corresponds 


T , 
tod = 3's 
ae) Ve) 
(a) (5. “ (b) (2. 2) 
7S 1 
(©) (S ) 


In Problems 13-20, P = (x, y) is the point on the unit circle that corresponds to a real number t. Find the exact values of the six trigonometric 


functions of t. 


‘n(n GS 


cas i 


f) 9 


un, (22) 1s, (MAV2) 


is (2H) 1c (1296) 


5 55 
is (2v2 -4) a (3 2) 
; 3° 3 : a 3 


388 CHAPTER 6 Trigonometric Functions 


In Problems 21-30, find the exact value. Do not use a calculator. 


‘ 11 a 11 
\ 21. sin — 22. cos(77) 23. tan (677) 24. cot > 23: eee 
3 
26. sec( 877) 27. cos( - =) 28. sin(—377) 29..860( = 7 ) 30. tan (—377) 
In Problems 31-46, find the exact value of each expression. Do not use a calculator. 
31. sin 45° + cos 60° 32. sin 30° — cos 45° 33. sin 90° + tan 45° 34. cos 180° — sin 180° 
‘\ 35. sin 45° cos 45° 36. tan 45° cos 30° 37. csc 45° tan 60° 38. sec 30° cot 45° 
39. 4 sin 90° — 3 tan 180° 40. 5 cos 90° — 8 sin 270° \ 41. 2 sin 3 — 3 tan 7 42. 2 sin + 3 tan rn 
TT TT IT TT TT TT TT 
ep — — + cot— . csc = + cot = =r 
43. 2 sec ri 4 cot 3 44. 3 csc 2 cot fl 45. csc 5 cot 5 46. sec 7 — cSC 5 


In Problems 47-64, find the exact values of the six trigonometric functions of the given angle. If any are not defined, say “not defined.” 
Do not use a calculator. 


2 1 

Na 2 43, 2 49. 210° 50. 240° No = 52, — 
3 6 4 4 

Sa Loar \ UD a 

53, — 54, — 55, 405° 56. 390° 57, — = 58. — — 

3 6 6 3 

. 5 14 13 

59, —135° 60. —240° NOL = 62. Sir 63, 64, 


In Problems 65-76, use a calculator to find the approximate value of each expression rounded to two decimal places. 


A 65. sin 28° 66. cos 14° 67. sec 21° 68. cot 70° 
T oo T S57 

69. tans 70. sin 3 71. cot v) 72. CSC 
73. sin 1 74. tan 1 75. sin 1° 76. tan 1° 


In Problems 77-84, a point on the terminal side of an angle @ in standard position is given. Find the exact value of each of the six 
trigonometric functions of 0. 


N77. (-3,4) 78. (5, -12) 79; (2, =3) 80. (—1, -2) 
11 
81. (—2, -2) 82. (—1,1) 83. (> *) 84. (0.3, 0.4) 
85. Find the exact value of: 89. If f(0) = sind = 0.1, find f(@ + 7). 
sin 45° + sin 135° + sin 225° + sin 315° 90. If f(6) = cosé@ = 0.3, find f(@ + 7). 
86. Find the exact value of: 91. If f(0) = tan 6 = 3, find f(@ + 7). 
tan 60° + tan 150° 92. If f(0) = cotd@ = —2, find f(@ + 7). 


87. Find the exact value of: 
sin 40° + sin 130° + sin 220° + sin 310° 
88. Find the exact value of: 
tan 40° + tan 140° 


1 
93. Ifsin@ = 5° find csc 6. 


2 
94. If cos 0 = 3° find sec 6. 


In Problems 95-106, f(@) = sin @ and g(@) = cos 0. Find the exact value of each function below if 9 = 60°. Do not use a calculator. 


95. f(0) 96. ¢(0) 97, (2) 98. (5) 
99, [ f(0)]? 100. [g(@)]? 101. f(26) 102. ¢(20) 


103. 2f(0) 104. 2¢(0) 105. f(—6) 106. ¢(—6) 
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Mixed Practice In Problems 107-116, f(x) = sinx, g(x) = cosx,h(x) = 2x, and p(x) = - Find the value of each of the following: 


107. (f + g) (30°) 


WW. (feh) (Z) 


108. (f — g) (60°) 


112. (g°p) (60°) 


115. (a) Find f (Z). What point is on the graph of f? 


(b) Assuming 0 = x <= o fis one-to-one.* Use the result of 
part (a) to find a point on the graph of f!. 
(c) What point is on the graph of y = f(x + =) = 


ifx= —? 
WX A 


Applications and Extensions 





117. Find two negative and three positive angles, expressed 
in radians, for which the point on the unit circle that 


poet 


corresponds to each angle is (5. =): 


109. (/-8)(2) 


113. (peg) (315°) 


110. (/-8)(=) 
114. (hef) (=) 


116. (a) Find (2), What point is on the graph of g? 


(b) Assuming 0 = x = oe g is one-to-one.* Use the result 


of part (a) to find a point on the graph of g?. 


(c) What point is on the graph of y = 2els = =) if x= a 





118. Find two negative and three positive angles, expressed 
in radians, for which the point on the unit circle that 
_({ V2 V2 
corresponds to each angle is | — amma 


JX 119. Use a calculator in radian mode to complete the following table. 





0 
What do you conjecture about the value of f(@) = = 





as 6 approaches 0? 


0.0001 


0.00001 


/\ 120. Use a calculator in radian mode to complete the following table. 


cos 6 — 


What do you conjecture about the value of g(@) = 7 





For Problems 121-124 on the next page, use the following discussion. 


Projectile Motion The path of a projectile fired at an inclination 6 
to the horizontal with initial speed vy is a parabola (see the figure). 


Vo = Initial speed 
1 Height, H 7, 
: aig 





+<—_—_— Range, R-————————_—+ 


as 0 approaches ()? 


0.0001 0.00001 


The range R of the projectile, that is, the horizontal distance that the 
projectile travels, is found by using the function 


vo sin (20) 
§ 


where g ~ 32.2 feet per second per second ~ 9.8 meters per 
second per second is the acceleration due to gravity. The maximum 
height H of the projectile is given by the function 

v6 (sin 6)? 


2g 


R(@) = 


H(0) = 


*In Section 7.1, we discuss the necessary domain restriction so that the function is one-to-one. 
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In Problems 121-124, find the range R and maximum height H. 
Round answers to two decimal places. See the discussion on the 
previous page. 


121. The projectile is fired at an angle of 45° to the horizontal 
with an initial speed of 100 feet per second. 


122. The projectile is fired at an angle of 30° to the horizontal 
with an initial speed of 150 meters per second. 





123. The projectile is fired at an angle of 25° to the horizontal 
with an initial speed of 500 meters per second. 


124. The projectile is fired at an angle of 50° to the horizontal 
with an initial speed of 200 feet per second. 


125. Inclined Plane See the figure. If friction is ignored, the 
time f (in seconds) required for a block to slide down an 
inclined plane is given by the function 


2a 
10) = .4/-— 
g sin 6 cos 6 


where a is the length (in feet) of the base and g ~ 32 feet 
per second per second is the acceleration due to gravity. 
How long does it take a block to slide down an inclined 
plane with base a = 10 feet when: 


(a) 0 = 30°? 
(b) 0 = 45°? 
(c) 06 = 60°? 





ecrererers) 
Ft FE A 


126. Piston Engines In a certain piston engine, the distance x (in 
centimeters) from the center of the drive shaft to the head 
of the piston is given by the function 


x(0) =cosé + V 16 + 0.5 cos (20) 


where 0 is the angle between the crank and the path of the 
piston head. See the figure. Find x when @ = 30° and when 
6 = 45°. 





127. Calculating the Time of a Trip Two oceanfront homes are 
located 8 miles apart on a straight stretch of beach, each 
a distance of 1 mile from a paved road that parallels the 
ocean. See the figure. 





Sally can jog 8 miles per hour along the paved road, but only 
3 miles per hour in the sand on the beach. Because of a river 
directly between the two houses, it is necessary to jog in the 
sand to the road, continue on the road, and then jog directly 
back in the sand to get from one house to the other. The time T 
to get from one house to the other as a function of the angle 0 
shown in the figure is 


Ol 
3sin@ 4tan@g 








T(0) =1+ 0° << @ < 90° 

(a) Calculate the time T for 6 = 30°. How long is Sally on 
the paved road? 

(b) Calculate the time T for 6 = 45°. How long is Sally on 
the paved road? 

(c) Calculate the time T for 6 = 60°. How long is Sally on 
the paved road? 

(d) Calculate the time 7 for 6 = 90°. Describe the path 
taken. Why can’t the formula for T be used? 


128. Designing Fine Decorative Pieces A designer of decorative 
art plans to market solid gold spheres encased in clear crystal 
cones. Each sphere is of fixed radius R and will be enclosed 
in acone of height / and radius r. See the figure. Many cones 
can be used to enclose the sphere, each having a different 
slant angle 0. The volume V of the cone can be expressed as 
a function of the slant angle 6 of the cone as 


1 _, (1 + sec 9)° 
V(@) =g7R =———; 0° < 6 < 90° 

5 (tan 0) 
What volume V is required to enclose a sphere of radius 
2 centimeters in a cone whose slant angle 6 is 30°? 45°? 60°? 





Use the following to answer Problems 129-132. The viewing angle, 0, 

of an object is the angle the object forms at the lens of the viewer's 

eye. This is also known as the perceived or angular size of the object. 

The viewing angle is related to the object’s height, H, and distance 

0 H 

from the viewer, D, through the formula tan 4 op 

129. Tailgating While driving, Arletha observes the car in front 
of her with a viewing angle of 22°. If the car is 6 feet wide, 
how close is Arletha to the car in front of her? Round your 
answer to one decimal place. 


130. Viewing Distance The Washington Monument in 
Washington, D.C. is 555 feet tall. If a tourist sees the 
monument with a viewing angle of 8°, how far away, to the 


nearest foot, is she from the monument? 


131. Tree Height A forest ranger views a tree that is 200 feet 
away with a viewing angle of 20°. How tall is the tree to the 


nearest foot? 


132. Radius of the Moon An astronomer observes the moon 
with a viewing angle of 0.52°. If the moon’s average distance 
from Earth is 384,400 km, what is its radius to the nearest 


kilometer? 
133. Projectile Distance An object is fired at an angle 0 to the 
horizontal with an initial speed of vp feet per second. Ignoring 
air resistance, the length of the projectile’s path is given by 


a=))) 


2 


L(0) = ol sing — (cos 0)?+(in} tan( 





32 


where 0 < 6 < t 


(a) Find the length of the object’s path for angles 0 = * 7 


and — if the initial velocity is 128 feet per second. 


i (b) Using a graphing utility, determine the angle required for 
| the object to have a path length of 550 feet if the initial 
velocity is 128 feet per second. 
(c) What angle will result in the longest path? How does this 
angle compare to the angle that results in the longest 
range? (See Problems 121-124.) 


134. Photography The length L of the chord joining the endpoints 
of an arc on a circle of radius r subtended by a central angle 6, 
0 <0 <7,1s given by L = rV2 — 2 cos 0. Use this fact to 
approximate the field width (the width of scenery the lens 
can image) of a 450mm camera — at a distance of 920 feet 
30 

Projectile Motion An object is propelled upward at an angle 6, 
45° < @ < 90°, to the horizontal with an initial velocity of 
Vo feet per second from the base of an inclined plane 
that makes an angle of 45° with the horizontal. See the figure. 


if the viewing angle of the lens is 


135. 





omy 





If air resistance is ignored, the distance R that it travels up 
the inclined plane as a function of 0 is given by 





: [sin(26) — cos(20) — 1] 


(a) Find the distance R that the object travels along the 
inclined plane if the initial velocity is 32 feet per second 
and 6 = 60°. 

AS (b) Graph R = R(@) if the initial velocity is 32 feet per 
second. 

(c) What value of 6 makes R largest? 
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136. 


If 6,0 < 6 < 7, 1s the angle between the positive x-axis and 
a nonhorizontal, nonvertical line L, show that the slope m 
of L equals tan 0. The angle @ is called the inclination of L. 


[Hint: See the figure, where we have drawn the line M 
parallel to L and passing through the origin. Use the fact 
that M intersects the unit circle at the point (cos 6, sin @).] 





In Problems 137 and 138, use the figure to approximate the value of 
the six trigonometric functions at t to the nearest tenth. Then use a 
calculator to approximate each of the six trigonometric functions at t. 


137. 
138. 
139. 


140. 


141. 







Unit Circle 









same.) 
| A a ng 


| | CEE! (|S 







weer aes 


(a) ¢= 1 (b) t= 5.1 
(a) f= 2 (b) t= 4 
Challenge Problem Let 6 be the measure of an angle, in 


; a ; DU ack 
radians, in standard position with 7 <@ < = Find the 


exact y-coordinate of the intersection of the terminal side 
—— ; 41 
of 6 with the unit circle, given cos @ + sin’?@ = 49° State 


the answer as a single fraction, completely simplified, with 
rationalized denominator. 
Challenge Problem Let 6 be the measure of an angle, in 


Pd oe 4 7 ; 
radians, in standard position with S < 6 < a. Find the exact 


x-coordinate of the intersection of the terminal side of 6 with 
os 1 
the unit circle, given cos*@ — sin@ = —* State the answer 


as a single fraction, completely simplified, with rationalized 
denominator. 


Challenge Problem If the terminal side of an angle contains 


the point (Sn, —12n) withn > 0, find sin 6. 
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Explaining Concepts: Discussion and Writing 


v, 
142. Write a brief paragraph that explains how to quickly compute 145. Draw a unit circle. Label the angles 0, ae = a one SS 
the trigonometric functions of 30°, 45°, and 60° lla oo > = 
a —,2a and the coordinates of the points on the unit 
143. Write a brief paragraph that explains how to quickly compute 6 


circle that correspond to each of these angles. Explain how 


the trigonometric functions of 0°, 90°, 180°, and 270°. 
symmetry can be used to find the coordinates of points on the 
144. How would you explain the meaning of the sine function to unit circle for angles whose terminal sides are in quadrants II, 
a fellow student who has just completed college algebra? ii-and 1 


Retain Your Knowledge 


Problems 146-155 are based on material learned earlier in the course. The purpose of these problems is to keep the material fresh in 
your mind so that you are better prepared for the final exam. 


146. Find the domain of f(x) = In(5x + 2). 


147. If the polynomial function P(x) = x* — 5x° — 9x* + 155x — 250 has zeros of 4 + 3i and 2, find the remaining zeros of the 
function. 


148. Find the remainder when P(x) = 8x* — 2x° + x — 8 is divided by x + 2. 


149. Sidewalk Area A sidewalk with a uniform width of 3 feet is to be placed around a circular garden with a diameter of 24 feet. 
Find the exact area of the sidewalk. 


150. Find the real zeros of f(x) = 3x? — 7x — 9. 
M&K 151. If g(x) = — find f(x) so that f(g(x)) = SS 
ae 2 
AX 152. If f(x) = x? — 3 and g(x) = —x + 3, determine where g(x) = f(x). 
153. Solyveint( 72+ 3) = =2. 
154. If the point (3, —4) is on the graph of y = f(x), what corresponding point must be on the graph of ; f(x — 3)? 


a 

1 

AK 155. If g(x) = 7 — —, simplify V1 + [g(x) ie 
Xi 





‘Are You Prepared?’ Answers 


lce=a +b’ 2. 8 3. True 4. equal; proportional 5. (- 


6.3 Properties of the Trigonometric Functions 


PREPARING FOR THIS SECTION Before getting started, review the following: 


e Functions (Section 2.1, pp. 49-59) e Even and Odd Functions (Section 2.3, pp. 73-75) 
e Identity (Section A.6, p. A44) 


\ Now Work the ‘Are You Prepared?’ problems on page 403. 
OBJECTIVES 1 Determine the Domain and the Range of the Trigonometric Functions 
(0.393) 
2 Determine the Period of the Trigonometric Functions (p. 395) 


3 Determine the Signs of the Trigonometric Functions in a Given 
Quadrant (p. 396) 
Find the Values of the Trigonometric Functions Using Fundamental 
Identities (p. 397) 


Find the Exact Values of the Trigonometric Functions of an Angle Given 
One of the Functions and the Quadrant of the Angle (p. 399) 


Use Even-Odd Properties to Find the Exact Values of the Trigonometric 
Functions (p. 402) 
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1 Determine the Domain and the Range 
of the Trigonometric Functions 


Let 6 be an angle in standard position, and let P = (x, y) be the point on the unit 
circle that corresponds to @. See Figure 35. Then, by the definition given earlier, 


sin@ = y cosé = x tan = = 


1 1 x 
cscO=- yFO secd =—- x #0 cot 6 = 
VY x y 





For sin 8 and cos 9, there is no concern about dividing by 0,so 6 can be any angle. 
It follows that the domain of the sine function and cosine function is the set of all 
Figure 35 real numbers. 





e The domain of the sine function is the set of all real numbers. 
e The domain of the cosine function is the set of all real numbers. 





For the tangent function and secant function, the x-coordinate of P = (x, y) 
cannot be 0 since this results in division by 0. See Figure 35. On the unit circle, there 
are two such points, (0,1) and (0, —1). These two points correspond to the angles 

3 
us (90°) and ee (270°) or, more generally, to any angle that is an odd integer multiple 
3 5 
of 5 (90°), suchas + 5 (+90°), = = ( 2270" ) x Se = ( + 450°), and so on. Such 


angles must be excluded from the domain of the tangent function and secant function. 


e The domain of the tangent function is the set of all real numbers, except 


odd integer multiples of (90°). 


e The domain of the secant function is the set of all real numbers, except 


odd integer multiples of Cue 





For the cotangent function and cosecant function, the y-coordinate of P = (x, y) 
cannot be 0 since this results in division by 0. See Figure 35. On the unit circle, there 
are two such points, (1,0) and (—1, 0). These two points correspond to the angles 
0(0°) and 7(180°) or, more generally, to any angle that is an integer multiple of 
qm (180°), such as 0(0°), a(+180°), #27( +360°), +3(+540°), and so on. 
Such angles must therefore be excluded from the domain of the cotangent function 
and cosecant function. 


e The domain of the cotangent function is the set of all real numbers, 
except integer multiples of 77 (180°). 


e The domain of the cosecant function is the set of all real numbers, except 
integer multiples of 7 (180°). 
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Next we determine the range of each of the six trigonometric functions. Refer 
again to Figure 35. Let P = (x, y) be the point on the unit circle that corresponds 
to the angle 6. It follows that -1 = x = 1 and -—1 = y <1. Since sin 6 = y and 
cos 0 = x, we have 


—-1=sndé <1 —1<=cosé<=1 


The range of both the sine function and the cosine function consists of all real numbers 
between —1 and 1, inclusive. Using absolute value notation, we have |sin 6] < 1 and 
lcos 6] < 1. 1 

If 6 is not an integer multiple of 77 (180°), then csc 6 = —. Since y = sin 6 and 


1 1 1 1 

ly| = |sin 6| < 1, it follows that |csc 0) = ——— = — = 1 (- <—lor—= 1), 
sind; ly y y 

Since csc 0 = 7 the range of the cosecant function consists of all real numbers less 


than or equal to —1 or greater than or equal to 1. That is, 


csc9? = -1 or csc0=1 


1 
If 6 is not an odd integer multiple of 5 (90°), then sec 6 = - Since x = cos @ and 
; i i. il 1 
|x| = |cos 6| < 1, it follows that |sec 9} = ——— = —2=1(-—<-lor-—=1 }. 
cos | |x| x x 
Since sec 8 = a the range of the secant function consists of all real numbers less than 


or equal to —1 or greater than or equal to 1. That is, 
sec = = or seco = 1 


The range of both the tangent function and the cotangent function is the set of 
all real numbers. 


—oo < tang < © —oo < cotéd < © 


You are asked to prove this in Problems 123 and 124. 
Table 4 summarizes these results. 


Table 4 


Function Symbol Domain 
sine f(0) = siné@ All real numbers All real numbers from —1 to 1, inclusive 
cosine f(0) =cos@ All real numbers All real numbers from —1 to 1, inclusive 


tangent f(0) =tan@_ All real numbers, except odd integer multiples of (90° ) All real numbers 


All real numbers less than or equal 


cosecant f(0) =cscé@ All real numbers, except integer multiples of 7 (180°) to —1 or greater than or equal to 1 


All real numbers less than or equal 
to —1 or greater than or equal to 1 


secant f(0) = sec@ All real numbers, except odd integer multiples oi (90°) 


cotangent f(@) =coté@ All real numbers, except integer multiples of 7 (180°) All real numbers 





emmmmmne- Now Work PROBLEM 97 
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2 Determine the Period of the Trigonometric Functions 


Look at Figure 36. This figure shows that for an angle of = radians the corresponding 


5, 
<3) Notice that, for an angle of a + 27 radians, 


2 
ae a 1 V3 
the corresponding point P on the unit circle is also 9S Then 


il 
point P on the unit circle is (=. 


dake 


a V3 (a V3 
and sin at en = 





Tw 1 q (Z 4 _ il 
cos = 5 and  cos\*, 7 , 

This example illustrates a more general situation. For a given angle 0, measured 
in radians, suppose that we know the corresponding point P = (x,y) on the unit 
circle. Now add 27 to 9. The point on the unit circle corresponding to 0 + 277 is 
identical to the point P on the unit circle corresponding to 6. See Figure 37. The values 
of the trigonometric functions of 6 + 27 are equal to the values of the corresponding 
trigonometric functions of 0. 

If we add (or subtract) integer multiples of 27 to 6, the values of the sine and 
cosine function remain unchanged. That is, for all 6 





sin(@ + 27k) = sind cos(@ + 27k) = cos 6 (1) 


Figure 37 sin (0 + 27k) = sin@; 
cos (6 + 277k) = cos 0 


where k is any integer. 
Functions that exhibit this kind of behavior are called periodic functions. 


( DEFINITION Periodic Function and Fundamental Period 


A function f is called periodic if there is a positive number p with the property 
that whenever @ is in the domain of f, so is 9 + p, and 


TCseap 0) 


If there is a smallest such number p, this smallest value is called the 
(fundamental) period of /. J 


Based on equation (1), the sine and cosine functions are periodic. In fact, the sine 
and cosine functions have period 27. You are asked to prove this fact in Problems 125 
and 126. The secant and cosecant functions are also periodic with period 277, and the 
tangent and cotangent functions are periodic with period 77. You are asked to prove 
these statements in Problems 127 through 130. 

These facts are summarized as follows: 


Periodic Properties 


In Words sin(@ + 27) =sin@ cos(@+ 2m) =cos@ tan(@+ 7) = tané 
Tangent and cotangent have 


period 7; the others have 
period 27. 


esc(@ + 27) =csc@ sec(@+27) =secd cot(?+ am) = cote 





y 


~, 


Because the sine, cosine, secant, and cosecant functions have period 277, once we 
know their values over an interval of length 277, we know all their values; similarly, 
since the tangent and cotangent functions have period 7, once we know their values 
over an interval of length 77, we know all their values. 
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| EXAMPLE 1 ~ Finding Exact Values Using Periodic Properties 


Find the exact value of each of the following angles: 
. 17 5 
(a) sin ot (b) cos (577) (c) tan 


Solution (a) It is best to sketch the angle first, as shown in Figure 38(a). Since the period of 


the sine function is 277, each full revolution can be ignored leaving the angle re 
Then 


sin 2 = sin(Z + 4 ) =sint =? 
4 a" 4 2 


(b) See Figure 38(b). Since the period of the cosine function is 277, each full revolution 
can be ignored leaving the angle 7. Then 


cos(57) = cos(7 + 47) = cos7 = —1 
(c) See Figure 38(c). Since the period of the tangent function is 7, each half- 


revolution can be ignored leaving the angle re Then 


S57 T 7 
tan —= tan( Z + n | = tan*— = 1 


- 





Figure 38 (a) (b) 





The periodic properties of the trigonometric functions will be very helpful to us 
when we study their graphs later in the chapter. 


ommmmmmme-Now Work PROBLEM 11 


3 Determine the Signs of the Trigonometric Functions 
in a Given Quadrant 


Let P = (x,y) be the point on the unit circle that corresponds to the angle 6. If 
we know in which quadrant the point P lies, then we can determine the signs of the 
trigonometric functions of 6. For example, if P = (x, y) lies in quadrant IV, as shown 
in Figure 39, then we know that x > O and y < 0. Consequently, 


sné=y <0 cosdé =x >0 land =— <0 


1 1 
csc? = —-< 0 sec9d = —>0 ote exe 0 
¥ x y 





Table 5 lists the signs of the six trigonometric functions for each quadrant. 


Figure 39 
6 in quadrant IV, x > 0, y< O Figure 40 provides two illustrations. 


Table 5 Quadrant of P sin 0, csc 0 cos 0, sec 0 tan 0, cot 0 
Positive Positive Positive 


Positive Negative Negative 


Negative Negative Positive 





Negative Positive Negative 
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sine 
sin é@ > 0, csc 6 > 0, All positive 
others negative i 
cosine 
x — secant 
= + 
lll (-, -) IV (+, -) 
tang >0,cot@>0, | cosé>0,seca > 0, . # * 
others negative others negative tangent 





x cotangent 


(a) (b) 
Figure 40 Signs of the trigonometric functions 


| EXAMPLE 2 © Finding the Quadrant in Which an Angle 6 Lies 


Solution 


If sin @ < O and cos @ < 0, name the quadrant in which the angle @ lies. 


Let P = (x, y) be the point on the unit circle corresponding to 6. Then sin 6 = y < 0 
and cos 0 = x < Q. Because points in quadrant III have x < 0 and y < 0, @ lies in 
quadrant III. _J 


opm Now Work PROBLEM 27 


4 Find the Values of the Trigonometric Functions Using 


Fundamental Identities 


If P = (x, y) is the point on the unit circle corresponding to 0, then 








sin@ = y cosé = x tan 9 = = ifx ~ 0 
Ls I x. 
csccO=— ity #0 secd=— ifx # 0 cotd=— ify #0 
y Xx y 
Based on these definitions, we have the reciprocal identities: 
Opecnrocal Identities 
il 1 1 
Sey sin 6 ia cos 6 cory tan 6 2) 5 
Two other fundamental identities are the quotient identities. 
i Quotient Identities 
in 0 0 
tan é = See cot 6 = via (3) 
cos 6 sin 6 


J 


The proofs of identities (2) and (3) follow from the definitions of the trigonometric 
functions. (See Problems 131 and 132.) 

If sin 6 and cos 6 are known, identities (2) and (3) make it easy to find the values 
of the remaining trigonometric functions. 
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| EXAMPLE 3 ~ Finding Exact Values Using Identities When Sine 


and Cosine Are Given 
25 


5 
Given sin 6 = 5. and cos 6 = a find the exact values of the four remaining 


trigonometric functions of # using identities. 


Solution Based on a quotient identity from (3), we have 





Then we use the reciprocal identities from (2) to get 


NITR[R 


bs 








coté = 


sec 90 = 


ee eee pe: eee ap 
sn@ 1/5 V/5 cos6 91/5. -2\/5 2 


tan 0 


exmmmmmmms-- NOW Work PROBLEM 35 


The equation of the unit circle is x7 + y” = 1 or, equivalently, 
ytx=1 


If P = (x,y) is the point on the unit circle that corresponds to the angle 6, then 
y = sin 8 and x = cos 6, so we have 


(sind)? + (cos@)? =1 (4) 


It is customary to write sin’ 6 instead of (sin @)7, cos’ @ instead of (cos 6), and 
so on. With this notation, we can rewrite identity (4) as 


sin’ 0 + cos*@ = 1 (5) 


If cos 6 # 0, we can divide each side of identity (5) by cos” 0. 
sin’6  cos*O 1 


cos’ 0 cos’ 0 cos’ 0 


(28) ( 1 ) 
1 = 
cos 9 cos 9 


Now use identities (2) and (3) to get 

















tan* 6 + 1 = sec’ @ (6) | 


Similarly, if sin 9 # 0, we can divide both sides of identity (5) by sin’ 6 and use 
identities (2) and (3) to get 1 + cot? 6 = csc” 0, which we write as 


cot*6 + 1 = csc’@ (7) 


SECTION 6.3 Properties of the Trigonometric Functions 399 
The identities in (5), (6), and (7) are referred to as the Pythagorean identities. 


Collectively, the identities in (2), (3), and (5)—(7) are referred to as the Fundamental 
Identities. 


(fF Faraamenta Identities 


sin 6 cos 0 
e tan@ = e cotéd = 


cos 0 sin 0 


il 1 1 
® csc§# = — @® sec@ = e cotd = 
sin 6 cos 0 tan 0 


e sin’?@ + cos?6 = 1 e tan?@ + 1 = sec’?6 e cot?@ + 1 = csc’*A 





= 


| EXAMPLE 4 Finding the Exact Value of a Trigonometric Expression 


Using Identities 


Find the exact value of each expression. Do not use a calculator. 




















sin 20° T 1 
tan 20° — b) sin?’ — + 
a cos 20° ae 12 fe 
12 
; in 20° 
Solution (a) tan 20° — = ~ = tan 20° — tan 20° = 0 
cos 20 
sin 0 es: 
cos 0 
TT TT IT 
b) sin? — + = sin’ — + cos*-- = 1 
(b) sin 1D oF sin” 75 t+ cos’ 75 
“| | 
= 1 eee 2 = 
cos@ = ry: sin’ @ + cos’? = 1 a 


omm=m=meee- Now Work PROBLEM 79 


5 Find the Exact Values of the Trigonometric Functions 
of an Angle Given One of the Functions and the Quadrant 
of the Angle 


Many problems require finding the exact values of the remaining trigonometric 
functions when the value of one of them is known and the quadrant in which @ lies 
can be found. There are two approaches to solving such problems. One approach uses 
a circle of radius r; the other uses identities. 

When using identities, sometimes a rearrangement is required. For example, the 
Pythagorean identity 


sin’ @ + cos*@ = 1 
can be solved for sin 6 in terms of cos 6 (or vice versa) as follows: 
sin? @ = 1 — cos’ é 
sin@ = +V1 — cos’ 6 


where the + sign is used if sin 6 > 0 and the — sign is used if sin 6 < 0. Similarly, in 
tan? 6 + 1 = sec’ 6, we can solve for tan 0 (or sec 8), and in cot? 6 + 1 = csc’ 0, we 
can solve for cot 0 (or csc 6). 
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Finding Exact Values Given One Value and the Sign of Another 


; , 1 a 
Given that sin @ = 3 and cos 6 < 0, find the exact value of each of the remaining 
five trigonometric functions. 


Solution 


Option1 Suppose that P = (x,y) is the point on a circle that corresponds to 6. Since 


Using a Circle sin@ = A > 0 and cos6@ < 0, the point P = (x,y) is in quadrant II. Because 


1 
sin @ = R= we let y= 1 and r = 3. The point P = (x,y) = (x,1) that 





3 
corresponds to @ lies on the circle of radius 3 centered at the origin: x7 + y* = 9. 
See Figure 41. 
To find x, we use the fact that x? + y? = 9, y = 1, and P is in quadrant II 
(sox <0). 
x? + y? = 9 
xv +P=9 y=1 
r= 
Figure 41 x= Ve) x <0 


Since x = 79 ,y = 1, andr = 3, we find that 








x 2V2 y 1 \/9 
cos §@ =—'= -— tang = — = ——— = - ——= 
’ : x -2V2 4 
=D re 
ecg =a S = 3 seco = — = 2 _ _3V2 cot@ === oy 
yo x -2V/2 4 y 1 


Option 2 First, solve identity (5), sin’ @ + cos’6 = 1, for cos 0. 
Using Identities 3 ; 
sin’ @ + cos’ é = 1 
cos’ 6 = 1 — sin’ 


cos@é = +V1 — sin’ 0 


il 
Because cos 9 < 0, choose the minus sign and use the fact that sin 6 = 3) 


i) 8 2V2 
cosé = —V1 — sin? 6 = — [ape afm 
1 9 9 3 
1 


sing = — 
3 





, 1 a 
Now, use sind = 3 and cos@ = — and fundamental identities. 





























il 
3 1 y) 1 
eT ee = __ M2 cot@ = = 2/2 
cos _9\/0 ~-2V\/2 4 tan 0 
3 
sec 9 = _ : _ 3 __3V2 csc 8 = : er 
cos _9\/2 20/2 4 sn@ 1 
3 3 





Solution 
Option 1 
Using a Circle 





1, 
Figure 42 tandé = 5 6 in quadrant III 


Option 2 
Using Identities 
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Finding the Values of the Trigonometric Functions of @ When the 
Value of One Function Is Known and the Quadrant of 6 Is Known 


Given the value of one trigonometric function and the quadrant in which @ lies, 
the exact value of each of the remaining five trigonometric functions can be 
found in either of two ways. 


Option 1 Using a Circle of Radius r 


STEP 1; Draw acircle centered at the origin showing the location of the angle 0 
and the point P = (x, y) that corresponds to 0. The radius of the circle 
lmen Commins 2 = (oe) ep We EP. 

STEP 2: Assign a value to two of the three variables x, y, 7 based on the value 
of the given trigonometric function and the location of P. 

Srep 3: Use the fact that P lies on the circle x” + y* = r* to find the value of 
the missing variable. 

STEP 4: Apply the theorem on page 386 to find the values of the remaining 
trigonometric functions. 


Option 2 Using Identities 


Use appropriate identities to find the value of each remaining trigonometric 
function. 


Given the Value of One Trigonometric Function and the 
Sign of Another, Find the Values of the Remaining Ones 


1 
Given that tan 6 = 5 and sin 6 < 0, find the exact value of each of the remaining 


five trigonometric functions of 0. 


1 
STEP 1: Since tan @ = 5 > 0 and sin@ < 0, the point P = (x, y) that corresponds 
to 6 lies in quadrant III. See Figure 42. 


1 
STEP 2: Since tan @ = a ~ and 0 lies in quadrant III, let x = —2 andy = —1. 


STEP 3: With x = —2 and y = —1, thenr = Vx*+y? = V(—2)*+ (-1)7= 5. 
so P lies on the circle x7 + y* = 5. 


STEP 4: Apply the theorem on page 386 using x = —2, y = —1, andr = V5. 


ete ey ee 
r V5 5 re 5 5 
= 
cg i= MS. V5 (ec0 = See cot@ =~ =—-=2 
y = x = 2 y =, 


Because the value of tan 6 is Known, use the Pythagorean identity that involves tan 6, 


1 
that is, tan? @ + 1 = sec’ 6. Since tan 6 = 5 > 0 and sind < 0, then @ les in 
quadrant III, where sec 6 < 0. 


tan? @ + 1 = sec*@ Pythagorean identity 
1 Z 
(5) + 1 = sec’ 6 eT ees 
p 2 
9 1 5 
sec’ 9 = mn +1 = 1 Proceed to solve for sec 0. 
V5 
ee sec 90 < 0 
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1 5 
Now we know tan 6 = 5 and sec @ = — x, Using reciprocal identities, we find 
Sieel 1 2 2V5 
CO = —— 
sec 6 \/5 5 5 
2° 
1 1 
td= =-—=2 
“ tand tt 
2 


To find sin 6, use the following reasoning: 


5 


1 Scam V5 


mse in 0 = (tan 6) (cos) ( ( 
an —=—- —W— so sin = an COS — ley, * 
cos 0 2 5 


1 1 5 
csc 9 = —— Sg pe V5 


sind \/5 V5 
ss J 


ommummmn-- Now Work PROBLEM 43 


6 Use Even-Odd Properties to Find the Exact Values 
of the Trigonometric Functions 


Recall that a function f is evenif f(—0) = f(@) for all @ in the domain of f; a function 
f is odd if f(—0@) = —f(@) for all 6 in the domain of f. We will now show that the 
trigonometric functions sine, tangent, cotangent, and cosecant are odd functions and 
the functions cosine and secant are even functions. 


In Words ( THeoReM Even-Odd Properties 
Cosine and secant are even 

functions; the others are odd r sin(—6) = —sin 0 cos(—6) = cosé@ tan(—0@) = —tan@ 
functions. 





csc(—0@) = —cscé sec(—0) = sec é cot(—é) = —coté 





= 
Proof Let P = (x,y) be the point on the unit circle that corresponds to the angle 6. 
See Figure 43. Using symmetry, the point Q on the unit circle that corresponds to the 
angle —6 will have coordinates (x, —y). Using the definition of the trigonometric 
functions, we have 


siné = y sin(—@) = —y cos 6 = x cos(—0) =x 


SO 





sin(—@) = —y = —siné@ cos(—6) = x = cos 














Pewee Now, using these results and some of the fundamental identities, we have 
sin(—@)  —sin@ 1 1 
tan(—@) = ey irony ml —tan 6 cot(—6) = tan(—8) = —cot 6 
1 1 it 1 
sec(—@) = =—__+= = sec 0 csc(—0) = ———— = = —csc 


cos(—@) cosé sin(—0)  —sind — 
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| EXAMPLE 7 ~ Finding Exact Values Using Even-Odd Properties 


Find the exact value of each of the following angles: 


(a) sin(—45°) (b) cos(—7) (c) coi( - =) (d) tan( - a 


V2 
Pa 


Solution (a) sin(—45°) = —sin 45° = — (b) cos(—7) = cos7 = —1 
t 
Odd function Even function 
3 3 
(c) coi( = =) = —cot = 0 
t 
Odd function 
a7 3] 
(d) tan( - aim) = -tan-— = -tan(4 7 om ) = -tan— = -1 
4 1 4 4 ) 4 
Odd function Period ts 7 - 


ocmmmm_==-Now Work PROBLEM 59 


6.3 Assess Your Understanding 


‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


poe. 
2x +1 





1. The domain of the function f(x) = 


(pp. 55-57) 


2. A function for which f(x) = f(—x) for all x in the domain 
of f is called a(n) function. (pp. 73-75) 


Concepts and Vocabulary 


5. The sine, cosine, cosecant, and secant functions have period 
; the tangent and cotangent functions have period __ 


6. The domain of the tangent function is 


7. Multiple Choice Which of the following is not in the range 
of the sine function? 


3 
(a) rn (b) > (©) 037 @) -1 


Skill Building 


3. True or False The function f(x) = V*x is even. 
(pp. 73-75) 


4. True or False The equation x* + 2x = (x + 1) 
identity. (p. A44) 


2 _ 1isan 


8. Multiple Choice Which of the following functions is even? 
(a) cosine (b) sine (c) tangent (d) cosecant 


9, sin?@ + cos?@ = _ 


1 
10. True or False sec ¢ = —— 
sin 0 


In Problems 11-26, use the fact that the trigonometric functions are periodic to find the exact value of each expression. Do not use a 


calculator. 


‘\ 11. sin 405° 12. cos 420° 13. tan 405° 


17. cot 390° 18. sec 420° 19. cos on 
17 AW; 19 
23. Sec — 24. cot vs 25. tan — 


In Problems 27-34, name the quadrant in which the angle 6 lies. 
\ 27. sind >0, cos9<0 28. sind <0, coso>0 
31. cos@é > 0, tanéd <0 32. cos@ <0, tanéd>0O 


14. sin 390° 15. csc 450° 16. sec 540° 


9 9 
20. sin a 21. tan (217) 22. csc a 
257T 
26. — 
SEC 6 
29. sind <0, tanéd< 0 30. cos? > 0, tand > 0 
33. secd <0, sind>O 34. csc 8 > 0, cosé<0O 
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In Problems 35-42, sin 6 and cos 6 are given. Find the exact value of each of the four remaining trigonometric functions. 


: 3 4 
"he 35. sin 6 = — 5, cos 6 = = 36. sind = 
5 25 
38. cin 9 = 2 cong = - 25 39. sind = 
1 272 
41. sind = ~ 3 cos =< 42. sind = 


No Ne n| & 


S 


w 


7 


2V5 


| GO 


V5 
ra 


In Problems 43-58, find the exact value of each of the remaining trigonometric functions of 0. 


NX 4. 
46. 
49. 
52. 


52: 


58. 


12 6, 
sin@ = -—, 6@in quadrant II 44. cosé = =, 
13 5 
. = 5 
sin@ = —-—, 6in quadrant III 47. sin@ = — 
13 1 
i 
cos = — 3, y<O<a 50. sin@d = 
1 
cos6 = — 7, tan éd > 0 53. sec dé = 2, 
3 - 
tand=-, snd <0 56. coté = -, 
4 3 
secQ = —2Z,. tang > 0 


cos @ = ~~ 37. sin 6 = cos 0 = 
V3 V3 1 
cos § = = — 40. sin@ = — cosa 
P 1 
, cosd=—-= 
3 
4 
0 in quadrant IV 45. cos@ = — 5° 6 in quadrant III 
4 
90° < @ < 180° 48. cos @ = 5 270° < 6 < 360° 
3 2 
re et 51. snd=-, tanéd <0 
2 3 
sind < 0 54. csc# = 3, cot@<O0 
1 
cos é < 0 57. tan@ = — sin@ > 0 


In Problems 59-76, use the even-odd properties to find the exact value of each expression. Do not use a calculator. 


N50. 


sin (—60° ) 60. cos (—30°) 

63. sec( —60°) 64. csc(—30°) 
67. tan( - *) 68. sin(—7) 
3 

71. tan(—7) 72. sin( - =) 


72: 


no ro 


61. tan (—30°) 


65. sin(—90°) 


T 
69. cos( - *) 

7 
73. — — 
3 cse( =) 


62. sin(—135°) 


66. cos (—270°) 


7 
70. sin{ — = 


74. sec(—7) 


In Problems 77-88, use properties of the trigonometric functions to find the exact value of each expression. Do not use a calculator. 


77, 


81. 


85. 


89. 


90. 


91. 


92. 


93. 


sin? 40° + cos” 40° 78. sec’ 18° — tan? 18° 





> sin 40° > cos 20° 
tan 40 ~os 40° 82. cot 20 sin 20° 
sin( - =) CSC goT 86 seo( = =) -COS ells 
1 12 ° 18 18 


If sin 6 = 0.3, find the value of: 
sin @ + sin(@ + 27) + sin(@ + 477) 

If cos 6 = 0.2, find the value of: 

cos 8 + cos(@ + 277) + cos(@ + 477) 
If tan 6 = 3, find the value of: 

tan @ + tan(@ + 7) + tan(@ + 277) 

If cot 90 = —2, find the value of: 

cot @ + cot(@ — 7) + cot(@ — 27) 
Find the exact value of: 


sin 1° + sin 2° + sin 3° + --- + sin 358° + sin 359° 


‘X 79. sin 80° csc 80° 


83. cos 400° - sec 40° 


80. tan 10° cot 10° 


84. tan 200° - cot 20° 


sin ( = 20°) sin 70° 
—_ + tan 200° 88. ——— + tan(—70° 
cos 380° a cos (—430° ) aa ) 
94. Find the exact value of: 


95. 
(96. 
NX 97. 
98. 

99, 
100. 
101. 
102. 
103. 


+ cos 358° + cos 359° 
What is the domain of the sine function? 


cos 1° + cos 2° + cos 3° +-:-:: 


What is the domain of the cosine function? 

For what numbers @ is f(@) = tan 6 not defined? 
For what numbers 0 is f(@) = cot 6 not defined? 
For what numbers 0 is f(@) = sec 6 not defined? 
For what numbers 0 is f(@) = csc 6 not defined? 
What is the range of the sine function? 

What is the range of the cosine function? 


What is the range of the tangent function? 


104. What is the range of the cotangent function? 
105. What is the range of the secant function? 
106. What is the range of the cosecant function? 


107. Is the sine function even, odd, or neither? Is its graph 
symmetric? With respect to what? 


108. Is the cosine function even, odd, or neither? Is its graph 
symmetric? With respect to what? 


Applications and Extensions 


In Problems 113-118, use the periodic and even-odd properties. 

113. If f(@) = sin@é and f(a) = > find the exact value of: 
(a) f(—4) (b) f(a) + fla + 2a) + fla + 47) 

114. If f(0) = cos@and f(a) = - find the exact value of: 


(a) f(—a) (b) f(a) + fla + 2a) + fla — 2m) 
115. If f(@) = tan 6 and f(a) = 2, find the exact value of: 
(a) f(—a) (b) f(a) + fla + a) + fla + 2) 
116. If f(0) = cot @ and f(a) = —3, find the exact value of: 
(a) f(—a) (b) f(a) + fla + 7m) + fla + 47) 
117. If f(0) = sec@and f(a) = —4, find the exact value of: 
(a) f(—a) (b) f(a) + fla + 2a) + fla + 477) 
118. If f(@) = csc@and f(a) = 2, find the exact value of: 
(a) f(—a) (b) f(a) + fla + 2m) + fla + 47) 
119. Calculating the Time of a Trip From a parking lot, you 
want to walk to a house on the beach. The house is located 
1500 feet down a paved path that parallels the ocean, which 
is 500 feet away. See the figure. Along the path you can walk 
300 feet per minute, but in the sand on the beach you can 
only walk 100 feet per minute. 

The time T to get from the parking lot to the beach 
house expressed as a function of the angle 6 shown in the 
figure is 

5 5 


T(@) =5- ——-, 
" 3tand sing 





qT 
0O<¢@<— 
2 


Calculate the time 7 if you walk directly from the parking lot 
to the house. 


(Hint: tan 6 = 20 | 





109. 


110. 


111. 


112. 


120. 


121. 
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Is the tangent function even, odd, or neither? Is its graph 
symmetric? With respect to what? 


Is the cotangent function even, odd, or neither? Is its graph 
symmetric? With respect to what? 


Is the secant function even, odd, or neither? Is its graph 
symmetric? With respect to what? 


Is the cosecant function even, odd, or neither? Is its graph 
symmetric? With respect to what? 


Calculating the Time of a Trip Two oceanfront homes are 
located 8 miles apart on a straight stretch of beach, each a 
distance of 1 mile from a paved path that parallels the ocean. 
Sally can jog 8 miles per hour on the paved path, but only 
3 miles per hour in the sand on the beach. Because a river 
flows directly between the two houses, it is necessary to jog 
in the sand to the road, continue on the path, and then jog 
directly back in the sand to get from one house to the other. 
See the figure. The time 7 to get from one house to the other 
as a function of the angle 0 shown in the figure is 


2 1 


T =1+ — 
(9) 3sin0 4tand@g 








qT 
0<A<— 
y) 


1 
(a) Calculate the time 7 for tan@ = r 


(b) Describe the path taken. 
(c) Explain why @ must be larger than 14°. 





Predator Population In predator-prey relationships, the 
populations of the predator and prey are often cyclical. In 
a conservation area, rangers monitor the red fox population 
and have determined that the population can be modeled by 
the function 


Tt 


6 


where fis the number of months 
from the time monitoring began. 
Use the model to estimate the 
population of red foxes in 
the conservation area after 
10 months, 20 months, and 
30 months. 


P(t) = 40 cos( ) + 110 





406 CHAPTER6 Trigonometric Functions 


122. Lung Volume Normal resting lung volume V,in mL, for adult 
men varies over the breathing cycle and can be approximated 
by the model 


Qa (t — 1.25) 


+ 2650 
5 


V(t) = 250 sn| 





where fis the number of seconds after breathing begins. Use 
the model to estimate the volume of air in a man’s lungs after 
2.5 seconds, 10 seconds, and 17 seconds. 

123. Show that the range of the tangent function is the set of all 
real numbers. 


124. Show that the range of the cotangent function is the set of all 
real numbers. 


125. Show that the period of f(@) = sin @ is 277. 
[Hint: Assume that 0<p< 27 exists so that 
sin(@ + p) = sin @ for all 6. Let 6 = 0 to find p. Then let 


a eae 
d= > to obtain a contradiction. | 


126. Show that the period of f(@) = cos @ is 27. 
127. Show that the period of f(@) = sec 0 is 277. 


Explaining Concepts: Discussion and Writing 


138. Write down five properties of the tangent function. Explain 
the meaning of each. 


139. Describe your understanding of the meaning of a periodic 
function. 


140. Explain how to find the value of sin 390° using periodic 
properties. 


Retain Your Knowledge 


128. 
129. 
130. 
131. 
132. 
133. 


134. 


135. 


136. 


137. 


141. 


142. 


Show that the period of f(@) = csc 0 is 27. 

Show that the period of f(@) = tan @ is 7. 

Show that the period of f(@) = cot 6 is 7. 

Prove the reciprocal identities given in identity (2). 
Prove the quotient identities given in identity (3). 
Establish the identity: 


(sin @ cos ¢)* + (sin @sin ¢)* + cos*@ = 1 


Challenge Problem If2 sin? 6 + 3 cos?@ = 3sin@cos@ + 1 
with 6 in quadrant I, find the possible values for cot 6. 


Challenge Problem If tan 6 = 3 — sec @ with @ in quadrant I, 


what is sin 6 + cos 6? 


Challenge Problem If sin(46) = cos(26) and0 < 46 < - 


find the exact value of sin(80) + cot(460) — 2. 


Challenge Problem Find the exact value of sin 6 — cos 6 if 


cos 6 — 8sin@ = 7 and 180° < @ < 270°. 


Explain how to find the value of cos(—45°) using even-odd 
properties. 


Explain how to find the value of sin 390° and cos (—45°) 
using the unit circle. 


Problems 143-152 are based on material learned earlier in the course. The purpose of these problems is to keep the material fresh in your 


mind so that you are better prepared for the final exam. 
143. Given: f(x) = x* — 3andg(x) = x — 7, find (f°g) (x). 


144, Graph f(x) = —2x” + 12x — 13 using transformations. Find the vertex and the axis of symmetry. 


145. Solve exactly: e** = 6 
146. Find the real zeros of f(x) = x° — 9x* + 3x — 27. 


147. Solve: Vx +2- Vx-5=2 





148. If the real zeros of g(x) are —2 and 3, what are the real zeros of g(x + 6)? 


149. Solve: logy(x — 5) = 2 


151. Find the intercepts of the graph of —3x + Sy = 15. 


é ; 3 
/\ 152. Find the difference quotient for f(x) = 5” = Ox a Ae 


‘Are You Prepared?’ Answers 


Lf 





1 
x # -3| 2. even 3. False 4. ‘True 


7 
/X 150. Find c so that f(x) = 6x* — 28x + c has a minimum value of =. 
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6.4 Graphs of the Sine and Cosine Functions 


PREPARING FOR THIS SECTION Before getting started, review the following: 
e Graphing Techniques: Transformations (Section 2.5, pp. 98-107) 
\ Now Work the ‘Are You Prepared?’ problems on page 416. 
OBJECTIVES 1 Graph the Sine Function y = sin x and Functions of 
the Form y = Asin(wx) (p. 407) 


2 Graph the Cosine Function y = cos x and Functions of 
the Form y = Acos(wx) (p. 409) 


3 Determine the Amplitude and Period of Sinusoidal Functions (p. 410) 
4 Graph Sinusoidal Functions Using Key Points (p. 412) 
5 Find an Equation for a Sinusoidal Graph (p. 416) 





We want to graph the trigonometric functions in the xy-plane. So we use the traditional 
symbols x for the independent variable (or argument) and y for the dependent 
variable for each function. Then the six trigonometric functions are written as 


= sin x y = f(x) = cosx y =f(x) = 





CSC x Vy sec y =f(x) = 


Here the independent variable x represents an angle, measured in radians. However, 
in calculus, x will usually be treated as a real number. As noted earlier, these are 
equivalent ways of viewing x. 


1 Graph the Sine Function y = sin x and Functions of the 
Form y = Asin(wx) 
Because the sine function has period 27, it is only necessary to graph y = sin x on 
the interval [ 0, 277 |. The remainder of the graph will consist of repetitions of this 
portion of the graph. 
To begin, consider Table 6, which lists some points on the graph of y = sin x, 
O = x < 27. As the table shows, the graph of y = sinx,0 = x S 27, begins at 


os ; us —— 
the origin. As x increases from 0 to > the value of y = sin x increases from 0 to 1; 
; 7 erg 
as x increases from > to 7 to rx the value of y decreases from 1 to 0 to —1; 
377 , ; 
as x increases from 5 to 27, the value of y increases from —1 to 0. Plotting the 


points listed in Table 6 and connecting them with a smooth curve yields the graph 
shown in Figure 44. 





Figure44 y=sinx,O=xse7 
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The graph in Figure 44 is one period, or cycle, of the graph of y = sin x. To obtain 
a more complete graph of y = sin x, continue the graph in each direction, as shown 
in Figure 45. 





Figure 45 y= sinx,-~ < xX < w 


The graph of y = sin x illustrates some properties of the sine function. 


Properties of the Sine Function y = sin x 


e The domain is the set of all real numbers. 
e The range consists of all real numbers from —1 to 1, inclusive. 


e The sine function is an odd function, as the symmetry of the graph with 
respect to the origin indicates. 


e The sine function is periodic, with period 27. 


Sle ye imtence pis Ale ea 1 ae ie he ee Ne Ine hCe lis). 


® The maximum value is | and occurs atx = ..., == =] — =... : ; 


Oe 
— aq 3n Ta 117 
the minimum value is —1 and occursatx = ...,- Bay ep ay a 


ommemmmme-Now Work PROBLEM 11 


| EXAMPLE 1 ~ Graphing Functions of the Form y = Asin x Using Transformations 


Graph y = 3 sin x using transformations. Use the graph to determine the domain 
and the range of the function. 


Solution _—__ Figure 46 illustrates the steps. 





=e 
Multiply by 3; 

vertical stretch 
(a) y= sin x by a factor of 3 (b) y= 3sinx 


Figure 46 


The domain of y = 3 sin x is the set of all real numbers, or (— 00, co). The range 
is {y|-3 sy = 3}, or [3,3]. 


SECTION 6.4 Graphs of the Sine and Cosine Functions 409 


| EXAMPLE 2 © Graphing Functions of the Form y = Asin (wx) Using Transformations 


Graph y = —sin(2x) using transformations. Use the graph to determine the domain 
and the range of the function. Identify the period of the function y = —sin(2x). 


Figure 47 illustrates the steps. 





(a) y =sin x 


Figure 47 


Table 7 





Multiply by —1; | |}«——Period 27] _ Replacex by 2x; | ) 
Reflect about the Horizontal compression '*——Period 17> 
x-axis | by a factor of 3 

(b) y= —sin x (c) y = —sin(2 x) 


The domain of y = —sin(2x) is the set of all real numbers, or (— 00, co). The 
range is {y|—-1 = y = 1}, or[~-1,1]. 


The period of the function y = —sin(2x) is 7 because of the horizontal 


1 
compression of the original period 27 by a factor of 5 See Figure 47(c). _J 


ommmmee-- NOW Work PROBLEM 39 USING TRANSFORMATIONS 


2 Graph the Cosine Function y = cos x and Functions of the 


Form y = Acos(wx) 


The cosine function also has period 277. To graph y = cos x, begin by constructing 
Table 7 which lists some points on the graph of y = cos x,0 = x S 27. As the table 
shows, the graph of y = cos x,0 < x S 277, begins at the point (0,1). 


‘ TT 
As x increases from 0 to > to 7, the value of y decreases from 1 to 0 to —1; as x 


377 
increases from 7 to oF to 27, the value of y increases from —1 to 0 to 1. As before, 


plot the points in Table 7 to get one period or cycle of the graph. See Figure 48. 





Figure48 y=cosx,0O=x=<e27 


A more complete graph of y = cos x is obtained by continuing the graph in each 
direction, as shown in Figure 49. 





(— Tr, —1) (TT, —1) 


Figure 49 y = cos x,-—~ < xX < © 
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The graph of y = cos x illustrates some properties of the cosine function. 


Properties of the Cosine Function 


e The domain is the set of all real numbers. 
e The range consists of all real numbers from —1 to 1, inclusive. 


e The cosine function is an even function, as the symmetry of the graph with 
respect to the y-axis indicates. 


e The cosine function is periodic, with period 277. 


377 TW 3m SOT 


© hex intercepts atc 1) = — er ey -mitencemt Is Ie 
P RE aD P 
e The maximum value is 1 and occurs at x = ..., —27, 0, 27, 477, 677,...; 
the minimum value is —1 and occurs atx = ...,—-a7,7,37,57,.... 


| EXAMPLE 3 | Graphing Functions of the Form y = Acos(#x) Using Transformations 


Graph y = 2 cos(3x) using transformations. Use the graph to determine the domain 
and the range of the function. Identify the period of the function y = 2 cos(3x). 


Solution Figure 50 shows the steps. 





Sa 

Multiply by 2; 

Vertical stretch 

by a factor of 2 compression by 
a factor of - 


Replace x by 3x; 


oe Horizontal 


(a) y = cos x (c) y = 2os (3x) 


Figure 50 


The domain of y = 2 cos(3x) is the set of all real numbers, or (— co, co). The 
range is {y|—2 = y S 2}, or [—2,2]. 


2 
The period of the function y = 2 cos(3x) is = because of the compression of 


1 
the original period 277 by the factor of 3 See Figure 50(c). J 


emmmmm- Now Work PROBLEM 43 USING TRANSFORMATIONS 


3 Determine the Amplitude and Period of Sinusoidal Functions 


The sine function and cosine function are referred to as sinusoidal functions. The 
discussion below provides the rationale for this definition. 


Begin by shifting the graph of y = cos x to the right 5 units to obtain the graph 


TT 


of y = cos (« = =) See Figure 51(a). Now look at the graph of y = sinx 


in Figure 51(b). Notice that the graph of y = sinx is the same as the graph 


of y = cos (x — = 
y 2) ¥ 
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(a) y=cosx y=cos(x-—5) (b) y=sinx 


Figure 51 


Based on Figure 51, we conjecture that 


| Seeing the Concept 


' 0 
iz Graph Y; = sin x and Y> = cos (« — =) sinx = cos (x i a 


How many graphs do you see? | 





We prove this in Chapter 7 Because of this relationship, the graphs of functions 
of the form y = A sin(wx) or y = A cos(wx) are referred to as sinusoidal graphs. 

Figure 52 uses transformations to obtain the graph of y = 2 cos x. Note that the 
values of y = 2 cos x lie between —2 and 2, inclusive. 


y 
2 





—— te 
Multiply by 2; x 
Vertical stretch 
by a factor of 2 
(=a, 2} (a, —2) 
(a) y = cos x (b) y = 2. cos x 
Figure 52 
The values of the functions y = A sinx and y = Acosx, where A # 0, satisfy 
In Words the inequaliti 
The amplitude determines the d oe 
vertical stretch or compression —|A| =< Asinx = |A| and —|A| = Acosx S |A| 
of the graph of y = sin x 
ory = cosx. a, respectively. The number |A| is called the amplitude of y = A sin x or y = A cosx. 
See Figure 53. 
y 





Figure 53 y = Asin x,A > O; period = ea 


2 
If w > 0, the functions y = sin(wx) and y = cos(wx) have period T = ~~ To 


see why, recall that the graph of y = sin(wx) is obtained from the graph of y = sinx 
1 

by performing a horizontal compression or stretch by a factor * This horizontal 

compression replaces the interval | 0, 277 |, which contains one period of the graph 


2 
of y = sin x, by the interval 0, 2 | which contains one period of the graph 


of y = sin(wx). This is why the function y = 2 cos(3x), graphed in Figure 50(c), 


2 2 
with w = 3, has period 3 = 
w 3 
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One period of the graph of y = sin(wx) or y = cos(wx) is called a cycle. 
Figure 54 illustrates the general situation. The blue portion of the graph is one cycle. 





Figure 54 y = Asin(@x),A > 0,@ > O; period = < 
Ifw > Oand y = sin(—wx) or y = cos(—wx), we use the even-odd properties 
of the sine and cosine functions, which are 
sin(—wx) = —sin(wx) and cos(—wx) = cos(wx) 
This gives us an equivalent form in which the coefficient of x is positive. For example, 
sin(—2x) = —sin(2x) and cos(—7x) = cos(7x) 


Because of this, we can assume that w > 0. 


( THEOREM 


If w > 0, the amplitude and period of y = A sin(wx) and y = A cos(w@x) are 
given by 





| EXAMPLE 4 © Finding the Amplitude and Period of a Sinusoidal Function 


Determine the amplitude and period of y = 3 sin(4x). 


Solution Comparing y = 3sin(4x) to y = Asin(@x), note that A = 3 and w = 4. From 
equation (1), 


a od = Tae = 2 
Amplitude = |A| = 3 Period = T = =a J 


oummm__m-Now Work PROBLEM 17 


4 Graph Sinusoidal Functions Using Key Points 


So far, we have graphed functions of the form y = A sin(wx) or y = A cos(@x) 
(2-1) using transformations. We now introduce another method that can be used to graph 

(a) y = sin x these functions. 
Figure 55 shows one cycle of the graphs of y = sinx and y = cos x on the 
interval | 0, 27r |. Each graph consists of four parts corresponding to the four subintervals: 


oz} (Se) [n22} Bror 








_4 Each subinterval is of length Z (the period 27 divided by 4), and the endpoints of 
(b) y = cos x these intervals x = 0,x = > xXx=7j,xX= D> x = 27 give rise to five key points on 


Figure 55 each graph, as shown in Figure 55. 
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The next example illustrates how these five key points can be used to obtain the 
graph of a sinusoidal function. 


| EXAMPLES | Graphing a Sinusoidal Function Using Key Points 


Step-by-Step Solution 


Step 1 Determine the amplitude 
and period of the sinusoidal 
function. 


Graph y = 3 sin(4x) using key points. 


Comparing y = 3 sin(4x) to y = A sin(@x), note that A = 3 and w = 4, so the 


2 2 
amplitude is |A| = 3 and the period is <" = <* = = Because the amplitude is 3, 
w | 2 


the graph of y = 3 sin(4x) lies between —3 and 3 on the y-axis. Because the period 


is me one cycle begins at x = 0 and ends atx = A 


2 Divide the interval 0, = into four subintervals, each of length 5 +4= 7 as follows: 


Step 2 Divide the interval 0 22 | 


into four subintervals of the same 
length. 


| =| 2 qT =| 2 =| = T =| = = Ee 377 = 2 T 
Oger ae — | ee: ag oo S| a ae a ls ae =" | oa oe 
8 8 8 8 8 4 4° 4 8 4° 8 8 8 8 8 2 


LGPL 
8° 4° 8° 2) 
the x-coordinates of the five key points on the graph. 


The endpoints of the subintervals are 0, These numbers represent 


To obtain the y-coordinates of the five key points of y = 3 sin(4x), evaluate 


Step 3 Use the endpoints of the 
subintervals from Step 2 to obtain 
five key points on the graph. 


NOTE The five key points (x, y) also 
can be found using the five endpoints 
(Step 2) as the x-coordinates. Then 
the y-coordinates are the product 
of A = 3 and the y-coordinates of the 
five key points of y = sinx. i 


y = 3sin (4x) at each endpoint found in Step 2. The five key points are then 


0% (3) (Go) Ga) Ge) 


Plot the five key points obtained in Step 3, and fill in the graph of the sine 


Step 4 Plot the five key points and 
draw a sinusoidal graph to obtain 
the graph of one cycle. Extend the 
graph in each direction. 


Figure 56 





curve as shown in Figure 56(a). Extend the graph in each direction to obtain the 
complete graph shown in Figure 56(b). Notice that additional key points appear 


T a: 
every g radian. 





(b) y = 3sin (4x _ 


omm--NOwW Work PROBLEM 35 USING KEY POINTS 


Graph y = 3 sin(4x) using transformations. Which graphing method do you prefer? 


| 
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SUMMARY 


Steps for Graphing a Sinusoidal Function of the Form y = A sin(wx) or y = A cos(@x) Using Key Points 


STEP 1: Determine the amplitude and period of the sinusoidal function. 


2 
STEP 2: Divide the interval 0. = into four subintervals of the same length. 


STEP 3: Use the endpoints of these subintervals to obtain five key points on the graph. 


STEP 4: Plot the five key points, and draw a sinusoidal graph to obtain the graph of one cycle. Extend the graph in 
each direction to make it complete. 


| €XAMPLE6 | Graphing a Sinusoidal Function Using Key Points 


Graph y = 2 sin( - =x) using key points. 





Solution Since the sine function is odd, use the equivalent form: 


y=-2 sin( Sx 


STEP 1: Compare y = —2 sin( Sx) toy = Asin(wx).Then A = —2 
and w = * so the amplitude is |A| = |—2| = 2 and the period 


21T 21T 


j PS  S-S aE aS -—s —=. s=—— | a j ee 

is T = 7 = 4. The graph of y 2 sin( 5 x) lies between —2 
pi 

and 2 on the y-axis. One cycle begins at x = 0 and ends at x = 4. 


STEP 2: Divide the interval | 0,4] into four subintervals, each of length 4 + 4 = 1. 
The x-coordinates of the five key points are 


0 Oe Le Le 12 2 ae 1 a4 
Ist 2nd 3rd Ath Sth 
x-coordinate x-coordinate x-coordinate x-coordinate x-coordinate 


STEP 3: Evaluate y = —2 sin( 3 °) at each of the five x-coordinates. 


° at x =0,y = —2sin0 = 0 eat x= 1,y = —2sin5= -2 


eatx =2,y =0 eatx=3,y=2 eatx=4,y =0 
The five key points on the graph are 


STEP 4: Plot these five points, and fill in the graph of the sine function as shown in 
Figure 57(a). Extend the graph in each direction to obtain Figure 57(b). 





COMMENT To graph a sinusoidal 
function of the form y = Asin (ax) 
or y = Acos (wx) using a graphing (a) (b) y = 2 sin (— 2x) 
utility, use the amplitude to set Ynin 
and Ymax, and use the period to Set Xmin Figure 57 ~ 


and Ximax. ' ommmm- Now Work PROBLEM 39 USING KEY POINTS 
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If the function to be graphed is of the form y= Asin(owx) + B 
|or y= Acos(ox) + B], first graph y = A sin(wx) [ or y = A cos(@x) |and then 
use a vertical shift. 


- €XAMPLE7 © Graphing a Sinusoidal Function Using Key Points 


Graph y = —4cos(ax) — 2 using key points. Use the graph to determine the 
domain and the range of y = —4 cos(7x) — 2. 


Solution Begin by graphing the function y = —4 cos(7x). 


Comparing y = —4cos(7x) to y = A cos(wx), note that A = —4 anda = 7z. 
Z 2 
The amplitude is |A| = |—4] = 4, and the period is T = — = = = 
The graph of y = —4cos(7x) lies between —4 and 4 on the y-axis. One cycle 


begins at x = 0 and ends at x = 2. i 
Divide the interval [0, 2] into four subintervals, each of length 2 + 4 = = 


The x-coordinates of the five key points are 2 
1 1 1 1 1 3 3 1 
+ >=5 ~+2= 1 l+>=- =t+.=2 
Y : Z. 2 Zz 2 2 2 Zz 2 
1st 2nd 3rd Ath 5th 
x-coordinate x-coordinate x-coordinate x-coordinate x-coordinate 
Now evaluate y = —4cos(7rx) at each of the five x-coordinates listed above. 


(0, —4) (50) (1,4) (5.0) (2, —4) 


Plot these five points, and fill in the graph of the cosine function as shown 
in Figure 58(a). Extend the graph in each direction to obtain Figure 58(b), the graph 
of y = —4cos(7x). 

A vertical shift down 2 units gives the graph of y = —4cos(mx) — 2, as shown 
in Figure 58(c). 


y 
2 





Subtract 2; 
Vertical shift 
down 2 units 
(a) (b) y = —4 os (77x) (c) y= —4 cos (77x) — 2 
Figure 58 
The domain of y = —4cos(ax) — 21s the set of all real numbers, or (— 00, co). 
The range of y = —4cos(ax) — 2is{y| -—6 S y S 2}, or [—-6,2]. J 


orm NOW Work PROBLEM 49 
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5 Find an Equation for a Sinusoidal Graph 


| EXAMPLES | PLE 8 Using a Graph to Find an Equation for a Sinusoidal Function 


Find an equation for the sinusoidal graph shown in Figure 59. 


y 
3 





Period —————+| 
Figure 59 


Solution The graph has the characteristics of a cosine function. Do you see why? The 
maximum value, 3, occurs at x = 0. So the equation can be viewed as a cosine 


p) 
function y = A cos(wx) with A = 3 and period T = 1. Then a= 1,s0 w = 27. 
The cosine function whose graph is shown in Figure 59 is 


y = Acos(wx) = 3cos(27x) <a 


| EXAMPLES ~ Using a Graph to Find an Equation for a Sinusoidal Function 


Find an equation for the sinusoidal graph shown in Figure 60. 





<—_——— Period ————+| 


Figure 60 


. 2 
Solution The graph is sinusoidal, with amplitude |A| = 2. The period is 4, so — = 4, 


NOTE The equation could also be = >: Since the graph passes through the origin but is decreasing near the origin, 


viewed as a cosine function with a the graph is that of a sine function reflected about the x-axis. This requires 


horizontal shift, but viewing Itasasine — that 4 = —2. The sine function whose graph is given in Figure 60 is 
function is easier. [a 


y = Asin(wx) = —2 sin( 2x _ 


ommmmmme- Now Work PROBLEMS 57 AND 61 


6.4 Assess Your Understanding 


‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 
1. Use transformations to graph y = 3x”. (pp. 98-107) 2. Use transformations to graph y = V 2x. (pp. 98-107) 
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Concepts and Vocabulary 


3. The maximum value of y = sinx,0 = x S 27, is 8. True or False The graph of the sine function has infinitely 


many x-intercepts. 


and occurs at x = —__. 9, Multiple Choice One period of the graph of y = sin (ax) 





4. If the function y = Asin(wx), A > 0, has amplitude 3 and or y = cos (wx) is called a(n) 
pence ene Se (a) amplitude (b) phase shift 
5. The function y = —3cos(6x) has amplitude and (c) transformation (d) cycle 
period ; 10. Multiple Choice To graph y = 3 sin (—2x) using key points, 
; the equivalent form could be graphed instead. 
6. True or False The graphs of y = sinx and y = cos x are = 7 
identical except for a horizontal shift. (a) y = ~3 sin (—2x) (b) y= —2 oo (3x) 
(c) y = 3sin (2x) (d) y = —3sin (2x) 
7. True or False For y = 2 sin(7rx), the amplitude is 2 and the 
T 
iod is —. 
period is 
Skill Building 
Nu. f(x) = sinx 12. g(x) = cosx 
(a) What is the y-intercept of the graph of f? (a) What is the y-intercept of the graph of g? 
(b) For what numbers x, —7 = x S 7, is the graph of f (b) For what numbers x, —7 =< x <7, is the graph of g 
increasing? decreasing? 
(c) What is the absolute maximum of f? (c) What is the absolute minimum of g? 
(d) For what numbersx,0 = x < 277,does f(x) = 0? (d) For what numbers x,0 = x < 277, does g(x) = 0? 
(e) For what numbers x, —27 <= x = 27, does f(x) = 1? (e) For what numbers x, —27 =< x < 27, does g(x) = 1? 
Where does f(x) = —1? 1 Where does g(x) = —1? 3 
(f) For what numbers x,—27 = x < 27, does f(x) = — 5! (f) For what numbers x,—-27 < x S$ 27,does g(x) = a 
(g) What are the x-intercepts of f? (g) What are the x-intercepts of g? 
In Problems 13-22, determine the amplitude and period of each function without graphing. ; 
13. y = Ssinx 14. y = 3cosx 15. y = —3 cos(4x) 16. y = -sin( 5] 
: 1 7 4 2 
\ 17. y = 6sin(7x) 18. y = —3 cos(3x) 19. y = —- reos(2x 20. y = #sin( 2 
10 2 9 3 
21. y= psin( - x) 22. y = 2cos( =) 
In Problems 23-32, match the given function to one of the graphs (A)—(J). 
1 
23. y = 2 sin( Zr] 24. y= 2.os( Sx 25. y = 2.cos( 3 
2 2 2 
1 
26. y = 3 cos(2x) 27, y = —3sin(2x) 28. y = 2 sin( >] 
1 or 
29. y = -2 cos( 5] 30. y = —2 cos( Zr] 31. y = 3 sin(2x) 





1 
32. y = —2 sin( 5x) 
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In Problems 33-56, graph each function using transformations or the method of key points. Be sure to label key points and show at least 
two cycles. Use the graph to determine the domain and the range of each function. 


33. y = 4cosx 34. y = 3 sinx \ 35. y = —4sinx 36. y = —3cosx 

37, y = cos(4x) 38. y = sin(3x) XQ 39. y = sin(—2x) 40. y = cos(—2x) 

AL y = 2 sin( 5] 42, y = 2.cos( 2x NN 4. y = — cos (2x) 44, y = —4 sin( =x) 

45. y = 2sinx +3 46. y = 3cosx +2 47. y = 5cos(mx) — 3 48. = 4sin( Sx) - 2 
\ 49. y = -6 sin( 2x) +4 S50.y=-3 cos( Tr] 9 51. y = 5 — 3sin(2x) 52. y = 2 — 4cos(3x) 

53. y = > sin( - =.) 54. y = 2 cos( - =) 55. y = ~$ cos( x) + 7 56. y = ~5sin( Zx + : 


In Problems 57-60, write the equation of a sine function that has the given characteristics. 


‘\ 57. Amplitude: 3 58. Amplitude: 2 59. Amplitude: 3 60. Amplitude: 4 
Period: 7 Period: 47 Period: 2 Period: 1 


In Problems 61-74, find an equation for each graph. 


\ 61. y 


5 














o 





68. 


70. 


tz 72. 


rs 74. 
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i 





HORHAL FLOAT AUTO REAL RADIAN HP 


o 





Mixed Practice In Problems 75—78, find the average rate of change of f from 0 to 7 


75. f(x) = sinx 


76. f(x) = cosx 


77, f(x) = sin > 


78. f(x) = cos(2x) 


Mixed Practice In Problems 79-82, find (f° g) (x) and (g° f) (x), and graph each of these functions. 
81. f(x) = —2x 82. f(x) = —3x 


79. f(x) = sinx 
g(x) = 4x 


g(x) 


Applications and Extensions 


SMX 1 X A 


83. Graph f(x) = 


84. Graph g(x) 





<=2 =X 


85. Graph y = |sin x 


86. Graph y = |cosx|, -2a7 S x 


= 


= 


80. f(x) = cosx 


= Sr 


57 


277. 
277. 


5 
cosx if Se Sn 


2 


2sinx if J0=xX=4 
cosx +1 nf w<x=20 


g(x) = cosx g(x) = sinx 


87. Alternating Current (ac) Circuits The current /,in amperes, 


88. 


flowing through an ac (alternating current) circuit at time f, 
in seconds, is 


I(t) = 220 sin (60zt) b= 0 
What is the period? What is the amplitude? Graph this 


function over two periods. 


Alternating Current (ac) Circuits The current /,in amperes, 
flowing through an ac (alternating current) circuit at time f, 
in seconds, is 


I(t) = 120 sin (30zt) [220 


What is the period? What is the amplitude? Graph this 
function over two periods. 


420 


90. Tunnel 
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89. Alternating Current (ac) Generators The voltage V 


produced by an ac generator is sinusoidal. As a function of 
time, the voltage V is 


V(t) = Vosin(27ft) 


where fis the frequency, the number of complete oscillations 
(cycles) per second. [In the United States and Canada, f 
is 60 hertz (Hz).] The power P delivered to a resistance R 
at any time fis defined as 


py = HOF 


Vo. 
(a) Show that P(t) = sin (27ft). 


(b) The graph of P is shown in the figure. Express P as a 
sinusoidal function. 





Power in an ac generator 


(c) Deduce that 


sin’ (2aft) = =[1 — cos(47ft) | 


1 
Z 
Clearance A_ one-lane 
highway runs through a tunnel in 
the shape of one-half a sine curve 
cycle. The opening is 28 feet wide at 
road level and is 15 feet tall at its 
highest point. 








(a) Find an equation for the sine curve that fits the opening. 
Place the origin at the left end of the opening. 

(b) If the road is 14 feet wide with 7-foot shoulders on each 
side, what is the height of the tunnel at the edge of 
the road? 


Source: en.wikipedia.org/wiki/Interstate_Highway_standards 
and Ohio Revised Code 


91. Modeling Blood Pressure Several research papers use a 


sinusoidal graph to model blood pressure. Suppose an 
individual’s blood pressure is modeled by the function 


P(t) = 20 sin( 22") + 100 


where the maximum value of P is the systolic pressure, which 
is the pressure when the heart contracts (beats), the minimum 
value is the diastolic pressure, and f is time, in seconds. The 
heart rate is the number of beats per minute. 





(a) What is the individual’s systolic pressure? 
(b) What is the individual’s diastolic pressure? 
(c) What is the individual’s heart rate? 


92. 


93. 


94, 


95. 


96. 


Modeling Tides The function below models the water 
height H, in feet, at a monitoring station in Charleston, South 
Carolina. 


24 
H(t) = 2.91 sin( n 1.360 + 2.97 


where ¢ is the number of hours after midnight. 

(a) What is the height of the water at high tide? 
(b) What is the height of the water at low tide? 
(c) What is the time between high and low tide? 


Modeling Average Monthly Temperature The function 
below models the average monthly temperature T, in °F, for 
Indianapolis, Indiana. 





2 
T(x) = 23.65 sin( 2 - =a + 51.75 


where x is the month (January = 1, February = 2, etc.). 

(a) What is the highest average monthly temperature? 

(b) What is the lowest average monthly temperature? 

(c) What is the time between the highest and lowest average 
temperatures? 





Modeling Hours of Daylight The function below models the 
number of hours of daylight in Miami, Florida. 


Ae 


D(x) = 1.615 sin( 22 


— 139) aD 


where x is the day of the year. 

(a) How many hours of daylight are there on the longest day? 
(b) How many hours of daylight are there on the shortest day? 
(c) What is the time between the longest and shortest days? 


Ferris Wheel The function 





Tt 


h(t) = —100 
(t) cos( 


) +10 


represents the height h, in feet, of a seat on a Ferris wheel as 

a function of time ¢, where t is measured in seconds. 

(a) How high does a seat on the Ferris wheel go? 

(b) How close to the ground does a seat get? 

(c) If a ride lasts for 5 minutes, how many times will a 
passenger go around? 

(d) What is the linear speed of the Ferris wheel in miles per 
hour? Round to one decimal place. 


Holding Pattern The function 
Tt 
d(t) = 50 =| + 60 
(t) cos( 3 ‘) 


represents the distance d, 

in miles, from the airport 

after ¢ minutes of an 

airplane asked to fly in a circular holding pattern. 

(a) What is the plane’s average distance from the airport 
over one cycle? 

(b) How long does it take the plane to complete one cycle in 
the holding pattern? 

(c) What is the plane’s speed, in miles per hour, while in the 
holding pattern? 

(d) If the plane travels 1.8 miles per gallon of fuel, 
how much fuel is used in one cycle of the holding 
pattern? 





97. Biorhythms In the theory of biorhythms, a sine function of 
the form 


P(t) = 50sin(@t) + 50 





is used to measure the percent P of a person’s potential at 

time ¢, where ¢ is measured in days and t = 0 is the day the 

person is born. Three characteristics are commonly measured: 
Physical potential: period of 23 days 


Emotional potential: period of 28 days 
Intellectual potential: period of 33 days 


(a) Find w for each characteristic. 
Le (b) Using a graphing utility, graph all three functions on the 
same screen. 
(c) Is there a time ¢ when all three characteristics have 100% 
potential? When is it? 
re (d) Suppose that you are 20 years old today (t = 7305 days). 
Describe your physical, emotional, and intellectual 
potential for the next 30 days. 


Explaining Concepts: Discussion and Writing 


100. Explain how you would scale the x-axis and y-axis before 
graphing y = 3 cos(7x). 


101. Explain the term amplitude as it relates to the graph of a 
sinusoidal function. 


102. Explain the term period as it relates to the graph of a 
sinusoidal function. 


Retain Your Knowledge 


98. 


99. 


103. 


104. 
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Challenge Problem If y = Asin(Bx — C) + D,A # 0, 
for what values of D will the graph lie completely below 
the x-axis? 

Challenge Problem If A # 0, find the intercepts of the 
graph of 


y=Acos|B(x-C)|+A 


Explain how the amplitude and period of a sinusoidal graph 
are used to establish the scale on each coordinate axis. 


Find an application in your major field that leads to a 
sinusoidal graph. Write a summary of your findings. 


Problems 105-114 are based on material learned earlier in the course. The purpose of these problems is to keep the material fresh in 


your mind so that you are better prepared for the final exam. 


5105. fon ie), 


106. 


If f(x) = x* — 5x + 1, find 


Find the vertex of the graph of g(x) = —3x? + 12x — 7. 


107. Find the intercepts of the graph of h(x) = 3|x + 2|-1. 
108. Solve: 3x — 2(5x + 16) = —3x + 4(8 + x) 


109. 
answer to one decimal place. 


Determine the time required for an investment of $1500 to double if it earns 4% interest compounded quarterly. Round your 


110. Solve e** = 
4x? + 6x7 — 3x +1 
111. Find the oblique asymptote of ¢(x) = ———___—_ 
—— a ae ee 
/X112. Determine the interval on which f(x) = —6x” — 19x + 7 is decreasing. 


113. Write the set . 





114. Solve: log(x — 3)—log(x + 3) = log(x — 4) 


‘Are You Prepared?’ Answers 


1. Vertical stretch by a factor of 3 


(—1, 3) 





- ae : 
4 = =2Z0rx > +} using interval notation. 


if 
2. Horizontal compression by a factor of 5 
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6.5 Graphs of the Tangent, Cotangent, 
Cosecant, and Secant Functions 


PREPARING FOR THIS SECTION Before getting started, review the following: 
e Vertical Asymptotes (Section 4.3, pp. 200-203) 


fie Now Work the ‘Are You Prepared?’ problems on page 427. 


OBJECTIVES 1 Graph the Tangent Function y = tan x and 
the Cotangent Function y = cot x (p. 422) 


2 Graph Functions of the Form y = Atan(wx) + B 
and y = Acot(wx) + B (p. 424) 

3 Graph the Cosecant Function y = csc x and 
the Secant Function y = sec x (p. 425) 


4 Graph Functions of the Form y = Acsc(wx) + B 
and y = Asec(wx) + B (p. 426) 





1 Graph the Tangent Function y = tan x and the Cotangent 
Function y = cot x 


Because the tangent function has period 77, we only need to determine the graph 
over some interval of length 7. The rest of the graph consists of repetitions of that 
3n——_— wT Oo 3 


graph. Because the tangent function is not defined at... , — ee ar ae 


we concentrate on the interval (- ~ =), of length 7, and construct Table 8, which 
lists some points on the graph of y = tan x, = — is > We plot the points in 


the table and connect them with a smooth curve. See Figure 61 for a partial graph 


TT TT 
of y = tan x, where —“)* = x = 3" 





To complete one period of the graph of y = tan x, investigate the behavior of 
: ws 7 
the function as x approaches — > and 7 Be careful, though, because y = tan x is not 


defined at these numbers. To determine this behavior, use the identity 
sin x 





pV check: Graph Y, = tanx and 


compare the result with Figure 62. 


Use TRACE to see what happens 


us 
as x gets close to > but remains 


T 
less than —. 
ess than * 
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See Table 9. If x is close to = = 1.5708 but remains less than * then sin x is 


close to 1, and cos x is positive and close to 0. (To see this, refer to the graphs of the 


, . sinx 
sine function and the cosine function.) The ratio 
COS Xx 





is positive and large, so, 
T , , 7 
as x > 7 from the left, then tan x — oo. In other words, the vertical line x = 7 isa 


vertical asymptote of the graph of y = tan x. 


Table 9 


L 2 A078 


2 
0.0707 14.1 


7.96 x 10°* 25523 
9.6 x 10° 10,381 


0 Undefined 





T T ae 
If x 1s close to — i but remains greater than — > then sin x is close to —1, cos x 





oe ,. SIX, 7 
is positive and close to 0, and the ratio cos x negative and large. That is, as x — — > 


from the right, then tan x — — oo, In other words, the vertical line x = — ~ is also a 
; = Z 
vertical asymptote of the graph of y = tan x. 
With these observations, one period of the graph can be completed. Obtain the 
complete graph of y = tan x by repeating this period, as shown in Figure 62. 


xX=— x= 


x=—7> x=—=> i= 7 7 


aay 377 vi ait 377 ir 
2 2 Z 2 


| | | | | | 
| | | | | | 
| | | | | | 
| | | | | | 
| | | 74 | | 
l | | ay | | 
l | l 7) l | 
| | | | | | 
| | | | | | 
| | | | | | 


2 1 Hay 


Figure 62 y = tan x, 00 < x < ©, x not equal to odd multiples of —0oo <y< oo 


The graph of y = tan x in Figure 62 illustrates the following properties. 


Properties of the Tangent Function 


e The domain is the set of all real numbers, except odd multiples of z 
e The range is the set of all real numbers. 


e The tangent function is an odd function, as the symmetry of the graph with 
respect to the origin indicates. 


e The tangent function is periodic, with period 7. 


7 nS eS SOUS BS 3 Ser a U), ay ee, Sr, oes SINS ihalercereyer is (0) 
A rte i ; 377 T 7 3 
ertical asymptotes occur atx — 2... ;—— — = =... 
ym a o 


mmm NOW Work PROBLEMS 7 AND 15 
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The Graph of the Cotangent Function y = cot x 


The graph of y = cot x can be obtained in the same way as the graph of y = tan x. 
The period of y = cot x is 7. Because the cotangent function is not defined for 
integer multiples of 77, concentrate on the interval (0, 77). Table 10 lists some points 
on the graph of y = cotx, 0 < x < zw. To determine the behavior of y = cot x 


; COS X 
near 0 and 7, use the identity cot x = ——.. As x approaches 0) but remains greater 
sin x 


than O, the value of cos x is close to 1, and the value of sin x is positive and close 





. COsx, a 
Table 10 to 0. The ratio ——— 1s positive and large; so as x — 0 from the right, then cot x — 00. 
sin x 
x  y = cotx (x, y) Similarly, as x approaches 7 but remains less than 77, the value of cos x is close to —1, 


and the value of sin x is positive and close to 0. The ratio 





COS xX ; 
= cot x 1s negative 
sin x 


and large; so as x — 7 from the left, then cot x — — ©. Figure 63 shows the graph. 


X=-2TT X=-TT x= i= 7 xX=2T7 


| 
| 
| 


| 
Figure 63 y = cot x,—© < x < , xnot equal to integer multiples of 7, —co < y< 





2 Graph Functions of the Form y = Atan(wx) + B 
and y = Acot(wx) + B 
For tangent functions, there is no concept of amplitude since the range of the 


tangent function is (— 0%, c0). The role of A in y = A tan (wx) + B is to provide 
the magnitude of the vertical stretch. The period of y = tan x is 77, so the period 


of y = A tan (wx) + Bis S caused by the horizontal compression of the graph by 


i 
a factor of = Finally, the presence of B indicates a vertical shift. 


| €XAMPLE 1 ~ Graphing a Function of the Form y = Atan(wx) + B 


Graph y = 2 tan x — 1. Use the graph to determine the domain and the range of the 
function y = 2 tanx — 1. 


Solution Figure 64 shows the steps using transformations. 


27 
m|3 
oo 

2 
m|3 
m|3 
oo 
2 

>< 

| 

| 

m|3 





I 
I 
I 
I 
I 
I 
I 
l 
I 
l 
I 
I 
I 
l 
I 
3 





—ne 
. Multiply by 2; Subtract 1; 
Figure 64 (a) y = tan x Vertical stretch (b) y= 2 tan x Vertically shift (c) y= 2 tan x —1 


by a factor of 2 down 1 unit 
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k 
The domain of y = 2tanx — 1 Is 2 x # ~~ k is an odd integer} and the 
range is the set of all real numbers, or (— 00, ©). _J 


ovrmummm=-Now Work PROBLEM 21 


The graph of y = A cot(wx) + B has characteristics similar to those of the 
tangent function. The cotangent function y = A cot(wx) + B has period - The 


cotangent function has no amplitude. The role of A is to provide the magnitude of 
the vertical stretch; the presence of B indicates a vertical shift. 


- EXAMPLE 2 © Graphing a Function of the Form y = Acot(wx) + B 


Graph y = 3cot(2x). Use the graph to determine the domain and the range 
of y = 3 cot(2x). 


Solution Figure 65 shows the steps using transformations. 





—_——————— og 
Figure 65 (a) y = cot x Multiply by 3; (b) y = 3 cot x Replace x by 2x; (c) y = 3 cot (2x) 
Vertical stretch by Horizontal compression 
a factor of 3 by a factor of + 


The domain of y = 3 cot(2x) is . 





k : ; 
x # > kis an integer} and the range 1s 


the set of all real numbers, or (— co, co). = 


Note in Figure 65(c) that the period of y = 3 cot(2x) is 5 because of the 
compression of the original period 7 by a factor of 5 Notice that the asymptotes 
ae =0,x = ae = 7x = me and so on, also because of the 
compression. 


are xX = — 


orm Now Work PROBLEM 23 


3 Graph the Cosecant Function y = csc x and the Secant 
Function y = sec x 


The cosecant and secant functions, sometimes referred to as reciprocal functions, 
are graphed by making use of the reciprocal identities 





1 
csc x = — and secx = 
sin x COS x 
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For example, the value of the cosecant function y = csc x at a given number x 
equals the reciprocal of the corresponding value of the sine function, provided that 
the value of the sine function is not 0. If the value of sin x is 0, then x is an integer 
multiple of 7. At those numbers, the cosecant function is not defined. In fact, the 
graph of the cosecant function has a vertical asymptote at each integer multiple 
of 7. Figure 66 shows the graph. 


x=-2TT x=-T he x= e=27r 
| | | I 
| | y =cse.x | \ 
| | | 
£9 WT 
| (ae ! (+, 1) | 
| | 1 — | 
2 rn.” A 
| | 
‘ | - | 
| | 
| | 
| | 
| | 
| | 
| | 
| | 


\ 


Figure 66 y = csc x, —co < x < ov, xnot equal to integer multiples of z, |y| = 1 


Using the idea of reciprocals, the graph of y = sec x is obtained in a similar 
manner. See Figure 67. 


| 
| 
| 
| 
™y = sec x | 
| 
| 
| 
| 


| | fiieae | 
—1 ) r 
| 
| 
| 
| 
| 
| 


y=cosx 


| 
| (Tt, 1) 
! 
| 
| 


Figure 67 y = sec x, —co < x < oo, x not equal to odd multiples of 5 ly} =1 


4 Graph Functions of the Form y = Acsc(wx) + B 
and y = Asec(wx) + B 
The role of A in these functions is to set the range. The range of y = cscx 
is {y|y = —lory =1}; the range of y = Acscx is {y|y = —|A| ory = |A}} 
because of the vertical stretch of the graph by a factor of |A|. Just as with the sine 


2 
and cosine functions, the period of y = csc(wx) and y = sec(wx) becomes — 


1 
because of the horizontal compression of the graph by a factor of —. The presence 
of B indicates that a vertical shift is required. ° 


| EXAMPLE 3 | Graphing a Function of the Form y = Acsc(wx) + B 


Graph y = 2 cscx — 1. Use the graph to determine the domain and the range 
of y = 2cscx — 1. 
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Solution 





Multiply by 2; 
Vertical stretch 
by a factor of 2 


Figure 68 (a) y = csc x 


The domain of y=2cscx —1 is {x|x ¥ ka, k an integer}. 
is {y|y = —30ry = 1}, or using interval notation, (—0o, —3] U [1, &). 


(b) y = 2 csc x 


427 


We use transformations. Figure 68 shows the required steps. 


| 
| 
Subtract 1; | 
Vertical shift | 
down 1 unit 


(c) y= 2csc x —-1 


The range 


= 


ovrmmmmme- Now Work PROBLEM 29 


6.5 Assess Your Understanding 


‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. 


3 
The graph of y = — 
is it? (pp. 200-203) 





m has a vertical asymptote. What 


Concepts and Vocabulary 


3. 


4. 


The graph of y = tan x is symmetric with respect to the 


and has vertical asymptotes at 


The graph of y = sec x is symmetric with respect to the 


and has vertical asymptotes at 


Skill Building 


In Problems 7-16, if necessary, refer to the graphs of the functions to answer each question. 


7. 
9. 
11. 


13. 


N15. 


What is the y-intercept of y = tanx? 
What is the y-intercept of y = secx? 


For what numbers x,—-27 =x = 27, does secx = 1? 
For what numbers x does sec x = —1? 


For what numbers x,-27 =x <= 27, does the graph 
of y = sec x have vertical asymptotes? 


For what numbers x,—-27 =x = 27, does the graph 
of y = tan x have vertical asymptotes? 


8. 
10. 
12. 


14. 


16. 


2. True or False If x = 3 is a vertical asymptote of the graph 


of a rational function R, then as x —>3,|R(x)| > ©. 
(pp. 200-203) 


5. Multiple Choice It is easiest to graph y = sec x by first 


sketching the graph of 





(a) y=sinx (b) y=cosx (ec) y=tanx (@ y =cscx 


. True or False The graphs of y = tan x, y = cot x, y = sec x, 


and y=cscx each have infinitely many vertical 
asymptotes. 


What is the y-intercept of y = cotx? 
What is the y-intercept of y = cscx? 


For what numbers x,-27 =x =27, does cscx = 1? 
For what numbers x does csc x = —1? 


For what numbers x,—-27 =x < 27, does the graph 
of y = csc x have vertical asymptotes? 


For what numbers x,-27 =x = 27, does the graph 
of y = cot x have vertical asymptotes? 
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In Problems 17-40, graph each function. Be sure to label key points and show at least two cycles. Use the graph to determine the domain 


and the range of each function. 


17. y = 3tanx 
20. y = —3cotx 
1 
‘\ Zs v= cot( $1) 
26 : CSC 
y= x 
y¥~ 9 


32. 


35. 


38. 


1 
y= 4 see( 5] 


y=-3 seo( Zax 
2 
y= seo( Zr) +2 
3 
3 coi(3 ) 2 
=— AX — 
2 


18. 


NX 21. 


24. 


pf 


30. 


33. 


36. 


—2 tan x 


y 


y= tan( 2] 
coi( ) 
ag 


—3 cscx 


‘< 
| 


< 
| 


il 
y= 5 ese (2x) 


tan( 4 ) + 1 
= mX 
¥ 4 
ese( = ) 
= aaa. 6 
y 2 


| 
39. y= 2 ese( =x = al 


Toe : T 
‘X Mixed Practice In Problems 41-44, find the average rate of change of f from 0 to ra 


41. 


f(x) = tanx 


42. f(x) = secx 


43. f(x) = tan(2x) 


19. y = 4cotx 
22 tan( 3 ) 
y= X 
2 2 

25. y = 2secx 


28. y = —4secx 

31. y = —2 csc(7x) 
34. y=2cotx-1 

= 5 tan( Sr] =72 


1 
40. y=3 seo( 4] ar 


37, y 


44. f(x) = sec(2x) 


Mixed Practice In Problems 45-46, find (f° g) (x) and (g°f) (x), and graph each of these functions. 


45. 


f(x) = tanx 
g(x) = 4x 


ea) > =x 


46. f(x) = 2secx 


Mixed Practice In Problems 49 and 50, graph each function. 


49. 


Applications and Extensions 


qT 
tan x Te Dh 


f(x) = 4 0 


_ 
sec xX if <xs0 


7 
Wx ,) 


51. Carrying a Ladder around a Corner Two hallways, one of 
width 3 feet, the other of width 4 feet, meet at a right angle. 


See the figure. 





47, f(x) = —2x 


g(x) =cotx 
CSC x 
50. g(x) = 40 
cot x 


48. f(x) = = 


Ox) = Zax 


if0<x<7 
ifx=7 
faw<x =< 27 


(a) Show that the length L of the ladder shown as a function 
of the angle @ is 


L(0) = 3sec6 + 4csc@ 


SQ tb) Graph L = 1(6),0 <6 < i 


(c) For what value of 6 is L the least? 


(d) What is the length of the longest ladder that can be 
carried around the corner? Why is this also the least 


value of L? 
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52. A Rotating Beacon Suppose that a fire truck is parked in (c) Fill in the following table. 


front of a building as shown in the figure. 
[i aS LO 2 ee ee 
a(t) = 1tan(mt) | | | TT 


a(01) = ad(0) d(02) —d(O1) 
0.1 —0O , 0.2 — 0.1 
for each consecutive value of t. These are called first 

differences. 





(d) Compute , and so on, 


(e) Interpret the first differences found in part (d). What 
is happening to the speed of the beam of light as d 
increases? 


53. Exploration Graph 





y=tanx and y= -cot( a =) 


The beacon light on top of the fire truck is located 10 feet Do you think that tan x = -cot( zi =) 

from the wall and has a light on each side. If the beacon 2 

light rotates 1 revolution every 2 seconds, then a model for 54. Challenge Problem What are the domain and the range 
determining the distance d, in feet, that the beacon of light is of f(x) = log (tan x)? Find any vertical asymptotes. 

from point A on the wall after 7 seconds is given by 55. Challenge Problem What are the domain and the range 


d(t) = |10tan(zt) | of f(x) = In|sin x|? Find any vertical asymptotes. 
(a) Graph d(t) = |10tan(at)| forO st S 2. 
(b) For what values of t is the function undefined? Explain 
what this means in terms of the beam of light on the wall. 


Retain Your Knowledge 


Problems 56-65 are based on material learned earlier in the course. The purpose of these problems is to keep the material fresh in your 
mind so that you are better prepared for the final exam. 
+ 1 
56. Factor: 125p> — 8q° 61. If f(x) = ; — and g(x) = 3x ~ 7, find (ge f) (3). 
57. Painting a Room Hazel can paint a room in 2 hours less time f(x) — f(c) 
than her friend Gwyneth. Working together, they can paint the 62. If f(x) = x°* — 3x, find ——————. 


room in 2.4 hours. How long does it take each woman to paint ae 
the room by herself? 63. Find the intercepts of the graph of the function 





58. Solve: 9°! = 3° (lx) = 2x? +x — 6 
59. Use the slope and the y-intercept to graph the linear function x +3 
ee 3 4X 64. Complete the square in x to write Vx? + 2x + 26 
4 in the form V2 + a2. 
60. Find the domain of y = loa,(“—*). 65. Find the domain of f(x) = W5x — 2 - 3. 


‘Are You Prepared?’ Answers 
lLx=4 2. Irue 


6.6 Phase Shift; Sinusoidal Curve Fitting 


OBJECTIVES 1 Graph Sinusoidal Functions of the Form y = Asin(wx — ¢) + B 


(p. 429) 
2 Build Sinusoidal Models from Data (p. 433) 





1 Graph Sinusoidal Functions of the Form 
y = Asin(@mx — @) + B 
We have seen that the graph of y = A sin (wx), > 0, has amplitude |A| and 





og. Or 
Period = a 


. a T 
Figure 69 One cycle of period T = Ps. One cycle can be drawn as x varies from 0 to Ob equivalently, 


y = Asin(@x),A > 0,0 > 0 as wx varies from 0 to 277. See Figure 69. 
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Now consider the graph of 


y = Asin (wx — ¢) 


y= asfele-$) 


NOTE The beginning and end of the =wherew > Oand ¢ (the Greek letter phi) are real numbers. The graph is a sine curve 
period can also be found by solving the — with amplitude |A|. As wx — ¢ varies from 0 to 27, one period is traced out. This 
inequality: period begins when 


which may also be written as 





= Ox — o= 27 wx —-d=0 or x=-— 
O= OX = 27 +b 6) 
p Spee ¢ : and ends when 
W W W 
2 
wx —d@=27 or x =e 4 2B 
W W 
y See Figure 70. o 
A Notice that the graph of y = A sin(@x —¢) =A sin| o( x ee *)| is the same 
—A oi ib a p 
> a ‘a? @ asthe graphofy = A sin(wx), except that it has been shifted 2 units (to the right 
ase | 
shift |. Period = 2% +1 : , Pp. : 
@ if > Oand to the left if ¢ < 0). This number > called the phase shift of the graph 
Figure 70 One cycle of of y = Asin(wx — ¢). 


y = ASIN(wx — ¢), 
A>0,0>0,¢>0 


For the graphs of y = A sin(wx — ¢@) or y = Acos(wx — d),w > 0, 





The phase shift is to the left if @ < 0 and to the right if @ > 0. 


| EXAMPLE 1 ~ Finding the Amplitude, Period, and Phase Shift of a Sinusoidal 


Function and Graphing It 


Find the amplitude, period, and phase shift of y = 3 sin(2x — 7), and graph the 
function. 


Solution | Use the same four steps used to graph sinusoidal functions of the form y = A sin (x) 
or y = A cos (wx) given on page 414. 


STEP 1: Comparing 
y = 3sin(2x — 7) =3 sin| 2(. = =) 
to 
y=Asin(ox —¢) =A sin| (x = 2) 


note that A = 3,w = 2, and ¢ =7. The graph is a sine curve with 


_ Qn Qt PT 
amplitude |A| = 3, period T = oe and phase shift = —~ = 5 


STEP 2: The graph of y = 3 sin(2x — 7) lies between —3 and 3 on the y-axis. One 
2 oe 


_G _@ _ 
cycle begins at x = 7 = 7 and ends at x = 7+ =P ig +7 = 7° 
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NOTE The interval defining one _ aw 3|. 
cycle can also be found by solving the To find the five key points, divide the interval oo into four subintervals, 
inequality a 
oo ee each of length 7 + 4 = ri, by finding the following values of x: 
Then 
aac 2 228 26g 2k poe ee 
ee a 7 2 2 4 4 4 4 4 4 4 4 2 
- - 1st 2nd 3rd Ath 5th 
x-coordinate x-coordinate x-coordinate x-coordinate x-coordinate 


STEP 3: Use these values of x to determine the five key points on the graph: 


(9) (Fa) wo a) (Po) 


STEP 4: Plot these five points and fill in the graph of the sine function as shown in 
Figure 71(a). Extend the graph in each direction to obtain Figure 71(b). 


=— po wo 





Figure 71 


The graph of y = 3sin(2x — 7) = 3 sin| 2( = =) may also be obtained using 


transformations. See Figure 72. 





Multiply by 3; Replace x by 2x; Replace x by x — 5 
Vertical stretch Horizontal compression Shift right = units 
by a factor of 3 by a factor of 1 : 
Figure 72 (a) y= sin x (b) y= 3sin x (c) y = 3 sin (2x) (d) y= 3sin |2 (x -3) 


= 3sin (2x — 7) _J 


432 CHAPTER6 Trigonometric Functions 


To graph a sinusoidal function of the form y = A sin(wx — ¢@) + B, first graph 
the function y = A sin(wx — ¢@) and then apply a vertical shift. 


| EXAMPLE 2 | Finding the Amplitude, Period, and Phase Shift of a Sinusoidal 


Function and Graphing It 


Find the amplitude, period, and phase shift of y = 2 cos(4x + 37) + 1, and graph 
the function. 


Solution Strep 1: Compare 


y = 2cos(4x + 377) = 2.05) 4(» + =) 


to 
siiie a ae) 
y = Acos(wx — ¢) = Acos|w i 


Note that A = 2,w = 4, and @ = —3z. The graph is a cosine curve with 


, , Zz 2 , 3 
amplitude |A| = 2,period T = —— = — = © and phase shift = — male 

NOTE The interval defining one ad 4 2 Ww 4 

cycle can also be found by solving the 

inequality STEP 2: The graph of y = 2cos (4x + 377) lies between —2 and 2 on the y-axis. One 
0<4x+37 <27 oy) 307 b 21 30 OT 7 
le b tx ==> —>—and ends at x ==" + 44> + 

ao cycle begins at x =~ 4 andends atx=—— += A 5 A 


3 
To find the five key points, divide the interval 32 7 | into four 


as gp el 4° 4 
: : subintervals, each of length = +4= = by finding the following values of x: 
3m 3m mT T_T 
4 4 8 8 8 8 2 2 8 8 8 8 4 
Ist 2nd 3rd 4th Sth 
x-coordinate x-coordinate x-coordinate x-coordinate x-coordinate 


STEP 3: The five key points on the graph of y = 2 cos(4x + 377) are 


352) (80) (4-2) Bo) (59 


STEP 4: Plot these five points and fill in the graph of the cosine function as shown in 
Figure 73(a). Extend the graph in each direction to obtain Figure 73(b), the 
graph of y = 2 cos(4x + 37r). 


STEP 5: A vertical shift up 1 unit gives the final graph. See Figure 73(c). 





Add 1; 
Vertical shift 
Figure 73 (a) (b) y = 2 cos (4x + 377) up 1 unit (c) y= 2cos (4x + 37) + 1 
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3 
The graph of y = 2cos (4x + 37) +1 = 20s) 4(» le =) + 1 may also be 


obtained using transformations. See Figure 74. 





(7, —2) 


(a) y = 2 cos x Replace x by 4x; (b) y= 2cos(4x) Replace x by x + 22; (c) y = 2 cos [4 (x +7) 
Horizontal compression Shift left a units = 20S (4x + 377) 


Add 1; 
Vertical shift 


by a factor of 3 


up 1 unit 





Figure 74 (d) y = 2cos (4x + 37)+1 _J 
ovmmmmmm=-Now Work PROBLEM 3 


SUMMARY 


Steps for Graphing Sinusoidal Functions y = A sin(wx — @) + Bory = Acos(wx — @) + B 


2 
STEP 1: Find the amplitude |A|, period T = = and phase shift g, 


STEP 2: Determine the starting point of one cycle of the graph, ¢. Determine the ending point of one cycle of the 


b ¢ 


2 Z 2 
graph, g + — Divide the interval 2 ae 2 into four subintervals, each of length = 4. 
W W @W W W W 


Use the endpoints of the subintervals to find the five key points on the graph. 


Plot the five key points, and connect them with a sinusoidal graph to obtain one cycle of the graph. 
Extend the graph in each direction to make it complete. 


If B ¥ 0, apply a vertical shift. 





2 Build Sinusoidal Models from Data 


“m. Scatter plots of data sometimes resemble the graph of a sinusoidal function. For example, 
= the data given in Table 11 on the next page represent the average monthly temperatures 
in Denver, Colorado. Since the data represent average monthly temperatures collected 
over many years, the data will not vary much from year to year and so will essentially 
repeat each year. In other words, the data are periodic. Figure 75 shows a scatter plot 
of the data, where x = 1 represents January, x = 2 represents February, and so on. 

Notice that the scatter plot looks like the graph of a sinusoidal function. We 
choose to fit the data to a sine function of the form 


y=Asin(wx —¢) + B 
where A, B, w, and ¢ are constants. 
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Table 11 





Average Monthly 
Temperature, °F 





Month, x 


January, 1 





February, 2 
March, 3 
April, 4 
May, 5 
June, 6 
July, 7 
August, 8 


September, 9 
October, 10 


November, 11 
December, 12 0 2 4 6 8 10 12 xX 


Source: U.S. National Oceanic and Figure 75 Denver average 
Atmospheric Administration monthly temperature 


| EXAMPLE 3 ~ Finding a Sinusoidal Function from Temperature Data 


Fit a sine function to the data in Table 11. 





Solution Begin with a scatter plot of the data for one year. See Figure 76. The data will be fitted 
to a sine function of the form 


y=Asin(ox —¢) +B 
STEP 1: To find the amplitude A, compute 


largest data value — smallest data value 


Amplitude = 5 


_ 74.2 — 30.0 _ 4 
2 
To see the remaining steps in this process, superimpose the graph of the 
function y = 22.1 sin x, where x represents months, on the scatter plot. 
Figure 77 shows the two graphs. To fit the data, the graph needs to be 
shifted vertically, shifted horizontally, and stretched horizontally. 





Figure 76 


STEP 2: Determine the vertical shift by finding the average of the highest and 
lowest data values. 


ae ; 
Vertical shift = ao = 2-4 


Now superimpose the graph of y = 22.1 sin x + 52.1 on the scatter plot. See 
Figure 78. 

We see that the graph needs to be shifted horizontally and stretched 
horizontally. 


STEP 3: It is easier to find the horizontal stretch factor first. Since the temperatures 
repeat every 12 months, the period of the function is 7 = 12. 


2 
Because T= — = 12, then 





Figure 77 =. 6 


STEP 4: 








Figure 79 
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Now superimpose the graph of y = 22.1 sin( 2x) + 52.1 on the scatter plot. 
See Figure 79, where the graph still needs to be shifted horizontally. 
To determine the horizontal shift, use the period T = 12 and divide the 
interval [0, 12] into four subintervals of length 12 + 4 = 3: 

[0,3], [3,6], [6,9], [9,12] 


The sine curve is increasing on the interval [0, 3] and is decreasing on the 
interval [3, 9], so a local maximum occurs at x = 3. The data indicate that 
a maximum occurs at x = 7 (corresponding to July’s temperature), so the 
eraph of the function must be shifted 4 units to the right by replacing x 
by x — 4. Doing this yields 


y =221 sin( 2 (x = 4) + 52.1 
Distributing reveals that a sine function of the form y = A sin(wx — ¢) + B 
that fits the data is 


2 
y =221 sin( 2 = =) + 521 


Z 
The graph of y = 22.1 sin( 2 = =z) + 52.1 and the scatter plot of the 


data are shown in Figure 80. J 


To summarize, these are the steps used to fit a sine function 


y=Asin(ox —¢) +B 


to sinusoidal data. 


res 


Steps for Fitting a Sine Function y = Asin(wx — d@) + Bto Data 


STEP 1; Determine A, the amplitude of the function. 


20 


largest data value — smallest data value 


Amplitude = 5 


STEP 2: Determine B, the vertical shift of the function. 


Figure 80 


largest data value + smallest data value 


Vertical shift = 5 


STEP 3: Determine w. Since the period 7, the time it takes for the data to 


217 
repeat, is T = —., we have 
W 


_2n 


IP 


W 


STEP 4; Determine the horizontal shift of the function by using the period 


of the data. Divide the period into four subintervals of equal length. 
Determine the x-coordinate for the maximum of the sine function 
and the x-coordinate for the maximum value of the data. Use this 


information to determine the value of the phase shift, . 


orm NOW Work PROBLEM 25(a)-—(C) 


Let’s look at another example. Since the number of hours of sunlight in a day 
cycles annually, the number of hours of sunlight in a day for a given location can be 
modeled by a sinusoidal function. 
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The longest day of the year (in terms of hours of sunlight) occurs on the day of 
the summer solstice. For locations in the Northern Hemisphere, the summer solstice 
is the time when the Sun is farthest north. In 2018, the summer solstice occurred on 
June 21 (the 172nd day of the year) at 6:07 Am EDT. The shortest day of the year 
occurs on the day of the winter solstice, the time when the Sun is farthest south 
(for locations in the Northern Hemisphere). In 2018, the winter solstice occurred on 
December 21 (the 355th day of the year) at 5:23 pm (EST). 


| €XAMPLE4 | Finding a Sinusoidal Function for Hours of Daylight 


According to the Old Farmer's Almanac, the number of hours of sunlight in Boston 
on the day of the summer solstice is 15.28, and the number of hours of sunlight on 
the day of the winter solstice is 9.07 


(a) Find a sinusoidal function of the form y = A sin(wx — @) + B that fits the 
data. 


(b) Use the function found in part (a) to predict the number of hours of sunlight in 
Boston on April 1, the 91st day of the year. 
o (c) Graph the function found in part (a). 
~ (d) Look up the number of hours of sunlight for April 1 in the Old Farmer's Almanac 
and compare it to the results found in part (b). 


Source: The Old Farmer’s Almanac, www.almanac.com/rise 


largest data value — smallest data value 


Solution (a) Srep1: Amplitude i 


1925 7. 
= 2 at = 3.105 


largest data value + smallest data value 


STEP 2: Vertical shift = 5 


15.28 + 9.07 
2 


2 
STEP 3: The data repeat every 365 days. Since T = — = 365, we find 


= 12.175 


Pcs 
8 365 


2 
So far, we have y = 3.105 sin( 2 x = ‘| AZ AT5: 


STEP 4: To determine the horizontal shift, use the period T = 365 and divide 
the interval | 0, 365 | into four subintervals of length 365 + 4 = 91.25: 


(0, 91.25], [91.25, 182.5], [182.5, 273.75], [273.75, 365] 


The sine curve is increasing on the interval [0, 91.25] and is decreasing 
on the interval [91.25, 273.75], so a local maximum occurs at x = 91.25. 
Since the maximum occurs on the summer solstice at x = 172, we must 
shift the graph of the function 172 — 91.25 = 80.75 units to the right by 
replacing x by x — 80.75. Doing this yields 

27 


= 3,105 sin{ —~ (x — 80. + 12. 
y 3.105 sin( 2 (1 80.75) 121 


Next, multiply out to obtain the form y = A sin(wx — @) + B. 


I 3230 
= 3.105 sin’ =x — =") + 12.175 
? sin( Sx 730 
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(b) To predict the number of hours of daylight on April 1, let x = 91 in the function 
found in part (a) and obtain 


HORMAL FLOAT AUTO REAL RADIAN HP i y = 3.105 sin( 2 O01 — a | + 12.175 





= 12.12 


The prediction is that there will be about 12.72 hours = 12 hours 43 minutes of 
sunlight on April 1 in Boston. 


ao (c) The graph of the function found in part (a) is given in Figure 81. 


— 
8 
(d) According to the Old Farmer’s Almanac, there will be 12 hours 45 minutes of 
Figure 81 sunlight on April 1 in Boston. =: 


ommmm_mme-Now Work PpRosBLEM 31 


Certain graphing utilities (such as the TI-83, TI-84 Plus C, and TI-89) have the 
capability of finding the sine function of best fit for sinusoidal data. At least four data 
points are required for this process. 


rf Finding the Sine Function of Best Fit 


Use a graphing utility to find the sine function of best fit for the data in Table 11. 
Graph this function with the scatter plot of the data. 


Solution Enter the data from Table 11 and execute the SINe REGression program. The result 
is Shown in Figure 82. 


The output that the utility provides shows the equation 
y=asin(bx +c) +d 
The sinusoidal function of best fit is 
y = 21.54 sin(0.56x — 2.44) + 51.77 


where x represents the month and y represents the average monthly temperature. 
Figure 83 shows the graph of the sinusoidal function of best fit on the scatter plot. 


MORMAL FLOAT AUTO REAL RADIAN HP fl MORMAL FLOAT AUTO REAL RADIAN HP | 


Y=aesin(bxtc)t+d 
a=21.5378479 
b=. 5615263889 
c=~-2.43721315 
d=51. 76600001 





Figure 82 Figure 83 _J 


ommmmmms- Ow Work PROBLEM 25(d) AND (e) 
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6.6 Assess Your Understanding 


Concepts and Vocabulary 


AQ 2. True or False A graphing utility requires only two data 


1. For the graph of y = Asin(wx — ¢@), the number 2 is 
7 points to find the sine function of best fit. 


called the 


Skill Building 


In Problems 3-18, find the amplitude (if one exists), period, and phase shift of each function. Graph each function. Be sure to label key 
points. Show at least two periods. 


No 3. y = 4sin(2x — 7) 4. y = 3sin(3x — 7) 


IT 
8. y = —-2 2 = = 
y cos( = 


12. y = 2cos(27x — 4) —- 1 


5 y= 2 cos( 2x + = 6. y = 3cos(2x + 7) 


9. y = 4sin(ax +2) —5 10. y = 2cos(27x + 4) + 4 


y=-3 cos( 2s om = 


it 
y= 5 sec (3x = ir) 


Ly=-3 sin 2 7 =) 


11. y = 3cos(mx — 2) +5 13. y = ~3 sin( —21 =I =) 14. 


2 


il 
16. y = —cot(2x — 7) 


15. y = 2 tan(4x — 7) 5 


17 y =3 ese 2 = =) 18. 


In Problems 19-22, write an equation of a sine function that has the given characteristics. 


19. 


Amplitude: 2 
Period: 7 


Phase shift: ; 


20. Amplitude: 3 


qT 
Period: — 
erio 5 


Phase shift: 2 


Applications and Extensions 


23. 


NX 25 


Alternating Current (ac) Circuits The current /,in amperes, 
flowing through an ac (alternating current) circuit at time f, 
in seconds, is 
7 
I(t) = 120 sin( 307 = =) p= 0 
What is the period? What is the amplitude? What is the phase 
shift? Graph this function over two periods. 


Saffir-Simpson Hurricane Scale, with winds 111-130 miles 
per hour (mph) corresponding to a category 3 hurricane, 
winds 131-155 mph corresponding to a category 4 hurricane, 
and winds in excess of 155 mph corresponding to a 
category 5 hurricane. The data on the right represent the 
number of major hurricanes in the Atlantic Basin (category 
3,4, or 5) each decade from 1921 to 2010. 
(a) Draw a scatter plot of the data. 
(b) Find a sinusoidal function of the form 
y = Asin(wx — ¢) + B that models the data. 
(c) Draw the sinusoidal function found in part (b) on the 
scatter plot. 


21. Amplitude: 3 22. 
Period: 37 


il 
Phase shift: — — 


Amplitude: 2 
Period: 7 
Phase shift: —2 
3 


24. Alternating Current (ac) Circuits The current /,in amperes, 


flowing through an ac (alternating current) circuit at time f, 
in seconds, is 


I(t) = 220 sin( 607 a z) 1=0 


What is the period? What is the amplitude? What is the phase 
shift? Graph this function over two periods. 


. Hurricanes Hurricanes are categorized using the 


Decade, x Major Hurricanes, H 


IZ tse 
ISEB, 2 
1941-19507 3 
1951-1960, 4 


is6i=19707 5 
WS eh ei8), (8) 
ISS 113907 7 
iv2i=Z0007s 
200 1=2011079 





zy (d) U h tility to find th dal funct f 
ie: (d) ee 2 ‘aa i a as au aaa a aia Source: U.S. National Oceanic and Atmospheric Administration 
(e) Graph the sinusoidal function of best fit on a scatter plot 
of the data. 
26. Monthly Temperature The data on the next page represent (c) Draw the sinusoidal function found in part (b) on the 


the average monthly temperatures for Washington, D.C. 
(a) Draw a scatter plot of the data for one period. 
(b) Find a sinusoidal function of the form 

y = Asin(wx — ¢) + B that models the data. 


rs 


scatter plot. 

(d) Use a graphing utility to find the sinusoidal function of 
best fit. 

(e) Graph the sinusoidal function of best fit on a scatter plot 
of the data. 


Average Monthly 
Temperature, °F 


Month, x 
January, 1 
February, 2 
March, 3 
April, 4 

May, 5 
June, 6 

July, 7 
August, 8 
September, 9 
October, 10 
November, 11 
December, 12 





Source: U.S. National Oceanic and 
Atmospheric Administration 


27. Monthly Temperature The following data represent the 
w average monthly temperatures for Indianapolis, Indiana. 


28. 


Average Monthly 
Temperature, °F 


Month, x 
January, 1 
February, 2 
March, 3 
April, 4 
May, 5 
June, 6 
July, 7 
August, 8 


September, 9 
October, 10 
November, 11 


December, 12 





Source: U.S. National Oceanic and 
Atmospheric Administration 


(a) Draw a scatter plot of the data for one period. 
(b) Find a sinusoidal function of the form 


y=Asin(wx — ¢) +B 


that models the data. 

(c) Draw the sinusoidal function found in part (b) on the 
scatter plot. 

(d) Use a graphing utility to find the sinusoidal function of 
best fit. 

(e) Graph the sinusoidal function of best fit on a scatter plot 
of the data. 


Monthly Temperature The following data represent the 
average monthly temperatures for Baltimore, Maryland. 
(a) Draw a scatter plot of the data for one period. 
(b) Find a sinusoidal function of the form 
y = Asin(wx — @) + B that models the data. 
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(c) Draw the sinusoidal function found in part (b) on the 
scatter plot. 


ie (d) Use a graphing utility to find the sinusoidal function of 


best fit. 
(e) Graph the sinusoidal function of best fit on a scatter plot 
of the data. 


Average Monthly 
Temperature, °F 


Month, x 
January, 1 
February, 2 
March, 3 
April, 4 

May, 5 
June, 6 

July, 7 
August, 8 
September, 9 
October, 10 
November, 11 





December, 12 


Source: U.S. National Oceanic and 
Atmospheric Administration 


29. Tides The length of time between consecutive high tides 


30. 


is 12 hours and 25 minutes. According to the National 
Oceanic and Atmospheric Administration, on Saturday, 
April 21, 2018, in Charleston, South Carolina, high tide 
occurred at 12:25 am (0.42 hours) and low tide occurred 
at 7:05 AM (708 hours). Water heights are measured as the 
amounts above or below the mean lower low water. The 
height of the water at high tide was 5.88 feet, and the height 
of the water at low tide was 0.06 foot. 

(a) Approximately when did the next high tide occur? 

(b) Find a sinusoidal function of the form 


y=Asin(wx — ¢) +B 


that models the data. 
(c) Use the function found in part (b) to predict the height 
of the water at 5 PM. 


Tides The length of time between consecutive high tides 
is 12 hours and 25 minutes. According to the National 
Oceanic and Atmospheric Administration, on Saturday, 
April 21, 2018, in Sitka, Alaska, high tide occurred at 4:51 AM 
(4.85 hours) and low tide occurred at 11:50 am (11.83 hours). 
Water heights are measured as the amounts above or below 
the mean lower low water. The height of the water at high 
tide was 10.03 feet, and the height of the water at low tide 
was — 0.46 feet. 

(a) Approximately when did the next high tide occur? 

(b) Find a sinusoidal function of the form 


y=Asin(wx — ¢?) +B 
that models the data. 


(c) Use the function found in part (b) to predict the height 
of the water at 3 PM. 
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\Q 31. Hours of Daylight According to the Old Farmer's Almanac, 
ws in Miami, Florida, the number of hours of sunlight on the 
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summer solstice of 2018 was 13.75, and the number of hours the year. 
of sunlight on the winter solstice was 10.52. (c) Draw a graph of the function found in part (a). 


(a) Find a sinusoidal function of the form 


y = Asin(wx —¢) + B of daylight to the results found in part (b). 


that models the data. 34. Hours of Daylight According to the Old Farmer’s Almanac, 
(b) Use the function found in part (a) to predict the number in Honolulu, Hawaii, the number of hours of sunlight on the 

of hours of sunlight on April 1, the 91st day of the year. summer solstice of 2018 was 13.42, and the number of hours 
(c) Draw a graph of the function found in part (a). of sunlight on the winter solstice was 10.83. 
(d) Look up the number of hours of sunlight for April 1 in (a) Find a sinusoidal function of the form 

the Old Farmer's Almanac, and compare the actual hours 

of daylight to the results found in part (b). y=Asin(ox —¢) +B 


32. Hours of Daylight According to the Old Farmer’s Almanac, 
in Detroit, Michigan, the number of hours of sunlight on the 
summer solstice of 2018 was 15.27, and the number of hours 
of sunlight on the winter solstice was 9.07, 

(a) Find a sinusoidal function of the form 


(b) Use the function found in part (a) to predict the number 


(c) Draw a graph of the function found in part (a). 
(d) Look up the number of hours of sunlight for April 1 in 


that models the data. 


(c) Draw a graph of the function found in part (a). 


i eapenaisleatio nace of daylight to the results found in part (b). 


of hours of sunlight on April 1, the 91st day of the year. 


the Old Farmer's Almanac, and compare the actual hours 


of daylight to the results found in part (b). function of the form 


33. Hours of Daylight According to the Old Farmers Almanac, y = Asin(ot — 6) + B 
in Anchorage, Alaska, the number of hours of sunlight on the 


summer solstice of 2018 was 19.37, and the number of hours 


of sunlight on the winter solstice was 5.45. starting at the top of a hill. 
(a) Find a sinusoidal function of the form 


y=Asin(wx — ¢) +B 


that models the data. 


Discussion and Writing 


36. Explain how the amplitude and period of a sinusoidal graph 37. Find an application in your major field that leads to a 


are used to establish the scale on each coordinate axis. sinusoidal graph. Write an account of your findings. 


Retain Your Knowledge 


Problems 38—47 are based on material learned earlier in the course. The purpose of these problems is to keep the material fresh in your 
mind so that you are better prepared for the final exam. 


38. 


39. 
40. 
41. 


42. 
43. 


4 Ss 


45. 


46. 
47. 


44. 


Ax + 9 
Given f(x) = — 5 find f(x). 





Solve: 0.25 (0.4x + 0.8) = 3.7 — 1.4x 

Multiply: (8x + 15y)? 

Find the exact distance between the points (4, —1) and (10,3). 
Solve: |3x + 4] = |5x - 7| 

Given y = xVx + 4, let u = x + 4 and express y in terms of u. 


wo Wks 
Ifx = asint,a > 0, and —* "= ¢ = 54 lind cost. 


A rectangular garden is enclosed by 54 feet of fencing. If the length of the garden is 3 feet more than twice the width, what 
are the dimensions of the garden? 
2 
==) 
Find the vertical asymptotes, if any, of the graph of R(x) = oa 
oo =e 


Write log, (8x’y°) as a sum of logarithms. Express powers as factors. 
& & Pp Pp 


(b) Use the function found in part (a) to predict the 
number of hours of sunlight on April 1, the 91st day of 


(d) Look up the number of hours of sunlight for April 1 in 
the Old Farmer's Almanac, and compare the actual hours 


(b) Use the function found in part (a) to predict the number 
of hours of sunlight on April 1, the 91st day of the year. 


(d) Look up the number of hours of sunlight for April 1 in 
y=Asin(wx —¢) +B the Old Farmer's Almanac, and compare the actual hours 


35. Challenge Problem Coaster Motion A wooden roller coaster 
at Six Flags contains a run in the shape of a sinusoidal curve, 
with a series of hills. The crest of each hill is 106 feet above 
the ground. If it takes a car 1.8 seconds to go from the top of 
a hill to the bottom (4 feet off the ground), find a sinusoidal 


that models the motion of the coaster train during this run 


Chapter Review 


Things to Know 


Definitions 


Angle in standard position (p. 362) 
1 Degree (1°) (p. 363) 


1 Radian (pp. 364-365) 


Trigonometric functions (p. 376) 


Trigonometric functions using a circle 
of radius r (p. 386) 


Periodic function (p. 395) 


Formulas 


1 counterclockwise 
revolution = 360° (p. 364) 
= 27 radians (p. 366) 


Arc length: s = r 6 (p. 365) 


1 
Area of a sector: A = 5F 8 (p. 368) 


Linear speed: v = ; (p. 369) 


60 
Angular speed: w = : (p. 369) 
vV = ro (p. 369) 


Table of Values (pp. 379 and 383) 


6 (Radians) 0 (Degrees) 


Oly | oS 


&/> 


7 
3 
7 
2 
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Vertex is at the origin; initial side is along the positive x-axis. 


il 
1° = 360 revolution 
The measure of a central angle of a circle whose rays subtend an arc whose length is 
equal to the radius of the circle. 


P = (x, y) is the point on the unit circle corresponding to 6 = f radians. 


sint = sin@ = y cost = cos? = x int = tang =—. x 20 
x 


1 1 x 
csct = csccd=-—,y # 0 sect = sec@ =<yx % 0 ee 
y 


For an angle @ in standard position, P = (x, y) is the point on the terminal side of 6 
that is also on the circle x7 + y? = r’. 


noe cos 9 = ee ea 
r x 


~ nie 


x #0 


~) 


r x 
csccO=-—,y #0 sec? = — cotdé=-,y # 0 
y x y 


A function f is periodic if for some number p > 0 for which 6 + p is in the domain 
of f whenever 0 is, then f(@ + p) = f(@).The smallest such p is the fundamental 
period. 


>. . _ 180 
1° = 180 radian (p. 366); 1 radian = = degrees (p. 366) 


6 is measured in radians; s is the length of the arc subtended by the central angle 6 of 
the circle of radius r. 


A is the area of the sector of a circle of radius r formed by a central angle of 6 
radians. 


v is linear speed, distance per unit time. 


w is angular speed measured in radians per unit time. 


Not defined 


V3 


Not defined Not defined 
0 Not defined —1 


Not defined —1 Not defined 0 


Not defined 
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The Unit Circle (pp. 375-385) 
y 









0°, 360° 0, 27 


Fundamental identities (pp. 397-399) 














ae es sin 0 cos 0 
Quotient identities: tan é = cot é@ = — 
cos 0 sin 6 
. ae es 1 
Reciprocal identities: csc 9 = —— sec 9 = cot@ = 
sin 6 cos 0 tan 0 
Pythagorean identities: sin’ @ + cos? @ = 1 tan? 6 + 1 = sec’ 6 cot? 6 + 1 = csc’ 6 


Properties of the trigonometric functions (pp. 393-395, 402) 


= sin x (p. 408) Domain: — 00 < x < co 
Range:-1=y<=1 
Periodic: period = 27 (360° ) 
Odd function 
y = cos x (pp. 409-410) Domain: -—co < x < 
Range:-1=y<=1 
Periodic: period = 27 (360° ) 


Even function 





y = tan x (p. 423) Domain: — co < x < ©, except odd integer 


multiples of 5 (90°) 
Range: —co < y < © 
Periodic: period = 7 (180°) 
Odd function 


Vertical asymptotes at odd integer multiples of 





on 





y = cot x (p. 424) Domain: — co < x < ©, except integer multiples | | 
of 77(180°) | | 
Range: —co < y < © ! : 
Periodic: period = 7 (180°) 
Odd function 


Vertical asymptotes at integer multiples of 7 





a 
ng 
rl 
mig 
| 
SF) 

x< 





y = csc x (p. 426) 


y = sec x (p. 426) 


Sinusoidal Graphs 


y=Asin(wx) + B, 


y = Acos(wx) + B, 


Domain: — co < x < ©, except integer multiples 
of 7 (180°) 


Range: |y| = 1 (y Ss -lory = 1) 
Periodic: period = 27 (360° ) 

Odd function 

Vertical asymptotes at integer multiples of 7 
Domain: — co < x < ©, except odd integer 


multiples of 5 (90°) 


Range: |y| = 1 (y S —lory = 1) 
Periodic: period = 27 (360° ) 
Even function 


Vertical asymptotes at odd integer multiples of > 


2 
o6 Period = ~ (pp. 412, 430) 


wo > 0 





y = Asin(ox — ¢d) + B= A sin} o( x _ ) + B Phase shift = © (p. 430) 
W 
_ _ p 
y = Acos(wx — $) + B= Acos al x — — + B 


Objectives 


Section 


6.1 


6.2 





Amplitude = |A| (pp. 412, 430) 
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y= sec x 





N 


e Oo UW Ff W 


You should be able to... 


Angles and degree measure (p. 362) 





Convert between decimal and degree, minute, second measures for 
angles (p. 364) 


Find the length of an arc of a circle (p. 365) 
Convert from degrees to radians and from radians to degrees (p. 366) 
Find the area of a sector of a circle (p. 368) 
Find the linear speed of an object traveling in circular motion (p. 369) 


Find the exact values of the trigonometric functions using a point on 
the unit circle (p. 377) 


Find the exact values of the trigonometric functions of quadrantal 
angles (p. 378) 


Find the exact values of the trigonometric functions of 7 = 45° 
(p. 380) 


; ; ; ; 7 
Find the exact values of the trigonometric functions of — 30° and 


z = 60° (p. 381) 


Find the exact values of the trigonometric functions for integer 
multiples of & - 0,7, = 45°, and > = 60° (p. 383) 


Use a calculator to approximate the value of a trigonometric 
function (p. 385) 


Use a circle of radius 7 to evaluate the trigonometric functions 
(p. 386) 


Example(s) 
1 


252 
4.5 


6-8 


il 


12 





Review Exercises 


48 


49, 50 
1-4 
49 
51,52 
45,55 


9,55 


6 


5,6 


7 oy oo 


41,42 


46 


(continued) 
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Section You should be able to... Example(s) Review Exercises 
6.3 1 Determine the domain and the range of the trigonometric functions pp. 393-394 47 
(p. 393) 
2 Determine the period of the trigonometric functions (p. 395) i 47 
3 Determine the signs of the trigonometric functions in a given Z 43,44 


quadrant (p. 396) 


4 Find the values of the trigonometric functions using fundamental 3,4 11-15 
identities (p. 397) 


5 Find the exact values of the trigonometric functions of an angle given 5,6 16-23 
one of the functions and the quadrant of the angle (p. 399) 


6 Use even-odd properties to find the exact values of the 7 13-15 
trigonometric functions (p. 402) 


6.4 1 Graph the sine function y = sinx and functions of the 1 24 
form y = A sin(@x) (p. 407) 


2 Graph the cosine function y = cos x and functions of the 3 25 
form y = A cos(wx) (p. 409) 


3 Determine the amplitude and period of sinusoidal functions (p. 410) -: 33-38 
4 Graph sinusoidal functions using key points (p. 412) 5-7 24, 25,35 
5 Find an equation for a sinusoidal graph (p. 416) 8,9 39, 40 
6.5 1 Graph the tangent function y = tan x and the cotangent 26, 28 
function y = cot x (p. 422) 
2 Graph functions of the form y = A tan (wx) + B Ae. 2132 
and y = A cot (wx) + B (p. 424) 
3 Graph the cosecant function y = csc x and the secant 30 
function y = sec x (p. 425) 
4 Graph functions of the form y = A csc (wx) + B 3 29 
and y = A sec (wx) + B (p. 426) 
6.6 1 Graph sinusoidal functions of the form y = A sin(wx — ¢) + B ‘ee 31, 35-38, 53(d) 
(p. 429) 
2 Build sinusoidal models from data (p. 433) 3-5 54 


Review Exercises 


In Problems I and 2, convert each angle in degrees to radians. Express your answer as a multiple of wv. 
1..135° Ze 18° 


In Problems 3 and 4, convert each angle in radians to degrees. 





3ar 377 
3. = 4. — 
4 2 
In Problems 5-15, find the exact value of each expression. Do not use a calculator. 
S 
>. tan 7 = Sin A 6. 3sin 45° — 4 tan— 7, 6 COS 7 + 2 tan( - =) 
5 
8. seo( - =) = coi( = =| 9, tang + sin 7 10. cos 540° — tan(—405°) 
9 1 cos (—40°) 
11. sin* 20° + 12. sec 50° cos 50° ar 
sec” 20° cos 40 


sin (—40°) 


sin 40° 15. sin 310° csc(—50°) 
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In Problems 16-23, find the exact value of each of the remaining trigonometric functions. 


16. sind = = 6 is acute 17. tané = = sind < 0 18. secd = -2, tané < 0 
12 5 3 1 
19. sin 6 = —, 6@in quadrant II 20. sin@d = —-—, pac 0<27 21. tand ==, 180° < 6 < 270° 
13 13 2 3 
3 
22. sec@ = 3, 5 <0 <n 23. coté@ = —2, 7 <OK<0 


In Problems 24-32, graph each function. Each graph should contain at least two periods. Use the graph to determine the domain and the 
range of each function. 








24. y = 2sin(4x) 25. y = —3cos(2x) 26. y = tan(x + 77) 
27, y = —2 tan(3x) 28. y = cot( te =) 29. y = 4sec (2x) 
30. y = ese( + *) 31. y = 4sin(2x + 4) — 2 32. y= 5 cot( * 7 *) 
In Problems 33 and 34, determine the amplitude and period of each function without graphing. 
33. y = sin(2x) 34. y = —2cos(37x) 
In Problems 35-38, find the amplitude, period, and phase shift of each function. Graph each function. Show at least two periods. 
1 1 3 2 
35. y = 4sin(3x) 36. y = cos( ss =) 37. y = ssin( 3x = n | 38. y = — 3 cos (mx — 6) 
In Problems 39 and 40, find a function whose graph is given. 
40. y 
7 
41. Use a calculator to approximate sin - Round the answer (b) Convert the angle 63.18° to D°M’S” form. Express the 
to two decimal places. answer to the nearest second. 
42. Use a calculator to approximate sec 10°. Round the answer 49. Find the length of the arc subtended by a central angle 
to two decimal places. of 30° on a circle of radius 2 feet. What is the area of the 
43. Determine the signs of the six trigonometric functions of an sector? 
angle 0 whose terminal side is in quadrant III. 50. The minute hand of a clock is 8 inches long. How far does 
44, Name the quadrant @ lies inif cos 9 > Oandtané@ < 0. the tip of the minute hand move in 30 minutes? How far 


ae . does it move in 20 minutes? 
45. Find the exact values of the six trigonometric functions of tf 


1 22 51. Angular Speed of a Race Car A race car is driven around 
if P= (- 3° “) is the point on the unit circle that GS a circular track at a constant speed of 180 miles per hour. 
il 
corresponds to ¢. If the diameter of the track is — mile, what is the angular 
46. Find the exact value of sin ¢, cos ¢, and tan tif P = (—2,5) speed of the car? Express your answer in revolutions per 
is the point on a circle that corresponds to t. hour (which is equivalent to laps per hour). 
47. What are the domain and the range of the secant function? 52. Lighthouse Beacons The Montauk Point Lighthouse on 
What is the period? Long Island has dual beams (two light sources opposite 


each other). Ships at sea observe a blinking light every 


48. C t th le 32°20'35" to a decimal in d 
See ie en oni 5 seconds. What rotation speed is required to achieve this? 


Round the answer to two decimal places. 
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53. Alternating Current The current /, in amperes, flowing 
through an ac (alternating current) circuit at time f is 


I(t) = 220 sin 307 + =) t=0 


(a) What is the period? 

(b) What is the amplitude? 

(c) What is the phase shift? 

(d) Graph this function over two periods. 


54. Monthly Temperature The data below represent the 
wi average monthly temperatures for Phoenix, Arizona. 
(a) Draw a scatter plot of the data for one period. 
(b) Find a sinusoidal function of the form 
y = Asin(wx — ¢@) + B that models the data. 
(c) Draw the sinusoidal function found in part (b) on the 
scatter plot. 
Le (d) Use a graphing utility to find the sinusoidal function of 
best fit. 
(e) Graph the sinusoidal function of best fit on the scatter 
plot. 


Average Monthly 
Temperature, °F 


Month, x 


January, 1 
February, 2 
March, 3 
April, 4 

May, 5 
June, 6 

July, 7 
August, 8 
September, 9 
October, 10 
November, 11 


December, 12 





Source: U.S. National Oceanic and 
Atmospheric Administration 


CHAPTER 


Chapter Test 


VIDEOS 


In Problems 1-3, convert each angle in degrees to radians. Express 
your answer as a multiple of 7. 


1. 260° 2. —400° S138 
In Problems 4-6, convert each angle in radians to degrees. 

7 Oar S77 

4. ~~ es 5. ae 6. va 


In Problems 7-12, find the exact value of each expression. 


8 cos( - ==) — page 
4 4 


10. tan 330° 


Bi 
7. Sise= 
sin | 


9. cos{—120°) 


ih 
11. sin gles tan p20, 


ae oO fo) 
5 7 12. 2 sin’ 60 3 cos 45 


55. Unit Circle On the given unit circle, fill in the missing angles 
(0 = 6 S 27) and the corresponding points P. 


Y 4 Angle: 


. oT 
Angle: = 





The Chapter Test Prep Videos include step-by-step solutions to all chapter 
Test Prep test exercises. These videos are available in MyLab™ Math, or on this text's 
YouTube Channel. Refer to the Preface for a link to the YouTube channel. 


In Problems 13-16, use a calculator to evaluate each expression. 
Round your answer to three decimal places. 


2 

13. sin 17° 14. COS 
2 

15. sec 229° 16. cot 


17. Fill in each table entry with the sign of each function. 
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3 ; ; ; 
18. If f(x) = sinx and f(a) = 5 tnd (ae 27. Write an equation for a sinusoidal graph with the following 
properties: 
In Problems 19-21, find the value of the remaining five trigonometric 5 
functions of 6. A=-3 _ period = = phase shift = ars 


a on ae _2 30 
19. sin @ = 7 OinquadrantIt 20. cos @ = aoe 0<27 28. Logan has a garden in the shape of a sector of a circle; the 
outer rim of the garden is 25 feet long and the central angle 


1. tang = — — ue <@<f7 of the sector is 50°. She wants to add a 3-foot-wide walk to 
5 2 the outer rim. How many square feet of paving blocks will 

In Problems 22-24, the point (x, y) is on the terminal side of angle 0 she need to build the walk? 
in standard position. Find the exact value of the given trigonometric 29. Hungarian Adrian Annus won the gold medal for the 
function. hammer throw at the 2004 Olympics in Athens with a winning 
distance of 83.19 meters.* The event consists of swinging a 
22. (2,7), sin 0 23. (—5, 11), cos 4 16-pound weight attached to a wire 190 centimeters long in 
a circle and then releasing it. Assuming his release is at a 45° 
24. (6, -3), tané angle to the ground, the hammer will travel a distance of 
In Problems 25 and 26, graph the function. Mu meters, where g = 9.8 meters/second? and vp is the linear 





§ 
Le. oF T speed of the hammer when released. At what rate (rpm) was 
22h 2 a 26. y = tan\ —x + a a v he swinging the hammer upon release? 
*Annus was stripped of his medal after refusing to cooperate with 
postmedal drug testing. 
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1. Find the real solutions, if any, of the equation 13. Find a sinusoidal function for the following graph. 
2x7 +x-1=0 

2. Find an equation for the line with slope —3 containing the 
pom’ (—2.5)). 

3. Find an equation for a circle of radius 4 and center at the 
point (0,2 

4. Describe the equation 2x — 3y = 12. Graph it. 

5. Describe the equation x7 + y? — 2x + 4y -4=0. 








Graph it. 

6. Use transformations to graph the function 

= (x-3)*+2 

7. Sketch a graph of each of the following functions. Label at 
least three points on each graph. 14. (a) Find a linear function that contains the points (—2, 3) 
(a) y=x (b) y=x? and (1, —6).What is the slope? What are the intercepts 
(c) y=e (d) y =Inx of the function? Graph the function. Be sure to label the 
(e) y = sinx (f) y = tanx TUES) Os 


(b) Find a quadratic function with vertex (1,—6) that 


8. Find the inverse function of f(x) = 3x — 2. contains the point (—2,3). What are the intercepts of 





9. Find the exact value of (sin 14°) — (cos 14°)? — 3. the function? Graph the function. 
10. Graph y = 3 sin(2x). (c) Show that there is no exponential function of the 
- zs - form f(x) = ae* that contains the points (—2,3) and 
11. Find the exact value of tan re 3 cos a “FiCSe 6 (Cl. = \he 


15. (a) Find a polynomial function of degree 3 whose 
y-intercept is 5 and whose x-intercepts are —2, 3,and 5. 
Graph the function. 
(b) Find a rational function whose y-intercept is 5 and 
whose x-intercepts are —2,3, and 5 that has the line 
x = 2.asa vertical asymptote. Graph the function. 


12. Find an exponential function for the following graph. 
Express your answer in the form y = Ab”. 


y=0-6 
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Chapter Projects 





@) Internet-based Project 


I. Length of Day Revisited Go to http-/en.wikipedia.org/wikvlatitude 
and read about latitude. Then go to 
http://www.orchidculture.com/CO D/daylength.html. 


1. For a particular latitude, record in a table the length of 
day for the various days of the year. For January 1, use 1 
as the day, for January 16, use 16 as the day, for February 1, 
use 32 as the day, and so on. Enter the data into an Excel 
spreadsheet using column B for the day of the year and 
column C for the length of day. 


2. Draw ascatter plot of the data with day of the year as the 
independent variable and length of day as the dependent 
variable using Excel. (The Chapter 3 project describes how 
to draw a scatter plot in Excel.) 





3. Determine the sinusoidal function of best 
fit, y = Asin(Bx + C) + D, as follows: 


(a) Enter initial guesses for the values of A, B, C, and D 
into column A with the value of A in cell Al, B in 
cell A2, C in cell A3, and D in cell A4. 


(b) Enter “=A$1*sin(A$2*B1+A$3)+A$4” into 
cell D1. Copy this cell entry into the cells below D1 for 
as many rows as there are data. For example, if 
column C goes to row 23, then column D should also 
go to row 23. 


(c) Enter “=(D1—C1)’2” into cell E1. Copy this entry 
below cell E1 as described in part 3(b). 


(d) ‘The idea behind curve fitting is to make the sum of 
the squared differences between what is predicted 
and actual observations as small as possible. Enter 
“=sum(E1..E#)” into cell A6, where # represents the 
row number of the last data point. For example, if you 
have 23 rows of data, enter “=sum(E1..E23)” in cell A6. 


(e) Now, install the Solver feature of Excel. To do this, 
click the File tab, and then select Options. Select 
Add-Ins. In the drop-down menu entitled “Manage,” 
choose Excel Add-ins, and then click Go... . Check 








the box entitled “Solver Add-in” and click OK. The 
Solver add-in is now available in the Data tab. Choose 
Solver. Fill in the screen as shown below. 


Click Solve. The values for A, B, C,and D are located in 
cells A1—A4. What is the sinusoidal function of best fit? 


Solver Parameters |_3e_| 





Set Objective: $AS6 [t] 
| 


To: i) pian (2) Main 9) Value Of | a 


By Changing Variable Cells: 
| $agitata it] 


Subject to thee Constraints: 








| Make Unconstrained Variables Non-Megative 





SHect a Sobing GRG Monlinear 
hhethacl: 

















Solving Method 
Select the GROG Nonlinear engine for Solver Problems that are smooth nonlinear. Select the LP Simplex 
engine for linear Solver Problems, and select the Evolutionary engine for Solver problems that are 
non-smooth, 


[tee] 


Citation: Excel © 2018 Microsoft Corporation. Used with 
permission from Microsoft. 


4. 


Determine the longest day of the year according to your 
model. What is the day length on the longest day of the year? 
Determine the shortest day of the year according to your 
model. What is the day length on the shortest day of the year? 


On which days is the day length exactly 12 hours according 
to your model? 


Look up the day on which the vernal equinox and 
autumnal equinox occur. How do they match up with the 
results obtained in part 5? 


Do you think your model accurately describes the relation 
between day of the year and length of day? 


Use your model to predict the hours of daylight for the 
latitude you selected for various days of the year. Go 
to the Old Farmer’s Almanac or other website (such as 
http.//astro.unl.edu/classaction/animations/coordsmotion/ 
daylighthoursexplorer.html) to determine the hours of 
daylight for the latitude you selected. How do the two 
compare? 





The following projects are available on the Instructor’s Resource Center (IRC): 


II. Tides Data from a tide table are used to build a sine function that models tides. 


II. Project at Motorola Digital Transmission over the Air Learn how Motorola Corporation transmits digital sequences by modulating 


the phase of the carrier waves. 


IV. Identifying Mountain Peaks in Hawaii The visibility of a mountain is affected by its altitude, its distance from the viewer, and the 
curvature of Earth’s surface. Trigonometry can be used to determine whether a distant object can be seen. 


Vv. CBL Experiment Technology is used to model and study the effects of damping on sound waves. 


Analytic Trigonometry 







Mapping Your Mind 


The ability to organize material in your mind is key to understanding. You have been 
exposed to a lot of concepts at this point in the course, and it is a worthwhile exercise 
to organize the material. In the past, we might organize material using index cards or 
an outline. But in today’s digital world, we can use interesting software that enables us to 
digitally organize the material that is in our mind and share it with anyone on the Web. 


(@) — See the Internet-based Chapter Project I— 


@ A Look Back 


Chapter 5 introduced inverse functions and developed their properties, particularly the 7.1 
relationship between the domain and range of a function and those of its inverse. We learned 

that only functions that are one-to-one have an inverse function. But sometimes an appropriate 7? 
restriction on the domain of a function that is not one-to-one yields a new function that is 

one-to-one. Then the function defined on the restricted domain has an inverse function. Also, we 73 
Saw that the graphs of a function and its inverse are symmetric with respect to the line y = x. 74 


Chapter 5 continued by defining two transcendental functions: the exponential function 75 
and the inverse of the exponential function, the logarithmic function. Chapter 6 defined six more 76 
transcendental functions, the trigonometric functions, and discussed their properties. 


A Look Ahead © 7 


The first two sections of this chapter define the six inverse trigonometric functions and 
investigate their properties. Section 7.3 discusses equations that contain trigonometric 
functions. Sections 7.4 through 7.7 continue the derivation of identities. These identities play an 
important role in calculus, the physical and life sciences, and economics, where they are used to 
simplify complicated expressions. 


Outline 


The Inverse Sine, Cosine, and 
Tangent Functions 

The Inverse Trigonometric 
Functions (Continued) 
Trigonometric Equations 
Trigonometric Identities 

Sum and Difference Formulas 
Double-angle and 

Half-angle Formulas 
Product-to-Sum and Sum-to-Product 
Formulas 

Chapter Review 

Chapter Test 

Cumulative Review 

Chapter Projects 
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7.1 The Inverse Sine, Cosine, and Tangent Functions 


PREPARING FOR THIS SECTION Before getting started, review the following: 


e Inverse Functions (Section 5.2, pp. 267-274) e Properties of the Sine, Cosine, and Tangent Functions 
(Section 6.3, pp. 392-403) 
e Values of the Trigonometric Functions (Section 6.2, e Graphs of the Sine, Cosine, and Tangent Functions 
pp. 377-386) (Sections 6.4, pp. 407-410 and 6.5, pp. 422-423) 


\ Now Work the ‘Are You Prepared?’ problems on page 459. 


OBJECTIVES 1 Define the Inverse Sine Function (p. 450) 
Find the Value of an Inverse Sine Function (p. 451) 
Define the Inverse Cosine Function (p. 453) 
Find the Value of an Inverse Cosine Function (p. 454) 
Define the Inverse Tangent Function (p. 454) 
Find the Value of an Inverse Tangent Function (p. 456) 


Use Properties of Inverse Functions to Find Exact Values of Certain 
Composite Functions (p. 456) 


Find the Inverse Function of a Trigonometric Function (p. 458) 
Solve Equations Involving Inverse Trigonometric Functions (p. 459) 





In Section 5.2 we discussed inverse functions, and we concluded that if a function 
is one-to-one, it will have an inverse function. We also observed that if a function 
is not one-to-one, it may be possible to restrict its domain in some suitable manner 
so that the restricted function is one-to-one. For example, the function y = x” is 
not one-to-one; however, if the domain is restricted to x = O, the new function is 
one-to-one. 

Other properties of a one-to-one function f and its inverse function f ' that were 
discussed in Section 5.2 are summarized next. 


f'(f(x)) = x for every x in the domain of f. 


f(f-' (x) ) = x for every x in the domain of f"'. 
© The domain of f = the range of f ', and the range of f = the domain of f 1. 


© The graph of a one-to-one function f and the graph of its inverse f | are 
symmetric with respect to the line y = x. 

e Ifa function y = f(x) has an inverse function, the implicit equation of the 
inverse function is x = f(y). If we solve this equation for y, we obtain the 
explicit equation y = f !(x). 


1 Define the Inverse Sine Function 


Figure 1 shows the graph of y = sinx. Because every horizontal line y = 5, 
where b is between —1 and 1, inclusive, intersects the graph of y = sin x infinitely 
many times, it follows from the horizontal-line test that the function y = sin x is 
not one-to-one. 





Figurel y= sinx,-w<x<ow,-lsy<=l 
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TT 4T 
— se — 


a9 


niges 


However, if the domain of y = sin x is restricted to the interval } the 


G4) restricted function 


: oO we 
= SIN X FT THE XX > FS 
y 7 7 


is one-to-one and has an inverse function.* See Figure 2. 
An equation for the inverse of y = f(x) = sin x is obtained by interchanging x 





= and y. The implicit form of the inverse function is x = sin y, =< <ys oe The 
EN 
-3 explicit form is called the inverse sine of x and is symbolized by y = f '(x) = sin! x. 
Figure 2 (— 
— 7 7 DEFINITION Inverse Sine Funtion 
y=sinx ->=x=s5,-1 =Vea 1 


y=sin'x ifandonlyif x 


. . 7 
NOTE Because the restricted av es See. ad = 
, the 





ae 770 
of the sine function Is - — = 
2 2 


range of the inverse sine function 


J 


Is - 7 =| and because the range of The inverse sine of x, y = sin ! x, is read as “y is the angle or real number whose 
the sine function is [—1, 1], the domain sine equals x,” or, alternatively, is read “y is the inverse sine of x.” Be careful about 
of the inverse sine function is [—1, 1]. the notation used. The superscript —1 that appears in y = sin ! x is not an exponent 
but the symbol used to denote the inverse function f * of f. (To avoid confusion, some 

texts use the notation y = arcsin x instead of y = sin! x.) 
y The inverse of a function f receives as input an element from the range 
: of f and returns as output an element in the domain of f. The restricted sine 


function, y = f(x) = sin x, receives as input an angle or real number x in the 
interval | — aon and outputs a real number in the interval | —1, 1]. Therefore, 


the inverse sine function, y = sin! 





x, receives as input a real number in the 


ie. 1 F xX interval [—1,1] or -1 S x S 1, its domain, and outputs an angle or real number in 
Cad) 4 the interval - 5 =| or “ <ys ~ its range. 
T The graph of the inverse sine function can be obtained by reflecting the restricted 
(1-7) ° portion of the graph of y = f(x) = sin x about the line y = x, as shown in Figure 3. 
Figure 3 
y= sin ==] x24, ovmmmmmm=-Now Work PROBLEM 5 
heya 
a = @ 


2 Find the Value of an Inverse Sine Function 
1 


For some numbers x, it is possible to find the exact value of y = sin “ x. 


| €XAMPLE1 ~ Finding the Exact Value of an Inverse Sine Function 


Find the exact value of: sin! 1 


Solution Let@ = sin ‘1. Then @ is the angle, — a == * whose sine equals 1. 


6=sin!1 — 


1 


sin@ = 1 = By definition of y = sin ~ x 


(continued ) 


*Although there are many other ways to restrict the domain and obtain a one-to-one function, 


es ; T 1 , : 
mathematicians have agreed to use the interval - 7 | , to define the inverse of y = sin x. 
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Now look at Table 1 and Figure 4. 


Table 1 





5 
The only angle @ in the interval - 5% | whose sine is 1 is a (Note that sin 5 


5 as 
also equals 1, but = lies outside the interval | — > 5 , which is not allowed.) So 


1 a 
1 a 
sin 5 





Figure 4 ft 


ommummmmn-Now Work PROBLEM 11 


| EXAMPLE 2 | Finding the Exact Value of an Inverse Sine Function 


1 
Find the exact value of: sin - >) 


1 1 
Solution Let 6 = sin" - =) Then @ is the angle, —— == * whose sine equals — 5 
9 = sin(-3) + <§ <e 
2 2 °° °&4«.2 
noo 8 <9 == 
2 2 2 


(Refer to Table 1 and Figure 4, if necessary.) The only angle in the interval = = | 


oo, iL. 7 
whose sine is — 5 is — 6 SO 


sin" - >) == 
2 6 J 
ome Now Work PROBLEM 17 


i 


For most numbers x, the value y = sin © x must be approximated. 


| EXAMPLE 3 ~ Finding an Approximate Value of an Inverse Sine Function 


Find an approximate value of each of the following functions: 


(a) sin = AB (b) sin -2) 


Express the answer in radians rounded to two decimal places. 


Solution 


(0, 1) 





7 TT Xx 
2 
| (1, —1) 
Figure 7 
V=(0SxX.0 = x=7,—-L= ya d1 
y 
—1 
( - y=x 
y=cos! x 
T 
2 
(0, 1) 





Figure 8 


y=cos*x,-1<x<1,0<y<a 
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(a) Because the angle is to be measured in radians, first set the mode of the calculator 


1 
to radians.* Rounded to two decimal places, sin! ran 0.34. 


A (b) Figure 5(a) shows the solution using a TI-84 Plus C graphing calculator in radian 


mode. Figure 5(b) shows the solution using Desmos. Rounded to two decimal 


1 
places, sin" - =) = —(025. J 


HORMAL FLOAT AUTO REAL RADIAN HP 


sin#( -1/4) 


~, 2926802551 





(0.25 2680055 Lz 
= 





Figure 5 (a) TI-84 Plus C (b) Desmos 


ovmmee-- Now Work PROBLEM 27 


Define the Inverse Cosine Function 


Figure 6 shows the graph of y = cos x. Because every horizontal line y = b, where b 
is between — 1 and 1, inclusive, intersects the graph of y = cos x infinitely many times, 
it follows that the cosine function is not one-to-one. 





Figure6 y=cosx,-w <x<o,-lsy<=l 


However, if the domain of y = cos x is restricted to the interval | 0, 7], the 
restricted function 


O=x=T7 


is one-to-one and has an inverse function.’ See Figure 7 

An equation for the inverse of y = f(x) = cos x is obtained by interchanging x 
and y. The implicit form of the inverse function is x = cos y,0O = y = wz. The explicit 
form is called the inverse cosine of x and is symbolized by y = f !(x) = cos! x 
(or by y = arccos x). 


y = cos x 


( DEFINITION Inverse Cosine Function 


y cos x 


ifand only if x = cosy 


where. =i 4 = I vand 200] y= 7 





J 


Here y is the angle whose cosine is x. Because the range of the cosine 
function, y = cos x, is —1 = y <= 1, the domain of the inverse function y = cos !x 
is —1 =x = 1. Because the restricted domain of the cosine function, y = cos x, 
is0 <= x < 7, the range of the inverse function y = cos 'xisO = y = a. 

The graph of y = cos 'x can be obtained by reflecting the restricted portion of 


the graph of y = cos x about the line y = x, as shown in Figure 8. 


ovxmmmm=-Now Work PROBLEM 7 


*On most calculators, the inverse sine is obtained by pressing | SHIFT | or Ear followed by [sin |. On 


some calculators, [sin | is pressed first, then 1/3 is entered; on others, this sequence is reversed. Consult 
your owner’s manual for the correct sequence. 
'This is the generally accepted restriction to define the inverse cosine function. 
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4 Find the Value of an Inverse Cosine Function 


| EXAMPLE 4 ~ Find the Exact Value of an Inverse Cosine Function 


Find the exact value of: cos! 0 


Solution  Let6@ = cos! 0. Then @ is the angle,0 =< 6 <= 7, whose cosine equals 0. 


Table 2 6=cos!0 0=¢0<7 
cos 86 = 0 QO=¢d0=7 


Look at Table 2 and Figure 9. 





a 

6 

us 

4 

A. 

3 

us 

2 Figure 9 
20: T 3a 
3 The only angle 6 within the interval | 0, 7 | whose cosine is 0 is —. [Note that cos > 
3 
om and cos (- = also equal 0, but they lie outside the interval | 0, 7 |, so these values 
Bar are not allowed.] Therefore, 

6 T 

1h) — 
QO=— 
= COs 5 J 





| €XAMPLE5 | Finding the Exact Value of an Inverse Cosine Function 


4/2 
Find the exact value of: cos - = 


Solution Leté@= cos — > . Then 6 is the angle,0 = 6 S 7, whose cosine equals — a 


2 
a= cos'(-~=) QO=d0=7 





2 
2 
cos 9 = — ae VE 7 =a 
2 
Look at Table 2 and Figure 10. 
3 
The only angle 6 within the interval | 0, 7 | whose cosine is — ne is ve SO 
Figure 10 
cos '( - 2) — 3m J 
2 4 


o_mm_m_me-Now Work PROBLEM 21 


5 Define the Inverse Tangent Function 


Figure 11 on the next page shows the graph of y = tan x. Because every horizontal 
line intersects the graph infinitely many times, it follows that the tangent function 
is not one-to-one. 
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, , T 7 
However, if the domain of y = tan x 1s restricted to the interval (- 7 =) the 
restricted function 


TT TT 
y = tanx ees X Se 
Z Zz 


is one-to-one and so has an inverse function.* See Figure 12. 





son Sm Sent wd id 25 
* | 2 * | 2 * | 2 : * | 2 “ | 2 ‘ | 2 
| | 
| | | | | | 
| | | | | | 
| | | 1 | | | 
| | | | | | 
| | | | | | 
om, AA2T (aT 7 7 T 3m ‘Om 5m) Xx 
2 | B 2 2 | 2 | o4 2 | 
| | l 4 | | l 
| | | | | | 
| | | | | | 
| | | | | | 
| | | | | | 
| | | | | | 
Figure 11 ” Figure 12 a 
y=tanx,-wo <x< oo, X not equal to odd multiples of =, — ce <y< oO y= tanx,-5 < a4 57 2 =O 


An equation for the inverse of y = f(x) = tanx is obtained by interchanging x 
Se , a T T 
and y. The implicit form of the inverse function is x = tany, -~<y<-. 


2 2 
The explicit form is called the inverse tangent of x and is symbolized 


by y =f '(x) = tan 'x (or by y = arctanx). 


(DEFINITION Inverse Tangent Function 


y — tan il and only it 6 — any 


WT WT 
whete =O = y= Co (and) === yy = 


2 2 





J 


Here y is the angle whose tangent is x. The domain of the function y = tan! x 
, 5s 7 : 
is —CO < x < ©, and its range is TF = = 7 The graph of y = tan ‘x can be 


obtained by reflecting the restricted portion of the graph of y = tanx about the 
line y = x, as shown in Figure 13. 


ovmummmm-Now Work PROBLEM 9 


y= tan x 
i " Pi, 
| | 
| | 
a i a a e 
| wee 
| 1 
| ry= tan”! x 
| | 
| | 
7 T x 
2 2 
| | 
| 
| —| | 
| | 
| T | _ 
a ge at at =: — 5 ee ete = —F 
| | 
| | 
| | 
yy, By 
ag a—=3 
< = TT TT 
Figure 13 y = tan tx,-~ <x< 00, as < Y < 


*This is the generally accepted restriction. 
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6 Find the Value of an Inverse Tangent Function 


| €XAMPLE6 | Finding the Exact Value of an Inverse Tangent Function 


Find the exact value of: 


(a) tan! 1 (b) tan! (—V/3) 


Solution (a) Leté@ = tan | 1. Then @ is the angle, oe <@< me whose tangent equals 1. 





2 2 
a4 IT WT 
7 tan dé = <— <0 = a 
2 
e ae ; T 17 
3 Look at Table 3. The only angle 6 within the interval (- 7 = whose 
7 tangent is 1 is os SO 
4 + 
7 tant 1 =— 
Fs 4 
0 (b) Let 0 = tan !(—V3). Then @ is the angle, = —U = * whose tangent 
o equals — V3. 
6 
oe ae ae * 
7 6 = tan !( V3) nS, 
4 
= tand = —V3 tc gc = 
us v) ws 
3 
5 ndenned Look at Table 3. The only angle 6 within the interval (- = =) whose 
tangent is — V3 is — = SO 
TT 
tax! (-V3) = -— 
an(-V3) = -3 J 


ommemeee-Now Work PROBLEM 15 


7 Use Properties of Inverse Functions to Find Exact Values 
of Certain Composite Functions 


Recall from the discussion of functions and their inverses in Section 5.2 that 
f-' (f(x) ) = x for all x in the domain of f and that f(f~'(x)) = x for all x in the 
domain of f '. In terms of the sine function and its inverse, these properties are of 
the form 


(4a) 


je lee) a= cists.) bee: where 7 i 


us 
2 
fGen Giveeas Pe where -1 <x <1 (4b) 





| EXAMPLE 7 | Finding the Exact Value of Certain Composite Functions 


Find the exact value, if any, of each composite function. 


(a) sin "(si =) (b) sin"( si =) 
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Solution (a) The composite function sin "(si =) follows the form of property (4a). 


Because . is in the interval - =i sa use property (4a) to conclude 


sin "(si =) el 
8 8 


5 
b) The composite function sin “!{ sin nal follows the form of property (4a). But 
p 8 properly 





because ous is not in the interval - ba | sin"{ sin =) -- oT 
8 _ wy g) y) g 8 . 


¥; 

1 
(—x, y) \Ii (x, Y) 
(WAY To find sin” sin — , first find an angle @ in the interval | — - =| for 
—1 7 ie 8 2 2 

which sin 6 = sin ~ 
5 3 6. 
Figure 14 illustrates that sin oe = y= sin oe Since 7 is in the 
—1 


xet+y2=1 





; WT WT 
- 2 interval - ae al we can use 4(a). 
Figure 14 sin — = sin — 2 2 
8 8 
sin "(si =) = sin "(si =) = af 
8 8 ) 8 
Use property (4a). =J 
evammmmm=-Now Work PROBLEM 43 
EXAMPLE 8 Finding the Exact Value of Certain Composite Functions 





Find the exact value, if any, of each composite function. 


(a) sin(sin ' 0.5) (b) sin(sin ! 1.8) 


Solution (a) The composite function sin (sin’!0.5) follows the form of property (4b). 
Because 0.5 is in the interval | —1, 1], we can use 4(b). 


sin(sin'0.5) = 0.5 


(b) The composite function sin(sin''1.8) follows the form of property (4b). But 
since 1.8 is not in the domain of the inverse sine function, [ —1, 1], sin '1.8 is not 
defined. Therefore, sin (sin ' 1.8) is also not defined. 


ormmmm==-Now Work PROBLEM 51 


For the cosine function and its inverse, the following properties hold. 


f+Cf(x)) = cos*(cosx) = x Wiehe 0 = 6 —=47, (Sa) 


Gh male ol) =4COs (cosa: — or where -1=x=1 (5b) 





| EXAMPLES © Using Properties of Inverse Functions to Find the Exact Value 


of Certain Composite Functions 


Find the exact value, if any, of each composite function. 


(a) cos "(cos =) (b) cos[ cos '(—0.4) ] 


(c) cos! cos( -=) (d) cos(cos ‘7r) 
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Solution (a) cos "(cos =) = iB a5 is in the interval [0, 7]; use property (5a). 


(b) cos[cos"!(—0.4) ] = —0.4 —0.4 isin the interval [ —1, 1]; use property (5b). 


2 
(c) The angle — is not in the interval [0,7], so property (5a) cannot be 
2 
used. However, because the cosine function is even, cos (- =) = cos = 


2 
Because — is in the interval | 0, 7 |, property (Sa) can be used, and 


cos! cos (- =z) — cos "(cos =) “aid 
3 3 3 


(d) Because 7 is not in the interval [—1, 1], the domain of the inverse cosine 


function, cos | is not defined. This means the composite function cos (cos ! 7) 


is also not defined. 
emmummmn-NOW Work PROBLEMS 39 AND 55 


For the tangent function and its inverse, the following properties hold. 


f '(f(x)) =tan'(tanx) =x where 3 2 


2 


fe )) = fami tenies a) =x Which: Oc") =) 60 





ommmmm__==-Now Work PROBLEM 45 


8 Find the Inverse Function of a Trigonometric Function 


| EXAMPLE 10 | Finding the Inverse Function of a Trigonometric Function 


(a) Find the inverse function f | of f(x) = 2sinx — 1, — a= os 


(b) Find the range of f and the domain and range of f '. 


Solution (a) The function fis one-to-one and so has an inverse function. Follow the steps on 
page 273 for finding the inverse function. 





y=2sinx7 = 1 
x = 2siny —1 Interchange x and y. 
x+1=2siny Solve for y. 
, ce ol 
siny = 5 
y= sin! a Definition of inverse sine function 


Som 

The inverse function is f-'(x) = sin | ~ 

(b) To find the range of f, use the fact that the domain of f ' equals the range 
of f. Since the domain of the inverse sine function is the interval | —1, 1], the 


+ 1 
z must be in the interval [| —1, 1 ]. 





argument 





—2Sx+1=2 Multiply by 2. 


oe al Subtract 1 from each part. 


SECTION 7.1 The Inverse Sine, Cosine, and Tangent Functions 459 


NOTE The range of f also can be The domain of f ! is {x|-—3 <x <1}, or the interval [ —3, 1]. So the range 


found using transformations. The range 
of y = sinx is [—1,1]. the range of 
y = 2sinx Is [—2, 2] due to the vertical of fis 
stretch by a factor of 2. The range of 22 
f (x) = 2sinx —1is [—3, 1] due to the 


T Ws 


} 


shift down of 1 unit. SB ewemeee-Now Work prRosBLEM 61 


of fis the interval [ —3, 1]. The range of f ' equals the domain of f. So the range 


i 


9 Solve Equations Involving Inverse Trigonometric Functions 


Equations that contain inverse trigonometric functions are called inverse 
trigonometric equations. 


| EXAMPLE 11 — Solving an Inverse Trigonometric Equation 


Solve the equation: 3 sin- 


1 


X = 7 


Solution To solve an equation involving a single inverse trigonometric function, first isolate 
the inverse trigonometric function. 


3 sin 


Sin 


ih 


1 


X = 


X = 


wl a 


Divide both sides by 3. 


sin = y = sin” ’x ifand only if x = siny. 


V3 


, a 


Z 


5 
The solution set is {x2}. 


ommmmm_m_me-Now Work PROBLEM 67 


7.1 Assess Your Understanding 


‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. What are the domain and the range of y = sinx? 
(pp. 393-394) 


2. If the domain of a one-to-one function is | 3, co), the range 
of its inverse is . (pp. 267-274) 


Concepts and Vocabulary 


Ns. y = sin! x if and only if ,~ where —1 = 4 = 1 
and-—<y<— 
2 
6. cos !(cos x) = x for all numbers x for which 
‘\ 7. True or False The domain of y =cos!xis-1=x<=1. 


8. True or False sin(sin'0) = 0 andcos(cos !0) = 0. 


\ 


3. True or False The graph of y = cos x is decreasing on the 
interval | 0, 7 |. (pp. 409-410) 
4. tan— = - sin = in(-2) = 
- tan] ; sin®, ; Ss F 
COS 7 = . (pp. 377-386) 


9. 


10. 


True or False y = tan ' x if and only if x = tany, 


7 7 
WHEE “ODS. OO. ONG ee 


Multiple Choice sin''(sinx) = x for all numbers x for 
which 
(a) —-O <x¥< © (b) OS x57 
7 7 
-1<x<1 d) -—<x=- 
() -1sx @ -S#s x54 
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Skill Building 


In Problems 11-26, find the exact value of each expression. 


Nou. sin 0 12. cos! 1 13. sin! (-1) 14. cos!(—1) 
2 3 
‘\ 15. tan! 0 16. tan '(—1) X17. sin! a 18. tan! “ 
3 3 2 
19. tan! V3 20. sin - ~) Noa cos - x) 22, sin'( + <) 


2 1 3 1 
23. cos 32 24. cos - ;) ZS. tan'(- ¥) 26. sin | 5 


In Problems 27-38, use a calculator to find the approximate value of each expression rounded to two decimal places. 


27. sin 0.1 28. cos! 0.6 29. tan”! 5 30. tan! 0.2 
4! 4 i —1 -1 
31. cos 8 32. sin 8 33. tan“ (—0.4) 34. tan“ (—3) 
2 3 
35. sin '(—0.12) 36. cos '(—0.44) 37. cos 7 38. sin | “ 


In Problems 39-58, find the exact value, if any, of each composite function. [f there is no value, state it is “not defined.” Do not use a calculator. 


\ 39. cos cos) m|sin(—) | n(-F) wv sn( 5) 
. 39. cos “| cos 5 40. sin *| sin i0 41. tan “| tan 3 42. sin “| sin 5 

‘ 9 5 4 2 

~‘ 43. sin "(si =z) 44. cos "| cos( - =) ‘\ 45. tan'(tan Si 46. tan! tan( — =) 


ar conoor(—F)] at sin a(—FF)] tLe) 0. na) 


e 1 e) 
NX 51 sin( sin :) 52. cos| cos - =) 53. tan(tan '4) 54, tan| tan }(—2) 


Go 


a | 


A 55. cos(cos!1.2) 56. sin| sin !(—2) 5/. tan (tan'7 ) 58. sin| sin’! (—1.5) 


In Problems 59-66, find the inverse function f—' of each function f, Find the range of f and the domain and range of f_'. 


59. f(x) =5sinx +2; -~<x=<— 60. f(x) = 2tanx —-3;-—~<x<— 
2 2 Z 2 
\. 61. f(x) = —2 cos (3x):0 = x ae 62. f(x) = 3 sin(2x);- 7S x nF 
63. f(x) = —tan(x +1) — 3-1" <x <te 1 64. f(x) =cos(xn 2) lp-2 S227 => 2 
i 1 oe@7 Z 2 7 
: = 3sin(2x+1);-mpo-msxs -xzte , =2 +2); --Sx8-s4+ > 
65. f(x) = 3 sin(2x iP yes x yt 66. f(x) cos (3x ie 3 =H Bt A 


In Problems 67-74, find the exact solution of each equation. 


\ 67. 4sin lx = 7 68. 2cos!x = a7 
69. 3cos !(2x) = 2a 70. —6sin (3x) = 7 
71. 3tan'!x =a 72. —4tan'!x =7 


73. 4cos !x — 27 = 2cos !x 74. 5sin ‘x — 27 = 2sin !x — 3a 


Applications and Extensions 


In Problems 75-80, use the following discussion. The formula 


cos /(tani tan @) 
D = 24) 1 — ——————_ 


TT 


can be used to approximate the number of hours of daylight D 
when the declination of the Sun is i° at a location 6° north latitude 
for any date between the vernal equinox and autumnal equinox. 
The declination of the Sun is defined as the angle i between the 
equatorial plane and any ray of light from the Sun. The latitude of 
a location is the angle 6 between the Equator and the location on 
the surface of Earth, with the vertex of the angle located at the center 
of Earth. See the figure. To use the formula, cos ‘(tan i tan 6) must 
be expressed in radians. 






73. 


76. 


77. 


78. 


79. 


80. 





Equator Equator 





Approximate the number of hours of daylight in Houston, 

Texas (29°45’ north latitude), for the following dates: 

(a) Summer solstice (i = 23.5°) 

(b) Vernal equinox (i = 0°) 

(c) July 4 (¢ = 22°48") 

Approximate the number of hours of daylight in New York, 

New York (40°45’ north latitude), for the following dates: 

(a) Summer solstice (i = 23.5°) 

(b) Vernal equinox (i = 0°) 

(c) July 4 (¢ = 22°48") 

Approximate the number of hours of daylight in Honolulu, 

Hawaii (21°18’ north latitude), for the following dates: 

(a) Summer solstice (i = 23.5°) 

(b) Vernal equinox (i = 0°) 

(c) July 4 (¢ = 22°48’) 

Approximate the number of hours of daylight in Anchorage, 

Alaska (61°10' north latitude), for the following dates: 

(a) Summer solstice (i = 23.5°) 

(b) Vernal equinox (i = 0°) 

(c) July 4 (¢ = 22°48") 

Approximate the number of hours of daylight at the 

Equator (0° north latitude) for the following dates: 

(a) Summer solstice (i = 23.5°) 

(b) Vernal equinox (i = 0°) 

(c) July 4 (¢ = 22°48’) 

(d) What do you conclude about the number of hours 
of daylight throughout the year for a location at the 
Equator? 


Approximate the number of hours of daylight for any 

location that is 66°30’ north latitude for the following dates: 

(a) Summer solstice (i = 23.5°) 

(b) Vernal equinox (i = 0°) 

(c) July 4 (¢ = 22°48’) 

(d) Thanks to the symmetry of the orbital path of Earth 
around the Sun, the number of hours of daylight on the 
winter solstice may be found by computing the number of 
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81. 


6° North latitude 


82. 





Rotation 
of Earth 


hours of daylight on the summer solstice and subtracting 
this result from 24 hours. Compute the number of hours 
of daylight for this location on the winter solstice. What 
do you conclude about daylight for a location at 66°30’ 
north latitude? 


Being the First to See the Rising Sun Cadillac Mountain, 
elevation 1530 feet, is located in Acadia National Park, 
Maine, and is the highest peak on the east coast of the 
United States. It is said that a person standing on the summit 
will be the first person in the United States to see the rays 
of the rising Sun. How much sooner would a person atop 
Cadillac Mountain see the first rays than a person standing 
below, at sea level? 







i .—_ Fj 


'St rays 
a Sun 


[Hint: Consult the figure. When the person at D sees the first 
rays of the Sun, the person at P does not. The person at P 
sees the first rays of the Sun only after Earth has rotated 
so that P is at location Q. Compute the length of the arc 
subtended by the central angle 0. Then use the fact that 
at the latitude of Cadillac Mountain, in 24 hours a length 
of 277-2710 ~ 17027.4 miles is subtended. ] 


Movie Theater Screens Suppose that a movie theater has a 
screen that is 28 feet tall. When you sit down, the bottom of 
the screen is 6 feet above your eye level. The angle formed 
by drawing a line from your eye to the bottom of the screen 
and another line from your eye to the top of the screen is 
called the viewing angle. In the figure, 6 is the viewing angle. 
Suppose that you sit x feet from the screen. The viewing 
angle 6 is given by the function 


O(x) = tan-( =) — 


28 feet 


(a) What is your viewing angle if you sit 10 feet from the 
screen? 15 feet? 20 feet? 

(b) If there are 5 feet between the screen and the first 
row of seats and there are 3 feet between each row 
and the row behind it, which row results in the largest 
viewing angle? 








(continued ) 
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rs (c) Using a graphing utility, graph /§ 84, Areaundera Curve The area under the graph of y = ; 


ae 
0(x) = tan-'( =) — tan” (<) and above the x-axis between x = aand x = bis given by 


sin b — sina 


What value of x results in the largest viewing angle? 

i See the figure. 
1+ x? 
and above the x-axis between x = a and x = bis given by 


ix 83. Area under a Curve The area under the graph of y = 


tan! b — tan! a 


See the figure. 





1 
1 (a) Find the exact area under the graph of y = ———— 
(a) Find the exact area under the graph of y = ‘ee and oe . V1- x? 
x 
, V3 
above the x-axis between x = Oandx = V3. and above the x-axis between x = 0 and x = > 
1 1 
(b) Find the exact area under the graph of y = we and (b) Find the exact area under the graph of y = —_ 
x =e 
3 ; 1 il 
above the x-axis between x = — = and x = 1. and above the x-axis between x = — 5 and x = 5" 
Problems 85 and 86 require the following discussion: Ci : - 
it Latitude Longitude 
The shortest distance between two points on Earth’s surface can be determined from the latitude and u 
longitude of the two locations. For example, if location 1 has (lat, lon) = (a1, B,) and location2 | Chicago,IL 41°50"N  87°37'W 
has (lat, lon) = (a, B>), the shortest distance between the two locations is approximately Honolulu, HI 21°18’N_ 157°50’W 
d = rcos '[ (cos a; cos By cos a2 cos By) + (cos ay sin B; cos ay sin By) + (sin a; sin ay) J, Melbourne, 37°47'S  144°58’E 
where r = radius of Earth ~ 3960 miles and the inverse cosine function is expressed in radians. | Aystralia 





Also, N latitude and E longitude are positive angles, and S latitude and W longitude are negative 
angles. 


Source: www.infoplease.com 


85. Shortest Distance from Chicago to Honolulu Find the shortest 87. Challenge Problem Solve: 
distance from Chicago, latitude 41°50'N, longitude 87°37'W, 4 
to Honolulu, latitude 21°18'N, longitude 157°50'W. Round cos (sin | 2 tan( cos +) 
your answer to the nearest mile. 


86. Shortest Distance from Honolulu to Melbourne, Australia 88. Challenge Problem Find u in terms of x and r: 


Find the shortest distance from Honolulu to Melbourne, 
Australia, latitude 37°47'S, longitude 144°58'E. Round your 
answer to the nearest mile. 


x . Z 
tan( cos *) = sin(tan | uw) 
r 


Retain Your Knowledge 


Problems 89-98 are based on material learned earlier in the course. The purpose of these problems is to keep the material fresh in your 
mind so that you are better prepared for the final exam. 
89. Solve:| 3x —2| + 559 





y=Xx 
90. State why the graph of the function f shown to the right is one-to-one. : 
Then draw the graph of the inverse function f 1. 
Hint: The graph of y = x is given. f (2 1) 





91, The exponential function f(x) = 1 + 2" is one-to-one. Find f 1. —4 (1,0) 4 x 
1 1 3 1 
92. Factor: Qe 1)" (3) 2 — (3) a Or se 1) 
93. Solve: e** + 7 = 10 


94. The diameter of each wheel of a bicycle is 20 inches. If the wheels are turning at 336 revolutions per minute, 
how fast is the bicycle moving? Express the answer in miles per hour, rounded to the nearest integer. 
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95. Find the exact value of sin 5 COs 7 


24 
96. If cos é = 55° find the exact value of each of the remaining five trigonometric functions of acute angle 0. 


97. If sin 6 > O and cot 6 < 0, name the quadrant in which the angle @ lies. 


/X98. Find the average rate of change of f(x) = tan x from 7 to rm 





‘Are You Prepared?’ Answers 


1. Domain: the set of all real numbers; Range: -1 = y = 1 2. [3, 0) 3. True 4. 1; 


7.2 The Inverse Trigonometric Functions (Continued) 


PREPARING FOR THIS SECTION Before getting started, review the following: 


e Finding Exact Values of the Trigonometric Functions, ¢ Domain and Range of the Secant, Cosecant, and 
Given the Value of a Trigonometric Function and the Cotangent Functions (Section 6.3, pp. 393-394) 
Quadrant of the Angle (Section 6.3, pp. 399-402) 

Graphs of the Secant, Cosecant, and Cotangent 
Functions (Section 6.5, pp. 424-427) 


\ Now Work the ‘Are You Prepared?’ problems on page 466. 


OBJECTIVES 1 Define the Inverse Secant, Cosecant, and Cotangent Functions (p. 463) 
2 Find the Value of Inverse Secant, Cosecant, and Cotangent Functions (p. 464) 


3 Find the Exact Value of Composite Functions Involving the Inverse 
Trigonometric Functions (p. 465) 


4 Write a Trigonometric Expression as an Algebraic Expression (p. 466) 





1 Define the Inverse Secant, Cosecant, and Cotangent Functions 


The inverse secant, inverse cosecant, and inverse cotangent functions are defined 
as follows: 


ber INITION Inverse Secant, Cosecant, and Cotangent Functions 


e y=sec!x ifandonlyif x = secy 


where |x| 21 and OSy<=a7, y# . (1) 
ey=csc!x ifandonlyif x =cscy 
where |x| =1 and — y= =: ya! (2) 


°e y=cot!x ifandonlyif x =coty 


whete =—©0 =7 = © and W= y= | 


(3) J 


Take time to review the graphs of the cotangent, cosecant, and secant functions 
in Figures 63, 66, and 67 in Section 6.5 to see the basis for these definitions. 


ovrmummm=-Now Work PROBLEM 4 


or — 7 377 
*Most texts use this definition. A few use the restriction0 = y < at =) = a 

ee — 7 7 
’ Most texts use this definition. A few use the restriction —7 < y = re Cay = FF 


464 


NOTE Remember that the range of 
= sin x 1s -22 and that the 
2 2 


range of y = cos ‘xis [0, 7]. 
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2 Find the Value of Inverse Secant, Cosecant, and Cotangent 


Functions 
| €XAMPLE1 | Finding the Exact Value of Inverse Secant, Cosecant, and Cotangent 
Functions 
Find the exact value of each expression. 
(a) sec} 1 (b) esc *2 (c) cot !(— V3) 
Solution (a) Let 6 = sec !1. Then @ is the angle,0 =< 0 <= 7,6 # =i whose secant equals 1 


(b) 


(c) 


(or, equivalently, whose cosine equals 1). 


6=sec!1 0=86 


IA 
3 

cs 
Yk 


NIA wa 


sec? = 1 O=@d0s 


3 
a 
Yh 


The only angle 6 for which OS 057,04 whose secant is 1 is QO, 
sosec !1 = 0. 


Let 6 = csc! 2. Then @ is the angle, = =o = on 8 ~ 0, whose cosecant 


WT WT 
9=csc'2 -~=<0=-, 0640 
CSC 5 5 
TT TT 
g=2 —==90=>, 040 
CSC 5 5 
Ww Ww oc dt Save 
The only angle @ for which ee 0 =e ~ 0, whose cosecant is 2 is 6" 
socse 2 = = 
6 


Let 0 = cot !(— V3). Then @ is the angle, 0 < 6 < 7, whose cotangent 
equals — 73. 


6 = cot 1(- V3) 0<0<a7 


cot@ = —V3 0O<0<7 
5 
The only angle 6 for which 0 < 6 < mw whose cotangent is ~V3 is ra 
Sa 
-1/_ = 
so cot ( V3) 6 2 


omme--Now Work PROBLEM 11 


Most calculators do not have keys that evaluate the inverse cotangent, cosecant, or 
secant functions. The easiest way to evaluate them is to convert each to an inverse 
trigonometric function whose range is the same as the one to be evaluated. In this 


regard, notice that y = cot 'x and y = sec” 
same range as y = cos" 


'x, except where undefined, have the 


. 'x, except where undefined, has the 


x and that y = csc” 
1 


same range as y = sin “Xx. 


| EXAMPLE 2 | Approximating the Value of Inverse Trigonometric Functions 


Use a calculator to approximate each expression in radians rounded to two 
decimal places. 


(a) sec 13 (b) csc '(-4) (c) cot! (d) cot '(—2) 
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Solution First, set the calculator to radian mode. 


(a) Let 6 =sec '3. Then secO = 3 and 0<60<7,0 #4 =" Now find cos @ 


1 


because y = cos |x has the same range as y = sec 'x, except where undefined. 


1 il 1 
Because sec 9 = —— = 3, this means cos 8 = ~. Then 6 = cos! 3° and 
C 


os 6 


1 
sec !3 =@= cos! = 1,23 
t 


Use a calculator. 


(b) Let 6 = csc '(—4). Then csc 6 = —4, Ss =) = 5 o # 0. Now find sin @ 


because y = sin | x has the same range as y = csc ! 


x, except where undefined. 


il | 1 
Because csc 0 = ——~ = —4,this means sin 0 = ——. Then @ = sin" (- +). and 
sin 6 4 4 


1 
csc 1(-4) =0= sin - ;) a =D 


1 if 
(c) Let 6=cot! 5 Then cot 6 = 7 0<6< 7. Since cot@ > 0, it follows 


that @ lies in quadrant I. Now find cos 6 because y = cos ‘x has the same 
range as y =cot !x, except where undefined. Use Figure 15 to find 





, 1 1 T 1 
Figure 15 cotd=+,0<60<7 that cos 9 = —=,0 <60<—So,d= cos'( +) and 
2 V5 : V5 
| 1 
cot '—==@= cos'( +.) = 1.11 
2 V5 


(d) Let 6 = cot !(—2). Then cot @ = —2,0 <6 <7. Since cot6@ < 0, @ lies 





2 
in quadrant II. Use Figure 16 to find that cos 6 = vrei < 0 <7. This 
2 
means 6 = cos - =), and 
V5 
cot }(-2) =@= cos (+ =.) ~ 2.68 
V5 J 
Figure 16 cot@ = —-2,0<60<7 oommmmmme=-Now Work PROBLEM 21 


3 Find the Exact Value of Composite Functions Involving the 
Inverse Trigonometric Functions 





Finding the Exact Value of an Expression Involving Inverse 
Trigonometric Functions 


il 
Find the exact value of: sin( tan ;) 


; 1 1 
Solution Leté = tan! >: then tan 0 = > where a =< 6< 5 Because tan 0 > 0, 


1 
it follows thatO < 6 < - so @ lies in quadrant I. Because tan 6 = ra = letx =2 
and y = 1.Sincer = d(O,P) = V2 +7 = V5, the point P = (x,y) = (2,1) 
is on the circle x7 + y? = 5. See Figure 17. Then 





sin( tan >) = sin@ = os Vs 
; 2 V5 5 
Figure 17 tang = = | fi a al 
2 sin 0 - _J 
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Finding the Exact Value of an Expression Involving Inverse 
Trigonometric Functions 


1 
Find the exact value of: cos sin - =) | 


; il 1 
Solution Let 6 = sin -). Then sind = "3 and = és a Because 
=], 
sin 0 < 0, it follows that = <= 6 < 0,s0@ lies in quadrant IV. Since sin 6 = 3 = = 


let y = —1 and r = 3. The point P = (x,y) = (x,-1),x > 0, is on a circle of 
radius 3, x” + y* = 9. See Figure 18. Then x” = 8 and x = 2/2 so 








1 af 1\]_ 20 
Figure 18 sing = -3 a Nae 3) i] oo 3 
| cose = 2 
cos #0 = - J 
Finding the Exact Value of an Expression Involving Inverse 
Trigonometric Functions 
1 
Find the exact value of: tan| cos - =) 
af 1 1 | 
y Solution Let 8 = cos = . Then cos 0 = "3 and0Q = @ = wz. Because cos 0 < 0, it follows 


that = < 6 < 7,so@lies in quadrant II.Since cos 6 = cs = - letx = —landr = 3. 





The point P = (x,y) = (—1,y), y > 0,is ona circle of radius r = 3,x7 + y? = 9. 
See Figure 19. Then y* = 8 andy = 2/2. Since x = —1, we have 


il 22 
tan| cos - =) = tan@d = ava = 972 


| tan o = 2 al 


Now Work PROBLEMS 33 AND 51 





7 
3 


Figure 19 cos@ = — ; _ ; : ; ; 
4 Write a Trigonometric Expression as an Algebraic Expression 





LX Writing a Trigonometric Expression as an Algebraic Expression 


Write sin(tan !w) as an algebraic expression containing u. 


: T T , 
Solution Let 6=tan ‘wu so that tan@ = u,-—<6@0< —,-—©% <u < ©. This means 
2 2 
sec 60 > 0. Then 


_ ; cos 0 tan 6 tan 6 
sin(tan uw) = sin@ = sin@-—— = tan@cos@ = = 


ul 
os 6 t sec 6 t Vi+tanrr@ V1l+u* 


cos@ sind 





= tand sec? 9 = 1 + tan’ 0 
sec0 > 0 J 








Mutt LS 
Bey cos@ cosé@ 


opmtmm_=-Now Work PROBLEM 61 


7.2 Assess Your Understanding 


‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. What are the domain and the range of y = sec x? (pp.393-394) 3. If tané = ; “5 <@9< me then sin @ = 
2. True or False The graph of y = sec x is one-to-one on the (pp. 399-402) 


set 0, >) U (5. ap (pp. 424-427) 


SECTION 7.2 The Inverse Trigonometric Functions (Continued) 


Concepts and Vocabulary 


467 


~~ 4. y = sec! xifand only if ,where |x| 6. True or False It is impossible to obtain exact values for the 
3 inverse secant function. 
= 7 es ; 
an YS Z 7. True or False csc‘ 0.5 is not defined. 
5. To find the inverse secant of a real number x, |x| = 1, 8. 





convert the inverse secant to an inverse is the set of real numbers. 


Skill Building 


In Problems 9-20, find the exact value of each expression. 


AN 11. csc! 


9. cot! V3 10. cot! 1 (—1) 12. 
2 

13. sec | 2V3 14. sec 1(—2) 15. cot 4(- ~) 16. 

17. sec !(-V/2) 18. cot '(—1) 19. csc !(— V2) 20. 


True or False The domain of the inverse cotangent function 


csc | V2 
( 2V3 
csc | — — 


sec /1 


In Problems 21-32, use a calculator to find the approximate value of each expression rounded to two decimal places. 


23. cot !2 


27. cot” ( = V5) 


3 
| -= 
cot (-3) 


22. csc! 5 


1 
25. csc }(—3) 26. cot (5) 


3 4 
29. eso-'(- >) 30. seo-'( - +) 


In Problems 33-60, find the exact value of each expression. 


‘NX 33. 


\ 21. sec 1} 4 


31. 


24. 


28. 


32. 


sec !(—3) 


cot '(—8.1) 


cot !( ~V‘10) 


2 1 1 
cos( sin <=) 34. sin( cos 5) 35. tan| cos - ~)| 36. tan sin — >) 
py yi py) 2 
dl 1 
37. seo( cos! =) 38. cot sin "( = >) 39. csc(tan! 1) 40. sec( tan! V3) 
3 1 2) 
41. sin{ tan | (= 1) | 42. cos sin - ~)| 43. seo sin '( - >) 44. ese] cos (- ~)| 
5 2 7 
45. cos "(sin =z) 46. tan"(cot =z) 47. sin" cos( - =) 48. cos! tan( — =) 
4 3 6 4 
1 1 1 Z 
49. tan( sin =) 50. tan( cos =) ‘\ 51. seo{ tan 5) 523 cos( sin - =) 


53. cot sin "( - <=) . esc[ tan! (—2) ] . sin{ tan! (—3) ] 


(sri) (5) (om) 
sec| Sin csc| tan oy sin ae 


57. — 
In Problems 61-70, write each trigonometric expression as an algebraic expression in u. 


58. 39, 


‘ cot) cos 


(Ss) 


. COS +1(sin =) 


\ 61. cos(tan! w) 62. sin(cos | u) 63. tan(sin | w) 64. tan(cos | u) 65. sin(sec | u) 
66. sin(cot | uw) 67. cos(csc ! uw) 68. cos(sec | u) 69. tan(cot ! u) 70. tan(sec | u) 
Mixed Practice In Problems 71-82, f(x) = sin x, -= <x 53 8(2) = cos x,0 = x S$ mj;andh(x) = tan x, — S <= = Find the 


exact value of each composite function. 


nAr()) mw de(§) 
1s, n(f(-2) m8. W(@(-5)) 
%. ¢'(*(-2)) 0. 1(1(-Z)) 


| 
one 
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Applications and Extensions 


Problems 83 and 84 require the following discussion: When (b) What is the height of such a pile if the diameter of the 
granular materials are allowed to fall freely, they form conical base is 8 feet? 

(cone-shaped) piles. The naturally occurring (c) A 6-foot-high pile of loose Tour Grade 50/50 sand has 
angle, measured from the horizontal, at a base diameter of approximately 8.44 feet. Which type 
which the loose material comes to rest of sand (USGA or Tour Grade 50/50) would be better 
is called the angle of repose and varies suited for steep bunkers? 

for different materials. The angle of 
repose @ is related to the height h and the 
base radius r of the conical pile by the 





Source: Purdue University Turfgrass Science Program 





85. Artillery A projectile fired into the first quadrant from 
the origin of a rectangular coordinate system will pass 
through the point (x,y) at time ¢ according to the 


. a 


equation 0 = cot! x See the figure. 


83. Angle of Repose: De-icing Salt Due to potential ; 5 

ee relationship cot @ = ———~,, where 0 = the angle of 
transportation issues (for example, frozen waterways), 2y + gt? 
de-icing salt used by highway departments in the Midwest elevation of the launcher and g = the acceleration due 
must be ordered early and stored for future use. When to gravity = 32.2 feet/second’. An artilleryman is firing at 
de-icing salt is stored in a pile 14 feet high, the diameter of the an enemy bunker located 2450 feet up the side of a hill that 
base of the pile is 45 feet. is 6175 feet away. He fires a round, and exactly 2.27 seconds 
(a) Find the angle of repose for de-icing salt. later he scores a direct hit. 
(b) What is the base diameter of a pile that is 17 feet high? (a) What angle of elevation did he use? 
(c) What is the height of a pile that has a base diameter of (b) If the angle of elevation is also given by sec @ = 3 


ly 122 feet? ; 
approximately co where vo is the muzzle velocity of the weapon, find the 


Source: Salt Institute, The Salt Storage Handbook, 2015 muzzle velocity of the artillery piece he used. 
84. Angle of Repose: Bunker Sand The steepness of sand 
bunkers on a golf course is affected by the angle of repose of 


the sand (a larger angle of repose allows for steeper bunkers). 





Source: www.egwald.com/geometry/projectile3d.php 
86. Challenge Problem Find the exact value: 





A freestanding pile of loose sand from a United States Golf es seo sin Fe. tant )| 
Association (USGA) bunker had a height of 4 feet and a base 6 
diameter of approximately 6.68 feet. 87. Challenge Problem Write as an algebraic expression in x: 


(a) Find the angle of repose for USGA bunker sand. sec{tan ![sin(cos!|x|)]} 


Explaining Concepts: Discussion and Writing 


88. Explain in your own words how you would use your 89. Consult three books on calculus, and then write down the 
calculator to find the value of cot™! 10. definition in each of y = sec | x and y = csc | x. Compare 
these with the definitions given in this text. 


Retain Your Knowledge 


Problems 90-99 are based on material learned earlier in the course. The purpose of these problems is to keep the material fresh in your 
mind so that you are better prepared for the final exam. 








90. Find the complex zeros of f(x) = x* + 21x? — 100. 95. Solve: logs (x? + 16) = 2 
91. Determine algebraically whether f(x) =x°+x7-—x 96. If f(x) = Vx —3 and g(x) = = — , find the domain 
is even, odd, or neither. ( A) 
of ("=| (x). 
92. Convert 315° to radians. g a 
93. Find the length of the arc subtended by a central angle 97. Find the equation of a sine function with amplitude 4, 
of 75° on a circle of radius 6 inches. Give both the exact period us and phase shift 1. 
length and an approximation rounded to two decimal /e 7 
places. /X 98. Rationalize the numerator: —< 
: etal © 
94. Consider f(x) = —2x”? — 10x + 3. 
(a) Find the vertex. X99. Find the average rate of change of f(x) = sin x 
(b) Is the parabola concave up or concave down? fon ete nis 
(c) Find where fis increasing and where f is decreasing. 2 30 
‘Are You Prepared?’ Answers 
. . . uy V5 
1. Domain: . x # odd integer multiples of = Range: {y|y = -lory=1} 2. ‘Irue J: = 
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7.3 Trigonometric Equations 


PREPARING FOR THIS SECTION Before getting started, review the following: 


e Solving Equations (Section A.6, pp. A44—A51) e Using a Graphing Utility to Solve Equations 


e Values of the Trigonometric Functions (Section 6.2, (Section B.4, pp. Bo-B8) . 
pp. 377-386) e Fundamental Identities (Section 6.3, pp. 397-399) 


\ Now Work the ‘Are You Prepared?’ problems on page 474. 


OBJECTIVES 1 Solve Equations Involving a Single Trigonometric Function (p. 469) 
2 Solve Trigonometric Equations Using a Calculator (p. 472) 
3 Solve Trigonometric Equations Quadratic in Form (p. 473) 
4 Solve Trigonometric Equations Using Fundamental Identities (p. 473) 
5 Solve Trigonometric Equations Using a Graphing Utility (p. 474) 





In this section, we discuss trigonometric equations—that is, equations involving 
trigonometric functions that are satisfied only by some values of the variable 
(or, possibly, are not satisfied by any values of the variable). The values that satisfy 
the equation are called solutions of the equation. 


1 Solve Equations Involving a Single Trigonometric Function 


| €XAMPLE 1 ~ Checking Whether a Given Number Is a Solution 


of a Trigonometric Equation 


Determine whether 0 = ‘is a solution of the equation 2 sin@ — 1 = 0. Is 8 = 2 
a solution? 


Solution Replace 6 by in the equation 2 sin @ — 1 = 0. The result is 
2 
rsinZ ~1=2-%2 1 = V2-1 #0 


7. , 
Therefore, ri is not a solution. 


Next replace 6 by cin the equation. The result is 


7 1 
2sin@— 1 = 242-1=0 
sins 5 
T : 
Therefore 6 is a solution of the equation, 2 sin é — 1 = 0. J 
The equation 2 sin 6 —1 = 0 in Example 1 has other solutions besides 6 = = 
5 13 

For example, 0 = - is also a solution, as is 6 = a (Check this for yourself.) In 


fact, the equation has an infinite number of solutions because of the periodicity 
of the sine function, as can be seen in Figure 20 on the next page, which shows the 
graph of y = 2 sinx — 1. Each x-intercept of the graph represents a solution to the 
equation 2 sinx — 1 = 0. 
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Figure 20 y= 2sinx — 1 


Unless the domain of the variable is restricted, we need to find al/ the solutions 


of a trigonometric equation. As the next example illustrates, finding all the 
solutions can be accomplished by first finding solutions over an interval whose 
length equals the period of the function and then adding multiples of that period 
to the solutions found. 


Finding All the Solutions of a Trigonometric Equation 





1 
Solve the equation: cos 6 = 5 


Give a general formula for all the solutions. List eight of the solutions. 


Solution The period of the cosine function is 27r. In the interval [ 0,27), there are two 
1 5 
angles 6 for which cos 6 = 7 9 = a and@ = os See Figure 21. Because the cosine 





Figure 22 


1 
function has period 27, all the solutions of cos 9 = > may be given by the general 
formula 


- 
6=—+2ka or 0= = + 2ka7 k any integer 


3 


22 .@ & 22, /0, Ma .e if 
ca a So fo 3 BT ' 3 J 
k= -I1 k= k = re. 


1 
re /check: To verify the solutions, graph Y; = cos x and Y5 = 5 and determine 


where the graphs intersect. (Be sure to graph in radian mode.) See 


TT 


Figure 22.The graph of Y, intersects the graph of Y> at x = 1.05 ( 3 }, 


57 711 117 
24| ~—— ; ~~ 11.52| =~— 
5 ( =),7.33( =), and 5 ( 3 


decimal places. 


ommemee-Now Work PROBLEM 37 


trigonometric equations for 0 <= @ < 27. 


) rounded to two 


In most of the work we do, we shall be interested only in finding solutions of 
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| EXAMPLE 3 ~ Solving a Linear Trigonometric Equation 


Solve the equation: 2 sin @ + V3 = OC 0 @ = 27 
Solution First solve the equation for sin 6. 
2sind + V3 =0 
2sind = —V3 Subtract V3 from both sides. 


Ve 
sin 6 = ——— _ Divide both sides by 2. 


2 
4 
In the interval | 0,277), there are two angles 6 for which sin @ = ———~ 6 = - 
4 
and @ = 27, The solution set is os sm 
3 3° «3 _J 


ofmm,:=-- Now Work PROBLEM 13 


When the argument of the trigonometric function in an equation is a multiple 
of 6, the general formula is required to solve the equation. 





Solving a Trigonometric Equation Involving a Double Angle 


1 
Solve the equation: sin(20) = 5 V0 <— 77 


1 =) 
Solution _In the interval [ 0, 277), the sine function equals > at 7 and a See Figure 23(a). 
In the interval | 0, 277), the graph of y = sin(26) completes two cycles, and the graph 


1 
of y = sin(2@) intersects the graph of y = 5 four times. See Figure 23(b). So, there 


1 
are four solutions of the equation sin(26) = 5 in the interval | 0,27). To find the 


solutions, use 20 in the general formula that gives all the solutions. 


J 
20 = - + 2k7 or 20 = 7 + 2k7 kaninteger The argument is 20. 








5 
d= 7a +kr or @9= 7 + kar Divide by 2. 
y Then 
1 T —ll7 S57 1 
ig 9=— + (-1)a= k=-1 9=—~4 (-1)n=—— 
i= pt r=, yt r= 
1 : _ @=—+0er=5 ce toch 
is 12 eT ~ 12 "12 
Figure 23 foi bay $s tee = 
oo 12 eee) ~ 12 1 
25a7 Sa 29a 
= 42g" k=2 mit Jeg = 
Og FT 5 Gt? 12 
1 5 13 
| | | In the interval | 0, 277 ), the solutions of sin(20) = —are@ = = g= =T 9 = =i. 
WARNING In solving a trigonometric Z 12 12 12 


177 aw Sa 137 177 _, 
and @ = 7" The solution set 1s =. 12’ 2° 1D \ The graph of y = sin (26) 


equation for 6,0 S @ < 2z, in which 
the argument is not @ (as in Example 4), 


you must write down all the solutions 

first and then list those that are in the intersects the graph of y = = at the points (=. >). (= -) (= >). and (42. >) 
interval [ 0,277). Otherwise, solutions 2 122 122 122 12°62 
may be lost. =» inthe interval | 0,277). 


ommme- NOW Work PROBLEM 29 
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| EXAMPLE 5 ~ Solving a Trigonometric Equation 


Solve the equation: tan( 0 = = =1, 0=6<27 


Solution — The period of the tangent function is 7. In the interval | 0, 77), the tangent function 
;., at , TT . 
has the value 1 when the argument is ri Because the argument is 8 — >i the given 


equation, use it in the general formula that gives all the solutions. 


6—-~—= 4+ke k any integer 


2 4 
6. 
d= = + kar 
3 3 7 
In the interval [ 0, 277),@ = - and @ = 7 + 7 = “are the only solutions. 
3a 7 
The soluti tis { —y—;. 
e solution se se a J 


onmmmmes- Now Work PROBLEM 27 


2 Solve Trigonometric Equations Using a Calculator 


The next example illustrates how to solve trigonometric equations using a calculator. 
Remember that the function keys on a calculator give only values consistent with the 
definition of the function. 


| EXAMPLE 6 ~ Solving a Trigonometric Equation Using a Calculator 


Use a calculator to solve the equation tan@ = —2,0 = 0 < 27. Express any 
solutions in radians, rounded to two decimal places. 


Solution To solve tan@ = —2 on a calculator, first set the mode to radians. Then use 


the tan || key to obtain 
@ = tan '(—2) ~—1.1071487 
Rounded to two decimal places,@ = tan’'(—2) = —1.11 radian. Because of the 
definition of y = tan | x, the angle @ that is obtained is the angle — a <_60=< _ for 
which tan 9 = —2. But we want solutions for which 0 = @ < 27. Since the period 
of the tangent function 1s 77, the angles 7 —1.11 and 27 — 1.11 are solutions that lie in 
the interval [ 0, 277). Note that the angle 37 — 1.11 lies outside the interval and so is 


not a solution. 
The solutions of the equation tan 6 = —2,0 < 0 < 27, are 


6=a7-—1.11 = 2.03 radians and 6 = 27 — 1.11 = 5.17 radians 


The solution set is {2.03,5.17}. 

Figure 24 illustrates another way to obtain the solutions. Start with the 
angle 6 = —1.11. Then a — 1.11 is the angle in quadrant II, where tan @ = —2, 
and 27 — 1.11 is the angle in quadrant IV where tan 0 = —2. = 





Figure 24 tané@ = —2 


WARNING Example 6 illustrates that caution must be exercised when solving trigonometric equations 
ona calculator. Remember that the calculator supplies an angle only within the restrictions of the 
definition of the inverse trigonometric function. To find the remaining solutions, you must identify 
other quadrants, if any, in which a solution may be located. g 


emu Now Work PROBLEM 49 
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3 Solve Trigonometric Equations Quadratic in Form 


Many trigonometric equations can be solved using techniques that we already know, 
such as using the quadratic formula (if the equation is a second-degree polynomial) 
or factoring. 


| EXAMPLE 7 | Solving a Trigonometric Equation Quadratic in Form 


Solve the equation: 2 sin? 6 — 3sind+1=0, 0<6< 27 


Solution — This equation is a quadratic equation in sin 6 that can be factored. 
2sin?@ —3sing+1=0 2x2?-3x+1=0, x= sind 
(2sn@—1)(smé—-—1) =O (2% -1)(x -1)=0 


2sn@dé—-—1=0 or sin@—1=0 __ Use the Zero-Product Property. 


1 
sin 6 =", or sing = 1 


Solving each equation in the interval | 0, 27) yields 


ks 


6 


NIA 


9-7 
6 


Tw 7 OT 
Th luti tis (=, =>, 
e solution se 625. =| 


= 


orm NOW Work PROBLEM 63 


4 Solve Trigonometric Equations Using Fundamental Identities 


Often when a trigonometric equation contains more than one trigonometric function, 
identities can be used to obtain an equivalent equation that contains only one 
trigonometric function. 


| EXAMPLES | PLE 8 Solving a Trigonometric Equation Using Identities 


Solve the equation: 3 cos 6 + 3 = 2sin? 6, 0=6< 27 


Solution The equation contains a sine and a cosine. However, using the Pythagorean 
Identity, sin’@ + cos*@ = 1, the equation is transformed into an equivalent one 
containing only cosines. 


3.cos@ + 3 = 2sin’ 6 
3cos6 +3 =2(1-—cos’@)  sin26 = 1 — cos20 


3cosé + 3 =2 —2cos’6 Quadratic in cos 0 
2cos*6+3cos6+1=0 
(2cosé + 1)(cosdé+1) =O Factor 
2cosdé+1=0 or cosdé+1=0 Use the Zero-Product Property. 
cos 0 =~, or cosd = —-1 


Solving each equation in the interval | 0,27) yields 


277 Aar 
= § =< 


0 
3 es) 


06= 7 


Q7T Aa 
Th luti tis 4 — ot > 
e solution se s(n Sh a 


ommemeee-Now Work PpRoBLEM 79 
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| EXAMPLES ~ Solving a Trigonometric Equation Using Identities 


Solve the equation: cos’ 6 + sind = 2, 0=<6< 2a 


Solution This equation involves two trigonometric functions: sine and cosine. By using a 
Pythagorean Identity, we can express the equation in terms of just sine functions. 
cos’ @ + sin@ = 2 
(1 — sin?6) + sind =2 cos?6 = 1 — sin’ 0 
sin’ 6 — sind+1=0 


This is a quadratic equation in sin 9. The discriminant is b” — 4ac = 1 — 4=-3 < 0. 
Therefore, the equation has no real solution. The solution set is the empty set, 0. J 


4 5 Solve Trigonometric Equations Using a Graphing Utility 


The techniques introduced in this section apply only to certain types of trigonometric 
equations. Solutions for other types are usually studied in calculus, using numerical 
methods. 


| EXAMPLE 10 | Solving a Trigonometric Equation Using a Graphing Utility 


Solve: S5sinx +x =3 


Express the solution(s) rounded to two decimal places. 


Solution ‘This trigonometric equation cannot be solved by previous methods. A graphing utility, 
though, can be used. Each solution of the equation is the x-coordinate of a point of 
NORMAL FLOAT AUTO REAL RADIAN HP intersection of the graphs of Y; = 5sinx + x and Y, = 3. See Figure 25. 
There are three points of intersection; the x-coordinates are the solutions of the 
equation. Use INTERSECT to find 


x= (1) 52 x = 3.18 S571. 





The solution set is { 0.52, 3.18, 5.71}. = 


Y= 5sinx+ x 
=3 


; oumm~mmmm=-Now Work PROBLEM 85 
Figure 25 


7.3 Assess Your Understanding 


‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


8 
1. Find the exact value of sec” 3 — tan? st (pp. 397-399) 2. sin( =) = cos( * ) = (pp. 377-386) 
3. Find the real solutions of 4x” — x — 5 = 0. (pp. A44-A51) 4, Find the real solutions of x7 — x — 1 = 0. (pp. A44—-A51) 


5. Find the real solutions of (2x — 1)* — 3(2x -1) -4=0. re 6. Use a graphing utility to solve 5x? — 2 = x — x”. Round 
(pp. A44-A51) answers to two decimal places. (pp. B6—B8) 


Concepts and Vocabulary 


7. True or False Most trigonometric equations have unique 8. True or False Two solutions of the equation sin é@ = : 
solutions. T Sa 
are ~ and rs 

9. True or False The solution set of the equation tan@ = 1 10. True or False The equation sin 6 = 2 has a real solution 


7 that can be found using a calculator. 
is given by 4 6|0 = q + ka,k aninteger ;. 
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11. Multiple Choice If all solutions of a trigonometric 12. Multiple Choice Suppose 6 => is the only solution 


equation are given by the general formula @ = 7 + Qke 
1 
or @ = = + 2k7, where k is an integer, then which of the 


following is not a solution of the equation? 


3577 237 137 710 
(a) as (b) —e (c) — (d) 7 


Skill Building 


In Problems 13-36, solve each equation on the interval 0 S 0 < 27. 


1 
™\ 13. 2sing+3=2 14. 1 — cos 6 = = 
16. cosd+1=0 17. tandé+1=0 
19. 4sec9 +6 = -2 20. 5csc9d-—3=2 
22. 4sin@ + 3V3 = V3 23. 4cos?6 = 1 
25. 2sin*o —1=0 26. 4cos?@ —3 = 0 
6 \ 1 
28. tan> = V3 29. cos(28) = —5 
36 20 
31. SeCmau— 2 32. cOts= = — 3 
34 in(30+ 2) = 1 35. t ($+Z)=1 
- sin 18 = - tan ,) 3 = 


of a trigonometric equation in the interval 0 = 6 < 27. 
Assuming a period of 277, which of the following formulas 
gives all solutions of the equation, where k is an integer? 





(a) 6 = = + 2kr (b) 6 =— + ko 
,) 2 
ka a + ka 
(c) @= = (d) 0= 5) 


15. 2sin@é+1=0 
18. V3coté +1=0 
21. 3V2cos9 +2 = —-1 
1 
24, tan’ 6 = = 
an 3 
N27. sin(30) = —1 


30. tan(20) = —1 


7 
33. 26-—]}]=-1 
cos( = 


6 1 
36. cos( $ = *) = 2 


In Problems 37-48, solve each equation. Give a general formula for all the solutions. List six solutions. 


‘\ 37. sino = = 38. tané = 1 
40. cosg = —~C 41. cosé = 0 
43. V3 — cote = 0 44. 2 — V3csc0 = 0 
46. sin(20) = —-1 47. sin 5 = me 


In Problems 49-60, use a calculator to solve each equation on the interval 0 


\ 49. sing = 04 50. cos 6 = 0.6 
52. cot? = 2 53. cos @ = —0.9 
55. sec 6 = —4 56. csc 6 = —3 
58. 4 cot @ = —5 59. 3sin@d —2=0 


In Problems 61-84, solve each equation on the interval0 S 0 < 27. 


61. 2 cos?@ + cos6é = 0 62. sin?g-—1=0 


64. 2cos?6 + cosd-1=0 65. (tané — 1) (secé — 1) 


39. tand = — 


ats 


42. sind = 


‘|S 


1 
45. cos(20) = —= 
2 
0 
48. { — —1 
an 5 


<= 9 < 27. Round answers to two decimal places. 


51. tand =5 
54. sind = —0.2 
57. 5tand+9=0 


60. 4cos9+3=0 


M;. 63. 2sin26 — sine — 1 =0 


i 
= 0 66. (cot + 1)(ese - =) =0 


67. sin? @ — cos? @ = 1 + cos@ 68. cos’@ — sin’@ + sin@ = 0 69. sin’@ = 6(cos(—@) + 1) 
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70 


73 


76. 


NX 79 


82. 


2 sin? @ = 3(1 — cos(—@)) 71. cos @ = —sin(-—6@) 72. cos @ — sin(—6) = 0 

tan 6 = 2sin@ 74. tan é@ = coté 75. 1+ sin@ = 2cos*6 

sin?@ = 2cos@é + 2 77, 2sin¢@ — 5sing +3 =0 78. 2cos*@ — 7cos6@ —4=0 
_ 2 _ 2 a: 

3(1 — cos 6) = sin’ é 80. 4(1 + sin @) = cos*é 81. tan 6 = 5 sec é 

csc?@ = cota+1 83. sec?6 + tand = 0 84. sec d@ = tandé + cotd@ 


7 
EA In Problems 85-96, use a graphing utility to solve each equation. Express the solution(s) rounded to two decimal places. 


N85. 


88 


91. 


94, 


97. 


99. 


101. 


x + 5cosx = 0 86. x — 4sinx = 0 
19x + 8cosx = 2 89. sinx + cosx = x 
x* —2cosx = 0 92. x7 + 3sinx = 
x” = x + 3cos(2x) 95. 6sinx — et = 
Mixed Practice What are the zeros of f(x) = 4sin?x — 3 


on the interval | 0, 27 |? 


Mixed Practice f(x) = 3 sinx 
(a) Find the zeros of f on the interval | —277, 47]. 
(b) Graph f(x) = 3 sin x on the interval | —27, 47 |. 


3 
(c) Solve f(x) = 7 on the interval | —27r, 47 |. What points 


are on the graph of f? Label these points on the graph 
drawn in part (b). 
(d) Use the graph drawn in part (b) along with the results of 


. 3 
part (c) to determine the values of x such that f(x) > = 
2 

on the interval | —27, 477 |. 


Mixed Practice f(x) = 4 tanx 

(a) Solve f(x) = —4. 

(b) For what values of x is f(x) < —4 on the 
7 7 


mterval | —=—=-—=:}' 
interva 79 


ix 103. Mixed Practice 


(a) Graph f(x) = 3sin(2x) + 2 and g(x) = : on the 
same Cartesian plane for the interval | 0, 77 |. 

(b) Solve f(x) = g(x) onthe interval [ 0, 7 |, and label the 
points of intersection on the graph drawn in part (a). 

(c) Solve f(x) > g(x) on the interval | 0, 7 J. 

(d) Shade the region bounded by f(x) = 3sin(2x) + 2 





7 
and g(x) = 5 between the two points found in part (b) 
on the graph drawn in part (a). 


‘§ 105. Mixed Practice 


(a) Graph f(x) = —4cosxandg(x) = 2cosx + 3 onthe 
same Cartesian plane for the interval [ 0, 277 J. 

(b) Solve f(x) = g(x) on the interval [0,27], and label 
the points of intersection on the graph drawn in part (a). 

(c) Solve f(x) > g(x) on the interval | 0, 277 |. 

(d) Shade the region bounded by f(x) = —4cosx 
and g(x) = 2cosx + 3 between the two points found 
in part (b) on the graph drawn in part (a). 


0 


2, 


% 0 96. 4cos(3x) — e* = 1, 


87. 22x — 17 sinx = 3 
90. sinx — cosx =x 
93, x* — 2sin(2x) = 3x 


x>0 


98. Mixed Practice What are the zeros of f(x) = 2 cos (3x) + 1 


on the interval | 0, 7 |? 


100. Mixed Practice f(x) = 2cosx 


(a) Find the zeros of fon the interval | —27,, 477 }. 
(b) Graph f(x) = 2 cos x on the interval | —277, 477 |. 


(c) Solve f(x) = —\/3 on the interval [ —2a7, 477 ]. What 
points are on the graph of f? Label these points on the 
graph drawn in part (b). 

(d) Use the graph drawn in part (b) along with the 
results of part (c) to determine the values of x such 
that f(x) < —V3 on the interval | —27, 47]. 


102. Mixed Practice f(x) = cotx 


(a) Solve f(x) = -V3. 
(b) For what values of x is f(x) > —V3o0n the 
interval (0, 7)? 


‘\ 104. M ixed Practice 


(a) Graph f(x) = 2 cos = + 3 and g(x) = 4 on the same 
Cartesian plane for the interval [| 0, 477 J. 


(b) Solve f(x) = g(x) on the interval | 0, 477 ], and label the 
points of intersection on the graph drawn in part (a). 


(c) Solve f(x) < g(x) on the interval | 0, 477 |. 

(d) Shade the region bounded by f(x) = 2 cos = 3 
and g(x) = 4 between the two points found in part (b) 
on the graph drawn in part (a). 


iX 106. Mixed Practice 


(a) Graph f(x) = 2sinx and g(x) = —2sinx + 2 on the 
same Cartesian plane for the interval | 0, 277 |. 

(b) Solve f(x) = g(x) on the interval | 0, 277 |, and label the 
points of intersection on the graph drawn in part (a). 

(c) Solve f(x) > g(x) on the interval | 0, 277 |. 

(d) Shade the region bounded by f(x) = 2sinx 
and g(x) = —2sinx + 2 between the two points found 
in part (b) on the graph drawn in part (a). 


Applications and Extensions 


107. 


108. 


109. 


110. 


te 111. 


Blood Pressure Several research papers use a sinusoidal 
graph to model blood pressure. Assuming that a person’s 
heart beats 70 times per minute, the blood pressure P of an 
individual after t seconds can be modeled by the function 


7 
P(t) = 20 sin( 7) + 100 


(a) In the interval | 0, 1], determine the times at which the 
blood pressure is 100 mmHg. 

(b) In the interval [| 0, 1], determine the times at which the 
blood pressure is 120 mmHg. 

(c) In the interval | 0, 1], determine the times at which the 
blood pressure is between 100 and 105 mmHg. 


The Ferris Wheel In 1893, George Ferris engineered the 
Ferris wheel. It was 250 feet in diameter. If a Ferris wheel 
makes 1 revolution every 40 seconds, then the function 


h(t) = 125 sin 0.157 s =) + 125 


represents the height h, in feet, of a seat on the wheel as a 
function of time t, where ¢ is measured in seconds. The ride 
begins when t = 0. 

(a) During the first 40 seconds of the ride, at what time f is 
an individual on the Ferris wheel exactly 125 feet above 
the ground? 

(b) During the first 80 seconds of the ride, at what time f is 
an individual on the Ferris wheel exactly 250 feet above 
the ground? 

(c) During the first 40 seconds of the ride, over what interval 
of time fis an individual on the Ferris wheel more than 
125 feet above the ground? 





Holding Pattern An airplane is asked to stay within a holding 

pattern near Chicago’s O’Hare International Airport. The 

function d(x) = 70sin(0.65x) + 150 represents the 

distance d,in miles, of the airplane from the airport at time x, 

in minutes. 

(a) When the plane enters the holding pattern, x = 0, how 
far is it from O’ Hare? 

(b) During the first 20 minutes after the plane enters the 
holding pattern, at what time x is the plane exactly 
100 miles from the airport? 

(c) During the first 20 minutes after the plane enters 
the holding pattern, at what time x is the plane more 
than 100 miles from the airport? 

(d) While the plane is in the holding pattern, will it ever be 
within 70 miles of the airport? Why? 


Projectile Motion A golfer hits a golf ball with an initial 

velocity of 100 miles per hour. The range R of the ball 

as a function of the angle @ to the horizontal is given 

by R(@) = 672 sin(20), where R is measured in feet. 

(a) At what angle @ should the ball be hit if the golfer wants 
the ball to travel 450 feet (150 yards)? 

(b) At what angle @ should the ball be hit if the golfer wants 
the ball to travel 540 feet (180 yards)? 

(c) At what angle @ should the ball be hit if the golfer wants 
the ball to travel at least 480 feet (160 yards)? 

(d) Can the golfer hit the ball 720 feet (240 yards)? 


Heat Transfer In the study of heat transfer, the equation 
x + tanx =0 occurs. Graph Y; = —x and Y5 = tanx 
for x = 0. Conclude that there are an infinite number of 


112. 
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points of intersection of these two graphs. Now find the 
first two positive solutions of x + tan x = 0 rounded to two 
decimal places. 


Carrying a Ladder around a Corner Two hallways, one of 
width 3 feet, the other of width 4 feet, meet at a right angle. 
See the illustration. It can be shown that the length L of the 
ladder as a function of 6 is L(@) = 4csc@ + 3 sec 8. 


/X(a) In calculus, you will be asked to find the length of the 


x 


113. 


114. 


re 


longest ladder that can turn the corner by solving the 
equation 


3sec@tan@d —4cscAdcotd=0 O° <@< 90° 


Solve this equation for 0. 





(b) What is the length of the longest ladder that can be 
carried around the corner? 

(c) Graph L = L(6),0° = 6 = 90°, and find the angle 6 
that minimizes the length L. 

(d) Compare the result with the one found in part (a). 
Explain why the two answers are the same. 


Projectile Motion The horizontal distance that a projectile 
will travel in the air (ignoring air resistance) is given by the 
equation 


vo sin (20) 


R(@) = 
§ 
where vo Is the initial velocity of the projectile, 0 is the angle 
of elevation, and g is acceleration due to gravity (9.8 meters 
per second squared). 


(a) If you can throw a baseball with an initial speed of 
34.8 meters per second, at what angle of elevation 6 
should you direct the throw so that the ball travels a 
distance of 107 meters before striking the ground? 

(b) Determine the maximum distance that you can throw the 
ball. 

(c) Graph R = R(@), with vo = 34.8 meters per second. 

(d) Verify the results obtained in parts (a) and (b) using a 
graphing utility. 

Projectile Motion Refer to Problem 113. 

(a) If you can throw a baseball with an initial speed of 
40 meters per second, at what angle of elevation 0 should 
you direct the throw so that the ball travels a distance of 
110 meters before striking the ground? 

(b) Determine the maximum distance that you can throw the 
ball. 

(c) Graph R = R(@), with vy = 40 meters per second. 

(d) Verify the results obtained in parts (a) and (b) using a 
graphing utility. 
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‘SX The following discussion of Snell's Law of Refraction* (named 
after Willebrord Snell, 1580-1626) is needed for Problems 115-122. 
Light, sound, and other waves travel at different speeds, depending 
on the medium (air, water, wood, and so on) through which they 
pass. Suppose that light travels from a point A in one medium, 
where its speed is v,, to a point B in another medium, where its 
speed is V2. Refer to the figure, where the angle 6, is called the angle 
of incidence and the angle 0 is the angle of refraction. Snell’s Law, 
which can be proved using calculus, states that 


sin 0; V4 





sin 05 v2 


soph lees ; ’ 
The ratio —is called the index of refraction. Some values are given 
Yo 
in the table shown below. 









Angle of 
incidence 


Incident ray, * 
speed V, 


Refracted ray, 
speed Vv, 


ave 
Angle of 
refraction 


Some Indexes of Refraction 


Medium Index of Refraction! 


Water (ESS 
Ethyl alcohol (20°C) Leis 
Carbon disulfide 1.63 
1.00029 






Air (1 atm and 0°C) 
Diamond 2.42 
Fused quartz 1.46 


Glass, crown 1.52 
Glass, dense flint 1.66 
Sodium chloride 1.54 





115. The index of refraction of light in passing from a vacuum into 
water is 1.33. If the angle of incidence is 40°, determine the 
angle of refraction. 


116. The index of refraction of light in passing from a vacuum 
into dense flint glass is 1.66. If the angle of incidence is 50°, 
determine the angle of refraction. 


*Because this law was also deduced by René Descartes in France, it is also 
known as Descartes’ Law. 

"For light of wavelength 589 nanometers, measured with respect to a 
vacuum. The index with respect to air is negligibly different in most cases. 


117. Ptolemy, who lived in the city of Alexandria in Egypt during 
the second century AD, gave the measured values in the 
following table for the angle of incidence 6; and the angle 
of refraction 6, for a light beam passing from air into water. 
Do these values agree with Snell’s Law? If so, what index of 
refraction results? (These data are of interest as the oldest 
recorded physical measurements. ) 


35°0' 
40°30’ 
45°30’ 
50°0' 


5.300 
ZO, 
Zo 0) 





118. Bending Light The speed of yellow sodium light (wavelength, 
589 nanometers) in a certain liquid is measured to be 
1.92 x 10° meters per second. What is the index of refraction 
of this liquid, with respect to air, for sodium light? # 





[Hint: The speed of light in air is approximately 2.998 x 10° 
meters per second. | 


119. Bending Light A beam of light with a wavelength of 
589 nanometers traveling in air makes an angle of incidence 
of 40° on a slab of transparent material, and the refracted 
beam makes an angle of refraction of 26°. Find the index of 
refraction of the material.* 


120. Bending Light A light ray with a wavelength of 589 
nanometers (produced by a sodium lamp) traveling through 
air makes an angle of incidence of 30° on a smooth, flat slab 
of crown glass. Find the angle of refraction.’ 





121. Brewster’s Law If the angle of incidence and the angle of 
refraction are complementary angles, the angle of incidence 
is referred to as the Brewster angle 03. The Brewster angle 
is related to the indices of refraction of the two media, n, 
and n», by the equation n, sin 0g = n2 cos 6g, where ny, is 
the index of refraction of the incident medium and nj is the 
index of refraction of the refractive medium. Determine 
the Brewster angle for a light beam traveling through water 
(at 20°C) that makes an angle of incidence with a smooth, flat 
slab of crown glass. 


122. Challenge Problem A light beam passes through a thick slab 
of material whose index of refraction is n,. Show that the 
emerging beam is parallel to the incident beam.* 














123. Challenge Problem Give the general formula for the 
solutions of the equation. 


3sin@ + \/3 cos 0 => () 


124. Challenge Problem If x* + (tan@ + cot @)x + 1 = Ohas 
two real solutions, {2 — V3, Dae V3}, find sin 6 cos 0. 


* Adapted from Halliday, Resnick, and Walker, Fundamentals of Physics, 
10th ed., 2014, John Wiley & Sons. 
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Explaining Concepts: Discussion and Writing 


125. Explain in your own words how you would use your 126. Explain why no further points of intersection (and therefore 
calculator to solve the equation cos x = —0.6,0 = x < 27. no further solutions) exist in Figure 25 for x < —7 
How would you modify your approach to solve the orx > 47. 


equation cotx = 5,0 <x < 27? 


Retain Your Knowledge —— — _ _ 


Problems 127-136 are based on material learned earlier in the course. The purpose of these problems is to keep the material fresh in 
your mind so that you are better prepared for the final exam. 


127. Convert 6* = y to an equivalent statement involving a logarithm. 
128. Find the real zeros of f(x) = 2x” — 9x + 8. 


3°10 


and cos 6 = “0” find the exact value of each of the four remaining trigonometric functions. 





129. If sn@ = — 

130. Find the amplitude, period, and phase shift of the function y = 2 sin (2x — 7). Graph the function. Show at least two periods. 
1 

131. If f(x) = Re + 3, find the domain of f-'(x). 


132. Find the length of the arc of a circle of radius 15 centimeters subtended by a central angle of 36°. 
133. Find the value of a so that the line ax — 3y = 10 has slope 2. 





. 
134. Is the function f(x) = p ad even, odd, or neither? 


2 

% 
8 

/X 135. If f(x) = 2 find an equation of the secant line containing the points (1, f(1) ) and (4, f(4) he 


1 
‘S136. Find the average rate of change of f(x) = cos”'x from 5 to 1. 


‘Are You Prepared?’ Answers 


ee ee eS ce es ne) ee 


+ 2 2 2 


7.4 Trigonometric Identities 


PREPARING FOR THIS SECTION Before getting started, review the following: 
e Fundamental Identities (Section 6.3, pp. 397-399) e Even—Odd Properties (Section 6.3, pp. 402-403) 


\ Now Work the ‘Are You Prepared?’ problems on page 484. 


OBJECTIVES 1 Use Algebra to Simplify Trigonometric Expressions (p. 480) 
2 Establish Identities (p. 481) 





This section establishes additional identities involving trigonometric functions. First, 
let’s define an identity. 
C DEFINITION Identically Equal, Identity, and Conditional Equation 

Two functions f and g are identically equal if 


| f(x) = g(x) 


for every value of x for which both functions are defined. Such an equation 
is referred to as an identity. An equation that is not an identity is called a 
conditional equation. J 


For example, the following are identities: 


(x+1)* =x? +2x4+1 sin’?x + cos*x = 1 cscx =e 
sin x 
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The following are conditional equations: 


2x +5 =0 True only if x = - 
sinx = 0 True only if x = kz, k an integer 


7 57T : 
sinx = cOSx Trueonlyifx = 7 + 2kz orx = _. + 2kz, k an integer 


Below are the trigonometric identities that have been established so far. 


F Guotent Identities 











sin 6 cos 6 
tan @ = cot@ = — 
cos 0 sin 6 
Reciprocal Identities 
it iL 
csc@ = = sec @ = = cot @é = 
sind cos 8 tan 0 


Pythagorean Identities 


sin? @ + cos*@ = 1 tan? 0 + 1 = sec’? 6 


cot? 6 + 1 = csc” 0 





Even-Odd Identities 


sin(—@) = -—sin@  cos(—@) =cos@  tan(—-@) = 


csc(—0) = —csc 0 sec(—0) = sec é col(—6)) 





This list comprises what shall be referred to as the basic trigonometric identities. 
These identities should not merely be memorized, but should be known (just as you 
know your name rather than have it memorized). In fact, minor variations of a basic 
identity are often used. For example, 


sin? 0 = 1 — cos*@ or cos?6=1 — sin’é 


might be used instead of sin’ 6 + cos’ 6 = 1. For this reason, among others, it is 
very important to know these relationships and be comfortable with variations 
of them. 


1 Use Algebra to Simplify Trigonometric Expressions 


The ability to use algebra to manipulate trigonometric expressions is a Key skill that 
one must have to establish identities. Four basic algebraic techniques are used to 
establish identities: 

e Rewriting a trigonometric expression in terms of sine and cosine only 

e Miultiplying the numerator and denominator of a ratio by a “well-chosen 1” 

e Writing sums of trigonometric ratios as a single ratio 


e Factoring 
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| EXAMPLE 1 ~ Using Algebraic Techniques to Simplify Trigonometric Expressions 


_. cot a ; enh 
(a) Simplify a) by rewriting each trigonometric function in terms of sine and 
CSC 
cosine functions. 


0 1 — sind ae 
(b) Show that mgs —— by multiplying the numerator and 


denominator by 1 — sin 6. 


1+sinu cotu — cosu 




















Sinplify:——- -—_——————— - iting th ingle ratio. 
(c) Simplify — —- y rewriting the expression as a single ratio 
- 2 
sin’ v — 1 
d) Simplify —————————— by factoring. 
( ) See tai v sit V — tan v eee ene 
cos 6 
; té sin 0 cos@ sin@ 
Solution eee = = 0 
(a) csc 6 1 sng 1 a 
sin 0 
(b) cosé ss cos@_—s 1 — sin _ cos 6(1 — sin @) 
1+sing. 1+ sin@ ‘1 —sind — 1 — sin’ 6 
| 1 — sind 
Multiply by a well-chosen 1: agen 


_ cosé(1—sin@)  1-siné 


cos’ 0 cos 6 


1+ sinu cot u — cosu 1+ sinu cosu cotu — cosSu sinu 


() + = 


sin u COS U Sin u COS U COS U sin u 








cosu + sinucosu + cotusinu — cosusinu cosu + cotusinu 











SIN U COS U SIN U COS U 
cOosSu 
COS u + *SI 
_ sin cOosu + COSU __ 2 COS u _ py 
SIN lt COS U SIN WU COS U SIN U COS U sin u 
cos u 
cotu = — 
sin u 
(d) sin’ v — 1 — (sinv+1)(snv—-—1)— sinv+1 
tan v sinv — tanv tan v(sinv — 1) tan v _J 


quo NOW Work PROBLEMS 11, 13, AND 15 


2 Establish Identities 


Re NOTE Agraphing utility cannot beused In the examples that follow, the directions read “Establish the identity ... .” This 
to establish an identity—identities must is accomplished by starting with one side of the given equation (usually the side 
be established algebraically. A graphing —_ containing the more complicated expression) and, using appropriate basic identities 
utility can be used to provide evidence —_ and algebraic manipulations, arriving at the other side. The selection of appropriate 


of an Identity. For example, If We basic identities to obtain the desired result is learned only through experience and 
graph Y, = csc @-tand andy = sec, lots of practice 


the graphs appear to be the same 
providing evidence that ¥, = %. o 
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| EXAMPLE 2 ~ Establishing an Identity 


Establish the identity: csc > tan 6 = sec 6 


Solution Start with the left side, because it contains the more complicated expression. Then 
use a reciprocal identity and a quotient identity. 
1 sm60 1 
sur@0 cos @ cos 0 


The right side has been reached, so the identity is established. = 











csc 8: tan dé = = sec 0 


ommumm=m==-Now Work PROBLEM 21 


| EXAMPLE 3 ~ Establishing an Identity 


Establish the identity: sin’(—@) + cos?(—-@) = 1 


Solution Begin with the left side and, because the arguments are — 6, use Even-Odd Identities. 
sin’(—@) + cos?(—6) = [sin(—6) ]* + [cos(—@) ]? 
= (-sin 6)* + (cos @)? Even-Odd Identities 
= (sin@)* + (cos@)? 
=] Pythagorean Identity J 


| EXAMPLE 4 ~ Establishing an Identity 


cr the idem tiny: Sit 8) = £08 (8) | 
Establish the identity: ——_—-————_—- = cos # — sin @ 
siti(—60). = ¢Cos(—@) 

Solution The left side contains the more complicated expression. Also, the left side contains 
expressions with the argument — 0, whereas the right side contains expressions with 
the argument 6. So start with the left side and use Even-Odd Identities. 

sin’ (—@) — cos’(—6) _ [sin(-@) ]* — [cos(-6) ]? 


sin(—@) — cos(—@) sin(—@) — cos(—@) 
(—sin 0)* — (cos 6)? 
SS Even-Odd Identities 
—sin 6 — cos 6 


(sin@)* — (cos 6)? 


—sin 8 — cos @ on 
(sin 8 — cos 6) (sin-6-+~cos 6 ) 
= — SS ___ Factor. 
— (sin-6-+—cos 6 ) 
= cos 8 — sin @ Cancel and SET 


| EXAMPLE 5 ~ Establishing an Identity 


, ; ; 1 + tan u 
Establish the identity: -————— = tanu 
1 Cov 
1+tanu 1+tanu 1+tanu _ tanu(1+tana) 
1+ cotu 1 tanu + 1 tana+ 1 
1+ —_—_—— 
tan u tan u J 


Solution = tanu 





oummmmmme-Now Work PROBLEMS 25 AND 29 
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When sums or differences of quotients appear, it is usually best to rewrite 
them as a single quotient, especially if the other side of the identity consists of 
only one term. 


| €XAMPLE6 | Establishing an Identity 


in 0 1 6 
Establish the identity: a 2 —— = 2 csc 6 


Solution The left side is more complicated. Start with it and add. 


sin 6 1+cos@ sin’@ + (1 + cos 6)? 


7 Add th tients. 
1 + cos 0 sin 6 (1 + cos 6) -sin @ Sayers 


_ sin? @ + 1 + 2cos@ + cos’ 6 Multiply out in the 
(1 + cos @) -sin 6 numerator. 


(sin? 6 + cos*@) + 1+ 2cosé 


= ———_____—_——_—_——__ R , 
(1 + cos 6) -sin 6 ane 


2+ 2cos 0 =< _ 
= sin’ 8 + cos*é# = 1 
(1 + cos 6) + sin 6 
2(1-+-eos¢) 


— Lisa snd Factor and cancel. 


2 
sin 0 





2 csc 6 Reciprocal Identity | 


ovmeummmm=-Now Work PROBLEM 51 


Sometimes it helps to write one side in terms of sine and cosine functions only. 


| EXAMPLE 7 ~ Establishing an Identity 


tanv + cotv 
Establish the identity: -———————_ = ] 
sec V CSC V 


sin Vv : COS Vv sin? v + cos’ v 








Solution tanv + cot v COS V sin v cos v sin Vv 


Sec V CSC V 1 1 1 








COSV sinv cos v sin Vv 


Change to sines Add the quotients 
and cosines. in the numerator. 
_ 1 cosvsinv _ 1 
COS V sin Vv it 
Divide the quotients; 4 


sin? v + cos?v = 1. 
ovmmmmmme-Now Work PROBLEM 71 


Sometimes, multiplying the numerator and the denominator by an appropriate 
factor simplifies an expression. 
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| EXAMPLE 8 ~ 8 Establishing an Identity 


Solution 


WARNING Do not try to establish an 
identity by treating It as an equation. 
We cannot add or multiply both sides by 
the same expression because we do not 
know if the sides are equal. That is what 
we are trying to prove. 


Establish the identity: 


1—sin@d  cosé 
cos 0 1 + sind 


Start with the left side and multiply the numerator and the denominator by 1 + sin 6. 
(Alternatively, we could multiply the numerator and the denominator of the right 
side by 1 — sin 6.) 


1—sné_ 1-—siné ; 1 + sin@ Multiply the numerator and the 
cos 6 cos@ 1+ sin@ denominator by 1 + sin. 
1 — sin’ 6 
cos 0(1 + sin @) 


2 
0 : 
= 1 — sin? @ = cos20 
cos 6(1 + sin 6) 


cos 9 ' rt 
a ee n : 
1 + sin 6 ee - 


om Now Work PROBLEM 55 


Although practice is the only real way to learn how to establish identities, the 
following guidelines should prove helpful. 


Guidelines for Establishing Identities 


It is almost always preferable to start with the side containing the more 
complicated expression. 


Rewrite sums or differences of quotients as a single quotient. 


Sometimes it helps to rewrite one side in terms of sine and cosine functions 
only. 


Always keep the goal in mind. As you manipulate one side of the expression, 
keep in mind the form of the expression on the other side. 


7.4 Assess Your Understanding 


‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. True or False sin? 6 = 1 — cos? 6. (p. 399) 


Concepts and Vocabulary 


3. Suppose that f and g are two functions with the same 
domain. If f(x) = g(x) for every x in the domain, the 
. Otherwise, it is called 


equation is called a(n) 


2. True or False sin(—6@) + cos(—@) = cos 6 — sin@. (p. 402) 


8. True or False tan 6+cos 6 = sin@foranyé ~ (2k + 1) = 


9. Multiple Choice Which of the following equations is not an 





identity? 
a(n equation. 

os (a) cot?7@ + 1 = csc’ 6 (b) tan(—0) = —tan 6 

4. tan’ 6 — sec? 6 = 7) i 
——* (c) tanéd = il (d) csc? = —— 

5. cos(—6) — cos@ = sin 6 sin 0 i 
6. True or False sin(—6) + sin @ = 0 for any value of 6. 10. Multiple Choice ‘The expression ay: 7 oa an 
7. True or False In establishing an identity, it is often easiest to simplifies to which of the following? 


just multiply both sides by a well-chosen nonzero expression 


involving the variable. 


(a) 2cos*@ (b) 2sec*O (ec) 2sin’?@ (d) 2csc’?6 
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Skill Building 


In Problems 11-20, simplify each trigonometric expression by following the indicated direction. 








‘\ 11. Rewrite in terms of sine and cosine functions: 12. Rewrite in terms of sine and cosine functions: 
tan 6: csc @. cot 6:sec @. 
in 0 1 — cos @ 
OS 43. Multiply ok sp yee 14. Multiply by ==. 
) ae ee ee: oT sinh ee ae eee y 1 — cosé 
\\ 15. Rewrite asa single quotient: 16. Rewrite as a single quotient: 
sin@ + cos@ | cosé@ — sind 1 1 
cos 6 sin 6 1—cosv 1+ cosv 
ie Aaland (sin @ + cos 6) (sin@ + cos@) — 1 ie algal and sia (tan@ + 1)(tan@ +1) — sec’6 
. Multiply and simplify: Sanco . Multiply and simplify: a 
_ ... 3sin?A@4+ 4sina4+1 oo, cos*@ — 1 
19. Factor and simplify: —,———__—_——_ 20. Factor and simplify: —,-————_ 
sinnQ+ 2sin0+ 1 cos’ 8 — cos @ 
_ In Problems 21-100, establish each identity. 
21. esc 0+ cos 6 = cot 6 22. sec@-sin@ = tan 6 23. 1 + tan?(—0@) = sec*@ 
24. 1 + cot*(—6) = csc” AL 25. cos 6d(tan@ + coté) = cscé 26. sin @(cot@ + tan@) = sec@é 
27. tan u cot u — cos? u = sin’ u 28. sin u csc u — cos’ u = sin’ u A 29. (secdé — 1)(sec@ + 1) = tan’6 
30. (csc @ — 1) (csc6 + 1) = cot*é 31. (sec@ + tan 6) (sec@ — tan@é) =1 32. (csc@ + cot@)(cscé — cot@d) = 1 
33. cos? @(1 + tan’@) = 1 34. (1 — cos’6) (1 + cot?@) =1 35. (sind + cos6)* + (sin@ — cos@)? = 2 
36. tan’ 6 cos* 6 + cot? @ sin? 6 = 1 37. sec’ @ — sec’ 6 = tan’ @ + tan’ @ 38. csct @ — csc” 6 = cot? é@ + cot’ @ 
COS U sin u 
39. secu — tanu = ————— 40. cscu — cotu = ————— 41. 3sin? @ + 4cos* 6 = 3 + cos’ 0 
1+ sinu 1 + cosu 
*) 2 
cos’ 6 sin’ 0 
42. 9sec* @ — 5tan*6 =5 + 4sec’*@ 43. 1 — —————- = sin @ 44, 1 — ————_ = —-cos 9 
1+ sind 1 — cos@ 
gg tan, _ gotv + | 46. So ee 47, sec 6 08, = yan d 
1 — tan v cotv — 1 cscv +1 1 + sinv csc 6 cos 0 
AS. cscO— 1 | cot 0 49. ie ccc 50, cos@+1_ 1+ secd 
cot 6 csc 6 + 1 1 — siné csc @ — 1 cos @ — 1 1 — sec @ 
: 1 — sin COs COs 1 + sin sin 0 1 
OG a cy 52 oe cay 53. = FE 
COS V 1 — sinv 1+ sinv COS V sin 8 — cos @ 1 — coté 
. 2 ° 
sin’ 0 1 — siné | =—.cos 6 
54. 1 — ———— = cos 0 X55. ——_—— = (sec@ — tan@)? 56. ————— = (csc 6 — cot@)? 
1 + cos @ 1+ sind 1 + cos @ 
cos 6 sin 6 cot 0 tan 6 
57, —————_ + ———- = sin 8 + cos @ 58. ——— + — —— = 1+ tané + cotd 
1 — tan 0 1 — coté 1 — tan 0 1 — cot @ 
cos 8 sin 6 cos 0 tan 0 tan@ + secd —-1 
59. tan@ + ——— = sec@ 60. —— 61. ——————————_ = tan @ + sec@ 
1 + sin@ cos’ 6 — sin’ @ 1 — tan< 6 tan@ — sec@+ 1 
sin@ — cos@+ 1 sing@+ 1 tan 8 — coté sec 8 — cos @ sin’ 0 
62, 2-—-——_@_—_—-2 = =! = 63. ———————_ = sin’ 8 — cos’ 0 64. = —_ 
sin@ + cos@é — 1 cos 0 tan 8@ + coté sec 8 + cos 0 1 + cos? 6 
tan u — cotu tanu — cotu sec 9 + tan 0 
65. ————_ + 1 = 2sir’ u 66. °“———— + 2cos*u = 1 67. ———————_ = tan 6 sec 0 
tanu + cotu tanu + cotu cot 8 + cos @ 
sec 0 1 — cos@ 1 — tan’ @ 1 — cot’ 6 
8..——— = 69. ——— + 1 = 2 cos’ 70. ———.— + 2cos*6 = 1 
1 + secé sin’ 8 1 + tan’ 6 1 + cot’ 6 
' — rf) in? 60 — tan 0 . 
\ 71. ee eae sin 8 — cos @ TZ. ee tan’ 0 73. sec@ — cos@ = sin 6 tan 6 
sec 8 csc 0 cos” 0 — cot 6 
1 il 1+ siné 1 — siné 
74. tan@ + cot@ = sec écsc@ 75, ———— + —————- = 2 sec’ 6 716. ——— = 4tan @sec@ 


1—sind 1+siné@ "1-sing 1+ sine 
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sec 0 1+ sin@ 1+ sin@ secv — tanv)? +1 
17, ——— = ——— 718, —————— = (sec @ + tan @)? 79. Ga ee) ee 
1 — siné cos 6 1 — siné csc v(sec v — tan v) 
sec? v — tan? v + tanv sin 86 + cos 6 sin 9 — cos @ 
80. ——_—__—- = sin v + cos v $1... —_—_—— —- ————_ = sec 8 csc 0 
SEC V cos 0 sin 0 
sin 86 + cos 6 cos 6 — sin @ sin? 8 + cos? @ 
$2. ———_- —- ——_ = sec 6 csc 0 ————— = | — sin@écos@ 
sin 8 cos 0 sin 8 + cos @ 
. 3 3 SS eo) ry 2 a . 3 
6+ 6 6 — 0 6 — 0 6 + 6 — 6 
84. sin cos’ @ _ sec sin gs. cos sin 2h 86. cos sin sin” 0 ny eee 
1 — 2cos?@ tan@ — 1 1 — tan’? 6 sin 0 
2 cos? @ — 1 : 1 — 2 cos? 0 1 + sin@ + cos @ 1 + cos @ 
a a ee 88. ————- = tan é@ — coté 3:9... = —_ 
cos’ @ — sin’ 6 sin 8 cos 0 1 + sin @ — cos@ sin 0 


1 + cos @ + sin @ 
90. ——————————- = sec 9 + tan 0 
1 + cos @ — sin@ 


92. (2asin 6 cos 0)* + a*(cos*@ — sin? @)* = a’ 


91. (asin@ + bcos@)* + (acos@ — bsin@)? = a* + b? 
tana + tan B 


‘ = tana tan 
cota + cot B P 


94. (tana + tan8)(1— cotacot B) + (cota + cot B) (1 — tanatanB) = 0 


95. (sina + cos B)* + (cos B + sina) (cos B — sina) = 2cos B(sina + cos B) 


96. (sina — cos B)* + (cos B + sina) (cos B — sina) = —2 cos B(sina — cos B) 


97, In |sec 0] = —In |cos 6| 


99, In |1 + cos 6| + In|1 — cos6| = 2 In |sin | 


98. In |tan 6| = In |sin 6| — In |cos 6| 


100. In |sec 6 + tan6| + In |sec@ — tan6| = 0 


In Problems 101-104, show that the functions f and g are identically equal. 


101. f(x) =sinx:tanx g(x) = secx — cosx 
1 — sind 


cos 8 


cos 6 


aa "1+ sin 


Cy) = 


§ 105. Show that V16 + 6 tan’ @ = 4sec dif -> <0 < > 


Applications and Extensions 


107. Searchlights A searchlight at the grand opening of a new car 
dealership casts a spot of light on a wall located 75 meters 
from the searchlight. The acceleration 7 of the spot of light is 
found to be 7 = 1200 sec (2 sec”@ — 1). Show that this is 

1 + sin’ “) 


equivalent to r = 1200 ( 5 
cos” 6 


Source: Adapted from Hibbeler, Engineering Mechanics: 


Dynamics, 13th ed., Pearson © 2013. 


109. Challenge Problem Prove: sin |(—x) = —sin''x 


Explaining Concepts: Discussion and Writing 


111. Write a few paragraphs outlining your strategy for establishing 
identities. 


112. Write down the three Pythagorean Identities. 


Retain Your Knowledge 


102. f(x) = cosx-cotx 


104. f(0) = tané + secé 


106. Show that V9 sec*6 — 9 = 3tandifa = 06 < 


g(x) = cscx — sinx 


(0) = cos 0 
° 1 — sin 0 
Buus 


2 


108. Optical Measurement Optical methods of measurement 
often rely on the interference of two light waves. If two light 
waves, identical except for a phase lag, are mixed together, 
the resulting intensity, or irradiance, is given by 


(csc 8 — 1) (sec 6@ + tan @) 
esc OsecO 
Show that this is equivalent to J, = (2A cos 0)’. 
Source: Experimental Techniques, July/August 2002 





L=aAny 


1 
110. Challenge Problem Prove: cot ‘x = tan-'(~) 
x 


113. Why do you think it is usually preferable to start with the 
side containing the more complicated expression when 
establishing an identity? 


114. Make up an identity that is not a basic identity. 





Problems 115-124 are based on material learned earlier in the course. The purpose of these problems is to keep the material fresh in 


your mind so that you are better prepared for the final exam. 


115. Determine whether f(x) = —3x* + 120x + 50 has amaximum or a minimum value, and then find the value. 





116. If f(x) =~— 


1 
5 and g(x) = 3x — 4, find fog. 
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117. Find the exact values of the six trigonometric functions of an angle 6 in standard position if (—12, 5) is a point on its terminal side. 





/X 118. Find the average rate of change of f(x) = cos x from 0 to - 
119. Find the length of a line segment with endpoints (—3, —4) and (5, 8). 
120. Find the area of the sector of a circle of radius 8 meters formed by an angle of 54°. 


121. Kayaking Ben paddled his kayak 8 miles upstream against a 1 mile per hour current and back again in 6 hours. How far could 
Ben have paddled in that time if there had been no current? 


8 
. If an angle 6 lies in quadrant HI and cot 6 = 5° find sec 0. 


. Write the equation of the circle in standard form: x” + y* — 12x + 4y + 31 =0 


+3 
If f(x) = Vx - 4and g(x) = : = g tind the domain of (f° g) (x). 





‘Are You Prepared?’ Answers 
1. True 2.. leue 


7.5 Sum and Difference Formulas 


PREPARING FOR THIS SECTION Before getting started, review the following: 


Distance Formula (Section 1.1, pp. 3-4) e Finding Exact Values Given the Value of a 
Values of the Trigonometric Functions (Section 6.2, Trigonometric Function and the Quadrant of the 
pp. 377-386) Angle (Section 6.3, pp. 399-402) 

Congruent Triangles (Section A.2, pp. A16—A17) 


% Now Work the ‘Are You Prepared?’ problems on page 496. 


OBJECTIVES 1 Use Sum and Difference Formulas to Find Exact Values (p. 488) 
2 Use Sum and Difference Formulas to Establish Identities (p. 492) 


3 Use Sum and Difference Formulas Involving Inverse Trigonometric 
Functions (p. 493) 


4 Solve Trigonometric Equations Linear in Sine and Cosine (p. 494) 





This section continues the derivation of trigonometric identities by obtaining formulas 
that involve the sum or the difference of two angles, such as cos(a@ + B),cos(a@ — B), 
and sin(a + £).These formulas are referred to as the Sum and Difference Formulas. 
We begin with the formulas for cos(@ + B) andcos(a@a — B). 


( THeoReM Sum and Difference Formulas for the Cosine Function 


cos(a + B) = cosacos B — sina sin B 


cos(a — B) = cosacosf + sina sin B 





| 


In Words 

Formula (1) states that the cosine 

of the sum of two angles equals the Proof We prove formula (2) first. Although the formula is true for all numbers a 
cosine of the first angle times the and 8, we assume in our proof that 0 < B < a < 27. Begin with the unit circle and 


cosine of the second angle minus 
the sine of the first angle time 
the sine of the second angle. 


place the angles a and B in standard position, as shown in Figure 26(a) on the next page. 
v The point P, lies on the terminal side of B, so its coordinates are (cos B, sin B); and the 
point P, lies on the terminal side of a, so its coordinates are (cos a, sina). 
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P, = (cos a, sin a) Fg — AGO) = 8) ell a2) 


1 
1 








P, = (Cos £, sin ) 
| 


Figure 26 (a) (b) 


Now place the angle a — £B in standard position, as shown in Figure 26(b). 
The point A has coordinates (1,0), and the point P3 is on the terminal side of the 
angle a — B, so its coordinates are (cos(a@ — B),sin(a — B)). 

Looking at triangle OP, P, in Figure 26(a) and triangle OAP; in Figure 26(b), 
note that these triangles are congruent. (Do you see why? SAS: two sides and the 
included angle, a — B, are equal.) As a result, the unknown side of triangle OP, P, 
and the unknown side of triangle OAP; must be equal; that is, 


d(A, P3) = d(P,, P,) 
Now use the distance formula to obtain 
[cos(a — B) — 1]* + [sin(a — B) — 0]? = V (cosa — cos B)* + (sina — sinB)* d(A,P3) = d(P,,P2) 


[cos(a — B) — 1]? + sin’?(a — B) = (cosa — cos B)? + (sina — sin B)? Square both sides. 





cos*(a — B) — 2cos(a — B) + 1+ sin’(a — B) = cos*a — 2cosacos B + cos’ B Multiply out the squared 

terms. 

+ sin?a — 2sinasinB + sin’ B 
Use a Pythagorean 


2 —2cos(a — B) =2 —2cosacos B — 2sinasin B Identity (3 times). 
—2cos(a — B) = —2cosacos B — 2sina sin B Subtract 2 from both sides. 
cos(a — B) = cosacos PB + sina sin B Divide both sides by — 2. 


This is formula (2). 


The proof of the Sum Formula for cosine follows from the Difference Formula 
for cosine and the Even-Odd Identities. Because a + B = a — (—B), it follows that 


COS + = cos = Ce 
oe) ie (“B) | Use the Difference Formula 
= cosacos(—f8) + sinasin(—B)  forcosine. 


cos a cos B — sina sin B Use the Even-Odd Identities. 
Bi 


1 Use Sum and Difference Formulas to Find Exact Values 


One use of the Sum and Difference Formulas is to obtain the exact value of the cosine 
of an angle that can be expressed as the sum or difference of angles whose sine and 
cosine are known exactly. 


| EXAMPLE 1 ~ Using the Sum Formula to Find an Exact Value 


Find the exact value of cos 75°. 
Solution Because 75° = 45° + 30°, use formula (1) to obtain 


cos 75° = cos(45° + 30°) 7 cos 45° cos 30° — sin 45° sin 30° 


Sum Formula for cosine 


Ve ed FT 
Sager egw gel VO ~ V2) il 
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| EXAMPLE 2 © Using the Difference Formula to Find an Exact Value 


; qT 
Find the exact value of cos —— 


12 
Solution cos*—"= cos( $2 ~ =.) = cos( 7 ~ =) 
HWP 12 12 4 6 
T qT 7 ~~. 7 
= cos — cos — + sin — sin — Use the Difference 
. a Formula for cosine. 
gi 3 ee | 1 
= Epa G(Ve + V9) ~ 


orm Now Work PROBLEMS 13 AND 19 


Another use of the Sum and Difference Formulas is to establish other identities. Two 
important identities, conjectured in Section 6.4, are given next. 





oe ; ; : T 
( ; Proof To establish identity (3a), use the Difference Formula for cos(a@ — B) witha = — 
Seeing the Concept _ 2 
me and B = 0. 
tz Graph Y; = cos( 3 a x) and Yo = sinx 
TT TT ee ie 
on the same screen. Does doing this cos( 2 = 0) — cos —cos @ + sin —sin 0 
provide evidence of result (3a)? How would Z 2 Z 


you provide evidence of the result (3b)? | 


O-cosé + 1-siné 


sin 0 


To establish identity (3b), use the identity (3a) just established. 


sin( 3 = 0) r cos| = (= = 0) = cos 0 


Use Identity (3a) B 


Also, because the cosine function is even 


amg 0) anl-(0-5)] sole 5) 


Even Property of Cosine 


cos( 2 — 0) = sin 0 
t 


Identity (3a) 


and because 


it follows that cos( 0 = =| = sin 0. This means the graphs of y = cos( 0 = = 


and y = sin @ are identical. 


Having established the identities (3a) and (3b), we now can derive the sum and 
difference formulas for sin(a + B) and sin(a — B). 
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Proof sin(a + B) = cos| = i ae B) | Identity (3a) 


“ol (F-2)- 


7 _ (7 ; ' 
= cos( F = « Joos pt sin( 2 = « sin 6 Difference Formula 
for cosine 
= sinacos B + cosasin B Identities (3a) and (3b) 


sin(a — B) = sinta + (—B) | 


Use the Sum Formula 


= sina cos(—B) + cos asin(—B) for sine just obtained. 
= sinacos B + cos a(—sin B) Even-Odd Identities 
= sinacos B — cosa sin B = 

In Words (— 

Formula (4) states that the sine of THEOREM Sum and Difference Formulas for the Sine Function 

the sum of two angles equals the a 

sine of the first angle times the sin(a + B) = sinacosB + cosasin B 

cosine of the second angle plus the 





cosine of the first angle times sin(a — B) = sinacos B — cosasin B 
the sine of the second angle. y . 


“J 


| EXAMPLE 3 | Using the Sum Formula to Find an Exact Value 


_ It 
Find the exact value of sin —— 


12° 
Solution fie =< (= i * = in( = 4 = 
oe a! ey ae 

= in = = -- oe in Sum Formula for sine 
S A COS 3 COS A S 3 
Ved we we. 4 

— ~—==—, == -- og ee 2? + 
2 o° 2 9 4 (V2 + V6) xj 


orm Now Work PROBLEM 21 


| EXAMPLE 4 © Using the Difference Formula to Find an Exact Value 


Find the exact value of sin 80° cos 20° — cos 80° sin 20°. 


Solution The form of the expression sin 80° cos 20° — cos 80° sin 20° is that of the right side of 
formula (5) for sin(a — B) witha = 80° and B = 20°. That is, 
we 


sin 80° cos 20° — cos 80° sin 20° = sin(80° — 20°) = sin 60° = 5 


ommmmmmes- Now Work PROBLEMS 27 AND 31 


| €XAMPLE5 | Finding Exact Values 
4 2 2V5 3 
If sma =<, ara and sin B = — -205 9 < p< 3, find the 


exact value of each of the following. 


(a) cosa (b) cos B (c) cos(a + B) (d) sin(a@ + B) 


Solution 





Figure 27 Sina = 





Figure 28 sin B = 


| & 


ie 
ie 


ze 
V5 


<a<T7 
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4 
(a) Because sina = 57 ~ and 5 <a< 7, let y= 4andr=5, and place a in 


quadrant II. The point P = (x,y) = (x,4),x < 0, is on a circle of radius 5, 
x? + y* = 25. See Figure 27. Then 


Ko ye S25 
x? + 16 = 25 y=4 
=H —16= 9 
xX ==3 x<0O 
Then 
_x_ 3 
a al 5 


; ; 4 ; ; 
Alternatively, we can use sina = 5 and the Pythagorean identity 
sin’ a + cos’ a = 1 to find cos a. 


16 | 9 3 
cosa = —V1—- sina = — 1 55 oa 


@ in quadrant Il, 
cosa <0 


- :. 
(b) Because sin B =—= == and T<B< oe let y= —2 and r= V5, and 


V5 


place 6 in quadrant III. The point P = (x,y) = (x, -2),x < 0, is on a circle 
of radius V5, x’ + y* = 5. See Figure 28. Then 


xt yr=5 
xv+4=5 y= -2 
me 
x=-1x<0O 
Then 
, WS 5 





25 
Alternatively, use sin B = — es and the Pythagorean identity 


sin? B + cos” B = 1 to find cos B. 


cosB = —V1 — sin’ =-J1-3=-/f=-% 


(c) Use the results found in parts (a) and (b) and the Sum Formula for cosine. 
cos(a + B) = cosacos B — sina sin B 


3(-3) -$(-49) - 4 


5) 5 5 25 


) 


(d) Use the Sum Formula for sine. 


sin(a + B) = sinacosB + cosasin B 
+(-2) : (- 3\(- ~ _ 25 
5\ 5 5 Sf 2 =f] 


orm NOW Work PROBLEM 35(a), (Db), AND (C) 
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2 Use Sum and Difference Formulas to Establish Identities 


| EXAMPLE 6 Establishing an Identity 


, 1, cos(a — B) 
Establish the identity: —-————— = cotacotB + 1 
sin a sin B 


Solution cos(a — B) ee p + sin@ sin B Difference Formula for cosine 
sin a sin B sin a sin B 


cosacosB  sinasin B 


snasinB  sinasinB 


COS a COS 
COSC LOSE 4 
sina sin Bp 


COLG-COLB + 1 = 


onmummm=-Now Work PROBLEMS 49 anoD 61 





0 
Use the identity tan 6 = - and the Sum Formulas for sin(a@ + B) 


and cos(a + £8) to derive a formula for tan(a + B). 


sin(a + B sina cos B + cosa sin 
Proof tan(a + B) = ee Sin #008 # = cosa Sin 
cos(a +B)  cosacos B — sina sin B 


Now divide the numerator and the denominator by cos a cos B. 


sina cos B + cosa sin B sina cosB cosa sin B 

: ‘: cos a cos B cosa cosB cosa cos B 
an | @ SS DO ee SSS 
( B) cos acos 6B — sina sin B cosa cos-{. sin a sin B 


cos a cos B cesa@ cos-/8 cosacos B 


sin @ sin 
sina , sinp 





_ cosa cosB _ tana + tanp 
sina sin B 1 — tana tan B 
cosa cos B - 


Proof Use the Sum Formula for tan(a + 8) and Even-Odd Properties to get the 
Difference Formula for the tangent function. 


tana + tan(—B) tana — tan B 


tan(a a B) = tan[a cE (—B) | a = tan a tan(—B) 1 1 + tan a tan 6 


tan(—0) = —tand al 


We have proved the following results: 


( THeorem Sum and Difference Formulas for the Tangent Function 


In Words 

Formula (6) states that the tangent tana + tan B 
of the sum of two angles equals tan(a + 8B) =-———————_— 
the tangent of the first angle 1 — tan a tan 6 
plus the tangent of the second tana — tan B 


angle, all divided by 1 minus lan(@ = 3) 


their product. 


1 + tana tan B 





y 





emmummm-- NOW Work PROBLEM 35(d) 
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| EXAMPLE 7 ~ Establishing an Identity 


Solution 


Establish the identity: tan(@ + 7) = tan@ 


tand+tan7 — tané+ 0 =aaae 
1 — tan 6 tan 7 1 — tané:0 =, 


Example 7 verifies that the tangent function is periodic with period 7. 


tan(@+ 7) = 


| EXAMPLES | 8 Establishing an Identity 


Solution 


WARNING Be careful when using 
formulas (6) and (7). These formulas 
can be used only for angles a and B for 
which tan @ and tan B are defined. That 
is, they can be used for all angles except 


odd integer multiples of a 


Establish the identity: tan( 0 F = = —coté 
Formula (6) cannot be used because tan - is not defined. Instead, proceed as follows: 
in(a + =) in 0 a 6 sin — 
( 7 S 5 sin @ cos“> + cos @ sin; 
tan| 06 + =) = -—— Ss ES 
= S cos 6 cos — — sin 6 sin — 
cos| 6 + 5 5 5 


(sin@):0 + (cos@)-:1  cos@ _ i 
(cos@):0— (sin@):1 —sin@d — 7 





J 


3 Use Sum and Difference Formulas Involving Inverse 
Trigonometric Functions 


} Finding the Exact Value of an Expression Involving Inverse 


Solution 


NOTE In Example 9 sina also can be 


1 x 
found by using cosa = = =, SO 
r 


x = 1 andr =2. Then y = V3 and 


| V3 

sina = Lape a Also, cos B can be 
r 

found tna similar fashion. a 


Trigonometric Functions 


1 3 
Find the exact value of: sin( cos" art sin’ | >) 


1 3 
We want the sine of the sum of two angles, a = cos ! 5 and B = sin! 5" Then 
COs = C= c= and mee -sa< § = 
2 oe 5 5 


Use Pythagorean Identities to obtain sina and cos B. Because sina = 0 
and cos B = 0 (do you know why?), this means that 


1 3 3 
sina = V1 —cos?a = 1-4=,F- 


9 16 «64 
— V/1 — sir’? B = Sig tes eee 
cos B 1 — sin‘ B 1 5 5 5 


° 11 ere ° ° ° 
sin|{ cos 5 + sin 5 = sin(a + B) = sinacos B + cosa sin B 


As a result, 


Now Work PROBLEM 77 





| EXAMPLE 10 — Writing a Trigonometric Expression as an Algebraic Expression 


Write sin(sin | u + cos |v) as an algebraic expression containing u and v (that is, 
without trigonometric functions). State the restrictions on u and v. 
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Solution First, for sin! u, the restriction on u is —1 < u < 1, and for cos! v, the restriction 
onvis—1 =v <= 1.Nowleta = sin! uand B = cos ! v. Then 


sna =u —fa< 4 <2 —_-=72 1 
2 2 
cosB =v C= B27 =e y= 1 
Because ~~ = et, COS a =). So, 


cosa = V1 — sink a = V1 —- uv’ 


Also, because 0 = B = 7, sin B = 0. Then 


sinB = V1 —cos*B = V1-v 


As a result, 
sin(sin}u + cos !v) = sin(a + B) = sinacos B + cosasin B 


WE VL = a oe V1 aol 


oommmmm=-Now Work PROBLEM 87 


4 Solve Trigonometric Equations Linear in Sine and Cosine 


Sometimes it is necessary to square both sides of an equation to obtain expressions 
that allow the use of identities. Remember, squaring both sides of an equation may 
introduce extraneous solutions. As a result, apparent solutions must be checked. 


| EXAMPLE 11 ~ Solving a Trigonometric Equation Linear in Sine and Cosine 


Solve the equation: sin@d + cos@=1, 0S0<27 


Option 1 Attempts to use available identities do not lead to equations that are easy to solve. 
(Try it yourself.) So, given the form of this equation, square both sides. 


sin@ + cos@ = 1 
(sin @ + cos@)* =1 Square both sides. 
sin’ @ + 2sin@ cos @ + cos*@ = 1 Remove parentheses. 
2sin@cos@ =O sin*@ + cos*0 = 1 
sin 6 cos 6 = 0 
Setting each factor equal to zero leads to 
sn@=0Q0 or cosé=0 


The apparent solutions are 


6=0 6=%7 @== g=— 
7 2 p 
Because both sides of the original equation were squared, these apparent 


solutions must be checked to see whether any are extraneous. 


6 = 0: sinQ+cos0 =O0+1=1 A solution 

d=7: sina+cos7=0+ (-1) =~—1 Notasolution 

g= 5; sin> + cos> =1+0=1 A solution 

6 =a inte + a 1405 —1 Not luti 
—— sin 5 COS -—_ = ota solution 


3 
The values 0 = 7 and @ = > are extraneous. The solution set is 10. at 
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Option 2 Start with the equation 
sin@ + cosé = 1 
and divide both sides by V2. Then 


1, 1 
— sin 0 + — —cos@ = ——= 


v2 V2 V2 


The left side now resembles the formula for the sine of the sum of two angles, one of 
which is 6. The other angle is unknown (call it ¢.) Then 


1 
sin(@é + @) = sinécos ¢@ + cos @ sind = —= (8) 


V2 


1 1 
Comparing (8) to —=sin 0 + —=cos 6 = , we See that 


2 v2 
1 V2 


cos @ =*_4 =" sind = 


\/2 2 


The angle ¢ is therefore ms As a result, equation (8) becomes 


sin( 0 F *) = ne 


Sis 


IS 


0O=¢<27 


Sie 





2 
ete 3 
In the interval | 0,27), there are two angles whose sine is ——: = and —. See 
= 2 4 + 
igure 29. As a result, 
6+—=-— o 642%. 
4 4 + + 
Figure 29 FeO: oF pee 
2 
The solution set is ‘0 = 
2s J 


The second option can be used to solve any linear equation of the 
form asin # + bcos 6 = c, where a,b, and c are nonzero constants, by dividing both 


sides of the equation by Va? + b’. 








Solving a Trigonometric Equation Linear in sin 8 and cos 6 
Solve: 
asin@d+ bcos9d=c (9) 


where a, b, and c are constants and either a ~ Oorb # 0. 


Solution Divide both sides of equation (9) by Va? + b*. Then 








ys 
ss sin 6 + a d= a (10) 
_ \P=(@ 5) Var + b? Var + b? Var + b? 
a . 
jot There is a unique angle ¢,0 <= ¢ < 27, for which 
a ' 
° 5b = es and sing = EE (11) 
xe + y? = at + be 7 a’ + b* Var + B? 
sin @ = be cos dé = £ 
Vaz + p2 Vaz + p2 Figure 30 shows the angle ¢ fora > Oandb > 0. 


Figure 30 (continued ) 
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SUMMARY 


Sum and Difference Formulas 
cos(a + B) 
sin(a + B) 


tan a + tan 
tan(a + B) = e 


1 — tana tan B 


cosa cos B — sina sin B 


sina cos B + cosa sin B 


Equation (10) can be written as 
C 


Vaz + b? 


sin@ cos @ + cos @ sind = 


or, equivalently, 
6 


Va? + b? 


sin(0 + $) = (12) 


where ¢ satisfies equation (11). 
e If |c| > Va? +b’, then sin(@+¢@) >1 or sin(@+ dd) <—1, and 
equation (12) has no solution. 
e If |c| = Va’ + b’, then the solutions of equation (12) are 
C 


Vaz + b? 


Once the angle ¢ is determined by equations (11), the above are the solutions 
to equation (9). 


6+¢=sin! or 06+ ¢=7-sin! 


az + b? 


ontmmmmm=-Now Work PRoBLEM 95 


cosacos B + sina sin B 


sin a cos B — cosa sin B 


tana — tan Bp 
1 + tana tan B 





7.5 Assess Your Understanding 


‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. The distance d from the point (2, —3) to the point (5,1) is 


___.- (pp. 3-4) 


4 
2. If sin@ = 5 and @ is in quadrant II, then cos 6 = 


(pp. 399-402) 


3. (a) sin 7+ cos — = 


W W 
b) tan— — sin— = 
(b) tan 7 sini 


4. If si = 
sin @ 5 


Concepts and Vocabulary 


7. (a) cos(a + B) = cosacos B 
cos @ sin B 


(b) sin(a — B) = sinacos B 





8. True or False sin(a + 8) = sina + sinB + 2sinasin B 


9. True or False cos( 3 a 0) = cos 0 


10. True or False If f(x) = sinx and g(x) = cos x, then 
g(a + B) = g(a)g(B) — fle) f(B) 


(pp. 380-383) 


4 37 
eo <a < —,thencosa = 


5. Two triangles are if the lengths of two 
corresponding sides are equal and the angles between the 
two sides have the same measure. (pp. A16—A17) 


p= (428 


> 2 





) is a point on the unit circle that 


corresponds to a real number ¢, then sint = : 


cos f = 





,and tant = Aoi) 


(pp. 380-383) 


(pp. 399-402) 





11. Multiple Choice Choose the expression that completes the 
Sum Formula for tangent functions: tan(@a + B) = —__. 

tana + tan B tana — tan Bp 

1 — tana tan B ” 1 + tana tan B 

tana + tan B tana — tan 6 

1 + tana tan B 


sin @ sin B 


(c) (d) 


1 — tana tan B 





12. Multiple Choice Choose the expression that is equivalent to 
sin 60° cos 20° + cos 60° sin 20° 


(a) cos 40° (b) sin 40° (c) cos 80° (d) sin 80° 


Skill Building 


In Problems 13-24, find the exact value of each expression. 


aN 13. cos 165° 14. sin 105° 15. tan 15° 


\ Tn To gin 
. 19. cos 0 20. tan 0 21. sin 0 


In Problems 25-34, find the exact value of each expression. 
25. sin 20° cos 10° + cos 20° sin 10° 


XX 27. cos 70° cos 20° — sin 70° sin 20° 


tan 20° + tan 25° 


aa 1 — tan 20° tan 25° 


OOS 34 cig tlcos GE = cogtlecin LE 
. 31. sin 128 2 COs 2 sin 2 


4a: cbse oecete ce ee 
e COS 12 COS 12 sin 12 sin 12 
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577 


re) 2 oe . ll, 
16. tan 195 17. sin 12 18. sin 12 
197 T 57 
222. tani TD 23. seo( - = 24. coi( = =) 
26. sin 20° cos 80° — cos 20° sin 80° 


28. 


30. 


32. 


34. 


cos 40° cos 10° + sin 40° sin 10° 


tan 40° — tan 10° 
1 + tan 40° tan 10° 


Sat og I gin SM gin I 
COS 12 COS 12 sin 12 sin 12 


i eaceee ee coe = 
per gg 18 ale 18 


In Problems 35-40, find the exact value of each of the following under the given conditions: 


(d) tan(a - B) 


(a) sin(a + B) (b) cos(a@ + B) 


| ZV 
\ 38. sine = 5,0 <a < cosp = 2 Depo 
4 7 1 T 
e = — Se — : = = <— 
37. tan a 379 a<7; cosB 59 B 5 
5 377 T 
39, sna =, a < =; tanB=—-V3,><B<a 40. 


1 
41. Ifsind = 3 6 in quadrant II, find the exact value of: 


(a) cos 6 
(b) sin( 0 " = 
(c) cos( 0 = =) 


(d) tan( 0 i = 


(c) sin(a — B) 


36. 


38. 


42. 


V5 T 4 T 
==—40<a <* =—-#-= <B< 

COS @ 5 :0O<a 5 sin B 575 b= 0 
1 3% 
—— 7 < Be 


sin B = 5 5 


tan a — rcs 
ee a 5° 


7 i T 
cosa ==, =< a < 0; mp SS Be 


9 
Lx. ; 
If cos 8 = 7. 6 in quadrant IV, find the exact value of: 


(a) sind 


(b) sin( 0 = = 
(c) cos( 0 + =) 
(d) tan( 0 = =) 


In Problems 43-48, use the figures to evaluate each function if f(x) = sin x, g(x) = cosx,andh(x) = tanx. 


43. f(a + B) 44. g(a + B) 
45. g(a — B) 46. f(a — B) 
47. h(a + B) 48. h(a — B) 


In Problems 49-74, establish each identity. 


NX 49. sin( 3 + 0) = cos 0 
§2. cos(a — @) = —cos@ 


55. tan(a — 6) = —tané 


3 
58. cos( + 0) = siné 


50. 


53. 


56. 


ay; 


7 ; 
cos( 2 ac 0) = —sin 0 
2 
sin(a + 6) = —siné 
tan(27 — 6) = —tané 
sin(a + B) + sin(a — 





51. sin(w7 — 6) = sind 


54. cos(7 + 6) = —cos@ 
.. 
5]. sin( + 0) = —cos 6 


B) =2sinacos B 
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60. 


62. 


64. 


66. 


68. 


70. 


72. 
74. 


cos(a@ + B) + cos(a — B) = 2cosacos B 


sin(a + B 
ee = fan teap 
cos a cos B 
cos(a — B 
ota ae 
sin a cos B 
cos(a +B)  1-—tanatanp 
cos(a—fB) 1+ tanatanB 
cotacotB+1 
cot(a — B) = ————_ 
cot B — cota 
sec a Sec B 
sec(a — B) 


ea tan a tan B 
cos(a — B) cos(a + B) = cos’a — sin’ B 


cos(@ + kw) = (-1)*cos 6, k any integer 


In Problems 75-86, find the exact value of each expression. 


IDs 


78. 


81. 


84. 


NX 61. 
63. 
65. 
67. 
69. 


71. 


73 


sin(a + B 
ee 1 + cota tan B 
sin a cos B 
cos(a + B 
t-te 
COS a cos B 


sin(a +B) tana + tanB 
sin(a— 8) tana — tanB 
cotacotB —-1 


Liar = 
Eonar cot B + cota 


(a + B) csc a csc B 
sec(a@ = $s 
cotacotB —-1 


sin(a — B) sin(a + B) = sin’ a — sin’ B 


sin(@ + km) = (—1)*sin@, k any integer 


il 3 ‘ 3 4 
sin( sin —+ cos 0) 76. sin( sin xe + cos! 1) N71. sn| sin! Ki cos '( + +) 
2 2 5 5 
4 3 4 -) 5 3 
sn| sin (- 2) — tan! >| 79. cos( tan! 3 + cos! =) 80. cos tan Dp sin - =) 
5 3 4 12 3 
cos( sin ca tan | >) 82. cos( tan! 3 + cos! =) 83. tan( sin 5 +- = 
3 4 4 
tan( 2 — cos?! >) 85. tan( sin 5 + cos! 1) 86. tan( cos 5 + sin! 1) 


In Problems 87-92, write each trigonometric expression as an algebraic expression containing u and v. Give the restrictions required 
on uand v. 


N87, 


90. 


cos(cos }u + sin! v) 


cos(tan}u + tan! vy) 


88. sin(sin | u — cos! v) 


91. tan(sin | u — cos! v) 


In Problems 93-98, solve each equation on the interval0 S 0 < 27. 


93. 


96. 


sin 6 — \V/3 cos 0 =], 


sin @ — cos@ = A> 


Applications and Extensions 


99. 


100. 


JX 101. 


X 102. 


Show that sin(sin!}v + cos !v) = 1. 
Show that cos(sin !v + cos!v) = 0. 


Calculus Show that the difference quotient for f(x) = sin x 








is given by 
Hiern) —Jlx). smtier hh) — simx 
ey es 
_ cos xe 7 én ye — cosh 
h h 
Calculus Show that the difference quotient for f(x) = cos x 
is given by 
FCT NR) Hix) COS Ft) = cos x 
— Ah 
sin h 1 — cosh 
= —sinx: = COs x= 





h 


94. \V/3 sin 6 + cos@=1 


97. tan dé + V3 = sec 0 


103. 


104. 


89. sin(tan uw — sin | vy) 


92. sec(tan }u + cos !v) 


X95. 


98. 


sin @ + cos@ = V2 


coté@ + csc@ = aA 


One, Two, Three 
(a) Show that tan(tan’'1 + tan’'2 + tan!3) 
(b) Conclude from part (a) that 


0. 


tan?1+4+tan!2+tan!3=7 


Source: College Mathematics Journal, Vol. 37, No.3, May 2006 


Electric Power In an alternating current (ac) circuit, the 
instantaneous power p at time f is given by 


P(t) = Vinlm cos sin? (wt) — V,,J,, sin @ sin (wt) cos (wt) 
Show that this is equivalent to 


P(t) = Vint Sin(wt) sin(wt — ) 


Source: HyperPhysics, hosted by Georgia State University 


105. Area of a Dodecagon Part I A regular dodecagon is a 
polygon with 12 sides of equal length. See the figure. 
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(c) Find the exact area of the circle inscribed in a regular 
dodecagon with side a = 5 cm. 

(d) Find the exact area of the region between the circle and 
the regular dodecagon. 





107. Geometry: Angle between Two Lines Let L; and L, denote 
two nonvertical intersecting lines, and let 6 denote the acute 
a angle between L, and L, (see the figure). Show that 
m,—-—m 
tan 9 = —~—— 
1+ Ny Mp 
where m, and m), are the slopes of L, and L>, respectively. 
[Hint: Use the facts that tan 6, = m, and tan 6) = m.| 
(a) The area A of a regular dodecagon is given by the 
formula A = 12r’ tan a7 where r is the apothem, 
which is a line segment from the center of 
the polygon that is perpendicular to a side. 
Find the exact area of a regular dodecagon 
whose apothem is 10 inches. 
(b) The area A of a regular dodecagon is also given by the 
formula A = 3a’ cot , where a is the length of a side of 
the polygon. Find the exact area of a regular dodecagon 
if the length of a side is 15 centimeters. ; ; 

106. Area of a Dodecagon Part II Refer to Problem 105. The 108. Challenge Problem Show that cot” e" = tan” e”". 
figure shows that the interior angle of a regular dodecagon | fs ee 
has measure 150°, and the apothem equals the radius of the Pe EE TORIEE SO I Ce pa 
inscribed circle. = 

110. Challenge Problem Show that tan! v + cot’) v = >" 
il 
111. Challenge Problem Show that tan-'(+) =~ ~ tan! V, 
Vv Zz 
ifv > 0. 
112. Challenge Problem Ifa + B + y = 180° and 
cot@ = cota +cotB+coty 0<6@< 90° 
show that 
sin’ 9 = sin(a — 0) sin(B — @) sin(y — @) 
(a) Find the exact area of a regular dodecagon with 113. Challenge Problem If tana = x + Landtanf = x — 1, 
side a = 5cm we 
ee 
(b) Find the radius of the inscribed circle for the regular 2cot(a — B) =x 
dodecagon from part (a). 
Explaining Concepts: Discussion and Writing 
114. Discuss the following derivation: 
tan 0 
tanéd +t uP tan ee 
(0+) aaa? 2 O+1 1 - 
an 2 1 O-—tan@é -—tand 
1 —tan@tanz« #—— -— tan@ 
tan a 
2 
Can you justify each step? 
115. Explain why formula (7) cannot be used to show that 
7 
tan( 2 = 0) = cot é 


Establish this identity by using formulas (3a) and (3b). 
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Retain Your Knowledge 


Problems 116-125 are based on material learned earlier in the course. The purpose of these problems is to keep the material fresh in 
your mind so that you are better prepared for the final exam. 


116. Determine the points of intersection of the graphs of 121. Solve: 8°-4 = 42*~? 

f(x) =x* + 5x + land g(x) = —2x*- 11x -4 122. Write as a single logarithm: 

by solving f(x) = g(x). 3 log7zx + 2log7y — 5 log; z 

Lipa 

117. Convert Ss to degrees. 123. Simplify: ‘Crs vy) * (x y) 2 
118. Find the area of the sector of a circle of radius 6 meters py ea ee, on er | 

formed by an angle of 45°. Give both the exact area and 

an approximation rounded to two decimal places. KK 125. Write a + 8(x + 3)34.5 > —3,asasingle 
119. Given tan@ = —2, 270° < 6 < 360°, find the exact (x +3) 7 

value of the remaining five trigonometric functions. quotient with only positive exponents. 


1 
120. Write f(x) = 7” +4 = Lan vertex torm, 


‘Are You Prepared?’ Answers 


3 ie) 1 
1.5 Zs “= 3. (a) “A (b) 7 4, — 


2V2. 1 
5. congruent 6. 22, ~3? aE) 


| Go 


Double-angle and Half-angle Formulas 


OBJECTIVES 1 Use Double-angle Formulas to Find Exact Values (p. 501) 
2 Use Double-angle Formulas to Establish Identities (p. 501) 
3 Use Half-angle Formulas to Find Exact Values (p. 504) 





1 1 
In this section, formulas for sin (26), cos (26), sin( 5 0), and cos( 3 0) are established 


in terms of sin 6 and cos 6. They are derived using the Sum Formulas. 
In the Sum Formulas for sin(@ + B) and cos(@ + B),leta = B = 0. Then 


sin(a + B) 
sin(@ + 6) = sin @cos 6 + cos @sin 6 
sin(20) = 2 sin 6 cos 6 


sina cos B + cosa sin B 


and 


cos(a + B) = cosacos B — sina sin B 
cos(@ + 6) = cos@cos 6 — sin @ sin dé 


cos(20) = cos’ @ — sin’ 6 


An application of the Pythagorean identity sin? @ + cos? @ = 1 results in two 
other ways to express cos (26). 


cos(26) = cos? @ — sin’ @ = (1 — sin’ 6) — sin’? 6 = 1 — 2 sin’ 0 
and 


cos (20) = cos* 6 — sin’ 6 = cos? @ — (1 — cos*6) = 2cos*6 — 1 
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The following theorem summarizes the Double-angle Formulas. 


( tHeoreM Double-angle Formulas 


sin(20) = 2 sin 6 cos 6 


cos(26) = cos’ @ — sin’ 6 


cos(26) = 1 — 2sin’ 6 
cos(26) = 2cos’6 — 1 





1 Use Double-angle Formulas to Find Exact Values 








Finding Exact Values Using Double-angle Formulas 
3 

If sin 8 = 5° 5 < @ < 7, find the exact value of: 

(a) sin (26) (b) cos (20) 


; ; : Dix : 
Solution (a) Because sin(26) = 2 sin @cos@ and because sin @ = 5 is known, begin by 


2 
finding cos 6. Since sin é = 5 = *, <@< 7, let y= 3 and r = 5, and 
place 6 in quadrant II. The point P = (x,y) = (x,3) is on acircle of radius 5, 


x? + y? = 25. See Figure 31. Then 





x? + y* = 25 
x =25-9=16 y=3 
x=-4 x <0 
This means that cos 6 = = = = Now use Double-angle Formula (1) to obtain 
Figure 31 siné = 2. _ 0<q7 sin(20) = 2 sin 8 cos @ = 2-2.(—2) = -= 


3 
(b) Because sin 6 = 5 is given, it is easiest to use Double-angle Formula (3) to 
find cos (26). 


9 18 7 
O20) = een ae ee ee _J 


WARNING In finding cos (26) in Example 1(b), a version of the Double-angle Formula, formula (3), 
was used. Note that it is not possible to use the Pythagorean identity cos(20) = + V1 — sin*(20), 


2 
with sin(20) = — = because there is no way of knowing which sign to choose. fe 
ommmmm==- Now Work PROBLEM 9(a) AND (b) 


2 Use Double-angle Formulas to Establish Identities 


| €XAMPLE2 | Establishing Identities 


(a) Develop a formula for tan(26) in terms of tan 0. 


(b) Develop a formula for sin (36) in terms of sin 6 and cos 6. 
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Solution (a) In the Sum Formula for tan(a@ + B),leta = B = 6.Then 


ence p tana + tan B 
n = 
nee 1 — tana tan B 

tan 8 + tan @ 
tan(@+ 0) = 


1 — tan 6 tan 6 





(b) To find a formula for sin(30), write 36 as 26 + 6, and use the Sum Formula. 
sin(36) = sin(26 + 6) = sin(26) cos 6 + cos(26) sin é 
Now use the Double-angle Formulas to get 
sin(30) = (2sin@ cos 6) (cos@) + (cos*@ — sin’ 6) (sin @) 

= 2 sin 6 cos’ 6 + sin @ cos’ @ — sin’ 6 
= 3 sin 0 cos’ 6 — sim 6 all 

The formula obtained in Example 2(b) also can be written as 

sin(30) = 3sin 6 cos’ 6 — sim’ @ = 3sin @(1 — sin’ 6) — sin’ 0 
= 3sin@ — 4sir 6 


That is, sin(3@) is a third-degree polynomial in the variable sin 6. In fact, sin(n6), 
n a positive odd integer, can always be written as a polynomial of degree n in 
the variable sin 0.* 


ommmm_e=-Now Work PRoBLEM 69 


Rearranging the Double-angle Formulas (3) and (4) leads to other formulas that 
are used later and are important in calculus. 
Begin with Double-angle Formula (3) and solve for sin’ 6. 


cos(20) = 1 — 2sin’ 6 
2 sin? 6 = 1 — cos(20) 


Kl srg 8@ ie a 
sin’ 9 = 


Similarly, using Double-angle Formula (4), solve for cos” 6. 
cos(20) = 2cos*@ - 1 
2 cos? 6 = 1 + cos(26) 





a: —— 
cos’ 6 = 


Formulas (6) and (7) can be used to develop a formula for tan? 6. 





1 — cos(26) 

ore sin? 0 2 
cos*@ 1+ cos(20) 

2 


*Because of the work done by P. L. Chebyshév, these polynomials are sometimes called Chebyshév 
polynomials. 
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p ee ee) = 
oo nee cos (26) © 


Formulas (6) through (8) do not have to be memorized since their derivations 
are straightforward. 

Formulas (6) and (7) are important in calculus. The next example illustrates a 
problem that arises in calculus requiring the use of formula (7). 


LX | EXAMPLE 3 © Establishing an Identity 


Solution 


Write an equivalent expression for cos* @ that does not involve any powers of sine or 
cosine greater than 1. 


The idea here is to use formula (7) twice. 
1 + cos(26) ) 


5 Formula (7) 


cos’ @ = (cos? @)* = ( 
= —[1 + 2cos(20) + cos”(26) ] 


1 
"COs (20) = 4 008 (28) 


1. VePeos( 22 20)) 
cos(20) + —-——————_ Formula (7) 


a 
+ Z 


+ a=scos (20) + =(1 + cos(46) | 


= i+ 


COolwWw Bl Bl Ale Ble 


1 
2 
1 
2 
1 
2 
1 1 

3 008 (28) =r g cos (49) J 
4 


opmmmmme-Now Work PROBLEM 43 


| €XAMPLE 4 Solving a Trigonometric Equation Using Identities 


Solution 
a a t= 1) a7 
= 


1 
Solve the equation: sin @cos@ = — > 0 2a 


The left side of the equation, except for a factor of 2, is in the form of the 
Double-angle Formula, 2 sin 6 cos 6 = sin(20). Multiply both sides by 2. 


in 0cos@ = —= 
Sim 0 COS ,) 


2sin@cos@ = —1 Multiply both sides by 2. 
sin(29) = —1  Double-angle Formula 


The argument is 26. Write the general formula that gives all the solutions 
of this equation, and then list those that are in the interval [0, 277). 


3 
Because sin (= F 2k = —1, for any integer k, this means that 


5 
20 = = + 2k7 kaninteger 


37r 


6-7 + ka 
== fe aie RCL pe eG, _/0 ne _ ud 
a A TT 4? A TT 4” mi qT 
} ft i} 
k=0 k=1 k=72 


(continued ) 
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The solutions in the interval [ 0, 277) are 
2 77 


9=— 


0 
- + 


30 717 
Th luti tis \ —,—. 
e solution se (= a J 


ommeen- Now Work PROBLEM 73 


| EXAMPLE 5 ~ Projectile Motion 


PPT isi ay An object is propelled upward at an angle 6 to the horizontal with an initial velocity 
"s Ohl of vo feet per second. See Figure 32. If air resistance is ignored, the range R—the 
Q ’, horizontal distance that the object travels —is given by the function 
" R(0) : * sin 8 cos 0 
=—VvV 
Figure 32 16." 


1 
(a) Show that R(@) = ae sin (26). 
(b) Find the angle 6 for which R is a maximum. 


Solution (a) Rewrite the expression for the range using the Double-angle Formula 
sin(20) = 2 sin 6 cos 6. Then 
1 1 ,2siné 6 if 
R(0) = qav sin 8 cos 8 = Ma — save sin (26) 
(b) In this form, the largest value for the range R can be found. For a fixed initial 
speed vo, the angle @ of inclination to the horizontal determines the value of R. 
The largest value of a sine function is 1, which occurs when the argument 26 
is 90°. For maximum R, it follows that 


20 = 90° 
@ = 45° 
An inclination to the horizontal of 45° results in the maximum range. s 


3 Use Half-angle Formulas to Find Exact Values 


Another important use of formulas (6) through (8) is to prove the Half-angle 
Formulas. In formulas (6) through (8), let 6 = = Then 


a  1-—cosa 


Ny aereaeae (7) 


2 1+ cosa 





Solving for the trigonometric functions on the left sides of equations (9) gives 
the Half-angle Formulas. 


( THEOREM Half-angle Formulas 





where the + or — sign is determined by the quadrant of the angle =: 


J 
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| EXAMPLE 6 Finding Exact Values Using Half-angle Formulas 


Use a Half-angle Formula to find the exact value of: 


(a) cos 15° (b) sin(—15°) 


; 30 
Solution (a) Because 15° = 7? Use the Half-angle Formula for cos 7 with a = 30°. Also, 





because 15° is in quadrant I,cos 15° > 0,so choose the + sign in using formula (11). 


cos 15° = cos ue emus 
2 2 
7 pre = et Vo Vo 
2 4 2 


(b) Use the fact that sin(—15°) = —sin 15°, and then use formula (10). 


30° TCO: 
1 — 15° — —q = — ——————— 
sin ( ) sin ad 5 


__ fi=v3/2_— f2-v3__ V2- V3 
7 2 7 4 2 _J 


It is interesting to compare the answer found in Example 6(a) with the answer 
to Example 2 of Section 75. There it was calculated that 


1 
cos = = cos 15° = z(V6+ V2) 


Based on this and the result of Example 6(a), 








= (V6 + V2) and V2+V3 


2 


are equal. (Since each expression is positive, you can verify this equality by squaring 
each expression.) Two very different-looking, yet correct, answers can be obtained, 
depending on the approach taken to solve a problem. 


ovummmme=-Now Work PROBLEM 21 


| EXAMPLE 7 ~ Finding Exact Values Using Half-angle Formulas 


3 3 
If cosa = — 5° Ta a= = find the exact value of: 


. a Qa a 
(a) sin 5 (b) cos 5 (c) tan 5 


3 3 
= then <<< rt As aresult, 5 lies in quadrant II. 


Solution First, observe that if < a < ; os 


(a) Because 5 lies in quadrant II, sin 5 > 0, so use the + sign in formula (10) to get 


g 
5 4 2 25 
Bo bade8 


(b) Because 5 lies in quadrant II, cos 5 < 0, so use the — sign in formula (11) to get 


eee 1—cosa _ 
y 2 





a 1+ cosa 
Ce ——— 
Z 2 


4/5 5 


(continued ) 





2 
A) 1 v5 
9) 
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(c) Because 5 lies in quadrant IT, tan a < 0, so use the — sign in formula (12) to get 


a 1—cosa@ © 5 8 
2 V1+ cosa ( =) 
1+ 5 


Another way to solve Example 7(c) is to use the results of parts (a) and (b). 


UM] NM] Nn co | 
| 
| 
No 





5 
evrmmmmm- NOW Work PROBLEMS 9(C) AND (d) 


; a ; ae 
There is a formula for tan 5 that does not contain + and — signs, making it more 


useful than formula (12). To derive it, use the formulas 


1 — cosa = 2 sin? Formula (9) 


and 
a - a a 
sna = sin( 2 : =) = 2 sin —cos— Double-angle Formula 
2 Z p} 
Then 
2 sin’ pa sin S 
1 — cosa p3 ps a 
sin @ e: 


Die; a a a 
Sir. COS. COS 
2 2 2 


Because it also can be shown that 


1 — cosa _ sin a 
sin @ 1+ cosa 


this results in the following two Half-angle Formulas: 
Half-angle Formulas for tan S 


a sin @ 
tan — = 


Dy sina 1+ cosa 





J 


With this formula, the solution to Example 7(c) can be obtained as follows: 


3 
Cosa = - | Tax — 


sin @ 


| 
| 
Nn 

—_ 

| 

QR 

© 

N 

NO 

9 

log 

| 

—_ 

| 
NO 
34: 

| 

| 
ar 
na} ON 

| 

| 
On| BS 


Then, by equation (13), 


me 
od Osa 5 


tan = = ———__ = ——— = 
2 sin @ 


7.6 Assess Your Understanding 


Concepts and Vocabulary 


1. cos (20) = cos’é — = = 
=]|- 
1 — cos @ 
2. sin’ = —_— 
sin 5 
6 1 — cos @ 
3. t = DSO 
an 5 
2 tan 0 


4. True or False tan(260) = ew 
1 — tan’ 6 


5. True or False sin(20) has two equivalent forms: 
2sin@cos@ and sin’ @ — cos’ 6 
6. True or False tan(20) + tan(26) = tan(46) 


Skill Building 
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7. Multiple Choice Choose the expression that completes the 


Half-angle Formula for cosine functions: cos = 


1 — cosa 1+ cosa 

(a) +, |= (b) +, 
2 2 

cosa — sina 1 — cosa 

SS =e d) +, ———* 

(c) 2 (d) 1+ cosa 


ES 0 
8. Multiple Choice Ifsina = + —— then which 


statement describes how @ is related to a? 


(a) 0=a (b) = 5 (c) 0=2a ) O0=e 


In Problems 9-20, use the information given about the angle 0,0 < 6 < 27, to find the exact value of: 


(a) sin(20) (b) cos(26) (c) sin 5 (d) one 


ME 9. sng = 2. ed ere i: cose 
5 2 
1 
12. tand = —, peg cee 13. cos@é = 
2 2 
15. secd = 3, sind > 0 16. csc 6 
18. sec? = 2, cscO <0 19. tané = 


T 4 377 
<9@<— 11. =— <9@<— 
0<8@ 5 tan 0 3° T<0 5 
—<@0<7 14, sing = —~>. F< 6 < 2m 
5. cos é < 0 17, cot? = —-2, sec@ <0 


20. cot@ = 3, cosé <0 


In Problems 21-30, use Half-angle Formulas to find the exact value of each expression. 


‘21. sin 22.5° 22. cos 22.5° 


25. cos 165° 26. sin 195° 


TT 
29. ie oe 
sin( 2) 


7 9 
23. tan 24. tan = 
157 1h 
oF see 28. csc — 
Sec 8 CSC Q 


377 
30. as 
cos( 8 ) 


In Problems 31-42, f(x) = sin x, g(x) = cos x,and h(x) = tan x. Use the figures below to evaluate each function. 


31. f(20) 32. g(20) 
«(2 me) 
35.1028) a 1(2) 
37. (2a) 38. f(2a) 


»-A(5) (5) 


' 3 1 1 
és \\. 43. Show that sint @ = a 5 608 (28) = g 008 (48). 


4, 


j 
‘ 45. Show that sin’ 6 cos? 6 = a g 008 (49). 


47. Find an expression for cos (36) as a third-degree polynomial 


in the variable cos @. 


49. Find an expression for sin(56@) as a fifth-degree polynomial 


in the variable sin 6. 





41. a(S) 42. h(2a) 


. Show that sin(40) = (cos 6) (4sin6@ — 8 sin’ 6). 


3 1 1 
. Show that sin’ 6 cost @ = —~ — —~cos(40) + —~cos(86). 


128 32 128 


. Find an expression for cos (46) as a fourth-degree polynomial 


in the variable cos @. 


. Find an expression for cos (56) as a fifth-degree polynomial 


in the variable cos @. 
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In Problems 51-72, establish each identity. 


t@ — tané 76-1 
51. cos @ — sin* 6 = cos (26) 3 = cos (26 ) 53. cot(20) = eens 
cot 9 + tan 6 2 cot 0 
1 sec’ 0 1 
54. cot(20) = =(cot é — tan@) 55. sec(20) =~——_,.—> 56. csc(20) = =sec 6 csc 0 
Z 2 — sec“ 6 Z 
cos (26 te =] 
57, cos’(2u) — sin?(2u) = cos(4u) 58. (4sinucosu)(1—2sin?u) =sin(4u) 59. ey = ——— 
1, 7) p) ) ps 
60. sin* 6 cos’ 0 = z Sin’ (20) 61. sec? a ay i 62. csc? a ay: 
0 
5 L= tan’ 5 
Sec 
63. cot? — =e 64. tan —_ csc v — cotv 65. cos é = 
Z. seov— i 2 > 9 
1 + tan 5 
il in’ 6 + 39 sin (30 cos (36 
66. 1 ——sin(2e) = == 67, SLD _ S088) 
2 sin 0 + cos 6 sin 6 cos 6 
6 + sin@ @ — sin 0 3 tan @ — tan’ 0 
68. ae ae 2 tan (26) XQ 69. tan(30) = a ae 


cos@é —sin@ cos@+ sind 
70. tan@ + tan(@ + 120°) + tan(@ + 240°) = 3 tan(36) 


1 
72. In |cos 6| = 5 (in }1 + cos(20)| — In2) 


In Problems 73-82, solve each equation on the interval) = 0 < 27. 
\\. 73. cos(20) + 6 sin? = 4 74, cos(20) =2—2s 


76. sin(26) = cos @ 77, sin(26) + sin(46) 
79. 3 — sin @ = cos(26) 


81. tan(20) + 2sin@ = 0 


In Problems 83-94, find the exact value of each expression. 


83. sin( 2 sin | >) 
2 
4 3 
87. tan| 2 cos _ 
1 =) 


Applications and Extensions 


$4. sn] 2 sin | | 
2 
ee 3 
88. tan| 2 tan 1 


‘2 


1 1 
91. sin(3 COS 92. cos(3 sin 5 


5 


In Problems 95-100, find the real zeros of each trigonometric 
function on the interval0 S 6 < 27a. 


95. f(x) = sin(2x) — sinx 
96. f(x) = cos(2x) + cos x 
97, f(x) = cos(2x) + sin? x 
98. f(x) = 2sin?x — sin (2x) 
99. f(x) = sin(2x) + cosx 


100. f(x) = cos(2x) — 5cosx — 2 


1 — 3 tan’ 6 


i 
71. In |sin6| = 5 (In \1 — cos(2@)| — In2) 


in? 6 75. cos(20) = cos 6 
= 0 78. cos(20) + cos(46) = 0 
80. cos(20) + 5cosé+3=0 


82. tan(20) + 2cosé@ = 0 


85. cos( 2 sin | >) 
5 
:) 


5 


4 
86. cos (2 cos ! =| 


89. sin( 2 cos | 90. cos| 2 tan 


(4) 
aof2in( 2) 


3 
93. seo(2 tan! >) 


101. Area of an Octagon 
(a) The area A of a regular 
octagon is given by the 
formula A = 8r? tan . 


where r is the apothem, 

which is a line segment from 

the center of the octagon 

perpendicular to a side. See 

the figure. Find the exact area of a regular octagon whose 

apothem is 12 inches. 
(b) The area A of a regular octagon is also given by the formula 
A = 2a’ cot = where a is the length of a side. Find the 


exact area of a regular octagon whose side is 9 centimeters. 


102. Constructing a Rain Gutter A rain gutter is to be constructed 
of aluminum sheets 12 inches wide. After marking off a length 
of 4 inches from each edge, the builder bends this length up 
at an angle @. See the figure. The area A of the opening as a 
function of @ is given by 


A(@) = 16sin@(cos8+1) 0° <@< 90° 





|«— 4 in. —*}— 4 in. —+|<«— 4 in.—+| 


|< 12 in ————_> 


aS (a) In calculus, you will be asked to find the angle 6 that 
maximizes A by solving the equation 


cos(260) + cosd=0 0° <@< 90° 


Solve this equation for 0. 
(b) What is the maximum area A of the opening? 
ie (c) Graph A = A(6@),0° = 6 S 90°, and find the angle 6 
that maximizes the area A. Also find the maximum 
area. 


103. Laser Projection Ina laser projection system, the optical angle 
or scanning angle 0 is related to the throw distance D from 
the scanner to the screen and the projected image width W 
by the equation 


LW 
_ 2 


csc 6 — coté 
(a) Show that the projected image width is given by 
0 
W = 2D tan; 


(b) Find the optical angle if the throw distance is 15 feet and 
the projected image width is 6.5 feet. 


Source: Pangolin Laser Systems, Inc. 


104. Product of Inertia The product of inertia for an area about 
inclined axes is given by the formula 


Ly = £,sin @ cos @ — f, sin @ cos @ + I, (cos? 0 — sin’ 6) 


Show that this is equivalent to 


L,=-— 0 
uv é) 





sin(26) + I, cos (26) 


Source: Adapted from Hibbeler, Engineering Mechanics: 
Statics, 13th ed., Pearson © 2013. 


105. Projectile Motion An object is propelled upward at an 
angle 0, 45° < 6 < 90°, to the horizontal with an initial 
velocity of vg feet per second from the base of a plane that 
makes an angle of 45° with the horizontal. See the figure 
atop the right column. If air resistance is ignored, the distance 
R that it travels up the inclined plane is given by the function 





v 


R(0) = i6 





cos 8(sin 8 — cos @) 
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(a) Show that 


v 





R(0) = ? [sin(28) — cos(20) — 1] 


32 
/X (b) In calculus, you will be asked to find the angle @ that 
maximizes R by solving the equation 


sin(20) + cos(26) = 0 


Solve this equation for 0. 


(c) What is the maximum distance R if vy = 32 feet per 
second? 
re (d) Graph R = R(@), 45° = 6 S 90°, and find the angle 6 
that maximizes the distance R. Also find the maximum 
distance. Use vg = 32 feet per second. Compare the 
results with the answers found in parts (b) and (c). 





106. Sawtooth Curve An oscilloscope often displays a sawtooth 
curve. This curve can be approximated by sinusoidal curves 
of varying periods and amplitudes. A first approximation to 
the sawtooth curve is given by 


il 1 
y= 5 sin(2mx) si z sin (42x) 


Show that y = sin(2x) cos*(ax). 


2” eee 


J 
a al 





107. Area of an Isosceles Triangle Show that the area A of an 
isosceles triangle whose equal sides are of length s, and 
where 6@ is the angle between them, is 


1 
A= a sin 0 


[Hint: See the figure. The height h bisects the angle 6 and is 
the perpendicular bisector of the base.] 
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ae 
108. Geometry A rectangle is inscribed in a semicircle of radius1. “ 114. If z = tan =, show that cosa = | <. 
See the figure. : Lg 
5 1. = cos (2x) 
115. Graph f(x) = sin’x = _ for 0 = x < 27 by 


using transformations. 
116. Repeat Problem 115 for g(x) = cos’ x. 
117. Use the fact that 





(a) Express the area A of the rectangle as a function of the to find sin 7 and cos oi 
angle 0 shown in the figure. U8. Show that 
(b) Show that A(@) = sin(26). eee eee 
(c) Find the angle 6 that results in the largest area A. T 5 Wd, 
(d) Find the dimensions of this largest rectangle. ata gS p) 
109. If x = 2 tan 6, express sin(26) as a function of x. aad areat ead Sake audseo ae 
110. If x = 2 tan 6, express cos(26) as a function of x. 16 16 
/< 111. Find the value of the number C: 119. Challenge Problem Show that 
. 3 
sin’ @ + sin?(@ + 120°) + sin’(@ + 240°) = — 7 sin (38) 


=sin? x + C = —=c0s(2x) 9 9 
120. Challenge Problem If tan @ = atan 37 &xpress tan 3 in 
X 112. Find the value of the number C: terms of a. 

121. Challenge Problem 


T 38 1 ) 
haa st Oa 7 08 x) If cos (2x) + (2m — 1)sinx + m — 1 = 0, find m so that 


; : TT 7 
2zZ there is exactly one real solution for x, — Fe = 7 = 5H 
1+ 2% 





i$ 113.Ifz = tan, show that sin a = 


"Courtesy of Joliet Junior College Mathematics Department 


Explaining Concepts: Discussion and Writing 


122. Research Chebyshév polynomials. Write a report on your findings. 


Retain Your Knowledge : = 


Problems 123-132 are based on material learned earlier in the course. The purpose of these problems is to keep the material fresh in 
your mind so that you are better prepared for the final exam. 


123. Find an equation of the line that contains the point (2, —3) and is perpendicular to the line y = —2x + 9. 





124. Graph f(x) = —x? + 6x + 7. Label the vertex and any intercepts. 
2 4 
125. Find the exact value of sin — — cos > 


126. Graph y = —2 cos (Ze) Show at least two periods. 


127. Find a polynomial function of degree 3 whose real zeros are —5, —2, and 2. Use 1 for the leading coefficient. 


3 — 
128. The function f(x) = >is one-to-one. Find f 1. 
X —_— 


129. Solve: 2**7 = 3**? 
130. Find the distance between the vertices of the parabolas f(x) = x* — 4x — land g(x) = —x* — 6x — 2. 





/X 131. Find the average rate of change of f(x) = log, x from 4 to 16. 
JX 132. Solve for D: 6x — 5xD — 5y + 4yD + 3 — 4D = 0 
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7./ Product-to-Sum and Sum-to-Product Formulas 


OBJECTIVES 1 Express Products as Sums (p. 511) 
2 Express Sums as Products (p. 512) 





1 Express Products as Sums 


Sum and Difference Formulas can be used to derive formulas for writing the products 
of sines and/or cosines as sums or differences. These identities are usually called the 
Product-to-Sum Formulas. 


( THEOREM Product-to-Sum Formulas 


cosa? 8 | = costa =F. 3))| 


sina sin B = 


[cos(a — B) + cos(a + B)] 


cos a cos B = 


‘[sin(@s- 728) 4 sina — 93) 


sina cos B = 


Wl NIP NIP 





J 


These formulas do not have to be memorized. Instead, remember how they are 
derived. Then, when you want to use them, either look them up or derive them, 
as needed. 

To derive Product-to-Sum Formulas (1) and (2), write down the Sum and 
Difference Formulas for cosine: 


cos(a — B) = cosacos B + sina sin B (4) 
cos(a + B) = cosacos B — sina sin B (5) 


To derive formula (1), subtract equation (5) from equation (4) 
cos(a — B) — cos(a + B) = 2sinasin B 
from which 


sina sin B = = [cos (a = 6) = cos(a = 6B). | 


To derive formula (2), add equations (4) and (5) 
cos(a — B) + cos(a + B) = 2cosacos B 


from which 


cos a cos B = = [cos(a = 6) costa 6) | 


To derive Product-to-Sum Formula (3), use the Sum and Difference Formulas 
for sine in a similar way. (You are asked to do this in Problem 55.) 


| €XAMPLE1 | Expressing Products as Sums 


Express each of the following products as a sum containing only sines or only cosines. 


(a) sin(66) sin (46) (b) cos(36) cos 6 (c) sin(30@) cos(5é) 
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Solution (a) Use formula (1) to get 


sin (60) sin(40) = = [cos (60 — 49) — cos(66 + 46) ] 
= = [cos (28) — cos(106) | 
(b) Use formula (2) to get 
cos (30) cos 6 = = [cos (34 — 6) + cos(36 + 4) ] 
= = [cos (20) + cos(46) ] 


(c) Use formula (3) to get 


sin(36) cos(50) = —[sin(36 + 50) + sin(36 — 58) | 


NIP NIP 


[ sin(86) — sin(26) | J 


[sin(86) + sin(—26) ] = > 


oumummmm=-Now Work PROBLEM 7 
2 Express Sums as Products 
( THEOREM Sum-to-Product Formulas 


Pam 6: 
sina + sin B = 2sin 


e e e a 
sina — sin B = 2 sin 


a 
cos a + cos B = 2 cos 


cos a — cos B = —2sin 





a) 


Formula (6) is derived here. The derivations of formulas (7) through (9) are left 
as exercises (see Problems 56 through 58). 


Proof 


_atsp oe 1 {e768 .a— fs a+tB a-B 
2 sin 5 COS 5 = 2-5] sin( 5 4 ) + sin( 5 5 ) 


I 


Product-to-Sum Formula (3) 

















_ 2a , 2B, . 
= era a sina + sin B 


| EXAMPLE 2 ~ Expressing Sums (or Differences) as Products 


Express each sum or difference as a product of sines and/or cosines. 


(a) sin(5@é) — sin(36) (b) cos(30) + cos(26) 


Solution 


SECTION 7.7 Product-to-Sum and Sum-to-Product Formulas 


(a) Use formula (7) to get 


7.7 Assess Your Understanding 


Skill Building 


In Problems 1-6, find the exact value of each expression. 


1. sin 195° + cos 75° 
4. sin 75° + sin 15° 


50 — 30 56 + 360 
sin(5é) — sin(36) = 2 sin 5 cos, — 
= 2 sin 6 cos (40) 
36 + 260 30 — 20 
(b) cos(30) + cos(26) = 2 cos a Formula (8) 
= 2 cos ae COS : 
2 “O85 J 
ofmemmmm-Now Work PROBLEM 17 
2. cos 285°: cos 195° 3. sin 285° sin 75° 


5. cos 255° — cos 195° 6. 


In Problems 7-16, express each product as a sum containing only sines or only cosines. 


‘7. sin(4@) sin (26) 


12. sin(4@) cos(66) 13. sin 6 sin(26) 


8. cos(40) cos (260) 


9. sin(40) cos (26) 10. sin(3@) sin(56) 


_ 30 0 
15. sin — cos = 


14. cos(36) cos (46) 5 5 


In Problems 17-24, express each sum or difference as a product of sines and/or cosines. 


\ 17. sin(40) — sin (26) 


21. sin é + sin(36) 


In Problems 25-42, establish each identity. 


sin@ + sin(36) 











18. sin(46) + sin(20) 


22. cos 6 + cos(36) 





19. cos(20) + cos(46) 
30 


) 
23. a — — 
COs 5 — COS 


cos 8 + cos (36) 
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sin 255° — sin 15° 


11. cos(30) cos(50) 


0 50 
16. sin = cos — 
sin Cos = 


20. cos(56) — cos (30) 
30 


0 
A. Gee me 
24. sin sin 


sin(40) + sin(26) 








= 0 = 0 200 = tan (30 
2 sin (20) ee 2 cos (26) — cos(40) + cos(26@) cae 
cos 8 — cos(36) cos 8 — cos(36) cos 8 — cos(56) 
28. ——.——_—_-- = tan(26) . = = tan é 30. ———__._—— = tan (20) 
sin(36) — sin @ sin @ + sin(36) sin@ + sin(56) 
31. sin 6| sin@ + sin(36) | = cos 6[ cos 6 — cos(36) | 32. sin @|sin(36) + sin(56) | = cos 6| cos(30) — cos(56) | 
sin(46) + sin(86) sin(46) — sin(86) 
33. ——__—_———_— = tan (60) 34, ——_____—_—__—_ = — cot (60) 
cos(46) + cos(8@) cos(46) — cos(8é) 
sin(46) + sin(86) tan (66 ) cos(46) — cos(8é) 
3: ——— 36. = tan(26) tan(60) 
sin(46) — sin(86) tan (26) cos(40) + cos(8é) 
sina + sin B +B a — B cosa + cos B a+ B a — B 
7. ———————— = ; = 
sina — sin B ae 2 eo 2 = cosa — cos B a 2 os 2 
sina + sin 7. sina — sin +: 
39. ltd = tan — P 40. “ P = —cot ae 
cosa + cos B 2 cosa — cos B 2 


41. 1 + cos(26) + cos(46) + cos(60) = 4cos 6 cos (26) cos (36) 42. 1 — cos(26) + cos (40) 

1 it 1 

X 43. Show that sin* 6 cos’ @ = ra 3p 008(28) = 16 (Os (48) + 37 008 (68). 

44, Show that sin’ 6 cos* 6 : + ! cos (26 ) ! cos (46) : cos (66 ) 

iX 44, Ww = = = 

: 16: 32 16 32 

45. Show that sin® ¢ = = Seas (5p) + += cos (40) —=-=c0s (660) 

aa 16 32 16 2 

X 46. Show that cos° 6 : + = cos(26) + : cos(4@) + =~cos(60) 

iX 46. = eat = — — ; 

‘ 16°” -32 16 a2 


— cos (60) = 4sin 6 cos (26) sin (36) 
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In Problems 47-50, solve each equation on the interval0 S 0 < 27. 
47. 


49. 
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sin(26) + sin (40) = 0 


cos(46) — cos(6é) = 0 


Applications and Extensions 


rofl Fe 


53. 


Retain Your Knowledge 


Touch-Tone Phones On a Touch-Tone phone, each button 
produces a unique sound. The sound produced is the sum of 
two tones, given by 
y =sin(27/lt) and y = sin(2z7tht) 

where / and h are the low and high frequencies (cycles per 
second) shown on the illustration. For example, if you touch 7, 
the low frequency is / = 852 cycles per second and the high 
frequency is h = 1209 cycles per second. The sound emitted 
when you touch 7 is 


= sin| 27 (852)t] + sin| 27 (1209) tr | 


Touch-Tone phone 


cycles/sec 


852 
cycles/sec 


941 
cycles/sec 





1209 1477 
cycles/sec cycles/sec 
1336 
cycles/sec 


(a) Write this sound as a product of sines and/or cosines. 
(b) Determine the maximum value of y. 
(c) Graph the sound emitted when 7 is touched. 


- Touch-Tone Phones 


(a) Write, as a product of sines and/or cosines, the sound 
emitted when the # key is touched. 

(b) Determine the maximum value of y. 

(c) Graph the sound emitted when the # Key is touched. 


Moment of Inertia The moment of inertia J of an object 
is a measure of how easy it is to rotate the object about 
some fixed point. In engineering mechanics, it is sometimes 


54. 


52. 
3/. 
59. 


60. 


48. cos(20) + cos(46) = 0 


50. sin(40) — sin(60) = 0 


necessary to compute moments of inertia with respect to a set 
of rotated axes. These moments are given by the equations 


I, = I, cos’ 6 + I, sin’ 6 — 21,, sin 6 cos 6 


I, = I, sin’ 6 + I, cos’ 6 + 21,y sin 6 cos 6 


Use Product-to-Sum Formulas to show that 











Lt+h k-th | 
I, = 5 + cos(20) — f,, sin(26) 
and 
Lt+h k-th | 
I, = an —z_608 (28) Ley sim( 26) 


Source: Adapted from Hibbeler, Engineering Mechanics: 
Statics, 13th ed., Pearson © 2013. 


Projectile Motion The range R of a projectile propelled 
downward from the top of an inclined plane at an angle @ to 
the inclined plane is given by 


2v6 sin 8 cos(@ — ) 
R(6) = ———_,—_ 
g cos’ d 
where Vg is the initial velocity of the projectile, ¢ is the angle 
the plane makes with respect to the horizontal, and g is 


acceleration due to gravity. 

(a) Show that for fixed vp and ¢, the maximum range down 
vO 

g(1 — sind) 

(b) Determine the maximum range if the projectile has an 


initial velocity of 50 meters/second, the angle of the 
plane is @ = 35°, and g = 9.8 meters/second”. 


56. Derive formula (7). 
Derive formula (8). 58. Derive formula (9). 
Challenge Problem If a + B + y = 7, show that 


the incline is given by Ryax = 


Derive formula (3). 


sin(2a) + sin(2B) + sin(2y) = 4sinasin B sin y 


Challenge Problem If a + B + y = 7, show that 


tana + tan 6+ tany = tana tan fp tany 





Problems 61-70 are based on material learned earlier in the course. The purpose of these problems is to keep the material fresh in your 
mind so that you are better prepared for the final exam. 


61. Solve: 27°"! = 9**° 
62. For y = 5 cos (4x — zr), find the amplitude, the period, and the phase shift. 


5 
63. Find the exact value of cos (es 2 1) 


64. Find the inverse function f! of f(x) = 3 sinx — 5, — 


65. Find the exact value of tan (- =) 


N| > 


6 


=i => 


i 
2 


. Find the range of f and the domain and range of f 1. 
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il 
66. Complete the square to write the quadratic function f(x) = 3* = 2x — 2 im vertex form. 


67. The figure shows two flywheels connected by a belt. If the 6-inch diameter flywheel spins 
at 2000 revolutions per minute, how fast does the 2.5-inch diameter flywheel spin? 


1 
68. Solve the formula A = bh for h. 
X 69. Given f(x) = 2x* — 3x and g(x) = 4x — 3, determine where f(x) < g(x). 


2 
AX 70. Find the difference quotient of f(x) = 3% + 9, 





Chapter Review 


Things to Know 


Definitions of the six inverse trigonometric functions 


y=sin'x ifandonlyif x =siny where -1 =x <1, - 5 a= 5 (p. 451) 
y=cos!x ifandonlyif x=cosy where -1=x<1, 0<y<qa (p. 453) 
_ =| ‘ , -_ TT IT 
y=tan x ifandonlyif x =tany where -wO<x<Ow, — o <y< i (p. 455) 
y=sec!x ifandonlyif x =secy where |x| =1, OXy<a, y# 5 (p. 463) 
ee = if aL 
=cesc'x ifandonlyif x =cscy where |x| = 1, “SEY Sa yA 0 (p.463) 


=cot!x ifandonlyif x =coty where -o<x<w, 0<y<qa (p. 463) 


Sum and Difference Formulas (pp. 487, 490, and 492) 


cos(a@ + B) = cosacos BB — sina sin B cos(a — B) = cosacosB + sina sin B 
sin(a + B) = sinacos B + cosasin B sin(a — B) = sinacos B — cosasin B 
tana + tan B tana — tan 6p 
tan(a + B) = ——————- tan(a — 8) = ——————— 
1 — tana tan B 1 + tana tan B 


Double-angle Formulas (pp. 501 and 502) 


; 2 tan 0 
sin(26) = 2 sin @ cos 0 cos (20) = cos” 6 — sin’ 6 tan(20) = a 
1 — tan‘ 6 
cos (20) = 2cos*@ - 1 cos(20) = 1 — 2sin’ 6 
Half-angle Formulas (pp. 504 and 506) 
oe ee ee ee ec EE i | ee eS: 
2 2 D ps 2 i+cos@ 


a 1 — cosa a 1+ cosa a 1 — cosa 1 — cosa sin a 
sin = +, |/-———— CcOosS== =X ——— tana = =, fe i “= = 
2 2 2 2 p) 1+ cosa sin a 1+ cosa 


where the + or — sign is determined by the quadrant of 5 


Product-to-Sum Formulas (p. 511) 


sina sin B = = [cos (a = B) — cos(a@+ B) | 
[cos(a — B) + cos(a + B) | 


cos a cos B = 


[sin(@a + B) + sin(a — B) |] 


sina cos B = 


NI ple 
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Sum-to-Product Formulas (p. 512) 


a+ Bp ao B ar a+ B 
sina — sin B = 2 sin —— 











sina + sin B = 2sin 


























Z 2 2 2 
cosa + cos B = 2. cos = u ee 7 P cosa — cos B = ~2.sin— 7 aa 5 P 
Objectives 
Section You should be able to... Example(s) Review Exercises 
Tal 1 Define the inverse sine function (p. 450) p. 451 1 
2 Find the value of an inverse sine function (p. 451) 1-3 7,10 
3 Define the inverse cosine function (p. 453) p. 453 2 
4 Find the value of an inverse cosine function (p. 454) 4,5 8,11 
5 Define the inverse tangent function (p. 454) p. 455 3 
6 Find the value of an inverse tangent function (p. 456) 6 912 
7 Use properties of inverse functions to find exact values of certain 7-9 15-23 
composite functions (p. 456) 
8 Find the inverse function of a trigonometric function (p. 458) 10 50,51 
9 Solve equations involving inverse trigonometric functions (p. 459) 11 90, 91 
2 1 Define the inverse secant, cosecant, and cotangent functions (p. 463) p. 463 46 
2 Find the value of inverse secant, cosecant, and cotangent functions (p. 464) 1,2 13,14 
3 Find the exact value of composite functions involving the inverse 3-5 24-29 
trigonometric functions (p. 465) 
4 Write a trigonometric expression as an algebraic expression (p. 466) 6 32,3) 
3 1 Solve equations involving a single trigonometric function (p. 469) 1-5 70-74 
2 Solve trigonometric equations using a calculator (p. 472) 6 75 
3 Solve trigonometric equations quadratic in form (p. 473) 7 78 
4 Solve trigonometric equations using fundamental identities (p. 473) 8,9 TO;7 1,79 
5 Solve trigonometric equations using a graphing utility (p. 474) 10 87-89 
74 1 Use algebra to simplify trigonometric expressions (p. 480) 1 34-50 
2 Establish identities (p. 481) 2-8 34-42 
is 1 Use Sum and Difference Formulas to find exact values (p. 488) 1-5 51-56, 59-63(a)—(d), 92 
2 Use Sum and Difference Formulas to establish identities (p. 492) 6-8 43,44 
3 Use Sum and Difference Formulas involving inverse trigonometric 9,10 64-67 
functions (p. 493) 
4 Solve trigonometric equations linear in sine and cosine (p. 494) 11,12 81 
76 1 Use Double-angle Formulas to find exact values (p. 501) 1 59-63(e), (f), 68, 69, 93 
2 Use Double-angle Formulas to establish identities (p. 501) 2-5 46, 47, 80 
3 Use Half-angle Formulas to find exact values (p. 504) 6.7 57,58, 59-63(g), (h), 92 
77 1 Express products as sums (p. 511) 1 48 
2 Express sums as products (p. 512) 2 49, 50 
Review Exercises 
In Problems 1-6, state the domain and range of each function. 
Ly = sin & 2s. Y= Os x 3. y = tan ‘x 
4. y = sec 'x 5. yp = ese x 6. y = cot /x 


In Problems 7-14, find the exact value of each expression. Do not use a calculator. 


1 
7, sin! 1 8. cos !0 9, tan! 1 10. sin( + =) 


11. cos -~) 12. tan |( —~V3) 13. sec !V/2 14. cot!(-1) 
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In Problems 15-29, find the exact value, if any, of each composite function. If there is no value, say it is “not defined.” Do not use a calculator. 


3 3 2 15 
15. sin (si = 16. cos "(cos =) 17. tan"(tan =z) 18. cos "(cos =) 
8 4 3 7 
8 
19. sin sin( - =) 20. sin(sin | 0.9) 21. cos(cos | 0.6) 22. tan [tan 5] 
2 3 > 
23. cos[cos !(—1.6) ] 24. sin (cos =z) 25. cos "(tan =) 26. tan sin — 2) 
3 3 4 
27. seo( tan’! ~) 28. sin( cot >) 29. tan| sin — =) 
3 4 5 
In Problems 30 and 31, find the inverse function f—' of each function f, Find the range of f and the domain and range of f. 
30. f(x) = 2 sin(3x) sane a1. fix) = -coOsxr +s Oa xa g 


In Problems 32 and 33, write each trigonometric expression as an algebraic expression in u. 
32. cos (sin ! u) 33. tan(csc | u) 


In Problems 34-50, establish each identity. 


34. tan 6 cot 6 — sin’ 6 = cos’ 6 35. sin’ @(1 + cot?@) =1 36. S5cos’@ + 3sin’ @ = 3 + 2 cos’ 6 
1 = cos 6 sn O hese 38. oe _ dl 39. cscO sd — sin 
sin 6 1 — cos 0 cosé—sin@ 1-—tané 1 + -csc@ cos’ 0 
1 — sind > 1 — 2sin’ 6 
40. csc 0 — sin @ = cos 6 cot 6 41. _ Se 42. —__<t = coté — tand 
sec 0 1 + sind sin 6 cos 6 
cos(@ + cos(@ — 6 
Ca ae eee AA, 1 iad 45. (1 + cos6@) tan= = sin @ 
cos @ sin B cos a cos B Zz 
‘ 5 ; sin(36) cos 6 — sin 0 cos (36) 
46. 2 cot 6 cot(20) = cot’é—1 47. 1 — 8sin’ 0 cos’ 8 = cos(46) 48... —_______L__——_ = 1 
sin (26 ) 
sin(26) + sin(46) cos(206) — cos (46) 
= tan (30) 50. ——————_——_ ~- tan 6 tan(30) = 0 


* cos(20) + cos (46) cos(26) + cos(46@) 


In Problems 51-58, find the exact value of each expression. 


51. sin 165° 52. tan 105° 
Si 7 
: = 4. sin| ——~ 
53. cos 0 5 sin( = 
55. cos 80° cos 20° + sin 80° sin 20° 56. sin 70° cos 40° — cos 70° sin 40° 
> 
57. tan 58. sin 7 
In Problems 59-63, use the information given about the angles a and B to find the exact value of: 
(a) sin(a + B) (b) cos(a@ + B) (c) sinta = 6) (d) tan(a + B) 
_ #B a 
(e) sin(2a) (f) cos(2B) (g) sin 5 (h) cos 5 
4 5 ie, 3 i arama 
59. sina = 579 wo 5: sin B = reas B< a7 60. sina = "57 oF = 3.008 B = rca B< 207 
3 ! 12 ) 
61. tana =-,7<a< =". tan B =—,0<B< us 62. seca = 2, = <a< 0;secB = 3, Bae B< 27 
4 2 5 2 2 2 
63. sine = or <a oe = 2-9 en 
. sina 377 a 7 808 B om B 5 


In Problems 64-69, find the exact value of each expression. 


3 1 5 4 
Get gil 1.4. ; = Wo 
64. cos( si 5 COs *) 65. sin( co 3 cos =) 
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1 , 4 
66. tan| sin ( >) — tan! 3] 67. cos| tan '(=1) + cos - ) 


3 4 
68. sin| 2 cos { - >) 69. cos (2 tan ! +) 


In Problems 70-81, solve each equation on the interval) S 0 < 27. 


70. cos @ = : 71. tand + V3 = 72. sin(20) +1=0 
73. tan(20) = 0 74. sec? 9 = 4 75. 0.2 siné = 0.05 
76. sin@ + sin(26) = 0 77, sin(26) — cos@ — 2siné +1=0 

78. 2sin? 6 — 3sin@d+1=0 79. 4sin’@ = 1 + 4cos@ 

80. sin(20) = V2 cos 6 81. sind — cosdé=1 
In Problems 82-86, use a calculator to find an approximate value for each expression, rounded to two decimal places. 
82. sin | 0.7 83. tan '(—2) 84. cos '(—0.2) 

85. sec |3 86. cot |(—4) 


AB in Problems 87-89, use a graphing utility to solve each equation on the interval 0 S x S 27. Approximate any solutions rounded to two 
decimal places. 


87. 2x = 5cosx 88. 2sinx + 3cosx = 4x 89. sinx = Inx 


In Problems 90 and 91, find the exact solution of each equation. 


90. —3sin!x = 7 91. 2cos!x + w=4cos!x 


92. Use a Half-angle Formula to find the exact value of sin 15°. Then use a Difference Formula to find the exact value of sin 15°. Show 
that the answers you found are the same. 

93. If you are given the value of cos 6 and want the exact value of cos (26), what form of the Double-angle Formula for cos (20) is most 
efficient to use? 


CHAPTER The Chapter Test Prep Videos include step-by-step solutions to all chapter test 
Test Pre exercises, These videos are available in MyLab™ Math, or on this text’s YouTube 
Chapter Test VIDEOS Channel. Refer to the Preface for a link to the YouTube channel. 





In Problems 1-10, find the exact value of each expression. Express angles in radians. 


2 
1. see) 2. sin - x) 3 fan (=v 2) 4. cos '0 Scow 


11 = 
6. esc 1(—2) 7. sin "(si 9 8. tan( tan! 1) 9, cot (csc : V'10) 10. seo( cos"( *)) 


In Problems 11-14, use a calculator to evaluate each expression. Express angles in radians rounded to two decimal places. 
11. sin ' 0.382 12, sec 14 13. tan ‘3 14. cot '5 


In Problems 15-20 establish each identity. 


cscO + cot@  secé — tan? 


i 16. sin @ tan@ + cos 6 = secé@ 17. tan@ + cot @ = 2 csc(26) 
secO? + tan@  cscé@ — coté 


sin(a@ + B) 
‘ tana + tan B 


tan 8 — coté 


: cas 0 
tan 6 + cot é 


= cos a cos B 19. sin(30) = 3sin6 — 4sin’ 6 
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Cumulative Review 


In Problems 21-28 use sum, difference, product, or half-angle formulas to find the exact value of each expression. 
1 S 
23. sin( 5 cose 2) 


26. sin 75° cos 15° 


21. cos 15° 22. tains” 


6 Zz 3 
: 5] —1 eae 2 e —1 as aL —] > 
24 tan(2 sin , -| 25 cos{ si 3 tan 5 


27. sin 75° + sin 15° 28. cos 65° cos 20° + sin 65° sin 20° 


In Problems 29-33, solve each equation on 0 S 0 < 27. 


29. 4sin?@ —3 =0 30. -300s(3 - 0 = tan 0 31. cos* @ + 2sin@cos 6 — sin?’ @ = 0 


32. sin(@ + 1) = cosé@ 33. 4sin’ 6 + 7sin@ = 2 


Cumulative Review 


1. Find the real solutions, if any, of th tion 3x7 +x-1=0. 
a pe oe ee cee ieee a ones ‘ 9, Find the exact value of cos(tan ' 2). 
2. Find an equation for the line containing the points (—2, 5) 


and (4,—1). What is the distance between these points? 


10. Snel 5 3 5 


find the exact value of: 
3. Test the equation 3x + y* = 9 for symmetry with respect to 


the x-axis, y-axis, and origin. List the intercepts. (a) cos a (b) sin B (c) cos(2a) 
4. Use transformations to graph the equation y = |x — 3] + 2. B 
5. Use transformations to graph the equation y = 3e* — 2. (d) cos(a@ + B) (e) sin 7 


6. Use transformations to graph the equation 11. Consider the function 


y = cos(x - 2) ~1 CO i he ee = Il 


(a) Find the real zeros and their multiplicity. 


. Graph each of the following functions. Label at least three 
points on each graph. Name the inverse function of each and 
show its graph. 





(b) Find the intercepts. 
(c) Find the power function that the graph of fresembles for 
large |x|. 




















(a) y=x3 (b) y=e a (d) Graph fusing a graphing utility. — | 
= i (e) Approximate the turning points, if any exist. 
(Cy — Sit, 2 a (f) Use the information obtained in parts (a)—(e) to graph f 


by hand. 


CeO aa (g) Identify the intervals on which fis increasing, decreasing, 
il S. 
8. Ifsin@ = —~andw <@< sally find the exact value of: OF constant. 
5 2 12. If f(x) = 2x? + 3x + Land g(x) = x7 + 3x + 2, solve: 
a) cos 6 b) tan 0 c) sin (20 
Y) Crean (a) f(x) = 0 (b) f(x) = g(x) 
ll 1 
(d) cos (26) (e) sin( 50 (f) cos( 50 (c) f(x) > 0 (d) f(x) = g(x) 
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Chapter Projects 


(@) Internet-based Project 


I. Mapping Your Mind The goal of this project is to organize 
the material learned in Chapters 6 and 7 in our minds. To do 
this, we will use mind-mapping software called Mindomo. 
Mindomo is free software that enables you to organize your 
thoughts digitally and share these thoughts with anyone on the 
Web. By organizing your thoughts, you can see the big picture 
and then communicate this big picture to others. You are also 
able to see how various concepts are related to each other. 

1. Go to http://www.mindomo.com and register. Learn how 
to use Mindomo. A video on using Mindomo can be 
found at http://www.screencast.com/t/ZPwJQDs4 

2. Use an Internet search engine to research Mind Mapping. 
Write a few paragraphs that explain the history and 
benefit of mind mapping. 

3. Create a MindMap that explains the following: 

(a) The six trigonometric functions and their properties 
(including the inverses of these functions) 

(b) The fundamental trigonometric identities 
When creating your map, be creative! Perhaps you 
can share ideas about when a particular identity might 
be used, or when a particular identity cannot be used. 

4. Share the MindMap so that students in your class can view it. 








The following projects are available on the Instructor’s Resource Center (IRC): 
II. Waves Wave motion is described by a sinusoidal equation. The Principle of Superposition of two waves is discussed. 


HI. Project at Motorola Sending Pictures Wirelessly The electronic transmission of pictures is made practical by image compression, 
mathematical methods that greatly reduce the number of bits of data used to compose the picture. 


IV. Calculus of Differences Finding consecutive difference quotients is called finding finite differences and is used to analyze the graph 
of an unknown function. 





Applications ot 


i fdredo)ave)ant=1dd (em 0 |avendie)ans 





The Lewis and Clark Expedition ‘ 
In today’s world of GPS and smart phone apps 
that can precisely track one’s location, it is 
difficult to fathom the magnitude of the challenge 
that confronted Meriwether Lewis and William 
Clark in 1804. 

But Lewis and Clark managed. Commissioned 
by President Thomas Jefferson to explore the newly 
purchased Louisiana Territory, the co-captains led 
their expedition—the Corps of Discovery—on 
a journey that took nearly two and a half years 
and carried them more than 7000 miles. Starting 
at St. Louis, Missouri, they traveled up the 
Missouri River, across the Great Plains, over the 
Rocky Mountains, down the Columbia River 
to the Pacific Ocean, and then back. Along the way, using 
limited tools such as a compass and octant, they created 
more than 130 maps of the area with remarkable detail and 
accuracy. 


( @)) —See Chapter Project II— 





In Chapter 6, we defined the six trigonometric functions using the unit circle. In particular, 
we learned to evaluate the trigonometric functions. We also learned how to graph sinusoidal 
functions. In Chapter 7, we defined the inverse trigonometric functions and solved equations 
involving the trigonometric functions. 


In this chapter, we define the trigonometric functions using right triangles and then use the 
trigonometric functions to solve applied problems. The first four sections deal with applications 
involving right triangles and oblique triangles, triangles that do not have a right angle. To solve 
problems involving oblique triangles, we will develop the Law of Sines and the Law of Cosines. 
We will also develop formulas for finding the area of a triangle. 

The final section deals with applications of sinusoidal functions involving simple harmonic 
motion and damped motion. 


Sy oe FALIS-».. 
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522 CHAPTERS Applications of Trigonometric Functions 


8.1 Right Triangle Trigonometry; Applications 


PREPARING FOR THIS SECTION Before getting started, review the following: 
e Pythagorean Theorem (Section A.2, pp. A14-A15) e Trigonometric Equations (Section 73, pp. 469-474) 


\ Now Work the ‘Are You Prepared?’ problems on page 529. 


OBJECTIVES 1 Find the Value of Trigonometric Functions of Acute Angles Using Right 
Triangles (p.522) 


2 Use the Complementary Angle Theorem (p. 524) 
3 Solve Right Triangles (p. 524) 
4 Solve Applied Problems (p. 525) 





1 Find the Value of Trigonometric Functions 

of Acute Angles Using Right Triangles 

A triangle in which one angle is a right angle (90°) is called a right triangle. Recall 
that the side opposite the right angle is called the hypotenuse, and the remaining 
two sides are called the legs of the triangle. In Figure 1(a), the hypotenuse is labeled 
as c to indicate that its length is c units, and, in a like manner, the legs are labeled as a 
and b. Because the triangle is a right triangle, the Pythagorean Theorem tells us that 

aa t+ b? =c? 

Figure 1(a) also shows the angle 0. The angle 6 is an acute angle: that is,0° < @ < 90° 
for 6 measured in degrees and 0 < @ < 7 for 6 measured in radians. Place 6 


in standard position, as shown in Figure 1(b). Then the coordinates of the 
point P are (a,b). Also, P is a point on the terminal side of @ that is on the 


circle x” + y” = c’. (Do you see why?) 





(a) (b) 
Figure 1 Right triangle with acute angle 6 


Now apply the theorem on page 386 for evaluating trigonometric functions 
using a circle of radius c, x* + y* = c’. By referring to the lengths of the sides of the 
triangle by the names hypotenuse (c), opposite (b), and adjacent (a), as indicated 
in Figure 2, the trigonometric functions of 6 can be expressed as ratios of the sides 


of a right triangle. 
POE | Opposite @ Opposite 9 Hypotenuse 
= csc 9 = =» ——____*=:> 
4 Hypotenuse Opposite 
— Adjacent Hypotenuse 
a ————_—“-( = sec 9 = = 
Adjacent to @ Hypotenuse Adjacent 


Figure 2 Right triangle 


Adjacent a 
cot é = ————_ = — 
Opposite Db 





Notice that each trigonometric function of the acute angle @ is positive. 


SECTION 8.1 Right Triangle Trigonometry; Applications 523 


| EXAMPLE 1 ~ Finding the Value of Trigonometric Functions from a Right Triangle 


Find the exact value of the six trigonometric functions of the angle 6 in Figure 3. 
Solution In Figure 3 the two given sides of the triangle are 


c = Hypotenuse = 5 a = Adjacent = 3 


Opposite To find the length of the opposite side, use the Pythagorean Theorem. 
a (Adjacent) * + (Opposite )* = (Hypotenuse)? 
: 3° + (Opposite)? = 5? 
Figure 3 
: (Opposite)* = 25 — 9 = 16 
Opposite = 4 


Now that the lengths of the three sides are known, use the ratios in (1) to find the 
value of each of the six trigonometric functions. 


Opposite 4 Adjacent 3 Opposite 4 

sin 9? = —————— == coséd = ————= tand =! =F 

Hypotenuse 5 Hypotenuse 5 Adjacent 3 

Hypotenuse 5 Hypotenuse 5 Adjacent 3 

esc @ =e => «sec 8 = ss  SOcotd = = 
Opposite 4 Adjacent 3 Opposite 4 J 


ommnam=--Now Work PROBLEM 9 


The values of the trigonometric functions of an acute angle are ratios of the 
lengths of the sides of a right triangle. This way of viewing the trigonometric 
functions leads to many applications and, in fact, was the point of view used by early 
mathematicians (before calculus) in studying the subject of trigonometry. 


| EXAMPLE 2 © Constructing a Rain Gutter 


A rain gutter is to be constructed of aluminum sheets 12 inches wide. See Figure 4(a). 
After marking off a length of 4 inches from each edge, the sides are bent up at an 
angle 0. See Figure 4(b). 


(a) Express the area A of the opening as a function of 6. 


te (b) Graph A = A(@). Find the angle 6 that makes A largest. (This bend will allow 
the most water to flow through the gutter.) 


Solution (a) Look again at Figure 4(b). The area A of the opening is the sum of the areas of 
two congruent right triangles and one rectangle. Look at Figure 4(c), which shows 
the triangle on the right in Figure 4(b) redrawn. Note that 


12 in ——————_+| 
a , b . 
4 in. 4 in. 4 in. cos 6 = LP so a= 4cosé sin @ = rt so b= 4siné 


The area of the triangle is 


1 1 1 
area = 7 base « height = wae = x 4 cos 0° 4 sin 6 = 8 sin 6 cos 0 


So the area of the two congruent triangles together is2 - 8 sin 8 cos 8 = 16 sin 6 cos 0. 
The rectangle has length 4 and height J, so its area is 


area of rectangle = 4b = 4-4sin@ = 16sin@ 





(continued) 


Figure 4 
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The area A of the opening is 


A = area of the two congruent triangles + area of the rectangle 
A(@) = 16sin @ cos @ + 16sin @ = 16sin 6(cos 6 + 1) 


Re (b) Figure 5 shows the graph of A = A(@) ona TI-84 Plus C. Using MAXIMUM, 
the angle 6 that makes A largest is 60°. _J) 

—_ 

“oe Ye20.78461 


2 Use the Complementary Angle Theorem 


Two acute angles are called complementary if their sum is a right angle, or 90°. 
Because the sum of the angles of any triangle is 180°, it follows that, for a right 
triangle, the sum of the acute angles is 90°, so the two acute angles in every right 
triangle are complementary. 
Refer now to Figure 6, which labels the angle opposite side b as B and the angle 
Adjacent to A opposite side a as A. Notice that side b is adjacent to angle A and side a is adjacent 
>} opposite B to angle B. As a result, 


Figure 5 





Adjacent to B : 
opposite A 


Figure 6 


cos A cos B = sin A tans — 


sec A sec B = csc A cot B = 


Sioa ols 
S/S s/o 


b 
a 
& 
b 





Because of these relationships, the functions sine and cosine, tangent and 
cotangent, and secant and cosecant are called cofunctions of each other. 
The identities (2) may be expressed in words as follows: 


( THEOREM Complementary Angle Theorem 


Cofunctions of complementary angles are equal. J 


Examples of this theorem are given next: 


Complementary angles Complementary angles Complementary angles 


sin 30° = cos 60° tan 40° = cot 50° sec 80° = csc 10° 
tt —— | fT 
Cofunctions Cofunctions Cofunctions 


| EXAMPLE 3 | Using the Complementary Angle Theorem 


(a) sin 62° = cos(90° — 62°) = cos 28° 


5 
(b) tan — = coi( 3 = =) = cot — 
12 2, 12 12 
(c) sin? 40° + sin? 50° = sin? 40° + cos” 40° = 1 
ft 
sin 50° = cos 40° = 


omm_nme-Now Work PROBLEM 19 


3 Solve Right Triangles 


In the discussion that follows, a right triangle is always labeled so that side a is 
opposite angle A, side b is opposite angle B, and side c is the hypotenuse, as shown 
in Figure 7. To solve a right triangle means to find the lengths of its sides and the 
measurements of its angles. We express the lengths of the sides rounded to two 

a decimal places and angle measures in degrees rounded to one decimal place. (Be 
Figure 7 Right triangle sure that your calculator is in degree mode.) 
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To solve a right triangle, we need to know one of the acute angles A or B anda 
side, or else two sides (in which case the Pythagorean Theorem can be used). Also, 
because the sum of the measures of the angles of a triangle is 180°, the sum of the 
measures of angles A and B in a right triangle must be 90°. 


( tHeoreM Properties of a Right Triangle 


For the right triangle shown in Figure 7, we have 


ee eee ee — 











Solving a Right Triangle 
Use Figure 8. If b = 2 and A = 40°, find a,c, and B. 


Solution Because A = 40° and A + B = 90°, it follows that B = 50°. To find the sides a and c, 
use the facts that 


2 
tan 40° = g and cos 40° = — 
ps C 


Now solve for a and c. 





2 
| = 2 tan 40° ~ 1.68 d c= = 2.01 
. : a ee “Cos 40° iJ 


Figure 8 





ovum Now Work PROBLEM 29 








Solving a Right Triangle 
Use Figure 9. Ifa = 3 and b = 2, find c, A, and B. 


Solution Because a = 3 and b = 2, then, by the Pythagorean Theorem, 
CHa +b =7 +P =9+4=13 
c= V13 = 3.61 


To find angle A, use the fact that 





Figure 9 


tan A = 3 so A= tan“ 
NOTE To avoid round-off errors 2 2 
when using a calculator, we will store 
unrounded values in memory for use in 
subsequent calculations. [a 


Use a calculator with the mode set to degrees to find that A = 56.3° rounded to one 
decimal place. Since A + B = 90°, this means that B = 33.7°. _J 


omm=_=_m=-Now Work PROBLEM 39 


4 Solve Applied Problems* 


In addition to developing models using right triangles, we can use right triangle 
trigonometry to measure heights and distances that are either awkward or impossible 
to measure by ordinary means. When using right triangles to solve these problems, 
pay attention to the known measures. This will indicate what trigonometric function 
to use. For example, if you know the measure of an angle and the length of the side 
adjacent to the angle, and wish to find the length of the opposite side, you would use 
the tangent function. Do you know why? 





*In applied problems, it is important that answers be reported with both justifiable accuracy and 
appropriate significant figures. In this chapter we shall assume that the problem data are accurate to 
the number of significant digits resulting in sides being rounded to two decimal places and angles being 
rounded to one decimal place. 
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| EXAMPLE 6 Finding the Width of a River 


A surveyor can measure the width of a river 
by setting up a transit* at a point C on one 
side of the river and taking a sighting of a 
point A on the other side. Refer to Figure 10. 
After turning through an angle of 90° at C, 
the surveyor walks a distance of 200 meters 
to point B. Using the transit at B, the angle 0 
is measured and found to be 20°. What is the 
width of the river rounded to the nearest 
meter? 





Solution As seen in Figure 10, the width of the river is 
the length of side b, and a and 0 are known. Use 
the facts that b is opposite 0 and a is adjacent 
to 6 and write 


Figure 10 


b 
tan @ = — 
a 
which leads to 


b 
tan 20° = =— 
7 200 


b = 200 tan 20° ~ 72.79 meters 


The width of the river is 73 meters, rounded to the nearest meter. sal 


onmmmmme-Now Work PROBLEM 49 


| EXAMPLE 7 | Finding the Inclination of a Mountain Trail 


A straight trail leads from the Alpine Hotel, elevation 8000 feet, to a scenic overlook, 
elevation 11,100 feet. The length of the trail is 14,100 feet. What is the inclination 
(grade) of the trail? That is, what is the measure of angle B in Figure 11? 


Solution From Figure 11, the length of the side opposite angle B is 11,100 — 8000 = 3100 feet, 
and the length of the hypotenuse is 14,100 feet. Angle B satisfies the equation 













3100 
Hotel nB= 
me 14,100 

Overlook Using a calculator, 

elevation 

ae : 7 100 io 

14,100 
evan’ — “The inclination (grade) of the trail is approximately 12.7°. = 
Figure 11 eommmm_=__==-NOwW Work PROBLEM 55 


Vertical heights can sometimes be measured using either the angle of elevation 
or the angle of depression. If a person is looking up at an object, the acute angle 
measured from the horizontal to a line of sight to the object is called the angle of 
elevation. See Figure 12(a). 


* An instrument used in surveying to measure angles. 
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Object = 


* 
# 
cm 





Horizontal 





XN # 
woe" 
Qe 
We* 
ao 





Angle of elevation 





Horizontal 


(a) Angle of elevation (b) Angle of depression 
Figure 12 


If a person is looking down at an object, the acute angle made by the line of sight 
to the object and the horizontal is called the angle of depression. See Figure 12(b). 


| EXAMPLES | PLE 8 Finding the Height of a Cloud 


Meteorologists find the height of a cloud using an instrument called a ceilometer. 
A ceilometer consists of a light projector that directs a vertical light beam up to the 
cloud base and a light detector that scans the cloud to detect the light beam. See 
Figure 13(a). At Midway Airport in Chicago, a ceilometer was employed to find the 
height of the cloud cover. It was set up with its light detector 300 feet from its light 
projector. If the angle of elevation from the light detector to the base of the cloud 
was 75°, what was the height of the cloud cover? 





a | on base of cloud 3 





Figure 13 
Solution Figure 13(b) illustrates the situation. To find the height h, use the fact that 


>. CAA 
tan 75° = 300° SO 


h = 300 tan 75° ~ 1120 feet 
The ceiling (height to the base of the cloud cover) was approximately 1120 feet. _J 


ovrmmmm=m==-Now Work PRosBLEeM 51 


The idea behind Example 8 can also be used to find the height of an object that 
is positioned above ground level. 


| EXAMPLES Finding the Height of a Statue on a Building 


Adorning the top of the Board of Trade building in Chicago is a statue of Ceres, the 
Roman goddess of wheat. From street level, two observations are taken 400 feet from 
the center of the building. The angle of elevation to the base of the statue is found to 
be 55.1°, and the angle of elevation to the top of the statue is 56.5°. See Figure 14(a) 
on the next page. What is the height of the statue? 
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Solution Figure 14(b) shows two triangles that replicate Figure 14(a). The height of the statue 
of Ceres will be b’ — b. To find b and b’, refer to Figure 14(b). 





400 ft 400 ft 
(b) 





Figure 14 


oO —_ b oO —_ b' 
tan 55.1° = 400 tan 56.5° = 400 


b = 400 tan 55.1° ~ 573.39 b’ = 400 tan 56.5° ~ 604.33 





The height of the statue is approximately 604.33 — 573.39 = 30.94 feet ~ 31 feet. J 


ommeme-Now Work PROBLEM 71 


The Gibb’‘s Hill Lighthouse, Southampton, Bermuda 


In operation since 1846, the Gibb’s Hill Lighthouse stands 117 feet high on a hill 
245 feet high, so its beam of light is 362 feet above sea level. A brochure states that 
the light can be seen on the horizon about 26 miles distant. Verify the accuracy of 
this statement. 





Solution _—_ Figure 15 illustrates the situation. The central angle 0, positioned at the center of 
Earth, radius 3960 miles, obeys the equation 


j 3960 
t 362 Tt cos @ = 367 = 0.999982687 1mile = 5280 feet 
3960 + —— 
5280 





3960 mi Solving for 0 yields 


6 ~ cos !(0.999982687) ~ 0.33715° ~ 20.23’ 


The brochure does not indicate whether the distance is measured in nautical miles 
or statute miles. Let’s calculate both distances. 

The distance s in nautical miles (refer to Problem 120, p. 373) is the measure of 
the angle @ in minutes,so s ~ 20.23 nautical miles. 
Figure 15 The distance s in statute miles is given by the formula s = 70, where 6 is measured 
in radians. Then, since 


6 = 0.33715° = 0.00588 radian 


a 7 radian 
180 
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N N30°E this means that 
s = rd = 3960:-0.00588 ~ 23.3 miles 


N70°W In either case, it would seem that the brochure overstated the distance somewhat. | 


E In navigation and surveying, the direction or bearing from a point O to a point P 
equals the acute angle 0 between the ray OP and the vertical line through O, the 
north-south line. 

Figure 16 illustrates some bearings. Notice that the bearing from O to P, is 





| P, denoted by the symbolism N30°E, indicating that the bearing is 30° east of north. In 
S50°W writing the bearing from O to P, the direction north or south always appears first, 
S followed by an acute angle, followed by east or west. In Figure 16, the bearing from 

Figure 16 O to P, is S50°W, and from O to P; it is N70°W. 


| EXAMPLE 11 | Finding the Bearing of an Object 


In Figure 16, what is the bearing from O to an object at P,? 


Solution The acute angle between the ray OP, and the north-south line through O is 20°. The 
bearing from O to P, is S20°E. Al 


| EXAMPLE 12 | Finding the Bearing of an Airplane 


A Boeing 777 aircraft takes off from O’Hare Airport on runway 2 LEFT, which has a 
bearing of N20°E.* After flying for 1 mile, the pilot of the aircraft requests permission to 
turn 90° and head toward the northwest. The request is granted. After the plane goes 
2 miles in this direction, what bearing should the control tower use to locate the aircraft? 


Solution _ Figure 17 illustrates the situation. After flying 1 mile from the airport O (the control 
tower), the aircraft is at P. After turning 90° toward the northwest and flying 2 miles, 
the aircraft is at the point Q. In triangle OPQ, the angle @ obeys the equation 


p 
tan@ = 1 =2 so @6=tan!2 = 63.4° 


The acute angle between north and the ray OQ 1s 63.4° — 20° = 43.4°. The bearing 
of the aircraft from O to QO is N43.4°W. =) 


ovmmmmm-NOwW Work PROBLEM 63 





Figure 17 


8.1 Assess Your Understanding 


‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. Ina right triangle, if the length of the hypotenuse is 5 and the 3. If 6 is an acute angle, solve the equation sin@ = ~ 
length of one of the other sides is 3, what is the length of the (pp. 469-474) 
third side? (pp. A14—A15) 


1 
2. If 8 is an acute angle, solve the equation tan 6 = 5" Express 


your answer in degrees, rounded to one decimal place. 
(pp. 469-474) 


*In air navigation, the term azimuth denotes the positive angle measured clockwise from the north (N) 
to aray OP. In Figure 16, the azimuth from O to P, is 30°; the azimuth from O to P, is 230°; the azimuth 
from O to P; is 290°. In naming runways, the units digit is left off the azimuth. Runway 2 LEFT means 
the left runway with a direction of azimuth 20° (bearing N20°E). Runway 23 is the runway with azimuth 
230° and bearing S50°W. 
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Concepts and Vocabulary 


4. True or False sin 52° = cos 48° 


5. Multiple Choice The sum of the measures of the two acute 
angles in a right triangle is 
(a) 45° (b) 90° (ce) 180° (d) 360° 

6. When you look up at an object, the acute angle measured 
from the horizontal to a line-of-sight observation of the 
object is called the —_ 





Skill Building 


7. True or False In a right triangle, if two sides are known, we 
can solve the triangle. 


8. True or False In a right triangle, if we know the two acute 
angles, we can solve the triangle. 


In Problems 9-18, find the exact value of the six trigonometric functions of the angle 0 in each figure. 


N 9. 10. 
Pom K | 
12 1 i 
14. 3 15. . 
= 
V2 
7" - 


11. 
/\ 
a 
2 
16. 
Pe 
_. 
2 





In Problems 19-28, find the exact value of each expression. Do not use a calculator. 


X\ 19. sin 38° — cos 52° 20. tan 12° — cot 78° 


23. 1 — cos” 20° — cos* 70° 24. 1 + tan’ 5° — csc” 85° 


27. cos 35° sin 55° + sin 35° cos 55° 














13. 
9 4 
= 
18. 
2 V5 
= 
cos 10° cos 40° 
21. 22. 
sin 80° sin 50° 
> cos 70° > sin 50° 
25. tan 20 mos 20° 26. cot 40 sin 40° 


28. sec 35° csc 55° — tan 35° cot 55° 


In Problems 29-42, use the right triangle shown below. Then, using the given information, solve the triangle. 


™29.b=5, B=20% finda,c.andA 
31.a=6, B= 40°; findb,c,and A 
654, A= 10% Gadecande 





35.a =5, A = 25°; find b,c,and B 
37.c = 9, B= 20°; findb,a,andA 
‘\ 39.a=5, b=3; findc,A,andB 
41.a=2, c=5; findb,A,andB 


Applications and Extensions 


43. Geometry The hypotenuse of a right triangle is 5 inches. If 
one leg is 2 inches, find the degree measure of each angle. 





44. Geometry The hypotenuse of a right triangle is 3 feet. If one 
leg is 1 foot, find the degree measure of each angle. 





45. Geometry A right triangle has a hypotenuse of length 
8 inches. If one angle is 35°, find the length of each leg. 


46. Geometry A right triangle has a hypotenuse of length 
10 centimeters. If one angle is 40°, find the length of each leg. 


47. Geometry A right triangle contains a 25° angle. 


(a) If one leg is of length 5 inches, what is the length of the 
hypotenuse? 
(b) There are two answers. How is this possible? 


30.b = 4, B= 10°; finda,c,and A 
32,.a=7, B=50°; findb,c,andA 
34.b=6, A = 20°; finda,c,and B 


36. a = 6, A = 40°; find b,c,and B 
38.c = 10, A = 40°; find b,a,and B 
40.a=2, b=8; findc,A,and B 
42.b=4, c= 6; finda,A,and B 


48. Geometry A right triangle contains an angle of = radian. 


(a) If one leg is of length 3 meters, what is the length of the 
hypotenuse? 
(b) There are two answers. How is this possible? 


A 49. Finding the Width of a Gorge Find the distance from A to C 


w across the gorge illustrated in the figure. 





50. Finding the Distance across a Pond Find the distance from 
@* to C across the pond illustrated in the figure. 


N51. 


52. 


33, 


54. 


N55. 


56. 





The Eiffel Tower The tallest tower built before the era 
of television masts, the Eiffel Tower was completed on 
March 31, 1889. Find the height of the Eiffel Tower (before a 
television mast was added to the top) using the information 
given in the figure. 








Finding the Distance of a Ship from Shore A person in 
a small boat, offshore from a vertical cliff known to be 
100 feet in height, takes a sighting of the top of the cliff. 
If the angle of elevation is found to be 25°, how far offshore 
is the boat? 


Finding the Distance to a Plateau Suppose that you are 
headed toward a plateau 50 meters high. If the angle of 
elevation to the top of the plateau is 20°, how far are you 
from the base of the plateau? 


Finding the Reach of a Ladder A 22-foot extension ladder 
leaning against a building makes a 70° angle with the ground. 
How far up the building does the ladder touch? 


Finding the Angle of Elevation of the Sun At 10 AM on 
April 26, 2019, a building 300 feet high cast a shadow 50 feet 
long. What was the angle of elevation of the Sun? 


Directing a Laser Beam A laser beam is to be directed 
through a small hole in the center of a circle of radius 
10 feet. The origin of the beam is 35 feet from the circle 
(see the figure). At what angle of elevation should the beam 
be aimed to ensure that it goes through the hole? 
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57. Finding the Speed of a Truck A state trooper is hidden 


58. 


59. 


30 feet from a highway. One second after a truck passes, 
the angle 0 between the highway and the line of 
observation from the patrol car to the truck is measured. 
See the figure. 





(a) Ifthe angle measures 15°, how fast is the truck traveling? 
Express the answer in feet per second and in miles per 
hour. 


(b) If the angle measures 20°, how fast is the truck traveling? 
Express the answer in feet per second and in miles per 
hour. 


(c) If the speed limit is 55 miles per hour and a speeding 
ticket is issued for speeds of 5 miles per hour or more 
over the limit, for what angles should the trooper issue a 
ticket? 


Security A security camera in a neighborhood bank is 
mounted on a wall 9 feet above the floor. What angle of 
depression should be used if the camera is to be directed 
to a spot 6 feet above the floor and 12 feet from the 
wall? 


Parallax One method of measuring the distance from Earth 
to a star is the parallax method. The idea behind computing 
this distance is to measure the angle formed between the 
Earth and the star at two different points in time. Typically, 
the measurements are taken so that the side opposite the 
angle is as large as possible. Therefore, the optimal approach 
is to measure the angle when Earth is on opposite sides of 
the Sun, as shown in the figure. 





Earth's 


orbit 
he Earth at time 1 





NN 
Parallax 
Earth at time 2 


(a) Proxima Centauri is 4.22 light-years from Earth. If 
1 light-year is about 5.9 trillion miles, how many miles is 
Proxima Centauri from Earth? 

(b) The mean distance from Earth to the Sun is 
93,000,000 miles. What is the parallax of Proxima 
Centauri? 


532 CHAPTERS Applications of Trigonometric Functions 


60. 


Parallax See Problem 59. The star 61 Cygni, sometimes 


GS called Bessel’s Star (after Friedrich Bessel, who measured 


61. 


62. 


X\ 63. 


64. 


65. 


66. 


67. 


the distance from Earth to the star in 1838), is a star in the 
constellation Cygnus. 


(a) 61 Cygni is 11.14 light-years from Earth. If 1 light-year is 
about 5.9 trillion miles, how many miles is 61 Cygni from 
Earth? 


(b) The mean distance from Earth to the Sun is 93,000,000 
miles. What is the parallax of 61 Cygni? 


Washington Monument The angle of elevation of the Sun 
is 35.1° at the instant the shadow cast by the Washington 
Monument is 789 feet long. Use this information to calculate 
the height of the monument. 


Finding the Length of a Mountain Trail A straight trail with 
an inclination of 17° leads from a hotel at an elevation of 
9000 feet to a mountain lake at an elevation of 11,200 feet. 
What is the length of the trail? 


Finding the Bearing of an Aircraft A DC-9 aircraft leaves 
Midway Airport from runway 4 RIGHT, whose bearing is 


if 
N40°E. After flying for 5 mile, the pilot requests permission 


to turn 90° and head toward the southeast. The permission is 
granted. After the airplane goes 1 mile in this direction, what 
bearing should the control tower use to locate the aircraft? 


Finding the Bearing of a Ship A ship leaves the port of 
Miami with a bearing of S80°E and a speed of 15 knots. After 
1 hour, the ship turns 90° toward the south. After 2 hours, 
maintaining the same speed, what is the bearing to the ship 
from port? 


Niagara Falls Incline Railway Situated between Portage 
Road and the Niagara Parkway directly across from the 
Canadian Horseshoe Falls, the Falls Incline Railway is a 
funicular that carries passengers up an embankment to 
Table Rock Observation Point. If the length of the track is 
51.8 meters and the angle of inclination is 36°2’, determine 
the height of the embankment. 


Source: www.niagaraparks.com 


Willis Tower Willis Tower in Chicago is the second tallest 

building in the United States and is topped by a high antenna. 

A surveyor on the ground makes the following measurements: 

1. The angle of elevation from his position to the top of the 
building is 34°. 

2. The distance from his position to the top of the building 
1s 2595 Teet. 

3. The distance from his position to the top of the antenna 
is 2760 feet. 

(a) How far away from the (base of the) building is the 

surveyor located? 


(b) How tall is the building? 


(c) What is the angle of elevation from the surveyor to the 
top of the antenna? 


(d) How tall is the antenna? 
Source: Council on Tall Buildings and Urban Habitat 


Constructing a Highway A highway whose primary 
directions are north-south is being constructed along 
the west coast of Florida. Near Naples, a bay obstructs 
the straight path of the road. Since the cost of a bridge is 
prohibitive, engineers decide to go around the bay. The figure 


shows the path that they decide on and the measurements 
taken. What is the length of highway needed to go around 
the bay? 





68. Photography A camera is mounted on a tripod 4 feet high 


at a distance of 10 feet from George, who is 6 feet tall. See 
the figure. If the camera lens has angles of depression and 
elevation of 20°, will George’s feet and head be seen by 
the lens? If not, how far back will the camera need to be 
moved to include George’s feet and head? 








69. Finding the Distance between Two Objects A blimp, 


suspended in the air at a height of 500 feet, lies directly over 
a line from Soldier Field to the Adler Planetarium on Lake 
Michigan (see the figure). If the angle of depression from 
the blimp to the stadium is 32° and from the blimp to the 
planetarium is 23°, find the distance between Soldier Field 
and the Adler Planetarium. 





70. Hot-Air Balloon While taking a ride in a hot-air balloon 


in Napa Valley, Francisco wonders how high he is. To 
find out, he chooses a landmark that is to the east of the 
balloon and measures the angle of depression to be 54°. 
A few minutes later, after traveling 100 feet east, the 
angle of depression to the same landmark is determined to 
be 61°. Use this information to determine the height of the 
balloon. 


“N71. 
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74. 


Mt. Rushmore To measure the height of Lincoln’s 
caricature on Mt. Rushmore, two sightings 800 feet 
from the base of the mountain are taken. If the angle of 
elevation to the bottom of Lincoln’s face is 32° and the 
angle of elevation to the top is 35°, what is the height of 
Lincoln’s face? 


The CN Tower The CN Tower, located in Toronto, Canada, is 
the tallest structure in the Americas. While visiting Toronto, 
a tourist wondered what the height of the tower above the 
top of the Sky Pod is. While standing 4000 feet from the 
tower, she measured the angle to the top of the Sky Pod 
to be 20.1°. At this same distance, the angle of elevation 
to the top of the tower was found to be 24.4°. Use this 
information to determine the height of the tower above the 
Sky Pod. 





Chicago Skyscrapers The angle of inclination from the 
base of the John Hancock Center to the top of the main 
structure of the Willis Tower is approximately 10.3°. If the 
main structure of the Willis Tower is 1451 feet tall, how far 
apart are the two skyscrapers? Assume the bases of the two 
buildings are at the same elevation. 


Source: www.emporis.com 


Estimating the Width of the Mississippi River A tourist at 
the top of the Gateway Arch (height, 630 feet) in St. Louis, 
Missouri, observes a boat moored on the IIlinois side of the 
Mississippi River 2070 feet directly across from the Arch. 
She also observes a boat moored on the Missouri side 
directly across from the first boat (see figure). Given that 


67 
B= cot | 55° estimate the width of the Mississippi River at 


the St. Louis riverfront. 


Source: U.S. Army Corps of Engineers 
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75. Finding the Pitch of a Roof A carpenter is preparing to 


put a roof on a garage that is 20 feet by 40 feet by 20 feet. 
A steel support beam 46 feet in length is positioned in the 
center of the garage. To support the roof, another beam will 
be attached to the top of the center beam (see the figure). 
At what angle of elevation is the new beam? In other words, 
what is the pitch of the roof? 
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76. Shooting Free Throws in Basketball The eyes of a basketball 


player are 6 feet above the floor. The player is at the 
free-throw line, which is 15 feet from the center of the basket 
rim (see the figure). What is the angle of elevation from the 
player’s eyes to the center of the rim? 


[Hint: The rim is 10 feet above the floor. ] 





77. Geometry Find the value of the angle 6 in degrees rounded 


to the nearest tenth of a degree. 
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78. Surveillance Satellites A surveillance satellite circles Earth 
@" a height of h miles above the surface. Suppose that d is 
the distance, in miles, on the surface of Earth that can be 
observed from the satellite. See the figure. 
(a) Find an equation that relates the central angle @ to the 
height h. 
(b) Find an equation that relates the observable distance d 
and 0. 
(c) Find an equation that relates d and h. 
(d) If dis to be 2500 miles, how high must the satellite orbit 
above Earth? 
(e) If the satellite orbits at a height of 300 miles, what 
distance d on the surface can be observed? 





79. Calculating Pool Shots A pool player located at X wants to 
shoot the white ball off the top cushion and hit the red ball 
dead center. He knows from physics that the white ball will 
come off a cushion at the same angle as that at which it hit 
the cushion. If the deflection angle, 6, is 52°, where on the top 
cushion should he hit the white ball? 


1 ft 


3 ft 





7 
X 


80. One World Trade Center One World Trade Center (1WTC) 
is the centerpiece of the rebuilding of the World Trade Center 
in New York City. The tower is 1776 feet tall (including its 
spire). The angle of elevation from the base of an office 


Explaining Concepts: Discussion and Writing 


83. Explain how you would measure the width of the Grand 
Canyon from a point on its ridge. 

84. Explain how you would measure the height of a TV tower 
that is on the roof of a tall building. 


85. The Gibb’s Hill Lighthouse, Southampton, Bermuda In 
operation since 1846, the Gibb’s Hill Lighthouse stands 


building to the tip of the spire is 34°. The angle of elevation 
from the helipad on the roof of the office building to the tip 
of the spire is 20°. 


. 1776 








(a) How far away is the office building from One World 
Trade Center? Assume the side of the tower is vertical. 
Round to the nearest foot. 

(b) How tall is the office building? Round to the nearest 
foot. 


. Challenge Problem Drive Wheel of an Engine The drive 


wheel of an engine is 13 inches in diameter, and the pulley 
on the rotary pump is 5 inches in diameter. If the shafts of the 
drive wheel and the pulley are 2 feet apart, what length of belt 
is required to join them as shown in the figure? 





82. Challenge Problem Rework Problem 81 if the belt is crossed, 


as shown in the figure. 





117 feet high on a hill 245 feet high, so its beam of light is 
362 feet above sea level. A brochure states that ships 
40 miles away can see the light and planes flying at 10,000 feet 
can see it 120 miles away. Verify the accuracy of these 
statements. What assumption did the brochure make about 
the height of the ship? 
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Retain Your Knowledge 


Problems 86-95 are based on material learned earlier in the course. The purpose of these problems is to keep the material fresh in your 
mind so that you are better prepared for the final exam. 


86. Determine whether x — 3 is a factor of 91. If a 4th degree polynomial function with real coefficients 
x* + 2x? — 21x? + 19x — 3. has zeros of 2,7.and 3 — V5, what is the remaining zero? 
, dona 2% 2 x\ 2 
mae 7 e* — 1)° + (2e 
87. Find the exact value of sin 12° X92. Simplify ( | aa > ) 
e 
a __ \/x . f(x) — f(4) _ . . 4 3 

S 88. If f(x) = Vx, find " Bak 2 for x = 5, 4.5, and 4.1. 93. What is the remainder when P(x) = 2x" — 3x° —x +7 


is divided by x + 2? 
94. Write the equation of a circle with radius r = V5 and 
center (—4, 0) in standard from. 


95. Find the domain of g(x) = 3|x? — 1| — 5. 


Round results to three decimal places. 
89. Solve 2 sin? 6 — sin@ + 5 = 6for0 < 6 < 2m. 


90. If the two triangles shown are similar, find x. 


‘Are You Prepared?’ Answers 
1.4 2. 26.6° 3. 30° 


8.2 The Law of Sines 


PREPARING FOR THIS SECTION Before getting started, review the following: 


e Trigonometric Equations (Section 7.3, pp. 469-474) e Approximating the Value of a Trigonometric 
e Difference Formula for the Sine Function Function (Section 6.2, p. 385) 

(Section 7.5, p. 490) Approximating the Value of an Inverse Trigonometric 
¢ Geometry Essentials (Section A.2, pp. A14-A19) Function (Section 7.2, pp. 464-465) 


\ Now Work the ‘Are You Prepared?’ problems on page 542. 
OBJECTIVES 1 Solve SAA or ASA Triangles (p. 536) 


2 Solve SSA Triangles (p. 537) 
3 Solve Applied Problems (p. 539) 





If none of the angles of a triangle is a right angle, the triangle is called oblique. 
An oblique triangle will have either three acute angles or two acute angles and one 
obtuse angle (an angle measuring between 90° and 180°). See Figure 18. 


Obtuse angle 


Figure 18 (a) All angles are acute (b) Two acute angles and one obtuse angle 


In the discussion that follows, an oblique triangle is always labeled so that side a 
b is opposite angle A, side b is opposite angle B, and side c is opposite angle C, as 
Figure 19 Oblique triangle shown in Figure 19. 
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WARNING Oblique triangles cannot be 
solved using the methods of Section 8.1. 
Do you know why? mB 


To solve an oblique triangle means to find the lengths of its sides and the measures 
of its angles. To do this, we need to know the length of one side,* along with (i) two 
angles, (ii) one angle and one other side, or (iii) the other two sides. There are four 
possibilities to consider. 


CASE 1: One side and two angles are known (ASA or SAA). 

CASE 2: ‘Two sides and the angle opposite one of them are known (SSA). 
CASE 3: ‘Two sides and the included angle are known (SAS). 

CASE 4: Three sides are known (SSS). 


Figure 20 illustrates the four cases, where the known measurements are shown 
in blue. 


Case 1: ASA 
Figure 20 


Case 1: SAA Case 2: SSA Case 3: SAS Case 4: SSS 


The Law of Sines is used to solve triangles for which Case 1 or 2 holds. Cases 3 
and 4 are considered when we study the Law of Cosines in the next section. 


( tHeoREM Law of Sines 


For a triangle with sides a, b,c and opposite angles A, B, C, respectively, 


sin A _ sin B _ sin C 











(1) 


a b C 


=) 


A proof of the Law of Sines is given at the end of this section. 
The Law of Sines actually consists of three equalities: 


sin A _ sin B sin A sin C sin B sin C 


a b a C b eC 





Formula (1) is a compact way to write these three equations. 
Typically, to solve triangles with the Law of Sines, we use the fact that the sum of 
the angles of any triangle equals 180°; that is, 


A+B+C = 180° (2) 


1 Solve SAA or ASA Triangles 


The first two examples show how to solve a triangle when one side and two angles 
are known (Case 1:SAA or ASA). 


| EXAMPLE 1 | Using the Law of Sines to Solve an SAA Triangle 


Solution 


Solve the triangle: A = 40°, B = 60°,a = 4 
Figure 21 shows the triangle to be solved. The third angle C is found using 
formula (2). 
A+B+C = 180° 
40° + 60° + C = 180° 
C = 80° 


* The length of one side must be known because Knowing only the angles results in a family of similar 
triangles. 


SECTION 8.2 The Law of Sines 537 


Now use the Law of Sines (twice) to find the unknown sides b and c. 


sin A _ sin B sin A _ sin C 














a b a C 
Because a = 4,A = 40°, B = 60°, and C = 80°, we have 
sin 40° _ sin 60° sin 40° sin 80° 


Figure 21 4 b 4 C 

















NOTE Although it is not a complete Solving for b and c yields 
check, the reasonableness of answers 


can be verified by determining whether = 4 sin 60° m= 5.39 = 4 sin 80° ~ 6:13 

the longest side is opposite the largest sin 40° sin 40° J 
angle and the shortest side Is opposite 

the smallest angle. o Notice in Example 1 that b and c are found by working with the given side a. This 


is better than finding b first and working with a rounded value of b to find c. 


ormmmm=-Now Work PROBLEM 11 





Using the Law of Sines to Solve an ASA Triangle 
Solve the triangle: A = 35°,B = 15°,c =5 


Solution _ Figure 22 illustrates the triangle to be solved. Two angles are known (A = 35° and 
B = 15°). Find the third angle using formula (2): 


A+ B+ C= 180° 
35° + 15° + C = 180° 
C = 130° 


Now the three angles and one side (c = 5) of the triangle are known. To find the 
remaining two sides a and b, use the Law of Sines (twice). 





Figure 22 


























sn A sinc snB sinc 
ac b  ¢ 
sin 35° sin 130° sin 15° _ sin 130° 
a 5 b 5 
5 sin 35° 5 sin 15° 
= +—— = 3.74 b = —— = 1. ) 
@ sin 130° sin 130° "7 J 


ormemmmme-Now Work PROBLEM 25 


2 Solve SSA Triangles 


Case 2 (SSA), which describes triangles for which two sides and the angle opposite 
one of them are known, is referred to as the ambiguous case, because the known 
information may result in one triangle, two triangles, or no triangle at all. Suppose 
that sides a and b and angle A are given, as illustrated in Figure 23. The key 
to determining how many triangles, if any, can be formed from the given 


information lies primarily with the relative size of side a, the height h, and the fact 
Figure 23 h= DsinA thath = bsin A. 





No Triangle Ifa<h=bsinA, then OneRightTriangle Ifa = h = bsinA, 
side a is not long enough to form a ___ then side a is just long enough to form 
triangle. See Figure 24. one right triangle. See Figure 25. 





Figure24 q< h=bsinA Figure25 qg=h=DsinA 
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Two Triangles If h = bsin A < a and 
a < b, then two distinct triangles can be 
formed from the given information. See 


One Triangle If a=b, only one 
triangle can be formed. See Figure 27 


Figure 26. 
b b a 
, f= OsinA 
Z| { 
Figure 26 bsinA <a Figure 27 g=bD 
anda < D 


Fortunately, it is not necessary to rely on a figure or on complicated relationships 
to draw the correct conclusion in the ambiguous case. The Law of Sines leads us to 
the correct determination. Let’s see how. 





Solution 





Figure 28 


Using the Law of Sines to Solve an SSA Triangle (No Solution) 
Solve the triangle: a = 2,c = 1,C = 50° 


Because a = 2,c = 1, and C = 50° are known, use the Law of Sines to find the 
angle A. 














snA sinc 
ac 

sin A — sin 50° 
2 il 


sin A = 2sin 50° =~ 1.53 


Since there is no angle A for which sin A > 1, there is no triangle with the given 
measurements. Figure 28 illustrates the measurements given. Note that no matter 
how side c is positioned, it will never touch side b to form a triangle. 


| EXAMPLE 4 | Using the Law of Sines to Solve an SSA Triangle (One Solution) 


Solution 





Figure 29(a) 


NOTE The angle B, was determined by 
2 sin 40° 
finding the value of sin ~ (aa) 


Using the rounded value and evaluating 
sin (0.43) will yielda slightly different 
result. o 


Solve the triangle: a = 3,b = 2,A = 40° 


See Figure 29(a). Because a = 3, b = 2, and A = 40° are known, use the Law of 
Sines to find the angle B. 


sin A sin B 


a b 








Then 
sin 40° sinB 
3 2 
2 sin 40° 
3 
There are two angles B, 0° < B < 180°, for which sin B ~ 0.43. 


B, ~ 25.4° and B, ~ 180° — 25.4° = 154.6° 








sin B = = 0.43 


The angle B, ~ 154.6° is discarded because the sum of the angles in a triangle must 
equal 180°, but A + B, ~ 40° + 154.6° = 194.6° > 180°. Using B, ~ 25.4° gives 


C = 180° — A — B, = 180° — 40° — 25.4° = 114.6° 
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The third side c can now be determined using the Law of Sines. 


sin A _ sin C 














a C 
sin 40° sin 114.6° 
ce C 
3 sin 114.6° 
= ————. = 494 
sin 40° 
Figure 29(b 
igure 29(b) Figure 29(b) illustrates the solved triangle. 


| EXAMPLES | Using the Law of Sines to Solve an SSA Triangle (Two Solutions) 


Solve the triangle: a = 6,b = 8, A = 35° 
Solution Because a = 6,b = 8, and A = 35° are known, use the Law of Sines to find the 














angle B. 
snA  sinB 
a b 
Then 
sin 35° sin B 
6 8 
sin B = a = ().76 


B, ~ 49.9° or B ~ 180° — 49.9° = 130.1° 


Both choices of B resultin A + B < 180°. There are two triangles, one containing 
the angle B, ~ 49.9° and the other containing the angle B, ~ 130.1°. See Figure 30(a). 
Figure 30(a) The third angle C is either 


C, = 180° — A — B, ~ 95.1° or Cy, = 180° — A — By ~ 14.9 
t t 





A = 35°,B, = 49.9° A = 35°;B, = 130.1° 


Now, use the Law of Sines to find the third side c. 

















sn A sinC; sn A sin C, 
a 7 Cy a C2 
sin 35° sin 95.1° sin 35° _ sin 14.9° 
s 6 Cy 6 C2 

Cy = 2.69 | 6 sin 95.1° 6 sin 14.9° 
= 6, = 10.42 QoS SS 10.42 Co = ——>=5 = 2.69 

; sin 35° sin 35 
Figure 30(b) | 

The two solved triangles are illustrated in Figure 30(b). J 


ommmen--Now Work PROBLEMS 27 AND 33 


@ 3 Solve Applied Problems 


| EXAMPLE 6 Finding the Height of a Mountain 


To measure the height of a mountain, a surveyor takes two sightings of the peak at 
a distance 900 meters apart on a direct line to the mountain.* See Figure 31(a) on 
the next page. The first observation results in an angle of elevation of 47°, and the 
second results in an angle of elevation of 35°. If the transit is 2 meters high, what is 
the height / of the mountain? 


*For simplicity, assume that these sightings are at the same level. 
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Figure 32 


Figure 31 





Solution Figure 31(b) shows the triangles that model the situation in Figure 31(a). Since 
C + 47° = 180°, this means that C = 133°. Also, since A + C + 35° = 180°, this 
means that A = 180° — 35° — C = 145° — 133° = 12°. Use the Law of Sines to find c. 








sin A sin C 
ae A = 12°C = 133°,a = 900 


_ 900 sin 133° 


= 3165.86 
sin 12° 


Using the larger right triangle gives 
b 
sin 35° = — 
C 


b = 3165.86 sin 35° ~ 1815.86 ~ 1816 meters 
The height of the peak from ground level is approximately 1816 + 2 = 1818 meters. 


o_nmem_=-Now Work PROBLEM 39 


| EXAMPLE 7 | Rescue at Sea 


Coast Guard Station Zulu is located 120 miles due west of Station X-ray. A ship at 
sea sends an SOS call that is received by each station. The call to Station Zulu 
indicates that the bearing of the ship from Zulu is N40°E (40° east of north). The 
call to Station X-ray indicates that the bearing of the ship from X-ray is N30°W 
(30° west of north). 


(a) How far is each station from the ship? 


(b) Ifa helicopter capable of flying 200 miles per hour is dispatched from the nearest 
station to the ship, how long will it take to reach the ship? 


Solution (a) Figure 32 illustrates the situation. The angle C is found to be 
C = 180° — 50° — 60° = 70° 
The Law of Sines can now be used to find the two distances a and b that are needed. 


sin 50° sin 70° 








a 120 
a= eee ~ 97.82 miles 
sin 60° — sin 70° 
b 120 
_ 120 sin 60° 
sin 70° 
Station Zulu is about 111 miles from the ship, and Station X-ray is about 98 miles 
from the ship. 








=~ 110.59 miles 








Figure 34 


Hla: 
x 
180° —A 
(b) 
Figure 33 
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(b) The time t needed for the helicopter to reach the ship from Station X-ray is found 
by using the formula 


(Rate, 7) (Time, t) = Distance, a 


Then 
a: 97.82 
t= , 300 ~ 0.49 hour ~ 29 minutes 
It will take about 29 minutes for the helicopter to reach the ship. 7 


ovmmeme-NoOw Work PROBLEM 49 


Proof of the Law of Sines To prove the Law of Sines, construct an altitude of length h 
from one of the vertices of a triangle. Figure 33(a) shows h for a triangle with three 
acute angles, and Figure 33(b) shows h for a triangle with an obtuse angle. In each 
case, the altitude is drawn from the vertex at B. Using either figure 


sin C = : 
a 
from which 
h=asinC (3) 
From Figure 33(a), it also follows that 
sin A = a 
c 
from which 
h=csnA (4) 


From Figure 33(b), it follows that 
h 
sin(180° — A) = sn A = — 
1 C 


sin (180° — A) = sin 180° cosA — cos 180° sinA = sinA 
which again gives 
h=csnaA 


So, whether the triangle has three acute angles or has two acute angles and one 
obtuse angle, equations (3) and (4) hold. As a result, the expressions for h in 
equations (3) and (4) are equal. That is, 


asinC = csinA 
from which 


sin A sin C 


= (5) 


a Cc 








In a similar manner, constructing the altitude h’ from the vertex of angle A, as 
shown in Figure 34, reveals that 


/ 


sin B= — and sinC = — 
C b 
Equating the expressions for h’ gives 
h'=csnB=bsnC 


from which 


sin B sin C 
b  ~6¢ (6) 


When equations (5) and (6) are combined, the result is the Law of Sines. 
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8.2 Assess Your Understanding 


‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. The difference formula for the sine function is 3. Approximate sin 40° and sin 80°. (p. 385) 


sin(A — B) = ____. (p.490) 4. Approximate sin! 0.76. Express the answer in degrees. 
1 (pp. 464-465) 
2. Solve sin A = zit 0O=A & a. (pp. 469-472) 


Concepts and Vocabulary 


5. Multiple Choice If none of the angles of a triangle is a right 8. True or False When two sides and an angle are given at least 
angle, the triangle is called ; one triangle can be formed. 
(a) oblique = (b) obtuse = (c) acute —(d)_scalene 9. True or False The Law of Sines can be used to solve triangles 
6. For a triangle with sides a, b,c and opposite angles A, B, C, the where three sides are known. 
Law of Sines states that _______. 10. Triangles for which two sides and the angle opposite 
7. Multiple Choice If two angles of a triangle measure 48° one of them are known (SSA) are referred to as the 
and 93°, what is the measure of the third angle? 
(a) 132° (b) 77° (c) 42° (d) 39° 


Skill Building 


In Problems 11-18, solve each triangle. 


Nou. 





In Problems 19-26, solve each triangle. 


1, A=58- B= 95%. a= 2. A= 50, C=20. a=3 1. b=. C= b= 6 
22.A=70°, B= 60°, c=4 23. A= 110°, C= 30°, c=3 24. B= 10°, C= 100°, b=2 
‘25.4 = 40°. B=40, c=2 %. B=20, C=70. a=1 


In Problems 27-38, two sides and an angle are given. Determine whether the given information results in one triangle, two triangles, or no 
triangle at all. Solve any resulting triangle(s). 


Ny 27 a = 3, b=2, A=50° 28. b= 4, c=3, B= 40° 29. b=9, c=4, B=115° 
30.a = 2, c=1, A=120° 31. a=7, b=14, A = 30° 32. b= 2, c=3, B=40° 
Ni 33. b = 4, c=6, B=20 34. a= 3, bD=7, A=70 35. a= 8, c=3, C= 125° 
36.b = 4, c=5, B=95 37. a=7, c=3, C=12° 38. b= 4, c=5, B=40 


9 


Applications and Extensions 


‘\ 39. Finding the Length of a Ski Lift Consult the figure. To find 
the length of the span of a proposed ski lift from P to Q,a 
surveyor measures 2 DPQ to be 25° and then walks back a 
distance of 1000 feet to R and measures 2 PRQ to be 15°. 
What is the distance from P to QO? 





D 25° |~—— 1000 ft —+| 














a business meeting in Oklahoma City. One flight option flies 
directly to St. Louis, a distance of about 461.1 miles. A second 
flight option flies first to Kansas City and then connects to 
St. Louis. The bearing from Oklahoma City to Kansas City is 
N29.6°E, and the bearing from Oklahoma City to St. Louis is 
N577°E. The bearing from St. Louis to Oklahoma City is S577°W, 
and the bearing from St. Louis to Kansas City is N79.4°W. How 
many more frequent flyer miles will Adam receive if he takes 
the connecting flight rather than the direct flight? 


Source: www.landings.com 
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40. Finding the Height of a Mountain Use the figure in Problem 39 48. Time Lost to a Navigation Error In attempting to fly 
w to find the height QD of the mountain. from city P to city Q, an aircraft followed a course that 
41. Finding the Height of an Airplane An aircraft is spotted by was 10° in error, as indicated in the figure. After flying a 
two observers who are 1000 feet apart. As the airplane passes distanceof 50 miles, the pilot corrected the course by turning 
over the line joining them, each observer takes a sighting of at point K and flying 300 miles farther. If the constant speed 
the angle of elevation to the plane, as indicated in the figure. of the aircraft was 250 miles per hour, how much time was 
How high is the airplane? lost due to the error? 
-— ~ 
42. Finding the Height of the Bridge over 
the Royal Gorge The highest bridge 
in the world is the bridge over the 
Royal Gorge of the Arkansas River 
eer ake epee ae \ 49. Rescue at Sea Coast Guard Station Able is located 150 miles 
the bridge are taken from each due south of Station Baker. A ship at sea sends an SOS call 
side of the 880-foot-long bridge, as that is received by each station. The call to Station Able 
indicated in the figure. How high is indicates the bearing of the ship is N55°E; the call to Station 
the bridge? Baker indicates the bearing of the ship is S60°E. 
(a) How far is each station from the ship? 
Source: Guinness Book of World Records (b) If a helicopter capable of flying 200 miles per hour is 
43. Land Dimensions A triangular plot of land has one side along dispatched from the station nearest the ship, how long 
a straight road measuring 200 feet. A second side makes a 50° will it take to reach the ship? 
angle with the road, and the third side makes a 43° angle with the £0. Distance to the Moon sien 
road. How long are the other two sides? At exactly the same 
44. Distance between Runners Two runners in a marathon time, Tom and Alice 
determine that the angles of elevation of a news helicopter measured the angle of 
covering the race are 38° and 45°. If the helicopter elevation to the moon 
is 1700 feet directly above the finish line, how far apart are while standing exactly 
the runners? 300 km apart. The 
45. Landscaping Pat needs to determine the height of a tree angle of elevation to 
before cutting it down to be sure that it will not fall on a the moon for Tom 49.8974° 
nearby fence. The angle of elevation of the tree from one was 49.8974", and the ' 
position on a flat path from the tree is 30°, and from a second angle of elevation to 49,9312° 
position 40 feet farther along this path it is 20°. What is the the moon for Alice was ; sae, 
height of the tree? 49.9312°. See the figure. 10m 300 km Alice 
46. Construction A loading ramp 10 feet long that makes an a ia manne ee a ht a noon 
angle of 18° with the horizontal is to be replaced by one that PAE aoe Vier rane 
makes an angle of 12° with the horizontal. How long is the 51. Finding the Lean of the 
new ramp? Leaning Tower of Pisa 
47. Commercial Navigation Adam must fly home to St. Louis from cea caegeanoga ue ae 


of Pisa was originally 
184.5 feet high.* At a 
distance of 123 feet from the 
base of the tower, the angle 
of elevation to the top of 
the tower is found to be 60°. 
Find ZRPQ indicated in 
the figure. Also, find the 
perpendicular distance 
from R to PQ. 





*On February 27, 1964, the government of Italy requested aid in preventing the tower from toppling. A multinational task force of engineers, 
mathematicians, and historians was assigned and met on the Azores islands to discuss stabilization methods. After over two decades of work on the subject, 
the tower was closed to the public in January 1990. During the time that the tower was closed, the bells were removed to relieve it of some weight, and 
cables were cinched around the third level and anchored several hundred meters away. Apartments and houses in the path of the tower were vacated 
for safety concerns. After a decade of corrective reconstruction and stabilization efforts, the tower was reopened to the public on December 15, 2001. 
Many methods were proposed to stabilize the tower, including the addition of 800 metric tons of lead counterweights to the raised end of the base. The 
final solution was to remove 38 cubic meters of soil from underneath the raised end. The tower has been declared stable for at least another 300 years. 
Source: https://www.history.com/this-day-in-history/leaning-tower-needs-help 


53. Constructing a Highway 


55. Designing an Awning An awning 
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52. Crankshafts on Cars Ona certain automobile, the crankshaft 


is 3 inches long and the connecting rod is 9 inches long (see 
the figure). At the time when 2 OPQ is 15°, how far is the 
piston (P) from the center (O) of the crankshaft? 





US. 41, a highway whose 
primary direction is 
north-south, is being 
constructed along the 
west coast of Florida. Near 
Naples, a bay obstructs the 
straight path of the road. 
Since the cost of a bridge 
is prohibitive, engineers 
decide to go around the 
bay. The figure shows the 
path that they decide on 
and the measurements 
taken. What is the length 
of highway needed to go 
around the bay? 








54. Calculating Distances at Sea The navigator of a ship at sea 


spots two lighthouses that she knows to be 3 miles apart along 
a straight seashore. She determines that the angles formed 
between two line-of-sight observations of the lighthouses 
and the line from the ship directly to shore are 15° and 35°. 
See the figure. 

(a) How far is the ship from lighthouse P? 

(b) How far is the ship from lighthouse Q? 

(c) How far is the ship from shore? 








that covers a sliding glass door 
that is 88 inches tall forms an angle 
of 50° with the wall. The purpose 
of the awning is to prevent sunlight i 
from entering the house when the an / 
angle of elevation of the Sun is / 
more than 65°. See the figure. Find / 


the length L of the awning. 


56. 


ay 


58. 


59. 


Finding Distances A forest ranger is walking on a path 
inclined at 5° to the horizontal directly toward a 100-foot-tall 
fire observation tower. The angle of elevation from the path 
to the top of the tower is 40°. How far is the ranger from the 
tower at this time? 





Great Pyramid of Cheops One of the original Seven 
Wonders of the World, the Great Pyramid of Cheops was 
built about 2580 Bc. Its original height was 480 feet 11 inches, 
but owing to the loss of its topmost stones, it is now shorter. 
Find the current height of the Great Pyramid using the 
information given in the figure. 


Source: Guinness Book of World Records 





Determining the Height of an Aircraft Two sensors are 
spaced 700 feet apart along the approach to a small airport. 
When an aircraft is nearing the airport, the angle of elevation 
from the first sensor to the aircraft is 20°, and from the 
second sensor to the aircraft it is 15°. Determine how high 
the aircraft is at this time. 


Mercury The distance from the Sun to Earth is approximately 
149,600,000 kilometers (km). The distance from the Sun to 
Mercury is approximately 57910,000 km. The elongation 
angle a is the angle formed between the line of sight from 
Earth to the Sun and the line of sight from Earth to Mercury. 
See the figure. Suppose that the elongation angle for Mercury 
is 15°. Use this information to find the possible distances 
between Earth and Mercury. 








60. 


61. 


62. 


Venus The distance from the Sun to Earth is 
approximately149,600,000 km. The distance from 
the Sun to Venus is approximately 108,200,000 km. The 
elongation angle a is the angle formed between the line 
of sight from Earth to the Sun and the line of sight from 
Earth to Venus. Suppose that the elongation angle for 
Venus is 10°. Use this information to find the possible 
distances between Earth and Venus. 








The Original Ferris Wheel George Washington Gale 
Ferris, Jr., designed the original Ferris wheel for the 
1893 World’s Columbian Exposition in Chicago, Illinois. 
The wheel had 36 equally spaced cars each the size of 
a school bus. The distance between adjacent cars was 
approximately 22 feet. Determine the diameter of the 
wheel to the nearest foot. 


Source: Carnegie Library of Pittsburgh, www.clpgh.org 


Challenge Problem Mollweide’s Formula For any triangle, 
Mollweide’s Formula (named after Karl Mollweide, 
1774-1825) states that 


1 
5 cos) (A = B) 
1 
in| —C 
in(c) 
Derive it. 


[Hint: Use the Law of Sines and then a Sum-to-Product 
Formula.] Notice that this formula involves all six parts 
of a triangle. As a result, it is sometimes used to check the 
solution of a triangle. 


a+ 
Cc 








Explaining Concepts: Discussion and Writing 


67. 


68. 


Make up three problems involving oblique triangles. One 
should result in one triangle, the second in two triangles, and 
the third in no triangle. 


What do you do first if you are asked to solve a triangle and 
are given one side and two angles? 


Retain Your Knowledge. 


63. 


64. 


65. 


66. 


69. 


70. 
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Challenge Problem Mollweide’s Formula Another form of 
Mollweide’s Formula is 


safc —a)] 
om 


=e 
2 
Challenge Problem For any triangle, derive the formula 


a 





Derive it. 





a= bcosC +ccosB 


Challenge Problem Law of Tangents For any triangle, 
derive the Law of Tangents: 


aol a—2)] 





tan] (4 + B) 





Challenge Problem Circumscribing a Triangle Show that 
sin A sn B _ snC 1 
b OD 
See the figure where ris the radius of the circle circumscribing 


the triangle POR whose sides are a, b, and c, and PP’ = 2r 
is a diameter of the circle. 











a Cc 





S 


a 


A 


Ss 


What do you do first if you are asked to solve a triangle and 
are given two sides and the angle opposite one of them? 


P 


— 


Dv 


Solve Example 6 using right-triangle geometry. Comment on 
which solution, using the Law of Sines or using right triangles, 
you prefer. Give reasons. 


Problems 71-80 are based on material learned earlier in the course. The purpose of these problems is to keep the material fresh in your 
mind so that you are better prepared for the final exam. 


71. Solve: 3x° + 4x? — 27x — 36 = 0 


72. 


Find the exact distance between P, = (-—1, —7) 
and P, = (2, —1). Then approximate the distance to 
two decimal places. 


7 
73. Find the exact value of tan feos {- ) ; 


if 
74. Graph y = 4sin (5), Show at least two periods. 


72. 


. Approximate the average rate of change for 
g(x) = e* + 31Inx on the interval [1,3]. Round to 
three decimal places. 


Write the equation 100 = a®~* in logarithmic form. 





‘Are You Prepared?’ Answers 


1. sin A cos B — cosA sin B 


3. 


sin 40° 


77. Find the horizontal asymptote of 


79. 


80. 





=o7° = oe eo 
h(x) = ——— 
(2) 4 — 9x? 
; , Z 
. Find an equation of the line perpendicular to y = — 3% +] 


that contains the point (—2, —5). 


Determine whether h(x) = 5x° — 4x + 1 is even, odd, 
or neither. 


1 
Solve: 3 (x — 6) +4x>0 


0.64; sin 80° = 0.98 4. 49.5° 
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8.3 The Law of Cosines 


PREPARING FOR THIS SECTION Before getting started, review the following: 
e Trigonometric Equations (Section 7.3, pp. 469-474) e Distance Formula (Section 1.1, p. 3) 


\ Now Work the ‘Are You Prepared?’ problems on page 549. 
OBJECTIVES 1 Solve SAS Triangles (p. 547) 


2 Solve SSS Triangles (p. 547) 
3 Solve Applied Problems (p. 548) 











Figure 35 


(a cos C, a sin C) 


(b) Angle Cis obtuse 


In the previous section, the Law of Sines was used to solve Case 1 (SAA or ASA) and 
Case 2 (SSA) of an oblique triangle. In this section, the Law of Cosines is derived and 
used to solve Cases 3 and 4. 


CASE 3: ‘Two sides and the included angle are known (SAS). 
CASE 4; Three sides are known (SSS). 


( THEOREM Law of Cosines 


For a triangle with sides a, b,c and opposite angles A, B, C, respectively, 


CE a Ss OE 


= ee 06 Coss 
— po cD pe cos 





4 


Proof Only formula (1) is proved here. Formulas (2) and (3) can be proved using 
the same argument. 

Begin by strategically placing a triangle on a rectangular coordinate system so 
that the vertex of angle C is at the origin and side b lies along the positive x-axis. 
Regardless of whether C is acute, as in Figure 35(a), or obtuse, as in Figure 35(b), 
the vertex of angle B has coordinates (a cos C, asin C). The vertex of angle A has 
coordinates (b,0). 

Use the distance formula to compute c’. 


c? = (b — acosC)* + (0 — asinC)?” 
= b* — 2ab cos C + a* cos’ C + a’ sin? C 
b* — 2ab cos C + a*(cos” C + sin* C) 
= q* + b* — 2abcosC H 


Each of formulas (1), (2), and (3) may be stated in words as follows: 


( THeoReM Law of Cosines 


The square of one side of a triangle equals the sum of the squares of 
the other two sides, minus twice their product times the cosine of their 
included angle. . 


Observe that if the triangle is a right triangle (so that, say, C = 90°), formula (1) 


becomes the familiar Pythagorean Theorem: c* = a’ + b*. That is, the Pythagorean 
Theorem is a special case of the Law of Cosines. 
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1 Solve SAS Triangles 


The Law of Cosines is used to solve Case 3 (SAS), which applies to triangles for which 
two sides and the included angle are known. 


| €XAMPLE1 ~ Using the Law of Cosines to Solve an SAS Triangle 


Solve the triangle: a=2, b=3, C= 60° 


Solution See Figure 36. Because two sides, a and b, and the included angle, C = 60°, are known, 
the Law of Cosines makes it easy to find the third side, c. 


c* = a’ + b* — 2abcos C 
= 2? + 3*—2-2-3-cos60° a=2,b = 3,C = 60° 


1 
=13-12--=7 
2 





Figure 36 gi 


Side c is of length V7. To find the angles A and B, either the Law of Sines or the Law 
of Cosines may be used. 

It is preferable to use the Law of Cosines because it will lead to an equation 
with one solution whether solving for A or B. Using the Law of Sines would lead to 
an equation with two solutions that would need to be checked to determine which 
solution fits the given data.* 

We choose to use formulas (2) and (3) of the Law of Cosines to find A and B. 


For A: 
a’ = b* + c* — 2bccosA 
2be cos A = b* + c* — a? 
oA oe ter _9+7-4_ 12 _2V7 
2be Daan 7 6A/7 7 
A= sos) 2V7 ~= 40.9° 
7 
For B: 
NOTE The angle B can also be b* = a’ + c* — 2ac cos B 
ee ioe 65 ae a cos B = pees aero. 2 Ne 
2ac AW7 AW7 14 
V7 
B= Os a 79.1° 
Notice that A + B + C = 40.9° + 79.1° + 60° = 180°, as required. J 


orm NOW Work PROBLEMS 9 AND 17 


2 Solve SSS Triangles 


The next example uses the Law of Cosines to solve a triangle when three sides are 
known, Case 4 (SSS). 


*The Law of Sines can be used when seeking the angle opposite the smaller side, since it is acute. 
(In Figure 36, use the Law of Sines to find A, the angle opposite the smaller side.) 
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| EXAMPLE 2 | Using the Law of Cosines to Solve an SSS Triangle 


Solve the triangle: a = 4,b = 3,c = 6 
Solution See Figure 37. To find the angles A, B, and C, use the Law of Cosines. 





For A: 
b>+c—a* 9436-16 29 
cos A = FE 
2bc 2-3-6 36 
29 
A = cos !— = 36.3° 
COS 236 
For B: 
Figure 37 at+e—b 16+36-9 43 
cos B = ———— = = — 


2ac «2+ 4+6——«V 
43 
B = cos |— = 26.4° 
COS A8 


Now use A and B to find C: 
C = 180° — A — B = 180° — 36.3° — 26.4° = 117.3° al 


erm Now Work PROBLEMS 15 AND 25 


w 3 Solve Applied Problems 


| EXAMPLE 3 | Correcting a Navigational Error 


A motorized sailboat leaves Naples, Florida, bound for Key West, 150 miles 
away. Maintaining a constant speed of 15 miles per hour, but encountering heavy 
crosswinds and strong currents, the crew finds, after 4 hours, that the sailboat is off 
course by 20°. 


(a) How far is the sailboat from Key West at this time? 


(b) Through what angle should the sailboat turn to correct its course? 


(c) How much time has been added to the trip because of this? (Assume that the 
speed remains at 15 miles per hour.) 


Solution See Figure 38. With a speed of 15 miles per hour, the sailboat has gone 60 miles after 
4 hours. The distance x of the sailboat from Key West is to be found, along with the 
angle 6 that the sailboat should turn through to correct its course. 


(a) To find x, use the Law of Cosines, because two sides and the included angle are 
known. 
x? = 150° + 607 — 2+150+ 60+ cos 20° ~ 9185.53 
x ~ 95.8 
The sailboat is about 96 miles from Key West. 


(b) With all three sides of the triangle now known, use the Law of Cosines again to 
find the angle A opposite the side of length 150 miles. 


1507 = 967 + 60* — 2-96-60°cos A 





9684 = —11,520 cos A 
cosA ~ —0.8406 
Figure 38 A ee 147 9° 


So, 
8d = 180° — A = 180° — 147.2° = 32.8° 


The sailboat should turn through an angle of about 33° to correct its course. 
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(c) The total length of the trip is now 60 + 96 = 156 miles. The extra 6 miles will 
only require about 0.4 hour, or 24 minutes, more if the speed of 15 miles per hour 


iS maintained. 


ommemm_=m=-Now Work PROBLEM 47 


Historical Feature 


| he Law of Sines was known vaguely long before it was 


explicitly stated by Nasir Eddin (about ap 1250). Ptolemy 

(about AD 150) was aware of it in a form using a chord function 
instead of the sine function. But it was first clearly stated in Europe 
by Regiomontanus, writing in 1464. 

The Law of Cosines appears first in Euclid’s Elements (Book Il), 
but in a well-disguised form in which squares built on the sides of 
triangles are added and a rectangle representing the cosine term is 
subtracted. It was thus known to all mathematicians because of their 


familiarity with Euclid’s work. An early modern form of the Law of 
Cosines, that for finding the angle when the sides are known, was 
Stated by Francois Viete (in 1593). 

The Law of Tangents (see Problem 65 in Section 8.2) has become 
obsolete. In the past it was used in place of the Law of Cosines, 
because the Law of Cosines was very inconvenient for calculation 
with logarithms or slide rules. Mixing of addition and multiplication is 
now very easy on a calculator, however, and the Law of Tangents has 
been shelved along with the slide rule. 





8.3 Assess Your Understanding 


‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. Write the formula for the distance d from P, = (x;, y,) 


2. If 6 is an acute angle, solve the equation cos 6 = = 
to Py = (X2, y2). (p.3) 


(pp. 469-474) 


Concepts and Vocabulary 


3. If three sides of a triangle are known, the Law of 
is used to solve the triangle. 


4. Multiple Choice If one side and two angles of a triangle are 
known, which law can be used to solve the triangle? 
(a) Law of Sines (b) Law of Cosines 
(c) Either a orb (d) The triangle cannot be solved. 


5. Multiple Choice If two sides and the included angle of 


6. True or False Given only the three sides of a triangle, there 
is insufficient information to solve the triangle. 


7. True or False The Law of Cosines states that the square of 
one side of a triangle equals the sum of the squares of the 
other two sides, minus twice their product. 


8. True or False A special case of the Law of Cosines is the 
Pythagorean Theorem. 


a triangle are known, which law can be used to solve the 
triangle? 

(a) Law of Sines 
(c) Either a orb 


(b) Law of Cosines 
(d) The triangle cannot be solved. 


Skill Building 


In Problems 9-16, solve each triangle. 


N59, “~ 





12. 9 ili b 13. 14. 
; 8 
~ ~ 
4 


N15. 
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In Problems 17-32, solve each triangle. 


™% 17. a = 3, = 4, C= 40° 18.a=2, c=1, B= 410° 19. b=2, c=4, A= 75° 
20.a=6, b=4, C= 60° 21. a=5, c=3, B= 105° 22, b=4, c=1, A = 120° 
23.a=2, b=3, C=70° 24.a=3, c=2, B= 90° N 25. a = 20, b= 29, c= 21 
26.a=4, bD=5, c=3 27,.a=2, b=2, c= 28. a=3, b=3, c=2 
29.a=6, b=11, c=12 30. a= 4, b=3, c= 31. a= 15, b=13, c=3 
32. a = Y, =7, c= 10 
Mixed Practice In Problems 33-44, solve each triangle. 
33. B = 20°, C = 75°,b = 5 34. A = 50°,B = 55°,c = 9 35. a= 6,b = 8,c = 9 
36. a = 14,5 = 7,A = 85° 37. B = 35°,C = 65°,a = 15 38. a = 4,c = 5,B = 55° 
39. c = 8,A = 38°, B = 52° 40. a = 20, A = 73°,C = 17° 41. A= 10°",a = 3,b = 10 
42. A = 65°, B = 72°,b=7 43. b = 5,c = 12,A = 60° 44. a = 10,b = 10,c = 15 


Applications and Extensions 


Barbados. The captain maintains the 15-knot speed for 

10 hours, after which time the path to Barbados becomes 

clear of storms. 

(a) Through what angle should the captain turn to head 
directly to Barbados? 

(b) Once the turn is made, how long will it be before the 
ship reaches Barbados if the same 15-knot speed is 
maintained? 


45. Distance to the Green A golfer 
hits an errant tee shot that lands in 
the rough. A marker in the center 
of the fairway is 150 yards from the 
center of the green. While standing 
on the marker and facing the 
green, the golfer turns 110° toward 
his ball. He then paces off 35 yards 
to his ball. See the figure. How far 


is the ball from the center of the 
green? marker 35 yd 





46. Navigation An airplane flies due north from Ft. Myers to 
Sarasota, a distance of 150 miles, and then turns through an 
angle of 50° and flies to Orlando, a distance of 100 miles. See 
the figure. 

(a) How far is it directly from Ft. Myers to Orlando? 
(b) What bearing should the pilot use to fly directly from 
Ft. Myers to Orlando? 





48. Revising a Flight Plan In attempting to fly from Chicago to 

Louisville, a distance of 330 miles, a pilot inadvertently took 

a course that was 10° in error, as indicated in the figure. 

(a) If the aircraft maintains an average speed of 220 miles 
per hour, and if the error in direction is discovered after 
15 minutes, through what angle should the pilot turn to 
head toward Louisville? 

(b) What new average speed should the pilot maintain so 
that the total time of the trip is 90 minutes? 











| 
[RoR} 
ri 
a 
il 
| 
| 


Ft. Myers 





‘\ 47. Avoiding a Tropical Storm A cruise ship maintains an = 
Chicago Error detected 
average speed of 15 knots in going from San Juan, Puerto | BM here 
Rico, to Barbados, West Indies, a distance of 600 nautical 
miles. To avoid a tropical storm, the captain heads out 
of San Juan in a direction 20° off a direct heading to 





49. 
» diamond is actually a square 90 feet on a side. The pitching 


50. 


51. 


rape 


53s 


Major League Baseball Field A major league baseball 


rubber is located 60.5 feet from home plate on a line joining 

home plate and second base. 

(a) How far is it from the pitching rubber to first base? 

(b) How far is it from the pitching rubber to second base? 

(c) Ifa pitcher faces home plate, through what angle does he 
need to turn to face first base? 


Little League Baseball Field According to Little League 

baseball official regulations, the diamond is a square 60 feet 

on a side. The pitching rubber is located 46 feet from home 

plate on a line joining home plate and second base. 

(a) How far is it from the pitching rubber to first base? 

(b) How far is it from the pitching rubber to second base? 

(c) Ifa pitcher faces home plate, through what angle does he 
need to turn to face first base? 


Finding the Length of a Guy Wire The height of a radio tower 
is 500 feet, and the ground on one side of the tower slopes 
upward at an angle of 10° (see the figure). 

(a) How long should a guy 
wire be if it is to connect 
to the top of the tower 
and be secured at a point 
on the sloped side 100 feet 
from the base of the 
tower? 

(b) How long should a second 
guy wire be if it is to 
connect to the middle of 
the tower and be secured 
at a position 100 feet 
from the base on the flat 
side? 

Finding the Length of a Guy 
Wire A radio tower 500 feet 
high is located on the side of a 
hill with an inclination to the 
horizontal of 5°. See the figure. 
How long should two guy wires 
be if they are to connect to the 
top of the tower and be secured at 
two points 100 feet directly above 
and directly below the base of the 
tower? 





Identifying Remains The Purkait triangle, located at the 
proximal end of the femur, has been used to identify the 
gender of fragmented skeletal remains. See the figure. 


(a) Given AB = 30.1 mm, 
AC = 51.4mm, and 
A = 89.2°, find the length 
of BC. 

(b) If the average length of BC 
is 59.4 mm for males and 
53.3 mm for females, which 
gender would be identified 
for the measurements in 
part (a)? 





54. 


Ss 


56. 
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Identifying Remains Like the Purkait triangle in Problem 53, 
the metric triangle is located at the proximal end of the femur 
and has been used to identify the gender of fragmented 
skeletal remains. See the figure. 
(a) If AC = 48.8 mm, BC = 62.2 mm, 
and C = 89°, find the length 
of AB. 


(b) If AB < 80mm typically 
indicates a female and A 
AB > 80mm typically 
indicates a male, which gender, 
if any, would be identified 
from the measurements in 
part (a)? 











Soccer Angles A soccer goal is 8 yards wide. Suppose a 
goalie is standing on her line in the center of her goal as a 
striker from the opposing team moves the ball towards her. 
The near post angle, a, is formed by rays extending from the 
ball to the near post and the goalie. Similarly, the far post 
angle, B, is formed by rays extending from the ball to the far 
post and the goalie. See the figure. 


post 


(a) Determine the near post angle and the far post angle 
when the striker is 20 yards from the near post and 
24 yards from the far post. 

(b) How far is the goalie from the ball? 

(c) To cover the near post, the goalie moves toward the near 
post to make the near post angle and the far post angle 
equal. How far toward her near post does the goalie need 
to move? 


Covering the Angles In soccer, a defending goalkeeper 
wants to take up a position which bisects the angle that needs 
to be covered. See the figure. The keeper stands square to 
the ball—that is, perpendicular to the line of bisection—at 
a point where the area covered (shaded) lies completely 
outside the goal. How far is the goalkeeper from the center 
of the goal line if an attacking striker is 24 yards from the 
near post and 30 yards from the far post? 
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57. Wrigley Field, Home of the Chicago Cubs The distance from 


58 


3S; 


60. 


Ex 


65 


66 


home plate to the fence in dead center in Wrigley Field is 
400 feet (see the figure). How far is it from the fence in dead 
center to third base? 








. Little League Baseball The distance from home plate to the 
fence in dead center at the Oak Lawn Little League field is 
280 feet. How far is it from the fence in dead center to third 
base? 





[Hint: The distance between the bases in Little League is 
60 feet. |] 


Building a Swing Set Clint is building a wooden swing set 
for his children. Each supporting end of the swing set is to 
be an A-frame constructed with two 10-foot-long 4 by 4’s 
joined at a 45° angle. To prevent the swing set from tipping 
over, Clint wants to secure the base of each A-frame to 
concrete footings. How far apart should the footings for 
each A-frame be? 


Rods and Pistons See the figure (top, right). Rod OA rotates 
about the fixed point O so that point A travels on a circle of 
radius r. Connected to point A is another rod AB of 
length L > 2r, and point B is connected to a piston. Show 
that the distance x between point O and point B is given by 








x =rcosé+ Vr*cos?é+ I? — r* 


plaining Concepts: Discussion and Writing 


. What do you do first if you are asked to solve a triangle and 
are given two sides and the included angle? 


. What do you do first if you are asked to solve a triangle and 
are given three sides? 


Retain Your Knowledge 


61. 


62. 


63. 


64. 


67. 


68. 
69. 


where 6 is the angle of rotation of rod OA. 





Challenge Problem Geometry Show that the length d of a 
chord of a circle of radius 7 is given by the formula 


0 
d = 2rsin= 
r sin’; 


where 0,0 < 6 < 7, is the central angle 
formed by the radii to the ends of the 
chord. See the figure. Use this result to 
derive the fact that sin 86 < 0, where 6 is 
measured in radians. 





Challenge Problem For any triangle, show that 


CC js(s—c) 
cos = = 


it 
where s = 5 (Ob Fo). 


Challenge Problem For any triangle, show that 


oe (s —a)(s — b) 
; 2 ab 


1 
where s = 5 (at+bt+c). 
Challenge Problem Use the Law of Cosines to prove the 
identity 


cosA  cosB cosC_ a*+b? +c? 


2abc 








a b Cc 


Make up an applied problem that requires using the Law of 
Cosines. 


Write down your strategy for solving an oblique triangle. 


State the Law of Cosines in words. 





Problems 70-79 are based on material learned earlier in the course. The purpose of these problems is to keep the material fresh in your 


mM 


70. Graph: R(x) = 
% 


ind so that you are better prepared for the final exam. 


_aer 
=> 





71. Solve 4° = 3**!. Express the solution in exact form. 


2 
72. If tan@ = — 





5 


each of the four remaining trigonometric functions. 


5 
and cos 86 = ~ 7 find the exact value of 


73. 


Find an equation for the graph. 
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A 
74. Find f !(x) if f(x) = sp pe A 0. ° Solve: | 4x —_ 3| 0 ap | 


. Convert 96° to radians. 


3 
X 75. If F(x) = — iat 3x + Cand [a,b] = [1,2], 


. If f(x) = ax? — 2x + 5 anda < 0, in which quadrant is 
the vertex located? How many x-intercepts does the graph 
4038eIn3ex!? = 43% Sal? of f have? 


(Vx)? 


find F(b) — F(a). 


/\ 76. Simplify: 





‘Are You Prepared?’ Answers 
Lhd=V(m—-m)? + (m-y)? 2. § = 45° or 7 


8.4 Area of a Triangle 


PREPARING FOR THIS SECTION Before getting started, review the following: 


¢ Know Geometry Formulas (Section A.2, pp. A15—A16) e Use Half-angle Formulas to Find 
Exact Values (Section 7.6, pp. 504-506) 


hy Now Work the ‘Are You Prepared?’ problems on page 556. 


OBJECTIVES 1 Find the Area of SAS Triangles (p. 553) 
2 Find the Area of SSS Triangles (p. 554) 





In this section, several formulas for calculating the area of a triangle are derived. 


NOTE Typically, A is used for area. (F 
However, because A is also used as the THEOREM Area of a Triangle 


measure of an angle, K is used here for on ae er 

area to avoid confusion. isi 8 
1 

KkK= 5 bh (1) 


where b is the base and / 1s the altitude drawn to that base. =a] 


Proof Look at the triangle in Figure 39. Around the triangle construct a rectangle of 
altitude h and base b, as shown in Figure 40. 

Triangles 1 and 2 in Figure 40 are equal in area, as are triangles 3 and 4. 
Consequently, the area of the triangle with base b and altitude h is exactly half the 
area of the rectangle, which is bh. 





Figure 39 Figure 40 a 


1 Find the Area of SAS Triangles 


If the base b and the altitude h to that base are known, then the area of the 
triangle can be found using formula (1). Usually, though, the information required 
to use formula (1) is not given. Suppose, for example, that two sides a and b and 
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the included angle C are known. See Figure 41. Then the altitude 4 can be found 
F by noting that 


h 
—-=sinC 
a 


Figure 41 h=asinC 
Using this fact in formula (1) produces 


1 1 , 1 , 
K = 3 bh = 5 (asin C) = 5 ab sin C 


The area K of the triangle is given by the formula 
( THEOREM Area of an SAS Triangle 


il 
K= ab sin C (2) 


Dropping altitudes from the other two vertices of the triangle leads to the 
following corresponding formulas: 





It is easiest to remember these formulas by using the following wording: 


( THeoReM Area of an SAS Triangle 


The area K of a triangle equals one-half the product of two of its sides times 
the sine of their included angle. J 


| €XAMPLE 1 | Finding the Area of an SAS Triangle 


Find the area K of the triangle for which a = 8, b = 6, and C = 30°. 
Solution See Figure 42. Use formula (2) to get 


il 1 
K = ab sin C = 5° 8°6sin 30° = 12 square units a 





ommmmme- NOW Work PROBLEMS 9 AND 17 
Figure 42 


2 Find the Area of SSS Triangles 


If the three sides of a triangle are known, another formula, called Heron’s Formula 
(named after Heron of Alexandria), can be used to find the area of a triangle. 


( THEOREM Heron’s Formula 


The area K of a triangle with sides a, b, and c is 
ho Vs 5. as — bs 26} (5) 


i 
where s = 5 (a tO ps 
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| EXAMPLE 2 ~ Finding the Area of an SSS Triangle 


Find the area of a triangle whose sides are 4,5, and 7 


Solution 


Leta = 4,b = 5,andc = 7. Then 


1 il 
Be) ne Oe 1) 


Heron’s Formula gives the area K as 


K= Vsis —2) (= bis —c) = -V3ste = 4) (6 = 5) (8 = 7) 


= V8-4-3-1 = V6 = 4\/6 square units 


J 


ove NOw Work PROBLEMS 15 AND 23 


Proof of Heron's Formula The proof given here uses the Law of Cosines. 
From the Law of Cosines, 


c? = a’ + b* — 2ab cos C 


and the Half-angle Formula, 


it follows that 


eS _ 1+ cosC 
2 2 


aa+b*—¢? 


oe Lt eose |” 2ab 
2 2 
a’ + 2ab+ bec? | (a+ b)*-¢? 
sos dabssts*~‘sé™O™OSOSCO;*#;«daé~®#t~*W 
_(atb—c)(at+b+c) _ 2s—c)-2s _ s(s—c) (6) 
4ab ‘ Aab ab 
Difference of two squares atb-—-c=a+b+c-—2e 
= 2s — 2c = 2(s — c) 
Similarly, using sin’ S 22 , it follows that 
_7C _ (s—a)(s—b) 
sin’ > — — (7) 
Now use formula (2) for the area. 
1 
K= 340 sin C 
il de C ; ; c . Cc eC 
= ab * 2 sin,” COs sinc = sin| 2(£) = 2 sins 


7 I(s — a)(s — b) 
—@ ab ab 


s(s = c) Use equations (6) and (7). 


= Vs(S — 0) {s-= Dd) (8 — C) 


Historical Feature 


| esr Formula (also Known as Hero’s Formula) was first 


expressed by Heron of Alexandria (first century Ab), 
who had, besides his mathematical talents, engineering 
Skills. In various temples, his mechanical devices produced 
effects that seemed supernatural and supposedly moved 
visitors to generosity. Heron’s book Metrica, on making such 


devices, has survived and was discovered in 1896 in the city of 
Constantinople. 

Heron's Formulas for the area of a triangle caused some mild 
discomfort in Greek mathematics, because a product with two factors 
was an area and one with three factors was a volume, but four factors 
seemed contradictory in Heron’s time. 
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8.4 Assess Your Understanding 


‘Are You Prepa red?’ The answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 
; ; ; 5,9 1+smné 
1. The area K of a triangle whose base is b and whose altitude 2. True or False cos i (pp. 504-506) 
ishis ___.. (p. A15) 


Concepts and Vocabulary 


3. If two sides a and b and the included angle C are known 6. True or False The area of a triangle equals one-half the 
in a triangle, then the area K is found using the formula product of the lengths of two of its sides times the sine of 
K= their included angle. 

4, The area K of a triangle with sides a, b, and c is 7, Multiple Choice Given two sides of a triangle, b and c, and 

the included angle A, the altitude h from angle B to side b is 
K = —______________, given by ; 
1 1 
where s = _______. (a) 5absinA (b) bsinA (ce) csin A (d) Sbesin A 

5. Find the area of the right triangle whose legs are of length 

anda. 8. Multiple Choice Heron’s Formula is used to find the area 
of triangles. 
(a) ASA (b) SAS (c) SSS (d) AAS 


Skill Building 


In Problems 9-16, find the area of each triangle. Round answers to two decimal places. 


NX 9. 10. C 11. 
2 om D P 3 , / 4 7 
B 30° 


N15. 16. 
9 
6 





4 
In Problems 17-28, find the area of each triangle. Round answers to two decimal places. 
\ 17. a = 3, b=4, C=50° 18.a=2, c=1, B= 410° 19. b=1, c=8, A= 75° 
20.a=6, b=4, C= 60° 21a =3, C=2, B= > 22, b=4, c=1, A= 120° 
N 23.4 = 12, b =35, c= 37 24.a=4, b=5, c=3 .a=4, b=4, c=4 
26.a= 3, b=3, c=2 27.a=11, b=14, c= 20 28. a = 4, =3, c=6 


Applications and Extensions 


29. Area of an ASA Triangle If two angles and the included side 30. Area of a Triangle Prove the two other forms of the formula 
are given, the third angle is easy to find. Use the Law of Sines for the area K of a triangle given in Problem 29. 
h hat th K of langle with si , : 
to show that the area K of a triangle wit side a and 2 sin A sin C ae te 
angles A, B, and C is K = and K = 
2sin B 2sin C 


K= a” sin B sin C 
2sin A 
In Problems 31-36, use the results of Problem 29 or 30 to find the area of each triangle. Round answers to two decimal places. 
31. A = 40°, B=20°, a=2 32. A = 50°", C=20°, a=3 33. B= 70°, C=10°", b=5 


34. A = 70°", B=60°, c=4 35. A = 110°, C= 30°, c=3 36. B = 10°, C=100°", b=2 


37. Area of aSegment Find the area of the 


38. 


39. 


40. 


41. 


42. 


43. 


44. 


segment (shaded in blue in the figure) 
of acircle whose radius is 8 feet, formed 
by a central angle of 70°. 


> 


[Hint: Subtract the area of the triangle 
from the area of the sector to obtain the 
area of the segment. | 


Area of a Segment Find the area of the segment of a circle 
whose radius is 5 inches, formed by a central angle of 40°. 


Cost of a Triangular Lot The dimensions of a triangular lot 
are 100 feet by 50 feet by 75 feet. If the price of the land is 
$3 per square foot, how much does the lot cost? 


Amount of Material to Make a Tent A cone-shaped tent is 
made from a circular piece of canvas 24 feet in diameter by 
removing a sector with central angle 100° and connecting the 
ends. What is the surface area of the tent? 


Fighter Jet Design The Eurofighter Typhoon has a canard- 
delta wing design that contains a large triangular main wing. 
Use the dimensions shown to approximate the area of one 
of the main wings. 





Property Area A lot for sale in a 
subdivision has the shape of the 
quadrilateral shown in the figure. Find 
the area of the lot to the nearest square 
foot. 


140 ft 
138 ft 


4 


f 
86 ft 38 tt 


Dimensions of Home Plate The dimensions of home plate at 
any major league baseball stadium are shown. Find the area 
of home plate. 


8.5 in. 8.5 in. 





17 in. 


Computing Areas See the figure. Find the area of the shaded 
region enclosed in a semicircle of diameter 10 inches. The 
length of the chord PQ is 8 inches. 


[Hint: Triangle POR is a right triangle. | 
Q 





45. 


46. 


47. 


48. 


49. 


50. 
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Geometry See the figure, which shows a circle of radius r 
with center at O. Find the area K of the shaded region as a 
function of the central angle 0. 


(ag 
LY 


Approximating the Area of a Lake To approximate the area 
of a lake, a surveyor walks around the perimeter of the lake, 
taking the measurements shown in the figure. Using this 
technique, what is the approximate area of the lake? 





[Hint: Use the Law of Cosines on the three triangles shown, 
and then find the sum of their areas. ] 





The Flatiron Building Completed in 1902 in New York City, 
the Flatiron Building is triangular shaped and bounded 
by 22nd Street, Broadway, and 5th Avenue. The building 
measures approximately 87 feet on the 22nd Street side, 190 feet 
on the Broadway side, and 173 feet on the 5th Avenue 
side. Approximate the ground area covered by the 
building. 

Source: Sarah Bradford Landau and Carl W. Condit, Rise of 
the New York Skyscraper: 1865-1913. New Haven, CT: Yale 
University Press, 1996 


Bermuda Triangle The Bermuda Triangle is roughly defined 
by Hamilton, Bermuda; San Juan, Puerto Rico; and Fort 
Lauderdale, Florida. The distances from Hamilton to Fort 
Lauderdale, Fort Lauderdale to San Juan, and San Juan 
to Hamilton are approximately 1028, 1046, and 965 miles, 
respectively. [Ignoring the curvature of Earth, approximate 
the area of the Bermuda Triangle. 


Source: www.worldatlas.com 


Bretschneider’s Formula There is a Heron-type formula that 
can be used to find the area of a general quadrilateral. 


(s= Db) 5= 4) 


where a, b, c, and d are the side lengths, 6 is half the sum of 
two opposite angles, and s is half the perimeter. 

Show that if a triangle is considered a quadrilateral with 
one side equal to 0, Bretschneider’s Formula reduces to 
Heron’s Formula. 


(S—= @) (S =e) ( — abcd cos’ 6 





(a) Show that the area of a regular dodecagon (12-sided 
T 
ies 
where a is the length of one of the sides and r is the 
radius of the inscribed circle. 
(b) Given that each interior angle of a regular n-sided 
har 
polygon (nm = 3) measures | , generalize 


polygon) is given by K = 3a’cot 3 or K = 12r’ tan 


these formulas for any regular polygon. 


‘De 
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51. 


52, 


53; 


Geometry Refer to the figure. If |OA| = 1, show that: 


1 
(a) Area AOAC = a sin @ COS @ 


1 
(b) Area AOCB = 5 /OB|* sin B cos B 





1 
(c) Area AOAB = —|OB| sin(a + B) 
2 Po 


COS @ 





(d) |OB| = 





cos B 


(e) sin(a + B) 


= sina cos B + cosa sin B 
[Hint: Area AOAB = Area AOAC + Area AOCB] 


Geometry Refer to the figure, in which a unit circle is drawn. 

The line segment DB is tangent to the circle and 6 is acute. 

(a) Express the area of AOBC in terms of sin 0 and cos 6. 

(b) Express the area of AOBD in terms of sin 0 and cos 6. 
_me=<, 1 

(c) The area of the sector OBC of the circle is 59 where 0 


is measured in radians. Use the results of parts (a) and (b) 
and the fact that 


Area AOBC < Area OBC < Area AOBD 


to show that 


6 1 
< 





The Cow Problem* A cow is tethered to one corner of a 
square barn, 10 feet by 10 feet, with a rope 100 feet long. 
What is the maximum grazing area for the cow? See the 
figure. 





54. 


53: 


56. 


57. 


58. 


59. 


Another Cow Problem If the barn in Problem 53 is 
rectangular, 10 feet by 20 feet, what is the maximum grazing 
area for the cow? 

Perfect Triangles A perfect triangle is one having integers 
for sides for which the area is numerically equal to the 
perimeter. Show that the triangles with the given side lengths 
are perfect. 

(a) 9,10, 17 (b) 6, 25,29 


Source: M.V. Bonsangue, G. E. Gannon, E. Buchman, and 
N. Gross, “In Search of Perfect Triangles,” Mathematics 
Teacher, Vol. 92, No. 1, 1999: 56-61 


If hy, hy, and hz are the altitudes dropped from P, Q, and R, 
respectively, in a triangle (see the figure), show that 


ree ee 

h, bh hs K 
1 

where K is the area of the triangle ands = 5 (a Dac). 


2K 
[ Hint: hy = ra 





Show that a formula for the altitude from a vertex to the 
opposite side a of a triangle is 


_ asin B sin C 

7 sin A 
Challenge Problem A triangle has vertices A (0,0), B(1, 0), 
and C, where C is the point on the unit circle corresponding 
to an angle of 105° when it is drawn in standard position. 
Find the area of the triangle. State the answer in complete 
simplified form with a rationalized denominator. 


Challenge Problems Inscribed Circle For Problems 59-62, the 
lines that bisect each angle of a triangle meet in a single point O, 
and the perpendicular distance r from O to each side of the triangle 
is the same. The circle with center at O and radius r is called the 
inscribed circle of the triangle (see the figure). 





Use the formula from Problem 57 with triangle OPQ to 
show that 


A.B 
sin — sin — 
ait teak 


cos — 
2 


*Suggested by Professor Teddy Koukounas of Suffolk Community College, who learned of it from an old farmer in Virginia. 
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60. Use the result of Problem 59 and the results of Problems 62 
and 63 in Section 8.3 to show that 


; s—c 
cot— = 
2 r 





1 
where s = 5 (at+bt+c). 
61. Show that 


ate a ee eee 
asa le ouaee= i 


Explaining Concepts: Discussion and Writing 


559 


62. Show that the area K of triangle POR is K =r, 


1 
where s = 5 (a + b + c). Then show that 


_ I(s —a)(s— b)(s —c) 


63. What do you do first if you are asked to find the area of a triangle and are given two sides and the included angle? 


64. What do you do first if you are asked to find the area of a triangle and are given three sides? 


65. State the formula for finding the area of an SAS triangle in words. 


Retain Your Knowledge 


Problems 66-75 are based on material learned earlier in the course. The purpose of these problems is to keep the material fresh in your 


mind so that you are better prepared for the final exam. 





66. Without graphing, determine whether the quadraticfunction 79, 
f(x) = —3x* + 12x +S5hasamaximumvalueoraminimum 7], 
value, and then find the value. 

site| 
67. Solve the inequality: - = 72. 
Vi VS “9 X 73. 
7 V2 
68. P = (-2 <2) is the point on the unit circle that 74. 


corresponds to a real number ¢. Find the exact values of the p75. 


six trigonometric functions of t. 
69. Establish the identity: csc @ — sin @ = cos 6 cot 6 


‘Are You Prepared?’ Answers 


il 
=bh 


1K = 
2 


2. False 


Find the domain of f(x) = In(x* — 25) + 3. 

A rectangle has a diagonal of length 12. Express the 
perimeter P as a function of its width, w. 

List all potential rational zeros of P(x) = 2x? — 5x? + 13x + 6. 
Solve: | (5x — 7) — 5] = 0.05 

Solve: x(x — 7) = 18 

The slope m of the tangent line to the graph 

of f(x) = 3x* — 7x? + 2 at any number x is given 

by m = f(x) = 12x° — 14x. Find an equation of the 
tangent line at x = 1. 


8.5 Simple Harmonic Motion; Damped Motion; 
Combining Waves 


PREPARING FOR THIS SECTION Before getting started, review the following: 


e Sinusoidal Graphs (Section 6.4, pp. 410-416) 


\ Now Work the ‘Are You Prepared? problems on page 565. 


e Angular Speed (Section 6.1, pp. 369-370) 


OBJECTIVES 1 Build a Model for an Object in Simple Harmonic Motion (p. 559) 
2 Analyze Simple Harmonic Motion (p. 561) 
3 Analyze an Object in Damped Motion (p. 562) 
4 Graph the Sum of Two Functions (p. 564) 





1 Build a Model for an Object in Simple Harmonic Motion 


w Many physical phenomena can be described as simple harmonic motion. Radio and 
television waves, light waves, sound waves, and water waves exhibit motion that is 


simple harmonic. 
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Tuning fork 


Compressed 


Rest 





G Stretched 


Figure 43 Coiled spring 


“| 
| 


mplitude 


mplitude 


! 





Figure 44 


Figure 45 


The swinging of a pendulum, the vibrations of a tuning fork, and the bobbing of a 
weight attached to a coiled spring are examples of vibrational motion. In this type of 
motion, an object swings back and forth over the same path. In Figure 43, the point B 
is the equilibrium (rest) position of the vibrating object. The amplitude is the distance 
from the object’s rest position to its point of greatest displacement (either point A or 
point C in Figure 43). The period is the time required to complete one vibration—that 
is, the time it takes to go from, say, point A through B to C and back to A. 


Simple harmonic motion is a special kind of vibrational motion in which 
the acceleration a of the object is directly proportional to the negative of its 
displacement d from its rest position. That is,a = —kd,k > 0. 


For example, when the mass hanging from the spring in Figure 43 is pulled 
down from its rest position B to the point C, the force of the spring tries to restore 
the mass to its rest position. Assuming that there is no frictional force to retard the 
motion, the amplitude will remain constant. The force increases in direct proportion 
to the distance that the mass is pulled from its rest position. Since the force increases 
directly, the acceleration of the mass of the object must do likewise, because (by 
Newton’s Second Law of Motion) force is directly proportional to acceleration. As 
a result, the acceleration of the object varies directly with its displacement, and the 
motion is an example of simple harmonic motion. 

Simple harmonic motion is related to circular motion. To see this relationship, 
consider a circle of radius a, with center at (0,0). See Figure 44. Suppose that an 
object initially placed at (a, 0) moves counterclockwise around the circle at a constant 
angular speed w. Suppose further that after time t has elapsed the object is at the point 


P = (x,y) onthe circle. The angle 6, in radians, swept out by the ray OP in this time ris 
d6=oet w=- 
t 
The coordinates of the point P at time ¢ are 


x = acos@ = acos(art) 
y = asin@ = asin(ot) 


Corresponding to each position P = (x,y) of the object moving about the circle, 
there is the point OQ = (x, 0), called the projection of P on the x-axis. As P moves 
around the circle at a constant rate, the point Q@ moves back and forth between the 
points (a,0) and (—a,0) along the x-axis with a motion that is simple harmonic. 
Similarly, for each point P there is a point Q' = (0, y), called the projection of P on 
the y-axis. As P moves around the circle, the point Q’ moves back and forth between 
the points (0,a) and (0, —a) on the y-axis with a motion that is simple harmonic. 
Therefore, simple harmonic motion can be described as the projection of constant 
circular motion on a coordinate axis. 

To illustrate, again consider a mass hanging from a spring where the mass is 
pulled down from its rest position to the point C and then released. See Figure 45(a). 
The graph shown in Figure 45(b) describes the displacement d of the object from its 
rest position as a function of time f, assuming that no frictional force is present. 
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C tHeoreM Simple Harmonic Motion 


An object that moves on a coordinate axis so that the displacement d from its 
rest position at time fis given by either 


d(t) =acos(t) or d(t) = asin(ot) | 

where a and w > 0 are constants, moves with simple harmonic motion. The 
; ; Qari 
motion has amplitude |a| and period T = ome 


J 


The frequency f of an object in simple harmonic motion is the number of 
oscillations per unit time. Since the period is the time required for one oscillation, it 
follows that the frequency is the reciprocal of the period; that is, 


| EXAMPLE 1 ~ Build a Model for an Object in Simple Harmonic Motion 


Suppose that an object attached to a coiled spring is pulled down a distance 













d = of 5 inches from its rest position and then released. If the time for one oscillation 
= is 3 seconds, develop a model that relates the displacement d of the object from its 
= rest position after time ¢ (in seconds). Assume no friction. 
= Solution The motion of the object is simple harmonic. See Figure 46. When the object is 

S) released (t = 0), the displacement of the object from the rest position is —5 units 
(since the object was pulled down). Because d = —5 when t = 0, it is easier to use 
the cosine function 

0 Rest position d(t) = acos(at) 

to describe the motion* The amplitude is |—5] = 5 and the period is 3, so 
2 27 
= a=-S5 and — = period = 3, sow = — 
“| @W 3 
5 4 | t=0 
= A function that models the motion of the object is 
2 
Figure 46 d(t) = —5 cos( =) 4 
NOTE In the solution to Example 1, 
a = —5 because the object Is initially ‘ -Now Work prosLem 7 


pulled down. (If the initial direction ts 
up, then usea = 5.) 


Bi 
2 Analyze Simple Harmonic Motion 


| EXAMPLE 2 © Analyzing the Motion of an Object 


Suppose that the displacement d (in meters) of an object at time f (in seconds) 
is given by the function 
d(t) = 10sin(S5t) 
(a) Describe the motion of the object. 
(b) What is the maximum displacement from its rest position? 
(c) What is the time required for one oscillation? 
(d) What is the frequency? 


*No phase shift is required if a cosine function is used. 


562 CHAPTER 8 Applications of Trigonometric Functions 


Solution 


The function d(t) = 10sin(5r) is of the form 
d(t) = asin(at) 
where a = 10 anda = 5. 


(a) The motion is simple harmonic. 
(b) The maximum displacement of the object from its rest position is the 
amplitude: |a| = 10 meters. 
(c) The time required for one oscillation is the period: 
27 38027 


Period = 7 =*s—* =s—‘*seconds 
7) 2) 


(d) The frequency is the reciprocal of the period. 
1 2 
Frequency = f = Ton oscillation per second i 


ommmm_m_mm=-Now Work PROBLEM 15 


Analyze an Object in Damped Motion 


In the models discussed up to now, the motion was simple harmonic. That is, they 
assumed no force was retarding the motion. However, most physical phenomena 
are affected by friction or other resistive forces. These forces remove energy from a 
moving system and thereby damp its motion. For example, when a mass hanging from 
a spring is pulled down a distance a and released, the friction in the spring causes 
the distance the mass moves from its rest position to decrease over time. As a result, 
the amplitude of any real oscillating spring or swinging pendulum decreases with time 
due to air resistance, friction, or other forces. See Figure 47 


—a 
Figure 47 Damped motion 


A model that describes this phenomenon maintains a sinusoidal component, but 
the amplitude of this component decreases with time to account for the damping 
effect. Moreover, the period of the oscillating component is affected by the damping. 
The next theorem, from physics, describes damped motion. 


( THeoReM Damped Motion 


The displacement d of an oscillating object from its rest position at time f¢ 1s 
given by 


b2 
AiG) = ess ee) cos( w -— ‘ 


- 4m? 





where b is the damping factor or damping coefficient and ™ is the mass of the 


2 
oscillating object. Here |a| is the displacement at t = 0, and =" is the period 
under simple harmonic motion (no damping). me J 
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Notice that for b = 0 (zero damping), we have the formula for simple harmonic 


: ee 
motion with amplitude |a| and period = 


| EXAMPLE 3 | Analyzing the Graph of an Object in Damped Motion 


Solution 


Table 1 


NORMAL FLOAT AUTO REAL RADIAN HP 
C HIHUA 


ALC HI 









— 

Ainirin 

M=2.8334246 Ye3866764 
Figure 49 


Analyze the graph of an object in damped motion modeled by 


di) =e" cos? = 0 


The displacement d is the product of y = e“” and y = cos t. Using properties of 


absolute value and the fact that |cos ¢| < 1, it follows that 


ld(t)| = |e 4" cost] = |e" ||cosz| = le 47 | =e 


e/™=>0 
As a result, 


eT < d(t) = e t/t 


—t/a t/a 


This means that the graph of d lies between the graphs of y = e 
called the bounding curves of d. 

Also, the graph of d touches the graphs of the bounding curves when |cos ¢| = 1; 
that is, when t = 0,77, 27, and so on. The x-intercepts of the graph of d occur 


3a 5 
when cos t = 0; that is, at oe ae and so on. See Table 1. 


and y = —e 


e/a 


cos ft 


Gh) sen @cosit 


Point on graph of d (0, 1) 





Figure 48 shows the graph of y = cost, in black, the graphs of y = e/” and 
y = —e /™, the bounding curves, in red, and the graph of d(t) = e~/” cos t in blue. 
d = 
y=cost. 
d(t) = e- /™ cos t 
Ve etn 





\4——= 


—| 
Figure 48 Damped vibration graph with bounding curves = 





te Exploration 
Graph Y, = e */7 cos x, along with Y> = e */7 and Y3 = —e ”’, forO < x < 27. Determine where Y, has 
its first turning point (local minimum). Compare this to where Y, intersects Y3. 


Result Figure 49 shows the graphs of Y; = e "cos x, Y> = e */7, and Y3 = —e “7 ona TI-84 Plus C. 
Using MINIMUM, the first turning point occurs at x ~ 2.83; Y; INTERSECTS Y3 at xX = 7 = 3.14. 





ommummms-NoOw Work PROBLEM 23 
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Situations also exist where external forces cause a vibrating system to oscillate at 
larger and larger amplitudes. This phenomenon, known as resonance from the Latin 
resonare (meaning “resound”’) or resonantia (meaning “echo” ), occurs when external 
vibrations match the natural frequency of the vibrating system. Resonance can be 
destructive to bridges, buildings, or even mechanical devices. For example, bridges can 
be affected by soldiers marching in step, buildings can be affected by blowing winds, 
and automobiles can be affected by the vibrations of its tires. Engineers account for 
expected external vibrations in their designs and incorporate shock absorbers or 
dampers to counter the effect of resonance. 


4 Graph the Sum of Two Functions 


Many physical and biological applications require the graph of the sum of two 
functions, such as 


f(x) =x +sinx or g(x) = sinx + cos(2x) 


For example, if two tones are emitted, the sound produced is the sum of the 
waves produced by the two tones. See Problem 51 in Section 7.7 for an explanation 
of Touch-Tone phones. 

To graph the sum of two (or more) functions, add the y-coordinates that 
correspond to equal values of x. 


| EXAMPLE 4 | Graphing the Sum of Two Functions 


Graph f(x) =x + sinx. 
Solution First, graph the component functions, 
y=fi(x) =x y=h(x) = sinx 
on the same coordinate axes. See Figure 50(a). Now, select several values of x say 
7 — 3a 
Z 2 
and use them to compute f(x) = f,(x) + f(x). Table 2 shows the computations. 
Plot these points and connect them to get the graph, as shown in Figure 50(b). 


and x =27 


Table 2 


y= f,(x) = sinx 


f(x) = x + sin x 


Point on graph of f (0, 0) 


J Check: Graph Y, = x, Yo = sin x, 
and ¥3 = x + sin x and compare 
the result with Figure 50(b). Use 
INTERSECT to verify that the 
graphs of Y; and ¥3 intersect 
when sin x = 0. 





3m y= SINX 
2 


Figure 50 
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In Figure 50(b), notice that the graph of f(x) = x + sin x intersects the line 
y = x whenever sin x = (0. Also, notice that the graph of fis not periodic. 
The next example shows a periodic graph. 


| €XAMPLE5 ~ Graphing the Sum of Two Sinusoidal Functions 


Graph f(x) = sin x + cos(2x). 


Solution Graph f by adding the y-coordinates of y = sinx and y = cos(2x). Table 3 
shows the steps for computing several points on the graph of f. Figure 51 
illustrates the graphs of the component functions, y = f,(x) = sin x (in blue), and 
y = fh(x) = cos(2x) (in black), and the graph of f(x) = sin x + cos(2x), which is 
shown in red. 


Table 3 


y=f,(x) = sinx 


y = f,(x) = cos(2x) 


f(x) = sin x + cos(2x) 


Point on graph of f 





Figure 51 


Notice that the function f(x) = sin x + cos(2x) is periodic, with period 27. 


Ae A Check: Graph Y, = sin x, Y; = cos(2x), and Y3 = sinx + cos(2x) and 
compare the result with Figure 51. 


oxmmmmmm-NoOw Work PROBLEM 27 


8.5 Assess Your Understanding 


‘Are You Prepa red?’ The answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. The amplitude A and period T of f(x) = 5sin(4x) are 3. Write an equation for a sine function with period 12 and 
and . (pp. 410-412) amplitude 7 (p. 416) 


2. Approximate the angular speed of the second hand on a clock 
in rad/sec. (Round to three decimal places.) (pp. 369-370) 
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Concepts and Vocabulary 


4. The motion of an object is given by d(t) = 4cos(6r). Such 
motion is described as ________. The number 4 
is called the _______, 6 





5. When a mass hanging from a spring is pulled down and then 
released, the motion is called if there is 





Skill Building 


no frictional force to retard the motion, and the motion is 
called if there is friction. 


. True or False If the distance d of an object from its rest 


position at time f¢ is given by a sinusoidal graph, the motion 
of the object is simple harmonic motion. 


In Problems 7-10, an object attached to a coiled spring is pulled down a distance a from its rest position and then released. Assuming 
that the motion is simple harmonic with period T, find a function that relates the displacement d of the object from its rest position after 


t seconds. Assume that the positive direction of the motion is up. 


A 7.a=5; T = 2seconds 8. 
9,a= 7; T = 5a seconds 10. 
11. Rework Problem 7 under the same conditions, except that 12. 


at time t = O, the object is at its rest position and moving 
down. 


13. Rework Problem 9 under the same conditions, except that 
at time t = O, the object is at its rest position and moving 


down. 


14. 


a=10; T = 3seconds 
a=4 T= 5 seconds 
Rework Problem 8 under the same conditions, except that 


at time ¢t = O, the object is at its rest position and moving 
down. 


Rework Problem 10 under the same conditions, except that 
at time ¢t = O, the object is at its rest position and moving 
down. 


In Problems 15-22, the displacement d (in meters) of an object at time t (in seconds) is given. 


(a) Describe the motion of the object. 

(b) What is the maximum displacement from its rest position? 
(c) What is the time required for one oscillation? 

(d) What is the frequency? 


X15. d(t) = 5sin(3t) 


19. d(t) = —9 sin( 1) 


16. d(t) = 4sin(2r) 


20. d(t) = —2cos(2t) 


In Problems 23-26, graph each damped vibration curve for 0 S t S 27a. 
2A. A). =e" cos 1) 


A. 23. d(t) = e/7 cos (2t) 
In Problems 27-34, graph each function by adding y-coordinates. 
X, 27. f(x) =x + cosx 28. f(x) = x + cos(2x) 


30. f(x) = x — cosx 31. f(x) = sinx + cosx 
33. g(x) = sinx + sin(2x) 34. g(x) = cos(2x) + cosx 


18. d(t) = 5 cos( £1 


22. d(t) =4 + 3sin(at) 


17. d(t) = 8cos(2zt) 


21. d(t) = 3 + 7cos(3at) 


25. di) =<" cost 26..d(t) =e" cost 


29. f(x) =x — sinx 
32. f(x) = sin(2x) + cosx 


Mixed Practice In Problems 35-40, (a) use the Product-to-Sum Formulas to express each product as a sum, and (b) use the method of 


adding y-coordinates to graph each function on the interval | 0, 27 |. 
35. f(x) = sin(2x) sinx 36. F(x) = sin(3x) sinx 
38. h(x) = cos(2x) cos(x) 39. H(x) = 2sin(3x) cos(x) 


Applications and Extensions 


37. G(x) = cos(4x) cos (2x) 
40. g(x) = 2 sin x cos(3x) 


In Problems 41-46, an object of mass m (in grams) attached to a coiled spring with damping factor b (in grams per second) is pulled down 
a distance a (in centimeters) from its rest position and then released. Assume that the positive direction of the motion is up and the period 


is T (in seconds) under simple harmonic motion. 


_,, (4) Find a function that relates the displacement d of the object from its rest position after t seconds. 
tz (b) Graph the function found in part (a) for 5 oscillations using a graphing utility. 


41. m= 25, a=10, D=07, T=5 42. m = 20, a=15, b= 0.75, T= 6 
43. m = 30, a=18, bD=06, T=4 44. m= 15, a=16, D=0.65, T=5 
45.m=10, a=5, bD=08, T=3 46. m= 10, a=5, bD=0.7, T=3 
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In Problems 47-52, the function d models the distance (in meters) of the bob of a pendulum of mass m (in kilograms) from its rest position 
at time t (in seconds) is given. The bob is released from the left of its rest position and represents a negative direction. 

(a) Describe the motion of the object. Be sure to give the mass and damping factor. 

(b) What is the initial displacement of the bob? That is, what is the displacement at t = 0? 


(c) Graph the motion using a graphing utility. 


(d) What is the displacement of the bob at the start of the second oscillation? 
(e) What happens to the displacement of the bob as time increases without bound? 


47, a 2 —0.7t/40 ( y ) 
d(t) = —20e cos( rs — 1600 ¢ 


Qa \ 0.36 
49, d(t) = —30e 0-%/80 (=) _ —} 
(2) 6 ON NAT 6400 


> 0.81 
51. d(t) = —15¢e 9/70 cos( (=) = 900 


53. Loudspeaker A loudspeaker diaphragm is oscillating in stmple 
, harmonic motion described by the function d(t) = acos (at) 
with a frequency of 520 hertz (cycles per second) and a 
maximum displacement of 0.80 millimeter. Find w and 
then find a function that describes the movement of the 
diaphragm. 

54. Colossus Added to Six Flags St. Louis in 1986, the Colossus 
is a giant Ferris wheel. Its diameter is 165 feet; it rotates at 
a rate of about 1.6 revolutions per minute; and the bottom 
of the wheel is 15 feet above the ground. Find a function 
that relates a rider’s height h above the ground at time f. 
Assume the passenger begins the ride at the bottom of 
the wheel. 


Source: Six Flags Theme Parks, Inc. 


55. Tuning Fork The end of a tuning fork moves in simple 
harmonic motion described by the functiond(t) = asin (wt). 
If a tuning fork for the note A above middle C on an 
even-tempered scale (Ay, the tone by which an orchestra tunes 
itself) has a frequency of 440 hertz (cycles per second), find w. 
If the maximum displacement of the end of the tuning fork 
is 0.01 millimeter, find a function that describes the movement 
of the tuning fork. 





Source: David Lapp. Physics of Music and Musical 
Instruments. Medford, MA: Tufts University, 2003 


56. Tuning Fork The end of a tuning fork moves in simple 
harmonic motion described by the function d(t) = asin(wt). 
If a tuning fork for the note E above middle C on an 
even-tempered scale (E,) has a frequency of approximately 
329.63 hertz (cycles per second), find w. If the maximum 
displacement of the end of the tuning fork is 0.025 millimeter, 
find a function that describes the movement of the tuning 
fork. 


Source: David Lapp. Physics of Music and Musical 
Instruments. Medford, MA: Tufts University, 2003 


57. Charging a Capacitor Sce the figure (top, right). If a charged 
capacitor is connected to a coil by closing a switch, energy 
is transferred to the coil and then back to the capacitor in 
an oscillatory motion. The voltage V (in volts) across the 
capacitor will gradually diminish to 0 with time ¢ (in seconds). 
(a) Graph the function relating V and t: 


VG) =e? cos(at) 
(b) At what times ¢ does the graph of V touch the graph 


of y = e “32 When does the graph of V touch the graph 
of y = -e 9 





C= 7S) 


27 \* ~—0.64 

4 . — =) —0.81/40 ( ) SS 

8. d(t) Oe cos( 5 1600 
O25 

50. d(t) = —30e °°” (z) —_——} 
(7) ° cos( 2) ~ 4900 


2n\*? 0.64 
52. d(t) = —10e °*/°° (=) _— =—— 
(7) oe 3 2500 


(c) When is the voltage V between —0.4 and 0.4 volt? 


Switch 





iz 58. The Sawtooth Curve An oscilloscope often displays a 


sawtooth curve. This curve can be approximated by sinusoidal 

curves of varying periods and amplitudes. 

(a) Use a graphing utility to graph the following function, 
which can be used to approximate the sawtooth curve. 


1 1 
f(x) = 5 sin (27x) q sin (4a) e724 


(b) A better approximation to the sawtooth curve is given by 


il 

8 sin (87rx ) 
Use a graphing utility to graph this function forO = x = 4 
and compare the result to the graph obtained in part (a). 

(c) A third and even better approximation to the sawtooth 
curve is given by 


f(x) = sin (27x) + = sin (4x) + 





f(x) = = sin (2x) + sin (4x) + = sin (8x) + = sin (160) 
Use a graphing utility to graph this function 
for 0 = x = 4 and compare the result to the graphs 
obtained in parts (a) and (b). 

(d) What do you think the next approximation to the 
sawtooth curve 1s? 
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Aa 59. A Clock Signal A clock signal is a non-sinusoidal signal 
used to coordinate actions of a digital circuit. Such signals 
oscillate between two levels, high and low, “instantaneously” 
at regular intervals. The most common clock signal has the 
form of a square wave and can be approximated by the sum 
of simple harmonic sinusoidal waves, such as 


in(3 in (5 in (7 
sin (3x ) n sin (5x) n sin (7x ) 
3 5 7 


Graph this function for —47 = x S 47. 


sin (9 
_ sin(9x) 
9 











f(%) =2.3) +smx + 


iz 60. Non-Sinusoidal Waves Both the sawtooth and square waves 
(see Problems 58 and 59) are examples of non-sinusoidal 
waves. Another type of non-sinusoidal wave is illustrated by 
the function 


19 cos (7x ) 


1 1 
F(x) = 1.6 cos x + 9 00S (3%) 55 008 (Sx) + 


Graph the function for —S5a7 <= x < 52. 


Hy 61. 
ia 62. 


Graph the sound emitted by the * key on a Touch-Tone phone. 
See Problem 51 in Section 7.7. 


CBL Experiment The sound from a tuning fork is collected 
over time. A model of the form y = A cos | B(x — C)] is 
fitted to the data. Find the amplitude, frequency, and period 
of the graph. 

(Activity 23, Real-World Math with the CBL System.) 


Explaining Concepts: Discussion and Writing 


sin x 





tz 65. Graph the function f(x) = , x > 0. Based on the graph, 


sin x 
for x close 





what do you conjecture about the value of 
to 0? 


Tt 66. Graph y = x sinx, y = x* sin x, and y = x’ sinx for x > 0. 
What patterns do you observe? 


Retain Your Knowledge 





te 63. CBL Experiment Pendulum motion is analyzed to estimate 
simple harmonic motion. A plot is generated with the 
position of the pendulum over time. The graph is used to find 
a sinusoidal curve of the form y = A cos | B(x — C)] + D. 
Find the amplitude, period, and frequency. 
(Activity 16, Real-World Math with the CBL System.) 


Challenge Problem Beats When two sinusoidal waves travel 
through the same medium, a third wave is formed that is 
the sum of the two original waves. If the two waves have 
slightly different frequencies, the sum of the waves results 
in an interference pattern known as a beat. Musicians use 
this idea when tuning an instrument with the aid of a tuning 
fork. If the instrument and the tuning fork play the same 
frequency, no beat is heard. Suppose two waves given by 
the functions, y; = 3. cos(@ ,t) and y. = 3 cos(@ t) where 
@, > @ pass through the same medium, and each has a 
maximum at ¢ = 0 sec. 
(a) How long does it take the sum function y3 = y; + y to 
equal 0 for the first time? 
(b) Ifthe periods of the two functions y, and y, are T; = 19sec 
and 7; = 20sec, respectively, find the first time the 
a, SUM y3 = yj + y= 0. 
AS (c) Use the values from part (b) to graph y3 over the interval 
0 <= x = 600. Do the waves appear to be in tune? 


64. 





1 if 1 
Ee 67. Graph y = —sinx, y = —;sinx,and y = —;sinxforx > 0. 
x x x 


What patterns do you observe? 


68. How would you explain simple harmonic motion to a friend? 
How would you explain damped motion? 


Problems 69-78 are based on material learned earlier in the course. The purpose of these problems is to keep the material fresh in your 


mind so that you are better prepared for the final exam. 
=) 


—4 
Find its inverse function. 


69. 





, x # 4, is one-to-one. 


The function f(x) 


70. 
71s 


Write as a single logarithm: log7x + 3 log7y — log7(x + y) 
Solve: log(x + 1) + log(x — 2) =1 


4 
72. If cosa = 5° C= a= = find the exact value of: 


(a) cos 5 (c) tan 5 


If f(x) 


its domain. 


(64 
b) sin= 
(b) sin, 


73. V3 — 5x and g(x) = x? + 7, find g(f(x) ) and 


5 
74. Ifcosé = 7 and tan 8 < O, what is the value of csc 6? 


‘Are You Prepared?’ Answers 


1 A=5:T= . 2. 0.105 rad/sec 3. y =7sin (=) 





/X 75. The normal line to a graph at a point is the line perpendicular 
to the tangent line of the graph at the point. If the tangent 


2 
line is y = 3% 1 when f(3) = 1, find an equation of the 
normal line. 


1 
2.— — Inx-2x 


Xx 


a. 
(x*)° 
77. If h(x) is a function with range [| —5, 8], what is the range 
of h( 2x 4-3)? 


iX 76. Solve: = 0 


78. Solve: x?(5x — 3)(x +2) <0 
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Chapter Review 


Things to Know 
Formulas 


sin A _ sin B _ sin C 











Law of Sines (p. 536) 7 
a C 


Law of Cosines (p. 546) 2= aq’ + b* — 2abcosC 
b* = a’ + c? — 2ac cos B 
2= b? + c* — 2bccos A 


1 a Ls 1, 
Area of a triangle (pp. 553-555) K= 3h K= 5 ab snC K = 5 Be sn A K= Bac sin B 


K=Vs(s— a) (6s — 0) (s—c) where s=S(atb +e) 


Objectives 
Section You should be able to... Example(s) Review Exercises 
8.1 1 Find the value of trigonometric functions of acute Pe: 17,77 
angles using right triangles (p. 522) 
2 Use the complementary angle theorem (p. 524) 3 3-5 
3 Solve right triangles (p. 524) 4,5 6,721 
4 Solve applied problems (p. 525) 6-12 28-31, 36-38 
8.2 1 Solve SAA or ASA triangles (p. 536) 12 8, 19 
2 Solve SSA triangles (p. 537) 3-5 9,10, 12, 16, 18 
3 Solve applied problems (p. 539) 6,7 52553 
8.3 1 Solve SAS triangles (p. 547) il 11 ,15;20 
2 Solve SSS triangles (p. 547) 2 13, 14,17 
3 Solve applied problems (p. 548) S. 34 
8.4 1 Find the area of SAS triangles (p. 553) il 21,22, 26, 35 
2 Find the area of SSS triangles (p. 554) Z 23,24 
8.5 1 Build a model for an object in simple harmonic motion (p. 559) if 39 
2 Analyze simple harmonic motion (p. 561) Z 40, 41 
3 Analyze an object in damped motion (p. 562) 3 42,43 
4 Graph the sum of two functions (p. 564) 4,5 44 
Review Exercises 
In Problems 1 and 2, find the exact value of the six trigonometric functions of the angle 0 in each figure. 
1. | 2. 
, . 
= | 
3 2 
In Problems 3-5, find the exact value of each expression. Do not use a calculator. 
3. cos 62° — sin 28° 4. —5 5. cos’ 40° + cos’ 50° 
csc 35° 


In Problems 6 and 7 solve each triangle. 


6. 10 7. 5 
al b | 2 
oe ak 


a a 
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In Problems 8-20, find the remaining angle(s) and side(s) of each triangle, if it (they) exists. If no triangle exists, say “No triangle.” 


8. A = 50°, B=30°, a=1 9. A=100°", a=5, c=2 10. a=3, c=1, C=110° 
ll. a =3, c=1, B=100° 12,a=3, bD=5, B=80 13. a=2, b=3, c=1 
144.a=10, bD=7, c=8 15. a=1, D=3, C=40 16. a=5, b=3, A= 80° 
17. a = 1, b= 5 c= 5 18. a=3, A=10°", b=4 19. a=4, A=20°, B= 100° 


20.c=5, b=4, A= 70° 

In Problems 21-25, find the area of each triangle. 

21.a=2, b=3, C= 40° 22. b= 4, c=10, A = 70° 23. a=4, b=3, c=5 
24.a=4, b=2, c=5 25. A = 50°, B= 30°, a=1 


26. Area of a Segment Find the area of the segment of a 
circle whose radius is 6 inches formed by a central angle 
of 50°. 


27. Geometry The hypotenuse of a right triangle is 12 feet. 
If one leg is 8 feet, find the degree measure of each 
angle. 


28. Finding the Width of a River Find the distance from A to C 
w across the river illustrated in the figure. 





31. Finding the Grade of a Mountain Trail A straight trail with a 
uniform inclination leads from a hotel, elevation 5000 feet, to 
a lake in a valley, elevation 4100 feet. The length of the trail is 
4100 feet. What is the inclination (grade) of the trail? 


32. Finding the Height of a Helicopter Two observers 
simultaneously measure the angle of elevation of a helicopter. 
One angle is measured as 25°, the other as 40° (see the figure). 
If the observers are 100 feet apart and the helicopter lies over 
the line joining them, how high is the helicopter? 





29. Finding the Distance to Shore The Willis Tower in Chicago 
is 1454 feet tall and is situated about 1 mile inland from the 
shore of Lake Michigan, as indicated in the figure. An observer 
in a pleasure boat on the lake directly in front of the Willis 
Tower looks at the top of the tower and measures the angle 
of elevation as 5°. How far offshore is the boat? 





33. Constructing a Highway A highway whose primary directions 
are north-south is being constructed along the west coast of 
Florida. Near Naples, a bay obstructs the straight path of the 
road. Since the cost of a bridge is prohibitive, engineers decide 
to go around the bay. The figure shows the path that they decide 
on and the measurements taken. What is the length of highway 
needed to go around the bay? 





30. Finding the Speed of a Glider From a glider 200 feet above 
the ground, two sightings of a stationary object directly in 
front are taken 1 minute apart (see the figure, top right). 
What is the speed of the glider? 





34. Correcting a Navigational Error A_ sailboat leaves 
St. Thomas bound for an island in the British West Indies, 

| 200 miles away. Maintaining a constant speed of 18 miles 

per hour, but encountering heavy crosswinds and strong 

currents, the crew finds, after 4 hours, that the sailboat is off 

course by 15°. 

(a) How far is the sailboat from the island at this time? 

(b) Through what angle should the sailboat turn to correct 
its course? 

(c) How much time has been added to the trip because of 
this? (Assume that the speed remains at 18 miles per 
hour.) 











35. Approximating the Area of a Lake To approximate the 
area of a lake, Cindy walks around the perimeter of the lake, 
taking the measurements shown in the figure. Using this 
technique, what is the approximate area of the lake? 





[Hint: Use the Law of Cosines on the three triangles shown 
and then find the sum of their areas. ] 





36. Finding the Bearing of a Ship The Majesty leaves the Port at 
Boston for Bermuda with a bearing of S80°E at an average 
speed of 10 knots. After 1 hour, the ship turns 90° toward the 
southwest. After 2 hours at an average speed of 20 knots, 
what is the bearing of the ship from Boston? 





37. Frictional Force A box sitting on a flat surface has a 
coefficient of static friction of uw, = 0.3. If one end of the 
surface is raised, static friction prevents the box from sliding 
until the force of static friction is overcome. The critical angle 
at which the box begins to slide, 6,., can be found from the 
equation tan 0. = py. 

(a) What is the critical angle for the 


box? ? 
(b) Ifthe box is 5 ft from the pivot point, 


at what height will the box begin to __piyot 5 
slide? See the figure. point 
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38. Frictional Force (See Problem 37) Once the box begins to 
slide and accelerate, kinetic friction acts to slow the box with 
a coefficient of kinetic friction uw, = 0.1. The raised end of 
the surface can be lowered to a point where the box continues 
sliding but does not accelerate. The critical angle at which this 
happens, @.’,can be found from the equation tan 0.’ = py. 


(a) What is this critical angle for the box? 


(b) If the box is 5 ft from the pivot point, at what height will 
the box stop accelerating? 





39. Simple Harmonic Motion An object attached to a coiled 
spring is pulled down a distance a = 3 units from its rest 
position and then released. Assuming that the motion is 
simple harmonic with period T = 4 seconds, find a model 
that relates the displacement d of the object from its rest 
position after tf seconds. Also assume that the positive 
direction of the motion is up. 








In Problems 40 and 41, the displacement d (in feet) of an object 
from its rest position at time t (in seconds) is given. 


(a) Describe the motion of the object. 

(b) What is the maximum displacement from its rest position? 
(c) What is the time required for one oscillation? 

(d) What is the frequency? 

40. d(t) = 6sin(2r) 41. d(t) = —2cos(mt) 

42. Damped Harmonic Motion An object of mass 
m = 40 grams attached to a coiled spring with damping 
factor b = 0.75 gram/second is pulled down a distance 
a = 15 centimeters from its rest position and then released. 
Assume that the positive direction of the motion is up and 
the period is T = 5 seconds under simple harmonic motion. 
(a) Find a function that models the displacement d of the 

object from its rest position after ¢ seconds. 
(b) Graph the equation found in part (a) for 5 oscillations. 


43. Damped Motion The displacement d (in meters) of the bob 
of a pendulum of mass 20 kilograms from its rest position at 
time ¢ (in seconds) is given as 


27\? ~—0.36 
—_| —0.6t¢/40 ( ) erecta 
d(t) Se cos 5 1600! 


(a) Describe the motion of the object. 


(b) What is the initial displacement of the bob? That is, what 
is the displacement at t = 0? 





Ls (c) Graph the function d using a graphing utility. 


(d) What is the displacement of the bob at the start of the 
second oscillation? 


(e) What happens to the displacement of the bob as time 
increases without bound? 


44. Graph y = 2sin x + cos(2x) by adding y-coordinates. 
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CHAPTER The Chapter Test Prep Videos include step-by-step solutions to all chapter 
Test Prep test exercises. These videos are available in MyLab"™ Math, or on this text's 





Chapter Test VIDEOS YouTube Channel. Refer to the Preface for a link to the YouTube channel. 
1. Find the exact value of the six trigonometric functions of the 15. Madison wants to swim across Lake William from the fishing 
angle @ in the figure. lodge (point A) to the boat ramp (point B), but she wants to 
know the distance first. Highway 20 goes right past the boat 

: ramp and County Road 3 goes to the lodge. The two roads 

Wie intersect at point C, 4.2 miles from the ramp and 3.5 miles 


from the lodge. Madison uses a transit to measure the angle of 
intersection of the two roads to be 32°. How far will she need 
to swim? 


6 


2. Find the exact value of sin 40°— cos 50°. 


In Problems 3-5, use the given information to determine the three 
remaining parts of each triangle. 





10 


16. Given that AOAB is an isosceles triangle and the 
shaded sector is a semicircle, find the area of the entire 
In Problems 6-8, solve each triangle. ; ; 
; ; region. Express your answer as a decimal rounded to 
6. A = 55°, C= 20°, = 4 two places. 
7Za=3, b=7, A= 40° 
8. a= 8 b=4, C=70° 
9. Find the area of the triangle described in Problem 8. 
10. Find the area of the triangle described in Problem 5. 


11. A 12-foot ladder leans against a building. The top of the 
ladder leans against the wall 10.5 feet from the ground. What 
is the angle formed by the ground and the ladder’? 


12. A hot-air balloon is flying at a height of 600 feet and is 
directly above the Marshall Space Flight Center in Huntsville, 
Alabama. The pilot of the balloon looks down at the airport 
that is known to be 5 miles from the Marshall Space Flight 
Center. What is the angle of depression from the balloon to 
the airport? 





13. Find the area of the shaded region enclosed in a semicircle 
of diameter 8 centimeters. The length of the chord AB is 
6 centimeters. 


[Hint: Triangle ABC is a right triangle. | 


17. The area of the triangle shown below is 54/6 Square units. 
Find the lengths of the sides. 


B 5X 6x 
1X 
A ; C 
18. Logan is playing on her swing. One full swing (front to back 
14. Find the area of the quadrilateral shown. to front) takes 6 seconds, and at the peak of her swing she 
is at an angle of 42° with the vertical. If her swing is 5 feet 
5 11 long, and we ignore all resistive forces, find a function that 


models her horizontal displacement (from the rest position) 
after time t. 


Cumulative Review 


fe 7 


. Find the real solutions, if any, of the equation 3x” + 1 = 4x. 


. Find an equation for the circle with center at the 


point (—5,1) and radius 3. Graph this circle. 


. Find the domain of the function 


f(x) = Vix? -3x-4 


. Graph the function: y = 3 sin(7x) 
. Graph the function: y = —2 cos(2x — 7r) 
3 
. Iftan é = —2 and a < 9 < 27, find the exact value of: 


(a) sin @ (b) cos 0 (c) sin(260) 


ll il 
(e) sin( 50) (f) cos( $0 


Graph each of the following functions on the interval | 0, 4 ]: 
(a) y=e" (b) y = sin x 
(c) y= e*sinx (d) y = 2x + sinx 


(d) cos (26) 


. Graph each the following functions: 
(a) y=x (b) y =x (c) y = Vx 
(d) y=x° (e) y=e" (f) y =Inx 
(g) y = sinx (h) y = cosx (i) y = tanx 


Chapter Projects 


I. 


Spherical Trigonometry When the distance between two 
locations on the surface of Earth is small, we can treat Earth 
as a plane and compute the distance in statutory miles. 
Using this assumption, we can use the Law of Sines and 
the Law of Cosines to approximate distances and angles. 
However, the Earth is a sphere, so as the distance between 
two points on its surface increases, the linear distance is 
less accurate. Under this circumstance, we need to take into 
account the curvature of Earth when using the Law of Sines 
and the Law of Cosines. 





1. See the figure. The points A, B, and C are the vertices 
of a spherical triangle with sides a, b, and c, a three- 
sided figure drawn on the surface of a sphere with 
center at the point O. Connect each vertex by a radius 
to the center O of the sphere. Now draw tangent lines 
to the sides a and b of the triangle that go through C. 
Extend the lines OA and OB to intersect the tangent 
lines at P and Q, respectively. List the plane right 
triangles. Find the measures of the central angles. 


C 





2. Use the Law of Cosines with triangles OPQ and CPQ to 
find two expressions for the length of PQ. 


9. 


10. 


11. 


Il. 


Chapter Projects 573 


Solve the triangle for which side a is 20, side c is 15, and 
angle C is 40°. 


In the complex number system, solve the equation 
Sy Nye a es ec eto i = 6 
Graph the rational function 
2x7 — 7x — 4 


R pee ee 
be ye S15 


. Solve 3* = 12. Round your answer to two decimal places. 
. Solve: log; (x + 8) + log3x = 2 
. Suppose that f(x) = 4x + 5 and g(x) = x? + 5x — 24. 


(a) Solve f(x) = 0. 


(c) Solve f(x) = g(x). 
(e) Solve g(x) = 0. 


(g) Graph y = g(x). 


(b) Solve f(x) = 13. 
(d) Solve f(x) > 0. 
(f) Graph y = f(x). 


3. Subtract the expressions in part (2) from each other. 
Solve for the term containing cos c. 


4. Use the Pythagorean Theorem to find another value for 
OQ’ — CQ’ and OP? — CP?. Now solve for cos c. 


5. Replacing the ratios in part (4) by the cosines of the sides 
of the spherical triangle, you should now have the Law of 
Cosines for spherical triangles: 


cosc = cosacosb + sina sin b cos C 


Source: For the spherical Law of Cosines, see Mathematics 
from the Birth of Numbers by Jan Gullberg. W. W. Norton & 
Co., Publishers, 1996, pp. 491-494. 


The Lewis and Clark Expedition Lewis and Clark followed 
several rivers in their trek from what is now Great Falls, 
Montana, to the Pacific coast. First, they went down the 
Missouri and Jefferson rivers from Great Falls to Lemhi, 
Idaho. Because the two cities are at different longitudes and 
different latitudes, we must account for the curvature of Earth 
when computing the distance that they traveled. Assume that 
the radius of Earth is 3960 miles. 





1. Great Falls is at approximately 475°N and 111.3°W. 
Lemhi is at approximately 45.5°N and 113.5°W. (We 
will assume that the rivers flow straight from Great 
Falls to Lemhi on the surface of Earth.) This line is 


(continued) 
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called a geodesic line. Use the Law of Cosines for a 
spherical triangle [see Project I, part (5),] to find the 
angle between Great Falls and Lemhi. (The central 
angles are found by using the differences in the 
latitudes and longitudes of the towns. See the figure.) 
Then find the length of the arc joining the two towns. 


really a side to a triangle, we will make a side that goes 
from Lemhi to Lewiston and Clarkston. If Lewiston and 
Clarkston are at about 46.5°N 1170°W, find the distance 
from Lemhi using the Law of Cosines for a spherical 
triangle and the arc length. 


How far did the explorers travel just to get that far? 


Recall s = ré. ; 
(Recall s = 6.) 4. Drawa plane triangle connecting the three towns. If the 


distance from Lewiston to Great Falls is 282 miles and 
the angle at Great Falls is 42° and the angle at Lewiston 
is 48.5°, find the distance from Great Falls to Lemhi and 
from Lemhi to Lewiston. How do these distances compare 
with the ones computed in parts (1) and (2)? 


Source: For Lewis and Clark Expedition: American Journey: 
The Quest for Liberty to 1877 Texas Edition. Prentice Hall, 
1992, p. 345. 

Source: For map coordinates: National Geographic Atlas of 

the World, published by National Geographic Society, 1981, 

South pp. 74-75. 

Citation: Used with permission of Technology Review, from 
W. Roush, “From Lewis and Clark to Landsat: David Rumsey’s 
Digital Maps Marry Past and Present,” 108, no. 7, © 2005; 
permission conveyed through Copyright Clearance Center, Inc. 





2. From Lemhi, they went up the Bitteroot River and the 
Snake River to what is now Lewiston and Clarkston on 
the border of Idaho and Washington. Although this is not 


The following projects are available at the Instructor’s Resource Center (IRC): 


III. Project at Motorola: How Can You Build or Analyze a Vibration Profile? Fourier functions not only are important to analyze 
vibrations but also are what a mathematician would call interesting. Complete the project to see why. 


IV. Leaning Tower of Pisa Trigonometry is used to analyze the apparent height and tilt of the Leaning Tower of Pisa. 





V. Locating Lost Treasure Clever treasure seekers who know the Law of Sines are able to find a buried treasure efficiently. 


VI. Jacob’s Field Angles of elevation and the Law of Sines are used to determine the height of the stadium wall and the distance from 
home plate to the top of the wall. 





Te) f=] mu @ele)naliarsi aay 


\V(=lq te) as 





How Airplanes Fly 


Four aerodynamic forces act on an airplane in flight: lift, drag, thrust, and weight (gravity). 

Drag is the resistance of air molecules hitting the airplane (the backward force), thrust is 
the power of the airplane’s engine (the forward force), lift is the upward force, and weight 
is the downward force. So for airplanes to fly and stay airborne, the thrust must be greater than 
the drag, and the lift must be greater than the weight. 

This is certainly the case when an airplane takes off or climbs. PE aa 
However, when it is in straight and level flight, the opposing forces of | 
lift, and weight are balanced. During a descent, weight exceeds 
lift, and to slow the airplane, drag has to overcome thrust. 

Thrust is generated by the airplane’s engine (propeller or jet), 
weight is created by the natural force of gravity acting on the airplane, 
and drag comes from friction as the plane moves through air molecules. 
Drag is also a reaction to lift, and this lift must be generated by the airplane in flight. This is 
done by the wings of the airplane. 

A cross section of a typical airplane wing shows the top surface to be more curved than 
the bottom surface. This shaped profile is called an airfoil (or aerofoil), and the shape is used 
because an airfoil generates significantly more lift than opposing drag. In other words, it is 
very efficient at generating lift. 

During flight, air naturally flows over and beneath the wing and is deflected upward over 
the top surface and downward beneath the lower surface. Any difference in deflection causes 
a difference in air pressure (pressure gradient), and because of the airfoil shape, the pressure 
of the deflected air is lower above the airfoil than below it. As a result the wing is “pushed” 
upward by the higher pressure beneath, or, you can argue, it is “sucked” upward by the lower 
pressure above. 
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Source: Adapted from Pete Carpenter. How Airplanes Fly—The Basic Principles of Flight 
http://www.rc-airplane-world.com/how-airplanes-fly.html, 
accessed May 2018. © rc-airplane-world.com 
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Outline 


This chapter is in two parts: Polar Coordinates (Sections 9.1—9.3) and Vectors 9.1 Polar Coordinates 

(Sections 9.4—9.7). They are independent of each other and may be covered in either order. 9.2 Polar Equations and Graphs 
Sections 9.1—9.3: In Chapter 1, we introduced rectangular coordinates (the xy-plane) and 9.3. The Complex Plane; 

discussed the graph of an equation in two variables involving x and y. In Sections 9.1 and 9.2, De Moivre’s Theorem 

we introduce polar coordinates, an alternative to rectangular coordinates, and discuss graphing 9.4 Vectors 

equations that involve polar coordinates. In Section 5.3, we discussed raising a real number to a 95 The Dot Product 

real power. In Section 9.3, we extend this idea by raising a complex number to a real power. 9.6 Vectors in Space 


As it turns out, polar coordinates are useful for the discussion. es ‘The Croce Product 


Sections 9.4—9.7: We have seen in many chapters that we are often required to solve an Chapter Review 
equation to obtain a solution to applied problems. In the last four sections of this chapter, we 
develop the notion of a vector and show how it can be used to model applied problems in physics 
and engineering. 


Chapter Test 
Cumulative Review 
Chapter Projects 
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9.1 Polar Coordinates 


PREPARING FOR THIS SECTION Before getting started, review the following: 


Rectangular Coordinates (Section 1.1, pp. 2-3) e Inverse Tangent Function (Section 7.1, pp. 454-456) 
Definition of the Trigonometric Functions (Section 6.2, ¢ Completing the Square (Section A.3, p. A29) 

pp. 376 and 386) e Angles; Degree Measure; Radian Measure (Section 6.1, 
The Distance Formula (Section 1.1, pp. 3-4) pp. 362-367) 


\ Now Work the ‘Are You Prepared?’ problems on page 583. 
OBJECTIVES 1 Plot Points Using Polar Coordinates (p. 576) 
2 Convert from Polar Coordinates to Rectangular Coordinates (p. 578) 
3 Convert from Rectangular Coordinates to Polar Coordinates (p. 580) 
4 Transform Equations between Polar and Rectangular Forms (p. 582) 





So far, we have always used a system of rectangular coordinates to plot points in the 
plane. Now we are ready to describe another system, called polar coordinates. In many 
instances, polar coordinates offer certain advantages over rectangular coordinates. 

In a rectangular coordinate system, you will recall, a point in the plane is 
represented by an ordered pair of numbers (x, y), where x and y equal the signed 
distances of the point from the y-axis and the x-axis, respectively. In a polar coordinate 
system, we select a point, called the pole, and then a ray with vertex at the pole, 
called the polar axis. See Figure 1. Comparing the rectangular and polar coordinate 
systems, note that the origin in rectangular coordinates coincides with the pole in 
polar coordinates, and the positive x-axis in rectangular coordinates coincides with 
Figure 1 the polar axis in polar coordinates. 






Polar axis 


1 Plot Points Using Polar Coordinates 


A point P in a polar coordinate system is represented by an ordered pair (r, 6) of 
numbers. If r > 0, then r is the distance of the point from the pole; 0 is an angle (in 
degrees or radians) formed by the polar axis and a ray from the pole through the 
point. We call the ordered pair (r, 0) the polar coordinates of the point. See Figure 2. 


As an example, suppose that a point P has polar coordinates | 2, m , Locate P 


by first drawing an angle of “ radian, placing its vertex at the pole and its initial side 


along the polar axis. Then go out a distance of 2 units along the terminal side of the 
angle to reach the point P. See Figure 3. 








Polar axis Polar axis 


O Pole 0 Pole 
Figure 2 Figure 3 


In using polar coordinates (r, 0), it is possible for r to be negative. When this 
happens, instead of the point being on the terminal side of 6, it is on the ray from the 
pole extending in the direction opposite the terminal side of 6 at a distance |r| units 
from the pole. See Figure 4 for an illustration. 


2 
For example, to plot the point (-3 =), use the ray in the opposite direction 


2 
of > and go out |—3| = 3 units along that ray. See Figure 5. 
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P=(r,0),r<0 





Figure 4 Figure 5 


| €XAMPLE 1 ~ Plotting Points Using Polar Coordinates 


Plot the points with the following polar coordinates: 


(a) (3°) (b) (2,-) () (3,0) @ (-2,7) 


Solution Figure 6 shows the points. 





Figure 6 (a) (b) (c) (d) cl 


ovum NOW Work PROBLEMS 13, 25, AND 31 


Recall that an angle measured counterclockwise is positive and an angle 
measured clockwise is negative. This convention has some interesting consequences 
related to polar coordinates. 


| EXAMPLE 2 © Finding Several Polar Coordinates of a Single Point 


Consider again the point P with polar coordinates (2 =) as shown in Figure 7(a). 
7 
Because 7 ra and — aes all have the same terminal side, this point P also can be 
9 7 
located by using the polar coordinates (2 =) or the polar coordinates (2 = =), 


as shown in Figures 7(b) and (c). The point | 2, z can also be represented by the 


5 
polar coordinates (-2, =m) See Figure 7(d). 





Zz 
0 





Figure 7 (a) (b) (c) (d) J 
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| EXAMPLE 3 ~ Finding Other Polar Coordinates of a Given Point 


Plot the point P with polar coordinates (3 ), and find other polar coordinates 
‘ : . ; 6 
(r, 0) of this same point for which: 


(a) r>0, 27 50< 47 (b) r<0, OS 0<27 
(c) r>0, -27 =9<0 
Solution = The point (3 = is plotted in Figure 8. 


(a) Add 1 revolution (27 radians) to the angle Z to get 


1 
P- (3,2 4 2m | = (3 =) 
Figure 8 6 6 


See Figure 9. 





1 
(b) Add o revolution (a radians) to the angle A and replace 3 by —3 to 


fj 
get P = (-3.2 ae a) = (-3 =) See Figure 10. 


ile 
(c) Subtract 27 from the angle - to get P= (3.2 = 2m | = (3 = =) See 


Figure 11. . 





Figure 9 Figure 10 Figure 11 _) 
These examples show a major difference between rectangular coordinates and 


polar coordinates. A point has exactly one pair of rectangular coordinates; however, 
a point has infinitely many pairs of polar coordinates. 


SUMMARY 


A point with polar coordinates (7, 6), 6 in radians, can also be represented by either of the following: 


(0 a 2k) Or (7,04 7 2a) k an integer 


The polar coordinates of the pole are (0, 6), where 6 can be any angle. 





ommmmmmme--Now Work PROBLEM 35 


2 Convert from Polar Coordinates to Rectangular Coordinates 


Sometimes it is necessary to convert coordinates or equations in rectangular form to 
polar form, and vice versa. To do this, recall that the origin in rectangular coordinates 
is the pole in polar coordinates and that the positive x-axis in rectangular coordinates 
is the polar axis in polar coordinates. 


( tHeoReM Conversion from Polar Coordinates to Rectangular Coordinates 


If P is a point with polar coordinates (r, 0), the rectangular coordinates (x, y) 
of P are given by 


x = rcosé y=rsindg (1) 


= 


cs 





Figure 12 
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Proof Suppose that P has the polar coordinates (r, 6). We seek the rectangular 
coordinates (x, y) of P. Refer to Figure 12. 


e Ifr = 0, then, regardless of 6, the point P is the pole, for which the rectangular 


coordinates are (0,0). Formula (1) is valid for r = 0. 


Ifr > 0, the point P is on the terminal side of 9, and r = d(O, P) = Vx? + y’. 
Because 
cos @ = “a sin @ = . 
r r 
this means 
x =rcosé y=rsin@g 


If r < 0 and @ is in radians, then the point P = (7,6) can be represented 
as (—r, 7 + 6), where —r > 0. Because 


cos(a7 + 6) = —cos 6 = — sin(a7 +6) = -sin @ = — 


this means 


x =rcosé y=rsing a 


| EXAMPLE 4 Converting from Polar Coordinates to Rectangular Coordinates 


Find the rectangular coordinates of the points with polar coordinates: 


(65) @ (4-4) 


Solution 





(b) 


Figure 13 


COMMENT Many calculators have 


the capability of converting from polar 


coordinates to rectangular coordinates. 


Consult your user’s manual for the 


proper keystrokes. In most cases this 
procedure Is tedious, so you will probably 


find using equations (1) Is faster. 


Use equations (1): x = rcos@ and y = rsin8@. 


(a) Figure 13(a) shows (6. =) plotted. Notice that (6. 4 lies in quadrant I of the 


(b 


— 


rectangular coordinate system. So both the x-coordinate and the y-coordinate 


will be positive. Substituting r = 6 and 6 = ; gives 
3 
x =rcos@é = 6 cos = = peace =3V3 


7 1 
y r sin sin | 5 
us 


= | are (3V3, a which lies in 


The rectangular coordinates of the point (6. 
quadrant I, as expected. 

Figure 13(b) shows (-4 = *) plotted. Notice that (-4 = | lies in quadrant IT 
of the rectangular coordinate system. Substituting r = —4 and@ = — 7 gives 


2 
x =rcosé= ~4c0s(— 7 = -4.¥2 = mV) 


y=rsin@é = —4 sin( - =) = -4(- x) =2V2 


ps 


The rectangular coordinates of the point (- 4,- *) are ( = . 2/2 ) , which 
lies in quadrant II, as expected. il 


ovum Now Work PROBLEMS 43 AND 55 
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3 Convert from Rectangular Coordinates to Polar Coordinates 


Converting from rectangular coordinates (x, y) to polar coordinates (7, @) is a little 
more complicated. Notice that each solution begins by plotting the given rectangular 
coordinates. 


| €XAMPLE5 | Converting from Rectangular Coordinates to Polar Coordinates where 


the Point Lies on a Coordinate Axis 


Find polar coordinates of a point whose rectangular coordinates are (0,3). 





Step-by-Step Solution yy 

| (x, ¥) = (0, 3) 
Step 1: Plot the point (x, y) and Plot the point (0,3) in a rectangular 
note the quadrant the point lies in coordinate system. See Figure 14. The point STAT 
or the coordinate axis the point lies on the positive y-axis. 
lies on. 

Figure 14 

Step 2: Find the distance r from The point (0,3) lies on the y-axis a distance of 3 units from the origin (pole), 
the origin to the point. sor = 3. 
Step 3: Determine 0. A ray with vertex at the pole through (0,3) forms an angle 6 = 5 with the polar axis. 


Polar coordinates for this point can be given by (3 =) Other possible 
representations include (-3 7 = and (3 =) 
p 9 9 5) : J 


2 
Figure 15 shows polar coordinates of points that lie on either the x-axis or 
the y-axis. In each illustration, a > 0. 


Ya (x,y) = (0,4) 





(a) (x,y) =(,0),a>0 (b) (x, y) = (0, a),a>0 (c) (x, y) =(-—a, 0),a>0 (d) (x,y) = (0, -a),a>0 
Figure 15 
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| €XAMPLE6 | Converting from Rectangular Coordinates to Polar Coordinates where 


the Point Lies in a Quadrant 


Find the polar coordinates of a point whose rectangular coordinates are (2, —2). 


Step-by-Step Solution 


Step 1: Plot the point (x, y) and Plot the point (2,—2) in a rectangular 
note the quadrant the point lies In coordinate system. See Figure 16. The point 
or the coordinate axis the point lies in quadrant IV. 

lies on. 





(x, Y) = (2, —2) 
Figure 16 
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Step 2: Find the distance r from r=Ve4y2 = V2 4+ (-2)? = V8 =2V2 


the origin to the point. 


Step 3: Determine @. Find 6 by recalling that tan 6 = =, so@é = tan! “, 3 <@0< 5 Because (2, —2) 


lies in quadrant IV, this means that — 5 <6 < 0.Asa result, 


[> 


a 
d= tant = tan (+) = tan! (=1]) = 
CENT Many calculators have 
the capability of converting from 
rectangular coordinates to polar 
coordinates. Consult your user’s 


ae ie 3 
manual for the proper keystrokes. m representations include (2v2. 7) and (-2v2. =) J 


TT 


4)" Other possible 


ne ae 


Polar coordinates for the point (2, —2) are (2v2. = 


| EXAMPLE 7 ~ Converting from Rectangular Coordinates to Polar Coordinates 


Find polar coordinates of a point whose rectangular coordinates are ( ={[,> V3) ; 


Solution Step 1: See Figure 17 The point lies in quadrant III. 
STEP 2: The distance r from the origin to the point ( ot V3) is 


STEP 3: To find 6, use 


V3 T 
an es an eto 3 =s4-e<Ca< 
x =] 3 


N|> 


N|> 





% y) = (-1, ~ x3) Since the point ( al Pe V3) lies in quadrant III and the inverse tangent function gives 
Figure 17 an angle in quadrant I, add 77 to the result to obtain an angle in quadrant III. Then 
4 T 47 
dé=7+a=7+ tan = a ae 


4 
Polar coordinates for this point are (2 <7) Other possible representations 


T 20 
incl =) 2, = |. 
include ( Z) ana (2 =) il 


Figure 18 shows how to find polar coordinates of a point that lies in a quadrant 
when its rectangular coordinates (x, y) are given. 











Figure18 (a) r=vx°+y’ (b) r= vx? + y’? (c) r= x24 y’ 
g=tan' Y ¢=m7+ tan! Y g6=m+tan 
x x x 
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( THEOREM Converting from Rectangular Coordinates to Polar Coordinates 


If P is a point with rectangular coordinates (x, y), the polar coordinates (7, 0) 
of P are given by 





To use equations (2) effectively, follow these steps: 


Steps for Converting from Rectangular to Polar Coordinates 


STEP 1: Plot the point (x, y),as shown in Examples 5, 6, and 7 
STEP 2: Ifx = Oor y = O, use the graph to find r. 
lier a sOrandiys = Othemi—" yoy 
STEP 3: Find 0. If x = 0 or y = O, use the graph to find 0. 
Ifx ~ Oand y ¥ O, note the quadrant in which the point lies. 


Quadrant lorIV: 6 = tan? - 


Ouadrant Il or Ill: @= 7+ tan! 


Sill 
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4 Transform Equations between Polar and Rectangular Forms 


Equations (1) and (2) can be used to transform equations from polar form to 
rectangular form, and vice versa. Two common techniques for transforming an 
equation from polar form to rectangular form are to 


e Multiply both sides of the equation by r 
e Square both sides of the equation 


| EXAMPLE 8 | PLE 8 Transforming an Equation from Polar to Rectangular Form 


Transform the equation r = 6cos@ from polar coordinates to rectangular 
coordinates, and identify the graph. 


Solution Multiplying both sides by r makes it easier to use equations (1) and (2). 
r = 6cos@ 
r? = 6rcos@ Multiply both sides by r. 
x? + y? = 6x yr? = x? + y*;x = reos0 
This is the equation of a circle. Complete the square to obtain the standard form. 
x? + y* = 6x 
(x? — 6x) + y?=0 _ General form 
(x* — 6x +9) +y* =9 Complete the square in x. 
(x —3)?+y?=9 Factor. 


This is the standard form of the equation of a circle with center (3, 0) and radius 3. 
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| EXAMPLES ~ Transforming an Equation from Rectangular to Polar Form 


Transform the equation 4xy = 9 from rectangular coordinates to polar coordinates. 


Solution 


Use x = rcos@and y = rsin@. 


Axy = 9 


4(rcos@)(rsiné) =9 x =rcos0,y = rsind 


4r* cos 0 sin @ = 9 


This is the polar form of the equation. It can be simplified as follows: 


2r* (2sin@cos@) =9 Factor out 2r”. 


2r* sin(20) = 9 Double-angle Formula 
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9.1 Assess Your Understanding 


‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. Plot the point whose rectangular coordinates are (3, —1). 
What quadrant does the point lie in? (pp. 2-3) 

2. The distance between two points P; = (x, y;) 

and P; = (xX, y.) isd( Pi, P,) = 

(pp. 3-4) 


3. To complete the square of x” + 6x, add___.. (p. A29) 


Concepts and Vocabulary 


7. The origin in rectangular coordinates coincides with 
the 
rectangular coordinates coincides with the 





in polar coordinates; the positive x-axis in 


in polar coordinates. 


8. If P is a point with polar coordinates (7, 6), the rectangular 
coordinates (x,y) of P are given by x= 
and y = 


9. Multiple Choice In a rectangular coordinate system, where 


does the point with polar coordinates (. = = lie? 


(a) in quadrant IV (b) on the y-axis 


(c) in quadrant II (d) on the x-axis 


Skill Building 


5 
4. Draw the angle 7 in standard position. (pp. 362-367) 


5. If P = (x,y) is a point on the terminal side of the 
angle 0 at a distance r from the origin, then tan @ = _____. 
(p. 386) 


6. tan! (-1) = . (pp. 454-456) 








10. Multiple Choice The point (s. = can also be represented 
by which polar coordinates? 
1377 
b) | —5, — 
0 (3.55) 


7 
5 a 
Sa 71 
5, 33 d) | —5,2— 
© (5 =| @ ( =) 
11. True or False Inthe polar coordinates (7, 6) ,7 can be negative. 


12. True or False The polar coordinates of a point are unique. 


In Problems 13-20, match each point in polar coordinates with either A, B, C, or D on the graph. 


N23. (2 -) 


7 7 
6 14. (-2. -=) 15. (-2. = 
S57 S57 1 
17. (2 =) 18. (~2 =) 19, (-2. 7) 


In Problems 21-34, plot each point given in polar coordinates. 


T 377 
2, (3: 22, (4,22 2 
(3.2) (4) 3. (-2,0) 
Sar 377 27 
26. (s.=) 27. (-2.%4) 28. (-3.=) 
\ 31 (-1 -=) 32 (-3 -=) 33. (0,09) 
e 9 3 e 9 4 e 9 


1 ~y_ B gi 
16. 2,37 G , 2 TT 
( 6 r ee VE 
110 Pe 
—<—_ -- = “ ~e_ 


24. (—3, 7) 


277 

29. | 4, -— 
(4 r | 
qT 

4. _— a 
a (2-2) 
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In Problems 35-42, plot each point given in polar coordinates, and find other polar coordinates (r, 0) of the point for which: 


(a) r>0, -27 =0<0 (b) r<0, OSO0< 27 (c) r>0, 27 S0< 47 
\ 21r 377 
35. 3 36. 4 37. (=2,37) 38. (—3, 477) 


qT qT 217 
ae (2) 40. (2, 7) 41. (-3,-=) 42. (-2,- 7) 


In Problems 43-58, polar coordinates of a point are given. Find the rectangular coordinates of each point. 


\ 43. (3.2) 44, (4 =) 45. (—2,0) A (3) 


51 Ys 377 21 

a. (022) ws (52) w. (222) sa (222) 
7 7 7 

a. (-5.-2) a. (-5.-2) 2 (-a-) sa (-2.-) 


i 91 
N55. (75,42) 56. (31,57) 57, (6.3, 3.8) 58. (8.1, 5.2) 


In Problems 59-70, the rectangular coordinates of a point are given. Find polar coordinates for each point. 


\ 59. (3,0) 60. (0,2) 61. (—1,0) 62. (0, —2) 
a: all 
MK 63. (1, -1) 64. (—3,3) 65. (5,53) 66. (-¥3, 2) 
67.. (15, =2.1) 68. (—0.8,—2.1) 69. (8.3, 4.2) 70. (—2.3, 0.2) 
In Problems 71-78, the letters x and y represent rectangular coordinates. Write each equation using polar coordinates (1,0). 
71. 2x” + 2y* = 3 72.x°°+y? =x NX 23. 2 = 4y 74. 9 Se 
75. 2xy = 1 76. 4x7 y = 1 IL a4 78. y = -3 
In Problems 79-86, the letters r and 0 represent polar coordinates. Write each equation using rectangular coordinates (x,y). 
79. r = cos 6 80. r= sind+1 81. r? = cos 6 82. r = sin é — cos 6 
83. 7, = 2 84.7, = 4 —————— 86. 7 = 
1 <=C08.0 3 = Cos? 


Applications and Extensions 


87. Chicago In Chicago, the road system is set up like a Cartesian City of Chicago, Illinois 
plane, where streets are indicated by the number of blocks ee ae 
they are from Madison Street and State Street. For example, : 
Wrigley Field in Chicago is located at 1060 West Addison, 
which is 10 blocks west of State Street and 36 blocks north 
of Madison Street. Treat the intersection of Madison Street 


ke at “a 
le 4. 
i = _ 


and State Street as the origin of a coordinate system, with 

east being the positive x-axis. 

(a) Write the location of Wrigley Field using rectangular | : 
coordinates. Si org aba elie ie Y 

(b) Write the location of Wrigley Field using polar Set eee: ek 
coordinates. Use the east direction for the polar axis. Z btn Sxurmmcict ik 
Express 6 in degrees. Madison Street ; 


(c) Guaranteed Rate Field, home of the White Sox, is 
located at 35th and Princeton, which is 3 blocks west 
of State Street and 35 blocks south of Madison. Write 
the location of Guaranteed Rate Field using rectangular 
coordinates. 

(d) Write the location of Guaranteed Rate Field using polar 
coordinates. Use the east direction for the polar axis. 
Express 0 in degrees. 


ae 
fa 
3 
oa 
i 
a 
‘fs i 
cee 


ee Ss eres ee 


J ae ae 
i 


7 ie 1 i i 

Pe 
j a | iy 
E i : : 


ny am voc eel Sm peo o. 
ib 


88. Show that the formula for the distance d between two 
points P; = (7, 6,) and P, = (7%, 6,) is 


d = Vr t+ - 2r,1c08(O — 4;) 
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89. Challenge Problem Radar Detection At 10:15 a.m., a radar 90. Challenge Problem Radar station A uses a coordinate 


station detects an aircraft at a point 80 miles away 

and 25 degrees north of due east. At 10:25 a.o., the aircraft 

is 110 miles away and 5 degrees south of due east. 

(a) Using the radar station as the pole and due east as the 
polar axis, write the two locations of the aircraft in polar 
coordinates. 

(b) Write the two locations of the aircraft in rectangular 
coordinates. Round answers to two decimal places. 

(c) What is the speed of the aircraft in miles per hour? 
Round the answer to one decimal place. 


Explaining Concepts: Discussion and Writing 


91. In converting from polar coordinates to rectangular 93. 


coordinates, what equations will you use? 


92. Explain how to convert from rectangular coordinates to 
polar coordinates. 


Retain Your Knowledge 


system where A is located at the pole and due east is the 
polar axis. On this system, two other radar stations, B 
and C, are located at coordinates (150, —24°) and (100, 32°), 
respectively. If radar station B uses a coordinate system 
where B is located at the pole and due east is the polar 
axis, then what are the coordinates of radar stations A 
and C on this second system? Round answers to one decimal 
place. 


Is the street system in your town based on a rectangular 
coordinate system, a polar coordinate system, or some other 
system? Explain. 


Problems 94-103 are based on material learned earlier in the course. The purpose of these problems is to keep the material fresh in your 


mind so that you are better prepared for the final exam. 


94. Solve: logy(x + 3) — logy(x — 1) =2 98. If z = 2 — Siandw = 4 + i, find z-w. 


95. Use Descartes’ Rule of Signs to determine the possible 


99. Solve the equation: 4sin@cosé=1,0 =0< 27 


number of positive or negative real zeros for the function 100. Solve the triangle: A = 65°, B = 37°,c = 10 


f(x) = —2x° + 6x? — Tx - 8 
96. Find the midpoint of the line segment connecting the 


101. Find the exact value of sin = 


. 1 so induc, DOR = 10K 
points (—3,7) and (5. 2), /X 102. Simplify: ~ (5x2)2 
97. Given that the point (3, 8) is on the graph of y = f(x), JX 103. Show that sim x = sinx — 2 cos*xsinx + cos’ x sin x. 


what is the corresponding point on the graph 
ory = —27 (x +3). 5? 


‘Are You Prepared?’ Answers 
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; quadrant IV 2. V(x. -— 4)? + (nn - yy)? 3. 9 4. y 3. 


wx |< 
£3 


on 
@|5 


PREPARING FOR THIS SECTION Before getting started, review the following: 


e Symmetry (Section 1.2, pp. 13-17) 

e Circles (Section 1.4, pp. 35-39) 

e Even-Odd Properties of Trigonometric Functions 
(Section 6.3, pp. 402-403) 


\ Now Work the ‘Are You Prepared?’ problems on page 597. 


e Difference Formulas for Sine and Cosine 


(Section 7.5, pp. 487 and 490) 


e Values of the Sine and Cosine Functions at Certain 


Angles (Section 6.2, pp. 378-385) 


OBJECTIVES 1 Identify and Graph Polar Equations by Converting to Rectangular 


Equations (p. 586) 


2 Test Polar Equations for Symmetry (p. 589) 
3 Graph Polar Equations by Plotting Points (p. 590) 
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Just as a rectangular grid may be used to plot points given by rectangular coordinates, 
such as the points (—3,1) and (1,2) shown in Figure 19(a), a grid consisting of 
concentric circles (with centers at the pole) and rays (with vertices at the pole) can be 


5 
used to plot points given by polar coordinates, such as the points (4 =) and (2 *) 


shown in Figure 19(b). Such polar grids are used to graph polar equations. 





Figure 19 (a) Rectangular grid (b) Polar grid 


( DEFINITION Polar Equation 


An equation whose variables are polar coordinates is called a polar equation. 
The graph of a polar equation consists of all points whose polar coordinates 
satisfy the equation. J) 


1 Identify and Graph Polar Equations by Converting 
to Rectangular Equations 


One method that can be used to graph a polar equation is to convert the equation to 
rectangular coordinates. In the following discussion, (x, y) represents the rectangular 
coordinates of a point P, and (r, 8) represents polar coordinates of the point P. 


| EXAMPLE 1 ~ Identifying and Graphing a Polar Equation (Circle) 


Identify and graph the equation: r = 3 
Solution Convert the polar equation to a rectangular equation. 
r=3 
r> =9 Square both sides. 
r+y=9 =x? 4+ y? 


The graph of r = 3 is a circle, with center at the pole and radius 3. See Figure 20. 





3TT 
aa 
d=T7 
511 it 
g= 9 g=4 
g= 2 
Figure20 r= 30rx*+ y°=9 », 


ommmme=-Now Work PROBLEM 15 
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| EXAMPLE 2 © Identifying and Graphing a Polar Equation (Line) 


Identify and graph the equation: 0 = 5 


Solution Convert the polar equation to a rectangular equation. 


es 
e 


tan 6 = tan z Find the tangent of both sides. 














2 = V3 tan@ = 2;tan= = V3 
x x 3 




















y= V3x 
The graph of 6 = 5 is a line passing through the pole making an angle of 5 with the 
polar axis. See Figure 21. = 
Figure21 6 = “ory = 3x 
3 ommm_ms=-Now Work PROBLEM 17 


| EXAMPLE 3 ~ Identifying and Graphing a Polar Equation (Horizontal Line) 


Identify and graph the equation: r sin 9 = 2 


Solution Because y = rsin 9, we can write the 4 
equation as g=7 
_ 3 | ae 
y=2 C= |e g=7 
Therefore, the graph of r sin @ = 2 isa gala LSA ae 
horizontal line 2 units above the pole. ae a oe : . 
See Figure 22. oS a as WG 45 = 0 
ie COMMENT A oraphing utility can be ) | 
~ used to graph polar equations. Read @ = ae | a= 
Using a Graphing Utility to Graph a Polar 9 30 ‘ 
Equation, Section B.8. a 2 
Figure 22 rsind=2ory=2 J 


| EXAMPLE 4 Identifying and Graphing a Polar Equation (Vertical Line) 


Identify and graph the equation: r cos 6 = —3 


Solution Since x =rcosé6, we can write the y 
equation as 
x=-3 


Therefore, the graph of rcos@ = —3 
is a vertical line 3 units to the left of 
the pole. See Figure 23. 

















Figure 23 rcos@ = —30rx = —3 wall 
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371 
oar 
¢6=T7 
9 — oT 
Figure 24 


Examples 3 and 4 on the previous page lead to the following results. (The proofs 


are left as exercises. See Problems 83 and 84.) 


( THEOREM 


Let a be a real number. Then the graph of the equation 


rsino =a 


is a horizontal line. It lies a units above the pole ifa = 0 and lies |a| units below 
the pole ifa < 0. 
The graph of the equation 


rcosdé=a 


is a vertical line. It lies a units to the right of the pole if a = 0 and lies |a| units 
to the left of the pole ifa < 0. J 
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| €XAMPLE5 | Identifying and Graphing a Polar Equation (Circle) 


Identify and graph the equation: r = 4 sin 6 


y t Solution To transform the polar equation to rectangular coordinates, multiply both sides by r. 
gat 
2 





r= 4sin@orx* + (y—- 2)* = 4 


9 = 30 
@=7T— 4 
oT 
anes 
Figure 25 


r= -—2cosdor(x+1)°+ ye =1 


_ 7 
yA 


r’ = 4rsin 0 
Now use the facts that r?7 = x” + y* and y = rsin 6. Then 
x? + Wye = 4y 
x° + (y* — 4y) =0 
x° + (y? —4y +4) =4 Complete the square iny. 


x7 + (y—2)*=4 © Factor. 


This is the standard equation of a circle with center (0, 2) in rectangular coordinates 
and radius 2. See Figure 24. J) 


| EXAMPLE 6 Identifying and Graphing a Polar Equation (Circle) 


Identify and graph the equation: r = —2 cos @ 





y 
A270 Solution 
—2 
_ 7 
O=4 
*OA2 3 4 5 0=0 
4 Xe 


4 


To transform the polar equation to rectangular coordinates, multiply both sides by r. 


r? = —2rcosé@ 
x? + y* = —2x r27 = x2 + y?; x = rcos0 
x +2x+y?=0 
(7 +2x4+1)+y=1 Complete the square in x. 
(x+1)?+y=1 Factor. 


This is the standard equation of a circle with center (—1, 0) in rectangular coordinates 
and radius 1. See Figure 25. 
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(Exploration = Based on Examples 5 and 6 and the Exploration to the left, we are led to the 
P following results. (The proofs are left as exercises. See Problems 85-88.) 


| Be sure the mode of your graphing utility 


is set to polar coordinates and radian a 
measure. Using a square screen, graph THEOREM 
mh = Sind, f= 2sing, and rz = 3sin8. Suppose a is a positive real number. Then 
Do you see the pattern? Clear the screen Equation Description 
and graph r= —Sin@, mh = —2sind, . . . : : 
e id : : er = 2asin 6 Circle: radius a; center at (0, a) in rectangular coordinates 
and r3=-—3siné. Do you see the 
pattern? Clear the screen and graph e y= —2asin@ Circle: radius a;center at (0, —a) in rectangular coordinates 
r = COS 6, fg = 2 COS 8, - 3 : 3 COs 0. e + = 2acosé Circle: radius a; center at (a, 0) in rectangular coordinates 
Do you see the pattern? Clear the screen : : ; ; 
and graph r, = —cos 6, f = —2 cos 6, and e r= —2acos@_ Circle: radius a;center at (—a, 0) inrectangular coordinates 


r3 = —3 cos 6. Do you see the pattern? | Each circle passes through the pole. J 
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The method of converting a polar equation to an identifiable rectangular 
equation to obtain the graph is not always helpful, nor is it always necessary. Usually, 
a table is created that lists several points on the graph. By checking for symmetry, it 
may be possible to reduce the number of points needed to draw the graph. 


2 Test Polar Equations for Symmetry 


In polar coordinates, the points (7,6) and (7, —@) are symmetric with respect to 
the polar axis (and to the x-axis). See Figure 26(a). The points (7, 6) and (7, 7 — @) 


are symmetric with respect to the line 6 = 3 (the y-axis). See Figure 26(b). The 


points (r,@) and (—r,6@) are symmetric with respect to the pole (the origin). See 





Figure 26(c). 
y y y 
_ 7 
377 377 on 2 
an OF gh Ao! = 2 
(7,17 ~ 6) 
(F;0) 
G=T7 Q0=T fa Ris ps _< 
GiNt-2-3.4 5 g=9 
_ oT 517 _ 7 
; a : 3 .~ : 377 
i) — 37 
=] G="5 
Figure 26 (a) Points symmetric with (b) Points symmetric with (c) Points symmetric with 
respect to the polar axis respect to the line 6 = + respect to the pole 


The following tests are a consequence of these observations. 


( THEOREM Tests for Symmetry 
e Symmetry with Respect to the Polar Axis (x-Axis) 


In a polar equation, replace 0 by — 0. If an equivalent equation results, the 
graph is symmetric with respect to the polar axis. 


e Symmetry with Respect to the Line 0 = 7 (y-Axis) 
In a polar equation, replace 6 by 7 — 6. If an equivalent equation results, 
; oe us 
the graph is symmetric with respect to the line 6 = * 


e Symmetry with Respect to the Pole (Origin) 


In a polar equation, replace r by —r or 6 by 6 + a. If an equivalent 
equation results, the graph is symmetric with respect to the pole. = 


590 CHAPTER 9 Polar Coordinates; Vectors 


The three tests for symmetry given on the previous page are sufficient conditions for 
symmetry, but they are not necessary conditions. That is, an equation may fail these tests 


and still have a graph that is symmetric with respect to the polar axis, the line 6 = oe 
or the pole. For example, the graph of r = sin(26) turns out to be symmetric with 


respect to the polar axis, the line 0 = _ and the pole, but only the test for symmetry 


with respect to the pole (replace 6 by 6 + 7) works. See also Problems 93-95. 


3 Graph Polar Equations by Plotting Points 


| EXAMPLE 7 | Graphing a Polar Equation (Cardioid) 


Graph the equation: r= 1 — siné 
Solution Check for symmetry first. 
Polar Axis: Replace 6 by —@. The result is 
r=1-—sin(—68) =1+sin@ sin(-@) = -sin®@ 
The test fails, so the graph may or may not be symmetric with respect to the polar axis. 


The Line 0 = ~ Replace 6 by 7 — 6. The result is 


r=1-—sin(7 — 0) =1-— (sinz cos @ — cos 7 sin 6) 
= 1— [0-cos@ — (—1) siné] = 1 — sind@ 


The test is satisfied, so the graph is symmetric with respect to the line 0 = >" 


The Pole: Replace r by —r. Then the result is —r = 1 — sin@, sor = —1 + sin @. 
The test fails. Replace 0 by 0 + wz. The result is 


r= 1-— sin(6 + 7) 
= 1 — [sin @ cos 7 + cos @sin 7 | 
= 1 — [sin 6-+(—1) + cos 6:0] 
= 1+ siné 
This test also fails, so the graph may or may not be symmetric with respect to the pole. 


Table 1 Next, identify points on the graph by assigning values to the angle 6 and 
calculating the corresponding values of r. Due to os periodicity of the sine ane 
= — the symmetry with respect to the line 6 = 7? just assign values to 6 from — a 
2 to 7 as given in Table 1. 
He Now plot the points (r,@) from Table 1 and trace out the graph, beginning at 
° the point (2 = =) and ne at the point (0. =) Then reflect this portion of the 
6 graph about the line 6 = 7 (the y-axis) to obtain the complete graph. See Figure 27 
y 
- Q t | 
i on] 


us 
3 
ue 
2 





| Exploration 9 — oT | 


ay orah rm = 1+ sin@. Clear the screen and 4 
(Ey graph r, = 1 —cosé. Clear the screen 


d hy=1+ 6. D : r 
and graph cos @. DO you see a Figure27 r=1- sin@ J 


pattern? 
) The curve in Figure 27 is an example of a cardioid (a heart-shaped curve). 
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( DeFINITION Cardiods 


Cardioids are characterized by equations of the form 


a(1 + cos@) =a(1 + sing) 





a(1 — cos @) a(1 — sin @) 


where a > (0). The graph of a cardioid passes through the pole. J 
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| €XAMPLES | PLE 8 Graphing a Polar Equation (Limacon without an Inner Loop) 


Graph the equation: r = 3 + 2 cos 6 
Solution Check for symmetry first. 


Polar Axis: Replace 6 by —@. The result is 
r=3+2cos(—68) =3+2cos@ cos(-—0@) = cosé 
The test is satisfied, so the graph is symmetric with respect to the polar axis. 


The Line 0 = 7 Replace 6 by 7 — 6. The result is 


r=3+2cos(7 — 6) =3 + 2(cos7cos 6 + sin 7 sin @) 


= 3 — 2cosé 
The test fails, so the graph may or may not be symmetric with respect to the 
IT 

line 6 = —. 

ine 5 
Table 2 The Pole: Replace r by —r. The test fails, so the graph may or may not be symmetric 
with respect to the pole. Replace 6 by 6 + 7. The test fails, so the graph may or may 

not be symmetric with respect to the pole. 


ele Next, identify points on the graph by assigning values to the angle 6 and 


Bee V3 ~ 473 calculating the corresponding values of 7. Due to the periodicity of the cosine function 
2 and the symmetry with respect to the polar axis, just assign values to 0 from 0 to 7, 
as given in Table 2. 
Now plot the points (7, 6) from Table 2 and trace out the graph, beginning at the 
point (5,0) and ending at the point (1, 7). Then reflect this portion of the graph 
about the polar axis (the x-axis) to obtain the complete graph. See Figure 28. 


@O/2 © 


us 
3 
= 


N ND 


= 
i 





| Exploration 


Wm) Graph mr, = 3 — 2cosé@. Clear the screen J 
and graph r, = 3+ 2siné. Clear the Figure 28 r= 3 + 2cosé 





screen and graph r, = 3 — 2siné. Do you 


see a pattern? The curve in Figure 28 is an example of a limacon (a French word for snail) 
ee ithout an inner loop. 
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( DEFINITION Limacons without an Inner Loop 


Limacons without an inner loop are characterized by equations of the form 


a+ bsin@ 


= i) ee 





where a > b > 0. The graph of a limacon without an inner loop does not pass 
through the pole. ij 
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| EXAMPLES | Graphing a Polar Equation (Limacon with an Inner Loop) 


Graph the equation:r = 1 + 2 cos 6 
Solution First, check for symmetry. 
Polar Axis: Replace 6 by —@. The result is 
r=1+2cos(—0) = 1+2cosé@ 


The test is satisfied, so the graph is symmetric with respect to the polar axis. 
The Line 0 = >" Replace 6 by 7 — 6. The result is 


r=1+2cos(7 — 6) = 1+ 2(cos7cos 6 + sin 7 sin @) 
= 1—2cos@ 


The test fails, so the graph may or may not be symmetric with respect to the 


line @ = — 
7 


Table 3 The Pole: Replace r by —r. The test fails, so the graph may or may not be symmetric 


with respect to the pole. Replace 6 by 6 + 7. The test fails, so the graph may or may 


0 ie not be symmetric with respect to the pole. 
= Ee Next, identify points on the graph of r = 1 + 2 cos @ by assigning values to the 
6 (0. 972 angle @ and calculating the corresponding values of r. Due to the periodicity of the 
g cosine function and the symmetry with respect to the polar axis, just assign values 

us to 6 from 0 to 7, as given in Table 3. 

£ Now plot the points (r,@) from Table 3, beginning at (3,0) and ending 
ie at (—1, 77). See Figure 29(a). Finally, reflect this portion of the graph about the polar 
2 axis (the x-axis) to obtain the complete graph. See Figure 29(b). 

27 

a. y y 

Ba 0-5 

6 





\ 6=0 
é 
(-1,77) 
(~0.73,2) 
(5 | _7% _ 5a | 
0= 7a ! oie G 
( Exploration ears 9=F 
Graph r, = 1 — 2 cos@. Clear the screen Figure 29 (a) (b) r=1+2cos0 me 


and graph r, =1+ 2siné. Clear the 
screen and graph r, = 1 — 2siné. Do you 


see a pattern? 
a The curve in Figure 29(b) is an example of a limacon with an inner loop. 
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(DEFINITION Limacons with an Inner Loop 


Limacons with an inner loop are characterized by equations of the form 


a+ bsin@ 


a— bsin@ 





where b > a > 0. The graph of a limacon with an inner loop passes through 
the pole twice. =) 


oymmme-Now Work PROBLEM 47 


| EXAMPLE 10 — Graphing a Polar Equation (Rose) 


Graph the equation: r = 2 cos(20) 
Solution Check for symmetry. 
Polar Axis: Replace 0 by —6. The result is 
r = 2 cos[2(—6@) |] = 2 cos(26) 
The test is satisfied, so the graph is symmetric with respect to the polar axis. 
The Line 0 = = Replace 6 by 7 — 6. The result is 
P=2cos|2(r— @) | =2c0s(2a7 — 20). = 2c0s( 20) 


— : oe _7 
Table 4 The test is satisfied, so the graph is symmetric with respect to the line 0 = * 


The Pole: Since the graph is symmetric with respect to both the polar axis and the 


line 9 = = it must be symmetric with respect to the pole. 
Next, construct Table 4. Because of the periodicity of the cosine function and 
the symmetry with respect to the polar axis, the line 0 = 5 and the pole, only list 
TT 
values of 6 from 0 to om 


Plot and connect these points as shown in Figure 30(a). Finally, because of 
symmetry, reflect this portion of the graph first about the polar axis (the x-axis) and 





0 

aE 
6 
A 
4 
ls 
3 
be 
2 


then about the line 6 = (the y-axis) to obtain the complete graph. See Figure 30(b). 


| Exploration 


Graph r; = 2 cos(46); clear the screen and 
graph r, = 2 cos(60@). How many petals 
did each of these graphs have? 

Clear the screen and graph, in order, 
each on a clear screen, ™ = 2 cos(36), 





r, = 2c0s(50), and 1, =2cos(76), Figure 30 (a) (b) r= 2 cos (26) =) 
What do you notice about the number of 
petals? 


The curve in Figure 30(b) is called a rose with four petals. 
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( DEFINITION Rose 


Rose curves are characterized by equations of the form 
° r = acos(né) e r= asin(née) a # 0 


and have graphs that are rose shaped. 
Ifn A 0 is even, the rose has 2n petals;ifn #~ +1 is odd, the rose has n petals 
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| EXAMPLE 11 | Graphing a Polar Equation (Lemniscate) 


Graph the equation: r? = 4 sin(26) 


Solution We leave it to you to verify that the graph is symmetric with respect to the 
pole. Because of the symmetry with respect to the pole, only list those values 


of 6 between 0 = O and 6 = 7. Note that for < @ < mw (quadrant IT) there are no 


points on the graph since r? < 0 for such values. Table 5 lists points on the graph for 





Table 5 values of 6 = 0 through 6 = > The points from Table 5 where r = 0 are plotted 
in Figure 31(a). The remaining points on the graph may be obtained by using 
0 symmetry. Figure 31(b) shows the final graph drawn. 
Mg 
6 
us 
3 
d=7 
Ms 
2 
g= 27 
g=2 g=2 r 
Figure 31 (a) (b) r*=4sin (20) 


The curve in Figure 31(b) is an example of a lemniscate (from the Greek word 
for ribbon). 


( pDeFINITION Lemniscates 


Lemniscates are characterized by equations of the form 


er? = a’sin(26) ° r* = a’ cos(20) 





where a # (Q), and have graphs that are propeller shaped. J 
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| EXAMPLE 12 | Graphing a Polar Equation (Spiral) 


Graph the equation: r = e%/° 


i 7 

Solution — The tests for symmetry with respect to the pole, the polar axis, and the line 9 = 7 
fail. Furthermore, there is no number 0 for which r = 0, so the graph does not pass 
through the pole. From the equation, note that r is positive for all 6, r increases as 0 
increases, r—>0as@—>—CW,andr— © asd ©. 


Table 6 


eo 
2 


| 
SIRE Sel = B/Aa via a 





NO 
>) 


Table 7 


Description 


Rectangular equation 
Polar equation 


Typical graph 


Description 


Rectangular equation 
Polar equation 


Typical graph 
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With the help of a calculator, the values in Table 6 can be obtained. See Figure 32. 


Figure 32 r= e%> 





J 


The curve in Figure 32 is called a logarithmic spiral, since its equation may be 
written as 0 = 5 In rand it spirals infinitely both toward the pole and away from it. 


Classification of Polar Equations 


The equations of some lines and circles in polar coordinates and their corresponding 
equations in rectangular coordinates are given in Table 7 Also included are the names 
and graphs of a few of the more frequently encountered polar equations. 


Line passing through the 
pole making an angle a 
with the polar axis 


Vertical line 


y = (tan a)x 
d=a 


Ys 


Circles 


Center at the pole, radius a Passing through the pole, 


tangent to the line 


IT 
= 3" center on the 


polar axis, radius a 


xy = alan, a = 0 


f— 2a COS ba 0 


Yh 


Horizontal line 


y=) 
rsin@d = b 


VA 


Passing through the pole, 
tangent to the polar 
axis, center on the line 


qT 
6 = —, radius 
9 a 


x*+y*= +2ay, a>O0 
r= +2asin0, a>0O 


tt 





(continued) 
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Table 7 (Continued) 


Name 


Polar equations 


Typical graph 


Name 


Polar equations 


Typical graph 


Other Equations 


Cardioid 
COS mae=-40 


i eaeSiMloeea = 10 


Yh 


Lemniscate 
(= OF Ces OD), a =? 0 
r? =a’ sin(20), a #0 


Yh 


Limagon without inner loop 
GA =) COS0, a=. 1) 0 
h— a =p Sing, a= pb = 0 


Y 


Rose with three petals 
r=asin(30), a>0 


r=acos(30), a>0 


Yh 





Sketching Quickly 


If a polar equation involves only a sine (or cosine) function, you can quickly obtain 
its graph by making use of Table 7, periodicity, and a short table. 


Limagon with inner loop 
P—=a =) COs¢, Db -a= 0 
(p= aie Sih () Sa 0 


YI 


Rose with four petals 
r=asin(26), a>0 


r=acos(20), a>0O 


4 


Sketching the Graph of a Polar Equation Quickly 








Solution 


Graph the equation:r = 2 + 2 sin 6 


Because a = b = 2, the graph of this polar equation is a cardioid. The period of sin 6 


is 277, so form a table using 0 = 0 S 277, compute r, plot the points (7, 8), and sketch 
the graph of a cardioid as 6 varies from 0 to 277. See Table 8 and Figure 33. 


Table 8 


0 r=2+2sin0 








Figure 33 r= 2+ 2sine _) 
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important role of polar equations is in order. 


x Calculus Comment For those of you planning to study calculus, a comment about one 


In rectangular coordinates, the equation x” + y” = 1, whose graph is the unit 
circle, is not the graph of a function. In fact, it requires two functions to obtain the 


eraph of the unit circle: 


y, = V1 — x? Upper semicircle yo = —V1 — x’? Lower semicircle 


In polar coordinates, the equation r = 1, whose graph is also the unit circle, does 
define a function. For each choice of 6, there is only one corresponding value of 7, 
that is, r = 1. Since many problems in calculus require the use of functions, the 
opportunity to express nonfunctions in rectangular coordinates as functions in polar 
coordinates becomes extremely useful. 

Note also that the vertical-line test for functions is valid only for equations in 


rectangular coordinates. 


Historical Feature 


olar coordinates seem to have been who used them for describing odd curves. Finally, about the 
invented by Jakob Bernoulli (1654—1705) mid-1800s, applied mathematicians realized the tremendous 


in about 1691, although, as with most Simplification that polar coordinates make possible in the description 
such ideas, earlier traces of the notion exist. of objects with circular or cylindrical symmetry. From then on, their 
Early users of calculus remained committed to use became widespread. 


rectangular coordinates, and polar coordinates 
did not become widely used until the early 
Vio Bovieal 1800s. Even then, it was mostly geometers 


(1654-1705) 


9.2 Assess Your Understanding 





‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. If the rectangular coordinates of a point are (4, —6), 4. Is the sine function even, odd, or neither? (pp. 402-403) 
the point symmetric to it with respect to the origin Sat 
ie (pp. 13-17) 5. sin 7a (pp. 378-385) 
2. The difference formula for cosine is cos(A — B) = —___. , 27 eda 
(p. 487) + COS = (pp. 378-385) 
3. The standard equation of a circle with center at (—2,5) and 
radius 3 is . (pp. 35-39) 





Concepts and Vocabulary 


7, An equation whose variables are polar coordinates 1s called 12. 
a(n) Ks 
8. True or False The tests for symmetry in polar coordinates 
are always conclusive. 





9. To test whether the graph of a polar equation may be 
symmetric with respect to the polar axis, replace 0 by ____ 


10. To test whether the graph of a polar equation may be 14. 





symmetric with respect to the line @ = * replace 6 by 


11. Rose curves are characterized by equations of the 
form r = acos (n@) orr = asin (n@),a # 0. Ifn ¥ Ois 
even, the rose has ____ petals; if m # +1 is odd, the rose 
has ___ petals. 


Skill Building 


True or False A cardioid passes through the pole. 


Multiple Choice For a positive real number a, which polar 
equation is a circle with radius a and center (a,0) in 
rectangular coordinates? 

(a) r = 2asin@ (c) r = 2acos 6 

(b) r = —2asin 0 (d) r = —2acos 6 


Multiple Choice In polar coordinates, the points (r, 0) 
and (—r,@) are symmetric with respect to which of the 
following? 


(a) the polar axis (or x-axis) (b) the pole (or origin) 
(c) the line 6 = > (or y-axis) (d) the line 0 = + 
(ory = x) 


In Problems 15-30, transform each polar equation to an equation in rectangular coordinates. Then identify and graph the equation. 


ME 15.7 =4 i¢ ¢= N126- 


19. rsing =4 20. rcos@ = 4 21. rcos@ = —2 22. rsin@ 


7 


= 18. 0 = — 
3 


| AIA 


598 CHAPTER 9 Polar Coordinates: Vectors 





\ 23. r = 2 cos 0 24. r= 2sin0 25. r = —4sin 0 26. r = —4cos 0 
27. rsec@ = 4 28. rcsc@ = 8 29. rcsc@ = —2 30. rsec@ = —4 
In Problems 31-38, match each of the graphs (A) through (H) to one of the following polar equations. 
31. r= 2 32.9 = 7 33. r = 2cos 6 34. rcos @ = 2 
3 
35. r= 1+ cosé 36. r = 2sin0 37, 6 = 
y 
gta 
g= 2 g=7 
ral | : 
ram IRE ao 
a= Pea 
6-3 
(C) 
y 
ptt | 
g=% A 9=% 
CO, 
0a7 SMA | = 0 
p= ya oa gas ee ame 
g=3t 9 = g=2 
(E) (F) (G) 
In Problems 39-62, identify and graph each polar equation. 
\ 39. r= 2 + 2cos¢@ 40.r=1+ sind 41.r=—3- 3sin0 42. r = 2 — 2cos 0 
43. r= 2+ sin@ 44. r = 2 — cos \. 45. r= 4 - 20s 0 46.7 = 4 + 2sin6 
\ 47. r= 14 2sine 48. r = 1 — 2sin@ 49. r = 2 — 3cos@ 50. r = 2 + 4 cos 
\ 51.7 = 3 cos (26) 52. r = 2 sin(36) 53. r = 4sin(56) 54. r = 3 cos(46) 
A 55. 1? = 9.cos (26) 56. 72 = sin(20) 57, 7 = 2 58. 7 = 3° 
SY. 7 = 1 = 608.0 60. r= 3 + cos 61. r= 1 — 3cosé 62. r = 4cos(30) 


Applications and Extensions 


In Problems 63-66, the polar equation for each graph is eitherr = a + bcos@orr =a-+t bsin6@,a > 0. Select the correct equation and 
find the values of a and b. 


63. y 64. y 
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In Problems 67-72, graph each pair of polar equations on the same polar grid. Find the polar coordinates of the point(s) of intersection 
and label the point(s) on the graph. 


67. 
70. 


r= 8cos6;r = 2 sec 8 
r=3;r=2+2cos0 


In Problems 73-82, graph each polar equation. 


73. 


73. 


77. 


79. 


81. 


83. 


85. 


87. 


89 


90. 


91. 


2 


as REY (parabola) 
—— (ellipse) 
r= 0, 020 (spiral of Archimedes) 


r=csc?—2, 0<6< 7a (conchoid) 


ws T 
r=tand, — > <@< a (kappa curve) 
Show that the graph of the equation r sin 8 = aisa horizontal 


line a units above the pole if a = 0 and |a| units below the 
pole ifa < 0. 


Show that the graph of the equation r = 2asin6,a > 0, 
is a circle of radius a with center (0,a) in rectangular 
coordinates. 


Show that the graph of the equation r = 2acos 6,a > 0, 
is a circle of radius a with center (a,0) in rectangular 
coordinates. 


sailboat sailing at different angles to a wind of given speed. 

See the figure. Use the plot to approximate the attainable 

speed of the sailboat for the given conditions. 

(a) Sailing at a 140° angle to a 6-knot wind. 

(b) Sailing at a 160° angle to a 10-knot wind. 

(c) Sailing at a 80° angle to a 20-knot wind. 

(d) If the wind blows at 20 knots, for what angles 
will the sailboat attain a speed of 10 knots or 
faster? 

(e) If the wind blows at 10 knots, what is the maximum 
attainable speed of the sailboat? For what angle(s) does 
this speed occur? 

Source: myhanse.com 


Challenge Problem Show that r = acos 6 + b sin 9, with a,b 
not both zero, is the equation of a circle. Find the center and 
radius of the circle. 


Challenge Problem Express r? = cos(20) in rectangular 
coordinates free of radicals. 


Explaining Concepts: Discussion and Writing 


93. 


Explain why the following test for symmetry is valid: 
Replace r by —r and @ by —@ in a polar equation. If an 
equivalent equation results, the graph is symmetric with 


respect to the line 6 = . (y-axis). 


(a) Show that the test on page 589 fails for r? = cos 0, yet 
this new test works. 

(b) Show that the test on page 589 works for r* = sin @, yet 
this new test fails. 


68. r = 8sin6;r = 4csc@ 
71.r=1+sin0;r=1+cosé 


74. 


76. 


78. 


80. 


82. 


84. 


86. 


88. 


92. 


94, 


oS. 


96. 


69. r= sin@é;r = 1 + cos@ 
72. r= 1+ cos6;r = 3cosé@ 


a ae — F (hyperbola) 
it 
0 ee (parabola) 
3 ; 
= (reciprocal spiral) 
r=sin@tané@ (cissoid) 


= cos & 
2 


Show that the graph of the equation r cos 0 = ais a vertical 
line a units to the right of the pole if a = 0 and |a| units to 
the left of the pole ifa < 0. 


Show that the graph of the equation r = —2asin6,a > 0, 
is a circle of radius a with center (0,—a) in rectangular 
coordinates. 


Show that the graph of the equation r = —2acos 6,a > 0, 
is a circle of radius a with center (—a,0) in rectangular 
coordinates. 


Wind 


. Sailing Polar plots provide attainable speeds of a specific 


Direction 


Wind Speed 
20° —# 6 knots 


oo 
(en) 
° 
— 
So 
aT a 
\. —9q——_—. 
— 
len) 






2 
F AR 30° == 10 knots 
40 Big 40° = 20 knots 
50° = 90° 
60° cs 6 60° 
70° a3 70° 
5.3 
80° co’. 2. 80° 
1 
90° - 90° 


150° 730? 


160° 179° 489° 170° 160° 


Challenge Problem Prove that the area of the triangle with 
vertices (0,0), (7, 6,), and (1, 02),0 = 0; < 6, S$ 7, 1s 


1 
K= 5 M12 sin(@) — 0,) 


Write down two different tests for symmetry with respect to 
the polar axis. Find examples in which one test works and 
the other fails. Which test do you prefer to use? Justify your 
answer. 


The tests for symmetry given on page 589 are sufficient, but 
not necessary. Explain what this means. 


Explain why the vertical-line test used to identify functions 
in rectangular coordinates does not work for equations 
expressed in polar coordinates. 
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Retain Your Knowledge 


Problems 97-106 are based on material learned earlier in the course. The purpose of these problems is to keep the material fresh in your 
mind so that you are better prepared for the final exam. 





97. Solve: 2 => 1 101. Find the remainder when 3x° — 2x* + 7x — 5 is divided 
—3 bys = 1. 
102. Find the area of a triangle with sides 6, 11, and 13. 


103. Solve: 3° = 9'™* 
99. Determine the amplitude and period of y = —2sin(5x) 104. Solve6 + Fy =— 56 


7. 
98. Convert 3" radians to degrees. 


without graphing. 105. m = f '(x) = 3x? + 8x gives the slope of the tangent line to 
100. Find any asymptotes for the graph of the graph of f(x) = x° + 4x? — 5 at any number x. Find an 
R(x) =% x +3 equation of the tangent line to fatx = —2. 
x-x—12 /X 106. Show that cos’ x = cos x — sin’ x cos x. 


‘Are You Prepared?’ Answers 


MIS 
N 
—_ 


1. (-4,6) 2. cosAcosB+sinAsnB 3. (x +2)?+(y-5)?=9 4.Odd 5. - 


9.3 The Complex Plane; De Moivre’s Theorem 


PREPARING FOR THIS SECTION Before getting started, review the following: 


¢ Complex Numbers (Section A.7, pp. A54-A59) e Sum and Difference Formulas for Sine and Cosine 
e Values of the Sine and Cosine Functions at Certain (Section 7.5, pp. 487 and 490) 
Angles (Section 6.2, pp. 378-385) e Laws of Exponents (Section A.1, pp. A7-A9) 


Me Now Work the ‘Are You Prepared?’ problems on page 607. 


OBJECTIVES 1 Plot Points in the Complex Plane (p. 600) 


2 Convert a Complex Number between Rectangular Form and Polar Form 
or Exponential Form (p. 601) 


3 Find Products and Quotients of Complex Numbers (p. 603) 
4 Use De Moivre’s Theorem (p. 604) 
5 Find Complex Roots (p. 605) 





1 Plot Points in the Complex Plane 


Complex numbers are discussed in Appendix A, Section A.7. In that discussion, we 
Imaginary were not prepared to give a geometric interpretation of a complex number. Now 


ax we are ready. 
A complex number z = x + yi can be interpreted geometrically as the 
y e7=x+ yi point (x, y) in the xy-plane. Each point in the plane corresponds to a complex number, 


and conversely, each complex number corresponds to a point in the plane. The 
Real ~— collection of such points is referred to as the complex plane. The x-axis is referred to as 
0 . as the real axis, because any point that lies on the real axis is of the form z = x + Oi = x, 
a real number. The y-axis is called the imaginary axis, because any point that lies on 
the imaginary axis is of the form z = 0 + yi = yi, a pure imaginary number. See 
Figure 34 Complex plane Figure 34. 
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| EXAMPLE 1 ~ Plotting a Point in the Complex Plane 


Plot the point corresponding to z = V3 — iin the complex plane. 


: Imaginar 
Solution The point corresponding to z = \/3 — i has the a : 


rectangular coordinates (V3, —1). This point, 
located in quadrant IV, is plotted in Figure 35. 





Figure 35 _J 


( DEFINITION Magnitude or Modulus 


Suppose z = x + yi is a complex number. The magnitude or modulus of z, 
denoted |z], is the distance from the origin to the point (x, y). That is, 


Iz] = Vx? + y? (1) 
= 


Imaginary 
axis See Figure 36 for an illustration. 

This definition for |z| is consistent with the definition for the absolute value of a 
real number: If z = x + yiis areal number then z = x + Oi and 


Z| = Vx2 + 0? = Vx? = |x" 


For this reason, the magnitude of z is sometimes called the absolute value of z. 

Recall that if z =x + yi, then its conjugate, denoted Z, is Z =x — yi. 
Because zZ = x” + y” isa nonnegative real number, it follows from equation (1) that 
Figure 36 the magnitude of z can be written as 





iz) = Vz (2) 


2 Convert a Complex Number between Rectangular Form and 
Polar Form or Exponential Form 


When a complex number is written in the standard form z = x + yi, it is in 
rectangular, or Cartesian, form, because (x, y) are the rectangular coordinates of the 
corresponding point in the complex plane. Suppose that (7, 86) are polar coordinates 
of this point. Then 


x =rcosé y=rsing 


(DEFINITION Polar Form of a Complex Number 


Ifr = 0 and O S @ < 27, the complex number z = x + yi can be written in 
Imaginary polar form as 
axlS 
z=xt+ yi=rcosé + (rsin@)i = r(cosé@ + isin @) (3) 





nd 


Real See Figure 37 

If z=r(cos@+isin@) is the polar form of a complex number,* the 
7=x+ yi=r(cos6 + isin6), angle 0,0 <= @ < 27, is called the argument of z. 

r=0,0<0<27 





Figure 37 *Some texts abbreviate the polar form using z = r(cos@ + isin@) = rcis8@. 
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Also, because r = 0, we have r = Vx? + y*. From equation (1), it follows that 
the magnitude of z = r(cos @ + isin @) is 


Pals 
s Need to Review? — 
pe The number e is defined in | Leonhard Euler (1707-1783) established a relationship, known as Euler's 
2 Section 5.3, p. 287. Formula, between complex numbers and the number e. 


( tHeoREM Euler's Formula 


For any real number 6, 


e’? = cos 6 + isin dé 


wd 


The proof of Euler’s Formula requires mathematics beyond the level of this text, so 
it is not included here. 

Euler’s Formula allows us to write the polar form of a complex number using 
exponential notation. 


r(cos@ + isin@) = re’® (4) 


When a complex number is written in the form z = re’®, it is said to be written in 
exponential form. Note in Euler’s Formula that 6 is a real number. That is, 6 is in 
radians. 


| EXAMPLE 2 ~ Writing a Complex Number in Polar Form and in Exponential Form 


Write z = V3 —iin polar form and in exponential form. 


Solution Because x = V3 and y = —1, it follows that 
Fe Vi + y= V (V3)? 4+ (-1)2? = V4 =2 


SO 


ie) 


—] 
cos @ = % are 7S 0=60<27 
r 2 r 2 


- Lig... 117 
The angle 0,0 =< 0 < 27, that satisfies both equations is 9 = 6 Withé = “| 


andr = 2, the polar form of z = V3 — iis 
os ir sn IE 
z=r(cosé+isinéd) = 2 COS eet +E Sit 


The exponential form of z = V3 — iis 


i 11 
z=re? =e M76 g = ar = 2 J 


onttmmm_==-NOw Work PROBLEM 13 
| EXAMPLE 3 | Plotting a Point in the Complex Plane and Converting It to 
Rectangular Form 
Plot the point corresponding to z = 2( cos Z Fd Sint =) = 2e''7/° in the complex 


6 
plane, and convert z to rectangular form. 
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Solution To plot the complex number z = 2 (cos + isin = = 2e'"/°, plot the point 





Imaginary 
axis 1 — . 
a whose polar coordinates are (7,0) = | 2, — } as shown in Figure 38. To express z in 
2 z= cos F + ising) = 2e 6 
2A 4.2.0 
6 Real rectangular form, expand z = 2 (co: t+ isin =) 
0 2 axis 6 6 


—2 T 5. OE ve) 
z=2\cos—+ isn—] = 2|— + 


Figure 38 z= 2e7/° 6 6 


1 
~j| = +i 
5 >i) Ve 1 


= 


ommm_=- Now Work PROBLEM 25 


3 Find Products and Quotients of Complex Numbers 


The exponential form of a complex number is particularly useful for finding 
products and quotients of complex numbers. The following theorem states that the 
laws of exponents can be used. 


‘2 : 

s Need to Review? => 

= The Laws of Exponents are THEOREM 

C ere sada Suppose z, = re"! and z = re'” are two complex numbers. Then 
<a 


i(0,; + 65) 





Zig =e. “One 2 = mrye 


If z ~ O, then 





Proof We prove formula (5). The proof of formula (6) is left as an exercise (see 
Problem 70). 


ZZ = ryet+ roe!” 


= r,(cos 6, + isin 0,) +r.(cos 6) + isin 6) 

= r1r(cos 6, + isin 6) (cos 6) + isin 6>) 

= r,r2| (cos 0; cos 6) — sin 6; cos 6.) + i(sin 6; cos 6, + cos 6; sin 62) | 
= r1r,| cos (0; + 0) + isin(O,; + 62) | 


_ i1(0, + 6 
= rye" 2) g 


| EXAMPLE 4 Finding Products and Quotients of Complex Numbers 


5 5 
Ifz = 3( cos = + isin =) and w = 5(cos a + isin =), find 


Z 
(a) zw (b) = 
Express the answers in polar form and in exponential form. 


5 5 
Solution (a) zw = 3( cos 2 + isin =) -5( cos > + isin =) 


Write the complex numbers in 


= ia/9 , x i'Sa/9 . 
3e Se exponential form. 


— 3-5- gi (7/9 + 52/9) Use formula (5). 


= 15e! 27/3 Exponential form of the product zw 


= 15( co = + isin =z) Polar form of the product zw 


3 (continued) 
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3( cos = + isin =) om) 
(b) en ae 7 ane oo Write the complex numbers in 
" 5(cos oe + isin =) Bae exponential form. 
9 9 
= 3 i*(a7/9—57/9) — 3 it (—477/9) 
=—e = 3 e Use formula (6). 
T Boi TT 
= =| cos( - =) + isin( =) 
a 149 The argument must be between 0 and 277. 
~ 2 co > Tt esl =| Polar form of the quotient — 


z 
ial fi f lent — 
Exponential form of the quotient 


ommmm-Now Work PROBLEM 37 


Notice that the solution to Example 4(b) demonstrates that the argument of a 
complex number is periodic. 


( THEOREM 


The argument of a complex number is periodic. 


re!9 = pel(9 + 2k) & an integer 


You are asked to prove this theorem in Problem 71. 


4 Use De Moivre’s Theorem 


We have seen that the four fundamental operations of addition, subtraction, 
multiplication, and division can be performed with complex numbers. 

De Moivre’s Theorem, stated by Abraham De Moivre (1667-1754) in 1730, but 
already known to many people by 1710, is important because it allows the last two 
fundamental algebraic operations, raising to a power and extracting roots, to be used 
with complex numbers. 

De Moivre’s Theorem, in its most basic form, is a formula for raising a complex 
number z to the power n, where n = 1 is an integer. 


Suppose z = re’’ is a complex number. Then 
tHe GSH re Se 


n = 3: 2° = (re!®)° = rze!(28) 


rel? = pe!P%) Formula (5) 


tHe gS (re’®)* = pre). re! = p4e!(49) Formula (5) 
Do you see the pattern? When written in exponential form, rules for exponents can 
be used to raise a complex number to a positive integer power. 


( THeoReM De Moivre’s Theorem 


6 


If z = re’’ is a complex number, then 


zt = r2el(n) 


where n = 1 is an integer. J 


The proof of De Moivre’s Theorem requires mathematical induction (which is 
not discussed until Section 12.4), so it is omitted here. The theorem is actually true 
for all integers n. You are asKed to prove this in Problem 73. 
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| €XAMPLE5 ~ Using De Moivre's Theorem 


3 
7 cit , , 
Express 2( cos 2 + isin =) in exponential form re’® and in rectangular 


form x + yi. 


3 3 
Solution 2( cos 7 + j sin) = (2e"*? ) Convert the complex number 


9 to exponential form. 
oe ot =be a Use De Moivre’s Theorem. 
— 8 Fy so all Convert the complex number 
a area to polar form. 
1 V3 
=9(5+S3i) = 4+ 4v3 


3 
So, 2( cos + isin =) = 873 = 4 + 4A\V/3i. J 


9 
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| EXAMPLE 6 Using De Moivre's Theorem 


Express (1 + 7)° in exponential form re’® and in rectangular form x + yi. 


Solution Touse De Moivre’s Theorem, first convert the complex number to exponential form. 
Since the magnitude of 1 + iis V1? + 1? = 4/2, begin by writing 


i 1 : 
Ld v3( = + =i) = Va( cos + isin) = V2er7/4 
NOTE !n the solution of Example 6, the V2 «V2 
approach used in Example 2 could also be Then 


used to write 1 + iin polar form. 
(1 +i) = (V2e!7/4)° ~ (V2)>eiS-/4) = 4\/2ei'5t/4 


4V3{ cos = + isin =| sv7| -—p + (- J} = —4- 4j 


So, (1 + 1)5 = 4V 2e8 57/4 = —4 — Ay of] 


5 Find Complex Roots 


Suppose w is a complex number, and n = 2 is a positive integer. Any complex 
number z that satisfies the equation 


z"=w 


is a complex nth root of w. In keeping with previous usage, if = 2, the solutions of 
the equation z* = w are called complex square roots of w, and ifn = 3, the solutions 
of the equation z? = w are called complex cube roots of w. 


( THEOREM Finding Complex Roots 


Suppose w = re’’isacomplex number andn = 2is aninteger.If w # 0, there 


are n distinct complex roots of w, given by the formula 
a V/7 eb A/n) (8 + 2k) (7) 


wherek — UO. 2. 222 an — Je J) 
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Proof (Outline) We do not prove this result in its entirety. Instead, we show only that 
each z, in formula (7) satisfies the equation zi = w, proving that each z, is a 
complex nth root of w. 


nN 
ze — V/ 7 ef(1/n) (0 aa] = (Vr )tea (6 + 2kar)] — rei(9 + 2ka) rel? = w 
De Moivre’'s Theorem The argument of a complex 


number is periodic. 


So each z,,k = 0,1, ... ,m — 1,1s acomplex nth root of w.'To complete the proof, 
we need to show that each z,,k = 0,1, ... ,n — 1,1s,1n fact, distinct and that there 
are no complex nth roots of w other than those given by formula (7). a 


| EXAMPLE 7 ~ Finding Complex Cube Roots 


Find the complex cube roots of —1 + V3i. Express the answers in exponential form. 


Solution First, express —1 + V3i in exponential form. 


1 3 > Z 7 
= ha V3; = 2-3 + a) = 2( cos + 1sin =) = 2 ¢! 27/3 


Z 2 


1 2 
cos@é = —-—;sin@é = V3 _, -— 
2 2 3 
Then using formula (7), the three complex cube roots of —1 + V3i = 2e27/3 are 


y= W¥/9 ei( 1/3) (2m/3 + 6k7/3) _ VW ei(2a + 6kT)/9 pp = 0,1,2 
That is, 
zy = W2ei 2m + 60-79 _ V7 p20) 
z= WV ei(2a +6°1*r)/9 _ VV ei 87/9 
Z = WV eil2a +6°2*)/9 _ VV ei 1477/9 J 
Notice that each complex root of —1 + \/3i has the same magnitude, W/2. This 


means that the point corresponding to each cube root is the same distance from the 
origin and lies on a circle with center at the origin and radius W2. Furthermore, the 


27 8 4 
arguments of these cube roots are > 53 and > and the difference of consecutive 
1 Z 
pairs is 3 27 = = This means that the three points are equally spaced on the circle, 


as shown in Figure 39. These results are not coincidental. In fact, you are asked to 
show that these results hold for complex nth roots in Problems 67 through 69. 


Imaginary 
axis 







1-271/9 
= %%e 


Real 
axis 

1471/9 
e 


Figure 39 
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Historical Feature 


considered square roots of negative in their actual existence. In 1673, John Wallis appears to have been 
quantities to be impossible and equations the first to suggest the graphical representation of complex numbers, 
with complex solutions to be unsolvable. The a truly significant idea that was not pursued further until about 1800. 
first hint that there was some connection Several people, including Karl Friedrich Gauss (1777-1855), then 
between real solutions of equations and rediscovered the idea, and graphical representation helped to establish 


| he Babylonians, Greeks, and Arabs mathematicians worked with complex numbers without much belief 


complex numbers came when Girolamo Cardano complex numbers as equal members of the number family. In practical 

John Wallis (1501-1576) and Tartaglia (1499—1557) found applications, complex numbers have found their greatest uses in the 
real roots of cubic equations by taking cube roots Study of alternating current, where they are a commonplace tool, and 
of complex quantities. For centuries thereafter, in the field of subatomic physics. 


Historical Problems 


1. The quadratic formula works perfectly well if the coefficients are complex numbers. Solve the following. 
(a) 2° -— (24+ 5i)z-3+51=0 (b) 2° - (1+ i)z2-2-i=0 





9.3 Assess Your Understanding 


‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


2 4 
1. The conjugate of —4 — 3iis . (pp. A54-A59) 3. sin = = 5 COS = = (pp. 378-385) 
2. The Sum Formulas for the sine and cosine functions are: oe hice 
(a) sin(A + B) = _(p. 490) 4. Simplify: e*:e? = s(e")? = (pp. A7-A9) 
(b) cos(A + B) = ___————CC CU". (p. 487) 
Concepts and Vocabulary 
5. In the complex plane, the x-axis is referred to as the 11. Multiple Choice If z = x + yi is a complex number, then 
axis, and the y-axis is called the aXxIS. the magnitude of z is: 
6. When a complex number z is written in the polar (a) x° + y? (b) |x| + ly| 
form Z = r(cos 6 + isin @), the nonnegative number r (c) 1 fy2 4. y (d) 7 |x| + |y| 
is the or of z, and the ; ; “ r 
sisi 0.0 = 6 < 2m, ——— “ 12. Multiple —— If z;} = rye! and z = roe"? are complex 
7. Suppose z, = rye! and z, = me” are two complex numbers. numbers, then = 2 * 0, equals: 
then 2122 ~ | (a) bel - 6) (by Leilore) 
8. True or False If z = re” is a complex number and n is an rp ry 
integer, then z” = r“e”. 
P -_ (c) beilit+) (a) Lei(/) 
9. Every nonzero complex number has exactly distinct ro ro 


complex cube roots. 


10. True or False The polar form of a nonzero complex number 
is unique. 


Skill Building 


In Problems 13-24, plot each complex number in the complex plane and write it in polar form and in exponential form. 


N\ 2B. 143 1444 15. V3-i 16. 1S 3: 1% =3: 18; <2 
19. 4 — 4i 20. 9/3 + 9i 21. 3 - 4i 22.24 V3i 23, 2) 4.3) 24. V5 — i 
In Problems 25-36, write each complex number in rectangular form. 
2 2 7 
\ 25. 2( cos <7 + isin = 26. 3( cos ae =) 27, 4ei 77/4 
3 3 6 6 
‘ 3 3 
28. 2e'57/6 29, 3( cos = + isin =) 30. 4( cos + isin =) 
: ” 6) . eo 
31. 7e’” 32. 3e° 7/2 33. 02( co . + 1sin =) 


10 10 ; ; 
34, 0.4( cos — + isin at) 35. 2e!'7/18 36. 3c! 7/10 
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In Problems 37-44, find zw and = Write each answer in polar form and in exponential form. 
w 


2 2 
~~ 37, z= 2( cos 5 + 1sin =) 


w= 4( cos + 71sin =) 
9 9 


40. z = 2e° 47/9 


w= 6e! 1077/9 


43.72=2+4+2i 


w= V3-i 


39, z = Be" alls 


2 2 
38. z = cos £ + isin# 
3 i Sa /2 


3 w = 4e 
cos ty + isin a 
w= — +] — 
9 9 


3 3 
41.z= 2( cos = + isin =) 42. 7 = a( cos =" + isin =) 


8 8 8 8 
= 2( = + isin) sal 72 + isin) 
w= aT eat) w= COS 16 Zt Sin 16 
44.z=1-1 


w=1- V3i 


0 


In Problems 45-56, write each expression in rectangular form x + yi and in exponential form re"®. 


‘ p) 2 3 
> 45. 4( cos > + 1sin =) 


9 


S51  S5ar\ 4 
48. V2 (cosS™ + isin =) 


S12. | V5e7'0)4 
54, (V3 —i)® 


18 


55. (V2 —-i)°® 


=) | 


6 
49. V3( cos au + 1sin =)| 


4 
46. 3( cos 55 + isin 


52. Ng? 18 | 5 


5 

T qT 

: — + isin — 
47 2( cos i0 isin =) 


1 OT Qa \ 1° 
le Be oe 
50 3(cos 5 i Sin 5 ) 

53. (1 —i)° 


56. (1 — V5i)8 


In Problems 57-64, find all the complex roots. Write your answers in exponential form. 


‘\ 57. The complex cube roots of 1 + 7 
59. The complex fourth roots of 4 — AV 3 i 
61. The complex fourth roots of —16i 
63. The complex fifth roots of 7 


Applications and Extensions 


65. Find the four complex fourth roots of unity, 1, and plot them. 
66. Find the six complex sixth roots of unity, 1, and plot them. 


67. Show that each complex nth root of a nonzero complex 
number w has the same magnitude. 


68. Use the result of Problem 67 to draw the conclusion that each 
complex nth root lies on a circle with center at the origin. 
What is the radius of this circle? 


69. Refer to Problem 68. Show that the complex nth roots of a 
nonzero complex number w are equally spaced on the circle. 


70. Prove formula (6). 
71. Prove re’? = re! + *™) k an integer. 
72. Euler’s Identity Show that e'” + 1 = 0. 


73. Prove that De Moivre’s Theorem is true for a// integers n by 
assuming it is true for integers n = 1 and then showing it is 
true for 0 and for negative integers. 


Hint: Multiply the numerator and the denominator by the 
conjugate of the denominator, and use even-odd properties. 


74. Mandelbrot Sets 

(a) Consider the expression a, = (a,_1;)* + z, where z is 
some complex number (called the seed) and ay = z. 
Compute a (=ap + z), a)(=at + z),a3(=a5 + Zz), a4, ds, 
and da, for the following seeds: z, = 0.1 — 0.41, 
Z, = 0.5 + 0.81, 73 = —0.9 + 0.71, z4 = —1.1 + 0.11, 
z; = 0 — 1.31, and z = 1 +4 Ii. 

(b) The dark portion of the graph represents the set of 
all values z = x + yi that are in the Mandelbrot set. 


58. The complex fourth roots of Voi 
60. The complex cube roots of —8 — 81 
62. The complex cube roots of —8 


64. The complex fifth roots of —i 


Determine which complex numbers in part (a) are in this 
set by plotting them on the graph. Do the complex numbers 
that are not in the Mandelbrot set have any common 
characteristics regarding the values of ag found in part (a)? 


(c) Compute |z| = Vx? + y* for each of the complex 
numbers in part (a). Now compute |a,| for each of 
the complex numbers in part (a). For which complex 
numbers is |as| < |z| and |z| = 2? Conclude that the 
criterion for a complex number to be in the Mandelbrot 
set is that |a,| < |z| and |z| < 2. 


Imaginary axis 
y 






Real axis 


75. Challenge Problem Solve e**™' = 7. 
76. Challenge Problem Solve e**™ = 6i. 
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Retain Your Knowledge 


Problems 77-86 are based on material learned earlier in the course. The purpose of these problems is to keep the material fresh in your 
mind so that you are better prepared for the final exam. 


77. Find the area of the triangle with a= 8, b= 11, 82. Write as a single logarithm: 3 log, x + 2log,y — 5 log,z 
and C = 113°. 83. Solve: logs Vx + 4 = 2 


78. Convert 240° to radians. Express your answer as a 84. Given f(x) = 3x2 — dx and g(x) = 5x°. find (fog) (x). 
multiple of 7. 





éX 85. Find an equation of the line perpendicular to the graph 
79. Simplify: V/24x?y° % pee grap 
80. Determine whether f(x) = 5x? — 12x + 4hasamaximum of f(x) = aa Satx = 6. 
value or a minimum value, and then find the value. dé 86. Show that VIS ie = A tant 


81. Solve the triangle:a = 6,b = 8,c = 12 


‘Are You Prepared?’ Answers 


Ae 
io) 


1. —4 4 31 2. (a) sinAcosB+cosAsinB (b) cosAcos B — sin A sin B 


SW AY (=Y en 0) 


OBJECTIVES 1 Graph Vectors (p. 611) 
2 Finda Position Vector (p. 612) 
3 Add and Subtract Vectors Algebraically (p. 614) 


4 Find a Scalar Multiple and the Magnitude of a Vector (p. 614) 
5 Finda Unit Vector (p. 615) 

6 Find a Vector from Its Direction and Magnitude (p. 616) 

7 Model with Vectors (p. 617) 





In simple terms, a vector (derived from the Latin vehere, meaning “to carry”) is a 
quantity that has both magnitude and direction. It is customary to represent a vector 
by using an arrow. The length of the arrow represents the magnitude of the vector, 
and the arrowhead indicates the direction of the vector. 

Many quantities in physics can be represented by vectors. For example, the 
velocity of an aircraft can be represented by an arrow that points in the direction of 
movement; the length of the arrow represents the speed. If the aircraft speeds up, we 
lengthen the arrow; if the aircraft changes direction, we introduce an arrow in the new 
direction. See Figure 40. Based on this representation, it is not surprising that vectors 
and directed line segments are somehow related. 





Figure 40 : 
: Geometric Vectors 

If P and Q are two distinct points in the xy-plane, there is exactly one line containing 

both P and Q [Figure 41(a)]. The points on that part of the line that joins P to Q, 

including P and Q, form what is called the line segment PQ | Figure 41(b) |. Ordering 

the points so that they proceed from P to Q results in a directed line segment from P 


to Q, or a geometric vector, denoted by PO . Ina directed line segment PO , P is called 
the initial point and Q the terminal point, as indicated in Figure 41(c). 


Q Q OR 
Terminal 
point 
Initial 
oint 
P P p | P 


Figure 41 (a) Line containing Pand Q (b) Line segment PQ (c) Directed line segment PQ 
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NOTE In print, boldface letters are The magnitude of the directed line segment PQ is the distance from the point P 
used to denote vectors, to distinguish —_ to the point Q; that is, it is the length of the line segment. The direction of PQ is from 


them from numbers. For handwritten P to Q. If a vector v has the same magnitude and the same direction as the directed 
work, an arrow Is placed over a letter to line segment PQ, then 


denote 4 vector. oo 
v= PQ 


The vector v whose magnitude is 0 1s called the zero vector, 0. The zero vector is 
U _ assigned no direction. 


o! et Two vectors v and w are equal, written 
et on ee 


p s if they have the same magnitude and the same direction. 
For example, the three vectors shown in Figure 42 have the same magnitude and 
R the same direction, so they are equal, even though they have different initial points 
Figure 42 Equal vectors and different terminal points. As a result, it is useful to think of a vector simply as 


an arrow, keeping in mind that two arrows (vectors) are equal if they have the same 
direction and the same magnitude (length). 
Terminal point of w 
} 


Adding Vectors Geometrically 


The sum v + w of two vectors is defined as follows: Position the vectors v and w so 
. that the terminal point of v coincides with the initial point of w, as shown in Figure 43. 
Initial point of v The vector v + wis then the unique vector whose initial point coincides with the 
initial point of v and whose terminal point coincides with the terminal point of w. 





Figure 43 Adding vectors 


Vector addition is commutative. That is, if v and w are any two vectors, then 


Vrw=-werv 





Figure 44 illustrates this fact. (Observe that the commutative property is another 
Figure44 v+w=wtvy way of saying that opposite sides of a parallelogram are equal and parallel.) 


Vector addition is also associative. That is, if u, v, and w are vectors, then 


u+ (v+w) =(ut+yv) +w 





Figure 45 illustrates the associative property for vectors. 


Figure 45 
(U+V) +W=uU+ (V+ Ww) The zero vector 0 has the property that 


v+0=07+VvV=Vv 


for any vector v. 


* 
Vv sail 
If vis a vector, then —v is the vector that has the same magnitude as v, but whose 


direction is opposite to v, as shown in Figure 46. 
Figure 46 Opposite vectors Furthermore, 


v+(-v) =0 


— W 
sepa If v and w are two vectors, then the difference v — w is defined as 


v—-w=v+t+ (-wW) 





Figure47 v—-w=v+ (-w) Figure 47 illustrates the relationships among v, w, and v — w. 
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Multiplying Vectors by Numbers Geometrically 


When using vectors, real numbers are referred to as scalars. Scalars are quantities that 
have only magnitude. Examples of scalar quantities from physics are temperature, 
speed, and time. We now define how to multiply a vector by a scalar. 


(DEFINITION Scalar Multiple 
If a is a scalar and vis a vector, the scalar multiple av is defined as follows: 


e Ifa > 0, avis the vector whose magnitude is a times the magnitude of v and 
whose direction is the same as that of v. 


e Ifa < 0, avis the vector whose magnitude is |a| times the magnitude of v 
and whose direction is opposite that of v. 


e Ifa = Oorifv = 0, then av = 0. _ 


See Figure 48 for some illustrations. 

For example, if a is the acceleration of an object of mass m due to a force F being 
exerted on it, then, by Newton’s second law of motion, F = ma. Here, ma is the 
Figure 48 Scalar multiples product of the scalar m and the vector a. 

Scalar multiples have the following properties: 





e Ov =—0 elv=v e-lv=-v 


°e (a+ B)v=av+t Bv ea(v+w) =av+ aw 


e a(Bv) = (aB)v 





1 Graph Vectors 





Graphing Vectors 
Use the vectors illustrated in Figure 49 to graph each of the following vectors: 
(a) V— Ww (b) 2v + 3w (c)2v-wtu 


Solution —_ Figure 50 shows each graph. 


HS 


Figure 49 





2v + 3w 


Figure 50 (a) v—w (b) 2v + 3w (c) v-wt+u _J 


ovmmmen- Now Work PROBLEMS 11 AND 13 
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Figure 51 Position vector v 


Magnitude of Vectors 


The symbol |v represents the magnitude of a vector v. Since |v equals the length 
of a directed line segment, it follows that |v|| has the following properties: 


- 


THEOREM Properties of the Magnitude ||v| of a Vector v 

If v is a vector and if a is a scalar, then 

(a) |v = 0 (b) |v = Oif and only if v = 0 

(c) |-vll = lv (d) llav|| = |a|lly| Bi 


Property (a) is a consequence of the fact that distance is a nonnegative 
number. Property (b) follows because the length of the directed line segment PO 
is positive unless P and Q are the same point, in which case the length is 0. 
Property (c) follows because the length of the line segment PQ equals the length 
of the line segment QP. Property (d) is a direct consequence of the definition of 
a scalar multiple. 


( peFINITION Unit Vector 


A vector u for which |u|] = 1 is called a unit vector. J 


Find a Position Vector 


To find the magnitude and direction of a vector, an algebraic way of representing 
vectors 1s needed. 


( DEFINITION Algebraic Vector 


An algebraic vector v is represented as 
v= (a,b) 


where a and b are real numbers (scalars) called the components of the vector v.) 


A rectangular coordinate system is used to represent algebraic vectors in the 
plane. Ifv = (a,b) isan algebraic vector whose initial point is at the origin, then v is 
called a position vector. See Figure 51. Notice that the terminal point of the position 
vector v = (a,b) isthe point P = (a,b). 

The next theorem states that any vector whose initial point is not at the origin is 
equal to a unique position vector. 


( THEOREM 


Suppose that v is a vector with initial point P; = (x;, y;), not necessarily the 


origin, and terminal point P; = (x2, y2). If v = P,P», then v is equal to the 
position vector 


Ne ee ey) (1) 


J 
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To see why this is true, look at Figure 52. 





Figure 52 v = (a,b) = (X2 — X1, Y2 — yi) 


Triangle OPA and triangle P;P,Q are congruent. [Do you see why? The line 
segments have the same magnitude, so d(O, P) = d(P,, P)); and they have the 
same direction, so Z2POA = ZP>P,Q. Since the triangles are right triangles, 
we have angle-side—angle.] It follows that corresponding sides are equal. As a 
result, x» — x; = aand y, — y,; = b,so v may be written as 


v= (a,b) = (X2 — %1,¥2 — y1) 


Because of this result, any algebraic vector can be replaced by a unique position 
vector, and vice versa. This flexibility is one of the main reasons for the wide use of 
vectors. 


| €XAMPLE2 | Finding a Position Vector 


Find the position vector of the vector v = P,P, if P, = (—1,2) and P, = (4,6). 


Solution —_ By equation (1), the position vector equal to v is 


y = a 
= (4—(—1),6—2) = (9,4 
Taal v= (4~- (-1),6-2) = (5,4) 
5 See Figure 53. J 
@ (5,4) 
v= (54) Two position vectors v and w are equal if and only if the terminal point of v is the 
P,= (1,2) : same as the terminal point of w. This leads to the following theorem: 





Figure 53 ( THEOREM Equality of Vectors 


Two vectors v and w are equal if and only if their corresponding components 
are equal. That is, 





Ifv = (a,,b,;) and w= (q@,b>) 


then v=w ifandonlyif a,;=a and bd, = bd». 


J 


We now present an alternative representation of a vector in the plane that is 
common in the physical sciences. Let i denote the unit vector whose direction is along 
the positive x-axis; let j} denote the unit vector whose direction is along the positive 
y-axis. Theni = (1,0) andj = (0,1),as shown in Figure 54. Any vector v = (a,b) 
can be written using the unit vectors 1 and j as follows: 


v= (a,b) = a(1,0) + b(0,1) = ai + Dj 





| The quantities a and Db are called the horizontal and vertical components of v, 
Figure 54 Unit vectors and J respectively. For example,ifv = (5,4) = 5i + 4j, then 5 is the horizontal component 
and 4 is the vertical component. 


orm Now Work PROBLEM 29 
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3 Add and Subtract Vectors Algebraically 


The sum, difference, scalar multiple, and magnitude of algebraic vectors are defined 
in terms of their components. 


C DEFINITION 


Suppose v = qi + bij = (a,,5,) and w = ai + boj = (a, b2) are two 
vectors, and a is a scalar. Then 


v+w= (ay i ay)i + (by ate b> )j aor (ay Sey Or a b>) 


In Words 
To add two vectors, add 
corresponding components. To 


— MS Ge 1p 0 2) SG er 
av = (aa,)i + (ab;)j = (aa, ab;) 


Ivll = Vaz + bj 


Subtract two vectors, subtract 
corresponding components. 





>: 88 8:8 


a} 


These definitions are compatible with the geometric definitions given earlier in 
this section. See Figure 55. 


| (a) ++ /a5 B+ B,) 





Figure 55 (a) Illustration of property (2) (b) Illustration of property (4), « > 0 (c) Illustration of property (5): 
ll v Il = Distance from 0 to P, 


llvil = Vaa + b4 


| EXAMPLE 3 | Adding and Subtracting Vectors 


Ifv = 21 + 3j = (2,3) andw = 3i — 4j = (3, —4), find: 


(a) V+w (b) V-—w 
Solution § (a) v+w= (2i + 3j) + (3i- 4j) = (2+ 3)i+ (3 —4)j =Si-j 
OT 


vt+we= (2,3) + (3,-4) = (2+ 3,3 + (-4)) = (5,-1) 
(b) v— w= (21+ 3j) — (31 - 4j) = (2 —3)i + [3 - (-4) ]j = -i + 7j 


or 
v—we= (2,3) — (3,-4) = (2 —-3,3 - (-4)) 


(=L. 7) an 


4 Find a Scalar Multiple and the Magnitude of a Vector 


| EXAMPLE 4 | Finding Scalar Multiples and Magnitudes of Vectors 


Ifv = 21 + 3j = (2,3) andw = 3i — 4j = (3, —4), find: 
(a) 3v (b) 2v — 3w (c) |lvl| 
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Solution (a) 3v = 3(2i + 3j) = 6i + 9j 
OT 
3v = 3(2,3) = (6,9) 


(b) 2v — 3w = 2(2i + 3j) — 3(3i — 4j) = 41 + Oj — 91+ 127 = —5E + 18j 
OT 
2v — 3w = 2(2,3) — 3(3,-4) = (4,6) — (9, -12) 
= (09.6 = (1) ) = 15, 18) 


(c) |v| = |2i + 3j) = V2 + 3? = V13 J 
ovammme-- NOW Work PROBLEMS 35 AND 43 


5 Find a Unit Vector 


Recall that a unit vector u is a vector for which |u|] = 1. In many applications, it is 
useful to be able to find a unit vector u that has the same direction as a given vector v. 


( THEOREM Unit Vector in the Direction of v 
For any nonzero vector v, the vector 


v 


u = —— (6) 
Iv| 
is a unit vector that has the same direction as v. J 
Proof Let v = ai + bj. Then |v| = Va’? + b? and 
Vv at bj a mt b . 
IVl Vette Vet+e? Vae+ be? 
The vector u has the same direction as v, since ||v|| > 0. Also, 
a’ b? a’ + b? 
[ll oe og a oe 
a+b a+b a+b 
That is, u is a unit vector that has the same direction as v. Py 


The following is a consequence of this theorem. 


If uis a unit vector that has the same direction as a vector v, then v can be 
expressed as 


v = |viu (7) 


| €XAMPLE5 ~ Finding a Unit Vector 


Find a unit vector that has the same direction as v = 4i — 3}. 


Solution Find |v] first. 


Iv = |l4i — 3j] = V16 +9 = 5 


(continued) 
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it 1 
Now multiply v by the scalar |v) => A unit vector that has the same direction 
; Vv 
as V iS 


v 4-37 4. 3. 





/ Check: This vector is a unit vector because 
— (=) +(-2) - jo 9 29 4 
OWNS 5 V25 25 V25 ad 


ommeme-Now Work PRoBLEM 53 














me 
Iv 


6 Find a Vector from Its Direction and Magnitude 


If a vector represents the speed and direction of an object, it is called a velocity 
vector. If a vector represents the direction and amount of a force acting on an object, 
it is called a force vector. In many applications, a vector is described in terms of its 
magnitude and direction, rather than in terms of its components. For example, a ball 
thrown with an initial speed of 25 miles per hour at an angle of 30° to the horizontal 
is a velocity vector. 

Suppose that we are given the magnitude |lv|| of a nonzero vector v and the 
direction angle a, 0° <= a < 360°, between v and i. To express v in terms of ||v|| 
and a, first find the unit vector u having the same direction as v. 

Look at Figure 56. The coordinates of the terminal point of u are (cos a, sina). 
Then u = cos ai + sin aj and, from equation (7), 





v = |v (cos ai + sin aj) (8) 


Figure 56 v = |i (cosai + sinaj) where a is the direction angle between v and i. 





Finding a Vector When Its Magnitude and Direction Are Given 


A ball is thrown with an initial speed of 25 miles per hour in a direction that makes 
an angle of 30° with the positive x-axis. Express the velocity vector v in terms of i 
and j. What is the initial speed in the horizontal direction? What is the initial speed 
in the vertical direction? 


Solution The magnitude of v is ||v|| = 25 miles per hour, and the angle between the direction 
of v and i, the positive x-axis, is a = 30°. By equation (8), 


v = |v] (cos ai + sin aj) = 25(cos 30% + sin 309) 


(xa +47) =, 25. 


9 tt 5d oss 





= 25 = 
h 7a 

v = 25(cos 30° + sin 30°) ae ; ; ; a, ; 

The initial speed of the ballin the horizontal direction is the horizontal component 


25V3 
i) 


2D 
vertical component of v, ae 12.5 miles per hour. See Figure 57. A 





of V, ~ 21.65 miles per hour. The initial speed in the vertical direction is the 





Figure 57 


oummmmm- Now Work PROBLEM 61 
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| EXAMPLE 7 ~ Finding the Direction Angle of a Vector 


Find the direction angle a of v = 41 — 4j. 





Solution _—_ Figure 58 shows the vector v and its direction angle a. To find a, use the terminal 
point (4, —4) and the fact that 


tana =—~=—-1 
an @ 4 


Because 0° = a < 360°, the direction angle is a = 315°. _J 


Now Work PROBLEM 67 





Figure 58 


Resultant 7 Model with Vectors 


Because forces can be represented by vectors, two forces “combine” the way that 
vectors “add.” If F, and F, are two forces simultaneously acting on an object, the 
vector sum F, + F, is the resultant force. The resultant force produces the same 
effect on the object as that obtained when the two forces F, and F, act on the object. 
See Figure 59. 





| EXAMPLES ~ PLE 8 Finding the Actual Speed and Direction of an Aircraft 


A Boeing 767 aircraft maintains a constant airspeed of 500 miles per hour headed 
due south. The jet stream is 80 miles per hour in the northeasterly direction. 





(a) Express the velocity v, of the 767 relative to the air and the velocity v,, of the jet 
stream in terms of i and j. 


(b) Find the velocity of the 767 relative to the ground. 
(c) Find the actual speed and direction of the 767 relative to the ground. 





Solution (a) Set up a coordinate system in which north (N) is along the positive y-axis. See 
Figure 60. The velocity of the 767 relative to the air is v, = —500j. The velocity 
of the jet stream v,, has magnitude 80 and direction NE (northeast), so the angle 
between v,, and iis 45°. Express v,, in terms of i and j as 


Vw = 80(cos 45°i + sin 45°j) = eo = \2)) = 40V2 (i + 


(b) The velocity of the 767 relative to the ground vy is 
Vy = Va + Vw = —500j + 40V2(i + j) = 40V2i + (40V/2 — 500)j 





—500 
Ge (c) The actual speed of the 767 is 


Figure 60 
igure voll = V (40V2)* + (402 — 500)? ~ 447 miles per hour 


To find the actual direction of the 767 relative to the ground, determine the 
direction angle of vy. The direction angle is found by solving 


fan 40\V/2 — 500 
(i — 
40/2 
Then a ~ —82.7°. The 767 is traveling S7.3°E. = 


ovmmmm_=-Now Work PROBLEM 79 
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s) WSLS Finding the Weight of a Piano 


Two movers require a force of magnitude 300 pounds to push a piano up a ramp 
inclined at an angle of 20° from the horizontal. How much does the piano weigh”? 





Solution Let F, represent the force of gravity, F, represent the force required to move the piano 
up the ramp, and F; represent the force of the piano against the ramp. See Figure 61. 
The angle between the ground and the ramp is the same as the angle between F, 
and F; because triangles ABC and BDE are similar,so 2BAC = ZDBE = 20°. To 
find the magnitude of F, (the weight of the piano), calculate 














| [Fl _ 300 
sin 20° = = 
IF RI 
300 Ib 
F,| = ~= 877 |b 
IF sin 20° 
The piano weighs approximately 877 pounds. _J 
Figure 61 In Figure 61, the triangle formed by the force vectors (in blue) is called a force 


diagram. 
An object is said to be in static equilibrium if the object is at rest and the sum of 
all forces acting on the object is zero—that is, if the resultant force is 0. 


oy ss | EXAMPLE 10 — Analyzing an Object in Static Equilibrium 


A box of supplies that weighs 1200 pounds is suspended by two cables attached to 
the ceiling, as shown in Figure 62. What are the tensions in the two cables? 





Solution Draw a force diagram using the vectors as shown in Figure 63. The tensions in the 
cables are the magnitudes |F,|| and |F,|| of the force vectors F, and F,.The magnitude 
of the force vector F; equals 1200 pounds, the weight of the box. Now write each force 


vector in terms of the unit vectors iand j. For F, and F,, use v = ||v| (cosai+ sinaj), 
where a is the angle between the vector and the positive x-axis. 

ae v3.1, V3 ie. lets 
F, = ||F,||(cos 150% + sin 1509) = mI(- Si + >i) i ~ IF li + IF Aj 

f 
y= | vl(cos wi + sina}j) 
F, = ||F,|| (cos 45° + sin 45°j) = el( Si + <j) = —-|Pli+ + IBl 
2 2 2 p) 

v = |v|(cosai + sinaj) 
F; = —1200j 


For static equilibrium, the sum of the force vectors must equal the zero vector. 


V3 4 _ V2 ... WZ 
F +R, + = — IR li + SIR Li + Teli + S=lleli — 1200] = 0 





The i component and j component must both equal zero. This results in the two 


Figure 63 Force diagram equations 
vo V2 
—---|Kll +—-|F| = 0 (9) 
2 2 
1 V2 
=F, | + —-|F|| — 1200 = 0 (10) 
2 2 
Solve equation (9) for ||F,|| to obtain 
V3 
IF, = —S IK | (11) 


V2 
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Substituting into equation (10) and solving for ||F,|| yields 


1 V/2 (V3 
=|F,| + —(-=]R| } — 1200 = 
Lin +2(~Bim) - 1200 = 0 


1 V3 
5 FI + 5 FI — 1200 = 0 


Substituting this value into equation (11) gives ||F,||. 


V3 
IF, =— IF, = 
V2 


Lea 
1+ V3 |F,|| = 1200 
y) 
2400 
|F,| = 14 V3 ~ 878.5 pounds 

V3 ~~ 2400 
— = = 1075.9 d 
V2 14+V3 — 


The left cable has tension of approximately 878.5 pounds, and the right cable has 


tension of approximately 1075.9 pounds. 


J 


ovmmmmmm-Now Work PROBLEM 89 


Historical Feature 


he history of vectors is surprisingly 
complicated for such a natural concept. 
In the xy-plane, complex numbers do 
a good job of imitating vectors. About 1840, 
mathematicians became interested in finding a 
system that would do for three dimensions what 
the complex numbers do for two dimensions. 
Hermann Grassmann (1809-187 7), in Germany, 
and William Rowan Hamilton (1805-1865), in 
Ireland, both attempted to find solutions. 
Hamilton's system was the quaternions, which are best thought 
of as a real number plus a vector; they do for four dimensions what 
complex numbers do for two dimensions. In this system the order of 
multiplication matters; that is, ab ~ ba. Also, two products of vectors 


Josiah Gibbs 
(1839-1903) 


9.4 Assess Your Understanding 


Concepts and Vocabulary 


LA 
direction. 


is a quantity that has both magnitude and 





2. If vis a vector, then v + (—v) = __. 


3. A vector u for which |u|] = 1 is called a(n) vector. 





4. Ifv = (a,b) is analgebraic vector whose initial point is the 
origin, then v is called a(n) vector. 


5. If v = ai + Dj, then a is called the 
of v and b is called the 


component 
component of v. 


6. If F, and F, are two forces acting on an object, the vector sum 
F, + F, is called the force. 


7. True or False Force is an example of a vector. 


8. True or False Mass is an example of a vector. 


emerged, the scalar product (or dot product) and the vector product 
(or cross product). 

Grassmann’s abstract style, although easily read today, was almost 
impenetrable during the nineteenth century, and only a few of his 
ideas were appreciated. Among those few were the same Scalar and 
vector products that Hamilton had found. 

About 1880, the American physicist Josiah Willard Gibbs 
(1839-1903) worked out an algebra involving only the simplest 
concepts: the vectors and the two products. He then added some 
calculus, and the resulting system was simple, flexible, and well 
adapted to expressing a large number of physical laws. This system 
remains in use essentially unchanged. Hamilton's and Grassmann’s 
more extensive systems each gave birth to much interesting 
mathematics, but little of it is seen at elementary levels. 





9. Multiple Choice If v is a vector with initial point (x, y,) 
and terminal point (x, y2), then which of the following is 
the position vector that equals vw? 


(b) (x1 — X2, V1 — yo) 


Xz —-— X, Yoa-M Xy t+ XxX Wy t+ ye 
@ (2B) @ AGB) 


(a) (X2 — X41, Y2 — 1) 


10. Multiple Choice If v is a nonzero vector with direction 
angle a, 0° = a < 360°, between v and i, then v equals 


which of the following? 
(a) ||v||(cosai — sinaj) (b) |lv|| (cosai + sinaj) 


(c) |v] (sinai — cosaj) (d) |v| (sinai + cosaj) 


620 CHAPTER 9 Polar Coordinates; Vectors 


Skill Building 
In Problems 11-18, use the vectors in the figure at the right to graph each of the following vectors. 
e 
Noi. v+w 12, ut+v | 
N13. 3v 14. 2w Ww 
15. v-—w 16. u-—v | ia 
17. 3v + u — 2w 18. 2u — 3v + w eves 
V 


In Problems 19-26, use the figure at the right. Determine whether each statement given is true or false. 





19. A+ B=F 20. K+ G=F 
21.C=D-E+F 22.G+H+E=D 
23.E+ D=G+H 244.H-C=G-F 
25.A+B+K+G=0 26. A+B+C+H+G=0 


In Problems 27-34, the vector v has initial point P and terminal point Q. Find its position vector. That is, express v in the form ai + bj. 


27. P= (0,0); Q= (3,4) 28... P= (0,0); O=(=3,-5) 
\ 29. P = (3,2); O = (5,6) 30. P = (-3,2); QO = (6,5) 
31. P(—2,-1); Q= (6,-2) 32. P= (-1,4); Q= (6,2) 
33. P= (1,0); Q= (0,1) 34. P= (1,1); Q= (2,2) 
In Problems 35-42, find |v\|. 
Ni 35. v = 31 - 4j 36. v = —Si + 12 37. v=i-j 
38. v = -i-j 39. v = —2i + 3j 40. v = 61 + 2j 
41. v = cos fi + sin 6j 42. v=i+ cot6j 
In Problems 43-48, find each quantity if v = 3i — 5jandw = —2i + 3j. 
N43. 2v + 3w 44, 3v — 2w 45. |v — wl 
46. lv + w| 47. ||vl| — |w| 48. |v + |lw| 
In Problems 49-54, find the unit vector in the same direction as v. 
49. v = 5i 50. v = —3j 51. v = 31 - 4j 
52. v = —Si + 12j N53. v=i-j 54, v =2i -j 
1 , 3 
55. If |v] = 4, what is the magnitude of nV = Sy? 56. If ||v|| = 2, what is the magnitude of — 4¥° 


57. Find a vector v whose magnitude is 4and whose component 58. Find a vector v whose magnitude is 3 and whose component 
in the i direction is twice the component in the j direction. in the i direction is equal to the component in the j direction. 


59. If v = 2i-— j and w = xi + 3j, find all numbers x for 60. If P = (—3,1) and Q = (x, 4), find all numbers x so that 


which |v + wll = 5. the vector represented by PO’ has length 5. 
In Problems 61-66, write the vector v in the form ai + bj, given its magnitude ||v|| and the angle a it makes with the positive x-axis. 
\ 61. |v] = 5, a = 60° 62. |v] =8, a = 45° 63. |v] = 14, a = 120° 
64. |\v| = 3, a@ = 240° 65. |v = 25, a = 330° 66. ||v| = 15, a = 315° 


_ In Problems 67-74, find the direction angle of v. 
\. 67. v = 3i + 3j 68 v=i+ V3j 69. vy = —3V3i + 3j 70. v = -5i — 5j 
71. v = 4i — 2j 72. Vv = 61 — 4j 1d VHS =1 = BJ 74. v= -i+ 3j 


Applications and Extensions 


75. Force Vectors A child pulls a wagon with a force 
of 40 pounds. The handle of the wagon makes an angle 
of 30° with the ground. Express the force vector F in terms 
of i and j. 

76. Force Vectors A man pushes a wheelbarrow up an incline 
of 20° with a force of 100 pounds. Express the force vector F in 
terms of 1 and j. 


77. Resultant Force Two forces of magnitude 40 newtons (N) 
and 60 N act on an object at angles of 30° and —45° 
with the positive x-axis, as shown in the figure. Find the 
direction and magnitude of the resultant force; that is, 
find F, I F,. 


IF, = 40N 





|F,|| = 60 N 


78. Resultant Force Two forces of magnitude 30 newtons (N) 
and 70 N act on an object at angles of 45° and 120° with the 
positive x-axis, as shown in the figure. Find the direction and 
magnitude of the resultant force; that is, find F, + F,. 


IF. 


|= 70N 
y 


F,| = 30 N 





NX 79. Finding the Actual Speed and Direction of an Aircraft A 

Boeing 787 Dreamliner maintains a constant airspeed 

of 550 miles per hour (mph) headed due north. The jet stream 

is 100 mph in the northeasterly direction. 

(a) Express the velocity v, of the 787 relative to the air and 
the velocity v,, of the jet stream in terms of i and j. 

(b) Find the velocity of the 787 relative to the ground. 

(c) Find the actual speed and direction of the 787 relative to 
the ground. 


80. Finding the Actual Speed and Direction of an Aircraft An 
Airbus A320 jet maintains a constant airspeed of 500 mph 
headed due west. The jet stream is 100 mph in the 
southeasterly direction. 

(a) Express the velocity v, of the A320 relative to the 
air and the velocity v,, of the jet stream in terms 
of i andj. 

(b) Find the velocity of the A320 relative to the ground. 

(c) Find the actual speed and direction of the A320 relative 
to the ground. 





81. 


82. 


83. 


84. 


85. 


86. 


87. 


88. 
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Ground Speed and Direction of an Airplane An airplane 
has an airspeed of 500 kilometers per hour (km/h) 
bearing N45°E. The wind velocity is 60 km/h in the 
direction N30°W. Find the resultant vector representing 
the path of the plane relative to the ground. What is the 
groundspeed of the plane? What is its direction? 


Ground Speed and Direction of an Airplane An airplane 
has an airspeed of 600 km/h bearing S30°E. The wind 
velocity is 40 km/h in the direction S45°E. Find the resultant 
vector representing the path of the plane relative to the 
ground. What is the groundspeed of the plane? What 1s its 
direction? 


Weight of a Boat A force of magnitude 700 pounds is 
required to hold a boat and its trailer in place on a ramp 
whose incline is 10° to the horizontal. What is the combined 
weight of the boat and its trailer? 


Weight of a Car A force of magnitude 1200 pounds is 
required to prevent a car from rolling down a hill whose 
incline is 15° to the horizontal. What is the weight of 
the car? 


Correct Direction 
for Crossing a River 
A river has a 
constant current 
of 3 km/h. At what 
angle to a boat 
dock should a 
motorboat capable 
of maintaining a 
constant speed 
of 20 km/h be 
headed in order 
to reach a point 1 
directly opposite the dock? If the river is — kilometer wide, 
how long will it take to cross? . 

gw ake to cross‘ 





Finding the Correct Compass Heading The pilot of an 
aircraft wishes to head directly east but is faced with a wind 
speed of 40 mph from the northwest. If the pilot maintains 
an airspeed of 250 mph, what compass heading should be 
maintained to head directly east? What is the actual speed 
of the aircraft? 


Charting a Course A helicopter pilot needs to travel to a 

regional airport 25 miles away. She flies at an actual heading 

of N16.26°E with an airspeed of 120 mph, and there is a wind 

blowing directly east at 20 mph. 

(a) Determine the compass heading that the pilot needs to 
reach her destination. 

(b) How long will it take her to reach her destination? 
Round to the nearest minute. 


Crossing a River A captain needs to pilot a boat across a 
river that is 2 km wide. The current in the river is 2 km/h and 
the speed of the boat in still water is 10 km/h. The desired 
landing point on the other side is 1 km upstream. 

(a) Find the direction that the captain should take. 

(b) How long will the trip take? 
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XX 89. Static Equilibrium A weight of 1000 pounds is suspended 
, from two cables, as shown in the figure. What are the tensions 
in the two cables? 





90. Static Equilibrium A weight of 800 pounds is suspended 
from two cables, as shown in the figure. What are the tensions 
in the two cables? 





91. Static Equilibrium A tightrope walker located at a certain 
point deflects the rope as indicated in the figure. If the weight 
of the tightrope walker is 150 pounds, how much tension is in 
each part of the rope? 


96. 





92. Static Equilibrium Repeat Problem 91 if the angle on the left 
is 3.8°, the angle on the right is 2.6°, and the weight of the 
tightrope walker is 135 pounds. 


93. Static Friction A 20-pound box sits at rest on a horizontal 
surface, and there is friction between the box and the surface. 
One side of the surface is raised slowly to create a ramp. 
The friction force f opposes the direction of motion and is 
proportional to the normal force Fy exerted by the surface on 
the box. The proportionality constant is called the coefficient 
of friction, 1. When the angle of the ramp, 0, reaches 20°, the 
box begins to slide. Find the value of yz to two decimal places. 








Fy 98. 





94. Inclined Ramp A 2-pound weight is attached to a 3-pound 
weight by a rope that passes over an ideal pulley. The 
smaller weight hangs vertically, while the larger weight sits 
on a frictionless inclined ramp with angle 6. The rope exerts 


95. 


97. 


a tension force T on both weights along the direction of the 
rope. Find the angle measure for @ that is needed to keep 
the larger weight from sliding down the ramp. Round your 
answer to the nearest tenth of a degree. 








Inclined Ramp A box sitting on a horizontal surface is attached 
to a second box sitting on an inclined ramp by a rope that passes 
over an ideal pulley. The rope exerts a tension force T on both 
weights along the direction of the rope, and the coefficient of 
friction between the surface and boxes is 0.6 (see Problem 93). 
If the box on the right weighs 100 pounds and the angle of the 
ramp is 35°, how much must the box on the left weigh for the 
system to be in static equilibrium? Round your answer to two 
decimal places. 











Muscle Force Two muscles exert force on a bone at the 
same point. The first muscle exerts a force of 800 N at 
a 10° angle with the bone. The second muscle exerts a force 
of 710 N at a 35° angle with the bone. What are the direction 
and magnitude of the resulting force on the bone? 


Truck Pull At acounty fair truck pull, two pickup trucks are 
attached to the back end of a monster truck as illustrated 
in the figure. One of the pickups pulls with a force 
of 2000 pounds, and the other pulls with a force of 3000 pounds. 
There is an angle of 45° between them. With how much force 
must the monster truck pull in order to remain unmoved? 





[Hint: Find the resultant force of the two trucks. ] 


_yoo® eg 


45° 


“009 7 Cy 


Removing a Stump A farmer wishes to remove a stump 
from a field by pulling it out with his tractor. Having 
removed many stumps before, he estimates that he will 
need 6 tons (12,000 pounds) of force to remove the stump. 
However, his tractor is only capable of pulling with a force 
of 7000 pounds, so he asks his neighbor to help. His neighbor’s 
tractor can pull with a force of 5500 pounds. They attach the 
two tractors to the stump with a 40° angle between the forces, 
as shown in the figure. 
(a) Assuming the farmer’s estimate of a needed 6-ton force 
is correct, will the farmer be successful in removing the 
stump? 













(b) Had the farmer arranged the tractors with a 25° angle 
between the forces, would he have been successful in 
removing the stump? 





© 
AY 
OS 


40° a 
7000 Ib 


99. Computer Graphics The field of computer graphics utilizes 
w vectors to compute translations of points. For example, if 
» the point (—3,2), represented by vector u = (—3,2), is 
to be translated by v = (5,2), then the new location will 
be uw’ =ut+v= (-3,2) + (5,2) = (2,4). So, the 
point (—3, 2) is translated by v to (2, 4) as shown in the figure. 
(a) Determine the new coordinates of (3,—1) if it is 
translated by v = (-—4,5). 
(b) Illustrate this translation graphically. 








Source: Phil Dadd. Vectors and Matrices: A Primer. www 
.gamedev.net/articles/programming/math-and-physics/ 
vectors-and-matrices-a-primer-r1832/ 


Explaining Concepts: Discussion and Writing 


104. Explain in your own words what a vector is. Give an example 
of a vector. 


105. Write a brief paragraph comparing the algebra of complex 
numbers and the algebra of vectors. 


Retain Your Knowledge 
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100. Computer Graphics Refer to Problem 99. The points 
(=3,0), (=1,=2),(3,1.),and (1,3) are the vertices:of a 
parallelogram ABCD. 

(a) Find the vertices of a new parallelogram A’'B’C'D' 
if ABCD is translated by v = (3, —2). 
(b) Find the vertices of a new parallelogram A’'B’C'D' 





if ABCD is translated by — : V. 


101. Static Equilibrium Show on the following graph the force 
needed for the object at P to be in static equilibrium. 





102. Challenge Problem Landscaping To drag a 500-pound 
boulder into place, Adam, Bill, and Chuck attach three 
ropes to the boulder as shown in the diagram. If Adam pulls 
with 240 pounds of force and Chuck pulls with 110 pounds 
of force, then Bill must pull with how much force in order 
for the boulder to move? 





103. Challenge Problem See Problem 102. If Bill pulls due east 
with 200 pounds of force, then what direction does the 
boulder move? 





106. Explain the difference between an algebraic vector and a 
position vector. 


Problems 107-116 are based on material learned earlier in the course. The purpose of these problems is to keep the material fresh in 


your mind so that you are better prepared for the final exam. 


107. Solve: Wx — 2 = 3 


108. Factor —3x° + 12x? +36x completely. 


1 
109. Find the exact value of tan cos (3 


110. Find the amplitude, period, and phase shift of 
o 
y = 5 00s (6x + 3ar) 


Graph the function, showing at least two periods. 
111. Find the distance between the points (—5, —8) and (7,1). 


A 115. If f(x) = x*, find 


112. Write the equation of the circle in standard form: 
x? + y?—20x + 4y +55 =0 
113. Find all the intercepts of the graph of 
f(x) = 2x? + 2x? — 9x - 18 
114. Solve: 4(x — 5)* +9 = 53 
f(x) — f) 
L— 3 


116. If f(0) = V25 — 6? and g(6) = 5sin@, — . ape o 


show that (f°g) (0) = 5cos8@. 
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9.5 The Dot Product 


PREPARING FOR THIS SECTION Before getting started, review the following: 
e Law of Cosines (Section 8.3, pp. 546-548) 


\ Now Work the ‘Are You Prepared?’ problem on page 629. 


OBJECTIVES 1 Find the Dot Product of Two Vectors (p. 624) 
2 Find the Angle between Two Vectors (p. 625) 
3 Determine Whether Two Vectors Are Parallel (p. 626) 
4 Determine Whether Two Vectors Are Orthogonal (p. 626) 
5 Decompose a Vector into Two Orthogonal Vectors (p. 626) 
6 Compute Work (p. 628) 





1 Find the Dot Product of Two Vectors 


In Section 9.4, we defined the product of a scalar and a vector. Here we define the 
product of two vectors, called a dot product. 


( DEFINITION Dot Product 


If v = ai + b,j and w = a,i + bj are two vectors, the dot product v- w is 
defined as 





V°w = aa + byb> 


a) 
| EXAMPLE 1 ~ Finding Dot Products 

Ifv = 2i — 3j and w = Si + 3j, find: 

(a)v-w (b) w'v (ce) vv (d) wews se) Iv (£) III 


Solution (a) v-w=2:°5+ (-3)3=1 (b) w-v = 5:2 + 3(-3) = 1 
(c) viv = 2:2 + (—-3)(-3) = 13 (d) w-w = 5°54 3-3 = 34 


(e) lvl = V2 + (-3)? = V13 (f) |wl = V5? + 3? = V34 J 


COMMENT A scalar multiple av is a Since the dot product v: w of two vectors v and wis a real number (a scalar), the 

vector. A dot product u-v is a scalar dot product is sometimes referred to as the scalar product. 

(real number). = The results obtained in Example 1 suggest some general properties of the dot 
product. 


( THEOREM Properties of the Dot Product 


If u, v, and w are vectors, then 


Commutative Property 





Distributive Property 


u:(v +w) = ucv+uew 


vev = |v? 
0-v =0 
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Proof We prove properties (2) and (4) here and leave properties (3) and (5) as 
exercises (see Problems 38 and 39). 
To prove property (2), letu = qi + b,jandv = ai + bj. Then 


Uv = aa + bi bo = aa, + bob, = vu 
To prove property (4), let v = ai + bj. Then 


viv=aa+b = |v? - 


2 Find the Angle between Two Vectors 


One use of the dot product is to find the angle between two vectors. 

Let u and v be two vectors with the same initial point A. Then the vectors u, v, 
and u — v form a triangle. See Figure 64. The angle @ at vertex A of the triangle is the 
angle between the vectors u and v. We wish to find a formula for calculating the angle 0. 


The sides of the triangle have lengths |v|],|u|], and ju — v||, and @ is the included 
angle between the sides of length |v|| and |u|]. The Law of Cosines (Section 8.3) can 
be used to find the cosine of the included angle. 


ju — y||* = full? + lvl? — 2]ullliv cos 6 




















9 








Figure 64 


Now use property (4) to rewrite this equation in terms of dot products. 
(u—v)-(u—v) =u-ut v-v — 2lull|lv|| cos 6 (6) 
Then use the distributive property (3) twice on the left side of (6) to obtain 
(u—v)-(u-—v) =u:(u-—v) —v-(u-—v) 
=u'u—u-v-—v'urTyv'v 


=urut+vv—-2u'v (7) 
f 


Commutative Property (2) 
Combining equations (6) and (7) gives 
uu t+ vv — 2u-v =u-ust vy — 2|ul|lvll cos @ 


ucv = |u| |v | cos 0 


( THEOREM Angle between Vectors 


If u and v are two nonzero vectors, the angle 6,0 <= 0 < 7, between u and vis 
determined by the formula 


cos 6 = ao (8) 
Jul |v] 


a 
| EXAMPLE 2 © Finding the Angle 6 between Two Vectors 


Find the angle 0 between u = 41 — 3j and v = 2i + 5j. 


| Solution —_ Find u-y, |u|], and |v}. 
ra LL eye 442. (-3)*5 = 7 
NV = a4 5 | lull = V4" + (-3)* =5 
TT lvl = V22 + 52 = V29 








"NEI, if 4i— 33 ~ By formula (8), if 6 is the angle between u and v, then 
— u-v =] 
oe cos 9 = ==— = =~ —0.20 
| lullv = sv29 
Fi 65 6 ~ 105° 
aa Therefore, @ ~ cos '(—0.26) ~ 105°. See Figure 65. = 


om NOW Work PROBLEM 9(a) AND (b) 
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3 Determine Whether Two Vectors Are Parallel 


Two vectors v and w are said to be parallel if there is a nonzero scalar a so 
that v = ow. In this case, the angle 0 between v and wis 0 or 7. 





Determining Whether Two Vectors Are Parallel 


The vectors v = 31 — j and w = 61 — 2j are parallel, since v = 5. Furthermore, 


since 
v°w 18 + 2 20 
cos 8 = ———— = — > = = 1 
Iviiwl V10—V40 400 
the angle 0 between v and wis 0. us) 


4 Determine Whether Two Vectors Are Orthogonal 


. WT 
If the angle 6 between two nonzero vectors v and w is —, the vectors v and w are 
2 
f called orthogonal. See Figure 66. 
w T 
Since cos — = Q, it follows from formula (8) that if the vectors v and w are 
Figure 66 vis orthogonal to w. 2 


orthogonal, then v- w = 0. 


On the other hand, if v-w = 0, then v = 0 or w = Oorcos 6 = 0. If cos 6 = 0, 
NOTE Orthogonal, perpendicular, and 


W ; , 
wiping averall anes MoT Wea RICE ae then 0 = * and v and w are orthogonal. If v or w is the zero vector, then, since the 


aright angle.” It is customary to referto zero vector has no specific direction, we adopt the convention that the zero vector is 


two vectors as being orthogonal, to two orthogonal to every vector. 
lines as being perpendicular, and to a line 


and a plane or a vector and a plane as 
being normal. 


( THEOREM 


Two vectors v and w are orthogonal if and only if 


J 
| EXAMPLE 4 | Determining Whether Two Vectors Are Orthogonal 


The vectors 
v=2i-j and w= 3i+ 6 
are orthogonal, since 
v‘-w=6-6=0 
See Figure 67. J 


onmmmummns- NOW Work PROBLEM 9(C) 





5 Decompose a Vector into Two Orthogonal Vectors 





“Tae In many physical applications, it is necessary to find “how much” of a vector is applied 
_—e- in a given direction. Look at Figure 68. The force F due to gravity is pulling straight 
\ t down (toward the center of Earth) on the block. To study the effect of gravity on 

\ F the block, it is necessary to determine how much of F is actually pushing the block 

\ down the incline (F,) and how much is pressing the block against the incline (F,), 


at a right angle to the incline. Knowing the decomposition of F often enables us 
ee to determine when friction (the force holding the block in place on the incline) is 
Figure 68 overcome and the block will slide down the incline. 
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V, | Suppose that v and w are two nonzero, nonorthogonal vectors with the same 
v : initial point P. We seek to decompose v into two vectors: v,, which is parallel to w, 
p a and v,, which is orthogonal to w. See Figure 69(a) and (b). The vector vy, is called the 
m ™ vector projection of v onto w. 
(a) The vector v, is obtained by dropping a perpendicular from the terminal point 
of v to the line containing w. The vector v, is the vector from P to the intersection of 
LY V, the line containing w and the perpendicular. The vector vy, is given by vy = v — yj. 
: Note that v = v,; + vp, the vector v, is parallel to w, and the vector v> is orthogonal 
| to w. This is the decomposition of v that was sought. 
| V, P a Now we seek a formula for vy, that is based on a knowledge of the vectors v 
and w. Since v = vy, + v>, we have 


b 
e) Vow = (vy, + ) *W=Vv°wt Ww (9) 


Figure 69 


Since vy, is orthogonal to w, we have vo: w = 0. Since vy, is parallel to w, we 
have v; = aw for some scalar a. Equation (9) can be written as 


vw aw: w = alw|? Vv; = aw;v.°-w = 0 
v°w 
gg =2_—— 
| wl? 
Then 
v°w 


vy, = aw = 7_—7wW 
| wl? 


( THEOREM 


If v and w are two nonzero, nonorthogonal vectors, the vector projection of v 
onto w is 


v°w 


v= 77 Ww (10) 
| wll 


The decomposition of v into vy, and vy, where vy, is parallel to w, and vy, is 
orthogonal to w, is 





=u) 
| €XAMPLE5 ~ Decomposing a Vector into Two Orthogonal Vectors 


Find the vector projection of v = 1 + 3j onto w =i + j. Decompose v into two 
vectors, v; and v2, where v, 1s parallel to w, and v, is orthogonal to w. 
Solution Use formulas (10) and (11). 
v°w oak, 
Y= DW TW = AW = 21 + jj) 
Iwe” (va)? 
YY =Vv-vy= (it 3j) —-20+j) = -i+j 
See Figure 70. J 


ovmmmm__me-Now Work PROBLEM 21 





= Finding the Force Required to Hold a Wagon on a Hill 


A wagon with two small children as occupants weighs 100 pounds and is on a hill 
with a grade of 20°. What is the magnitude of the force that is required to keep the 
wagon from rolling down the hill? 
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Solution See Figure 71. We need to find the magnitude of the force v that would cause the 
wagon to roll down the hill. A force with the same magnitude in the opposite direction 
of v will keep the wagon from rolling down the hill. The force of gravity is orthogonal 
to the level ground, so the force of the wagon due to gravity can be represented by 
the vector 


F, = —100j 


Determine the vector projection of F, onto w, which is the force parallel to the hill. 
The vector w is given by 





w = cos 20° + sin 20°j 





Figure 71 The vector projection of F, onto w is 
Fy: w 
| wll? 
— 100(sin 20°) 


= ———— _ (co8 20° + sin 20°75 ) 


( V cos? 20° + sin? 20° ) 2 


—34.2(cos20% + sin 20°j) 


The magnitude of v is 34.2 pounds, so the magnitude of the force required to keep 
the wagon from rolling down the hill is 34.2 pounds. ail 


6 Compute Work 


In elementary physics, the work W done by a constant force F in moving an object 
a from a point A to a point B is defined as 
6 

A eB 


W = (magnitude of force) (distance) = |F| AB | 


Work is commonly measured in foot-pounds or in newton-meters (joules). 

In this definition, it is assumed that the force F is applied along the line of motion. 
If the constant force F is not along the line of motion, but instead is at an angle 6 to 
the direction of the motion, as illustrated in Figure 72, then the work W done by F in 
moving an object from A to B is defined as 


W=F-AB (12) 





This definition is compatible with the force-times-distance definition, since 


Figure 72 W = (amount of force in the direction of AB ) (distance ) 


—— F-AB —> |) |; ——> —_» 
= |projection of Fon AB|||AB| = |AB||AB| = F-AB 


, IABP 
Use formula (10) 





| €XAMPLE7 | Computing Work 


A girl is pulling a wagon with a force of 50 pounds. How much work is done in 
moving the wagon 100 feet if the handle makes an angle of 30° with the ground? See 
Figure 73(a). 





50(sin 30°)j 








(0, 0) 50(cos 30°i (100, 0) 
Figure 73 (a) (b) 


Solution 
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Position the vectors in a coordinate system in such a way that the wagon is moved 


from_ (0,0) to (100,0). The motion is from A = (0,0) to B = (100,0), 
so AB = 100i. The force vector F, as shown in Figure 73(b), is 


3 1 
F = 50(cos 30°% + sin 30°) = 50( Si a >i) = 25(V3i + j) 


By formula (12), the work done is 


W = F-AB = 25(V3i + j) -100i = 25003 foot-pounds 


J 


ovmmmmm==- Now Work PROBLEM 29 


Historical Feature 


e Stated in the Historical Feature in Section 9.4 that 
complex numbers were used as vectors in the plane before 


the general notion of a vector was Clarified. Suppose that we 
make the correspondence 


Vector <> Complex number 
aqi+ bjeoa+ bi 


ci+ djaooc+ d 


Show that 
(ai + bj)-(ci + dj) = real part | (a + bi)(c + di) | 


This is how the dot product was found originally. The imaginary part is 
also interesting. It is a determinant (See Section 11.3) and represents 
the area of the parallelogram whose edges are the vectors. This is 
close to some of Hermann Grassmann’s ideas and is also connected 
with the scalar triple product of three-dimensional vectors. 





9.5 Assess Your Understanding 


‘Are You Prepa red?’ The answer is given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. In a triangle with sides a, b,c and angles A, B, C, the Law of Cosines states that . (p. 546) 


Concepts and Vocabulary 


2. If v = ai + bj and w = ai + bj are two vectors, then 
the is defined as v-w = aya) + bybo. 


3. Ifv- w = O, then the two vectors v and w are 
4. If v = 3w, then the two vectors v and w are 


5. True or False Given two nonzero, nonorthogonal vectors v 
and w, it is always possible to decompose v into two vectors, 
one parallel to w and the other orthogonal to w. 


6. True or False Work is a physical example of a vector. 


Skill Building 


7. Multiple Choice The angle 6,0 = 6 = 7, between two 


nonzero vectors u and v can be found using what formula? 
jul _ [ul 
(a) sind = -——~ (b) cos 0 = ——- 
I¥| I¥| 
(c) sind = — (d) cos@ = a 
July July 


8. Multiple Choice If two nonzero vectors v and w are 
orthogonal, then the angle between them has what measure? 


3 
a7 b> OS W@W 2n 


In Problems 9-18, (a) find the dot product v+ w; (b) find the angle between v and w; (c) state whether the vectors are parallel, orthogonal, 


or neither. 

9 vH1-j wH=itj 

12. v = 21+ 2], w=i+t 2j 
15. v = 3i + 4j, w= —6i — 8j 
17. v = 4i, = j 


19. Find a so that the vectors v = i — aj 
and w = 21 + 3j are orthogonal. 


10. v=i+j, w=-itj UW. v=2i+j, w=i-2j 
B. v= V3i-j, w=itj 4. v=i+ V3j, w=i-j 
16. v = 31 -— 4j, w= 91 - 12) 


18 v=1, w= -3j 


20. Find b so that the vectors v = i + j 
and w = i + bj are orthogonal. 


In Problems 21-26, decompose v into two vectors ¥, and Vz, where VY, is parallel to w, and Y> is orthogonal to w. 


X21 v= 21-3j, w=i-j 


24.v=21-j, w=i-2j 


22. v= —3i + 2j, w= 2i+j 
25. v=3i+j, w= —-2i-j 


23. v=i-j, w= -i- 2j 
26. v=i1-3j, w=4-j 
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Applications and Extensions 


27. 


28. 


XX 29. 


30. 


31. 


32. 


Find a vector of magnitude 15 that is parallel 

to 4i — 3}. 

Find a vector of magnitude 5 that is parallel 

to —12i + 9j. 

Computing Work Find the work done by a force of 3 pounds 


acting in a direction of 60° to the horizontal in moving an 
object 6 feet from (0,0) to (6,0). 


Computing Work A wagon is pulled horizontally by exerting 
a force of 20 pounds on the handle at an angle of 30° with 
the horizontal. How much work is done in moving the 
wagon 100 feet? 


Solar Energy The amount of energy collected by a solar 
panel depends on the intensity of the sun’s rays and the area 
of the panel. Let the vector I represent the intensity, in watts 
per square centimeter, having the direction of the sun’s rays. 
Let the vector A represent the area, in square centimeters, 
whose direction is the orientation of a solar panel. See the 
figure. The total number of watts collected by the panel is 
given by W = |I- Al. 











Suppose that I = (—0.02, —0.01) and A = (300, 400). 

(a) Find ||| and ||A]], and interpret the meaning of each. 

(b) Compute W and interpret its meaning. 

(c) If the solar panel is to collect the maximum number of 
watts, what must be true about Iand A? 





Rainfall Measurement Let the vector R represent the amount 
of rainfall, in inches, whose direction is the inclination of 
the rain to a rain gauge. Let the vector A represent the 
area, in square inches, whose direction is the orientation of 
the opening of the rain gauge. See the figure. The volume 
of rain collected in the gauge, in cubic inches, is given 
by V = |R- A], even when the rain falls in a slanted direction 
or the gauge is not perfectly vertical. 
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Suppose that R = (0.75, —1.75) and A = (0.3,1). 

(a) Find |/R|| and |/A]], and interpret the meaning of each. 

(b) Compute V and interpret its meaning. 

(c) If the gauge is to collect the maximum volume of rain, 
what must be true about R and A? 





33. 


34. 


35. 


36. 


37. 


39. 
40. 


41. 


42. 


Braking Load A Toyota Sienna with a gross weight 
of 5300 pounds is parked on a street with an 8° grade. See the 
figure. Find the magnitude of the force required to keep the 
Sienna from rolling down the hill. What is the magnitude of 
the force perpendicular to the hill? 





Weight = 5300 pounds 


Braking Load A Chevrolet Silverado with a gross weight 
of 4500 pounds is parked on a street with a 10° grade. Find 
the magnitude of the force required to keep the Silverado 
from rolling down the hill. What is the magnitude of the force 
perpendicular to the hill? 


Ramp Angle Billy and Timmy are using a ramp to load 
furniture into a truck. While rolling a 250-pound piano up 
the ramp, they discover that the truck is too full of other 
furniture for the piano to fit. Timmy holds the piano in place 
on the ramp while Billy repositions other items to make 
room for it in the truck. If the angle of inclination of the 
ramp 1s 20°, how many pounds of force must Timmy exert to 
hold the piano in position? 





Incline Angle A bulldozer exerts 1000 pounds of force to 
prevent a 5000-pound boulder from rolling down a hill. 
Determine the angle of inclination of the hill. 


Find the acute angle that a constant unit force vector makes 
with the positive x-axis if the work done by the force in 
moving a particle from (0,0) to (4,0) equals 2. 


. Prove the distributive property: 


u:-(v+w) =u-vt+u-w 
Prove property (5):0°-v = 0. 


If v is a unit vector and the angle between v and iis a, show 
that v = cos ai + sin qj. 


Suppose that v and w are unit vectors. If the angle between v 
and iis a and the angle between w and Lis B, use the idea of 
the dot product v: w to prove that 


cos(a — B) = cosacosB + sina sin B 


Show that the projection of v onto iis (v-i)i. Then show that 
we can always write a vector v as 


v= (v-i)i+ (v-j)j 
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43. Let v and w denote two nonzero vectors. Show that the 49. Challenge Problem 
vectors ||w|lv + |v||w and |wlv — |vilw are orthogonal. (a) If u and v have the same 
44. Let v and w denote two nonzero vectors. Show that the magnitude, show that u + v 
; _ hageh hottie ee and u — vare orthogonal. 
Meee Ne NaN rene Mee wl? (b) Use this to prove that an 


angle inscribed in a 
semicircle is a right angle 
(see the figure). 





45. Given vectors u = i + 5jandv = 4i + yj, find y so that the 
angle between the vectors is 60°." 


46. Given vectorsu = xi + 2jandv = 7i — 3j, find x so that the 


sano heryecn me vecorna 50. Challenge Problem Prove the polarization identity, 


47. Given vectors u = 2xi + 3j and v = xi — 8j, find x so lu + vil? — Ju — vi? = 4(u-v) 
that u and v are orthogonal. 


48. In the definition of work given in this section, what is the 
work done if F is orthogonal to AB? 


‘Courtesy of the Joliet Junior College Mathematics Department 


Explaining Concepts: Discussion and Writing 


51. Create an application (different from any found in the text) that requires a dot product. 


Retain Your Knowledge 


Problems 52-61 are based on material learned earlier in the course. The purpose of these problems is to keep the material fresh in your 
mind so that you are better prepared for the final exam. 


/ 52. Find the average rate of change of f(x) = x3 — 5x2 + 27 57. What is the function that is graphed after the graph 





from —3 to 2. of y = Wx is shifted left 4 units and up 9 units? 
7 
53. Find th t value of 5 cos 60° + 2 tan—. Do not 2x* — 5 
ee a fee en 58. Find all asymptotes of the graph of f(x) = ——— 

calculator. x2 — 2x — 15 
54, Establish the identity: (1 — sin’@) (1+ tan°@) = 1 59. Find the exact value of cos 80° cos 70° — sin 80° sin 70°. 
55. Volume of a Box An open-top box is made from a sheet of 60. Find the vertex and determine if the graph of 

GS metal by cutting squares from each corner and folding up Ds . 
the sides. The sheet has a length of 19 inches and a width f(x) = a 12x + 101s concave up or concave down. 





of 13 inches. If x is the length of one side of each square 
to be cut out, write a function, V(x), for the volume of the A 61. If f(x) = 
box in terms of x. Cane) es 


56. Solve: 7* ! = 3-2**4 1 
fe) xX SO 
(fog) (x) 27 |sec? x 


and g(x) = 3 tan x, show that 


‘Are You Prepared?’ Answers 


1. c? = a’? + B* — 2ab cos C 


9.6 Vectors in Space 


PREPARING FOR THIS SECTION Before getting started, review the following: 
e Distance Formula (Section 1.1, pp. 3-4) 


%, Now Work the ‘Are You Prepared?’ problem on page 6339. 


OBJECTIVES 1 Find the Distance between Two Points in Space (p. 632) 
2 Find Position Vectors in Space (p. 633) 
3 Perform Operations on Vectors (p. 634) 
4 Find the Dot Product (p. 635) 
5 Find the Angle between Two Vectors (p. 636) 
6 Find the Direction Angles of a Vector (p. 637) 
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Figure 76 


Rectangular Coordinates in Space 


In the plane, each point is associated with an ordered pair of real numbers. In space, 
each point is associated with an ordered triple of real numbers. Through a fixed point, 
called the origin O, draw three mutually perpendicular lines: the x-axis, the y-axis, 
and the z-axis. On each of these axes, select an appropriate scale and the positive 
direction. See Figure 74. 

The direction chosen for the positive z-axis in Figure 74 makes the system 
right-handed. This conforms to the right-hand rule, which states that if the index 
finger of the right hand points in the direction of the positive x-axis and the middle 
finger points in the direction of the positive y-axis, then the thumb will point in the 
direction of the positive z-axis. See Figure 75. 





Figure 74 Figure 75 


Associate with each point P an ordered triple (x, y, z) of real numbers, the 
coordinates of P. For example, the point (2, 3, 4) is located by starting at the origin 
and moving 2 units along the positive x-axis, 3 units in the direction of the positive 
y-axis, and 4 units in the direction of the positive z-axis. See Figure 76. 

Figure 76 also shows the location of the points (2,0,0), (0,3,0), (0,0, 4), 
and (2,3,0). Points of the form (x,0,0) le on the x-axis, and points of the 
forms (0, y,0) and (0,0, z) lie on the y-axis and z-axis, respectively. Points of the 
form (x, y,0) lie in a plane called the xy-plane. Its equation is z = 0. Similarly, 
points of the form (x, 0, z) lie in the xz-plane (equation y = 0), and points of the 
form (0, y, z) lie in the yz-plane (equation x = 0). See Figure 77(a). By extension of 
these ideas, all points obeying the equation z = 3 will lie in a plane parallel to and 
3 units above the xy-plane. The equation y = 4 represents a plane parallel to the 
xz-plane and 4 units to the right of the plane y = 0. See Figure 77(b). 


Z 










Plane z= 3 


y=0 ie Plane y= 4 
xXz-plane ie 


yz-plane 






z=0 
xy-plane 





(a) 


Figure 77 


ommmmme-Now Work PROBLEM 9 


Find the Distance between Two Points in Space 


The formula for the distance between two points in space is an extension of the 
Distance Formula for points in the plane given in Section 1.1. 
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( THEOREM Distance Formula in Space 


If P, = (%4,y1, Z,) and Py = (%, yx, Z) are two points in space, the distance d 
from P, to P, is 


= Ve 2 sy) a ee (1) 
J 


The proof, which we omit, utilizes a double application of the Pythagorean Theorem. 


| €XAMPLE 1 ~ Using the Distance Formula 


Find the distance from P, = (—1,3,2) toP, = (4, —-2,5). 


Solution d= V[4- (-1)]? + [-2-3]? + [5-2 =V25+25+9=V59 J 


ormemm__=_==-Now Work PROBLEM 15 


2 Find Position Vectors in Space 


To represent vectors in space, we introduce the unit vectors i,j, and k whose directions 
are along the positive x-axis, the positive y-axis, and the positive z-axis, respectively. 
If v is a vector with initial point at the origin O and terminal point at P = (a, b,c), 
then we can represent v in terms of the vectors 1, j, and k as 





v= ait bj + ck 





Figure 78 


See Figure 78. 

The scalars a,b, and c are called the components of the vector v = ai + bj + ck, 
with a being the component in the direction i, b the component in the direction Jj, 
and c the component in the direction k. 

A vector whose initial point is at the origin is called a position vector. The next 
result states that any vector whose initial point is not at the origin is equal to a unique 
position vector. 


( THeoReM 


Suppose that v is a vector with initial point P; = (x1, yj, Z,), not necessarily 


the origin, and terminal point P, = (X, y», Z.). Ifv = P,P, then v is equal to 
the position vector 


Y= (= ae (y= ys a aK 





Figure 79 illustrates this result. 







P, = 


a Py = (Xo, Vos Zp) 


V = PyPy = (Xp — XE + (Yo — Yi + ( — Z)K 


Figure 79 
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| EXAMPLE 2 ~ Finding a Position Vector 


Find the position vector of the vectorv = P,P, if P,; = (—-1,2,3) andP, = (4,6,2). 
Solution By equation (2), the position vector equal to v is 
v=[4- (-1)]i+ (6-2)j+ (2-3)k = 51+ 4j-k J 


ommmmn- Now Work PROBLEM 29 


3 Perform Operations on Vectors 


Equality, addition, subtraction, scalar product, and magnitude can be defined in terms 
of the components of a vector. 


C DEFINITION 
Let v = ai + b,j + ck and w = ai + b>j + cok be two vectors, and let a 
be a scalar. Then 
ev=w ifandonlyif a, = a,b, = by, andc; = c 
©ev+twe (a+ q@)it (bi + bo)j + (cy + co)k 
ey — w= (a — )it (db) — ba)j + (ce) — co)k 


© av = (aa,)i + (ab,)j + (ac,)k 


° Iv = Vat + 5; + oF 





J 


These definitions are compatible with the geometric definitions given in Section 9.4 
for vectors in a plane. 


| EXAMPLE 3 ~ Adding and Subtracting Vectors 


Ifv = 21 + 3j — 2k and w = 3i — 4j + Sk, find: 
(a) V+w (b) V-—w 
Solution (a) v+ w= (2i+ 3j — 2k) + (3i — 4j + 5k) 

= (2+ 3)i+ (3 —4)j + (-2 + 5)k 
= 5i — j + 3k 

(b) v— w= (2i + 3j — 2k) — (3i — 4j + 5k) 
= (2—-3)i+ [3 — (-4) ]j + [-2 —5]|k 
= —i + 7j — 7k _J) 


| EXAMPLE 4 ~ Finding Scalar Products and Magnitudes 


Ifv = 21 + 3j — 2k and w = 3i — 4j + Sk, find: 
(a) 3v (b) 2v—-3w~ (c) |v 
Solution § (a) 3v = 3(2i + 3j — 2k) = 61 + 9j — 6k 
(b) 2v — 3w = 2(21 + 3j — 2k) — 3(3i — 4j + 5k) 
= 41 + 6j — 4k — 91 + 12j — 15k = —Si + 18] — 19k 


(c) llvll = ll2i + 3 — 2kll = V2? + 3? + (-2)? = V17 a 


ommmmmmm-Now Work PROBLEMS 33 AND 39 


SECTION 9.6 Vectors inSpace 635 
Recall that a unit vector u is one for which ||u|| = 1. In many applications, it is 


useful to be able to find a unit vector u that has the same direction as a given vector v. 


( THEOREM Unit Vector in the Direction of v 


For any nonzero vector v, the vector 


ae 
Ilv| 


iS a unit vector that has the same direction as v. 3] 


The following is a consequence of this theorem. 


v = |Ivilu 
| €XAMPLE5 | Finding a Unit Vector 


Find the unit vector in the same direction as v = 21 — 3j — Ok. 


Solution — Find ||y|| first. 


lvl| = loi — 3j — 6kll = V449 + 36 = V49 =7 


1 1 
Now multiply v by the scalar mM = 7: The result is the unit vector 
Vv 
Vv 2i— 33 - 6k 2. 3, OF 
aS ol OC mm -.SCOCOC > —] —_ — —_ — 
"ivi 7 , | q J 


ommmmm- Now Work PROBLEM 47 


4 Find the Dot Product 


The definition of dot product in space is an extension of the definition given for 
vectors in a plane. 


( DEFINITION Dot Product 


If v = ai + bij + ck and w = ai + b>j + cok are two vectors, the dot 
product v « w is defined as 


Vow — aa ae b, b> ae C1 C2 (3) 


ut) 
| €XAMPLE6 | Finding Dot Products 


Ifv = 2i — 3j + 6k and w = 5i + 3j — K, find: 
(a) vow (b) wev (c) Vev 


(d) w-w (e) |lvl| (f) ||wIl 
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Solution (a) vew=2:5+ (-3)3+ 6(-1) =-5 
(by wey 392 3(=3) 2 (=1)46 = =5 
(c) vev = 2:2 + (—3)(—3) + 6°6 = 49 
(d) wew =5°54+3°3 4+ (-1)(-1) = 35 
(e) lvl = V2? + (-3)? + = V49=7 
(f) |lwll = V52 + 32+ (-1)? = V35 - 


The dot product in space has the same properties as the dot product in the plane. 


( THEOREM Properties of the Dot Product 


If u, v, and w are vectors, then 


Commutative Property 


urev-v°u 


Distributive Property 


u-(v+w) =urvtuew 





= 


5 Find the Angle between Two Vectors 


The angle 6 between two vectors in space follows the same formula as for two vectors 
in the plane. 


( THEOREM Angle between Vectors 


If u and v are two nonzero vectors, the angle 0,0 = @ = zw, between u and vis 
determined by the formula 


uev 





cos §@ = 


(4) 


lib 


J 
| EXAMPLE 7 ~ Finding the Angle between Two Vectors 


Find the angle @ between u = 21 — 3j + 6k and v = 21 + 5j — Kk. 


Solution Compute the quantities u y, ||ul|, and ||v]|. 
wry =2-24 (-3)°5+6(-1) = -17 
jul] = V22 + (-3)2+ @ = V49 =7 
lvl = V2 + 5? + (-1)? = V30 


By formula (4), if 0 is the angle between u and v, then 


uev see BY 
cos 8 ==—- > FS = =~ 0.443 
lull lvl} 730 
So,@ ~ cos '(—0.443) ~ 116.3°. = 


ommmm=me-Now Work PROBLEM 51 


SECTION 9.6 Vectors inSpace 637 


6 Find the Direction Angles of a Vector 


A nonzero vector v in space can be described by specifying its magnitude and its three 
direction angles a, 8, and y. These direction angles are defined as 


a = the angle between v andi, the positive x-axis,0 =a = 7 
B = the angle between v and j, the positive y-axis,0 = 6B = 7 
Y 
See Figure 80. 


the angle between v and k, the positive z-axis,0 = y = 7 





V2Aa0S 7, 0S fpea,0S727 


Figure 80 Direction angles 


Our first goal is to find expressions for a, B, and y in terms of the components 
of a vector. Let v = ai + bj + ck denote a nonzero vector. The angle a between v 
and 1, the positive x-axis, obeys 


a vel a 
a= 7 Tae: = 
vil lil] [lvl 
Similarly, 
b C 
cosB =7— and cosy=7—, 
Iv Iv 


Since ||v|| = Va? + b* + c’, the following result is obtained. 


( THeoReM Direction Angles 


If v = ai + bj + ck is a nonzero vector in space, the direction angles a, B, 
and y obey 


a a b b 


\/ pote al 


® cosa = ® cos B = 


V ae ~ |y| 
C C 


COS YEE (5) 


Vae+ p24 — Iivil 





“J 


The numbers cos a, cos B, and cos y are called the direction cosines of the vector v. 


| EXAMPLE 8 PLE 8 Finding the Direction Angles of a Vector 


Find the direction angles of v = —3i + 2j — 6k. 


Solution —|lvil| = V (-3)* + 2? + (-6)? = V49 =7 
Using the formulas in equation (5), we have 


=35 2 —6 
cosa = — cosB =z cosy = = 


7 7 
a ~ 115.4° B =~ 73.4 y ~ 149.0° af 


t 
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( THeoReM Property of the Direction Cosines 


If a, B, and y are the direction angles of a nonzero vector v in space, then 


cos’ a + cos* B + cos*y = 1 (6) | 
The proof is a direct consequence of the equations in (5). 
Based on equation (6), when two direction cosines are known, the third is 


determined up to its sign. Knowing two direction cosines is not sufficient to uniquely 
determine the direction of a vector in space. 


| EXAMPLES ~ Finding a Direction Angle of a Vector 


3 = T 
The vector v makes an angle of a = . with the positive x-axis, an angle of B = 3 


with the positive y-axis, and an acute angle y with the positive z-axis. Find y. 


Solution By equation (6), we have 


cos(=) + cos( =) + cos*y = 1 O<y< = 
Le I, \e 
(>) + (3) + cos’y = 1 
1 
Don, sos es 
COs’ y 5 
COs _v2 or cos __¥2 
a : 2 
Be ae 
YA me 
Since y must be acute, y = us 
6 4 5 - sasal 


The direction cosines of a vector give information about only the direction of 
the vector; they provide no information about its magnitude. For example, any vector 


, ae ; 7 , 
that is parallel to the xy-plane and makes an angle of i radian with the positive x-axis 
and y-axis has direction cosines 


COs ee cos p= eS cosy = 0 
ana) 2 ui 


However, if the direction angles and the magnitude of a vector are known, the vector 
is uniquely determined. 


| EXAMPLE 10 | Writing a Vector in Terms of Its Magnitude and Direction Cosines 


Show that any nonzero vector v in space can be written in terms of its magnitude and 
direction cosines as 


v = |Ilvil[ (cos a)i + (cos B)j + (cos y)k] 





Solution  Letv = ai+ Dj + ck. From the equations in (5), note that 


a = ||v|| cosa b = |lv|| cos B c = ||v|| cos y 


Substituting gives 
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v =ai+ bj + ck = |lv||(cos a)i + |lvi|(cos B)j + |lvl| (cos y)k 


= |lv|l[ (cos a@)i + (cos B)j + (cos y)k] J 


ormmmmmm-Now Work PRoBLEM 59 


Example 10 shows that the direction cosines of a vector v are also the components 
of the unit vector in the direction of v. 


9.6 Assess Your Understanding 


‘Are You Prepa red?’ The answer is given at the end of these exercises. If you get the wrong answer, read the page listed in red. 


1. The distance d from P, = (x1, y,) to Py = (%, y2) isd = 


Concepts and Vocabulary 


2. Ifv = ai + bj + ckisa vector in space, the scalars a, b,c are 


called the of v. 
3. The squares of the direction cosines of a vector in space add 
up to 


4. True or False In space, the dot product of two vectors is a 


_. _. _s(pp.3—4) 


5. True or False A vector in space may be described by 
specifying its magnitude and its direction angles. 

6. Multiple Choice In space, points of the form (x, y, 0) lie in: 
(a) the xy-plane (b) the xz-plane 


(c) the yz-plane (d) none of these 


positive number. 


Skill Building 


In Problems 7-14, describe the set of points (x, y, z) defined by the equation(s). 
Ly =0 8.x =0 No.2 =2 
ll. x = -4 12.z = -3 13. x = landy = 2 
In Problems 15-20, find the distance from P, to P. 
\ 15. P; = (0,0,0) and P; = (4, 1,2) 


10. y = 3 
14.x =3andz=1 


16. P, = (0,0,0) and P, = (1, —2,3) 

V7. FP, = (—1,.2,—3) and f= (0, =2, 1) 18. P, = (—2,2,3) and P, = (4,0, —-3) 

19. P, = (4, -2, -2) and P, = (3,2,1) 20. P; = (2, -3, —3) and P, = (4,1, -1) 
In Problems 21-26, opposite vertices of a rectangular box whose edges are parallel to the coordinate axes are given. List the coordinates of 
the other six vertices of the box. 


21. (0,0,0); (2,1,3) 22. (0,0,0); (4,2, 2) 23. (1,2,3); (3,4,5) 
24. (5,6,1); (3,8, 2) 25. (-1,0,2); (4,2,5) 26..(=2,=3,0); (=6;7,1) 
In Problems 27-32, the vector v has initial point P and terminal point Q. Write v in the form ai + bj + ck; that is, find its position vector. 
27. P = (0,0,0); Q = (3,4,-1) 28. P = (0,0,0); QO = (—3,—-5,4) 
X29. P = (3,2,-1); QO = (5,6,0) 30. P = (—3,2,0):; Q= (6,5,-1) 
31. P = (-2,-1,4); Q= (6, —-2,4) 32. P= {(—1;4,=2); C= (6;2,2) 


In Problems 33-38, find |v]. 


NX 33. v = 31 — 6j — 2k 34. v = —6i + 12j + 4k 35.v=i-jtk 
36. v= -i-jt+k 37. Vv = —2i + 3j — 3k 38. v = 61 + 2j — 2k 
In Problems 39-44, find each quantity if v = 3i — 5j + 2k and w = —2i + 3j — 2k. 

\. 39. 2v + 3w 40. 3v — 2w 41. |lv — wl 
42. |lv + wl 43. ||vi| — |lwll 44. ||v|| + |lwll 


In Problems 45-50, find the unit vector in the same direction as v. 
45. v = 5i 46. v = —3j N47. v = 3i — 6j — 2k 
48. v = —6i + 12j + 4k 49.v=i+jt+k 50. v = 2i-j +k 


_ In Problems 51-58, find the dot product v * w and the angle between v and w. 
NosLv=i-j, w=it+jtk 52. v=it+j, w=-i+j-—k 
53. v = 21+ j — 3k, w=i+ 2j + 2k 534. v = 21+ 23 —k, w=i+ 2j + 3k 
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55. v = 31 -—j + 2k, w= 
57.v = 31+ 44+ k, w 


i+j—k 
6i + 8j + 2k 


In Problems 59 — 66, find the direction angles of each vector. Write each vector in the form of equation (7). 


NX. 59. v = 3i — 6j — 2k 
63. v=i+j 


60. v = —6i + 12j + 4k 
64.v=jt+k 


Applications and Extensions 


67. Robotic Arm Consider the double- ; 2 
G jointed robotic arm shown in . 
the figure. Let the lower arm YY 

be modeled bya = (2,3, 4), EZ 






the middle arm be modeled 

by b = (1, —1,3), and the 

upper arm be modeled by 

c= (4,—-1, —2), where units 

are in feet. 

(a) Find a vector d that represents 
the position of the hand. 

(b) Determine the distance of the hand from the origin. 


68. The Sphere In space, the collection of all points that are the 
same distance from some fixed point is called a sphere. See 
the illustration. The constant distance is called the radius, 
and the fixed point is the center of the sphere. Show that an 


equation of a sphere with center at (Xo, yo, Z)) and radius r is 
(x — x9)? + (y — yo)? + (2-H)? =P? 


[Hint: Use the Distance Formula (1).] 


Z 


P= (Xx, y, Z) 
[ : 


~~~ _— Po = %; Yo 20) 


=. 


y=, 


y 
X 


Retain Your Knowledge 


Problems 80-88 are based on material learned earlier in the course. 
mind so that you are better prepared for the final exam. 





80. Solve: : > 5 
Y= 2 


81. 


82. 
83. 


Find the exact value of sin 80° cos 50° — cos 80° sin 50°. 


Solve the triangle. 


6 


84. 





Find the distance between the 
and P, = (9,9) 


points P, 


(—1,-2) 


‘Are You Prepared?’ Answer 


1 Vy =— 4)" + On = i)" 


Given f(x) = 2x — 3andg(x) = x* + x — 1,find (fog) (x). 


56. v=i+3j+2k, w=i-jt+k 

58. v= 3i-4j +k, w= 6i— 8 + 2k 
6l.v=i+jt+k 62.v=i-j—k 
65. v = 3i — 5j + 2k 66. v = 2i + 3j — 4k 


In Problems 69 and 70, find an equation of a sphere with radius r 
and center Pp. 


69. r= 1; Po = (3,1,1) 

70. r = 2; Po = (1,2, 2) 
In Problems 71-76, find the radius and center of each sphere. 
[Hint: Complete the square in each variable. | 

TL xt yt+24+2x-2y=2 


72.x° + y? + 274+2x-2z=-1 
73. x7 + y?+ 2° — 4x + 4y + 2z =0 
T4.x° + y? + 22-4% =0 

75. 2x7 + 2y? + 277 — 8x + 4z = -1 


76. 


3x? + 3y? + 377 + 6x — by 


The work W done by a constant force F in moving an object from 
a point A in space to a point B in space is definedas W = F+ AB . 
Use this definition in Problems 77-79. 

77. Work Find the work done by a force of 3 newtons acting in 


the direction 2i + j + 2k in moving an object 2 meters from 
(0, 0,0) to (0, 2,0). 


78. Work Find the work done by a force of 1 newton acting in 
the direction 2i + 2j + k in moving an object 3 meters from 
(0, 0,0) to (1, 2,2). 


79. Work Find the work done in moving an object along 
a vector u = 3i+ 2j — 5k if the applied force is 
F = 21 — j — k. Use meters for distance and newtons for 
force. 


The purpose of these problems is to keep the material fresh in your 


85. Form a polynomial function with real coefficients having 
degree 4 and zeros —iand1 — 31. 


iS one-to-one. Find its 





86. The function f(x) 3 


inverse. 





éS 87. Find the average rate of change of f(x) = 3 tan(2x) from 
Be 
8 8 

/X 88. Find the area of the region enclosed by f(x) 


and g(x) =6—- x. 


36 — x” 
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9.7 The Cross Product 


OBJECTIVES 1 Find the Cross Product of Two Vectors (p. 641) 
2 Know Algebraic Properties of the Cross Product (p. 642) 


3 Know Geometric Properties of the Cross Product (p. 643) 
4 Find a Vector Orthogonal to Two Given Vectors (p. 644) 
5 Find the Area of a Parallelogram (p. 644) 





1 Find the Cross Product of Two Vectors 


For vectors in space, and only for vectors in space, a second product of two vectors is 
defined, called the cross product. The cross product of two vectors in space is also a 
vector that has applications in both geometry and physics. 


C DeFINITION Cross Product 


Ifv = ai + bij + cyk and w = ai + boj + cok are two vectors in space, the 
cross product v X< w is defined as the vector 





Notice that the cross product v X w of two vectors is a vector. Because of this, it 
is sometimes referred to as the vector product. 


| €XAMPLE1 ~ Finding a Cross Product Using Equation (1) 


Ifv = 21+ 3j + Skandw =i + 2j + 3k, findv X w. 
Solution vX w= (3:3 —-2:5)i- (2:3 —1°5)j + (2:2 —1°3)k Equation (1) 
(9 — 10)i — (6 —5)j + (4—-3)k 


-~i-jt+k J 


Determinants* may be used as an aid in computing cross products. 
A 2 by 2 determinant, symbolized by 


a, b, 








a, bo 
has the value a,b  — a»b,; that is, 


a, by, 
= aby — anb, 








ay by 
A 3 by 3 determinant has the value 


A BC 


a, by 
a, by | = 


b, C1 a Cy 


A- 




















by Co aa C2 ay by 


ay by Cy 


*Determinants are discussed in detail in Section 11.3. 
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| EXAMPLE 2 ~ Evaluating Determinants 


2 3 
2991-32023) 
@) |r 3 
A BC 
wes slp Saf Sos [2 3c 
2 3 1 3 12 
i 23 


= (9-10)A - (6-5)B+ (4-3)C 
=-A-B+C J 


ommmme-Now Work PROBLEM 7 


The cross product of the vectors v = ai + byj + cyk and w = ai + bj + cok, 
that is, 


VX w= (byicy — bocy)i — (AC. — ayC1)j + (a,b2 — and) )k 


may be written symbolically using determinants as 




















I J k 
VXwe=la, b, ¢ Sie De. ot oe o Male 
= 14 il i 
by Co aa C2 ay by» 
ay by 


| EXAMPLE 3 | Using Determinants to Find Cross Products 


Ifv = 21 + 3j + Sk andw =1 4 2j + 3k, find: 











(a) VX w (b) WX v (Cc) V Xv (d) w xX w 
i j k 
3 5 z 3 2 3 
Solution (a)vXw= [2 3 5 =| i- | it k= -i-j+k 
23 1 3 1 2 
1 2 3 
i j k 
2 3 1 3 L 2 
b Xv=]1 2 3) = = j + k=i+j-—k 
ES ; it b if b ; 4 
3.5 
i j k 
x 2 2. 3 Zz. 3 
(c) VvXv=|2 3 5 7 i- | it k= 01-0) + 0K=0 
7 > a, a: 
2. 3-3 
i j k 
(d)wXw=]1 2 3 
1 2 3 
2 3 1 3 tT 2 
= i — ; + k = Oi — Oj + Ok = 0 
; 3" ; 3) P : a, J 


ommemmme-Now Work PROBLEM 15 


2 Know Algebraic Properties of the Cross Product 


Notice in Examples 3(a) and (b) that v X wand w X vare negatives of one another. 
From Examples 3(c) and (d), one might conjecture that the cross product of a vector 
with itself is the zero vector. These and other algebraic properties of the cross product 
are given next. 
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‘g THEOREM Algebraic Properties of the Cross Product 


If u, v, and w are vectors in space and if a is a scalar, then 


euxu=+—0 


euXv=—(vxXu) 


e a(u Xv) = (au) X v=u X (av) 


eu X (v+w) = (uXv) + (u X w) 





J 


Proof We will prove properties (2) and (4) here and leave properties (3) and (5) as 
exercises (see Problems 60 and 61). 


To prove property (2), letu = ai + b,j + ck. Then 




















I J k 
ciel. be 2 [by Ci]. | Oller ae, || bile 
= 14 1 1) 
by Cy a, Cy a, by 
a, by CG 


= Oi — Oj + Ok = 0 


To prove property (4), letu = qi + b,j + cjk and v = qi + boj + cok. Then 
a(u X v) 7 a| (bic. — bycy)i — (ayC2 — ancy )j + (a,b2 — ab, )k | 
Apply (1). 
— a(b1c2 — bc, )i — a (a,C> = aC, )j - a(a,b> — ab, )k (6) 


Since au = aa,i + ab\j + ack, we have 


(au ) xX Vv (ab, Cc, ai boac, )i — (ad,C2 = AraC} )j ef (aa, b> — a,ab,)k 


a(bycy — bycy)i — a(aycg — anc, )j + a(a,bz — ab; )k (7) 


Based on equations (6) and (7), the first part of property (4) follows. The second part 
can be proved in like fashion. . 


ovmmmmmm=-Now Work PROBLEM 17 


3 Know Geometric Properties of the Cross Product 


( THEOREM Geometric Properties of the Cross Product 


Let u and v be vectors in space. 


e u X vis orthogonal to both u and v. 
eu x vi = ful [iv sin 9, 


where @ is the angle between u and v. 


e |ju X y|| is the area of the parallelogram 


havingu # Oandv # Oas adjacent sides. 


eu X v = Oif and only if u and v are parallel. 
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Proof of Property (8) Letu = ai + b,j + cjk andv = ai + boj + ck. Then 
u Xv = (bycy — boc, )i — (a,c. — anc) + (a,b2 — and, )k 


Now compute the dot product us (u X v). 





ue (u x Vv) = (ai - bij eT ck) . [ (byco = b>c1)i = (aC = a7C1)j + (a,b = ayb,)k | 
= ay (bic. — bocy) — by (aycy — ancy) + cy (a,b2 — andy) = 0 
Figure 81 Since two vectors are orthogonal if their dot product is zero, it follows that u and 


u X vare orthogonal. Similarly, v* (u <X v) = 0,sovandu X ware orthogonal. m= 


4 Find a Vector Orthogonal to Two Given Vectors 


uxXvV As long as the vectors u and v are not parallel, they will form a plane in space. 
See Figure 81. Based on property (8), the vector u X v is normal to this plane. As 
Figure 81 illustrates, there are essentially (without regard to magnitude) two vectors 
normal to the plane containing u and v. It can be shown that the vector u X vis the 
one determined by the thumb of the right hand when the other fingers of the right 
Figure 82 hand are cupped so that they point in a direction from u to v. See Figure 82.* 





| EXAMPLE 4 | Finding a Vector Orthogonal to Two Given Vectors 


Find a vector that is orthogonal to u = 3i — 2} + kandv = —i + 3j — kK. 
Solution —_ Based on property (8), such a vector is u X v. 


ij k 
uXv=/] 3 -2. 1/| = (2-3)i-[-3- (-1)]j + (9 - 2)k = -i + 2j + 7k 
f 3 4 


The vector —i + 2j + 7k is orthogonal to both u and v. 
/ Check: Two vectors are orthogonal if their dot product is zero. 
ue (-i + 2j + 7k) = (3i — 2) + k) « (-i + 2] + 7k) = -3-44+7=0 
ve (i+ 2j + 7k) = (-i + 3j —k) + (-i+ 23+ 7k) =1+6—7=0_J 
ommummm=-Now Work PRoBLEM 41 


The proof of property (9) is left as an exercise. See Problem 62. 


5 Find the Area of a Parallelogram 


Proof of Property (10) Suppose that u and v are adjacent sides of a parallelogram. 
See Figure 83. Then the lengths of these sides are ||u|| and |v]. If 6 is the angle 
between u and y, then the height of the parallelogram is ||v|| sin @ and its area is 





Area of parallelogram = Base < Height = |u| [ |v|| sin 6 | 7 lu x v| 


Figure 83 Property (9) al 


| €XAMPLE5 | Finding the Area of a Parallelogram 


Find the area of the parallelogram whose vertices are P; = (0,0,0),P, = (3, -2,1), 
P, = =. =1)., and P, — (2, LO). 


*This is a consequence of using a “right-handed” coordinate system. 


Solution 


WARNING Not all pairs of vertices 
give rise to a side. For example, PR. Is 
a diagonal of the parallelogram since 
— —> — —> —— 
AB + RR = AR. Also, RR and BP, 
are not adjacent sides; they are parallel 
sides. a 


SECTION 9.7 The Cross Product 645 


Two adjacent sides of this parallelogram are 


u=P,P, =3i-2j)+k and v=PP, = -i+3j-—k 


Since u X v = —i + 2j + 7k (Example 4), the area of the parallelogram is 


Area of parallelogram = ||u x v| = V1 + 44+ 49 = V54 = 3V6 Square aes 


ovmummmm=- Now Work PROBLEM 49 


Proof of Property (11) The proof requires two parts. If u and v are parallel, then 
there is a scalar a such that u = av. Then 


u X v = (av) a ee eX) ri 
Property (4) Property (2) 
Ifu X v = 0, then, by property (9), we have 


|u x vi = [ull |v] sin = 0 


Since u ~ Oandv = 0, we must have sin 6 = 0,so 6 = O or 6 = a. In either case, 
since @ is the angle between u and v, then u and v are parallel. g 


9.7 Assess Your Understanding 


Concepts and Vocabulary 


1. True or False Ifu and vare parallel vectors, thenu <X v = 0. 5. True or False |\u X v\|| = |\ul| |v cos 6, where @ is the angle 











2. True or False For any vector v, v X v = 0. between u and v. 
3. True or False Ifwand vare vectors,thenu X v + v Xu = 0. 6. True or False The area of the parallelogram having u and v 
as adjacent sides is the magnitude of the cross product of u 
4. True or False u X v is a vector that is parallel to both u aie 
and v. 
Skill Building 
In Problems 7-14, find the value of each determinant. 
Mer 4 5 | -° > 0 | : q 10. |! : 
iL 2 2 3 =), =i * oO 
A BC A BC A B C A B C 
11. |/2 1 4 12/0 2 4 13. |=1 3 5 14,.).1 =2 =3 
tL 2 2 a 1. 3 > ) =2 yy 2 =2 
In Problems 15-22, find (a) Vv X w, (b) w X vy, (c) W X w, and (d) Vv X v. 
\ 15. v = 2i - 3) + k 16. v = —i+ 3j + 2k NI2v=it+j 18. v =i — 4j + 2k 
w = 3i — 2] — k w = 3i — 2j — k w=21i+jt+k w = 3i + 2] + k 
19. v = 2i —j + 2k 20. v = 3i + j + 3k 21.v =i-—j-—k 22. v = 21 — 3j 
w=j-—k w=i-k w = 4i — 3k w = 3j — 2k 
In Problems 23-44, use the given vectors u, Vv, and w to find each expression. 
= 2i — 3j + k v= —3i + 3j + 2k w=i+j+ 3k 
23. u X Vv 24. Vv X w 25. Vv X u 
26. W X Vv 27.V XV 28. WwW X Ww 
29. (3u) Xv 30. v X (4w) 31. u X (2v) 
32. (—3v) X w 33. ue (u X v) 34. v- (v X w) 
35. us (Vv X w) 36. (u X Vv) * Ww 37. v* (u X w) 


38. (Vv X u) ew 


39. u X (Vv X Vv) 40. (Ww X w) Xv 
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\\ 41. Find a vector orthogonal to both u and v. 42. Find a vector orthogonal to both u and w. 
43. Find a vector orthogonal to both u andi + j. 44. Find a vector orthogonal to both u and j + Kk. 


In Problems 45-46, find the area of the parallelogram with one corner at P; and adjacent sides P,P, and P, P3 . 


45. 7 = (0,0,0); P= {1,2.3)5 y= (=2,5,0) 46. P, = (0,0,0), Py, = (2,3,1), Ps = (-2,4,1) 
47, P, = (1,2,0), P= (-2,3,4), P; = (0, -2,3) 48. P, = (-2,0,2), P=(2,1,-1), P= (2,-1,2) 
In Problems 49-52, find the area of the parallelogram with vertices P,, P), P3, and P,. 
NX 49. P, = (1,1,2), B= (1,2,3), Ps = (-2,3,0), 50. P, = (2,1,1), Py = (2,3,1), Ps = (-2,4,1), 
P=. (=2,4,1) y= (= 2.6, 1.) 
51... = Us2,-l); = (42,-3), = (6,;—35,2); §2.Fj:= (Lil). P= 122) = 134.5) 
PP, = (9,=5,0) P, = (-3,5, -4) 


Applications and Extensions 


53. Find a unit vector normal to the plane containing 58. Show that if u and v are orthogonal, then 
v =i+ 3j — 2kandw = —2i + j + 3k. 





54. Find a unit vector normal to the plane containing lu x vl = [ul Iv 

v= 241+ 3j — kandw = —2i — 4j — 3k. 59. Show that if u and v are orthogonal unit vectors, then u X v 
55. Volume of a Parallelepiped A parallelepiped is a prism is also a unit vector. 

whose faces are all parallelograms. Let A, B, and C be the 60. Prove property (3). 

vectors that define the parallelepiped shown in the figure. 61. Prove property (5). 

The volume V of the parallelepiped is given by the formula 

V=|(AXB)-Cl. 62. Prove property (9). 

[Hint: Use the result of Problem 57 and the fact that if 0 is 


the angle between u and y, thenu*v = |ul| |v|| cos 0.] 


63. Challenge Problem Show that the vector 2v X 3w is 
orthogonal to both v and w. 


64. Challenge Problem If v,w,uand a,b,c are vectors for which 





a-v=b-w=c:u=1l 


Find the volume of a parallelepiped if the defining and 
vectors are A = 3i — 2] + 4k,B = 2i+ j — 2k, and 


C = 31 — 6 — 2k a‘w=a'u=—b-v=b-'u=-ce:v=e:'w=0 


56. Volume of a Parallelepiped Refer to Problem 55. Find the show that 
volume of a parallelepiped whose defining vectors are 
A =i + 6k,B = 2i + 3j —8k, and C = 8i —5j + 6k. ge, ea gee 
v:(w X wu) w:(u X v) u-(v X w) 


57. Prove for vectors u and v that 
lu x vi? = lull?ivi? — (uv)? 


[Hint: Proceed as in the proof of property (4), computing first 
the left side and then the right side.] 


Discussion and Writing 
65. Ifuev = Oandu X v = 0, what, if anything, can you conclude about u and v? 


Retain Your Knowledge 


Problems 66-75 are based on material learned earlier in the course. The purpose of these problems is to keep the material fresh in your 
mind so that you are better prepared for the final exam. 





il 
66. Find the exact value of cos "(Te 69. Use properties of logarithms to write es as a 
2 Z 
67. Find two pairs of polar coordinates (r,@), one with sum or difference of logarithms. Express powers as 
r >0 and the other with r <0, for the point with factors. 
rectangular coordinates (—8,—15). Express 6 in oe 
radians. 70. Find the exact value of sec ssin'(- 3) ; 


68. For f(x) = 7°! + 5, find f-!(x). 


3x + 4 
xo = 16 


71. Findthedomainof f(x) = 
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oo Vea 
PAS 74. Rationalize the numerator: ————— 





_ =| 
a9 feos = 2 cline @ < 7, find the exact value of sin ua iX75. Find the average rate of change of f(x) = csc ~x from 1 


8 2 


to 2, 


73. Find the area of the triangle for which a = 8,b = 9, 
and C = 60°. 





Chapter Review 


Things to Know 

Polar Coordinates (pp. 576-583) 
Relationship between polar 
coordinates (7,6) and 


rectangular coordinates (x, y) 
(pp. 578 and 582) 


x = rcosé,y = rsin@ 
r? = x? + y’, tan 6 =n if x A 0 
x 


=y,0= Sait = 0 


Complex Numbers and De Moivre’s Theorem (pp. 600-606) 


Polar form of a complex 
number (p. 601) 


Exponential form of a complex 
number (p. 602) 


De Moivre’s Theorem (p. 604) 


nth root of a complex number 
w = re”, w # 0(p.605) 

Vectors (pp. 609-619) 
Position vector (pp. 612 and 633) 
Unit vector (pp. 612, 615 and 635) 
Direction angle of a vector v (p. 616) 
Dot product (pp. 624 and 635) 





Angle @ between two nonzero 
vectors u and v (p. 625) 


Work (p. 628) 


Direction angles of a 
vector in space (p. 637) 


Cross product (p. 641) 


Area of a parallelogram (p. 644) 


Ifz =x + yi, then z = r(cos@ + isin@), 
where r = Oand0O = @ < 2z7. 


z = re”, where e” = cos 6 + isin 6, @ in radians 


If z = re”, then z” = r” e\"9) where n = 1 is an integer. 


ZB = Vr eb in) (O42kt) ik = 0,...,n — 1, wheren = 2isan integer 


A quantity having magnitude and direction; equivalent to a directed line segment PO 
A vector whose initial point is at the origin 

A vector whose magnitude is 1 

The angle a, 0° = a < 360°, between i and v 


Ifv = ai + bjjandw = ai+t bj, thenv>w = aya, + Dybo. 


uv 
cos 6 = ———..0=0=7 
July 


Work W = (magnitude of force) (distance) = ||F| | AB | 
W=F-AB 
Ifv = ai + bj + ck, then v = |v||[ (cosa@)i + (cos B)j + (cos y)k], 
where cos a = — cos B = es and cosy = —— 
lv| lv| Iv | 
Ifv = qit bj + cyk and w = ai + bj + cok, 


then v X w = | by co — boc, |i 7 [ a1 C2 — AnCy jj i | ayb2 — dnb, |k. 


lu x v|| = lull] ||v|| sin 6, where 6 is the angle between the two adjacent 
sides u and v. 





Objectives 
Section You should be able to... Example(s) Review Exercises 
9.1 1 Plot points using polar coordinates (p. 576) 1-3 1-3 
2 Convert from polar coordinates to rectangular coordinates (p.578) 4 1-3 
3 Convert from rectangular coordinates to polar coordinates (p.580) 5-7 46 


4 Transform equations between polar and rectangular forms (p.582) 8,9 7(a)—-10(a) 
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Section You should be able to... Example(s) Review Exercises 
9.2 1 Identify and graph polar equations by converting to rectangular 1-6 7(b)-10(b) 
equations (p. 586) 

2 Test polar equations for symmetry (p. 589) 7-10 11-13 

3 Graph polar equations by plotting points (p. 590) 7-13 11-13 
9.3 1 Plot points in the complex plane (p. 600) 1 16-18 

2 Convert a complex number between rectangular form and polar 23 14-18 

form or exponential form (p. 601) 

3 Find products and quotients of complex numbers (p. 603) ~ 19-21 

4 Use De Moivre’s Theorem (p. 604) 5,6 22-25 

5 Find complex roots (p. 605) 7. 26 
9.4 1 Graph vectors (p. 611) 1 27,28 

2 Find a position vector (p. 612) 2 29, 30 

3 Add and subtract vectors algebraically (p. 614) S. Sal 

4 Find ascalar multiple and the magnitude of a vector (p. 614) 4 29, 30, 32-34 

S Find a unit vector (p. 615) 5 35 

6 Find a vector from its direction and magnitude (p. 616) 6 36, 37 

7 Model with vectors (p. 617) 8-10 59, 60 
0 1 Find the dot product of two vectors (p. 624) i 46, 47 

2 Find the angle between two vectors (p. 625) 2 46, 47 

3 Determine whether two vectors are parallel (p. 626) S. 50-52 

4 Determine whether two vectors are orthogonal (p. 626) - 50-52 

5 Decompose a vector into two orthogonal vectors (p. 626) 5,6 53, 54, 62 

6 Compute work (p. 628) 7 61 
9.6 1 Find the distance between two points in space (p. 632) if 38 

2 Find position vectors in space (p. 633) Z 39 

3 Perform operations on vectors (p. 634) 3) 40-42 

4 Find the dot product (p. 635) 6 48, 49 

5 Find the angle between two vectors (p. 636) 7 48, 49 

6 Find the direction angles of a vector (p. 637) 8-10 55 
9.7 1 Find the cross product of two vectors (p. 641) lie 43,44 

2 Know algebraic properties of the cross product (p. 642) p. 643 hae 

3 Know geometric properties of the cross product (p. 643) p. 643 56 

4 Find a vector orthogonal to two given vectors (p. 644) 4 45 

5 Find the area of a parallelogram (p. 644) 5 56 


Review Exercises 


In Problems 1-3, plot each point given in polar coordinates, and find its rectangular coordinates. 


(35) 2 (~2,45) (3-4) 


In Problems 4-6, the rectangular coordinates of a point are given. Find two pairs of polar coordinates (r,@) for each point, one withr > 0 
and the other with r < 0. Express 6 in radians. 


4. (—3,3) 5. (0, —2) 6. (3,4) 


In Problems 7-10, the variables r and 0 represent polar coordinates. 
(a) Write each polar equation as an equation in rectangular coordinates (x, 


7r=2sin0 8 r=5 9, ¢0= 


(b) Identify the equation and graph it. 


y). 
ci 2 _ 
ri 10. r~ + 4rsiné — 8rcosé = 5 
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In Problems 11-13, graph each polar equation. Be sure to test for symmetry. 

11. r = 4cos 0 12, r= 3 -— 3sin0 13. r= 4-—cosé 
In Problems 14 and 15, write each complex number in polar form and in exponential form. 

iM. =1:—7 15. 4 — 3i 


In Problems 16-18, write each complex number in rectangular form, and plot each in the complex plane. 


. 2 2 . 
16. 2¢°57/6 17. 3( cos + isin =z) 18. 0.1¢!357/18 


In Problems 19-21, find zw and Write your answers in polar form and in exponential form. 


4a 4a Orr Oar T 7 

1 e — ——— - j ae e = ae “e j i ee by e = a: + j 1 oes 
9. z = cos 9 i sin 9 20. z 3( cos 5 i sin 5 ) 21: Z 5(cos i8 i sin =) 
p= oe ae = 2 = + isin) ~ cog t™ 4 gin JLT 

18 18 il as a " 36 0~-~:«C36 


In Problems 22-25, write each expression in rectangular form x + yiand in exponential form re”. 


° 5 Sar \ |4 
22. 3( cos ae isin) 23. V2 (cos - isin =) 
24, (1 - V3i)° 25. (3 + 4i)4 
26. Find all the complex cube roots of 27, 


V 
In Problems 27 and 28, use the figure to graph each of the following: / Ne 


22uct+yv 
28. 2u + 3v 


In Problems 29 and 30, the vector v is represented by the directed line segment PO . Write v in the form ai + bj and find |v]. 


29. P = (1,-2); Q= (3,-6) 30. P = (0,-2); Q= (1,1) 
In Problems 31-35, use the vectors v = —2i + jand w = 4i — 3j to find: 
31.v+w 32. 4v — 3w 33. |lv| 34. |\v| + lw] 


35. A unit vector in the same direction as v. 
36. Find the vector v in the xy-plane with magnitude 3 if the direction angle of v is 60°. 
37. Find the direction angle a of Vv = —i + V3 j. 


38. Find the distance from P, = (1,3, —2) to P,» = (4, —-2,1). 39. A vector v has initial point P = (1,3,—2) and terminal 
point OQ = (4, —2,1). Write vin the form v = ai + bj + ck. 


In Problems 40-45, use the vectors v = 3i + j — 2k and w = —3i + 2j — K1to find each expression. 
40. 4v — 3w 41. |v — wl 42. |Ilv| — Iw 
43. Vv X w 44. v-(v xX w) 45. Find a unit vector orthogonal to 


both v and w. 


In Problems 46-49, find the dot product v * w and the angle between v and w. 
46. v = -2i1+j, w= 4i - 3j 47. v=i- 3j, w= -it+ j 
48. v=i+j+k, w=i-j+k 49. v= 4i —j + 2k, w=i- 2j — 3k 


In Problems 50-52, determine whether v and w are parallel, orthogonal, or neither. 
50. v = 2i + 3j; w= —4i — 6j 51. v = —21 + 2j; w= —-31 4+ 2j 52. v = 3i — 2j; w= 4i+ 6 


In Problems 53 and 54, decompose v into two vectors, one parallel to w and the other orthogonal to w. 
53. v = 2i+j; w= -4i+ 3j 54. v = 21+ 3j;w = 31+ j 
55. Find the direction angles of the vector v = 3i — 4j + 2k. 56. Findtheareaofthe parallelogram with vertices P, = (1,1,1), 
P, = (2,3,4),P; = (6,5,2),and Py = (7,7,5). 


57. Ifu X v = 2i — 3j + k, whatisv X u? 58. Suppose that u = 3v. What isu X v? 
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59. Actual Speed and Direction of a Swimmer A swimmer 

eo maintain a constant speed of 5 miles per hour. If the 
swimmer heads directly across a river that has a current 
moving at the rate of 2 miles per hour, what is the actual 
speed of the swimmer? (See the figure.) If the river is 1 mile 
wide, how far downstream will the swimmer end up 
from the point directly across the river from the starting 
point? 





CHAPTER 


Test Pre 


VIDEOS 


Chapter Test 


In Problems 1-3, plot each point given in polar coordinates. 


(29) 2 (2-4) 


60. Static Equilibrium A weight of 2000 pounds is suspended 
from two cables, as shown in the figure. What are the tensions 
in the two cables? 





61. Computing Work Find the work done by a force of 5 pounds 
acting in the direction 60° to the horizontal in moving an 
object 20 feet from (0,0) to (20, 0). 


62. Braking Load A moving van with a gross weight 
of 8000 pounds is parked on a street with a 5° grade. Find 
the magnitude of the force required to keep the van from 
rolling down the hill. What is the magnitude of the force 
perpendicular to the hill? 


The Chapter Test Prep Videos include step-by-step solutions to all chapter test 
exercises, These videos are available in MyLab™ Math, or on this text’s YouTube 
Channel. Refer to the Preface for a link to the YouTube channel. 
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4. Convert i 2/3) from rectangular coordinates to polar coordinates (r,@), where r > Oand0 S @ < 27. 


In Problems 5-7 convert the polar equation to a rectangular equation. Graph the equation. 


Ss r=7 6. tand = 3 


In Problems 8 and 9, test the polar equation for symmetry with 


respect to the pole, the polar axis, and the line 0 = = 


8. r7cos@ = 5 9. r = 5 sin 0 cos’ 0 


In Problems 10-12, perform the given operation, where 


2( 177 fae a 1 3( lla fee a) 
= 2| cos —— sin=——= = 3| cos=— sin=—= |. 
: 3560 386 J 90 °°" 90 
Write the answer in polar form and in exponential form. 


10. z-w 11. 12. w? 
x 


13. Find all the complex cube roots of —8 + 8V3i. Then plot 
them in the complex plane. 


In Problems 14-18, P, = aye 72) and P, = (8v2, 27 


14. Find the position vector v equal to PP. 
15. Find ||v]. 

16. Find the unit vector in the direction of v. 
17. Find the direction angle of v. 


18. Write the vector v in terms of its vertical and horizontal 
components. 


7, rsin?6 + 8sin@d =r 


In Problems 19-22, v, = 41 + 6j, v2 = —31 — 6j, v3 = —8i + 4J, 
and v4 = 101 + 15j. 

19, Find the vector v; + 2v, — v3. 

20. Which two vectors are parallel? 

21. Which two vectors are orthogonal? 


22. Find the angle between the vectors vy, and vp. 


In Problems 23-25, use the vectors u = 2i — 3} + k and 
v= —-i+ 3j + 2k. 


23. Findu X v. 
24. Find the direction angles for u. 


25. Find the area of the parallelogram that has u and v as 
adjacent sides. 


26. A 1200-pound chandelier is to be suspended over a large 
ballroom; the chandelier will be hung on two cables of 
equal length whose ends will be attached to the 
ceiling, 16 feet apart. The chandelier will be free-hanging 
so that the ends of the cable will make equal angles with 
the ceiling. If the top of the chandelier is to be 16 feet from 
the ceiling, what is the minimum tension each cable must 
be able to endure? 


Chapter Projects 651 


Cumulative Review 


1. Find the real solutions, if any, of the equation 6. Graph the function y = |In x]. 


yee 7. Graph the function y = |sin x]. 


. - - 8. Graph the function y = sin|x]. 
2. Find an equation for the line containing the origin that 


makes an angle of 30° with the positive x-axis. 9, Find the exact value of sin (- >) 

3. Find an equation for the circle with center at the point (0, 1) @ 
and radius 3. Graph this circle. 

4. What is the domain of the function f(x) = In(1 — 2x)? 


5. Test the equation x” + y? = 2x* for symmetry with respect 
to the x-axis, the y-axis, and the origin. 


10. Graph the equations x = 3 and y = 4 on the same set of 


rectangular coordinates. 


11. Graph the equations r = 2 and 6 = > on the same set of 


polar coordinates. 


12. What are the amplitude and period of y = —4 cos(ax)? 


Chapter Projects 


In 1903 the Wright brothers made the first controlled 
powered flight. The weight of their plane was approximately 
700 pounds (lb). Newton’s Second Law of Motion states 
that force = mass X acceleration (F = ma). If the mass is 
measured in kilograms (kg) and acceleration in meters per 
second squared (m/s’), then the force will be measured in 





newtons (N). [Note: 1 N = 1 kg- m/s’. ] 


I. Modeling Aircraft Motion Four aerodynamic forces act on an 
airplane in flight: lift, weight, thrust, and drag. While an aircraft 5. If lkg 7 2.205 Ib, convert the weight of the Wright 
is in flight, these four forces continuously battle each other. brothers’ plane to kilograms. 

Weight opposes lift, and drag opposes thrust. See the diagram 6. If acceleration due to gravity is a = 9.80 m/s”, determine 
below. In balanced flight at constant speed, the lift and weight the force due to weight on the Wright brothers’ plane. 
are equal, and the thrust and drag are equal. 7. What must be true about the lift force of the Wright 
1. What will happen to the aircraft if the lift is held constant brothers’ plane for it to get off the ground? 
while the weight is decreased (say, from burning off fuel)? 8. The weight of a fully loaded Cessna 172P is 2400 lb. What 
2. What will happen to the aircraft if the lift is decreased lift force is required to get this plane off the ground? 
while the weight is held constant? 9. The maximum gross weight of a Boeing 787 is 560,000 Ib. 


3. What will happen to the aircraft if the thrust is increased 


while the drag is held constant? 


4. What will happen to the aircraft if the drag is increased 


while the thrust is held constant? 


Lift 





What lift force is required to get this jet off the ground? 


The following projects are available at the Instructor’s Resource Center (IRC): 


II. 


Hil. 
IV. 


Project at Motorola Signal Fades Due to Interference Complex trigonometric functions are used to ensure that a cellphone has 


optimal reception as the user travels up and down an elevator. 


Compound Interest The effect of continuously compounded interest is analyzed using polar coordinates. 


Complex Equations Analysis of complex equations illustrates the connections between complex and real equations. At times, using 
complex equations is more efficient for proving mathematical theorems. 










10.1 
10.2 
10.3 
10.4 
10.5 


10.6 
10.7 


Outline 
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Conics 

The Parabola 

The Ellipse 

The Hyperbola 

Rotation of Axes; General 
Form of a Conic 

Polar Equations of Conics 
Plane Curves and Parametric 
Equations 

Chapter Review 

Chapter Test 

Cumulative Review 
Chapter Projects 


Analytic Geometry 


The Orbit of Comet Hale-Bopp 


The orbits of Comet Hale-Bopp and Earth can be modeled using 
ellipses, the subject of Section 10.3. The Internet-based Project 
at the end of this chapter explores the possibility of Comet 
Hale-Bopp colliding with Earth. 


@) — See the Internet-based Chapter Project I— 








In Chapter 1, we introduced rectangular coordinates and showed how geometry problems can be 
solved algebraically. We defined a circle geometrically and then used the distance formula and 
rectangular coordinates to obtain an equation for a circle. 


In this chapter, geometric definitions are given for the conics, and the distance formula and 
rectangular coordinates are used to obtain their equations. 

Historically, Apollonius (200 Bc) was among the first to study conics and discover some 
of their interesting properties. Today, conics are still studied because of their many uses. 
Paraboloids of revolution (parabolas rotated about their axes of symmetry) are used as signal 
collectors (the satellite dishes used with radar and dish TV, for example), as solar energy 
collectors, and as reflectors (telescopes, light projection, and so on). The planets circle the Sun 
in approximately elliptical orbits. Elliptical surfaces are used to reflect signals such as light and 
sound from one place to another. A third conic, the hyperbola, is used to determine the location 
of ships or sound sources, such as lightning strikes. 

The Greeks used Euclidean geometry to study conics. However, we use the more powerful 
methods of analytic geometry, which uses both algebra and geometry, for our study of conics. 

In Section 10.7, we introduce parametric equations, which allow us to represent graphs of 
curves that are not the graph of a function, such as a circle. 
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OBJECTIVE 1 Know the Names of the Conics (p. 653) 





1 Know the Names of the Conics 


The word conic derives from the word cone, which is a geometric figure that can be 
constructed in the following way: Let a and g be two distinct lines that intersect at 
a point V. Keep the line a fixed. Now rotate the line g about a, while maintaining 
the same angle between a and g. The collection of points swept out (generated) by 
the line g is called a right circular cone. See Figure 1. The fixed line a is called the 
axis of the cone; the point V is its vertex; the lines that pass through V and make 






| = Generators the same angle with a as g are generators of the cone. Each generator 1s a line that 
\ lies entirely on the cone. The cone consists of two parts, called nappes, that intersect 
Nappes Vertex, V at the vertex. 


Conics, an abbreviation for conic sections, are curves that result from the 
intersection of a right circular cone and a plane. We discuss only conics formed where 
the plane does not contain the vertex. These conics are circles when the plane is 
perpendicular to the axis of the cone and intersects each generator; ellipses when 
the plane is tilted slightly so that it intersects each generator, but intersects only one 
nappe of the cone; parabolas when the plane is tilted farther so that it is parallel 
to one (and only one) generator and intersects only one nappe of the cone; and 
hyperbolas when the plane intersects both nappes. See Figure 2. 


Figure 1 Right circular cone 


Axis 






Generator 





Figure 2 (a) Circle (b) Ellipse (c) Parabola (d) Hyperbola 


If the plane contains the vertex, the intersection of the plane and the cone is a 
point, a line, or a pair of intersecting lines. These are called degenerate conics. 

Conic sections are used in modeling many applications. For example, parabolas 
are used in describing searchlights and telescopes (see Figures 14 and 15 on 
page 659). Ellipses are used to model the orbits of planets and whispering chambers 
(see pages 669-670). And hyperbolas are used to locate lightning strikes and model 
nuclear cooling towers (see Problems 76 and 77 in Section 10.4). 
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10.2 The Parabola 


PREPARING FOR THIS SECTION Before getting started, review the following: 


Distance Formula (Section 1.1, pp. 3-4) ¢ Graphing Techniques: Transformations (Section 2.5, 
Symmetry (Section 1.2, pp. 13-17) pp. 98-107) 
Square Root Method (Section A6, p. A48) ¢ Quadratic Functions and Their Properties (Section 3.3, 


Completing the Square (Section A.3, p. A29) pp. 143-152) 


\Q Now Work the ‘Are You Prepared?’ problems on page 660. 
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Figure 3 Parabola 
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OBJECTIVES 1 Analyze Parabolas with Vertex at the Origin (p. 654) 


2 Analyze Parabolas with Vertex at (h, k) (p. 657) 
3 Solve Applied Problems Involving Parabolas (p. 659) 





In Section 3.3, we learned that the graph of a quadratic function is a parabola. In 
this section, we give a geometric definition of a parabola and use it to obtain an 
equation. 


( DEFINITION Parabola 


A parabola is the collection of all points P in a plane that are the same distance d 
from a fixed point F as they are from a fixed line D. The point F is called the 
focus of the parabola, and the line D 1s its directrix. As a result, a parabola is 
the set of points P for which 


d(F,P) = d(P,D) (1) 


ws 


Figure 3 shows a parabola (in blue). The line through the focus F and perpendicular 
to the directrix D is the axis of symmetry of the parabola. The point of intersection of 
the parabola with its axis of symmetry is the vertex V. 

Because the vertex V lies on the parabola, it must satisfy equation (1): 
d(F,V) = d(V, D).The vertex is midway between the focus and the directrix. We let a 
equal the distance d(F, V) from F to V. To derive an equation for a parabola, we 
use a rectangular system of coordinates positioned so that the vertex V, focus F, and 
directrix D of the parabola are conveniently located. 


Analyze Parabolas with Vertex at the Origin 


If we locate the vertex V at the origin (0, 0),we can conveniently position the focus F 
on either the x-axis or the y-axis. First, consider the case where the focus F is on 
the positive x-axis, as shown in Figure 4. Because the distance from F to V is a, the 
coordinates of F will be (a,0) with a > 0. Similarly, because the distance from V to 
the directrix D is also a, and because D is perpendicular to the x-axis (since the x-axis 
is the axis of symmetry), the equation of the directrix D is x = —a. 

Now, if P = (x, y) is any point on the parabola, then P satisfies equation (1): 


ar, P)-=ad( PD) 
So we have 
Vix — a)? + (y — 0)? =|x+al Use the Distance Formula. 
(x-—a)* + y* = (x +a)’ Square both sides. 
x? — 2ax + a? + y* = x* + 2ax + a* Multiply out. 
yy = 4ax Simplify. 
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C THeorem Equation of a Parabola: Vertex at (0, 0), Focus at (a,0),a > 0 


The equation of a parabola with vertex at (0,0),focus at (a, 0), and directrix 
x = —-a,a > 0,1s 


elon (2) 


J 


Recall that a is the distance from the vertex to the focus of a parabola. When 
graphing the parabola y* = 4ax, it is helpful to determine the “opening” by finding 
the points that lie directly above and below the focus (a, 0). Do this by substituting 
x = ain y” = 4ax,so y” = 4a-a = 4a’, or y = +2a. The line segment joining the 
two points, (a, 2a) and (a, —2a), is called the latus rectum; its length is 4a. 


| €XAMPLE1 ~ Finding the Equation of a Parabola and Graphing It 


Find an equation of the parabola with vertex at (0,0) and focus at (3,0). Graph 
the equation. 


Solution The distance from the vertex (0,0) to the focus (3,0) isa = 3. Then, the equation 
of the parabola is 


D:x=-3 Y¥ | 
6 (3, 6) y” = 4ax Equation (2) 
y= 12k w=s 
ale To graph the parabola, find the two points that determine the latus rectum by 


substituting x = 3. Then 





—6 (0,0)} F=(3,0) 6x y=120=12-3=36 *x=3 
y= +6 Solve for y. 
The points (3,6) and (3, —6) determine the latus rectum. These points help graph 
6 (3, —6) the parabola because they determine the “opening.” See Figure 5. <4) 


. — 
Figure 5 y° = 12x ovmmmmmmm-Now Work PROBLEM 21 


Ee COMMENT To graph the parabola By reversing the steps used to obtain equation (2), it follows that the graph of 
~ Y° = 12x discussed in Example 1, graph = an equation of the form y? = 4ax is a parabola; its vertex is at (0,0), its focus is 
the two functions ¥ = V12x and at (a, 0), its directrix is the line x = —a, and its axis of symmetry is the x-axis. 
¥, = —V12x. Do this and compare For the remainder of this section, the direction “Analyze the equation” means to 

what you see with Figure 5. m= find the vertex, focus, and directrix of the parabola and graph it. 


| EXAMPLE 2 | Analyzing the Equation of a Parabola 


is Analyze the equation y” = 8x. 








Solution The equation y* = 8x is of the form y* = 4ax, where 4a = 8, soa = 2. 
Consequently, the graph of the equation is a parabola with vertex at (0,0) and focus 
Latus rectum on the positive x-axis at (a,0) = (2,0).The directrix is the vertical line a = 2 units 
F = (2,0) to the left of the y-axis. That is, x = —2. The two points that determine the latus 
rectum are obtained by substituting x = 2 in the equation y* = 8x. Then y* = 16, 
soy = +4. The points (2, —4) and (2, 4) determine the latus rectum. See Figure 6 


for the graph. J 


(2, 4) 


X 





Figure6 y* = 8x 
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Recall that we obtained equation (2) after placing the focus on the positive x-axis. 
Placing the focus on the negative x-axis, positive y-axis, or negative y-axis results in 
a different form of the equation for the parabola. The four forms of the equation 
of a parabola with vertex at (0,0) and focus on a coordinate axis a distance a 
from (0,0) are given in Table 1, and their graphs are given in Figure 7 Notice that 
each graph is symmetric with respect to its axis of symmetry. 








Table 1 Equations of a Parabola: Vertex at (0, 0); Focus on an Axis; a > 0 
Vertex Focus Directrix Equation Description 
Axis of symmetry is the x-axis, the parabola opens right 
Axis of symmetry is the x-axis, the parabola opens left 
Axis of symmetry is the y-axis, the parabola opens up 
(is concave up) 
Axis of symmetry is the y-axis, the parabola opens 
down (is concave down) 
D: x= —a D:x=a 
y y y 
F = (0, a) 
V 
X X X 
F= (a, 0) = SE 
P= (0,4) 
Figure 7 (a) y* = 4ax (b) y* = —4ax (c) x? = day (d) x° = —4ay 


Analyzing the Equation of a Parabola 








Analyze the equation x* = —12y. 


Solution The equation x” = —12y is of the form x* = —4ay, with a = 3. Consequently, the 
graph of the equation is a parabola with vertex at (0,0), focus at (0, —3), and 
directrix the line y = 3. The parabola opens down (is concave down), and its axis of 


symmetry is the y-axis. To obtain the points defining the latus rectum, let y = —3. 
Then x” = 36, so x = +6. The points (—6, —3) and (6, —3) determine the latus 
rectum. See Figure 8 for the graph. J 


ommmmmmme- Now Work PROBLEM 41 








Finding the Equation of a Parabola 


Find the equation of the parabola with focus at (0, 4) and directrix the line y = —4. 
Graph the equation. 


Solution A parabola whose focus is at (0, 4) and whose directrix is the horizontal 
line y = —4has its vertex at (0, 0). (Do you see why? The vertex is midway between 
the focus and the directrix.) Since the focus is on the positive y-axis at (0,4), the 
equation of the parabola is of the form x” = 4ay, with a = 4. That is, 


= 4ay =4-4y = 16) 
} 
a=4 


Substituting y = 4 in the equation x” = 16y yields x* = 64,so x = +8. The points 
(8,4) and (—8, 4) determine the latus rectum. Figure 9 shows the graph of x* = 16y. 





Figure9 x° = 16y 
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| EXAMPLE 5 ~ Finding the Equation of a Parabola 


Find the equation of a parabola with vertex at (0,0) if its axis of symmetry is the 


1 
x-axis and its graph contains the point (- 5 2) Find its focus and directrix, and 
graph the equation. 


Solution — The vertex is at the origin, the axis of symmetry is the x-axis, and the graph contains 
a point in the second quadrant, so the parabola opens to the left. From Table 1, note 
that the form of the equation is 


y? = —4ax 


1 1 
Because the point (- 5° 2) is on the parabola, the coordinates x = — > y=2 


1 
satisfy y> = —4ax. Substituting x = — 5 and y = 2 into the equation leads to 
il 1 
2 = — 5 = —— = 
2 tal *) x ry 2 
a=2 Solve for a. 


The equation of the parabola is 
a — 
yo = —4-2x = —8&x 
The focus is (—2, 0) and the directrix is the line x = 2. Substituting x = —2 in the 


equation y? = —8x gives y = +4.The points (—2, 4) and (—2, —4) determine the 
Figure 10 y* = —8x latus rectum. See Figure 10. _J 





ovmmmmme=-Now Work PROBLEM 29 


2 Analyze Parabolas with Vertex at (h, k) 


If a parabola with vertex at the origin and axis of symmetry along a coordinate axis 

is shifted horizontally / units and then vertically k units, the result is a parabola with 
NOTE Rather than memorizing Table 2, vertex at (h, k) and axis of symmetry parallel to a coordinate axis. The equations of 
use transformations (shift horizontally such parabolas have the same forms as those in Table 1, but with x replaced by x — h 
h units, vertically k units) and the fact (the horizontal shift) and y replaced by y — k (the vertical shift). Table 2 gives the 
that a is the distance from the vertex to forms of the equations of such parabolas. Figures 11(a)—(d) on page 658 illustrate 
the focus to determine the parabola. m the graphs forh > 0,k > 0. 


Table 2 


Equations of a Parabola: Vertex at (h, k); Axis of Symmetry Parallel to a Coordinate Axis; a > 0 

Vertex Focus Directrix Equation Description 
Axis of symmetry is parallel to the x-axis, the 
parabola opens right 
Axis of symmetry is parallel to the x-axis, the 
parabola opens left 
Axis of symmetry is parallel to the y-axis, the 
parabola opens up (is concave up) 


Axis of symmetry is parallel to the y-axis, the 
parabola opens down (is concave down) 
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Axis of Axis of 

symmetry symmetry 

xX=h X=h 

y = 
yy Dix=h-a ya. Dix=h+a F= (h, k + a) yee a 

Axis of Axis of 
symmetry V = (h, k) symmetry 
y=k “ y=k V = (h, k) 








os 
F = (h, k—a) 


(a) (y— k)* = 4a(x— fh) (b) (y— kK) = —4a(x — A) (c) (x— h)* = 4aly— k) (d) (x— h = —4aly— k) 
Figure 11 


| EXAMPLE 6 Finding the Equation of a Parabola, Vertex Not at the Origin 


Find an equation of the parabola with vertex at (—2,3) and focus at (0,3). Graph 
the equation. 


Solution The vertex (—2,3) and focus (0,3) both lie on the horizontal line y = 3 (the axis 
of symmetry). The distance a from the vertex (—2,3) to the focus (0,3) isa = 2. 
Because the focus lies to the right of the vertex, the parabola opens to the right. 
Consequently, the form of the equation is 


(y — k)? = 4a(x — h) 
where (h,k) = (—2,3) anda = 2. Therefore, the equation is 
(p38) 42/4 (=2) | 
(y — 3)? = 8(x + 2) 


Since the vertex is midway between the focus and the directrix, the line x = —4 1s 
the directrix of the parabola. To find the points that define the latus rectum, substitute 
x = 0 in the equation (y — 3)? = 8(x + 2). Then y—3 = +4, so y=-1 
or y = 7. The points (0, —1) and (0, 7) determine the latus rectum. See Figure 12. 





Figure12 (y — 3)* = 8(x+ 2) 
omm_==-Now Work PROBLEM 31 


Polynomial equations involving two variables define parabolas whenever they 
are quadratic in one variable and linear in the other. 


| EXAMPLE 7 ~ Analyzing the Equation of a Parabola 


Analyze the equation x* + 4x — 4y = 0. 


Solution Toanalyze the equation x* + 4x — 4y = 0, complete the square involving the variable x. 
i + Ay = dy —0 


Asde-of x? + 4x = 4y Isolate the terms involving x on the left side. 


symmetry, =. x+4x+4=4y +4 Complete the square on the left side. 


(x +2)? =4(y +1) Factor. 


The equation is of the form (x — h)* = 4a(y — k), with h = —2,k = —1, and 
a = 1. The graph is a parabola with vertex at (h,k) = (—2,-—1) that opens up 
(is concave up). The focus is at (—2,0), and the directrix is the line y = —2. See 


Figure 13. J 





Figure 13 x° + 4x — 4y=0 ommmmmme-Now Work PROBLEM 49 
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3 Solve Applied Problems Involving Parabolas 


Parabolas occur in many applications. For example, as discussed in Section 3.4, 
suspension bridges have cables in the shape of a parabola. Parabolas also have a 
reflecting property that is used in applications. 

A parabola that is rotated about its axis of symmetry generates a surface called a 
paraboloid of revolution. If a light (or any other emitting source) is placed at the focus 
of the parabola, all the rays emanating from the light will reflect off the paraboloid 
of revolution in lines parallel to the axis of symmetry of the parabola. This principle 
is used in the design of searchlights, flashlights, certain automobile headlights, and 
other such devices. See Figure 14. 

Conversely, suppose that rays of light (or other signals) emanate from a distant 
source so that they are essentially parallel. When these rays strike the surface of a 
parabolic mirror whose axis of symmetry is parallel to these rays, they are reflected 
to a single point at the focus. This principle is used in the design of some solar 
energy devices, satellite dishes, and the mirrors used in some types of telescopes. 
See Figure 15. 





Light at 
focus 





Figure 14 Searchlight Figure 15 Telescope 


EXAMPLE 8 Satellite Dish 


A satellite dish is shaped like a paraboloid of revolution. The signals that emanate 
from a satellite strike the surface of the dish and are reflected to a single point, where 
the receiver is located. If the dish is 8 feet across at its opening and 3 feet deep at its 
center, at what position should the receiver be placed? That is, where is the focus? 


Solution Figure 16(a) shows the satellite dish. On a rectangular coordinate system, draw the 
parabola used to form the dish so that the vertex of the parabola is at the origin and 
its focus is on the positive y-axis. See Figure 16(b). 





(a) (b) Satellite dish model 


Figure 16 


The form of the equation of the parabola is 


x* = day (continued) 
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and its focus is at (0, a).Since (4,3) is a point on the graph, this gives 


4*=4a-3 x? = Aay;x = 4y = 3 


a= Solve for a. 


3 


4 
The receiver should be located = feet (1 foot, 4 inches) from the base of the dish, 
along its axis of symmetry. = 


ommmmmme- Now Work PROBLEM 69 


10.2 Assess Your Understanding 


‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 





1. The formula for the distance d from P,; = (x1, y;) 4. The point that is symmetric with respect to the x-axis to the 
to P, = (%, 92.) isd = point (—2,5) is . (pp. 13-17) 
(pp. 3-4) 5. Tograph y = (x — 3)? + 1,shift the graph of y = x’ to the 

2. To complete the square of x* — 4x, add . (p. A29) right__—_unitsandthen __1 unit. (pp. 98-102) 

= 2 

3. Use the Square Root Method to find the real solutions of 6. Thegraphofy = (x —3)° —Shasvertex_ and 

(x + 4)? = 9. (p.A48) axis of symmetry . (pp. 143-146) 
Concepts and Vocabulary 

7. A(n) is the collection of all points in a plane that are the same distance from a fixed point as they are from a fixed 

line. The line through the focus and perpendicular to the directrix is called the of the parabola. 








8. For the parabola y* = 4ax, the line segment joining the two points (a, 2a) and (a, —2a) is called the 


Answer Problems 9-12 using the figure. y. 
9. Multiple Choice If a > 0, the equation of the parabola is of the form oF 
(a) (y—k)?=4a(x—h) — (b) (y— k)* = —4a(x — h) 
(c) (x —h)* = 4a(y — k) (d) (x —h)* = —4a(y — k) 








10. The coordinates of the vertex are V = (3, 2) 
11. Multiple Choice If a = 4, then the coordinates of the focus are y 
(a) (-1,2) = (b) (3,-2) = (7,2) = @ (3,6) 
12. True or False If a = 4, then the equation of the directrix is x = 3. |D 
Skill Building 
In Problems 13-20, the graph of a parabola is given. Match each graph to its equation. 
(A) y* = 4x (C) y= —4x (E) (y- 1)? =4(x- 1) (G) Yel =48G=1) 
(B) x? = 4y (D) x? = —4y (F) (x +1)*=4(y +1) (H) (x +1)* = -4(y + 1) 
13. y 14. y 15. y : 16. 
“T 21) ? 






17. 18. 19. 20. 
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In Problems 21-38, find the equation of the parabola described. Find the two points that define the latus rectum, and graph the equation. 


\ 21. Focus at (4, 0) vertex at (0,0) 22. Focus at (0,2); vertex at (0,0) 
23. Focus at (0, —3); vertex at (0, 0) 24. Focus at (—4, 0); vertex at (0, 0) 
25. Focus at (—2, 0); directrix the line x = 2 26. Focus at (0, —1); directrix the line y = 1 
it 1 
27. Directrix the line y = — > vertex at (0, 0) 28. Directrix the line x = — > vertex at (0, 0) 
\Q 29. Vertex at (0, 0); axis of symmetry the y-axis; containing the 30. Vertex at (0,0); axis of symmetry the x-axis; containing the 
| point (2, 3) point (2, 3) 
\Q 31. Vertex at (2, —3); focus at (2, —5) 32. Vertex at (4, —2); focus at (6, —2) 
33. Verlex at (=—1,—2): focus. at.(0,=2) 34. Vertex at (3,0); focus at (3, —2) 
35. Focus at (—3,4); directrix the line y = 2 36. Focus at (2, 4); directrix the line x = —4 
37. Focus at (—3, —2); directrix the line x = 1 38. Focus at (—4, 4); directrix the line y = —2 
In Problems 39-56, find the vertex, focus, and directrix of each parabola. Graph the equation. 
39, x2 = dy 40. y2 = 8x No 41. y? = -16x 42, x2 = —4y 
43. (y — 2)? = 8(x +1) 44, (x + 4)? = 16(y + 2) 45. (x —3)* = -(y +1) 46. (y + 1)* = —4(x — 2) 
AT. (y + 3)* = 8(x - 2) 48. (x — 2)* = 4(y — 3) N49. y2 — 4y + 4x +4 =0 50. x7 + 6x -4y+1=0 
51. x7 + 8x = 4y — 8 52. y> —2y = 8x - 1 53. y+ 2y-—x=0 54. x° — 4x = 2y 
55.x7 -4x =y +4 56. y7 + 12y =-x+1 


In Problems 57-64, write an equation for each parabola. 





Applications and Extensions 


65. Suspension Bridge The cables of a suspension bridge are in height of 10 feet midway between the towers, what is the 
the shape of a parabola, as shown in the figure. The towers height of the cable at a point 50 feet from the center of the 
supporting the cable are 600 feet apart and 80 feet high. If bridge? 
the cables touch the road surface midway between the 67. Parabolic Arch Bridge A bridge is built in the shape of 


towers, what is the height of the cable from the road at a 


fat 1504eer4 h £ dhe brides? a parabolic arch. The arch has a span of 120 feet and a 
point eet trom the center of the bridge! 


maximum height of 25 feet above the water. See the 
figure. Choose a suitable rectangular coordinate system 
and find the height of the arch at distances of 10, 30, 
and 50 feet from the center. 





66. Suspension Bridge The cables of a suspension bridge are 
in the shape of a parabola. The towers supporting the cable 
are 400 feet apart and 100 feet high. If the cables are at a 
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68. Parabolic Arch Bridge A bridge is to be built in the shape 
w of a parabolic arch and is to have a span of 100 feet. The 


XQ 69. 


70. 


71. 


72. 


735 


74. 


13s 


76. 


height of the arch a distance of 40 feet from the center is to 
be 10 feet. Find the height of the arch at its center. 


Satellite Dish A satellite dish is shaped like a paraboloid of 
revolution. The signals that emanate from a satellite strike 
the surface of the dish and are reflected to a single point, 
where the receiver is located. If the dish is 10 feet across at its 
opening and 4 feet deep at its center, at what position should 
the receiver be placed? 


Constructing a TV Dish A cable TV receiving dish is in the 
shape of a paraboloid of revolution. Find the location of 
the receiver, which is placed at the focus, if the dish is 6 feet 
across at its opening and 2 feet deep. 








Constructing a Flashlight The reflector of a flashlight is 
in the shape of a paraboloid of revolution. Its diameter 
is 4 inches and its depth is 1 inch. How far from the vertex 
should the light bulb be placed so that the rays will be 
reflected parallel to the axis? 


Constructing a Headlight A sealed-beam headlight is in 
the shape of a paraboloid of revolution. The bulb, which is 
placed at the focus, is 1 inch from the vertex. If the depth 
is to be 2 inches, what is the diameter of the headlight at 
its opening? 

Searchlight A searchlight is shaped like a paraboloid of 
revolution. If the light source is located 2 feet from the base 
along the axis of symmetry and the opening is 5 feet across, 
how deep should the searchlight be? 


Searchlight A searchlight is shaped like a paraboloid of 
revolution. If the light source is located 2 feet from the base 
along the axis of symmetry and the depth of the searchlight 
is 4 feet, what should the width of the opening be? 


Solar Heat A mirror is shaped like a paraboloid of revolution 
and will be used to concentrate the rays of the sun at its 
focus, creating a heat source. See the figure. If the mirror 
is 20 inches across at its opening and is 6 inches deep, 
where will the heat source be concentrated? 





Sun’s 
rays 


20" 





Reflecting Telescope A reflecting telescope contains a 
mirror shaped like a paraboloid of revolution. If the mirror 
is 4 inches across at its opening and is 3 inches deep, where 
will the collected light be concentrated? 


Retain Your Knowledge 


77. Gateway Arch The Gateway Arch in St. Louis is often 


78. 


79. 


80. 


$1. 


82. 


mistaken to be parabolic in shape. In fact, it is a catenary, 

which has a more complicated formula than a parabola. The 

Arch is 630 feet high and 630 feet wide at its base. 

(a) Find the equation of a parabola with the same 
dimensions. Let x equal the horizontal distance from the 
center of the arch. 

(b) The table below gives the height of the Arch at various 
widths; find the corresponding heights for the parabola 
found in (a). 


Width (ft) Height (ft) 





(c) Do the data support the notion that the Arch is in the 
shape of a parabola? 


Source: gatewayarch.com 


Show that an equation of the form 
Ax’? + Ey = 0 AFO0,EFO 


is the equation of a parabola with vertex at (0,0) and axis 
of symmetry the y-axis. Find its focus and directrix. 


Show that an equation of the form 
Cy? + Dx =0 CA#0,D #0 


is the equation of a parabola with vertex at (0,0) and axis 
of symmetry the x-axis. Find its focus and directrix. 


Challenge Problem Show that the graph of an equation of 
the form 


Ax? + Dx+Ey+F=0 A#0 


(a) Isa parabolaif FE ¥ 0. 

(b) Is a vertical line if E = 0 and D? — 4AF = 0. 
(c) Is two vertical lines if E = 0 and D* — 4AF > 0. 
(d) Contains no points if E = 0 and D? — 4AF < 0. 


Challenge Problem Show that the graph of an equation of 
the form 


Cy? + Dx+Ey+F=0 C#0 


(a) Isa parabolaif D ¥ 0. 

(b) Is a horizontal line if D = 0 and E* — 4CF = 0. 
(c) Is two horizontal lines if D = 0 and E* — 4CF > 0. 
(d) Contains no points if D = 0 and E? — 4CF < 0. 


Challenge Problem Let A be either endpoint of the latus 
rectum of the parabola y” — 2y — 8x + 1 = 0, and let Vbe 
the vertex. Find the exact distance from A to V.! 


"Courtesy of the Joliet Junior College Mathematics Department 





Problems 83-92 are based on material learned earlier in the course. The purpose of these problems is to keep the material fresh in your 
mind so that you are better prepared for the final exam. 


83. For x = 9y* — 36, list the intercepts and test for symmetry. 
84. Solve: 4°71 = gr"! 


85. 


5 
Given tan@é = 3 ua < 9 < 7, find the exact value of 


2 
each of the remaining trigonometric functions. 
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3 Today, a car getting 20 mpg has a tax of $1700 and a car 
/\86. Find the exact value: tan feos '(-) getting 15 mpg has a tax of $4500. If the tax decreases 
exponentially as fuel economy increases, determine the tax 
87. Find the exact distance between the points ( 3, >) and on a vehicle getting 13 mpg to the nearest $100. 
(= -5) X90. Given f(x) = In(x + 3), find the average rate of change 
of f from 1 to 5. 






88. Find the standard form of the equation of a circle with radius (TS =eosa” . . . . 
Ue slecnice ia: 91. Express , lz as a Single trigonometric function. 


89. In 1978, Congress created a gas guzzler tax on vehicles with 
a fuel economy of less than 22.5 miles per gallon (mpg). 





92. Solve: |x? — 5x] - 2 = 4 





‘Are You Prepared?’ Answers 


V(x. -— x)? + (n-y)? 24 3. {-7,-1} 4 (-2,-5) 5.3;up 6 (3,-5);x =3 


10.3 The Ellipse 


PREPARING FOR THIS SECTION Before getting started, review the following: 


Distance Formula (Section 1.1, pp. 3-4) e Circles (Section 1.4, pp. 36-39) 
Completing the Square (Section A.3, p. A29) e Graphing Techniques: Transformations 
Intercepts (Section 1.2, pp. 12-13) (Section 2.5, pp. 98-107) 


Symmetry (Section 1.2, pp. 13-17) 
\ Now Work the ‘Are You Prepared?’ problems on page 670. 


OBJECTIVES 1 Analyze Ellipses with Center at the Origin (p. 663) 
2 Analyze Ellipses with Center at (h, k) (p. 667) 
3 Solve Applied Problems Involving Ellipses (p. 669) 





C DEFINITION Ellipse 







An ellipse is the collection of all points in a plane the sum of whose distances 
Minor axis from two fixed points, called the foci, is a constant. J 
P.. Major axis 
{oF The definition contains within it a physical means for drawing an ellipse. Find a 
: eo!) piece of string (the length of the string is the constant referred to in the definition). 
, Then take two thumbtacks (the foci) and stick them into a piece of cardboard so that 
the distance between them is less than the length of the string. Now attach the ends 


of the string to the thumbtacks and, using the point of a pencil, pull the string taut. 
See Figure 17 Keeping the string taut, rotate the pencil around the two thumbtacks. 
Figure 17 Ellipse The pencil traces out an ellipse, as shown in Figure 17 

In Figure 17 the foci are labeled F, and F,. The line containing the foci is called the 
major axis. The midpoint of the line segment joining the foci is the center of the ellipse. 
The line through the center and perpendicular to the major axis is the minor axis. 

The two points of intersection of the ellipse and the major axis are the vertices, 
Y, and V,, of the ellipse. The distance from one vertex to the other is the length of 
the major axis. The ellipse is symmetric with respect to its major axis, with respect to 
its minor axis, and with respect to its center. 


1 Analyze Ellipses with Center at the Origin 


With these ideas in mind, we are ready to find the equation of an ellipse in a 
rectangular coordinate system. First, place the center of the ellipse at the origin. 
Second, position the ellipse so that its major axis coincides with a coordinate axis, say 
the x-axis, as shown in Figure 18. If c is the distance from the center to a focus, one 
Figure 18 focus will be at R. = (—c,0) and the other at K = (c,0). 
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As we shall see, it is convenient to let 2a denote the constant distance referred 
to in the definition. Then, if P = (x, y) is any point on the ellipse, 


d(F,P) + d(B,P) = 2a The sum of the distances from P 
to the foci equals a constant, 2a. 
V(xt+c)*+y?4+ V(x-—c)* + y? = 2a Use the Distance Formula. 


V(xt+c)?+y? =2a-V(x-c)*+y’ Isolate one radical. 
(x +c)* + y? = 4a? — 4aV (x — c)* + y? Square both sides. 
ae eee) > ee 
x? + 2cx + c? + y* = 4a’ -— 4aVv 6 a ey + y” Multiply out. 
+ x7 —2ext+ ce? 4+ y? 
4cx — 4a* = —4aV (x — cc)? + y’ Simplify; isolate the radical. 
cx — a’? = -aV(x-c)*+y’ Divide both sides by 4. 


(coy = a’)? =a’[(x—c)* + y*] Square both sides again. 
c7x? — 2a*cx + at = a? (x? — 2cx + c* + y’) Multiply out. 
(c? — a*)x* — a’y* = a’c* - a’ Rearrange the terms. 
(a” — c?)x* + a’y” = a*(a’* — c*) Multiply both sides by —1; (1) 


factor out a” on the right side. 


To obtain points on the ellipse that are not on the major axis, we must have a > c. 
To see why, look again at Figure 18. Then 
d(F,,P) + d(B,P) > d(f,B) The sum of the lengths of any two sides of a 
= 1? "2" triangle is greater than the length of the third side. 
2 eC d(F,,P) + d(Fo,P) = 2a;d(F,,F,) = 2c 
an 6 


Because a > c > 0, this means a” > c’,soa’ — c* > 0. Let b* = a’ —c’*,b > 0. 
Then a > b and equation (1) can be written as 
bx? + ay? = a2b? 

xy? - | a 

tase 1 Divide both sides by ab’. 

a b 

The graph of the equation has symmetry with respect to the x-axis, the y-axis, 

and the origin. 


Because the major axis is the x-axis, the vertices lie on the x-axis. So the vertices 
2 


: : X : : 
satisfy the equation — = 1, the solutions of which are x = +a. Consequently, the 
a 


vertices of the ellipse are V, = (—a,0) and V, = (a, 0).The y-intercepts of the ellipse, 
found by substituting x = 0 in the equation, have coordinates (0, —b) and (0, b).The 
four intercepts, (a,0), (—a,0), (0,5), and (0, —b), are used to graph the ellipse. 


( THEOREM Equation of an Ellipse: Center at (0, 0); Major Axis along 
the x-Axis 


An equation of the ellipse with center at (0,0), fociat (—c, 0) and (c,0),and 
vertices at (—a,0) and (a, 0) is 





2 
xe ¥ 
Figure 19 — + — 

e ac sé#S 


=l1a>b>0 The major axis is the x-axis. See Figure 19. J 
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Notice in Figure 19 the points (0,0), (c,0), and (0,b) form a right triangle. 
Because b? = a” — c* (or b* + c* = a’), the distance from the focus at (c,0) to 
the point (0, Db) isa. 

This can be seen another way. Look at the two right triangles in Figure 19. They 
are congruent. Do you see why? Because the sum of the distances from the foci to a 
point on the ellipse is 2a, it follows that the distance from (c, 0) to (0, Db) isa. 


| €XAMPLE 1 ~ Finding an Equation of an Ellipse 


Find an equation of the ellipse with center at the origin, one focus at (3,0),anda 
vertex at (—4, 0). Graph the equation. 


Solution The ellipse has its center at the origin, and since the given focus and vertex lie on 
the x-axis, the major axis is the x-axis. The distance from the center, (0, 0), to one 
of the foci, (3,0), is c = 3. The distance from the center, (0,0), to one of the 
vertices, (—4, 0), is a = 4. From equation (2), it follows that 


b? =a’ -c*? =16-9=7 
so an equation of the ellipse is 


Zz Z 

y 
to=] 

7 


S| 


Figure 20 shows the graph. = 





2 
Figure 20 Lae ee ; ; 
lo: In Figure 20, the intercepts of the equation are used to graph the ellipse. Following 


this practice makes it easier to obtain an accurate graph of an ellipse. 


orm NOW Work PROBLEM 27 


iz COMMENT The intercepts of the ellipse also provide information about how to set the viewing 
~ rectangle for graphing an ellipse. To graph the ellipse 


2 


SI]. 


—- 


ea 
ON 


set the viewing rectangle using a square screen that includes the intercepts, 
perhaps —4.8 = x = 48, -3 = y S 3. Then solve the equation for y: 


x2 


2 
44 =1 
6 7 


ae 


Z 2 2 


x x , 
~~ Subtract — from both sides. 
16 16 


= 


aN 
| 
<< 
a | 
_ 
— 
*< 
PO 
— 
N| 


I) >< 
ON 


2 
ye = (2 = Multiply both sides by 7. 


2 
X 
y=u (1 — ) Use the Square Root Method. 
48 48 16 


Now graph the two functions 


[erat ti aera 

2 2 
\ _ fof, x. ele ee 
; : Y, (2 = ) and (2 “| 


Figure 21 Figure 21 shows the result on a TI-84 Plus C. a 
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For the remainder of this section, the direction “Analyze the equation” means to 
find the center, major axis, foci, and vertices of the ellipse and graph it. 


| EXAMPLE 2 © Analyzing the Equation of an Ellipse 


ey 
Analyze th tion = += 1], 
nalyze the equation 5— + > 


Solution —= The equation is of the form of equation (2), with a7 = 25 and b* = 9. The equation 
is that of an ellipse with center at (0,0) and major axis along the x-axis. The vertices 
are at (+a,0) = (+5,0). Because b* = a? — c’, this means 

C=a—-b? =25-9=16 


The foci are at (+c,0) = (+4,0). The y-intercepts are (0, +b) = (0, +3). 
Figure 22 shows the graph. 





. x V 
Figure 22 x5 1 oH me 


ommmm=_=_=_==-Now Work PROBLEM 17 


If the major axis of an ellipse with center at (0,0) lies on the y-axis, the foci are 
at (0, —c) and (0,c). Using the same steps as before, the definition of an ellipse 
leads to the following result. 


( tHeorem Equation of an Ellipse: Center at (0, 0); Major Axis along 
the y-Axis 


An equation of the ellipse with center at (0,0), foci at (0, —c) and (0, c),and 
vertices at (0, —a) and (0, a) is 


where a > b > Oand b? = a? — c? 





The major axis is the y-axis. J 


Figure 23 illustrates the graph of such an ellipse. Again, notice the right triangle 
formed by the points at (0,0), (b, 0),and (0, c), so that a? = b? +c” (or b? = a* —c’). 
Look closely at equations (2) and (3). Although they may look alike, there 
is a difference! In equation (2), the larger number, a’, is in the denominator of 
the x?-term, so the major axis of the ellipse is along the x-axis. In equation (3), 


é ae ; ) A 
x y- : 
Figure 23 — + =1a>b>0 the larger num ber, a“, is in the denominator of the y*-term, so the major axis is 
b a along the y-axis. 
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| EXAMPLE 3 © Analyzing the Equation of an Ellipse 


Analyze the equation 9x? + y? = 9. 


y. Solution = To put the equation in proper form, divide both sides by 9. 
2 
24224 
* "9 


The larger denominator, 9, is in the y*-term so, based on equation (3), this 
is the equation of an ellipse with center at the origin and major axis along 
the y-axis. Also, a* = 9,b* = 1, and c* = a’ — b> = 9 — 1 = 8. The vertices 
are at (0, ta) = (0, +3), and the foci are at (0, tc) = (0, =D). The 
x-intercepts are at(+b,0) = (+1,0). Figure 24 shows the graph. 





~8T Y, = (0, -3) ormmmmmm=-Now Work PROBLEM 21 
Figure 24 9x + y =9 








Finding an Equation of an Ellipse 


Find an equation of the ellipse having one focus at (0,2) and vertices at (0, —3) 
and (0,3). Graph the equation. 


Solution _ Plot the given focus and vertices, and note that the major axis is the y-axis. Because the 
vertices are at (0, —3) and (0,3), the center of the ellipse is at their midpoint, the 
origin. The distance from the center, (0,0), to the given focus, (0,2), is c = 2. 
The distance from the center, (0,0), to one of the vertices, (0,3), is a = 3. 
So b* = a* — c? = 9 — 4 = 5. The form of the equation of the ellipse is given by 
equation (3). 


N 
N 


x y 
pe ar ae = 1 
2 2 
x y 
t+ —s= 1 
5 9 
Figure 25 shows the graph. e! 


ommm_==-Now Work PROBLEM 29 





A circle may be considered a special kind of ellipse. To see why, let a = b in 
equation (2) or (3). Then 


This is the equation of a circle with center at the origin and radius a. The value of c is 
c=a-b=0 
a=b 


This indicates that the closer the two foci of an ellipse are to the center, the more the 
ellipse will look like a circle. 


2 Analyze Ellipses with Center at (h, k) 


If an ellipse with center at the origin and major axis coinciding with a coordinate 
axis is shifted horizontally 4 units and then vertically k units, the result is an ellipse 
with center at (h,k) and major axis parallel to a coordinate axis. The equations 
of such ellipses have the same forms as those given in equations (2) and (3), except 
that x is replaced by x — h (the horizontal shift) and y is replaced by y — k (the 
vertical shift). Table 3 (on the next page) gives the forms of the equations of such 
ellipses, and Figure 26 shows their graphs. 
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Table 3 Equations of an Ellipse: Center at (h, k); Major Axis Parallel to a Coordinate Axis 
Center Major Axis Foci Vertices Equation 


NOTE Rather than memorizing Table 3, 42 
use transformations (shift horizontally (h,k) Parallel to the x-axis (h + c, k) in UZ IS = 
h units, vertically k units), along with the b? 

facts thata represents the distance from (h — c,k) Fe on ey eee 
the center to the vertices, c represents 
the distance from the center to the foci, 
and b* = a* — ec (orc = a* — 6’). m 


1 


=, 2 = | 2 
(ayk) Parallel to the y-axis (h,k+ c) a i, Wee = 
a 


Chzk =e) je [> 0) elle oe =e — 6s 


1 





y Major axis 
| 


(h, k +a), 


Fs : 
Major axis —— —_—- 
(h — a, k) (h + a, k) 





— pi2 a 2 
(=A yk? _ 


Figure 26 (a) 








a b2 





Finding an Equation of an Ellipse, Center Not at the Origin 


Find an equation of the ellipse with center at (2, —3), one focus at (3, —3), and one 
vertex at (5, —3). Graph the equation. 


Solution The center is at (h,k) = (2,-3),soh = 2andk = —3. Note that the center, focus, 

and vertex all lie on the line y = —3. Therefore, the major axis is parallel to the x-axis. 
The distance from the center (2, —3) toa focus (3, —3) isc = 1; the distance from the 
center (2, —3) toa vertex (5, —3) isa = 3. Then b? = a”? — c? = 9 —1 = 8. The 
form of the equation is 

x —h)? — k)? 

(=m)? =k)? 

a b 
x —2)? + 3)? 
(x- 2)? (y +3) 


=] h=2k=-3e¢7=9 0 = 
9 g J ,a J 


The major axis is parallel to the x-axis, so the vertices are a = 3 units left and 
right of the center (2, —3). Therefore, the vertices are 


Vie= (2 3,-3). =] (—k= 3) ond Ve 2 4+ 3-3) = (5,—3) 






Note that the vertex (5, —3) agrees with the information given in the problem. 
_(3, -3) Since c = 1 and the major axis 1s parallel to the x-axis, the foci are 1 unit left and 
V, = (5, —3) Tight of the center. Therefore, the foci are 


Pea (2 = 4.35) = (13) and = 4 13) = ,—3) 
Finally, use the value of b = 2V2 to find the two points above and below the center. 
(2,-3-2V2) and (2,-3 + 2V2) 
mowers 9 " 8 ~~ Use these two points and the vertices to obtain the graph. See Figure 27. wit 


omm==-Now Work PpRosBLEemM 55 
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| EXAMPLE 6 Analyzing the Equation of an Ellipse 


Analyze the equation 4x7 + y* — 8x + 4y + 4=0. 
Solution Complete the squares in x and in y. 
4x° + y? — 8x + 4y + 4=0 


4x? — 8x +? + 4y = —4 Group like variables; place the 


constant on the right side. 


A(x? i ab 244 )=-4 Factor out 4 from the first 
¥ ¥ two terms. 
4(x* — 2x +1) + (y? + 4y +4) = -44+4+4 Complete each square. 
4(x —1)*+ (y+2)* =4 Factor. 
>, (y +2)? 7 | 
Ce ee —{ = 1 Divide both sides by 4. 


This is the equation of an ellipse with center at (1, —2) and major axis parallel 
to the y-axis. Since a7 = 4 and b* = 1, we have c* = a? — b? = 4-1 = 3. The 
vertices are at (h,k + a) = (1,-—2 + 2), or (1, —4) and (1,0). The foci are at 
(h,k + c) = (1,-2 + V3), or (1,-2 - V3) and (1, -2 + V3). Figure 28 
shows the graph. 





Figure 28 ovmmmmmm-Now Work PpRoBLEM 47 
4x + y —- 8x+ 4y+4=0 


3 Solve Applied Problems Involving Ellipses 


w Ellipses are found in many applications in science and engineering. For example, the 
orbits of the planets around the Sun are elliptical, with the Sun’s position at a focus. 
see Figure 29. 


~~~ Mars Jupiter ~ 
Venus— 6 
os 


& meclgie Fd 


Asteroids 





Figure 29 Elliptical orbits 


Stone and concrete bridges are often shaped as semielliptical arches. Elliptical 
gears are used in machinery when a variable rate of motion is required. 

Ellipses also have an interesting reflection property. If a source of light (or sound) 
is placed at one focus, the waves transmitted by the source will reflect off the ellipse 
and concentrate at the other focus. This is the principle behind whispering galleries, 
which are rooms designed with elliptical ceilings. A person standing at one focus of 
the ellipse can whisper and be heard by a person standing at the other focus, because 
all the sound waves that reach the ceiling are reflected to the other person. 


| EXAMPLE 7 ~ A Whispering Gallery 


The whispering gallery in the Museum of Science and Industry in Chicago can be 
modeled by the top half of a three-dimensional ellipse, which is called an ellipsoid. 
The gallery is 473 feet long. The distance from the center of the room to the foci 
is 20.3 feet. Find an equation that describes the shape of the room. How high is the 
room at its center? 

Source: Chicago Museum of Science and Industry Web site; www.msichicago.org 
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Solution Set up a rectangular coordinate system so that the center of the ellipse is at the origin 
and the major axis is along the x-axis. The equation of the ellipse is 


x2 y? 
any) 
a b 


Since the length of the room is 473 feet, the distance from the center of the room to 


= 1 


47.3 
each vertex (the end of the room) will be ai 23.65 feet; so a = 23.65 feet. The 





distance from the center of the room to each focus is c = 20.3 feet. See Figure 30. 
Because b* = a* — c’, this means that b* = 23.657 — 20.3% = 147.2325. An 





y equation that describes the shape of the room is given by 
eo y 
(—23.65, 0) (23.65, 0) 3 + *+#———__#= | 
} | 23.657 147.2325 
(20.3, 0) oot - “The height of the room at its center is b = V147.2325 ~ 12.1 feet. J 
Figure 30 Whispering gallery model evmmmms-Now Work proBLEM 71 


10.3 Assess Your Understanding 


‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 











1. The distance d from P,; = (2, —5) to P; = (4, —2) is 5. To graph y = (x + 1)? — 4, shift the graph of y = x’ to 
_— sme the ____ __unit(s) and then ____________ unit(s) 
2. To complete the square of x* — 3x, add . (p. A29) (left/right) (up/down) , 
3. Find the intercepts of the equation y? = 16 — 4x”. (pp. 98-102) 
(pp. 12-13) 6. The standard equation of a circle with center at (2, —3) and 
4. The point symmetric with respect to the y-axis to the point radiuslis__—_i«y. (ppp. 36-39) 
(=2,5)1s . (pp. 13-17) 
Concepts and Vocabulary 
7. A(n) is the collection of all points in a plane the 11. If the center of an ellipse is (2, —3) , the major axis is parallel 
sum of whose distances from two fixed points is a constant. to the x-axis, and the distance from the center of the ellipse 
8. Multiple Choice For an ellipse, the foci lie on a line called to a vertex isa = 4 units, then the coordinates of the vertices 
the are and 
(a) minor axis (b) major axis 12. Multiple Choice If the foci of an ellipse are (—4, 4) 
(c) directrix (d) latus rectum and (6,4), then the coordinates of the center of the 
rv y ellipse are 
9. For the ellipse 7 =F 75 7 1, the vertices are the points (a) (1,4) (b) (4,1) 
and (c) (1,0) (d) (5,4) 
2 2 
10. For the ellipse se + 7 = 1, the value of a is , the 
value of b is , and the major axis is the -aXxis. 


Skill Building 
In Problems 13-16, the graph of an ellipse is given. Match each graph to its equation. 


2 2 2 2 ps 2 
x y x y Xx y 
A)—+y=1 (B’+-=1 —+-=1 (D)—+>=1 
(A) ty (B) 7 +6 (C) +4 (Dt 
13. 14. y 15. 
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In Problems 17-26, analyze each equation. That is, find the center, vertices, and foci of each ellipse and graph it. 


N17. 


22. 


2 2 2 2 Dy 2 

x y x y x y 
—-+-—=] 18. —+—=1 19. —+—=1 
5 «A 9 4 9 25 

x’ + 9y* = 18 23. 4y7 + x7 = 8 24. 4y? + 9x” = 36 


In Problems 27-38, find an equation for each ellipse. Graph the equation. 


N27 
X 29. 
31. 
33. 
35. 
37. 


Center at (0,0); focus at (3,0); vertex at (5, 0) 
Center at (0,0); focus at (0,—4); vertex at (0,5) 
Foci at (+2,0); length of the major axis is 6 

Focus at (—4,0); vertices at (+5,0) 

Foci at (0, +3); x-intercepts are +2 

Center at (0,0); vertex at (0,4); bD=1 


In Problems 39-42, find an equation for each ellipse. 





28. 
30. 
32. 
34. 
36. 
38. 


41. 


an 


20. x2 + 1 NX 21. 42 + y? = 16 


16 
25. x7 + y? = 16 26. x +y=4 
Center at (0,0); focus at (—1,0); vertex at (3, 0) 
Center at (0,0); focus at (0,1); vertex at (0, —2) 
Foci at (0, +2); length of the major axis is 8 
Focus at (0, —4); vertices at (0, +8) 


. 


Vertices at (+4, 0); 
Vertices at (+5,0); 


y-intercepts are +1 
= 2 





In Problems 43-54, analyze each equation; that is, find the center, foci, and vertices of each ellipse. Graph each equation. 


43. 


46. 
49. 
52. 


2 5s 
3 Ory, 
9(x — 3)? + (y+ 2)? = 18 
2x* + 3y* — 8x + by +5=0 
x’ + Oy? + 6x — 18y +9 =0 


44, 
9 


53. 4x7 + y* + 4y 


(x44) t2)*_, 


4 


N47, x2 + 4x + 4y? — 8y +4=0 
50. 4x7 + 3y? + 8x — 6y =5 


= 0 


In Problems 55-64, find an equation for each ellipse. Graph the equation. 


N55. 
57, 
59, 
61. 
63. 


Centerat (2,—2); ‘vertex at.(7,—2); focus:at (4,—2) 
Vertices at (4,3) and (4,9); focus at (4, 8) 

Foci at (5,1) and (—1,1); length of the major axis is 8 
Center at (1,2); focus at (4,2); 

Center at (1,2); vertex at (4, 2); 


contains the point (1,3 


contains the point (1,5) 


56. 
58. 
60. 
62. 
64. 


) 


45. (x +5)? + 4(y — 4)* = 16 


48. x° + 3y* —- 12y +9 =0 
51. 9x7 + 4y* — 18x + loy — 11 =0 
54. 9x7 + y* — 18x = 0 


Center at (3, 1.); - vertex at (=—3,3); tToeus at (=—3,0} 
Foci at (1,2) and (—3,2); vertex at (—4, 2) 

Vertices at (2,5) and (2,-1); c=2 

Center at (1,2); focusat (1,4); contains the point (2, 2) 
Center at (1,2); vertex at (1, 4); contains the 


point (1 + V3, 3) 


In Problems 65-68, graph each function. Be sure to label all the intercepts. [Hint: Notice that each function is half an ellipse. | 


65. 


V16 — 4x? V9 — 9x? 


f(x) = 66. f(x) = 


Applications and Extensions 


69. 


70. 


Semielliptical Arch Bridge An arch in the shape of the upper 
half of an ellipse is used to support a bridge that is to span a 
river 20 meters wide. The center of the arch is 6 meters above 
the center of the river. See the figure. Find an equation for 








the ellipse in which the x-axis coincides with the water level \ 71. 


and the y-axis passes through the center of the arch. 





Semielliptical Arch Bridge The arch of a bridge is a 
semiellipse with a horizontal major axis. The span is 30 feet, 


67. f(x) 


2s 


73. 


—V64 — 16x? —V4 — 4x? 


68. f(x) 


and the top of the arch is 10 feet above the major axis. The 
roadway is horizontal and is 2 feet above the top of the arch. 
Find the vertical distance from the roadway to the arch 
at 5-foot intervals along the roadway. 


Whispering Gallery A hall 100 feet in length is to be designed 
as a whispering gallery. If the foci are located 25 feet from the 
center, how high will the ceiling be at the center? 


Whispering Gallery Jim, standing at one focus of a 
whispering gallery, is 6 feet from the nearest wall. His friend 
is standing at the other focus, 100 feet away. What is the 
length of this whispering gallery? How high is its elliptical 
ceiling at the center? 


Semielliptical Arch Bridge A bridge is built in the shape 
of a semielliptical arch. The arch has a span of 120 feet and a 
maximum height of 25 feet. Choose a suitable rectangular 
coordinate system and find the height of the arch at distances of 
10,30, and 50 feet from the center. 
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74. 





Ie 


76. 


Th 


78. 


Semielliptical Arch Bridge A bridge is to be built in the shape 
of a semielliptical arch and is to have a span of 100 feet. The 
height of the arch, at a distance of 40 feet from the center, is to 
be 10 feet. Find the height of the arch at its center. 


Racetrack Design Consult the figure. A racetrack is in the 
shape of an ellipse 100 feet long and 50 feet wide. What is the 
width 10 feet from a vertex? 





Semielliptical Arch Bridge An arch for a bridge over a 
highway is in the form of half an ellipse. The top of the arch is 
20 feet above the ground level (the major axis). The highway 
has four lanes, each 12 feet wide; a center safety strip 8 feet 
wide; and two side strips, each 4 feet wide. What should the 
span of the arch be (the length of its major axis) if the 
height 28 feet from the center is to be 13 feet? 


Installing a Vent Pipe A homeowner is putting in a fireplace 
that has a 4-inch-radius vent pipe. He needs to cut an elliptical 
hole in his roof to accommodate the pipe. If the pitch of his roof 


is A (a rise of 5, run of 4), what are the dimensions of the hole? 
Source: www.doe. virginia. gov 

Volume of a Football A football is in the shape of a prolate 
spheroid, which is simply a solid obtained by rotating an 


ellipse (5 = 3 = 1) about its major axis. An inflated NFL 
a 


football averages 11.125 inches in length and 28.25 inches in 
center circumference. If the volume of a prolate spheroid 


4 
is 3 mab’, how much air does the football contain? (Neglect 


material thickness.) 


Source: nfl.com 


In Problems 79-83, use the fact that the orbit of a planet about the 
Sun is an ellipse, with the Sun at one focus. The aphelion of a planet 
is its greatest distance from the Sun, and the perihelion is its shortest 
distance. The mean distance of a planet from the Sun is the length of 
the semimajor axis of the elliptical orbit. See the figure. 


79. 


80. 


81. 





Earth The mean distance of Earth from the Sun is 93 million 
miles. If the aphelion of Earth is 94.5 million miles, what 
is the perihelion? Find an equation for the orbit of Earth 
around the Sun. 


Mars The mean distance of Mars from the Sun is 142 million 
miles. If the perihelion of Mars is 128.5 million miles, what is 
the aphelion? Find an equation for the orbit of Mars about 
the Sun. 


Jupiter The aphelion of Jupiter is 507 million miles. If the 
distance from the center of its elliptical orbit to the Sun 
is 23.2 million miles, what is the perihelion? What is the 
mean distance? Find an equation for the orbit of Jupiter 
around the Sun. 


82. 


83. 


84. 


85. 


86. 


87. 


88 


89. 


90. 


Pluto The perihelion of Pluto is 4551 million miles, and the 
distance from the center of its elliptical orbit to the Sun 
is 8975 million miles. Find the aphelion of Pluto. What is the 
mean distance of Pluto from the Sun? Find an equation for 
the orbit of Pluto about the Sun. 


Elliptical Orbit A planet orbits a star in an elliptical orbit 
with the star located at one focus. The perihelion of the 
planet is 5 million miles. The eccentricity e of a conic section 


ise = _ If the eccentricity of the orbit is 0.75, find the 


aphelion of the planet.’ 


A rectangle is inscribed in an ellipse with major axis of 
length 14 meters and minor axis of length 4 meters. Find the 
maximum area of a rectangle inscribed in the ellipse. Round 
your answer to two decimal places.’ 


Lithotripsy Extracorporeal shock wave lithotripsy is a 
procedure that uses shockwaves to fragment kidney stones 
without the need for surgery. Using an elliptical reflector, a 
shock wave generator is placed at one focus and the kidney 
stone is positioned at the other focus. Shock waves pass 
through a water column and disintegrate the stone, allowing 
it to be passed out of the body naturally. If the equation of the 
a 


| _ x y 
— + — 
ellipse formed by the reflector is 304 * 100 


the kidney stone does the shock wave generator need to be 
placed? (Units are in centimeters.) 


= 1, how far from 





Elliptical Trainer The pedals of an elliptical exercise machine 
travel an elliptical path as the user is exercising. If the stride 
length (length of the major axis) for one machine is 20 inches 
and the maximum vertical pedal displacement (length of the 
minor axis) is 9 inches, find the equation of the pedal path, 
assuming it is centered at the origin. 





Challenge Problem For the ellipse, x” + 5y* = 20, let V be 
the vertex with the smaller x-coordinate and let B be the 
endpoint on the minor axis with the larger y-coordinate. Find 
the y-coordinate of the point M that is on the line x + 5 = 0 
and is equidistant from V and B. 


Challenge Problem Consider the circle (x — 2)? + y? = 1 
and the ellipse with vertices at (2,0) and (6,0) and one 


focus at (4 + V3, 0) . Find the points of intersection of the 

circle and the ellipse.’ 

Challenge Problem Show that an equation of the form 
Ax? +Cy?+F=0 A#¥0,C40,F 40 


where A and C are of the same sign and Fis of opposite sign, 
(a) is the equation of an ellipse with center at (0, 0) 

ifA AC. 
(b) is the equation of a circle with center (0,0) if A = C. 


Challenge Problem Show that the graph of an equation of 
the form 


Ax’ + Cy? + Dx + Ey + F=0 


where A and C are of the same sign, 


A#0,C #0 


__,, D? . , 
——— + ss ; 
(a) is an ellipse if AA 4G F is the same sign as A 
D’  E? 
b) 1 int if=—s+ =—x— F = 0. 
(b) 1s a point ifs AC 
2 2 
; ee n = ns 
(c) contains no points if 4A 4c F is of opposite sign 


to A. 


‘Courtesy of the Joliet Junior College Mathematics Department 
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Discussion and Writing 


91. The eccentricity e of an ellipse is defined as the number —, where a is the distance of a vertex from the center and c is the distance 
a 


of a focus from the center. Because a > c, it follows that e < 1. Write a brief paragraph about the general shape of each of the 
following ellipses. Be sure to justify your conclusions. 


(a) Eccentricity close to 0 (b) Eccentricity = 0.5 (c) Eccentricity close to 1 


Retain Your Knowledge 


Problems 92-101 are based on material learned earlier in the course. The purpose of these problems is to keep the material fresh in your 
mind so that you are better prepared for the final exam. 


92. Find the zeros of the quadratic function f(x) = (x —5)?—12. 96. Solve 2V/3 tan (5x) +7=9for0 =x< ot 
What are the x-intercepts, if any, of the graph of the function? 


_ or 14 8 


2-3 2 aay thea 
93. Find the domain of the rational function f(x) = —- (X97. What value does R(x) ar approach as 
X — 


Find any horizontal, vertical, or oblique asymptotes. Lf) 


94, Find the work done by a force of 80 pounds acting in the 98. Solve e ***! = 8 rounded to four decimal places. 


direction of 50° to the horizontal in moving an object 12 feet ; 
: K 99. i 5p = 
from (0, 0) to (12, 0). Round to one decimal place. jX 99. Find the difference quotient of f(x) = 2x" — 7x as h—0 


95. Solve the right triangle shown. 100. Solve: 1o8,(3 _ 1) —4 


101. Solve: (x + 3)? = 20 


‘Are You Prepared?’ Answers 


9 
1 V13 25 3. (=2,0), (2,0), (0-4), (0,4) 4. (2,5) 5 Heft; ;downs4 6. (x — 2)? + (y +3)? =1 


10.4 The Hyperbola 


PREPARING FOR THIS SECTION Before getting started, review the following: 


Distance Formula (Section 1.1, pp. 3-4) e Asymptotes (Section 4.3, pp. 201-205) 

Completing the Square (Section A.3, p. A29) ¢ Graphing Techniques: Transformations (Section 2.5, 
Intercepts (Section 1.2, pp. 12-13) pp. 98-107) 

Symmetry (Section 1.2, pp. 13-17) Square Root Method (Section A6, p. A48) 


*\ Now Work the ‘Are You Prepared?’ problems on page 683. 


OBJECTIVES 1 Analyze Hyperbolas with Center at the Origin (p. 674) 
2 Find the Asymptotes of a Hyperbola (p. 678) 
3 Analyze Hyperbolas with Center at (h, k) (p. 680) 
4 Solve Applied Problems Involving Hyperbolas (p. 681) 





(DEFINITION 


A hyperbola is the collection of all points in a plane the difference of whose 
distances from two fixed points, called the foci, is a constant. 


2) 
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Figure 31 illustrates a hyperbola with foci F, and /,. The line containing the 
foci is called the transverse axis. The midpoint of the line segment joining the foci 


oo is the center of the hyperbola. The line through the center and perpendicular to the 





Transverse —_ transverse axis is the conjugate axis. The hyperbola consists of two separate curves, 
called branches, that are symmetric with respect to the transverse axis, conjugate axis, 
and center. The two points of intersection of the hyperbola and the transverse axis 
are the vertices, V, and V>, of the hyperbola. 


1 Analyze Hyperbolas with Center at the Origin 


With these ideas in mind, we are now ready to find the equation of a hyperbola in the 
rectangular coordinate system. First, place the center at the origin. Next, position the 
hyperbola so that its transverse axis coincides with a coordinate axis. Suppose that 
the transverse axis coincides with the x-axis, as shown in Figure 32. 

If c is the distance from the center to a focus, one focus will be at R = (-—c, 0) 
and the other at = (c,0). Now we let the constant difference of the distances 
from any point P = (x, y) onthe hyperbola to the foci F, and F; be denoted by + 2a, 
a(F,, P) where a > 0. (If Pis on the right branch, the + sign is used; if P is on the left branch, 
the — sign is used.) The coordinates of P must satisfy the equation 


Figure 31 Hyperbola 





\ P= (x,y) 
Transverse : (Fo, P) d(F,,P) — d(fh,P) = +2a Difference of the distances 
axis : r ad 
from P to the foci equals +2a. 
F,=(—¢,0) Fo = (6, 0) V(x tc)? +y2- V(x-—c)*+y* = +2a Use the Distance Formula. 


V(x+c)? + y? = +2a+ V(x -—c)*+ y? Isolate one radical. 
(x +c)? + y’ = 4a? + 4aV (x — cc)? + y? Square both sides. 
Figure 32 ae Coe ee 
d(F,, P) — d(F>,P) = +2a 
x? + 2cx +c? + y? = 4a? + 4aV (x —c)? + y* Multiply. 
y y ply 
+ x7 —2ex +c? + y’ 
4cx — 4a* = +4aV (x -—c)* + y’ Simplify; isolate the radical. 
cx —- a = taV(x-—c)*+ y Divide both sides by 4. 


(ox = a’)? =a’[(x-—c)? + y*] Square both sides. 
cx” — 2ca*x + a* = a*(x* — 2cx +c? + y*) Multiply. 
c7x? + at = a’x’? + arc? + ay’ Distribute and simplify. 
(c? — a’)x* - a’y* =a’c* - at Rearrange terms. 
(c? — a*)x* — a*y* = a*(c* — a’) Factor a’ on the right side. (1) 


To obtain points on the hyperbola off the x-axis, we must have a < c. To see why, 
look again at Figure 32. 


d(F,,P) <d(&,P)+d(K,)  Usetriangle F,PF). 


d(f,,P) —d(B,P) < d(f,B) P is on the right branch, so 
Ja < 2c d(F,,P) — d(F2,P) = 2a; 
d( Fy, F) = 2¢. 
LC 


Since a < c, we also have a* < c*, soc’? — a” > 0. Let b? =c’ —a’,b> 0. 
Then equation (1) can be written as 


bx? — ay? = @b? 
= ied Divide both sides by ab”. 
To find the vertices of the hyperbola, substitute y = Oin the equation. The vertices 
2 


; : X ; ; 
satisfy the equation — = 1, the solutions of which are x = +a. Consequently, the 
a 
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vertices of the hyperbola are V; = (—a,0) and V; = (a, 0). Notice that the distance 
from the center (0, 0) to either vertex is a. 


C tHeorem Equation of a Hyperbola: Center at (0, 0); Transverse Axis 
along the x-Axis 


An equation of the hyperbola with center at (0,0), foci at (—c,0) and (c, 0), 
and vertices at (—a,0) and (a,0) is 





y 
Vv; = (~a, 0) - 
Trajeveree os V> = (a, 0) The transverse axis is the x-axis. J 
Mn a ’ 
axis \ ra 





See Figure 33. The hyperbola defined by equation (2) is symmetric with respect to 
the x-axis, y-axis, and origin. To find the y-intercepts, if any, let x = 0in equation (2). 


This results in the equation a = —1, which has no real solution, so the hyperbola 
2 p 
Figure 33 defined by equation (2) has no y-intercepts. In fact, since z —-l1= - = {). it 
2 2 
- — 2 =1,. b=¢"= a0 follows that = => 1. There are no points on the graph for —a < x < a. 
a 


| €XAMPLE1 ~ Finding and Graphing an Equation of a Hyperbola 


Find an equation of the hyperbola with center at the origin, one focus at (3,0) and 
one vertex at (—2, 0). Graph the equation. 


Solution The hyperbola has its center at the origin. Plot the center, focus, and vertex. Since 
they all lie on the x-axis, the transverse axis coincides with the x-axis. One focus 
is at (c,0) = (3,0), so c = 3. One vertex is at (—a,0) = (—2,0), so a = 2. 
From equation (2), it follows that b* = c? — a* = 9 — 4 = 5, so an equation of the 
hyperbola is 


To graph a hyperbola, it is helpful to locate and plot other points on the graph. For 
example, to find the points above and below the foci, let x = +3.Then 





x oy _, 
4 5 
a2 

=") -t = 1 t= 3s 

a aa, 
4. 5 

a 

5 4 

25 

Ma, ES 

yA 

5 

— 15 

a) 


5 5 
The points above and below the foci are (4 3 5 and (= 3..= 5 ) These points 





determine the “opening” of the hyperbola. See Figure 34. 
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2 2 


2 
fe COMMENT To graph the hyperbola = = = 1, graph the two functions 4 = V5 7 — 1 and 
2 
4 = -V5 7 — 1. Do this and compare the result with Figure 34. a 


ommm__m-Now Work PROBLEM 19 


For the next two examples, the direction “Analyze the equation” means to find 
the center, transverse axis, vertices, and foci of the hyperbola and graph it. 


| EXAMPLE 2 | Analyzing the Equation of a Hyperbola 


.- 3 
Anal h tion = — = 1. 
nalyze the equation 16 r 


Solution = The equation is of the form of equation (2), with a” = 16 and b* = 4. The graph of 
the equation is a hyperbola with center at (0, 0) and transverse axis along the x-axis. 
Also, c* = a* + b* = 16 + 4 = 20. The vertices are at (+a,0) = (+4,0), 
and the foci are at (+c,0) = (42V5,0). 
To locate the points on the graph above and below the foci, let x = +2V5 
in the equation. Then 









2 2 
ca ae 
16 4 
a = 2 
(+2V5) ta 4 x = +2V5 
16 4 
20 y 
y Meee 
= 4 16 4 
_ (2N5, 1) ») 
V, =(-4, 0) 25 de =] 
4 4 
yl 
| 4 4 
(=24),—1) y= 
Figure 35 xe yé | The points above and below the foci are (+2V5,1) and (+2V5,-—1). See 
16 4 Figure 35. “a 
( THEOREM Equation of a Hyperbola: Center at (0, 0); Transverse Axis 
along the y-Axis 
An equation of the hyperbola with center at (0,0), foci at (0, —c) and (0,c), 
and vertices at (0, —a) and (0, a) is 
y 


2 Bs 


where b? = c* — a 





The transverse axis is the y-axis. 


ws) 


Figure 36 shows the graph of a typical hyperbola defined by equation (3). Let’s 
compare equations (2) and (3). 





2 2 
' : Xx : ; 
Figure 36 An equation of the form of equation (2), > — = = 1, is the equation of a 
y? x te : : hyperbola with center at the origin, foci on the x-axis at (—c,0) and (c, 0), where 
—y-ey = 1, bo = c= a 


ae be b* = c* — a’, and transverse axis along the x-axis. 
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2 s) 
An equation of the form of equation (3), as = = 
a 
hyperbola with center at the origin, foci on the y-axis at (0, —c) and (0,c), where 


1, is the equation of a 


b* = c’ — a’, and transverse axis along the y-axis. 

Notice the difference in the forms of equations (2) and (3). When the y?-term is 
subtracted from the x”-term, the transverse axis is along the x-axis. When the x?-term 
is subtracted from the y’-term, the transverse axis is along the y-axis. 


| EXAMPLE 3 ~ Analyzing the Equation of a Hyperbola 


Analyze the equation 4y” — x? = 4. 


Solution —To put the equation in proper form, divide both sides by 4: 


N 


OF 
yooyal 

Since the x*-term is subtracted from the y?-term, the equation is that of a hyperbola 
with center at the origin and transverse axis along the y-axis. Also, comparing the 
equation to equation (3), note that a* = 1, b* = 4, and c* = a? + b* = 5. The 
vertices are at (0, ta) = (0, +1), and the foci are at (0, tc) = (0, V5). 

To locate points on the graph to the left and right of the foci, let y = + V5 in 
the equation. Then 





4y* -—x° =4 
4(+V/5)?-x? =4 y= tV5 
20 -— x? =4 
x = 16 
x= 14 
Figure 37 4y° — x* = 4 Four other points on the graph are (+4, V5) and (£4, —V5). See Figure 37 _J 


| EXAMPLE 4 Finding an Equation of a Hyperbola 


Find an equation of the hyperbola that has one vertex at (0,2) and foci at (0, —3) 
and (0,3). Graph the equation. 


Solution — Since the foci are at (0, —3) and (0, 3), the center of the hyperbola, which is at their 
midpoint, is the origin. Also, the transverse axis is along the y-axis. This information 
tells us thatc = 3,a = 2, andb? = c* — a* = 9 — 4 = 5. The form of the equation 
of the hyperbola is given by equation (3): 


Let y = +3 to obtain points on the graph on either side of each focus. See Figure 38. 


J 





XxX 


y ; 
Fi 38 eee 1 
oe 4 5 orm Now Work PROBLEMS 15 AND 21 
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Look at the equations of the hyperbolas in Examples 2 and 4. For the hyperbola 
in Example 2,a* = 16 and b* = 4, soa > b; for the hyperbola in Example 4,a” = 4 
and b* = 5, soa < b. This indicates that for hyperbolas, there are no requirements 
involving the relative sizes of a and b. Contrast this situation to the case of an ellipse, 
in which the relative sizes of a and b dictate which axis is the major axis. Hyperbolas 
have another feature to distinguish them from ellipses and parabolas: hyperbolas 
have asymptotes. 


Find the Asymptotes of a Hyperbola 


Recall from Section 4.3 that a horizontal or oblique asymptote of a graph is a line 
with the property that the distance from the line to points on the graph approaches 0) 
as x — — CO or as x > oO. Asymptotes provide information about the end behavior 
of the graph of a hyperbola. 


( tHeoReM Asymptotes of a Hyperbola; Transverse Axis along the x-Axis 


2 2 
The hyperbola ~ a, = | has the two oblique asymptotes 
a 


b b 
ea and = ae (4) 


Proof Begin by solving for y in the equation of the hyperbola. 


N 


=) a 


2 
pools 
a 


Since x # OQ, the right side can be factored and rewritten as 


po Oe 1 a’ 
4 a 2 


— 4% Z 





a x 
2 
a 
Now, as x — — 00 or as x — ©, the term — approaches 0, so the expression under the 
8 


b 
radical approaches 1. So as x — —©O or as x — 00, the value of y approaches + = 
that is, the graph of the hyperbola approaches the lines 


a and a2 
y aes y ie 


These lines are oblique asymptotes of the hyperbola. = 


The asymptotes of a hyperbola are not part of the hyperbola, but they serve as 
a guide for graphing the hyperbola. For example, suppose that we want to graph the 
equation 


N 


y" 


ei 


S| a 
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Begin by plotting the vertices (—a,0) and (a,0). Then plot the points (0, —b) 
and (0, 5) and use these four points to construct a rectangle, as shown in Figure 39. 


; , b b ; 
The diagonals of this rectangle have slopes = and — a and their extensions are the 


b b 
asymptotes of the hyperbola, y = a and y = — a If we graph the asymptotes, 


we can use them to establish the “opening” of the hyperbola and avoid plotting other 
points. 





( tHeoreM Asymptotes of a Hyperbola; Transverse Axis along the y-Axis 
y? Oe 
The hyperbola = — i = | has the two oblique asymptotes 
a 


yoru and y=—ox (5) 


J 


You are asked to prove this result in Problem 86. 

For the remainder of this section, the direction “Analyze the equation” means 
to find the center, transverse axis, vertices, foci, and asymptotes of the hyperbola and 
graph it. 


| EXAMPLES | Analyzing the Equation of a Hyperbola 


2 
Analyze the equation m7 —x*=1. 


Solution Since the x?-term is subtracted from the y*-term, the equation is of the 
form of equation (3) and is a hyperbola with center at the origin and transverse axis 


along the y-axis. Comparing the equation to equation (3), note that a* = 4, b* = 1, 
and c? = a* + b? = 5. The vertices are at (0, ta) = (0, +2), and the foci are at 
(0, +c) = (0, V5). Using equation (5) with a = 2 and b = 1, the asymptotes 


are the lines y = re = 2x and y = — es = —2x. Form the rectangle containing 





the points (0, +a) = (0, +2) and (+b,0) = (+1,0). The extensions of the 
2 diagonals of the rectangle are the asymptotes. Now graph the asymptotes and the 


J 
| EXAMPLE 6 Analyzing the Equation of a Hyperbola 


Analyze the equation 9x” — 4y* = 36. 


Figure 40 = —xt=1 


hyperbola. See Figure 40. 


Solution Divide both sides of the equation by 36 to put the equation in proper form. 


i 3 
9 


= 1 

4 
The center of the hyperbola is the origin. Since the y7-term is subtracted from the 
x’-term, the transverse axis is along the x-axis, and the vertices and foci will lie on 
the x-axis. Using equation (2), note that a” = 4, b? = 9, andc”? = a? + b* = 13.The 
vertices are a = 2 units left and right of the center at (ta,0) = (+2,0), the foci 


(continued) 
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Yi are c = V13 units left and right of the center at (+c,0) = (+V13,0), and the 
asymptotes have the equations 
63. ag ye oy 3 
y Haak Sap y ae x 


7‘ To graph the hyperbola, form the rectangle containing the points ( +a, 0) 
| and (0, +b), that is, (—2,0), (2,0), (0,-—3), and (0,3). The extensions of the 
F, = (-413, 0) ‘ F2 = (V13, 0) aneonale of the rectangle are the asymptotes. See Figure 41 for the graph. J 





ommmmmm=-Now Work PROBLEM 31 


Figure 41 9x* — 4y* = 36 3 Analyze Hyperbolas with Center at (h, k) 


If a hyperbola with center at the origin and transverse axis coinciding with a 
coordinate axis is shifted horizontally 4 units and then vertically k units, the result 
is a hyperbola with center at (h, k) and transverse axis parallel to a coordinate axis. 
The equations of such hyperbolas have the same forms as those given in equations (2) 
and (3), except that x is replaced by x — h (the horizontal shift) and y is replaced 
by y — k (the vertical shift). Table 4 gives the forms of the equations of such 
hyperbolas. See Figure 42 for typical graphs. 


Table 4 


Equations of a Hyperbola: Center at (h, k); Transverse Axis Parallel to a Coordinate Axis 
Transverse 
Center Axis Foci Vertices Equation Asymptotes 


Parallel to 
the x-axis 


Parallel to 
the y-axis 





NOTE Rather than memorize 
Table 4, use transformations (shift 
horizontally h units, vertically k units), Transverse 
along with the facts that a represents the axis 

distance from the center to the vertices, 
c represents the distance mole se 
center to the foci, and b? = c* — a’. & 









2 2 2 2 
Figure 42 a, a (b) yoy _ San 
a b 


| EXAMPLE 7 ~ Finding an Equation of a Hyperbola, Center Not at the Origin 


Find an equation for the hyperbola with center at (1, —2), one focus at (4, —2), 
and one vertex at (3, —2). Graph the equation. 


=] 


Solution The center is at (h,k) = (1,-—2), soh =1andk = —2. Since the center, focus, 
and vertex all lie on the line y = —2, the transverse axis is parallel to the x-axis. The 
distance from the center (1, —2) to the focus (4, —2) is c = 3; the distance from 
the center (1, —2) to the vertex (3, —2) isa = 2. Then b”? = c* — a®* =9 -—4=5. 
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The equation of the hyperbola is 


(eh)? (y—k)? | 


1 
a’ b? 
(x= 1)? (yt2)?_| 
4 5 7 


Form the rectangle containing the vertices: (—1, —2), (3, —2), and the points 
(Aka Dy: (1, =). = V5), (1, =) V5). Extend the diagonals of the rectangle 
to obtain the asymptotes. See Figure 43. _J 





ormemmmms-Now Work PROBLEM 41 


(x-1)* (yt+2)* | 
4 5 


| EXAMPLES | PLE 8 Analyzing the Equation of a Hyperbola 


Analyze the equation —x* + 4y* — 2x — 16y + 11 = 0. 


Figure 43 1 


Solution Complete the squares in x and in y. 
—x? + 4y? — 2x —- loy + 11 =0 


—(x* + 2x) + 4(y? - 4y) = -11 Group terms. 
Traneverse —(x* + 2x +1) + 4(y? —4y +4) = -11-—1+16 Complete each square. 
axis —(x+1)*+4(y-2)?=4 Factor. 
,_ (x +1)’ 7 | 
CY a2) = — 1 Divide both sides by 4. 


This is the equation of a hyperbola with center at (—1, 2) and transverse axis parallel 


to the y-axis. Also, a’ = 1 and b* = 4, soc* = a’ + b* = 5. Since the transverse 


axis 1s parallel to the y-axis, the vertices and foci are located a and c units above 
and below the center, respectively. The vertices are at (h,k + a) = (—1,2 + 1), 


or (—1,1) and (—1,3).The fociare at (h,k +c) = (-1,2 as V5). The asymptotes 





1 1 
Figure 44 arey —2 = — (x + 1) andy — 2 = —= (x + 1). Figure 44 shows the graph. J 
LiL Ay 2 oe Gye 4 10 2 - 


ovmmmmmm- Now Work PROBLEM 55 


4 Solve Applied Problems Involving Hyperbolas 


wS Look at Figure 45. Suppose that three microphones are located at points O,, Op, 
and O; (the foci of the two hyperbolas). In addition, suppose that a gun is fired at S$ 
and the microphone at O, records the gunshot 1 second after the microphone at O >. 
Because sound travels at about 1100 feet per second, we conclude that the microphone 
at O, is 1100 feet farther from the gunshot than O,. This situation is modeled by 
placing S on a branch of a hyperbola with foci at O; and O,. (Do you see why? The 
difference of the distances from S to O, and from S to Oj is the constant 1100.) If the 
third microphone at O3 records the gunshot 2 seconds after O,, then S lies on a branch 
of a second hyperbola with foci at O; and O3. In this case, the constant difference will 

Figure 45 be 2200. The intersection of the two hyperbolas identifies the location of S. 


| EXAMPLES Lightning Strikes 


Suppose that two people standing 1 mile apart both see a flash of lightning. After a 
period of time, the person standing at point A hears the thunder. One second later, 
the person standing at point B hears the thunder. If the person at B is due west of 
the person at A and the lightning strike is known to occur due north of the person 
standing at A, where did the lightning strike occur? 
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Solution 


See Figure 46, where the point (x,y) represents the location of the lightning 
strike. Sound travels at 1100 feet per second, so the person at point A is 1100 feet 
closer to the lightning strike than the person at point B. Since the difference of the 
distance from (x, y) to B and the distance from (x, y) to A is the constant 1100, the 
point (x, y) lies on a hyperbola whose foci are at A and B. 


North 4 


1 mile = 5280 feet 





Figure 46 Lightning strike model 


An equation of the hyperbola is 


N 


=4 
bz 


el 


where 2a = 1100, or a = 550. 
Because the distance between the two people is 1 mile (5280 feet) and each 
person is at a focus of the hyperbola, then 


2c = 5280 
5280 


—— = 20640 
9 
Since b? = c? — a? = 26407 — 550° = 6,667,100, the equation of the hyperbola that 
describes the location of the lightning strike is 


2 
x? y 


_ —_ =] 
5502 6,667,100 


Refer to Figure 46. Since the lightning strike occurred due north of the individual 
at the point A = (2640,0), let x = 2640 and solve the resulting equation. 








Astle ——— 1 2640 
— = x = 
550°: 6,667,100 
2 2 
= a = —22.04 Subtract see from both sides. 
y” = 146,942,884 Multiply both sides by — 6,667,100. 
y= 12122 y > Osince the lightning strike 


occurred in quadrant I. 


The lightning strike occurred 12,122 feet north of the person standing at point A. 


/Check: The difference between the distance from (2640, 12122) to the person 
at the point B = (—2640,0) and the distance from (2640, 12122) to the 
person at the point A = (2640, 0) should be 1100. Using the distance 
formula, the difference of the distances is 


V [2640 — (—2640) ]* + (12,122 — 0)* — V (2640 — 2640)? + (12,122 — 0)* = 1100 


as required. J 


ommmm=-Now Work PROBLEM 75 
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10.4 Assess Your Understanding 


‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. The distance d from P, = (3, —4) to Py = (—2,1) is 


d = . (pp. 3-4) 

2. To complete the square of x* + 5x, add . (p. A29) 

3. Find the intercepts of the equation y* = 9 + 4x’. 
(pp. 12-13) 


4. True or False The equation y* = 9 + x? is symmetric with 
respect to the x-axis, the y-axis, and the origin. (pp. 13-17) 


Concepts and Vocabulary 


5. To graph y = (x — 5)? — 4, shift the graph of y = x° to 


th _____ unit(s) and then unit(s). 





a ae 
(left/right) (up/down) 
(pp. 98-102) 


6. Find the vertical asymptotes, if any, and the horizontal or 


(pp. 201-205) 





oblique asymptote, if any, of y = * ry 
= 





is the collection of points in a plane, the 


7. A(n) 
difference of whose distances from two fixed points is a 
constant. 


Answer Problems 9-11 using the figure to the right. 
9. Multiple Choice The equation of the hyperbola is of the form 


(x-h)*  (y—k)* 
a 
(x—A)*  (y—k)* (x — h)* 
7 ee 
If the center of the hyperbola is (2,1) and a = 3, then the 

coordinates of the vertices are and 


( =1 (b) 


a’ b? 
( =1 @ 


10. 





11. If the center of the hyperbola is (2,1) and c = 5, then the 


coordinates of the foci are and 





12. Multiple Choice In a hyperbola, if a = 3 and c = 5, then 
b= 
(jy 1 (bb) 2 (4 (dd) 8 
ye 
14. For the hyperbola 16 81 1, the asymptotes are 


Skill Building 


(y— Kk)? (x-h)? 


(y—k)* | 


8. For a hyperbola, the foci lie on a line called the 


y Transverse 





= 1 
= 1 
x2 oy? 
13. For the hyperbola 4. 9 1, the value of a is ; the 
value of b is , and the transverse axis is the -axis. 
and 


In Problems 15-18, the graph of a hyperbola is given. Match each graph to its equation. 


N15. 


A)—-y=1 B) ?@-~=1 C)—-w=1 D) yw -=—=1 
(A) y G)ve= (OHex (D) Y -4 
y 16. 17. y 18. 
3 4 
—3 3X —4 4x 
3 —4 








In Problems 19-28, find an equation for the hyperbola described. Graph the equation. 


\ 19. Center at (0,0); focus at (3, 0); vertex at (1, 0) 

\\ 21. Center at (0, 0); focus at (0, —6); vertex at (0, 4) 

23. Foci at (—5,0) and (5,0); vertex at (3, 0) 

25. Vertices at (0, —6) and (0, 6); asymptote the line y = 2x 
27. Foci at (—4,0) and (4,0); asymptote the line y = —x 


20. 
22. 
24. 
26. 
28. 


Center at (0,0); focus at (0,5); vertex at (0,3) 

Center at (0,0); focus at (—3, 0); vertex at (2,0) 

Focus at (0, 6); vertices at (0, —2) and (0, 2) 

Vertices at (—4,0) and (4,0); asymptote the line y = 2x 
Foci at (0, —2) and (0,2); asymptote the line y = —x 
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In Problems 29-36, find the center, transverse axis, vertices, foci, and asymptotes. Graph each equation. 


X31. 42 — y? = 16 32. 4y? — x2 = 16 
35." =a = 25 36. 2x7 — y? = 4 
39, 





In Problems 41-48, find an equation for the hyperbola described. Graph the equation. 


\. 41. Center at (4, -1); focus at (7, —1); vertex at (6, —1) 42. Center at (—3,1); focus at (—3, 6); vertex at (—3, 4) 
43,. Center at. (—3,—4)sfocus at (—3,—8); vertex at. (—3;—2) 44. Center at (1,4); focus at (—2, 4); vertex at (0, 4) 
45. Foci at (3,7) and (7,7); vertex at (6,7) 46. Focus at (—4, 0); vertices at (—4, 4) and (—4, 2) 
47. Vertices at (—1, —1) and (3, —-1); 48. Vertices at (1, —3) and (1,1); 
3 3 
asymptote the line y + 1 = 5 (x — 1) asymptote the line y + 1 = 5 (a 1.) 


In Problems 49-62, find the center, transverse axis, vertices, foci, and asymptotes. Graph each equation. 


2 2 2 2 
gg, BO gq, YAS as SL. (y — 2)? —4(x +2)? = 
52. (x + 4)* - 9(y -3)* = 53. (x +1)*- (y +2)? = 54. (y —3)*- (x +2)?= 
N55. x2 — y? — 2x -2y -1=0 56. v2 — x2 — 4y + 4x —1=0 57, y2 — 4x2 — 4y — 8x —4 =0 
58. 2x7 — y? + 4x + 4y —-4=0 59. 4x7 — y* — 24x — 4y + 16 =0 60. 2y? — x7 + 2x + 8y+3=0 
61. y* — 4x” — 16x — 2y —-19 =0 62. x? — 3y? + 8x — 6y +4=0 


In Problems 63-66, graph each function. Be sure to label any intercepts. |Hint: Notice that each function is half a hyperbola. | 


63. f(x) = V16 + 4x 64. f(x) = —V9 + 9x? 65. f(x) = —-V-25 + x 66. f(x) = V-1 +x 


Mixed Practice In Problems 67-74, analyze each equation. 


(e=3)" (ya 2) (ea 2)e 
7, ———— - —=1 . — - A = 1 ~ x7 = 16(y - 
6 5 RE 68 73 zi 69. x 6(y — 3) 
70. y? = —12(x + 1) 71. 25x? + 9y* — 250x + 400 = 0 72. x° + 36y* — 2x + 288y + 541 = 0 
73. x’ — 6x — 8y — 31 =0 74. 9x? — y* — 18x — 8y — 88 =0 


Applications and Extensions 





\\ 75. Fireworks Display Suppose that two people standing 2 miles hears the thunder. If the person at point B is due west of 
GS apart both see the burst from a fireworks display. After a the person at point A, and if the lightning strike is known to 
period of time the first person, standing at point A, hears occur due north of the person standing at point A, where did 
the burst. One second later the second person, standing at the lightning strike occur? 

point B, hears the burst. If the person at point B is due west 77. Nuclear Power Plant Some nuclear power plants utilize 
of the person at point A, and if the display is known to oes “natural draft” cooling towers in the shape of a hyperboloid, 
due north of the person at point A, where did the fireworks a solid obtained by rotating a hyperbola about its conjugate 
display occur? axis. Suppose that such a cooling tower has a base diameter 
76. Lightning Strikes Suppose that two people standing 1 mile of 400 feet, and the diameter at its narrowest point, 360 feet 
apart both see a flash of lightning. After a period of time above the ground, is 200 feet. If the diameter at the top of 

the first person, standing at point A, hears the thunder. the tower is 300 feet, how tall is the tower? 


Two seconds later the second person, standing at point B, Source: Bay Area Air Quality Management District 





78. An Explosion Two recording devices are set 2400 feet apart, 


79, 


with the device at point A to the west of the device at point B. 
At a point between the devices 300 feet from point B,a 
small amount of explosive is detonated. The recording 
devices record the time until the sound reaches each. How 
far directly north of point B should a second explosion be 
done so that the measured time difference recorded by the 
devices is the same as that for the first detonation? 


Rutherford’s Experiment In May 1911, Ernest Rutherford 
published a paper in Philosophical Magazine. In this article, 
he described the motion of alpha particles as they are shot 
at a piece of gold foil 0.00004 cm thick. Before conducting 
this experiment, Rutherford expected that the alpha particles 
would shoot through the foil just as a bullet would shoot 
through snow. Instead, a small fraction of the alpha particles 
bounced off the foil. This led to the conclusion that the nucleus 
of an atom is dense, while the remainder of the atom is sparse. 
Only the density of the nucleus could cause the alpha particles 
to deviate from their path. The figure shows a diagram from 
Rutherford’s paper that indicates that the deflected alpha 
particles follow the path of one branch of a hyperbola. 








(a) Find an equation of the asymptotes under this scenario. 

(b) If the vertex of the path of the alpha particles is 10 cm 
from the center of the hyperbola, find a model that 
describes the path of the particle. 


80. Hyperbolic Mirrors Hyperbolas have interesting reflective 


81. 


properties that make them useful for lenses and mirrors. 
For example, if a ray of light strikes a convex hyperbolic 
mirror on a line that would (theoretically) pass through 
its rear focus, it is reflected through the front focus. This 
property, and that of the parabola, were used to develop 
the Cassegrain telescope in 1672. The focus of the parabolic 
mirror and the rear focus of the hyperbolic mirror are the 
same point. The rays are collected by the parabolic mirror, 
then reflected toward the (common) focus, and thus are 
reflected by the hyperbolic mirror through the opening to its 


front focus, where the eyepiece is located. If the equation of 
2 2 
the hyperbola is a = i = 1 and the focal length (distance 








from the vertex to the focus) of the parabola is 6, find the 
equation of the parabola. 


Source: www.enchantedlearning.com 


Lamp Shadow The light 
from a lamp creates a 
shadow on a wall with 
a hyperbolic border. 
Find the equation of the 
border if the distance 
between the vertices 
is 18 inches and the foci 
are 4 inches from the vertices. Assume the center of the 
hyperbola is at the origin. 








82. 


83. 


84. 


85. 


86. 


87. 


88. 
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Sonic Boom Aircraft such as fighter jets routinely go 
supersonic (faster than the speed of sound). An aircraft moving 
faster than the speed of sound produces a cone-shaped shock 
wave that “booms” as it trails the vehicle. The wave intersects 
the ground in the shape of one half of a hyperbola and the 
area over which the “boom” is audible is called the “boom 
carpet.” If an aircraft creates a shock wave that intersects the 
-.. ¥ 
484 100 
in miles), how wide is the “boom carpet” 32 miles behind the 
aircraft? 





ground in the shape of the hyperbola = 1 (units 


The eccentricity e of a hyperbola is defined as the number fs 
a 


where a is the distance of a vertex from the center and c 
is the distance of a focus from the center. Because c > a, 
it follows that e > 1. Describe the general shape of a 
hyperbola whose eccentricity is close to 1. What is the 
shape if e is very large? 








A hyperbola for which a =D is called an equilateral 
hyperbola. Find the eccentricity e of an equilateral 
hyperbola. 


[Note: The eccentricity of a hyperbola is defined in Problem 83.| 


Two hyperbolas that have the same set of asymptotes are 
called conjugate. Show that the hyperbolas 


x x 


ia i and reo 


are conjugate. Graph each hyperbola on the same set of 
coordinate axes. 


Prove that the hyperbola 


2 


as 
N 
| 
ee a 
mw] oN 


has the two oblique asymptotes 


ay and = ery 
YS y b 


Challenge Problem Show that the graph of an equation of 
the form 


Ax? +Cy?+F=0 A#¥0,C4#0,F 40 


where A and C are opposite in sign, is a hyperbola with 
center at (0,0). 


Challenge Problem Show that the graph of an equation of 
the form 


Ax? + Cy? + Dx + Ey+F=0 A#¥0,C#0 
where A and C are opposite in sign, 
De 
(a) is a hyperbola if TA + 1c FHA 0. 
De. 
ing lines if —— + —~— F= 0. 
(b) is two intersecting lines 1 4A’ 4C 
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Retain Your Knowledge 


Problems 89-97 are based on material learned earlier in the course. The purpose of these problems is to keep the material fresh in your 
mind so that you are better prepared for the final exam. 


89. For f(x) = -; sin(3x + a) + 5, find the amplitude, /\ 94, Find the area of the region enclosed by the graphs 
period, phase shift, and vertical shift. ofy = V9 —x* and y=x + 3. 
90. Solve the triangle described: a = 7,b = 10, and C = 100° 95. Solve (2x + 3)2 + x2 = 5x(2 +x) +1. 


96. Find the midpoint of the line segment connecting the 


91. Find the rectaneul dinat f th int with th l 
ngular coordinates of the point wi e polar ponte se) andes 


coordinates (12, -Z) 


- > —] aes 
92. Transform the polar equation r = 6 sin @ to an equation ile ale (sin (<)). 
in rectangular coordinates. Then identify and graph the 
equation. 


93. What is the inverse function for f(x) = 3e* ' + 4? 


‘Are You Prepared?’ Answers 


25 
1.5V2 ps a os. (0, =3),.(0; 3) 4. True 5. right; 5; down; 4 6. Vertical: x = —2,x = 2; horizontal: y = 1 


10.5 Rotation of Axes; General Form of a Conic 


PREPARING FOR THIS SECTION Before getting started, review the following: 


e Sum Formulas for Sine and Cosine (Section 7.5, e Double-angle Formulas for Sine and Cosine 
pp. 487 and 490) (Section 7.6, p. 501) 

e Half-angle Formulas for Sine and Cosine 
(Section 7.6, p. 504) 


\ Now Work the ‘Are You Prepared?’ problems on page 692. 
OBJECTIVES 1 Identify a Conic (p. 686) 
2 Use a Rotation of Axes to Transform Equations (p. 687) 
3 Analyze an Equation Using a Rotation of Axes (p. 690) 
4 Identify Conics without Rotating the Axes (p. 692) 





In this section, we show that the graph of a general second-degree polynomial 
equation containing two variables x and y—that is, an equation of the form 


Ax’ + Bxy + Cy? + Dx + Ey + F=0 (1) 


where A, B, and C are not all 0—1s a conic. We are not concerned with the degenerate 
cases of equation (1), such as x” + y? = 0, whose graph is a single point (0,0); or 
x? + 3y? + 3 = 0, whose graph contains no points; or x* — 4y* = 0, whose graph 
is two lines, x — 2y = Oandx + 2y = 0. 

We begin with the case where B = 0. In this case, the term containing xy is not 
present, so equation (1) has the form 


Ax? + Cy? + Dx + Ey + F=0 (2) 
where either A + OorC ¥ 0. 


1 Identify a Conic 


We have already discussed how to identify the graph of an equation of this form. We 
complete the squares of the quadratic expressions in x or y, or both. Then the conic can 
be identified by comparing it to one of the forms studied in Sections 10.2 through 10.4. 

But the conic can be identified directly from its equation without completing 
the squares. 
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C tHeorem Identifying Conics without Completing the Squares 


Excluding degenerate cases, the equation 


Ax’ + Cy? + Dx + Ey+ F=0 


where A and C are not both equal to zero: 
e Defines a parabola if AC = 0. 
e Defines an ellipse (or a circle) if AC > 0. 


e Defines a hyperbola if AC < 0. J 
Proof 
e IfAC = 0, theneither A = OorC = 0, but not both,so the form of equation (2) 
is either 


Ax? + Dx + Ey+F=0 A#0 
or 

Cy? + Dx+Ey+F=0 C#0 
Using the results of Problems 80 and 81 at the end of Section 10.2, it follows that, 
except for the degenerate cases, the equation is a parabola. 


e If AC > 0, then A and C have the same sign. Using the results of Problem 90 at 
the end of Section 10.3, except for the degenerate cases, the equation is an ellipse. 


e If AC < 0, then A and C have opposite signs. Using the results of Problem 88 
at the end of Section 10.4, except for the degenerate cases, the equation is a 
hyperbola. q 


Although we are not studying the degenerate cases of equation (2), in practice, 
you should be alert to the possibility of degeneracy. 


| €XAMPLE1 | Identifying a Conic without Completing the Squares 


Identify the graph of each equation without completing the squares. 
(a) 3x7 + 6y? + 6x — 12y = 0 (b) 2x* — 3y? + 69 +4=0 
(c) yy -2x+4=0 


Solution (a) Note that A = 3 and C = 6. Since AC = 18 > 0, the equation defines an 


ellipse. 
(b) Here A = 2and C = —3, so AC = —6 < 0. The equation defines a hyperbola. 
(c) Here A = Oand C = 1, so AC = O. The equation defines a parabola. J 


ovmmm__==:-Now Work prRrosBLem 11 





Although we can now identify the type of conic represented by any general 
second-degree equation of the form of equation (2) without completing the squares, 
we still need to complete the squares if we desire additional information about the 
conic, such as its graph. 


(a) 


2 Use a Rotation of Axes to Transform Equations 


Now let’s suppose that B # 0. To discuss this case, we introduce a new procedure: 
rotation of axes. 

In a rotation of axes, the origin remains fixed while the x-axis and y-axis are 
rotated through an angle @ to a new position; the new positions of the x-axis and 
the y-axis are denoted by x’ and y’, respectively, as shown in Figure 47(a). 

Now look at Figure 47(b). There the point P has the coordinates (x, y) relative to 

(b) the xy-plane, while the same point P has coordinates (x’, y’) relative to the x’y’-plane. 
Figure 47 Rotation of axes We need relationships that enable us to express x and y in terms of x’, y’, and 0. 
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As Figure 47(b) shows, r denotes the distance from the origin O to the point P, 
and a denotes the angle between the positive x’-axis and the ray from O through P. 
Then, using the definitions of sine and cosine, we have 


x’ = rcosa y' =rsina (3) 
x = rcos(é + a) y =rsin(@ +a) (4) 
Now 
x = rcos(@é+ a) 
= r(cos @ cosa — sin @ sin a) Use the Sum Formula for cosine. 
= (r cos a): cos @ — (rsina):sin 6 
= x'cos@ — y’ sind By equation (3) 
Similarly, 
y =rsin(@ + a) 
= r(sin@cosa@ + cos @sina) Use the Sum Formula for sine. 
= x’ sin@ + y’ cos@ By equation (3) 


( tHeoREM Rotation Formulas 


If the x- and y-axes are rotated through an angle 6, the coordinates (x, y) of a 
point P relative to the xy-plane and the coordinates (x’, y’) of the same point 
relative to the new x’- and y’-axes are related by the formulas 





x = x'cos@é — y’ sin@ y=x’'sinéd + y’ cos@é 


= 


| EXAMPLE 2 © Rotating Axes 


Express the equation xy = 1 in terms of new x'y’-coordinates by rotating the axes 
through a 45° angle. Discuss the new equation. 


Solution Let 6 = 45° in formulas (5). Then 


x = x’ cos 45° — y’ sin 45° = x 


y = x' sin 45° + y’ cos 45° = x’ 


Mw yy ||P ayy] aa 








il 

5 (x _ ye) =] 
x2 7 y?2 _ i 
Z 2 


This is the equation of a hyperbola with center at (0, 0.) and transverse axis along 
the x’-axis. The vertices are at (+ V2, 0) on the x’-axis; the asymptotes are y’ = x' 
and y’ = —x’ (which correspond to the original x- and y-axes). 





Figure 48 xy = 1 See Figure 48 for the graph of xy = 1. 


(A cos’ @ + 


WARNING Be careful if you use a 
calculator to solve equation (7). 


- Ifcot(20) = 0, then26 = 90° and 
0 = 45°. 


- If cot(20) A 0, first find cos(2@). 
Then use the inverse cosine function 
key(s) to obtain 20, 0° < 28 < 180°. 
Finally, divide by 2 to obtain the 
correct acute anole 6. a 
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As Example 2 illustrates, a rotation of axes through an appropriate angle can 
transform a second-degree equation in x and y containing an xy-term into one 
in x’ and y’ in which no x’y’-term appears. In fact, a rotation of axes through an 
appropriate angle will transform any equation of the form of equation (1) into an 
equation in x’ and y’ without an x'y’-term. 

To find the formula for choosing an appropriate angle @ through which to rotate 
the axes, begin with equation (1), 


Ax’ + Bxy + Cy? + Dx + Ey + F=0 BFO0 
Now rotate the x- and y-axes through an angle 6 using the rotation formulas (5). 
A(x’ cos @ — y’ sin 9)? + B(x' cos @ — y’ sin @) (x’ sin @ + y' cos 6) 
+ C(x' sin@ + y’ cos @)* + D(x' cosé — y' sin @) 
+ E(x'sin@ + y’cosé) + F=0 


Expanding and collecting like terms gives 


B sin 6 cos @ + Csin’ @)x’? + [B(cos? 6 — sin? @) + 2(C — A) (sin @ cos @) ]x'y’ 
+ (Asin? 6 — Bsin 6 cos 6 + Ccos*@)y” 
+ (Dcosé + Esin@)x' 
+ (-—Dsin@ + Ecos@é)y’ + F=0 (6) 


In equation (6), the coefficient of x'y’ is 
B(cos* @ — sin? @) + 2(C — A) (sin @ cos @) 
To eliminate the x'y’-term, select an angle @ so that this coefficient is 0. 
B(cos* @ — sin? @) + 2(C — A) (sin@cos@) = 0 
Bcos(20) + (C — A) sin(20) = 0  Double-angle Formulas 
Bcos(26) = (A — C) sin(20) 


AC 
BF 0 





cot(20) = 


( THEOREM Transformation Angle 
To transform the equation 
Ax’ + Bxy + Cy? + Dx + Ey + F=0 BF) 


into an equation in x’ and y’ without an x’y’-term, rotate the axes through an 
angle 6 that satisfies the equation 


Ae 
cot(20) = 





(7) 
_ 


Equation (7) has an infinite number of solutions for 0. We follow the convention 
of choosing the acute angle 6 that satisfies (7). There are two possibilities: 


If cot(26) = 0, then 0° < 20 = 90°, so0®° < 6 S 45°. 
If cot(20) <0, then 90° < 26 < 180°, so 45° < 6 < 90°. 


Each of these results in a counterclockwise rotation of the axes through an acute 
angle 6.* 


ee ees 
will eliminate the x’y’—term. 





A = 
* Any rotation through an angle 6 that satisfies cot(20) = 


However, the final form of the transformed equation may be different (but equivalent), depending on 
the angle chosen. 
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3 Analyze an Equation Using a Rotation of Axes 


For the remainder of this section, the direction “Analyze the equation” means to 
transform the given equation so that it contains no xy-term and to graph the equation. 


| EXAMPLE 3 | Analyzing an Equation Using a Rotation of Axes 


Analyze the equation x? + V3xy + 2y? — 10 = 0. 


Solution Since an xy-term is present, rotate the axes. Using A = 1, B = V3, and C = 2 in 
equation (7), the acute angle 6 of rotation satisfies the equation 


[mat ead V3 





t(2é¢) = i 0 -<. 28 <.. 180" 
enw B V3 3 
Since cot(26) = — aa this means 20 = 120°, so@ = 60°. Using formulas (5), 
1 3 1 
x = x’cos 60° — y’sin 60° = = x’ — V3 y, == (x’ = V3 y’) 
2 g) 2 
5 1 1 
y = x’sin 60° + y'cos 60° = ea 3 ey = 5 (V3 x’ + y') 


Substituting these values into the original equation and simplifying gives 


+ V3xy + 2y? -10=0 
1 if 1 1 
L(x — Vay")? + V3 [E(x Vay’) | S(VBx ty") : 2+] 5(V3x +y')? | =10 
Multiply both sides by 4 and expand to obtain 


x2 _ 2V3 x"y’ =o 3y/? 4 AG (V3 x" _ yea _ V3 y2 ) a oan 4 2V3x'y’ ae yy? ) — AQ 


10x’? + 2y'* = 40 


ae tz 
, x y 
x + 


= 1 
+ 20 








This is the equation of an ellipse with center at (0, 0) and major axis along the y’-axis. 
(0, 2V5) : The vertices are at (0, 2/5) on the y’-axis. See Figure 49 for the graph. J 






Xs eeee- Now Work PROBLEMS 21 AND 31 
(0, —2V5) 


In Example 3, the acute angle @ of rotation was easy to find because of the 
! ! ‘ : ; ; A - C 
x"? _¥% ; —1 numbers used in the given equation. In general, the equation cot(20) = 


4 ~ 20 B 
does not have such a “nice” solution. As the next example shows, we can still find 


the appropriate rotation formulas without a calculator approximation by using 
Half-angle Formulas. 











Figure 49 


| EXAMPLE 4 ~ Analyzing an Equation Using a Rotation of Axes 


Analyze the equation 4x2 — 4xy + y? +5V5x4+5=0. 


SECTION 10.5 Rotation of Axes: General Form of aConic 691 


Solution Letting A = 4,B = —4, and C = 1 in equation (7), the acute angle 6 to rotate the 
axes Satisfies 


yaks © ) 3 


B —-4 4 





cot(20) = 


To use the rotation formulas (5), we need to know the values of sin 6 and cos 6. 
Because the angle @ is acute, we know that sin@ > 0 and cos@ > 0. Use the 
Half-angle Formulas in the form 


y: 1 — cos(20 1 + cos(20 
5 Z 2 
3 


3 
See Figure 50. Because cot (20) = “Tr then 90° < 26 < 180°, so cos(26) = st Then 


20 





x -3 sae 1 — cos(20) _ 4 2. —2V/5 
Figure 50 cos(260) = 7 = a 9) 5 S 5 
1 + cos (20) 1 1 V5 
cos 8 = 4 ,.———— = = /—-= = 
2 x 75 > 
With these values, the rotation formulas (5) are 
V5 25. cy, oy!) 
X= eee! — ey! = (x! 
5 5S . 
2 eee Moy" 4 " 
= — — 5 
y 5 5 5 y 
Substituting these values in the original equation and simplifying gives 
4x? — Axy + y? + 5V5x+5=0 
5 5 5 
pois = 2y') = pores = 29") | Pav ale yy 
5 5 5 
5 : 5 
a XS ox ele yy 2 5V5) *2 (0 a 29") = —5 
Multiply both sides by 5 and expand to obtain 
4(x'? — 4x'y’ + Ay’) — 4(2x"? — 3x'y’ — 2y”) 
+ 4x'? + 4x'y’ + y’ + 25(x' — 2y') = —25 
dl a 25y’" — 50y’ + 25x’ = —25 Combine like terms. 
y' ner y'* — 2y’ + x’ = -1 Divide both sides by 25. 
0,1 
63.4° 


y’* — 2y’ + 1 = —x’ Complete the square in y’. 





/ 2 / 
(y= 1) = =—% 


This is the equation of a parabola with vertex at (0,1) in the x’y’-plane. The 
2V5 


axis of symmetry is parallel to the x’-axis. Use a calculator to solve sin 6 = = and 


Figure 51 (y’ — 1)° = -x’ find that 0 ~ 63.4°. See Figure 51 for the graph. =i 


orm Now Work PROBLEM 37 
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4 Identify Conics without Rotating the Axes 


Suppose that we are required only to identify (rather than analyze) the graph of an 
equation of the form 


Ax’ + Bxy + Cy? + Dx + Ey + F=0 BF 0 (8) 
Applying the rotation formulas (5) to this equation gives an equation of the form 
A'x'? + B'’x'y' + C'y’? + D'x' + E'y' + F' =0 (9) 


where A’, B’, C’, D’, E’, and F’ can be expressed in terms of A, B, C, D, FE, F and the 
angle 6 of rotation (see Problem 55). It can be shown that the value of B? — 4AC in 
equation (8) and the value of B’? — 4A'C’ in equation (9) are equal no matter what 
angle 6 of rotation is chosen (see Problem 57). In particular, if the angle 6 of rotation 
satisfies equation (7), then B’ = 0 in equation (9),and B*? — 4AC = —4A'C’. Since 
equation (9) then has the form of equation (2), 

A'x'’ + Cy” + D'x' + E'y'+F' =0 


we can identify its graph without completing the squares, as we did in the beginning 
of this section. In fact, now we can identify the conic described by any equation of 
the form of equation (8) without rotating the axes. 


( THEOREM Identifying Conics without Rotating the Axes 


Except for degenerate cases, the equation 


Ax’ + Bxy + Cy? + Dx + Ey + F=0 (10) | 


e Defines a parabola if B*? — 4AC = 0. 
e Defines an ellipse (or a circle) if B7 — 4AC < 0. 
e Defines a hyperbola if B? — 4AC > 0. 


=) 


You are asked to prove this theorem in Problem 58. Because of the above 
theorem, equation (10) is called the general equation of a conic. 


| €XAMPLE5 | Identifying a Conic without Rotating the Axes 


Identify the graph of the equation 8x7 — 12xy + 17y* — A\/5x — 2V5y — 15 =0. 


Solution Here A = 8,B = —12, andC = 17, soB* — 4AC = —400. Since B* — 4AC < 0, 
the equation defines an ellipse. A 


ommem==-Now Work PROBLEM 43 


10.5 Assess Your Understanding 


‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. The sum formula for the sine function is 3. If @ is acute, the Half-angle Formula for the sine function 
sin(A +B) = ____.(p.490) ic sin’ - ___(p.504) 

2. The Double-angle Formula for the sine function 4. If 6 is acute, the Half-angle Formula for the cosine function 
issin(20) = ___. (p.501) ie cos! = @ 504) 


pi 


Concepts and Vocabulary 


5. To transform the equation 
Ax? + Bxy + Cy? + Dx + Ey + F=0 BFO0 


into one in x’ and y’ without an x'y’-term, rotate the axes 
through an acute angle 6 that satisfies the equation 





7, Except for degenerate cases, the equation 
Ax? + Bxy + Cy? + Dx + Ey + F=0 


defines an ellipse if 


9. True or False The equation 3x* + Bxy + 12y? = 10defines 
a parabola if B = —12. 


Skill Building 
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6. Multiple Choice Except for degenerate cases, the equation 
Ax? + Bxy + Cy? + Dx + Ey + F=0 
defines a(n) if BX — 4AC = 0. 
(b) ellipse 
8. Multiple Choice The equation ax” + 6y* + 12y = 0 defines 
an ellipse if 
(a) a<0O (b) a=0 (c) a>O0 (dd) aisanyreal number 


(a) circle (c) hyperbola  (d) parabola 


10. True or False To eliminate the xy-term from the equation 
x? — 2xy + y*? — 2x + 3y + 5 = 0, rotate the axes through 
an angle 6, where cot 9 = B* — 4AC. 


In Problems 11-20, identify the graph of each equation without completing the squares. 


Noi 2 + 4e + y +3 =0 

13. 6x” + 3y* — 12x + 6y = 0 
15. 3x? — 2y? + 6x + 4=0 
17. 2y? — x? -y+x=0 
19. x + y? — 8x + 4y =0 


12. 2y* — 3y + 3x =0 

14. 2x7 + y> - 8x +4y +2=0 
16. 4x2 — 3y* — 8x + 6y +1 =0 
18. y? — 8x7 - 2x —y =0 

20. 2x7 + 2y* — 8x + 8y = 0 


In Problems 21-30, determine the appropriate rotation formulas to use so that the new equation contains no xy-term. 


N21. 2 + 4xy + 2-3 =0 

23. 5x* + 6xy + 5y7 - 8 =0 

25. 13x? — 6\/ 3xy + 7y*-16=0 

27, 4x? — Ary + y? — 8V5x -— 16V/5y = 0 

29. 25x? — 36xy + 40y2 — 12V/13x — 8V/13y = 0 


22. x7 — 4xy + y®> -3 =0 

24. 3x? — 10xy + 3y? — 32 =0 

26. 11x? + 10V3xy + y2-4=0 
28. x2 + 4xy + 4y2 4+ 5V5y +5 =0 
30. 34x” — 24xy + 41y? — 25 = 0 


In Problems 31-42, rotate the axes so that the new equation contains no xy-term. Analyze and graph the new equation. Refer to 


Problems 21-30 for Problems 31-40. 

No 31. x2 + 4xy + 2-3 =0 

33. 5x2 + Oxy + Sy? -8 =0 

35. 13x? — 6V3xy + Ty? — 16 = 0 

\ 37. 4x? — 4xy + y? — 8V/5x — 16V/5y = 0 

39. 25x? — 36xy + 40y? — 12V/13x — 8V/13y = 0 
41. 16x? + 24xy + 9y? — 130x + 90y = 0 


32. x* — 4xy + y? —-3 =0 

34. 3x? — 10xy + 3y? — 32 =0 

36. 11x? + 10V3xy + v2? - 4 =0 

38. x2 + 4xy + 4y2 4+ 5V5y +5 =0 
40. 34x” — 24xy + 41y? — 25 = 0 

42. 16x* + 24xy + 9y* — 60x + 80y = 0 


In Problems 43-52, identify the graph of each equation without applying a rotation of axes. 


N43. 2 + 3xy — 2y? + 3x 4+ 2y +5 =0 
45. x° — Txy + 3y7-y-10=0 

47. 9x7 + 12xy + 4y7-x-y=0 

49. 10x” — 12xy + 4y7 -x-y-10=0 
51. 3x7 — 2xy + yy? + 4x + 2y —1=0 


Applications and Extensions 





53. Satellite Receiver A parabolic satellite receiver is initially 
positioned so its axis of symmetry is parallel to the x-axis. 
A motor allows the receiver to rotate and track the satellite 
signal. If the rotated receiver has the equation 








21V21 
4x? — 4\/21xy — =x + 2ly? — 171y + 324 = 0 


through what acute angle did the receiver rotate, to the 
nearest tenth of a degree? 


44, 2x? — 3xy + 4y*? + 2x + 3y —-5 =0 
46. 2x? — 3xy + 2y? — 4x -2 =0 
48. 10x? + 12xy + 4y* -x-—y+10=0 
50. 4x7 + 12xy + 9 —-x-y=0 
52. 3x° + 2xy + y? + 4x —- 2y + 10 =0 


54. Elliptical Trainer A runner on an elliptical trainer inclines 
the machine to increase the difficulty of her workout. If the 
initial elliptic path of the pedals had a horizontal major axis, 
and the inclined path has the equation 


19 48 
20x” — 10xy — 3x + 89y? — 89y + ral 0 


through what acute angle did the runner incline the machine, 
to the nearest tenth of a degree? 
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In Problems 55-58, apply the rotation formulas (5) to 58. Prove that, except for degenerate cases, the equation 
Ax? + Bxy + Cy? + Dx + Ey + F=0 Ax’ + Bxy + Cy? + Dx + Ey + F=0 
to obtain the equation (a) Defines a parabola if B? — 4AC = 0. 
A'x'? + B'x'y'! + Cly’ + D'x' + E'y'+ F'=0 (b) Defines an ellipse (or a circle) if B? — 4AC < 0. 


(c) Defines a hyperbola if B* — 4AC > 0. 
55. Express A’, B’, C’, D’, E', and F" in terms of A, B,C, D, E, 59. Challenge Problem Use the rotation formulas (5) to show 


F,and the angle 6 of rotation. [Hint: Refer to equation (6).] that distance is invariant under a rotation of axes. That is, 
56. Show that A + C = A’ + C’, which proves that A + C is show that the distance from P; = (x;,y,) to Py = (x2, 2) 
invariant; that is, its value does not change under a rotation in the xy-plane equals the distance from P, = (xj, y1) 
of axes. to Ps = (x5, y5) inthe x'y’-plane. 
57. Refer to Problem 56. Show that B? — 4AC is invariant. 60. Challenge Problem Show that the graph of the equation 


xl? +4 yl/? = q!/? q > 0, is part of the graph of a parabola. 


Explaining Concepts: Discussion and Writing 


61. Formulate a strategy for analyzing and graphing an equation 62. Explain how your strategy presented in Problem 61 changes 
of the form if the equation is of the form 
Ax? + Cy? + Dx + Ey + F=0 Ax’ + Bxy + Cy? + Dx + Ey + F=0 


Retain Your Knowledge 


Problems 63-71 are based on material learned earlier in the course. The purpose of these problems is to keep the material fresh in your 
mind so that you are better prepared for the final exam. 


63. Solve the triangle:a = 7,b = 9,andc = 11 69. Solve the equation logsx + logs(x — 4) = 1. 
64. Find the area of the triangle:a = 14,b = 11, C = 30° 


1 
70. The graph of f(x) = Vx? + 25 + =(8 — x) hasan 
65. Transform the equation xy =1 from rectangular ~ 2 


i 
coordinates to polar coordinates. absolute minimum when —— — 5 = 0. What is the 
66. Write the complex number 2 — 57 in polar form. Vx" + 25 
67. Simplify minimum value rounded to two decimal places? 


(4x? — 1)8-3(2x + 3)?+2 — (2x + 3)3+8(4x? — 1)7+8x 7h, Ifg(x) = Vx.—7 +2, find g-°(3). 
[ (4x — 1)*]? 
68. Find the horizontal asymptote for the graph of 
f(x) =4e**! -— 5 


‘Are You Prepared?’ Answers 


ee 0 /1 + 0 
1. sin Acos B + cos A sin B 2. 2 sin @ cos 6 3. ——— 4. ——— 


10.6 Polar Equations of Conics 


PREPARING FOR THIS SECTION Before getting started, review the following: 
e¢ Polar Coordinates (Section 9.1, pp. 576-583) 
\ Now Work the ‘Are You Prepared?’ problems on page 699. 


OBJECTIVES 1 Analyze and Graph Polar Equations of Conics (p. 694) 
2 Convert the Polar Equation of a Conic to a Rectangular Equation (p. 698) 





1 Analyze and Graph Polar Equations of Conics 


In Sections 10.2 through 10.4, we gave individual definitions for a parabola, ellipse, 
and hyperbola based on geometric properties and the distance formula. This section 
presents an alternative definition that simultaneously defines a// these conics and is 
well suited to polar coordinate representation. (Refer to Section 9.1.) 


Directrix D 





Pole 0 
(Focus F) 


Figure 52 


Polar 


axis 
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C DEFINITION Conic 


Let D denote a fixed line called the directrix; let F denote a fixed point called 
the focus, which is not on D; and let e be a fixed positive number called the 
eccentricity. A conic is the set of points P in a plane for which the ratio of 
the distance from F to P to the distance from D to P equals e. That is, a conic is 
the collection of points P for which 


d(F,P) _ ; 
d(D,P) ~ @ 

e Ife = 1, the conic is a parabola. 

e Ife <1, the conic is an ellipse. 

e Ife > 1, the conic is a hyperbola. 2) 


Observe that if e = 1, the definition of a parabola in equation (1) is exactly the 
same as the definition used earlier in Section 10.2. 

In the case of an ellipse, the major axis is a line through the focus perpendicular 
to the directrix. In the case of a hyperbola, the transverse axis is a line through 
the focus perpendicular to the directrix. For both an ellipse and a hyperbola, the 
eccentricity e satisfies 


Cc 
e=- 2) 


where c is the distance from the center to the focus, and a is the distance from 
the center to a vertex. 


Just as we did earlier using rectangular coordinates, we derive equations for the 
conics in polar coordinates by choosing a convenient position for the focus F and the 
directrix D.The focus F is positioned at the pole, and the directrix D is either parallel 
or perpendicular to the polar axis. 

Suppose that we start with the directrix D perpendicular to the polar axis at a 
distance p units to the left of the pole (the focus F). See Figure 52. 

If P = (r,@) is any point on the conic, then, by equation (1), 


d(F, P) 
d(D, P) 


Now use the point Q obtained by dropping the perpendicular from P to the polar 
axis to calculate d(D, P). 


=e or d(F,P) =e-d(D,P) (3) 


d(D,P) =p +d(0O,Q) =p +rcosé (4) 
Since the focus F is at the pole (origin), it follows that 
d(F,P) =d(O,P) =r (5) 


Use the results in equations (4) and (5) in equation (3). 
Then 


d(F,P) = e-d(D,P) Equation (3) 
r=e(p+rcos0) d(F,P) = r,d(D,P) = p + rcosé 
r=ep + ercos@ 
r — ercos@é = ep 
r(1 — ecos@é) =ep 
ep 


7 = eens 
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( THeoReM Polar Equation of a Conic; Focus at the Pole; Directrix 
Perpendicular to the Polar Axis a Distance p to the Left of the Pole 


The polar equation of a conic with focus at the pole and directrix perpendicular 
to the polar axis at a distance p to the left of the pole is 


ep 
f= s——— 6 
= ecos? (9) 
where e is the eccentricity of the conic. J 


| EXAMPLE 1 ~ Analyzing and Graphing the Polar Equation of a Conic 


4 


Anal d h th ti = —— 
nalyze and graph the equation r = ~~ 


Solution The equation is not quite in the form of equation (6), since the first term in the 
denominator is 2 instead of 1. Divide the numerator and denominator by 2 to obtain 


2 ep 
rr r= a 
1 1 — ecosé 

1. = 700s O 


This equation is in the form of equation (6), with 


1 
es d — 
e= and ep =2 


Then 


i 
4P » SO Pp 


Since e = 5 < 1, the conic is an ellipse. One focus is at the pole, and the directrix 


is perpendicular to the polar axis, p = 4 units to the left of the pole. The major 
axis is along the polar axis. To find the vertices, let 9 = 0 and 0 = 7. The vertices 


4 
of the ellipse are (4,0) and (¢. )) The center of the ellipse is the midpoint of 
4 4 
the vertices, namely, (<. 0), [Do you see why? The vertices (4,0) and (<. n | in 


polar coordinates are (4,0) and (- 3° 0) in rectangular coordinates. The midpoint 


4 4 
in rectangular coordinates is (<. 0), which is also (=. 0) in polar coordinates. 


— 


Nl rR 


; 8 , 8 
Then a = distance from the center to a vertex = 3 Using a = 3 and e = 


Directrix 


4 _. ; 8 4 
in equation (2), e = =, yields c = ae = 3" Finally, using a = > and c == in 


3 > 
b* = a* — c’ yields 


b> =a’- Cc = &— et 





4 Figure 53 shows the graph. _J 


Figure 53 r = —————_ 
5 2 — cosa 


ommmmmn- NOW Work PROBLEM 11 
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He | Exploration 


Graph r, = and compare the result with Figure 53. What do you conclude? Clear the 


2 + cosé 


screen and graph j= —— andthenr, = . Compare each of these graphs with 


ss . = 
2 — sing 2+ sinég 
Figure 53. What do you conclude? | 


Equation (6) assumes that the directrix is perpendicular to the polar axis at a 
distance p units to the left of the pole. If the directrix is perpendicular to the polar 
axis at a distance p units to the right of the pole, then 


ep 
r= — 
1 + ecos@ 


See Problem 43. 

In Problems 44 and 45, you are asked to derive the polar equations of conics 
with focus at the pole and directrix parallel to the polar axis. Table 5 summarizes the 
polar equations of conics. 


Table 5 Polar Equations of Conics (Focus at the Pole, Eccentricity e) 
Equation Description 


ep 


r= ———— 
1— ecosé@ 


Directrix is perpendicular to the polar axis at a distance p units to the left of the pole. 


z ep 
1+ ecosé 


if Directrix is perpendicular to the polar axis at a distance p units to the right of the pole. 


__ ©? 
14+ esing 
___ ©? 
 1-esinée 


r Directrix is parallel to the polar axis at a distance p units above the pole. 


r Directrix is parallel to the polar axis at a distance p units below the pole. 


Eccentricity 
e If e = 1, the conic is a parabola; the axis of symmetry is perpendicular to the directrix. 
e If e < 1, the conic is an ellipse; the major axis is perpendicular to the directrix. 


e If e > 1, the conic is a hyperbola; the transverse axis is perpendicular to the directrix. 


| EXAMPLE 2 | Analyzing and Graphing the Polar Equation of a Conic 


_ 6 
34+ 3sind. 





Analyze and graph the equation r = 


Solution To put the equation in proper form, divide the numerator and denominator by 3. 
2 
Y= — 
1 + sin é 


See Table 5. This conic has its directrix parallel to the polar axis, a distance p units 
above the pole. 


e=1 and ep=2 





Directrix p=? €= 14 
Polar Since e = 1, the conic is a parabola with focus at the pole. The directrix is parallel to 
aia the polar axis 2 units above the pole; the axis of symmetry is perpendicular to the polar axis. 
The vertex of the parabola is at (. =) (Do you see why?) See Figure 54 for the graph. 
: 6 
Figure 54 r= 34a Seine Notice that two additional points, (2, 0) and (2, 7), are plotted to assist in graphing. J 


oxmmm=-Now Work PROBLEM 13 
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| EXAMPLE 3 ~ Analyzing and Graphing the Polar Equation of a Conic 


3 


Anal d h th ti = i ——__—*, 
nalyze and graph the equation r = 7 


Solution =‘ The conic has its directrix perpendicular to the polar axis, a distance p units to the 
right of the pole. See Table 5. 
e=3 and ep=3 
p=1 e=3 


Since e = 3 > 1, the conic is a hyperbola with a focus at the pole. The directrix 
is perpendicular to the polar axis, 1 unit to the right of the pole. The transverse axis is 


6, 
along the polar axis. To find the vertices, let @ = 0 and 6 = a. The vertices are (=. 0) 


3 3 3 
and (- 5° n) The center, which is at the midpoint of (=. 0) and (- > n), 


9 9 
is (2. 0) .Thenc = distance from the center toafocus = q' Using equation (2), we get 





2 
8 3 
3=-ora== e=* 
a 8 a 
Then, 
81 9 72 9 
Ee A a a 
— 3 3Vv2 
272. A 
Fi ss r= : Figure 55 shows the graph. Notice two additional points (3 =) and (3 =) are 
gure TT + 3 cos 6 ‘ aa ee roy 


plotted on the left branch and symmetry is used to obtain the right branch. The 
asymptotes of the hyperbola were found by constructing the rectangle shown. it 


oommmmme-Now Work PROBLEM 17 


2 Convert the Polar Equation of a Conic to a Rectangular Equation 


| EXAMPLE 4 © Converting a Polar Equation to a Rectangular Equation 


Convert the polar equation 
it 
r = oe 
3 — 3. cos 6 


to a rectangular equation. 


Solution Thestrategy here is to rearrange the equation and square both sides before converting 
the equation in polar coordinates to an equation in rectangular coordinates. 


it 
- 3 = .3 COS 7 
oF —3rcos 0. = 1 
3r = 1 + 3rcosé Rearrange the equation. 
Or? = (1+ 3rcos@)* Square both sides. 
9(x? + y*) = (1 + 3x)? x? + y? = rx = rcosé 
Ox? + Dy* = 9x7 + 6x + 1 
Oy? = 6x + 1 
This is the equation of a parabola in rectangular coordinates. = 


oevmmmmme=-Now Work PROBLEM 25 


10.6 Assess Your Understanding 
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‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. If (x, y) are the rectangular coordinates of a point P and 
(r,@) are its polar coordinates, thenx = ____ andy = ___. 


(pp. 576-583) 


Concepts and Vocabulary 


3. A is the set of points P in a plane for which 
the ratio of the distance from a fixed point F, called 
the , to P to the distance from a fixed line D, 
called the , to P equals a constant e. 


4. A conic has eccentricity e. 
If e = 1, the conic is a(n) 
If e < 1, the conic is a(n) 
Ife > 1, the conic is a(n) 


Skill Building 


2. Transform the equation r = 6 cos 6 from polar coordinates 
to rectangular coordinates. (pp. 576-583) 


5. Multiple Choice If (r, 0) are polar coordinates, the equation 


r defines a(an) 


2+ 3sine 
(a) parabola (b) hyperbola (c) ellipse (qd) circle 


ei ; wc . 
6. True or False The eccentricity e of an ellipse is —, where a is 
a 


the distance of a vertex from the center and c is the distance 
of a focus from the center. 


In Problems 7-12, identify the conic defined by each polar equation. Also give the position of the directrix. 


7 p= 1 g = 3 
ve > To eose mad 1 — sing 
2 3 
10. r = ——— ™~ 11. = —_—_ 
mt 1+ 2cos@ ’ 4 — 2cos 6 


In Problems 13-24, analyze each equation and graph it. 


a on a a 
1 + cos @ 1 — sin@ 

\ ro ee ee 
pret 3 — 6cosé@ Pee 44+ 8sin@ 


21. r(3 — 2sind) = 6 22. r(2 — cos@) = 2 


In Problems 25-36, convert each polar equation to a rectangular equation. 


%\ _ 1 _ 3 
as gear ca yt > 
9 12 
29. FS Ns =  __ 
oot 3 — 6cos@ skal 4+ 8sin@ 


33. r(3 — 2siné) = 6 34. r(2 — cos@) = 2 


4 
9 r= ——— 
’ 2—3sin@ 
6 
12. + = -——— 
. 8 + 2sin@ 
8 10 
1. 7, =.:——— 16. 7 = 
ad 4+ 3sin0 oe 5 + 4cos@ 
8 8 
Pe ea ie ase waar 
6 sec 6 3 csc 6 
23. 7 =———— 24. r = ———_—_ 
cad 2sec@ —1 : csc @ — 1 
8 10 
Met Saas ie a eae 9a 
8 8 
fF =e . 5- = —— 
ona 2—siné@ cece 2+ 4cos@ 
6 sec 8 3 csc 6 
TIT wa ta 


In Problems 37-42, find a polar equation for each conic. For each, a focus is at the pole. 


37. e = 1; directrix is parallel to the polar axis, 1 unit above 
the pole. 


39. e = 
the left of the pole. 


4. dé 
5° directrix is perpendicular to the polar axis, 3 units to 


41. e = 6; directrix is parallel to the polar axis, 2 units below 
the pole. 


Applications and Extensions 


€p 


— from Table 35. 
1 + ecosé 


43. Derive r = 44. Derive r = 


e 
1+ essing 


38. e = 1; directrix is parallel to the polar axis, 2 units below 
the pole. 


2 
40. e = 3° directrix is parallel to the polar axis, 3 units above 


the pole. 


42. e = 5; directrix is perpendicular to the polar axis, 5 units to 
the right of the pole. 


from Table 5. 45. Deriver = from Table 5. 


1 — esin@ 
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tz 47. 


48. 


CHAPTER 10 Analytic Geometry 


Orbit of Mercury The planet Mercury travels around the 
Sun in an elliptical orbit given approximately by 


3.442 x 10’ 
1 — 0.206 cos 6 


where r is measured in miles and the Sun is at the pole. Find 
the distance from Mercury to the Sun at aphelion (greatest 
distance from the Sun) and at perihelion (shortest distance 
from the Sun). See the figure. Use the aphelion and perihelion 
to graph the orbit of Mercury using a graphing utility. 


r 


ee, Mercury 





Perihelion 


Aphelion 


Halley’s Comet Halley’s comet travels around the Sun in an 
elliptical orbit given approximately by 


oe 1.155 
1 — 0.967 cos 0 


where the Sun is at the pole and r is measured in AU 
(astronomical units). Find the distance from Halley’s comet 
to the Sun at aphelion and at perihelion. Use the aphelion 
and perihelion to graph the orbit of Halley’s comet using a 
graphing utility. 
Challenge Problem Water Leak A tank is punctured on its 
side, and water begins to stream out in a parabolic path. If the 
path of the water is given by 
0.8 
p= 
1 + sin 6 

and the water hits the 
ground 4 inches away from 
the base of the tank, what is 
the height of the puncture 
from the base of the tank? 
Assume the focus is at 
the pole. 





4 in. 


Retain Your Knowledge 


49. Challenge Problem Board Deflection A crate is placed at 


50. 


51. 


the center of a 5-meter board that is supported only at its 
ends. The weight of the crate causes a deflection of the board 
at its center. If the shape of the deflected board is a parabola 
given by 


250 
a a 
1 — sin 6 
determine the amount of deflection at the center assuming 
the focus is at the pole. 


Displacement 


asa Iie 


(Not to scale) 





25m 





5m 


Challenge Problem Suppose that a conic has an equation 
e 

of the form r = — If the polar coordinates of two 

1 — esind 

377 


points on the graph are ( : = and (m, 5 


), show that 
M-m d 2mM 
M+m~”) M-m 

Challenge Problem Escape Velocity From physics, the 

equation for the free-flight trajectory of a satellite launched 


a distance 7p from the center of the earth is given by the polar 
equation 





e 








1 1 GM. GM. 
Heal 1 — ,e|cos 0 + #5 
r ro roVo rovo 


where M, is the mass of the earth, G is the gravitational 
constant, and vg is the initial velocity of the satellite. If the 
initial velocity is equal to the escape velocity (the velocity 
needed to overcome Earth’s gravitational pull) then the 
resulting trajectory follows a parabolic path. What is the 
escape velocity? 


Problems 52-61 are based on material learned earlier in the course. The purpose of these problems is to keep the material fresh in your 
mind so that you are better prepared for the final exam. 


52. 


53. 


54. 


55. 
56. 


57. 


Find the area of the triangle described: a = 7,b = 8, 
and c = 10. Round to two decimal places. 


Without graphing, determine the amplitude and period 


1 
ofy =4 cos( 2) 
Solve:2 cos?x + cosx —1=0,0 5x < 27 


For v = 10i — 24j, find |v]. 


If an arc length of 14 feet subtends a central angle of 105°, 
what is the radius of the circle? 


A radioactive substance has a half-life of 15 years. How long 
until there is 40% of a sample remaining? 





i 58. Determine where the function 


f(x) ee if -2<x<-l 
X — 

et At cal 
is increasing, decreasing, and constant. 


5 
59. Find k so that y = sin(kx) has a period of a 





60. Write the vertex form of the quadratic function whose graph 


has vertex (—3,8) and y-intercept 5. 


aS 61. Find the area of the region bounded by the graph of 


1 
f(x) = 5% + 3, the x-axis, and the vertical lines x = 0 


and x = 8. 


‘Are You Prepared?’ Answers 


1. rcos6;rsin@ 
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2.x7 + y? = 6xor (x — 3)? +y?=9 


10.7 Plane Curves and Parametric Equations 


PREPARING FOR THIS SECTION Before getting started, review the following: 
e Amplitude and Period of Sinusoidal Graphs (Section 6.4, pp. 410-412) 


\ Now Work the ‘Are You Prepared?’ problem on page 7/10. 


OBJECTIVES 1 Graph Parametric Equations (p. 701) 


2 Find a Rectangular Equation for a Plane Curve Defined Parametrically 
(p. 702) 


3 Use Time as a Parameter in Parametric Equations (p. 704) 


4 Find Parametric Equations for Plane Curves Defined by Rectangular 
Equations (p. 707) 








Figure 56 Plane curve 


Equations of the form y = f(x), where f is a function, have graphs that are intersected 
no more than once by any vertical line. The graphs of many of the conics and certain 
other, more complicated graphs do not have this characteristic. Yet each graph, like the 
graph of a function, is a collection of points (x, y) in the xy-plane; that is, each is a plane 
curve. This section discusses another way of representing such graphs. 


(DEFINITION Parametric Equations and Plane Curves 


Suppose x = x(t) and y = y(t) are two functions of a third variable f, called 
the parameter, that are defined on the same interval /. Then the equations 


x=x(t)  y=y(t) 


where ¢ 1s in J, are called parametric equations, and the graph of the points 
defined by 


(- (9) = (4,98) i] 


is called a plane curve. =) 


1 Graph Parametric Equations 


Parametric equations are particularly useful in describing movement along a plane 
curve. Suppose that a plane curve is defined by the parametric equations 


Y—2X(1) y = y(t) asxt<=b 


where each function is defined over the interval a = t = b. For a given value of f, 
the values of x = x(t) and y = y(t) determine a point (x, y) on the curve. In fact, 
as ¢ varies over the interval from t = atot = b, successive values of t determine the 
direction of the movement along the curve. That is, the curve is traced out in a certain 
direction by the corresponding succession of points (x, y).See Figure 56. The arrows 
show the direction, or orientation, along the curve as t varies from a to b. 
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| EXAMPLE 1 ~ Graphing a Plane Curve 


Graph the plane curve defined by the parametric equations 


tO =3° yO=% —2=s=72=2 (1) 


Solution For each number ¢, —2 = t S 2, there corresponds a number x and a number y. 

For example, when t = —2, then x = 3(—2)? = 12 and y = 2(—2) = —4. When 

fe COMMENT Most graphing utilities ¢=0, thenx = Oand y = 0. Set up a table listing various choices of the parameter t 

have the capability of graphing — and the corresponding values for x and y, as shown in Table 6. Plot these points and 

parametric equations. See section B.2. ™ = connect them with a smooth curve, as shown in Figure 57. The arrows in Figure 57 
indicate the orientation. 


Table 6 x(t) y(t) (x,y) : (12, 4) 


(3, 2) 





(12, —4) 


Figure 57 
x(t) = 3t7 W(t) = 2t, -2 = t=<2 = 


Re | Exploration 


Graph the following parametric equations using a graphing utility with Xmin = 0, Xmax = 15, 
Ymin = —5, Ymax = 5, andTstep = 0.1. 


3t? 
1X) =" 7) = eae e gy 
2. x(t) = 3t7 + 12t + 12, y(t) = 2t+4,-4<=t=0 
3. x(t) = 3t3, y(t) =2Wt, -8<t <8 


Compare these graphs to Figure 57. Conclude that parametric equations defining a plane curve are 


not unique; that is, different parametric equations can represent the same graph. 


2 Find a Rectangular Equation for a Plane Curve Defined 
Parametrically 


The plane curve given in Example 1 should look familiar. To identify it accurately, 
find the corresponding rectangular equation by eliminating the parameter t from the 
parametric equations given in Example 1: 


x(t) =30 y(t) =2t —-2=1t<=2 


Solve for tin y = 2t, obtaining t = * and substitute this expression in the other 
equation to get 


c= 
2 
y? 
This equation, x = re is the equation of a parabola with vertex at (0,0) and axis 


of symmetry along the x-axis. We refer to this equation as the rectangular equation 
of the curve to distinguish it from the parametric equations. 
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Exploration Note that the plane curve ae by equation (1) and shown in Figure 57 is only 


3 
Grap oy a part of the parabola x = ae The graph of the rectangular equation obtained by 
*(y = V3 Sand y2 V3 *) eliminating the parameter will, in general, contain more points than the original 


using a ie aie utility with Xmin = 0, plane curve. Care must therefore be taken when a plane curve is graphed after 
Xmax = 15,¥min = —5, Ymax = 5. eliminating the parameter. Even so, eliminating the parameter ¢ from the parametric 
Compare the graph with Figure 57 equations to identify a plane curve accurately is sometimes a better approach than 


Why do the graphs differ? plotting points. 


| EXAMPLE 2 | Finding the Rectangular Equation of a Plane Curve 


Defined Parametrically 

Find the rectangular equation of the plane curve whose parametric equations are 
x(t) =acost y(t) =asint -w<t< © 

where a > 0 is a constant. Graph the plane curve, and indicate its orientation. 


Solution The presence of sines and cosines in the parametric equations suggests using a 
Pythagorean Identity. In fact, since 


Be 
cost =-— and sin tf = Pe 
a a 


this means that 


1 cos*t + sin’r-t = 1 


Riles 
ieee 

NO 
aa 
aN 
& Te 
So 

NO 
| 


rty=a 


The plane curve is a circle with center at (0,0) and radius a. As the parameter f 
increases, say from t = 0 [ the point (a,0) | tot = . [the point (0,a) | tot = 7 


[the point (—a,0) |, the corresponding points are traced in a counterclockwise 


Figure 58 
x(t) = acost, y(t) = asint direction around the circle. The orientation is as indicated in Figure 58. J 


ovum Now Work PROBLEMS 7 AND 19 


Let’s analyze the plane curve in Example 2 further. The domain of each 
parametric equation is —co < t < ©. So, the graph in Figure 58 is repeated each 
time that ¢ increases by 277. 

If we wanted the curve to consist of exactly 1 revolution in the counterclockwise 
direction, we could write 


x(t) =acost y(t)=asnt OStS27 


This curve starts at t = 0 [the point (a,0), proceeds counterclockwise around the 
circle, and ends at t = 27 [also the point (a, 0) J. 

If we wanted the curve to consist of exactly three revolutions in the 
counterclockwise direction, we could write 


x(t) 


acost y(t) =asint —27 Sts 4r 


OT 


IA 
IA 
on 
S 


x(t) =acost y(t) =asint 0 
or 


=asint 27 <=t=87 


be 
“™ 
“~ 
wa” 
| 
Q 
Q 
je) 
N 
~ 
= 
“—™~ 
~ 
wa’ 
| 
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| EXAMPLE 3 | Describing Parametric Equations 


Find rectangular equations for the following plane curves defined by parametric 
equations. Graph each curve. 


(a) x(t) =acost y(t) =asnt OStSam a>0O 
(b) x(t) = -asint y(t) =—acost 0StS=am a>0O 
Solution (a) Eliminate the parameter ¢ using a Pythagorean Identity. 
cos*t + sin’ t = 1 
2 2 
OMG 
a a 


vt+y=a 


| 
—_— 


2 


The plane curve defined by these parametric equations lies on a circle with 
radius a and center at (0,0). The curve begins at the point (a,0), when t = 0; 


passes through the point (0,a), when t = ms and ends at the point (—a,0), 


when t = 7. The parametric equations define the upper semicircle of a circle of 
radius a with a counterclockwise orientation. See Figure 59. 

(—a, 0) (a, 0) The rectangular equation 1s 

Figure 59 _.f> CF 

x(t) =acost y(t) =asint a 2s: ae 

O=x=tx<=7 a>O 





(b) Eliminate the parameter f using a Pythagorean Identity. 


sin? t + cos?t = 1 


r+ty=ae? 


The plane curve defined by the parametric equations lies on a circle with 
radius a and center at (0, 0). The curve begins at the point (0, —a), when t = 0; 





passes through the point (—a,0), whent = 5 and ends at the point (0, a), 


when t = 7. The parametric equations define the left semicircle of a circle of 
Figure60 radius a with a clockwise orientation. See Figure 60. 

x(t) = —asint y(t) = —acost The rectangular equation is 

Oxstxs7 a>0 


C= —-Vaoy -—asysa _) 


Example 3 illustrates the versatility of parametric equations for replacing 
complicated rectangular equations, while providing additional information about 
orientation. These characteristics make parametric equations very useful in 
applications, such as projectile motion. 


3 Use Time as a Parameter in Parametric Equations 


If we think of the parameter f as time, then the parametric equations x = x(t) and 
y = y(t) specify how the x- and y-coordinates of a moving point vary with time. 

For example, we can use parametric equations to model the motion of an object, 
sometimes referred to as curvilinear motion. Using parametric equations, we can 
specify not only where the object travels—that is, its location (x, y) —but also when 
it gets there —that is, the time f. 

When an object is propelled upward at an inclination 6 to the horizontal with 
initial speed vo, the resulting motion is called projectile motion. 
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y IX In calculus the following result is proved. 


= = 
—_ 
ae 





The parametric equations of the path of a projectile fired at an inclination 6 to 
the horizontal, with an initial speed vg, from a height h above the horizontal, are 


x(t) = (vocos@)t = =y(t) = — 6’ + (vo sind)t +h (2) 





Figure 61 Projectile motion 


where fis time and gis the constant acceleration due to gravity (approximately 
32 ft/sec’, or 9.8 m/sec’). 


See Figure 61. 


| EXAMPLE 4 © Projectile Motion 


Suppose that Jim hit a golf ball with an initial speed of 150 feet per second at an angle 
of 30° to the horizontal. See Figure 62. 


(a) Find parametric equations that describe the position of the ball as a function 
of time. 


eae 
{ (b) How long was the golf ball in the air? 


(c) When was the ball at its maximum height? Find the maximum height 
of the ball. 


(d) Find the distance that the ball traveled. 


Figure 62 
Solution (a) We have vo = 150 ft/sec, @ = 30°,h = Oft (the ball is on the ground), 
and g = 32 ft/sec” (since the units are in feet and seconds). Substitute these 
values into equations (2) to get 
x(t) = (vo cos 6)t = (150 cos 30°)t = iEBe: 
il 1 
y(t) = ~58t + (vosinéd)t+h= 75 13200 + (150 sin 30°)t + 0 = —16¢* + 75t 
(b) To find the length of time that the ball was in the air, solve the equation y(t) = 0. 
—16t* + 75t = 0 
t(—16t + 75) =0 
75 
t=Osec or t = — = 4.6875 sec 
16 
= The ball struck the ground after 4.6875 seconds. 
a ; 
c Need to Review " ~~ (c) Notice that the height y of the ball is a quadratic function of t, so the maximum 
cr ie ee obs aa function height of the ball can be found by determining the vertex of y(t) = —16t? + 75t. 
a eo) _ Ds i The value of t at the vertex is 
™ 1s the point (-%. (-3-)) —75 
C ee es t = —~ = 2.34375 sec 
Refer to Section 3.3, pp. 150-152. = 52 
ia 


The ball was at its maximum height after 2.34375 seconds. The maximum height 
of the ball is found by evaluating the function y(t) at t = 2.34375 seconds. 


Maximum height = —16- (2.34375)? + 75+2.34375 ~ 87.89 feet 


(d) Since the ball was in the air for 4.6875 seconds, the horizontal distance that the 


ball traveled is 


— 


x = 75/3 + 4.6875 ~ 608.92 feet al 


ormmmmes- NOW Work PROBLEM 53 
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Ls | Exploration 


Simulate the motion of a ball thrown straight up with an initial speed of 100 feet per second from a height 
of 5 feet above the ground. Use PARAMETRIC mode on a TI-84 Plus C with Tmin = 0, Tmax = 6.5, 
Tstep = 0.1, Xmin = 0, Xmax = 5, Ymin = 0, and Ymax = 180. What happens to the speed with 
which the graph is drawn as the ball goes up and then comes back down? How do you interpret this 
physically? Repeat the experiment using other values for Tstep. How does this affect the experiment? 
[Hint: In the projectile motion equations, let @ = 90°, vo = 100,h = 5, and g = 32. Use x = 3 
instead of x = 0 to see the vertical motion better.| 

Result In Figure 63(a), the ball is going up. In Figure 63(b), the ball is near its highest point. Finally, 
in Figure 63(c), the ball is coming back down. 


HORHAL FLOAT AUTO REAL RADIAN HP of] HORMAL FLOAT AUTO REAL RADIAN HF of] 





MORHAL FLOAT AUTO REAL RADIAN HP fl 


| | 180 
05 5 05 5 


(t= 0.7) (t= 3) (t = 4) 
Figure 63 (a) (b) (c) 





Notice that as the ball goes up, its speed decreases, until at the highest point it Is zero. Then 


the speed increases as the ball comes back down. | 


ommmmme-Now Work PROBLEM 49 


A graphing utility can be used to simulate other kinds of motion as well. Let’s 
work Example 5 from Section A.8 using parametric equations. 





Simulating Motion 


Tanya, who is a long-distance runner, runs at an average speed of 8 miles per hour. 
Two hours after Tanya leaves your house, you leave in your Honda and follow the 
same route. See Figure 64. If the Honda’s average speed is 40 miles per hour, how 
long is it before you catch up to Tanya? Use a simulation of the two motions to verify 
the answer. 





Figure 64 


Solution Begin with two sets of parametric equations: one to describe Tanya’s motion, the 
other to describe the motion of the Honda. We choose time t = 0 to be when Tanya 
leaves the house. If we choose y,; = 2 as Tanya’s path, then we can use yy = 4 
as the parallel path of the Honda. The horizontal distances traversed in time tf 
(Distance = Rate X Time) are 


Tanya: x,(t) = 8t Honda: x(t) = 40(t — 2) 
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You catch up to Tanya when x, = Xp. 


8t = 40(t — 2) 
8t = 40r — 80 
—32t = —80 
—80 
(=~ = 25 
—32 


You catch up to Tanya 2.5 hours after Tanya leaves the house. 
In PARAMETRIC mode with Tstep = 0.01, simultaneously graph 
Tanya: x(t) = 8t Honda: x(t) = 40(t — 2) 
yi(t) =2 y2(t) = 4 


for0 = ¢t S$ 3. 
Figure 65 shows the relative positions of Tanya and the Honda for 
t=0, t= 2, t = 2.25, t = 2.5,and t = 2.75 ona TI-84 Plus C. 


“O 





t=2.25 


HORHAL FLOAT AUTO REAL RADIAN HP ; HORHAL FLOAT AUTO REAL RADIAN HP af 





0 40 0 40 


Figure 65 t=2.5 t =2.75 J 


4 Find Parametric Equations for Plane Curves Defined 
by Rectangular Equations 


If a plane curve is defined by the function y = f(x), one way of finding parametric 
equations is to let x = ¢t. Then y = f(t), and 


x(t) =t y(t) = f(t) tin the domain of f 


are parametric equations of the plane curve. 





Finding Parametric Equations for a Plane Curve Defined 
by a Rectangular Equation 


Find two different pairs of parametric equations for the function y = x” — 4. 


Solution For the first pair of parametric equations, let x = ¢. Then the parametric equations are 
x(t)=t y(t)=t-4 -o<t<o 


A second pair of parametric equations is found by letting x = ¢°. Then the 
parametric equations become 


x(t)=f y(th=t-4 -wo<t<o J 
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Care must be taken when using the second approach in Example 6. The 
substitution for x must be a function that allows x to take on all the values in the 
domain of f. For example, letting x(t) = t* so that y(t) = t* — 4 does not result in 
equivalent parametric equations for y = x” — 4, since only points for which x = 0 
are obtained; yet the domain of y = x” — 4 is {x|x is any real number }. 


ommumm-Now Work PROBLEM 33 


| EXAMPLE 7 ~ Finding Parametric Equations for an Object in Motion 


Find parametric equations for the ellipse 
2 
oe aa 
y x + ex=1 
9 
where the parameter ¢ is time (in seconds) and 


(a) The motion around the ellipse is clockwise, begins at the point (0,3), and 
requires 1 second for a complete revolution. 






a1, (b) The motion around the ellipse is counterclockwise, begins at the point (1,0), and 
| requires 2 seconds for a complete revolution. 

Solution (a) Figure 66 shows the graph of the ellipse. Since the motion begins at the 
point (0,3),we want x = Oand y = 3 whent = 0. Let 


x(t) =sin(@t) and y(t) = 3cos(at) 


Figure 66 x* + Oo. 1 with for some constant w. These parametric equations satisfy the equation of the 
clockwise orientation ellipse. They also satisfy the requirement that whent = 0,thenx = Oandy = 3. 
For the motion to be clockwise, the motion has to begin with the value of x 
increasing and the value of y decreasing as ¢ increases. This requires that w > 0. 
[Do you know why? If w > 0, then x(t) = sin(wt) is increasing when t = 0 is 
near zero, and y(t) = 3 cos(wf) is decreasing when t = 0 is near zero.| See the 
red part of the graph in Figure 66. oT 
Finally, since 1 revolution takes 1 second, the period = 1, sO w = 27. 


“Need to Review? — Parametric equations that satisfy the conditions stipulated are 

@ , Santo 

__ The period of a sinusoidal x(t) = sin(27) y(t) = 3cos(2zt) Db ed (3) 

i graph is discussed tn Section 6.4, 

$ pp. 410-412. (b) See Figure 67 Since the motion begins at the point (1,0), we want x = 1 


and y = 0 whent = 0. The equation 1s an ellipse, so begin by letting 
x(t) = cos(@t) and y(t) = 3sin(at) 


for some constant w. These parametric equations satisfy the equation of the 
ellipse. Furthermore, with this choice, when t = 0 we have x = landy = 0. 
For the motion to be counterclockwise, the motion has to begin with the 
value of x decreasing and the value of y increasing as ¢ increases. This requires 
that w > 0. (Do you know why?) Finally, since 1 revolution requires 2 seconds, 


_ 4. 20 . . 
the period is — 2, SO w = 7. The parametric equations that satisfy the 
conditions stipulated are 


x(t) = cos(mt) y(t) = 3sin(7r) O=ts2 Oy 





I a ye — j e ° e ° e 
Figure 67 x° + 9 1 with Either equations (3) or equations (4) can serve as parametric equations for 
2 


counter-clockwise orientation 


the ellipse x” + 7 = |. The direction of the motion, the beginning point, and 


the time for 1 revolution give a particular parametric representation. 


ouemm__==-Now Work PROBLEM 39 
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The Cycloid 


Suppose that a circle of radius a rolls along a horizontal line without slipping. As the 
circle rolls along the line, a point P on the circle will trace out a curve called a cycloid 
(see Figure 68). Deriving the equation of a cycloid in rectangular coordinates is 
difficult, but the task is relatively easy using parametric equations. 





Figure 68 Cycloid 


Begin with a circle of radius a and take the fixed line on which the circle rolls as 
the x-axis. Let the origin be one of the points at which the point P comes in contact 
with the x-axis. Figure 68 shows the position of this point P after the circle has rolled 
a bit. The angle ¢ (in radians) measures the angle through which the circle has rolled. 

Since we require no slippage, it follows that 


Arc AP = d(O,A) 
The length of arc AP is given by s = r@, where r = a and 6 = tradians. Then 
at = d(O,A) s =r06,wherer = aand@ = t 


cs | Exploration The x-coordinate of the point P is 


Graph x(t) = t— sint y(t) =1-— cost, _ _ = _ ; = _ as 
0 = t = 37, using your graphing utility d(O,X) = d(O,A) d(X,A) = at — asint = a(t — sint) 


: TT ‘ : : 
with Tstep = 5— and a square screen. = The y-coordinate of the point P is 


Compare your results with Figure 68. d(O, Y) an d(A, S) = d(B, C) =7=— 7¢00Si = a(1 — cos t) 


( THEOREM Parametric Equations of a Cycloid 
The parametric equations of a cycloid are 


x(t) = a(t — sint) y(t) = a(1 — cost) (5) 


J 


Applications to Mechanics 


NOTE InGreek, brachistochronemeans If a < O in equation (5), we obtain an inverted cycloid, as shown in Figure 69(a). The 
“the shortest time,” and tautochrone —_ inverted cycloid occurs as a result of some remarkable applications in the field of 
“equal time.” = mechanics. We mention two of them: the brachistochrone and the tautochrone. 





(a) Inverted cycloid (b) Curve of quickest descent (c) Allreach Qat 
the same time 


Figure 69 
X The brachistochrone is the curve of quickest descent. If a particle is constrained to 


follow some path from one point A to a lower point B (not on the same vertical line) 
and is acted on only by gravity, the time needed to make the descent 1s least if the 
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sell a 


Figure 70 


path is an inverted cycloid. See Figure 69(b). For example, to slide packages from 
a loading dock onto a truck, a ramp in the shape of an inverted cycloid might be 
used, so the packages get to the truck in the least amount of time. This remarkable 
discovery, which has been attributed to many famous mathematicians (including 
Johann Bernoulli and Blaise Pascal), was a significant step in creating the branch of 
mathematics known as the calculus of variations. 

To define the tautochrone, let Q be the lowest point on an inverted cycloid. If 
several particles placed at various positions on an inverted cycloid simultaneously 
begin to slide down the cycloid, they will reach the point Q at the same time, as 
indicated in Figure 69(c). The tautochrone property of the cycloid was used by 
Christiaan Huygens (1629-1695), the Dutch mathematician, physicist, and astronomer, 
to construct a pendulum clock with a bob that swings along a cycloid (See Figure 70). 
In Huygens’s clock, the bob was made to swing along a cycloid by suspending the 
bob on a thin wire constrained by two plates shaped like cycloids. In a clock of this 
design, the period of the pendulum is independent of its amplitude. 


10.7 Assess Your Understanding 


‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. The function f(x) = 3 sin(4x) has amplitude 


Concepts and Vocabulary 


2. Suppose x = x(t) and y = y(t) are two functions of a third 
variable ¢ that are defined on the same interval /. The graph 
of the collection of points defined by (x,y) = (x(t), y(t) ) 

. The variable tis called a(n) 


is called a(n) 


3. Multiple Choice The parametric equations 5: 
y(t) = 3cost 


x(t) = 2sint 


define a(n) ___. 


and period . (pp. 410-412) 


4. Multiple Choice If a circle rolls along a horizontal line 
without slipping, a fixed point P on the circle will trace out a 
curve called a(n) 
(a) cycloid 
(c) hyptrochoid 





(b) epitrochoid 

(d) pendulum 

True or False Parametric equations defining a curve are 
unique. 





6. True or False Plane curves defined using parametric 
equations have an orientation. 


(a) circle (b) ellipse (c) hyperbola (d) parabola 


Skill Building 


In Problems 7-26, graph the plane curve whose parametric equations are given, and show its orientation. Find the rectangular equation of 


_ each curve. 

\ E24). =3t-2, yi) =i) CSarea4 S$ 4Ut) =1=—3, vat) =—2e4 4 Ceata2 
9 x(t) =t+2, y(t) =Viz t=0 10. x(t) = V2t, y(t) =4t; t=0 
IWx(t) = +4, y(t) ="?-4 -w<t< oo 12. x(t) = Vti+4, y(t) =vt-4 t2=0 
13. x(t) = 307, y(t) =t+1; -w<t<o 14. x(t) =2t-4, y(t) =4t7; -co <t< oo 
15. x(t) =2e", y(t)=1l+es t=0 16. x(t) =e’, y(t) =e t=0 
1.240) = Vi, yO) Hee 70 18. x(t) =P" +1, y(th=Ve t=0 

\ 19. x(t) =2cost, y(t) =3sint; 0Sts27 20. x(t) =2cost, y(t)=3sng OStsa7 
21. x(t) =2cost, y(t) =3smnt; -7wst=0 22. x(t) =2cost, y(t) =sing 0sSts5 
23. x(t) = sect, y(t) = tans Ostat 24. x(t) =csct, y(t) = cote rm a 
25.40) =srt vi) —cor re. V= f= 20 26.41 =f, yO) Hane 70 

In Problems 27-34, find two different pairs of parametric equations for each rectangular equation. 
27.y=4x -1 28. y = -8x + 3 22.y=x74+1 30. y = —2x7 + 1 
yar? 32. y=xt+1 N33. x = y?? 34.x = Vy 
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In Problems 35-38, find parametric equations that define the plane curve shown. 


y 36. 
6 (7,5) 


35. 


\\. 39. The motion begins at (2,0), is clockwise, and requires 


41. The motion begins at (0,3), is clockwise, and requires 





2 seconds for a complete revolution. 


1 second for a complete revolution. 





38. y 





2 
In Problems 39-42, find parametric equations for an object that moves along the ellipse = + > = | with the motion described. 


40. The motion begins at (0,3), is counterclockwise, and 


requires 1 second for a complete revolution. 


42. The motion begins at (2,0), is counterclockwise, and 


requires 3 seconds for a complete revolution. 


In Problems 43 and 44, parametric equations of four plane curves are given. Graph each of them, indicating the orientation. 


43. 


C,: x(t) =t, y(t) =t; -4st<4 

C,: x(t) =cost, y(t)=1-sinrnsh OStsa7 
C3: x(t) =e y(t)=e5 O<t<In4 

Cy: x(t)=vt, y(t) =e 0st 16 


44. C,: x(t) =t, y(t)h=V1-’; -lst<1 
Cy: x(t) =sint, y(t) =cosh O0OStS27 
C3: x(t) =cost, y(t) =sing OStS27 
Cy: x(t) =V1-?#, y(t) = -1lsts1 


~) In Problems 45-48, use a graphing utility to graph the plane curve defined by the given parametric equations. 


45. 


x(t) =tsint, y(t) =tcost, t>0 


47, x(t) = 4sint — 2 sin(2r) 


y(t) = 4cost — 2 cos(2r) 


Applications and Extensions 


NX 49. 


50. 


Projectile Motion Bob throws a ball straight up with an 

initial speed of 50 feet per second from a height of 6 feet. 

(a) Find parametric equations that model the motion of the 
ball as a function of time. 

(b) How long is the ball in the air? 

(c) When is the ball at its maximum height? Determine the 
maximum height of the ball. 


(d) Simulate the motion of the ball by graphing the 


equations found in part (a). 


Projectile Motion Alice throws a ball straight up with an 

initial speed of 40 feet per second from a height of 5 feet. 

(a) Find parametric equations that model the motion of the 
ball as a function of time. 

(b) How long is the ball in the air? 

(c) When is the ball at its maximum height? Determine the 
maximum height of the ball. 


Fi (d) Simulate the motion of the ball by graphing the 


51. 


equations found in part (a). 


Catching a Train Bill’s train leaves at 8:06 Am and accelerates 

at the rate of 2 meters per second per second. Bill, who can 

run 5 meters per second, arrives at the train station 5 seconds 

after the train has left and runs for the train. 

(a) Find parametric equations that model the motions of 
the train and Bill as a function of time. 








(Hint: The position s at time ¢t of an object having 
; i 
acceleration ais s = =at’.] 


(b) Determine algebraically whether Bill will catch the 
train. If so, when? 


46. 
48. 


52. 


ce 


N53. 


cS 


x(t) =sint+ cost, y =sint— cost 
x(t) = 4sint + 2 sin(2t) 


y(t) = 4cost + 2 cos(2t) 


(c) Simulate the motion of the train and Bill by 
simultaneously graphing the equations found in part (a). 


Catching a Bus Jodi’s bus leaves at 5:30 pm and accelerates 

at the rate of 3 meters per second per second. Jodi, who can 

run 5 meters per second, arrives at the bus station 2 seconds 

after the bus has left and runs for the bus. 

(a) Find parametric equations that model the motions of 
the bus and Jodi as a function of time. 








(Hint: The position s at time ¢t of an object having 


; ls 
acceleration ais s = Bat | 


(b) Determine algebraically whether Jodi will catch the bus. 
If so, when? 

(c) Simulate the motion of the bus and Jodi by graphing 
simultaneously the equations found in part (a). 


Projectile Motion Sean throws a baseball with an 

initial speed of 145 feet per second at an angle of 20° to 

the horizontal. The ball leaves Sean’s hand at a height of 

> feet, 

(a) Find parametric equations that model the position of 
the ball as a function of time. 

(b) How long is the ball in the air? 

(c) Determine the horizontal distance that the ball travels. 

(d) When is the ball at its maximum height? Determine the 
maximum height of the ball. 

(e) Using a graphing utility, simultaneously graph the 
equations found in part (a). 
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54. Projectile Motion Billy hit a baseball with an initial speed 
w of 125 feet per second at an angle of 40° to the horizontal. 
The ball was hit at a height of 3 feet above the ground. 
(a) Find parametric equations that model the position of 
the ball as a function of time. 
(b) How long was the ball in the air? 
(c) Determine the horizontal distance that the ball traveled. 
(d) When was the ball at its maximum height? Determine 
the maximum height of the ball. 
(e) Using a graphing utility, simultaneously graph the 
equations found in part (a). 


55. Projectile Motion Suppose that Adam hits a golf ball off a 
cliff 300 meters high with an initial speed of 40 meters per 
second at an angle of 45° to the horizontal. 

(a) Find parametric equations that model the position of 
the ball as a function of time. 

(b) How long is the ball in the air? 

(c) Determine the horizontal distance that the ball travels. 

(d) When is the ball at its maximum height? Determine the 
maximum height of the ball. 

(e) Using a graphing utility, simultaneously graph the 

= equations found in part (a). 

56. Projectile Motion Suppose that Karla hits a golf ball off a 
cliff 300 meters high with an initial speed of 40 meters per 
second at an angle of 45° to the horizontal on the Moon 
(gravity on the Moon is one-sixth of that on Earth). 

(a) Find parametric equations that model the position of 
the ball as a function of time. 

(b) How long is the ball in the air? 

(c) Determine the horizontal distance that the ball travels. 

(d) When is the ball at its maximum height? Determine the 
maximum height of the ball. 

ie (e) Using a graphing utility, simultaneously graph the 

= equations found in part (a). 

57. Uniform Motion A Toyota Camry (traveling east at 40 mph) 
and a Chevy Impala (traveling north at 30 mph) are heading 
toward the same intersection. The Camry is 5 miles from the 
intersection when the Impala is 4 miles from the intersection. 
See the figure. 


























(a) Find parametric equations that model the motion of the 
Camry and the Impala. 

(b) Find a formula for the distance between the cars as a 
function of time. 

Ee (c) Graph the function in part (b) using a graphing utility. 

(d) What is the minimum distance between the cars? When 
are the cars closest? 

(e) Simulate the motion of the cars by simultaneously 
graphing the equations found in part (a). 





58. Uniform Motion A Cessna (heading south at 120 mph) and 
a Boeing 737 (heading west at 600 mph) are flying toward 
the same point at the same altitude. The Cessna is 100 miles 
from the point where the flight patterns intersect, and the 737 
is 550 miles from this intersection point. See the figure. 





(a) Find parametric equations that model the motion of the 
Cessna and the 737. 

(b) Find a formula for the distance between the planes as a 
function of time. 

AL’ (c) Graph the function in part (b) using a graphing utility. 

7 (d) What is the minimum distance between the planes? 
When are the planes closest? 

(e) Simulate the motion of the planes by simultaneously 
graphing the equations found in part (a). 

59. The Green Monster The left field wall at Fenway Park is 
310 feet from home plate; the wall itself (affectionately named 
the Green Monster) is 37 feet high. A batted ball must clear 
the wall to be a home run. Suppose a ball leaves the bat 3 feet 
above the ground, at an angle of 45°. Use g = 32 ft/sec’ as the 
acceleration due to gravity, and ignore any air resistance. 

(a) Find parametric equations that model the position of 
the ball as a function of time. 

(b) What is the maximum height of the ball if it leaves the 
bat with a speed of 90 miles per hour? Give your answer 
in feet. 

(c) How far is the ball from home plate at its maximum 
height? Give your answer in feet. 

(d) If the ball is hit straight down the left field line, will it 
clear the Green Monster? If it does, by how much does 
it clear the wall? 


Source: The Boston Red Sox 


60. Projectile Motion The position of a projectile fired with an 
initial velocity vo feet per second and at an angle @ to the 
horizontal at the end of t seconds is given by the parametric 
equations 

x(t) = (vocos@)t y(t) = (vosin@)t — 1627 

See the figure. 


_— = = . 
=" = x. 


(a) Obtain a rectangular equation of the trajectory, and 
identify the curve. 
(b) Show that the projectile hits the ground (y = 0) 


hen t = an in 0 
W ‘ee : 


(c) How far has the projectile traveled (horizontally) when 
it strikes the ground? In other words, find the range R. 

(d) Find the time ¢ when x = y. Next find the horizontal 
distance x and the vertical distance y traveled by the 


projectile in this time. Then compute Vx” + y”. This is the 
distance R, the range, that the projectile travels up a plane 
inclined at 45° to the horizontal (x = y).See the following 
figure. (See also Problem 105 in Section 7.6.) 





61. Show that parametric equations for a line passing through 
the points (x,, y,) and (x, y2) are 


x(t) = (%2 — %)t + xy 
y(t) = (wm -wm)tty 


What is the orientation of this line? 


-o <t< © 


Explaining Concepts: Discussion and Writing 


65. In Problem 62, we graphed the hypocycloid. Now graph the 
rectangular equations of the hypocycloid. Did you obtain a 
complete graph? If not, experiment until you do. 


Retain Your Knowledge 
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62. Hypocycloid The hypocycloid is a plane curve defined by the 
parametric equations 


x(t) =cost y(t) =simt O=St<s2a 


Fa (a) Graph the hypocycloid using a graphing utility. 
(b) Find a rectangular equation of the hypocycloid. 

63. Challenge Problem Find parametric equations for the circle 
x’ + y’ = R’, using as the parameter the slope m of the line 
through the point (—R,0) and a general point P = (x, y) 
on the circle. 

64. Challenge Problem Find parametric equations for the 
parabola y = x’, using as the parameter the slope m of the 
line joining the point (1,1) toa general point P = (x, y) of 
the parabola. 


66. Research plane curves called hypocycloid and epicycloid. 
Write a report on what you find. Compare and contrast them 
to a cycloid. 


Problems 67-75 are based on material learned earlier in the course. The purpose of these problems is to keep the material fresh in your 


mind so that you are better prepared for the final exam. 


67. Graph the equation 3x — 4y = 8 on the xy-plane. 


69. The International Space Station (ISS) orbits Earth at a 
height of approximately 248 miles above the surface. What 
is the distance, in miles, on the surface of Earth that can 
be observed from the ISS? Assume that Earth’s radius is 
3960 miles. 


Source: nasa.gov 


Ax? — 9x + 7 
71. Find the oblique asymptote of R(x) = 4 


73. Find the exact value of cos 285°. 


1 
i 72. Find the difference quotient of f(x) = ar 


68. Graph y = 2 cos(2x) + sin( =) on the xy-plane. 


70. The displacement d (in meters) of an object at time f¢ (in 
seconds) is given by d(t) = 2 cos(4f). 
(a) Describe the motion of the object. 
(b) What is the maximum displacement of the object from 
its rest position? 
(c) What is the time required for 1 oscillation? 
(d) What is the frequency? 





ash— 0. 


74. Solve logs (7 — x) + logs (3x + 5) = logs (24x). 





1 3 
(X75. If f(x) = —x? + Land g(x) = rom find all numbers c in the interval | 0,2 | where g(c) equals the average rate of change of f 


4 
over the interval. 





‘Are You Prepared?’ Answers 


£3; 
oy: 
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Chapter Review 


Things to Know 


Equations 
Parabola (pp. 654-658) See Tables 1 and 2 (pp. 656 and 657). 
Ellipse (pp. 663-669) See Table 3 (p. 668). 
Hyperbola (pp. 673-681) See Table 4 (p. 680). 
General equation of a conic (p. 692) Ax? + Bxy + Cy? + Dx + Ey +F=0 © Parabola if B7 — 4AC = 0 
Ellipse (or circle) if B?7 — 4AC < 0 
Hyperbola if B* — 4AC > 0 
Polar equations of a conic with focus See Table 5 (p. 697). 
at the pole (pp. 694-698) 
Parametric equations of a plane curve (p. 701) = x(t), y = y(t), tis the parameter 
Definitions 
Parabola (p. 654) Set of points P in a plane for which d(F, P) = d(P,D), where Fis the focus 
and D is the directrix 
Ellipse (p. 663) Set of points P in a plane the sum of whose distances from two fixed points 
(the foci) is a constant 
Hyperbola (p. 673) Set of points P in a plane the difference of whose distances from two fixed points 
(the foci) is a constant 
Conic in polar coordinates (p. 695) The collection of points P for Parabola if e = 1 
which TENS) =¢ Ellipse ife < 1 


Hyperbola ife > 1 
Formulas 
Rotation formulas (p. 688) x = x'cos@ — y’ sind 


y = x’ siné + y’ cos @ 








ee eee (p. 689) cot(20) = 4 es 
Objectives 

Section You should be able to... Example(s) Review Exercises 

10.1 1 Know the names of the conics (p. 653) I-16 

102 1 Analyze parabolas with vertex at the origin (p. 654) 1-5 Peel 
2 Analyze parabolas with vertex at (h, k) (p. 657) 6,7 4,6,9,14 
3 Solve applied problems involving parabolas (p. 659) 8 a7 

10.3 1 Analyze ellipses with center at the origin (p. 663) tea 3,13 
2 Analyze ellipses with center at (h, k) (p. 667) 5,6 8, 10, 16, 38 
3 Solve applied problems involving ellipses (p. 669) 7 40 

10.4 1 Analyze hyperbolas with center at the origin (p. 674) Ls 2,5, 12,37 
2 Find the asymptotes of a hyperbola (p. 678) 5,6 2,5,7 
3 Analyze hyperbolas with center at (h, k) (p. 680) Z8 Z15, 17,18 
4 Solve applied problems involving hyperbolas (p. 681) ? tt 

10.5 1 Identify a conic (p. 686) t 19, 20 
2 Use a rotation of axes to transform equations (p. 687) 2 24-26 
3 Analyze an equation using a rotation of axes (p. 690) 3,4 24-26, 44 
4 Identify conics without rotating the axes (p. 692) 5 21-23 





Section You should be able to... 


10.6 Analyze and graph polar equations of conics (p. 694) 1-3 


Convert the polar equation of a conic to a rectangular equation (p. 698) a 


Graph parametric equations (p. 701) 


Chapter Review /15 


Example(s) Review Exercises 
27-29 
30, 31 
1 32-34 


39-34 
42, 43 
35, 36 


Find a rectangular equation for a plane curve defined parametrically (p. 702) 


Use time as a parameter in parametric equations (p. 704) 45 


Find parametric equations for plane curves defined by rectangular 
equations (p. 707) 





Review Exercises 


In Problems 1-10, identify each equation. If it is a parabola, give its vertex, focus, and directrix; if it is an ellipse, give its center, vertices, and 
foci; if it is a hyperbola, give its center, vertices, foci, and asymptotes. 


x2 y? x2 
1 y=-1 2. <— y* = -SS+ ee = 1 
7 oe 25 95 + 16 
4.x° + 4y =4 5. 4x7 —- y* =8 6. x° — 4x = 2y 


7. y? — 4y — 4x7 + 8x = 4 8. 4x7 + 9y* — 16x — 18y = 11 9, 4x? — 16x + 1l6y + 32 =0 


10. 9x7 + 4y* — 18x + 8y = 23 
In Problems 11-18, find an equation of the conic described. Graph the equation. 

11. Parabola; focus at (—2, 0); directrix the line x = 2 12. Hyperbola;center at (0, 0); focus at (0, 4);vertex at (0, —2) 

13. Ellipse; foci at (—3,0) and (3, 0); vertex at (4, 0) 14. Parabola; vertex at (2, —3); focus at (2, —4) 

15. Hyperbola; center at (—2, —3); focus at (—4, —-3);vertexat 16. Ellipse; foci at (—4,2) and (—4, 8); vertex at (—4, 10) 
( a ae” ) 

17. Center at (—1,2);a = 3;c = 4; transverse axis parallel to 
the x-axis 


18. Vertices at (0, 1) and (6, 1); asymptote the line 3y + 2x = 9 


In Problems 19-23, identify each conic without completing the squares and without applying a rotation of axes. 
19. y7 + 4x + 3y —-8 =0 20. x7 + 2y? + 4x — 8y +2=0 
21. 9x* — 12xy + 4y? + 8x + 12y = 0 22. 4x7 + 10xy + 4y7-9 =0 
23. x? — 2xy + 3y? + 2x + 4y —1=0 
In Problems 24-26, rotate the axes so that the new equation contains no xy-term. Analyze and graph the new equation. 


9 
24, 2x" + Sxy + 2y° — > = 0 


25. 6x” + 4xy + 9y* — 20 = 0 


26. 4x” — 12xy + Dy? + 12x + 8y = 0 
In Problems 27-29, identify the conic that each polar equation represents, and graph it. 


4 6 8 
27. r = = 28. r = —————_ ». = — 
"1 = cos 0 kad 2 — sin 6 oe 4+ 8cos 6 
In Problems 30 and 31, convert each polar equation to a rectangular equation. 
4 8 
30. r = ————— 31, r = =———2 
’ 1 — cos 6 ’ 4+ 8cosé 


In Problems 32-34, graph the plane curve whose parametric equations are given, and show its orientation. Find a rectangular equation of 
each curve. 


32. x(t) = 4t — 2, 
33. x(t) = 3sint, 


yO) H1— Soa Taw 


y(t) =4cost+2; 0OSt=s27 


34. x(t) =sec*t, y(t) =tare O<rs— 
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35. 
36. 


37. 


38. 





40. 


41. 


Chapter Test 


Find two different pairs of parametric equations for y = —2x + 4. 


y? 


2 
Find parametric equations for an object that moves along the ellipse iF + — = 1, where the motion begins at (4,0), is 


counterclockwise, and requires 4 seconds for a complete revolution. 





Find an equation of the hyperbola whose foci are the vertices 
of the ellipse 4x” + 9y” = 36 and whose vertices are the foci 
of this ellipse. 





Describe the collection of points in a plane so that the 
distance from each point to the point (3, 0) is three-fourths 


1 
of its distance from the line x = = 


. Searchlight A searchlight is shaped like a paraboloid of 


revolution. If a light source is located 1 foot from the vertex 
along the axis of symmetry and the opening is 2 feet across, 
how deep should the mirror be in order to reflect the light 
rays parallel to the axis of symmetry? 


Semielliptical Arch Bridge A bridge is built in the shape of 
a semielliptical arch. The bridge has a span of 60 feet and a 
maximum height of 20 feet. Find the height of the arch at 
distances of 5, 10, and 20 feet from the center. 


Calibrating Instruments In a test of their recording devices, 
a team of seismologists positioned two devices 2000 feet 
apart, with the device at point A to the west of the device at 
point B. At a point between the devices and 200 feet from 
point B, a small amount of explosive was detonated and 
a note made of the time at which the sound reached each 
device. A second explosion is to be carried out at a point 
directly north of point B. How far north should the site of 
the second explosion be chosen so that the measured time 
difference recorded by the devices for the second detonation 
is the same as that recorded for the first detonation? 


CHAPTER 
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42. Uniform Motion Mary’s train leaves at 7:15 Am and 


accelerates at the rate of 3 meters per second per second. 
Mary, who can run 6 meters per second, arrives at the train 
station 2 seconds after the train has left. 
(a) Find parametric equations that model the motion of the 
train and Mary as a function of time. 
[Hint: The position s at time ¢t of an object having 


, , 1 , 
acceleration ais s = zat .| 


(b) Determine algebraically whether Mary will catch the 
train. If so, when? 


ie (c) Simulate the motions of the train and Mary by 


simultaneously graphing the equations found in part (a). 


43. Projectile Motion Nick Foles throws a football with an 


initial speed of 80 feet per second at an angle of 35° to the 
horizontal. The ball leaves his hand at a height of 6 feet. 
(a) Find parametric equations that model the position of the 
ball as a function of time. 
(b) How long is the ball in the air? 
(c) When is the ball at its maximum height? Determine the 
maximum height of the ball. 
(d) Determine the horizontal distance that the ball travels. 


te (e) Using a graphing utility, simultaneously graph the 


equations found in part (a). 


44. Formulate a strategy for discussing and graphing an 


equation of the form 


Ax’ + Bxy + Cy? + Dx + Ey + F=0 


The Chapter Test Prep Videos include step-by-step solutions to all chapter 
Test Prep test exercises. These videos are available in MyLab™ Math, or on this text's 
YouTube Channel. Refer to the Preface for a link to the YouTube channel. 





In Problems 1-3, identify each equation. If it is a parabola, give its vertex, focus, and directrix; if an ellipse, give its center, vertices, and foci; 
if a hyperbola, give its center, vertices, foci, and asymptotes. 


py eise a pe 


- 2) 


all 2. 8y = (x -1)?-4 


3. 2x7 + 3y? + 4x — 6y = 13 


In Problems 4-6, find an equation of the conic described; graph the equation. 


4. 
5 


Parabola: focus (—1,4.5), vertex (—1,3) 
Ellipse: center (0, 0), vertex (0, —4), focus (0, 3) 


6. Hyperbola: center (2,2), vertex (2, 4), contains the point (2 + V10, Sy) 


In Problems 7-9, identify each conic without completing the square or rotating axes. 


7. 
10. 


11. 


12. 


13. 


2x* + 5xy + 3y7 + 3x —-7=0 


8. 3x7 — xy + 2y? + 3y +1=0 


9, x? — oxy + Dy? + 2x - 3y —-2=0 


Given the equation 41x? — 24xy + 34y? — 25 = 0, rotate the axes so that there is no xy-term. Analyze and graph the new equation. 


Identify the conic represented by the polar equation r = 


1- 


. Find the rectangular equation. 


Graph the plane curve whose parametric equations are given, and show its orientation. Find the rectangular equation for the plane curve. 


x(t) = 3t-2 


y(t) =1-V1 


=o 


A parabolic reflector (paraboloid of revolution) is used by TV crews at football games to pick up the referee’s announcements, 
quarterback signals, and so on. A microphone is placed at the focus of the parabola. If a certain reflector is 4 feet wide and 1.5 feet 


deep, where should the microphone be placed? 


Chapter Projects 71/7 


Cumulative Review 


1. For f(x) = oy eo 2 ind 4. (a) Find the domain and range of y = 3* + 2. 
f(x +h) — f(x) (b) Find the inverse of y = 3* + 2 and state its domain and 
— hAO range. 

2. In the complex number system, solve the equation 5. f(x) = log, (x — 2) 


(a) Solve f(x) = 2. 
(b) Solve f(x) = 2. 


Oy aa, — 7h, 5 — 10 — 0 


3. For what numbers x is 6 — x = x”? 


6. Find an equation for each of the following graphs. 


(a) Line: (b) Circle: (c) Ellipse: 





=2 


(d) Parabola: (e) Hyperbola: 








se 





3 
7. Find all the solutions of the equation sin(20) = 0.5. 10. What is the domain of the function f(x) = TaPaeaees X 


8. Find a polar equation for the line containing the origin that 


makes an angle of 30° with the positive x-axis. 11. Solve the equation cot(26) = 1, where 0°< 6 < 90°. 


9. Find a polar equation for the circle with center at the Ce ee er te uNe 


point (0, 4) and radius 4. Graph this circle. x(t) =Stant y(t) = 5sec?t “5 ee _ 


Chapter Projects 


(@) Internet-based Project 


I. Comet Hale-Bopp The orbits of planets and some comets 
about the Sun are ellipses, with the Sun at one focus. The 
aphelion of a planet is its greatest distance from the Sun, and 
the perihelion is its shortest distance. The mean distance of a 
planet from the Sun is the length of the semimajor axis of the 
elliptical orbit. See the figure. 


Mean distance 


, Aphelion Perifjelion Major 


, axis 
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1. Research the history of Comet Hale-Bopp on the Internet. 3. Comet Hale-Bopp has an orbit that is roughly 
In particular, determine the aphelion and perihelion. perpendicular to that of Earth. Find a model for the orbit 
Often these values are given in terms of astronomical of Earth using the y-axis as the major axis. 
units. What is an astronomical unit? What is it equivalent ds 4. Usea graphing utility or some other graphing technology 
to in miles? In kilometers? What is the orbital period of ce to graph the paths of the orbits. Based on the graphs, do 
Comet Hale-Bopp? When will it next be visible from the paths of the orbits intersect? Does this mean that 
Earth? How close does it come to Earth? Comet Hale-Bopp will collide with Earth? 


2. Find a model for the orbit of Comet Hale-Bopp around 
the Sun. Use the x-axis as the major axis. 


The following projects can be found at the Instructor’s Resource Center (IRC): 


II. The Orbits of Neptune and Pluto The astronomical body known as Pluto and the planet Neptune travel around the Sun in elliptical 
orbits. Pluto, at times, comes closer to the Sun than Neptune, the outermost planet. This project examines and analyzes the two orbits. 


HII. Project at Motorola Distorted Deployable Space Reflector Antennas An engineer designs an antenna that will deploy in space to 
collect sunlight. 


IV. Constructing a Bridge over the East River The size of ships using a river and fluctuations in water height due to tides or flooding 
must be considered when designing a bridge that will cross a major waterway. 


Vv. Systems of Parametric Equations Which approach to use when solving a system of equations depends on the form of the system 
and on the domains of the equations. 


Systems of Equations 


and Inequalities 





Economic Outcomes 


Annual Earnings of Young Adults 


For both males and females, earnings increase with education: full-time workers 
with at least a bachelor’s degree have higher median earnings than those with 
less education. Males and females who dropped out of high school earned 
19% and 25% less, respectively, than male and female high school completers. 

The median earnings of young adults who had at least a bachelor’s degree 
declined in the 1970s relative to their counterparts who were high school 
completers, before increasing between 1980 and 2016. Males with a bachelor’s 
degree or higher had earnings 19% higher than male high school completers 
in 1980 and had earnings 83% higher in 2016. Among females, those with at 
least a bachelor’s degree had earnings 34% higher than female high school 
completers in 1980, compared with earnings 111% higher in 2016. 





Source: U.S. Census Bureau 


— See Chapter Project I— 


Outline 


In Appendix A and Chapters 3, 4, 5, and 7, we solved various kinds of equations and inequalities 11.1 Systems of Linear Equations: 
involving a single variable. Substitution and Elimination 
11.2 Systems of Linear Equations: 

Matrices 


In this chapter we take up the problem of solving equations and inequalities containing two or 11.3 Systems of Linear Equations: 


more variables. There are various ways to solve such problems. Determinants 
The method of substitution for solving equations in several variables dates back to ancient § 11.4 Matrix Algebra 
times. 11.5 Partial Fraction Decomposition 
The method of elimination, although it had existed for centuries, was put into systematic 11.6 Systems of Nonlinear Equations 
order by Karl Friedrich Gauss (1777-1855) and by Camille Jordan (1838-1922). 11.7 Systems of Inequalities 
The theory of matrices was developed in 1857 by Arthur Cayley (1821-1895), although 11.8 Linear Programming 


only later were matrices used as we use them in this chapter. Matrices are useful in almost all 
areas of mathematics. 

The method of determinants was invented by Takakazu Seki KOwa (1642-1708) in 1683 
in Japan and by Gottfried Wilhelm von Leibniz (1646—1716) in 1693 in Germany. Cramer's 
Rule is named after Gabriel Cramer (1 704—1752) of Switzerland, who popularized the use of 
determinants for solving linear systems. 

Section 11.5, on partial fraction decomposition, is an application of systems of equations 
and is used in integral calculus. 

Section 11.8 introduces /inear programming, a modern application of linear inequalities. This 
topic is particularly useful for students interested in operations research. 


Chapter Review 
Chapter Test 
Cumulative Review 
Chapter Projects 
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11.1 Systems of Linear Equations: Substitution 
and Elimination 


PREPARING FOR THIS SECTION Before getting started, review the following: 
e Linear Equations (Section A.6, pp. A44—A45) e Lines (Section 1.3, pp. 20-31) 


\ Now Work the ‘Are You Prepared?’ problems on page 730. 
OBJECTIVES 1 Solve Systems of Equations by Substitution (p. 723) 
2 Solve Systems of Equations by Elimination (p. 723) 


3 Identify Inconsistent Systems of Equations Containing Two 
Variables (p. 725) 


4 Express the Solution of a System of Dependent Equations Containing 
Two Variables (p. 725) 


Solve Systems of Three Equations Containing Three Variables (p. 726) 


6 Identify Inconsistent Systems of Equations Containing Three 
Variables (p. 728) 


Express the Solution of a System of Dependent Equations Containing 
Three Variables (p. 728) 





| EXAMPLE 1 | Movie Theater Ticket Sales 


A movie theater sells tickets for $10.00 each, with seniors receiving a discount 
of $2.00. One evening the theater had $4630 in revenue. If x represents the number of 
tickets sold at $10.00 and y the number of tickets sold at the discounted price of $8.00, 
write an equation that relates these variables. 


Solution Each nondiscounted ticket costs $10.00, so x tickets bring in 10x dollars. Similarly, 
y discounted tickets bring in 8y dollars. Because the total revenue is $4630, we 
must have 


10x + 8y = 4630 =a 


In Example 1, suppose that we also know that 525 tickets were sold that evening. 
Then we have another equation relating the variables x and y: 
x+y = 525 
The two equations 


10x + 8y = 4630 
x+ y= 525 


form a system of equations. 

In general, a system of equations is a collection of two or more equations, each 
containing one or more variables. Example 2 gives some illustrations of systems of 
equations. 


| EXAMPLE 2 ~ Examples of Systems of Equations 


(a) 2x + y= 5. (1) Two equations containing two variables, x and y 
a 
—4x + 6y = -2 (2) 


(b) x + y? = (1) Two equations containing two variables, x and y 
2x ty =4 (2) 
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x+ y+ z2=6 (1) Three equations containing three variables, x, y, and z 
(c) {3x —2y + 4z =9 (2) 
x- y- z=0 (3) 


(d) YP ye 7 = 5 (1) Two equations containing three variables, x, y, and z 
x-y =2 (2) 


x+y+ 2=6 (1) Four equations containing three variables, x, y, and z 
2x +2z=4 = (2) 
(e) _ 
yt z=2 (3) 


: =4 (A) = 


We use a brace to remind us that we are dealing with a system of equations, and 
we number each equation in the system for convenient reference. 


A solution of a system of equations consists of values for the variables that are 
solutions of each equation of the system. To solve a system of equations means to 
find all solutions of the system. 


For example, x = 2, y = 1 is a solution of the system in Example 2(a), because 
2x + y= 5 (1) 2°2+ 1 = 44+1= °5 
—4x + 6y = —2 (2) =Aeg  6e = = 6 = 2 
This solution may also be written as the ordered pair (2, 1). 
A solution of the system in Example 2(b) is x = 1, y = 2, because 


x+y? =5 (1) 1+2=14+4=5 
2a+y =4(2) |2:14+2 =24+2=4 


Tt 3 
Another solution of the system in Example 2(b) is x = ay = —%: which you can 
check for yourself. 


A solution of the system in Example 2(c) is x = 3, y = 2, z = 1, because 


x+ yr z=6 (1) 34+ 2+ 1=6 
3x — 2y + 4z = 9 (2) 3-3 -2:°2+41=9-4+4=9 
x- y- z=0 £) 3- 2- 1=0 


This solution may also be written as the ordered triplet (3, 2, 1). 


Note that x = 3, y = 3, z = Ois not a solution of the system in Example 2(c). 


x+ yt z=6 (1) ab ot f= 6 
3x — 2y + 4z = 9 (2) 3°3-2:3+4-0=3 49 
x- y- z=0 £) 22> 3- v0 


Although x = 3, y = 3, and z = O satisfy equations (1) and (3), they do not satisfy 
equation (2). Any solution of the system must satisfy each equation of the system. 


ovemmmms-Now Work PROBLEM 11 
When a system of equations has at least one solution, it is said to be consistent. 
When a system of equations has no solution, it is called inconsistent. 


An equation in 7 variables is said to be linear if it is equivalent to an equation 
of the form 


A,X, + AyXo + +++ + a,x, = b 


where x,,%5,...,X, are n distinct variables, a,,a),...,a,,b are constants, and at 
least one of the a’s is not 0. 
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Some examples of linear equations are 
2h Oy = 2 5x — 2y + 3z = 10 8x + 8y — 2z + 5w = 0 


If each equation in a system of equations is linear, we have a system of linear 
equations. The systems in Examples 2(a), (c), (d), and (e) are linear, but the system 
in Example 2(b) is nonlinear. In this chapter we solve linear systems in Sections 11.1 
to 11.3. Nonlinear systems are discussed in Section 11.6. 

We begin by discussing a system of two linear equations containing two variables. 
The problem of solving such a system can be viewed as a geometry problem. The 
graph of each equation in such a system is a line. So a system of two linear equations 
containing two variables represents a pair of lines. The lines may intersect, be parallel, 
or be coincident (that is, identical). 


e Ifthe lines intersect, the system of equations has one solution, given by the point 
of intersection. The system is consistent and the equations are independent. 
See Figure 1(a). 


e Ifthe lines are parallel, the system of equations has no solution, because the lines 
never intersect. The system is inconsistent. See Figure 1(b). 


e If the lines are coincident (the lines lie on top of each other), the system of 
equations has infinitely many solutions, represented by all of the points on the 
line. The system is consistent, and the equations are dependent. See Figure 1(c). 


Consistent and Independent Inconsistent Consistent and Dependent 
Y+ — Solution _ y 
xX xX xX 
(a) Intersecting lines; system (b) Parallel lines; system (c) Coincident lines; system 
has one solution has no solution has infinitely many solutions 
Figure 1 


Graphing a System of Linear Equations 





2x+ y=-1 (1) 


Graph the system of linear equations: ‘ 4x + 6y = 42 (2) 


Solution First, solve each equation for y. That is, write each equation in slope-intercept 





form. Equation (1) in slope-intercept form is y = —2x — 1, which has slope —2 
2 
y and y-intercept —1. Equation (2) in slope-intercept form is y = 3% + 7, which has 
Z 
slope 3 and y-intercept 7 Figure 2 shows their graphs. - 


—4x + 6y = 42 


From the graph in Figure 2, we see that the lines intersect, so the system given in 
Example 3 is consistent. The graph can also be used to approximate the solution. For 
this system, the solution appears to be the point (—3,5). 

Most of the time we use algebraic methods to obtain exact solutions. A number 
of methods are available for solving systems of linear equations algebraically. In this 
section, we introduce two methods: substitution and elimination. We illustrate the 
Figure 2 method of substitution by solving the system given in Example 3. 
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1 Solve Systems of Equations by Substitution 


| EXAMPLE 4 Solving a System of Linear Equations by Substitution 


Step-by-Step Solution 


Step 1: Pick one of the equations, 
and solve for one variable in terms 
of the remaining variable(s). 


Step 2: Substitute the result into 
the remaining equation(s). 


Step 3: If one equation in one 


variable results, solve this equation. 


Otherwise, repeat Steps 1 and 2 
untila single equation with one 
variable remains. 


Step 4: Find the values of the 
remaining variables by back- 
substitution. 


Step 5: Check the solution found. 


x + y=-1 (1) 
Solve: 
-_ ea 42 (2) 


Solve equation (1) for y. 
> in a ie | Equation (1) 


y=-2x-1 


Substitute —2x — 1 for y in equation (2). The result is an equation containing just the 
variable x, which we can solve. 


—4x + by = 42 Equation (2) 
AG Of 2a = 1). = 42 Substitute —2x — 1 fory in (2). 


=—Ay-=— Tyr —6 = 42 Distribute. 
—16% — 6 — 42 Combine like terms. 
—16x = 48 Add 6 to both sides. 


; Solve for x. 


Because we know that x = —3, we can find the value of y by back-substitution, that 
is, by substituting —3 for x in one of the original equations. Equation (1) seems easier 
to work with, so we will back-substitute into equation (1). 


2 y= Equation (1) 
28) ae Substitute — 3 for x. 
6. y= a1 Simplify. 
y=5 Solve for y. 


We have x = —3 and y = 5. Verify that both equations are satisfied (true) for these 
values. 


2 SS 1 =a) Fo = =O? Oo = ol 
—4x + 6y = 42 —4(-3) + 6°5 =12+ 30 = 42 
The solution of the system is x = —3 and y = 5. The solution can also be written as 


the ordered pair (—3,5). 


ovcm__=-Now Use Substitution to Work PRoBLEM 21 


2 Solve Systems of Equations by Elimination 


A second method for solving a system of linear equations 1s the method of elimination. 
This method is usually preferred over substitution if substitution leads to fractions 
or if the system contains more than two variables. Elimination also provides the 
motivation for solving systems using matrices (the subject of Section 11.2). 
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In Words 

When using elimination, get the 
coefficient of one variable to be 
opposite that of the other. 


The idea behind the method of elimination is to replace the original system of 


equations by an equivalent system so that adding two of the equations eliminates a 
variable. The rules for obtaining equivalent equations are the same as those studied 
earlier. We may also interchange any two equations of the system and/or replace any 
equation in the system by the sum (or difference) of that equation and a nonzero 
multiple of any other equation in the system. 


Rules for Obtaining an Equivalent System of Equations 


e Interchange any two equations of the system. 
e Multiply (or divide) both sides of an equation by the same nonzero 
constant. 


e Replace any equation in the system by the sum (or difference) of that 
equation and a nonzero multiple of any other equation in the system. 


An example will give you the idea. As you work through the example, pay 
particular attention to the pattern being followed. 


| EXAMPLE 5 ~ Solving a System of Linear Equations by Elimination 


Step-by-Step Solution 


Step 1: Multiply both sides of one 
or both equations by a nonzero 
constant so that the coefficients 
of one of the variables are additive 
Inverses. 


Step 2: Add the equations to 
eliminate the variable. Solve the 
resulting equation. 


Step 3: Back-substitute the value 
of the variable found In Step 2 into 
one of the original equations to find 
the value of the remaining variable. 


Step 4: Check the solution found. 


-~ = 
Solve: aay , 
—x+ y=-3 (2) 


Multiply equation (2) by 2 so that the coefficients of x in the two equations are 
additive inverses. 


a +3y = 1 (1) 
={ ty = —3 (2) 


2(-x + y) =2(-3) (2) Multiply by 2. 


2x + 3y = 1 (1) 
—2x + 2y = —-6 (2) 


2x+3y= 1 (1) 


2x + 3y = 1 (1) 
= + 2y=-6 (2) 


Sy = -5 Add equations (1) and (2). 
y=-l Solve for y. 
Back-substitute y = —1 into equation (1) and solve for x. 


2x + 3y = 1 Equation (1) 
2x + 3(-1) =1  Substitutey = —1. 
2x —3=1 Simplify. 
2x = 4 Add 3 to both sides. 
x =2_ Solve for x. 
The check is left to you. 


The solution of the system is x = 2 and y = —1.The solution also can be written 
as the ordered pair (2, —1). 


opmm_n_=-Now Use Elimination to Work PRoBLEM 21 
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| EXAMPLE 6 Movie Theater Ticket Sales 


A movie theater sells tickets for $10.00 each, with seniors receiving a discount 
of $2.00. One evening the theater sold 525 tickets and had revenue of $4630. How 
many of each type of ticket were sold? 


Solution If x represents the number of tickets sold at $10.00 and y the number of tickets sold at the 
discounted price of $8.00, then the given information results in the system of equations 


i + 8y = 4630 (1) 
x+ y= 525 (2) 
Using the method of elimination, first multiply equation (2) by —8, and then add the 
equations. 
10x + 8y = 4630 
—8x — 8y = —4200 Multiply equation (2) by — 8. 
pss 430 Add the equations. 
x= 215 


Since x + y = 525, then y = 525 — x = 525 — 215 = 310. So 215 nondiscounted 
tickets and 310 senior discount tickets were sold. 


3 Identify Inconsistent Systems of Equations Containing 
Two Variables 


The previous examples dealt with consistent systems of equations that had a single 
solution. The next two examples deal with two other possibilities that may occur, the 
first being a system that has no solution. 


| EXAMPLE 7 © Identifying an Inconsistent System of Linear Equations 


x%+ y=5 (1) 
lve: 
Pane oa +2y=8 (2) 


Solution |§Wechoose to use the method of substitution and solve equation (1) for y. 
2x +y=5 (1) 
y = —2x +5 Subtract 2x from both sides. 
Now substitute —2x + 5 for y in equation (2) and solve for x. 
4x + 2y =8 (2) 


3 4x + 2(—-2x +5) =8 Substitute y = —2x + 5. 
y=—-2x+4 4x —4x +10=8& Multiply out. 
10 = 8 Simplify. 
y= —2x+9 This statement is false. We conclude that the system has no solution and is inconsistent. J 


Figure 3 illustrates the pair of lines whose equations form the system in Example 7 
Notice that the graphs of the two equations are lines, each with slope —2; one has 
_9 a y-intercept of 5, the other a y-intercept of 4. The lines are parallel and have no point 
of intersection. This geometric statement is equivalent to the algebraic statement that 

Figure 3 the system has no solution. 





4 Express the Solution of a System of Dependent Equations 
Containing Two Variables 


| EXAMPLE 8 ~ PLE 8 Solving a System of Dependent Equations 


x+ y= 4) 
lve: 
Ben eee ~12 (2) 
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y 
8 





—4 (2, 0) 4 xX 


Figure4 y= —2x +4 





Figure 5 (a) Consistent system; 


| | > Solution % 


We choose to use the method of elimination. 


xt+ y= 4 {a 
—6x — 3y = -12 (2) 
6x +3y = 12 (1) Multiply equation (1) by 3. 
—6x —3y =-12 (2) 
O= 0 Add equations (1) and (2). 

The statement 0 = 0 means the original system is equivalent to a system 
containing one equation, 2x + y = 4. So the equations of the system are dependent. 
Furthermore, any values of x and y that satisfy 2x + y = 4 are solutions. 

For example, x = 2, y=0O;x =O0O,y=4x = -l,y =6;x =4,y = —4 are 
solutions. There are, in fact, infinitely many values of x and y for which 2x + y = 4, 
so the original system has infinitely many solutions. We write the solution of the 
original system either as 


y = —2x + 4, where x can be any real number 


or as 
1 
x=- 5 y + 2, where y can be any real number 


The solution can also be expressed using set notation: 





{ (x, y)| y = —2x + 4, x any real number } or 
1 
129) x= — SY + 2, y any real number} jj 


Figure 4 illustrates the system given in Example 8. Notice that the graphs of the 
two equations are lines, each with slope —2 and each with y-intercept 4. The lines are 
coincident, and the solutions of the system, such as (—1, 6), (0,4), and (2,0), are 
points on the line. Notice also that equation (2) in the original system is —3 times 
equation (1), indicating that the two equations are dependent. 


ommmms- Now Work PROBLEMS 27 AND 31 


Solve Systems of Three Equations Containing 
Three Variables 
Just like a system of two linear equations containing two variables, a system of three 
linear equations containing three variables has 

e Exactly one solution (a consistent system with independent equations) 

e No solution (an inconsistent system) 

e Infinitely many solutions (a consistent system with dependent equations) 

The problem of solving a system of three linear equations containing three 

variables can be viewed as a geometry problem. The graph of each equation in 


such a system is a plane in space. A system of three linear equations containing 
three variables represents three planes in space. Figure 5 illustrates some of the 


possibilities. 


Solutions 





Solutions — (m) Consistent system: (c) Inconsistent system; 
infinite number of solutions no solution 
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Recall that a solution to a system of equations consists of values for the variables 
that are solutions of each equation of the system. 
For example, x = 3, y = —1, z = —45 isa solution to the system of equations 


te yh gS 3 fH BF) +65) =43 
2x —3y+6z=-21 (2) 2:3 —3(-1) +6(-5) =6+3-30=-21 
—3x + Sy -14 (3) —3+3 +5(-1)=-9-5=-14 


because these values of the variables are solutions of each equation. 

Typically, when solving a system of three linear equations containing three 
variables, we use the method of elimination. Recall that the idea behind the method 
of elimination is to form equivalent equations so that adding two of the equations 
eliminates a variable. 


| EXAMPLE 9 ~ Solving a System of Three Linear Equations with Three Variables 


Gr y= 2 


ta a) = ZZ 


La Ya CS 
2 = 2 = oZ 


—1 (1) Multiply by —2. 3 —2y+2z=2 (1) 
5 (3) 


Use the method of elimination to solve the system of equations. 
x+ y- z=-l1 (1) 
4x — 3y + 2z 16 (2) 
iS 2y—=32> 9 


Solution For a system of three equations, attempt to eliminate one variable at a time, using 
pairs of equations, until an equation with a single variable remains. Our strategy 
for solving this system will be to use equation (1) to eliminate the variable x from 
equations (2) and (3). We can then treat the new equations (2) and (3) as a system 
with two variables. Alternatively, we could use equation (1) to eliminate either y or z 
from equations (2) and (3). Try one of these approaches for yourself. 

We begin by multiplying both sides of equation (1) by —4 and adding the result 
to equation (2). (Do you see why? The coefficients of x are now opposites of one 
another.) We also multiply equation (1) by —2 and add the result to equation (3). 
Notice that these two procedures result in the elimination of the variable x from 
equations (2) and (3). 


—1 (1) Multiply by —4. i —4y+4z= 4 (1) 
16 (2) 


4x — 3y + 2z = 16 (2) 
—Ty + 6z = 20 Add. LTy= gS—l 
— ™ —Jy +6z = 20 (2) 
= Oe (3) sg —4dy — y= F (3) 
—4y —z= 7 Add. 


Now concentrate on the new equations (2) and (3), treating them as a system of 
two equations containing two variables. It is easier to eliminate z. Multiply equation (3) 
by 6, and add equations (2) and (3). 


—Ty + 6z = 20 (2) —Ty + 6z = 20 (2) xty- z=-1 (DX 
—4y — z= 7 (3) Multiply by 6. —24y — 6z = 42 (3) —Ty + 6z = 20 (2) 
=o ly = 62 Add. ————» |-3ly = 62 (3) 
Now solve the new equation (3) for y by dividing both sides of the equation by —31. 

rr y= Zoek 

—Ty + 6z = 20 (2) 

y =—-2 (3) 

Back-substitute y = —2 in equation (2) and solve for z. 


—Ty + 6z = 20 = (2) 
—7(—-2) + 6z = 20 Substitutey = —2. 
6z = 6 = Subtract 14 from both sides of the equation. 


z=1 Solve for z. (continued) 
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Finally, back-substitute y = —2 and z = 1 in equation (1) and solve for x. 
x+y-z=-1 (2) 
x + (-2) —1=-1  Substitutey = —2andz = 1. 
x—3=-1 Simplify. 
x=2 Solve for x. 
The solution of the original system is x = 2, y = —2,z = 1 or, using an ordered 
triplet, ( 2, —2,1). You should check this solution. 4 


Look back over the solution to Example 9. Note the pattern of eliminating one 
of the variables from two of the equations, followed by solving the resulting system of 
two equations and two variables. Although the variables to eliminate is your choice, 
the method is the same for all systems. 


ommmmm=-Now Work PROBLEM 45 


6 Identify Inconsistent Systems of Equations 
Containing Three Variables 


| EXAMPLE 10 — Identifying an Inconsistent System of Linear Equations 


Ai Vege? 
Solve: x+2y-z=-9 (2) 
x-4y+z= 1 (3) 


Solution Our strategy is the same as in Example 9. However, in this system, it seems easiest to 
eliminate the variable z first. Do you see why? 
Multiply equation (1) by —1, and add the result to equation (2). Also, add 
equations (2) and (3). 


2x + y-—z=-2 (1) Multiply by —1. —2x - y+z= 2 (1) 
PLS Ze —o 2) x + 2y — z= —9 (2) 
=e en 2x+ y-z=-2 (2) 
=~ <I y =-7 (2) 
Kr2y=Z=—=—F 2) Dy =-8 (3) 


x-4y+z= 1 (3) — 
Zh = Dy = —8 Add.— 
Now concentrate on the new equations (2) and (3), treating them as a system 


of two equations containing two variables. Multiply equation (2) by 2, and add the 
result to equation (3). 


—x + y=-—7 (2) Multiplyby2. —2x + 2y = —14 (2) 2Xx+ y-z= —-2 (1) 
2x — 2y = —8 (3) 2x —2y = —8 (3) =%- Fy = —7 (2) 
QO = —22 Add. ———> 0 = —22 (3) 

Equation (3) has no solution, so the system is inconsistent. _ 


7 Express the Solution of a System of Dependent Equations 
Containing Three Variables 


| EXAMPLE 11 ~ Solving a System of Dependent Equations 


x-2y- z= 8 (1) 
Solve: t= By + 225 2) 
4x — 5y + 5z = 53 (3) 
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Solution Our plan is to eliminate x from equations (2) and (3). Multiply equation (1) by —2, 
and add the result to equation (2). Also, multiply equation (1) by —4, and add the 
result to equation (3). 


x—-2y-—z=8 (1) Multiplyby -—2. —2x + 4y + 2z = —-16 (1) 


2x — 3y + z = 23 (2) 2x-3y+ z= 23 @Q) 
y+3z = 7 Add. t=2>—- 22> 8 
a 
x—2y—- z=8 (1) Maltiplyby —4. —4x + 8y + 4z = —-32 (1) - y+3z= 7 (2) 
4x — 5y + 5z = 53 (3) 4x —5y+5z= 53 (3) ee syroz=2Z1 By) 
3y +9z = 21 Add. — 


Treat equations (2) and (3) as a system of two equations containing two variables, 
and eliminate the variable y by multiplying equation (2) by —3 and adding the result 
to equation (3). 


y + 3z = 7 (2) Multiply by —3. —3y — 9z = —21 x—2y- z=8 (1) 
3y + 9z = 21 (3) 3y + 9z = 21 Add. yrog= 1 2) 
= ae 0=0 @) 


The original system is equivalent to a system containing two equations, so the 
equations are dependent and the system has infinitely many solutions. If we solve 
equation (2) for y, we can express y in terms of z as y = —3z + 7. Substitute this 
expression into equation (1) to determine x in terms of z. 


A= 2% = Equation (1) 
K=2(=3¢ 7 7).—-z2=—s Substitute y = —3z + 7. 
x+6z-14-z=8 Multiply out. 
x + 5z = 22 Combine like terms. 
x = —5z + 22 _ Solve for x. 


We will write the solution to the system as 


where z can be any real number. 


= =e 2 
y=-3z+ 7 


This way of writing the solution makes it easier to find specific solutions. To 
find specific solutions, choose any value of z and use the equations x = —5z + 22 
and y = —3z + 7 to determine x and y. For example, if z = 0, then x = 22 
and y = 7,andif z = 1,thenx = 17 andy = 4. 

Using ordered triplets, the solution is 


{(x,y,z)|x = —5z + 22, y = —3z + 7, z any real number } _J 


ovrmemeee-Now Work PROBLEM 47 


Two distinct points in the Cartesian plane determine a unique line. Given three 
noncollinear points, we can find the unique quadratic function whose graph contains 
these three points. 


| EXAMPLE 12 — Curve Fitting 


Find real numbers a, b, and c so that the graph of the quadratic function 
y = ax* + bx + ccontains the points (—1, —4), (1,6), and (3,0). 


Solution The three points must satisfy the equation y = ax” + bx + c. 


For the point (—1, —4) we have: —4 = a(-1)* + b(-1) +c -4=a-—bt+c 

For the point (1,6) we have: 6=aP+b-1 +c 6=atbt+e 

For the point (3,0) we have: O=a-3?+b-3 +c 0=9a+ 3b+ Cc 
(continued) 
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Figure6 y = —2x°+ 5x +3 
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y 
6 


Determine a, b, and c so that each equation is satisfied. That is, solve the system of 
three equations containing three variables: 


a- b+c=-4 (I) 
a+ bt+e 6 (2) 
9a+ 3b+c= 0 (3) 


Solving this system of equations, we obtain a = —2,b = 5, and c = 3. So the 
quadratic function whose graph contains the points (—1, —4), (1,6), and (3, 0) is 


y = —2x* + 5x +3 y = ax? + bx +¢, a= -2,b =5,c = 3 J 
Figure 6 shows the graph of the function, along with the three points. 


onmummme-Now Work PROBLEM 73 


11.1 Assess Your Understanding 


‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. Solve the equation: 3x + 4 = 8 — x. (pp. A44-A45) 


Concepts and Vocabulary 


3. True or False If a system of equations has no solution, it is 





said to be dependent. 


4. If a system of equations has one solution, the system is 
and the equations are 


5. If the only solution to a system of two linear equations 
containing two variables is x = 3, y = —2, then the graphs 
of the lines in the system intersect at the point 


6. If the lines that make up a system of two linear equations 
are coincident, then the system is 


equations are 


Skill Building 


2. (a) Graph the line: 3x + 4y = 12. 
(b) What is the slope of a line parallel to this line? 
(pp. 20-31) 


7, Multiple Choice If a system of two linear equations in two 
variables is inconsistent, then the graphs of the lines in the 
system are —____ 
(a) intersecting 
(c) coincident 


(b) parallel 
(d) perpendicular 





8. Multiple Choice If a system of dependent equations 
containing three variables has the general solution 
{(x,y,z)|x = -z + 4,y =—-2z + 5, zisany real number } 





In Problems 9-18, verify that the values of the variables listed are solutions of the system of equations. 


ean y=5 
" (5x + 2y =8 
R= 2,9 > —1,(2,-1) 


x-y=3 
oad =.) 
5 y 


x=4y =1; (4,1) 


3x + 3y+2z= 4 

4% Xm oy er ZH 10 

i= Zy— 37 — 8 
Ra2) = 2,2 = 2, (2,-2.2) 


14. { 
8 


then is one of the infinite number of solutions of the 
and the 
system. 
a) (1,—-1,3) @® (0,4,5) © (4,-3,0) @ (-1,5,7) 
_ 3x —4y= 4 2x + say = 0 
ey 2 ‘N11. 1 1 12. 
x — Ty = -30 Sy — By = — 19 
y bi y 2 3x — 4y = -— 
x= —2,y = 4; (—2,4) 1(/,1 ; 
v= 2y=%(2,5) 1 ( 1 ) 
2 2 =--—,y=2;|-—2 
x ed 9 oe 
x-y=3 
Bindi B.5 x yom z= V 16. § 8k + 5y- z=0 
ie ii re Ly on = 8 —x—- yt 5z=6 
, , : x=l,y=—-1,z = 2; =2,y= -3,z=1; 
(1, -1,2) (2, —3,1) 
4x — 5z= 6 
18. y= 2S =i) 


—x —6y+5z= 24 
=4 y= —3,z = 2; (4, -3,2) 
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In Problems 19-56, solve each system of equations. If the system has no solution, state that it is inconsistent. For Problems 19-30, graph 
the lines of the system. 














+y=8 + 2y==—7 Sx -— y=21 +3y= 5 
19.30 °° 200.40 “2.5 7 its 
x-y=4 x+ y=-3 26 Sy SZ ee —§ 
x+4y=<2 
3x = 24 ng [tet y= -3 ys, (3X - = a. 
x+2y= 0 ; —2y = —-8 ' (5x + 4y =1 x — 5y = —-10 
x+3y=-1 
NX 27 2x+ y= 28 x- y= 29 2x- y= 0 g 
"lax + 2y = 3 " |-3x + 3y = ' (4x + 2y = 12 or es 7, 
+ 2y = 3x - y= 7 2h By = > 3x — 2y= 
314° 32. 4 33.4 34,4000 
2x + 4y = 9x — 3y = 21 10x + y= 11 5x + 10y = 
1 1 1 1 3 
2x + By =6 7 2s oP Be Bt Y= 
35. 36. 37. 
x- . oa | ea 
a) 4” 3? 4” 3” 
1 1 4 3 
ay —- by =7 Oh = —] Pieri = — a = () 
ao hae a re ee aoe 
x—2y= ~y= = 
x y x 2y 
: i 1 1 
Hint: Let u = — and v = —,, and solve for u and v. Then x = — 
x y u 
1 
dy=-. 
visa 
x+ y = 9 2x+ y = —4 x-2y+3z= #7 
43. ¢ 2x —~ 7=13 44, AW+d4e= 0 N45.4 24+ yt z= 4 
3y +2z= 7 3x =22 => 11 =—37 + 2y = 22 =] —10 
2x + y—3z= 0 t= ypeza=1 2x —-3y —-z=0 
46. < -2x +2y+ 2=-7 No 47. § 2x + 38y $2 =2 48. ¢ —-x + 2y+z2=5 
ok = Ay — 37 = 7 3X a 2y = 0 3x —4y-z=1 
L= you g=] 1 B= By = FS 2x — 2y + 3z =6 3k —2y+ 27 = 6 
49. 4 -x + 2y — 3z = -4 50. § 3x + 2y + 2z = 51. 4x — 3y + 2z = 0 52. 4 7x — 3y + 2z = -1 
3x —2y-—7z= 0 x + 5y + 3z = —24 + By — 771 2x —-3y + 4z= 0 
x+ y- z= 6 x- yt z= -4 GLY SH BD AP Ay 37 = —8 
53. (3x —2y+ z=—-5 54. 4 2x — 3y + 4z = —-15 55. 2x -—4y+ z=-7 56. (3x — y+3z= 12 
x+3y—-2z= 14 Sk yperte= 12 —2x + 2y—3z= 4 x+ y+t6z= 1 
Applications and Extensions 
57. The perimeter of a rectangular floor is 90 feet. Find the 60. Movie Theater Tickets A movie theater charges $9.00 for 
dimensions of the floor if the length is twice the width. adults and $700 for senior citizens. On a day when 325 people 
58. The length of fence required to enclose a rectangular field paid for admission, the total receipts were $2495. How many 
is 3000 meters. What are the dimensions of the field if it is who paid were adults? How many were seniors? 
known that the difference between its length and width 61. Mixing Nuts A store sells cashews for $5.00 per pound 
is 50 meters? and peanuts for $1.50 per pound. The manager decides 
59. Orbital Launches In 2017 there was a total of 469 to mix 30 pounds of peanuts with some cashews and sell 
w commercial and noncommercial orbital launches worldwide. the mixture for $3.00 per pound. How many pounds of 
In addition, the number of noncommercial orbital launches cashews should be mixed with the peanuts so that the 
‘oe 31 amore than halt (he aamber of commercial Orbital mixture will produce the same revenue as selling the nuts 
launches. Determine the number of commercial and separately? 


noncommercial orbital launches in 2017 
Source: Federal Aviation Administration 
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62. 





63. 


64. 


65. 


66. 


67. 


68. 


Mixing a Solution A chemist wants to make 14 liters of 
a 40% acid solution. She has solutions that are 30% acid 
and 65% acid. How much of each must she mix? 





Presale Order A wireless store owner takes presale orders 
for a new smartphone and tablet. He gets 340 preorders 
for the smartphone and 250 preorders for the tablet. The 
combined value of the preorders is $486,000. If the price of 
a smartphone and tablet together is $1665, how much does 
each device cost? 


Financial Planning A recently retired couple needs 
$12,000 per year to supplement their Social Security. They 
have $300,000 to invest to obtain this income. They have 
decided on two investment options: AA bonds yielding 5% per 
annum and a Bank Certificate yielding 2.5%. 


(a) How much should be invested in each to realize exactly 
$12,000? 

(b) If, after 2 years, the couple requires $14,000 per year in 
income, how should they reallocate their investment to 
achieve the new amount? 





Computing Wind Speed With a tail wind, a small Piper 
aircraft can fly 600 miles in 3 hours. Against this same wind, 
the Piper can fly the same distance in 4 hours. Find the 
average wind speed and the average airspeed of the Piper. 


4 hours 


2 hours 





Computing Wind Speed The average airspeed of a 
single-engine aircraft is 150 miles per hour. If the aircraft 
flew the same distance in 2 hours with the wind as it flew 
in 3 hours against the wind, what was the wind speed? 


Restaurant Management A restaurant manager wants to 
purchase 200 sets of dishes. One design costs $25 per set, 
and another costs $45 per set. If she has only $7400 to spend, 
how many sets of each design should she order? 


Cost of Fast Food One group of people purchased 10 
hot dogs and 5 soft drinks at a cost of $35.00. A second 
bought 7 hot dogs and 4 soft drinks at a cost of $25.25. What 
is the cost of a single hot dog? A single soft drink? 


We paid $35.00. 
How much is one hot dog? 
How much is one soda? 


We paid $25.25. 
How much is one hot dog? 
How much is one soda? 


HOT DOGS 
Ss SODA 













aq. HOT DOGS 





69. 


70. 


71. 


72. 


74. 


72: 


76. 





Computing a Refund The grocery store we use does not 
mark prices on its goods. My wife went to this store, bought 
three 1-pound packages of bacon and two cartons of eggs, 
and paid a total of $13.45. Not knowing that she went to 
the store, I also went to the same store, purchased two 
1-pound packages of bacon and three cartons of eggs, and 
paid a total of $11.45. Now we want to return two 1-pound 
packages of bacon and two cartons of eggs. How much will 
be refunded? 


Finding the Current of a Stream Pamela requires 3 hours to 
swim 15 miles downstream on the Illinois River. The return 
trip upstream takes 5 hours. Find Pamela’s average speed in 
still water. How fast is the current? (Assume that Pamela’s 
speed is the same in each direction.) 





Pharmacy A doctor’s prescription calls for a daily intake 
containing 40 milligrams (mg) of vitamin C and 30 mg of 
vitamin D. Your pharmacy stocks two liquids that can be 
used: One contains 20% vitamin C and 30% vitamin D, 
the other 40% vitamin C and 20% vitamin D. How many 
milligrams of each compound should be mixed to fill the 
prescription? 

Pharmacy A doctor’s prescription calls for the creation 
of pills that contain 12 units of vitamin By, and 12 units of 
vitamin E. Your pharmacy stocks two powders that can be 
used to make these pills: One contains 20% vitamin By, 
and 30% vitamin E, the other 40% vitamin B,, and 20% 
vitamin E. How many units of each powder should be mixed 
in each pill? 


. Curve Fitting Find real numbers a, b, and c so that the 


graph of the function y = ax? + bx +c contains the 
points (—1,4), (2,3), and (0,1). 


Curve Fitting Find real numbers a, b, and c so that the 
graph of the function y = ax? + bx +c contains the 
points (—1,—2), (1,—4),and (2, 4). 

IS-LM Model in Economics In economics, the IS curve is a 
linear equation that represents all combinations of income Y 
and interest rates r that maintain an equilibrium in the market 
for goods in the economy. The LM curve is a linear equation 
that represents all combinations of income Y and interest 
rates r that maintain an equilibrium in the market for money 
in the economy. In an economy, suppose that the equilibrium 
level of income (in millions of dollars) and interest rates 
satisfy the system of equations 


0.06Y — 5000r = 240 
0.06Y + 6000r = 900 


Find the equilibrium level of income and interest rates. 


IS-LM Model in Economics In economics, the IS curve is a 
linear equation that represents all combinations of income Y 
and interest rates r that maintain an equilibrium in the market 
for goods in the economy. The LM curve is a linear equation 
that represents all combinations of income Y and interest 
rates r that maintain an equilibrium in the market for money 
in the economy. In an economy, suppose that the equilibrium 
level of income (in millions of dollars) and interest rates 
satisfy the system of equations 


0.05Y — 1000r = 10 
0.05Y + 800r = 100 


Find the equilibrium level of income and interest rates. 
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77. Electricity: Kirchhoff’s Rules An application of Kirchhoff’s 
Rules to the circuit shown results in the following system of 
equations: 


h=f,,+hL 
5 — 3h -5h = 0 
10 — 5h —- 7h = 0 


Find the currents /,, ,,and J. 





Source: Physics for Scientists & Engineers, 9th ed., by Serway. 
© 2013 Cengage Learning. 


78. Electricity: Kirchhoff’s Rules An application of Kirchhoff’s 
Rules to the circuit shown below results in the following 
system of equations: 


1E = L a L 
= AT, 61, 
8h, = 4.4F 61, 


Find the currents J,, , and l. 





Source: Physics for Scientists & Engineers, 9th ed., by Serway. 
© 2013 Cengage Learning. 


79. Theater Revenues A Broadway theater has 500 seats, 
divided into orchestra, main, and balcony seating. Orchestra 
seats sell for $150, main seats for $135, and balcony seats 
for $110. If all the seats are sold, the gross revenue to the 
theater is $64,250. If all the main and balcony seats are sold, 
but only half the orchestra seats are sold, the gross revenue is 
$56,750. How many of each kind of seat are there? 


80. Theater Revenues A movie theater charges $11.00 for adults, 
$6.50 for children, and $9.00 for senior citizens. One day the 
theater sold 405 tickets and collected $3315 in receipts. Twice 
as many children’s tickets were sold as adult tickets. How 
many adults, children, and senior citizens went to the theater 
that day? 


81. Nutrition A dietitian wishes a patient to have a meal 
that has 66 grams (g) of protein, 94.5 g of carbohydrates, 
and 910 milligrams (mg) of calcium. The hospital food service 
tells the dietitian that the dinner for today is chicken, corn, 


82. 


83. 


84. 


85. 


86. 


87. 


and 2% milk. Each serving of chicken has 30 g of protein, 
35 g of carbohydrates, and 200 mg of calcium. Each serving 
of corn has 3 g of protein, 16 g of carbohydrates, and 10 mg 
of calcium. Each glass of 2% milk has 9 g of protein, 13 g of 
carbohydrates, and 300 mg of calcium. How many servings 
of each food should the dietitian provide for the patient? 


Investments Kelly has $20,000 to invest. As her financial 
planner, you recommend that she diversify into three 
investments: Treasury bills that yield 5% simple interest, 
Treasury bonds that yield 7% simple interest, and corporate 
bonds that yield 10% simple interest. Kelly wishes to earn 
$1390 per year in income. Also, Kelly wants her investment 
in Treasury bills to be $3000 more than her investment in 
corporate bonds. How much money should Kelly place in 
each investment? 


Prices of Fast Food One group of customers bought 
8 deluxe hamburgers, 6 orders of large fries, and 6 large colas 
for $26.10. A second group ordered 10 deluxe hamburgers, 
6 large fries, and 8 large colas and paid $31.60. Is there 
sufficient information to determine the price of each 
food item? If not, construct a table showing the various 
possibilities. Assume that the hamburgers cost between 
$1.75 and $2.25, the fries between $0.75 and $1.00, and the 
colas between $0.60 and $0.90. 


Prices of Fast Food Use the information given in Problem 83. 
Suppose that a third group purchased 3 deluxe hamburgers, 
2 large fries, and 4 large colas for $10.95. Now is there 
sufficient information to determine the price of each food 
item? If so, determine each price. 





Painting a House Three painters (Beth, Dan, and Edie), 
working together, can paint the exterior of a home in 
10 hours (h). Dan and Edie together have painted a similar 
house in 15 h. One day, all three worked on this same kind of 
house for 4 h, after which Edie left. Beth and Dan required 
8 more hours to finish. Assuming no gain or loss in efficiency, 
how long should it take each person to complete such a job 
alone? 





Challenge Problem Solve for x and y, assuming a # 0 
and b ¥ 0. 


a + by =a+t+b 
abx — b*y = b* — ab 


Challenge Problem Solve for x, y, and z, 
assuming a # 0,b ¥ O,andc # 0. 


ax+by+cz =at+bt+c 
a’x + b’y + c?z = ac + ab + be 
abx + bcy = bce + ac 
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Explaining Concepts: Discussion and Writing 


88. Make up a system of three linear equations containing three 89. Write a brief paragraph outlining your strategy for solving a 
variables that has: system of two linear equations containing two variables. 
(a) No solution 
(b) Exactly one solution 
(c) Infinitely many solutions 


90. Do you prefer the method of substitution or the method 
of elimination for solving a system of two linear equations 
containing two variables? Give your reasons. 

Give the three systems to a friend to solve and critique. 


Retain Your Knowledge 


Problems 91-100 are based on material learned earlier in the course. The purpose of these problems is to keep the material fresh in your 
mind so that you are better prepared for the final exam. 


91. Graph f(x) = —3'* + 2. 97, If z = 6e' 77/4 and w = 2e'>"/°, find zw and ~ Write the 
Ww 
/X 92. Factor each of the following: answers in polar form and in exponential form. 
(a) 4(2x —3)?+2+ (x? +5)*4+2(x° +5) +3x°+(2x—3)* 98. Find the principal needed now to get $5000 after 18 months 
1 1 1 1 1 oo 
(b) = (3x — 5)-2-3+ (x + 3)72 — (x + 3)-3(3x 5 at 4% interest compounded monthly. 
2 2 X 99. Find the average rate of change of f(x) = cos”!x 
ae 107 Zt 1 
93. Find the exact value of sin sin| ——9—] |: from x = ~5 to x= 
94, Write —\V/3 + i in polar form and in exponential form. 100. Find the area of the triangle with vertices at (0,5), (3,9), 
95.1f A= {2,4,6,...,30} and B= {3,6,9,...,30}, and (12,0). 
find AM B. 


96. Find an equation of an ellipse if the center is at the origin, 
the length of the major axis is 20 along the x-axis, and the 
length of the minor axis is 12. 


‘Are You Prepared?’ Answers 


1 {1} 2. (a) (b) -5 





11.2 Systems of Linear Equations: Matrices 


OBJECTIVES 1 Write the Augmented Matrix of a System of Linear Equations (p. 735) 
2 Write the System of Equations from the Augmented Matrix (p. 736) 
3 Perform Row Operations on a Matrix (p. 736) 


4 Solve a System of Linear Equations Using Matrices (p. 737) 





The systematic approach of the method of elimination for solving a system of linear 
equations provides another method of solution that involves a simplified notation. 
Consider the following system of linear equations: 


x+4y= 14 
3x —2y = O 


If we choose not to write the variables, we can represent this system as 


E 4 14 
a! 0 


where it is understood that the first column represents the coefficients of the variable x, 
the second column the coefficients of y, and the third column the constants on the 
right side of the equal signs. The vertical bar serves as a reminder of the equal signs. 
The large square brackets are used to denote a matrix in algebra. 
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C DEFINITION Matrix 
A matrix is defined as a rectangular array of numbers: 
Column 1 Column 2 


Row 1 ayy 
Row 2 an 


Row | 





Each number a, in the matrix has two indexes: the row index i and the column 
index j. The matrix shown in display (1) has m rows and n columns. The numbers a; 
are usually referred to as the entries of the matrix. For example, a>3 refers to the entry 
in the second row, third column. 


1 Write the Augmented Matrix of a System of Linear Equations 


Now we will use matrix notation to represent a system of linear equations. The matrix 
used to represent a system of linear equations is called an augmented matrix. In 
AE OCR Men aInne RI NeRaS writing the augmented matrix of a system, the variables of each equation must be on 
Re ee eee ae the left side of the equal sign and the constants on the right side. A variable that does 


to systems of linear equations. y not appear in an equation has a coefficient of 0. 


| €XAMPLE 1 ~ Writing the Augmented Matrix of a System of Linear Equations 


Write the augmented matrix of each system of equations. 


In Words 
10 augment means to increase 


ee ee ee 2-1 Se 


a yrea0 
a) | ° 
op ey AI x+2y-8=0 (j) 


Solution (a) The augmented matrix is 
> —4 —6 
2 =3 =5 
(b) Care must be taken that the system be written so that the coefficients of all 
variables are present (if any variable is missing, its coefficient is 0). Also, all 


constants must be to the right of the equal sign. We need to rearrange the given 
system to put it into the required form. 


AXxX= yre=) (1) 
Cr Z- 1S) 
x+2y-8=0 (3) 
2x- yt z=0 (1) 
Kr Ory rt gi 


CAUTION Be sure variables and x+ 2y+0-z=8 (3) 
constants are lined up correctly before 
writing the augmented matrix. ba The augmented matrix is 
2 =i). ft 0 
1 O 1 1 
1 2 0 8 _J 


If we do not include the constants to the right of the equal sign (that is, to the right 
of the vertical bar in the augmented matrix of a system of equations), the resulting 
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matrix is called the coefficient matrix of the system. For the systems discussed in 
Example 1, the coefficient matrices are 


2 -1 1 

3. =4 
> i” and il 1 
1 (0) 


Now Work PROBLEM 9 





2 Write the System of Equations from the Augmented Matrix 


| EXAMPLE 2 | Writing the System of Linear Equations from the Augmented Matrix 


Write the system of linear equations that corresponds to each augmented matrix. 
> = Sl 7 


2 1 
(a) | : 4 (b)}2 0 2 | 8 
0 1 1 40 


Solution (a) The augmented matrix has two rows and so represents a system of two equations. 
The two columns to the left of the vertical bar indicate that the system has two 
variables. If x and y are used to denote these variables, the system of equations is 


Sx +2y= 13 (1) 
=f yo=10. 

(b) Since the augmented matrix has three rows, it represents a system of three equations. 
Since there are three columns to the left of the vertical bar, the system contains 
three variables. If x, y,and z are the three variables, the system of equations is 

3x -y- z=7 (1) 
2x +2z=8 (2) 
y+ z=0 (§) a 


3 Perform Row Operations on a Matrix 


Row operations on a matrix are used to solve systems of equations when the system 
is written as an augmented matrix. There are three basic row operations. 


Row Operations 


e Interchange any two rows. 
e Replace a row by a nonzero multiple of that row. 


e Replace a row by the sum of that row and a constant nonzero multiple 
of some other row. 


These three row operations correspond to the three rules given earlier for 
obtaining an equivalent system of equations. When a row operation is performed 
on a matrix, the resulting matrix represents a system of equations equivalent to the 
system represented by the original matrix. 

For example, consider the augmented matrix 


i D 3 
4 -1 2 


Suppose we want to use a row operation that results in a matrix whose entry in row 2, 
column 1 is 0. The row operation to use is 





Multiply each entry in row 1| by —4, and add the result (2) 


to the corresponding entries in row 2. 
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If we use R, to represent the new entries in row 2 and r, and /, to represent the 
original entries in rows 1 and 2, respectively, we can represent the row operation in 
statement (2) by 


ky — —4r, Bl i) 


b =| 3 >| 1 2 3 =|; 2 3 
4 -1 | 2 —4-1+4 -—4-2+4 (-1) —4-34+2 0 -9 —10 


R5 = —4r, + fg) 


We now have the entry 0 in row 2, column 1. 


| €XAMPLE3 | Using a Row Operation on an Augmented Matrix 


Use the row operation R, = —3r, + r, on the augmented matrix 
E —2 | 2 
> =) 9 
Solution The row operation R, = —3r, + r2 replaces the entries in row 2 by the entries 


obtained after multiplying each entry in row 1 by —3 and adding the result to the 
corresponding entries in row 2. 


E 2 ole| 1 —2 2 fei; oan 
3-5 9 —3-1+3 -—3+(-2) + (-5) —3-2+9}] [0 1 3 


R5 = —-3n +h a 
ommmmmmm-Now Work PRoBLEM 19 


| €XAMPLE4 | Finding a Row Operation 


Find a row operation that results in the augmented matrix 
F —2 |2 
O 1 {3 


Solution We want 0 in row 1, column 2. Because the entry in row 2, column 2 is 1, multiply 
row 2 by 2 and add the result to row 1. That is, use the row operation R, = 27, + 1. 


F —2 a o[rert 2-1 + (-2) 2+34+2 =|| 0 8 
0 1 3 0 1 3 01 3 


R, = 2+ hn 7 


having 0 in row 1, column 2. 


A word about notation: The row operation R,; = 2r, + r, changes the entries 
in row 1. We change the entries in row 1 by multiplying the entries in some other 
row by a nonzero number and adding the results to the original entries of row 1. 


4 Solve a System of Linear Equations Using Matrices 


To solve a system of linear equations using matrices, use row operations on the 
augmented matrix of the system to obtain a matrix that is in row echelon form. 


( DEFINITION Row Echelon Form 


A matrix is in row echelon form when the following conditions are met: 


e The entry in row 1, column 1 is a 1, and only 0’s appear below it. 

e The first nonzero entry in each row after the first row is a 1, only 0’s appear below 
it, and the 1 appears to the right of the first nonzero entry in any row above. 

e Any rows that contain all 0’s to the left of the vertical bar appear at the 
bottom. ¥ 
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For example, for a system of three equations containing three variables, x, y, and z, 
with a unique solution, the augmented matrix is in row echelon form if it is of the form 


1 a b d 
0 1 ec e 
0 O 1 f 


where a,b,c, d,e,and f are real numbers. The last row of this augmented matrix states 
that z = f. We then determine the value of y using back-substitution with z = f, 
since row 2 represents the equation y + cz = e. Finally, x is determined using 
back-substitution again. 

Two advantages of solving a system of equations by writing the augmented 
matrix in row echelon form are the following: 


e The process is algorithmic; that is, it consists of repetitive steps that can be 
programmed on a computer. 

e The process works on any system of linear equations, no matter how many 
equations or variables are present. 


The next example shows how to solve a system of linear equations by writing its 
augmented matrix in row echelon form. 


| EXAMPLE 5 ~ Solving a System of Linear Equations Using Matrices 


(Row Echelon Form) 
20 Ly = 6 (1) 
Solve:{ x + yz 1 (2) 
3x + 4y —z=13 (3) 


Step-by-Step Solution Write the augmented matrix of the system. 
Step 1: Write the augmented 72 0° 6 
matrix that represents the system. ca 4 1 
3 4 -1 13 
Step 2: Use row operations to To get 1 in row 1, column 1, interchange rows 1 and 2. [Note that this is equivalent to 
obtain 1 in row 1, column 1. interchanging equations (1) and (2) of the system. ] 
1 1 1 1 
22 4 6 


> 4. =| 13 


Step 3: Use row operations that Next, we want 0 in row 2, column 1 and 0 in row 3, column 1. Use the row operations 
leave row 1 unchanged, but change Ry, = —2r, + r2 and R; = —3r, + 73. Note that row 1 is unchanged using these row 
the entries in column 1 below operations. 
row 1 to 0's. 1 1 1 1 1 1 
22. Os) Ue OL <2 + 
3 4 -1 | 13 0 1 -4 | 10 
R5 = —- 2ry + ) 
R3 = —- 3h + V3 
Step 4: Use row operations to We want the entry in row 2, column 2 to be 1. We also want to have 0 below the 1 in 
obtain 1 in row 2, column 2, and 0's row 2, column 2. Interchanging rows 2 and 3 will accomplish both goals. 
below tt. 1141 1 i. 1 
(e  wZ 4;—>|0 1 —-4 10 


O 1 -4 10 uy =2 + 


Step 5: Repeat Step 4 to obtain 1 
in row 3, column 3. 
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1 
To obtain 1 in row 3, column 3, use the row operation R3 = — 5 r3. The result is 
- 1 1 | 1 1 
O 1 —4 10;—|0 1 —-4 10 
0 0 -2 4 00 1 —2 
1 
R3 = 53 
The third row of the augmented matrix represents the equation z = —2. 


Step 6: The matrix on the right 
in Step 5 is the row echelon form 
of the augmented matrix. Use 
back-substitution to solve the 
original system. 


Using z = —2, back-substitute into the equation y — 4z = 10 (row 2) and obtain 
y—4z = 10 
y —-4(-2) =10 z= -2 
y=2 — Solve for y. 
Finally, back-substitute y = 2 and z = —2 into the equation x + y + z = 1 (rowl1) 
and obtain 
ery ead 
x+2+ (-2) =1 y=22z2= -2 
x =1 Solve for x. 


The solution of the system is x = 1,y = 2,z = —2 or, using an ordered 
triplet, (1,2, -—2). a 


Matrix Method for Solving a System of Linear Equations 
(Row Echelon Form) 


STEP 1; Write the augmented matrix that represents the system. 
STEP 2: Use row operations to obtain 1 in row 1, column 1. 


STEP 3: Use row operations that leave row 1 unchanged, but change the entries 
in column 1 below row 1 to 0’s. 


STEP 4; Use row operations to obtain 1 in row 2, column 2, but leave the 
entries in columns to the left unchanged. If it is impossible to place 1 in 
row 2, column 2, place 1 in row 2, column 3. Once the 1 1s in place, use 
row operations to obtain 0’s below it. (Place any rows that contain 
only 0’s on the left side of the vertical bar, at the bottom of the matrix.) 


STEP 5: Now repeat Step 4 to obtain 1 in the next row, but one column to the 
right. Continue until the bottom row or the vertical bar is reached. 


STEP 6: The matrix that results is the row echelon form of the augmented 
matrix. Analyze the system of equations corresponding to it to solve 
the original system. 


| EXAMPLE 6 Solving a System of Linear Equations Using Matrices 


Solution 


(Row Echelon Form) 
X>- yr £=—= & fi) 
Solve: 4 2x + 3y -— z=-2 (2) 
3x —2y —9z = 9 {) 
STEP 1: The augmented matrix of the system is 
i. = 1 8 
2 oo =i =2 
3-2 —-9 9 (continued) 
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STEP 2: 


STEP 3: 


STEP 4: 


STEP 5: 


STEP 6: 


Because 1 is already in row 1, column 1, go to Step 3. 
Perform the row operations Ry = —2r, + ry and R; = —3r, + r3. Each of 
these leaves row 1 unchanged, while causing 0’s in column 1 of the other rows. 
Li 1 8 , = 1 1 8 
2 2 = =—2. | ae = =o =18 
> =2. 9 9 yo ft =—12 =f) 
R>5 = —- 2V1 + ig) 
R3 =—_ - SV — V3 
The easiest way to obtain the entry 1 in row 2, column 2 without altering 


column | is to interchange rows 2 and 3 (another way would be to multiply 


1 
row 2 by 5° but this introduces fractions). 


L —] i 8 
0 iL, dD sa be) 
v0 Ss -3 15 


To obtain 0 under the 1 in row 2, column 2, use the row operation 
k3 = —5ro =F r3. 


tL =i 1 8 aL =: if 8 
. 1 =f = 15 >| 4% 7. 12 —15 
e > =2 —18 0 0 57 BY 
R3 =—_ - SV> + V3 
Continuing, obtain 1 in row 3, column 3 by using R3 = 573° 
bE =i 1 8 L. =i. 1 8 
oe 2 12 hy ae od = 
0 0 S57 57 0 Oo 1 1 
1 
R3 = 572 


The matrix on the right is the row echelon form of the augmented matrix. 
The system of equations represented by the matrix in row echelon form is 


x-yrt Z= 8 (1) 
y-12z=-15 (2) 
z= 1 (3) 
Using z = 1, back-substitute to get 
> ee 1= #8 (1) x-y= 7 (1) 
y--1l=-15 2) — y=-3 (2) 
Simplify. 


Using y = —3, back-substitute into x — y = 7 to get x = 4. The solution of the 
system is x = 4, y = —3,z = 1 or, using an ordered triplet, (4, —3, 1). _j 


Sometimes it is advantageous to write a matrix in reduced row echelon form. 
In this form, row operations are used to obtain entries that are 0 above (as well as 
below) the leading 1 in a row. For example, the row echelon form obtained in the 
solution to Example 6 is 


1 =i 1 8 
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To write this matrix in reduced row echelon form, proceed as follows: 


{1 =] 1 8 a: G =44 7 100 4 

OG tft = ats sa a az —-15|—|0 1 0 —3 

0 O 1 1 0 0 1 1 001 1 
Rj =H +nH R,; = 11,+h 


R, = 12rn+ hH 


The matrix is now written in reduced row echelon form. The advantage of writing the 
matrix in this form is that the solution to the system, x = 4, y = —3, z = 1, can be 
read from the matrix without the need to back-substitute. Another advantage will 
be seen in Section 11.4, where the inverse of a matrix is discussed. The method used 
to write a matrix in reduced row echelon form is called Gauss-Jordan elimination. 


opmmmmmes--NOW Work PROBLEMS 39 AND 49 


The matrix method for solving a system of linear equations also identifies systems 
that have infinitely many solutions and systems that are inconsistent. 


| €XAMPLE7 | Solving a Dependent System of Linear Equations Using Matrices 


6ox- y- z= 4 (1) 
Solve: 12% 2Zy 22 = = [2) 
ae ye ZS 3 fe) 


Solution Start with the augmented matrix of the system and use row operations to obtain 1 in 
row 1, column 1 with 0’s below. 


GO. = =] + t =2 0 1 1 =2 0 1 
he Z 2 Oe |) a7 2 2 = || BE 22 2 -| 
> 1 = 3 > ft =i 3 0 1 -1 —2 
R, = —-1rn ss Vy R5 = 1247, + Y 
R3 = —5n + K3 


We can obtain | in row 2, column 2 without altering column 1 by using 


if 23 
either R, = — 5"? or R, = 1” + ry. We use the first of these here. 
L =2 1 1 = 1 
i: =—2 0 1 ' 5 5 
=—22. 2 —t— —— —e— — = 
; on » = af fo  ) oa i 
0 im -1 =) 0 0 0 0 
1 Rz = —-11n + 
R, 43 ie 3 Hr kK 


This matrix is in row echelon form. Because the bottom row consists entirely 
of 0’s, the system actually consists of only two equations. 


x-2y= 1 (1) 
_1,__4 4 
ss We n 2 


To make it easier to write some of the solutions, we express both x and y in terms of z. 


1 2 
From the second equation, y = WM. TH Now back-substitute this solution 
for y into the first equation to get 


1 Z 2 7 
r=yti=%tr-Z)si-2eet 
7 (i 11 if 11 (continued) 
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The original system is equivalent to the system 


Z 7 
x=4z2+- 
11 11 
where z can be any real number 


1 
Y~ 47% 77 ®B 


Let’s look at the situation. The original system of three equations is equivalent 
to a system containing two equations. This means that any values of x, y, z that 


satisfy both 
—_ 2 + he, nd —_— i —_ 2 
a a SS a ae 
, _ a ae 9  — 1. 
are solutions. a TEL Tan a? 
and z = —-1,x = We ay te three of the solutions of the original system. 


There are, in fact, infinitely many values of x, y, and z for which the two equations 
are satisfied. That is, the original system has infinitely many solutions. We write the 
solution of the original system as 


ees 

4a 

1 ) where z can be any real number 
aT hee | 
or, using ordered triplets, as 
1 ) a + d | a an real number I 
x xX =e — y= — Zz - — 

ne a a 6 OU - 





ommmme=-Now Work PRosBLEM 55 


| EXAMPLES PLE 8 Identifying an Inconsistent System of Linear Equations Using Matrices 


x+ yt z=6 
Solve: t= Vu ZS 3 
x + 2y + 2z =0 


Solution Begin with the augmented matrix, and use row operations to write the matrix in row 
echelon form. 


1 il 1 6 1 1 1 6 1 i) il 6 : A 4 6 
Z =1, =—1 3/—>|0 -3 -3 —-9}—>/0 #1 #1 —-6|—-/;0 1 1 —6 
1 2 2 o}fLo 1 1 | -6}]) Lo -3 -3 -9| JLo 0 0 97 
Rp = -24 + h Interchange rows 2 and 3. R3 = 3h + 3 
R3 = —1r, + V3 
The bottom row is equivalent to the equation 
Ox FP Oy 07 = —27 
which has no solution. The original system is inconsistent. - 


ommumm=e-Now Work PROBLEM 29 


The matrix method is especially effective for systems of equations for which 
the number of equations and the number of variables are unequal. Here, too, such a 
system is either inconsistent or consistent. If it is consistent, it will have either exactly 
one solution or infinitely many solutions. 


Solution 


SECTION 11.2 Systems of Linear Equations: Matrices 743 


| EXAMPLES © Solving a System of Linear Equations Using Matrices 


L=-lyr Z= 0 


2x+2y —3z=- 
Solve: ‘i y : 
y= Ba 

=U Aye 27 = 13 


(1) 
(2) 
(3) 
(4) 


This is a system of four equations containing three variables. Begin with the 
augmented matrix, and use row operations to write the matrix in row echelon form. 


i 2 i 0 
Zz. 2. 5 a. 
— 
0 | | ll 
aa | - 2 


coe 


R5 = —24r 4. Y 
Ra ="nm+t+h 
i, =Z 1 0 L =Z 1 0) 
(0) Lt =] a () 1, =] =]. 
— 
0) 0) 1 3 (0) (0) 1 3 
| 0 0 5 15 0 0 O 0 
R3 = — 6h + V3 Ry = — 5h + Va 
Rg = -2H +% 


=2 1 0 L =2 

6. 5 =) 0 1 
— 

; ==] a 0 6 

2 3 O 2 


13 


1 


i 
=o) 


) 


0 
=|. 
=2 

13 


Interchange rows 2 and 3. 


Since the matrix is in row echelon form, we could now back-substitute z = 3 to 
find x and y. Or we can continue and obtain the reduced row echelon form. 


{ 2 4 0 

0 1-1 = 
—_ 

0 3 

0 O 0] | 


( G. =f =) 10 0 

01-1 =i 010 
— 

00 1 3 001 

00 0 0 }Lo 0 0 

R,; =2n+h Rj =wBRtrnKH 

Rj, = r+ h 


So W NY 


The matrix is now in reduced row echelon form, and we can see that the solution 
isx = 1,y = 2,z = 3 or, using an ordered triplet, (1, 2,3). 


ovmummmme=-Now Work PROBLEM 71 


J 


Adam and Michelle require an additional $25,000 in annual income (beyond 


| EXAMPLE 10 — Financial Planning 





Solution 


their pension benefits). They are rather risk averse and have narrowed their 
investment choices down to Treasury notes that yield 3%, Treasury bonds that 
yield 5%, and corporate bonds that yield 6%. They have $600,000 to invest and 
want the amount invested in Treasury notes to equal the total amount invested 
in Treasury bonds and corporate bonds. How much should they place in each 


investment? 


Let n,b,and c represent the amounts invested in Treasury notes, Treasury bonds, and 
corporate bonds, respectively. There is a total of $600,000 to invest, which means that 
the sum of the amounts invested in Treasury notes, Treasury bonds, and corporate 
bonds should equal $600,000. The first equation is 


n+ b+ c = 600,000 


(1) 


(continued) 


ce 
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1 i 
0.03 0.05 
i =4 


COMMENT Most graphing utilities 
have the capability to put an augmented 
matrix into row echelon form (ref) and 
also reduced row echelon form (rref). 
See Section B.7 for a discussion. a 
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If $100,000 is invested in Treasury notes, the income is 0.03 - $100,000 = $3000. In 
general, ifn dollars are invested in Treasury notes, the income is 0.037. Since the total 
income is to be $25,000, the second equation is 


0.03n + 0.05b + 0.06c = 25,000 (2) 


The amount invested in Treasury notes must equal the sum of the amounts invested 
in Treasury bonds and corporate bonds, so the third equation is 


(3) 


n=b+c or n-b-c=0 


We have the following system of equations: 


n+ b> c = 600,000 = (1) 
0.03n + 0.055 + 0.06c = 25,000 (2) 
a De c=0 (3) 


Begin with the augmented matrix, and use row operations to write the matrix in row 
echelon form. 


1 600,000 1 1 1 600,000 
0.06 25,000 || 0 0.02 0.03 7000 
ca’ | 0 =z. =2 — 600,000 
R5 = —0.03r, - ig) 
R3 = =F - V3 
1 1 1 600,000 1 11 600,000 
=A) 1 il 350,000 |—| 0 1 1.5 350,000 
2. eZ — 600,000 | 0 0 1 100,000 
1 
R5 = 0022 R3 = 2 T V3 


The matrix is now in row echelon form. The final matrix represents the system 


n+ b+ c= 600,000 (1) 
b + 1.5¢ = 350,000 (2) 


c = 100,000 (3) 


From equation (3), we determine that Adam and Michelle should invest $100,000 in 
corporate bonds. Back-substitute $100,000 into equation (2) to find that b = 200,000, 
so Adam and Michelle should invest $200,000 in Treasury bonds. Back-substitute 
these values into equation (1) and find that n = $300,000, so $300,000 should be 
invested in Treasury notes. _ 


11.2 Assess Your Understanding 


Concepts and Vocabulary 


1. An m by n rectangular array of numbers is called 


a(n) 


2. The matrix used to represent a system of linear equations is 
matrix. 


called a(n) 


3. The notation a35 refers to the entry in the 


and column of a matrix. 


1 3 2 
5. True or False The matrix} 0 1 5 | is in row echelon 
form. 0 O 0 
6. Multiple Choice Which statement describes the system of 
Ll 5 =2 3 
ee equations represented by| 0 1 3 =2, |v 
0 0 O 5 


4. Multiple Choice Which matrix is in reduced row echelon form? 


1 2 9 
” E =i a 


1 2 9 
(c) k 0 bd 





1 O 1 
|} 7 


| 
w |! 


(a) The system has one solution. 

(b) The system has infinitely many solutions. 

(c) The system has no solution. 

(d) The number of solutions cannot be determined. 


RP NO 


n 


SECTION 11.2 


In Problems 7-18, write the augmented matrix of the given system of equations. 


Skill Building 
x—-—S5y=5 
' [4x + 3y = 6 


1 0.01x — 0.03y = 0.06 
" (0.13x + 0.10y = 0.20 


x+ y- z=2 
1S: 3x —2y =2 
5x + 3y- z=1 


- es 


4x —2y =5 


2x + 3y — 4z 
Voor 2 
A a cee 


WN ll Go 


X 9. 
B. 
0 
0 17. 


=a 
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2x + 3y —-6=0 10 9x -—-y=0 
4x —-6by +2 =0 "(3x - y-4=0 
x= yor g = 10 Sx - y- z=0 

3x + 3y = 5 14. xt y=5 
Lo yr2z= 2 2x — 3z=2 

= = = 10 

- . k= Fo27> we 5 
Dior Yar 2g = 

18. 4 x+3y—-—4z+2w= 2 

—3x + 4y = 5 ry ene 
4x-Sy+ z= 0 y : 


In Problems 19-26, write the system of equations corresponding to each augmented matrix. Then perform the indicated row operation(s) 


on the given augmented matrix. 


\ 19. E 


21. 


=) 
—5 


=3 


Lk Or RW WN HN 


| 


5 


R = =r is i) 


3 
6 


— Ory =F V9 
= Sr} =r r3 


= = DF; =F FS 
— 3r1 a 3 


—_ —275 + al 


21r = r3 


n | 


24. 


1-3 | - 
2-5 | - 
1-3 3 
-4 -5 -3 
—3 -2 4 
1-3 -4 

-5 6 
-1 1 4 
4 -3 -1 
3-5 2 
-3 -6 4 


a R5 = =27; ae V9 


4 

—5 R5 — Ar, sie io) 

= k3 = 3r; =F Fo 
6 

—6 1G) = =67) + ry 

—6 k3 = Fi] a V3 
6 

2 Rk, = 19 = al 

6 k3 = Fo ar r3 

6 


In Problems 27-38, the reduced row echelon form of a system of linear equations is given. Write the system of equations corresponding to 
the given matrix. Use x, y; or x, y, Z; OF X1, X2, X3, X4 as variables. Determine whether the system is consistent or inconsistent. [f it is consistent, 
give the solution. 


iN 

27. 
EF 
1 
30. | 0 
0 
1 
33. | 0 
0 
1 
36. | 0 
0 


0 
1 


oo =O 2 = © 


a — © 


=] Oo CO CO co ce 


oS 


=i 


NR © 


© 


| 


oS 


NO eR 


NO 


i 

28. 
EF 
1 
31. | 0 
0 
1, 
34. | 0 
0 
1 
0 

ag) 
0 
0 


Pe © 


SS oy me © Copy co Oo }— © 


oo. 


2 | -1 
-4 | -2 
0 0 
00 | 1 
02 | 2 
13 | 0 
0 1 | -2 
0 2 2 
1-1 0 
0 0 0 


10011 
‘\20,/0 10] 2 
000 | 3 
10414 
3./013 | 2 
000 | 0 
1004 1|2 
3.1/0 113 | 3 
0000 /] 0 
100011 
01001] 2 
8) 0 1 0 | (3 
0001 10 


In Problems 39-74, solve each system of equations using matrices (row operations). If the system has no solution, say that it is inconsistent. 


+ = 
40. . are 


\ 39 x+y=8 
. 39. —=a= 
42. | 3x + 3y = 


x+ y=3 
x+2y=4 
2x + 4y = 8 


ar 

5x+4y=5 
3x -— y= 7 

" (9x — 3y = 21 
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45. 


48. 


51. 


54. 


57. 


60. 


63. 


66. 


69. 


72. 
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Applications and Extensions 


13s 


76. 


71. 


78. 


79: 


Curve Fitting Find the function y = ax* + bx + c whose 
graph contains the points (1,2), (—2, —7), and (2, —3). 
Curve Fitting Find the function y = ax* + bx + c whose 
graph contains the points (1, —-1), (3, -1), and (—2, 14). 
Curve Fitting Find the function f(x) = ax° + bx? + cx + d 
for which f(—3) ==112, f(=1) 
and f(2) = 13. 

Curve Fitting Find the function f(x) = ax? + bx? + cx + d 
for which f(—2) —10,f(-1) = 3,f(1) = 5, 

and f(3) = 15. 


Nutrition A dietitian at Palos Community Hospital wants 
a patient to have a meal that has 78 grams (g) of protein, 
59 g of carbohydrates, and 75 milligrams (mg) of vitamin A. 
The hospital food service tells the dietitian that the dinner 
for today is salmon steak, baked eggs, and acorn squash. 
Each serving of salmon steak has 30 g of protein, 20 g of 


— — ef (cl) = 4, 


80. 


1 
—x +t y=-2 
2x + 3y = 6 AG 2" 47. 3x — Sy = 
1 ; x-2y= 8 5 asl 
x- y= 
2 
1 3 49. § 2x — 3z = 16 50. 4 -2y + 4z= 0 
+oy= = 2y+ z= 4 =2 = = 
x ay 5 y g 6 ae 11 
x-—4y+2z=-9 Xr yosr= 0 2h = 2y = 22 = 2 
3x + y+ z= 4 D2: § =27 Dy eS 7 53: 4 2k + oy gH 2 
—2x + 3y-3z= 7 3x —4y -3z = 7 3x + 2y = 0 
2x —- 3y —-z = 0 =f yo 2S 1 2x —-3y- z=0 
—x+2y+z=5 M55. < —x + 2y —3¢ = —4 56. < 3x + 2y +22 =2 
3x —4y-z=1 3x —2y-—7z= 0 xX + Sy + 3z=2 
24 = 2y 4 3z = 6 a= Oy 2 = x+ y- z= 6 
Ay = 3y + 27 =0 58. 4 7x — 3y + 2z = 1 9. 4 ox = 2) £5 
=10 oF oy = 1c = 1 2k =3y Paz = x+3y—-2z= 14 
x- yt z= -4 Le 2S oS SS x + 4y — 3z = -8 
2x — 3y + 4z = —15 61. 2x —-4y+ z=-7 62. 4 3x -— yr3z= 2 
St pe2z=] 12 =n + 2y —3z7= 4 x+ y+t6z= 1 
Z 
3x + y- 2=3 xt+y=1 x+y+z+w= 4 
2x-ytz= 
A= Yr ZS 1 64.5 24 — yoreg—1 65. os : 
, , 3x +2y+z-w= 6 
oe sae) a a x —-2y-2z+2w=-l1 
+yt+zt+w= 4 
7s A, oa 0 Xr 2y+ gS 1 x+2y- z=3 
a 67. 42x -— y+2z2=2 68. 62x — y+2z2=6 
en eee 8x + yt+3z=3 —3y+3z=4 
~2x+y—-22+2w=-1 a= on ee 
2x+3y- z=3 
— + = + — — 4 — — — 
x y z=5 70. 2k y z=4 NX on. x y Z=% 
3x + 2y — 2z =0 —-xty+3z=1 =f pt z=—0 
ao yor 37 =) 
= Ir gt 
x y Z =44 y= 5 
2x- y-—4z= 4x+y+ z- w=4 
73. a 2k Hy r 2S y= 5 
x-—3y+2z=1 x-y+2z+ 3w =3 
zt+t+w=4 
A= 27 =9 


carbohydrates, and 2 mg of vitamin A. Each serving of baked 
eggs contains 15 g of protein, 2 g of carbohydrates, and 20 mg 
of vitamin A. Each serving of acorn squash contains 3 g of 
protein, 25 g of carbohydrates, and 32 mg of vitamin A. How 
many servings of each food should the dietitian provide for 
the patient? 


Nutrition A dietitian at General Hospital wants a patient 
to have a meal that has 47 grams (g) of protein, 58 g of 
carbohydrates, and 630 milligrams (mg) of calcium. The 
hospital food service tells the dietitian that the dinner for 
today is pork chops, corn on the cob, and 2% milk. Each 
serving of pork chops has 23 g of protein, 0 g of carbohydrates, 
and 10 mg of calcium. Each serving of corn on the cob 
contains 3 g of protein, 16 g of carbohydrates, and 10 mg of 
calcium. Each glass of 2% milk contains 9 g of protein, 13 g 
of carbohydrates, and 300 mg of calcium. How many servings 
of each food should the dietitian provide for the patient? 


81. 


82. 


83. 


84. 


85. 


Financial Planning Carletta has $10,000 to invest. As her 
financial consultant, you recommend that she invest in 


- Treasury bills that yield 6%, Treasury bonds that yield 7%, 


and corporate bonds that yield 8%. Carletta wants to have an 
annual income of $680, and the amount invested in corporate 
bonds must be half that invested in Treasury bills. Find the 
amount in each investment. 


Landscaping A landscape company is hired to plant trees in 
three new subdivisions. The company charges the developer 
for each tree planted, an hourly rate to plant the trees, and 
a fixed delivery charge. In one subdivision it took 166 labor 
hours to plant 250 trees for a cost of $7520. In a second 
subdivision it took 124 labor hours to plant 200 trees for a 
cost of $5945. In the final subdivision it took 200 labor hours to 
plant 300 trees for a cost of $8985. Determine the cost for each 
tree, the hourly labor charge, and the fixed delivery charge. 








Source: www.bx.org 


Production To manufacture an automobile requires painting, 
drying, and polishing. Epsilon Motor Company produces 
three types of cars: the Delta, the Beta, and the Sigma. Each 
Delta requires 10 hours (h) for painting, 3 h for drying, 
and 2 h for polishing. A Beta requires 16 h for painting, 5 h 
for drying, and 3 h for polishing, and a Sigma requires 8 h 
for painting, 2 h for drying, and 1 h for polishing. If the 
company has 240 h for painting, 69 h for drying, and 41 h 
for polishing per month, how many of each type of car are 
produced? 


Production A Florida juice company completes the 
preparation of its products by sterilizing, filling, and labeling 
bottles. Each case of orange juice requires 9 minutes (min) 
for sterilizing, 6 min for filling, and 1 min for labeling. Each 
case of grapefruit juice requires 10 min for sterilizing, 4 min 
for filling, and 2 min for labeling. Each case of tomato juice 
requires 12 min for sterilizing, 4 min for filling, and 1 min 
for labeling. If the company runs the sterilizing machine 
for 398 min, the filling machine for 164 min, and the labeling 
machine for 58 min, how many cases of each type of juice are 
prepared? 

Electricity: Kirchhoff’s Rules An application of Kirchhoff’s 
Rules to the circuit shown results in the following system of 
equations: 


Lt+tbht+h=h 
~2001, — 40 + 805 = 0 
360 — 204, — 805 + 40 = 0 
~80 + 701, — 2001, = 0 


Find the currents J,, L, 4, and i. 





86. 


87. 


88. 


89. 


90. 
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Electricity: Kirchhoff’s Rules An application of Kirchhoff’s 
Rules to the circuit shown results in the following system of 
equations: 


L=h+h 
24 — 61, — 31; = 0 
194-4 = 61, — 65, = 0 


Find the currents J,, 4, and kl. 





Source: [bid., Prob. 36, p. 861. 


Financial Planning Three retired couples each require an 

additional annual income of $2000 per year. As their financial 

consultant, you recommend that they invest some money in 

Treasury bills that yield 7%,some money in corporate bonds 

that yield 9%, and some money in “junk bonds” that 

yield 11%. Prepare a table for each couple showing the 

various ways that their goals can be achieved: 

(a) If the first couple has $20,000 to invest. 

(b) If the second couple has $25,000 to invest. 

(c) If the third couple has $30,000 to invest. 

(d) What advice would you give each couple regarding the 
amount to invest and the choices available? 


[Hint: Higher yields generally carry more risk. ] 


Financial Planning A young couple has $25,000 to invest. As 
their financial consultant, you recommend that they invest 
some money in Treasury bills that yield 7%, some money 
in corporate bonds that yield 9%, and some money in junk 
bonds that yield 11%. Prepare a table showing the various 
ways that this couple can achieve the following goals: 

(a) $1500 per year in income 

(b) $2000 per year in income 

(c) $2500 per year in income 

(d) What advice would you give this couple regarding the 

income that they require and the choices available? 


[Hint: Higher yields generally carry more risk. ] 


Pharmacy A doctor’s prescription calls for a daily intake of 
a supplement containing 40 milligrams (mg) of vitamin C and 
30 mg of vitamin D. Your pharmacy stocks three supplements 
that can be used: one contains 20% vitamin C and 30% 
vitamin D; a second, 40% vitamin C and 20% vitamin D; 
and a third, 30% vitamin C and 50% vitamin D. Create a 
table showing the possible combinations that could be used 
to fill the prescription. 


Pharmacy A doctor’s prescription calls for the creation 
of pills that contain 12 units of vitamin Bj, and 12 units of 
vitamin E. Your pharmacy stocks three powders that can be 
used to make these pills: one contains 20% vitamin Bj and 
30% vitamin E;a second, 40% vitamin B,, and 20% vitamin E; 


and a third, 30% vitamin B,, and 40% vitamin E. Create a 
table showing the possible combinations of these powders 
that could be mixed in each pill. [Hint: 10 units of the first 
powder contains 10-0.2 = 2 units of vitamin B)p.] 


Source: Based on Raymond A. Serway and John W. Jewett, Jr. 
Physics for Scientists and Engineers with Modern Physics, 
9th ed. (Boston: Brooks/Cole, Cengage Learning, 2014) Prob. 30, 
pp. 860-861. 
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Explaining Concepts: Discussion and Writing 


91. Write a brief paragraph or two outlining your strategy for 
solving a system of linear equations using matrices. 


92. When solving a system of linear equations using matrices, 
do you prefer to place the augmented matrix in row echelon 
form or in reduced row echelon form? Give reasons for your 
choice. 


Retain Your Knowledge 





93. Make up a system of three linear equations containing three 
variables that have: 
(a) No solution 
(b) Exactly one solution 
(c) Infinitely many solutions 


Give the three systems to a friend to solve and critique. 


Problems 94-103 are based on material learned earlier in the course. The purpose of these problems is to keep the material fresh in your 


mind so that you are better prepared for the final exam. 


94, Solve: x? — 3x < 6 + 2x 

2x7 -x-1 

x? + 2x41 

96. State the domain of f(x) = —e**> — 6. 


95. Graph: f(x) = 


97. Use a calculator to approximate cos | (—0.75) in radians, K 102. 


rounded to two decimal places. 


ce 3 
98. Simplify: | — ~~ 
ad a) 
99. Find an equation of the hyperbola with vertices (4, 1) 
and (4,9) and foci (4,0) and (4, 10). 


/\ 103. Find the difference quotient for f(x) = 


Sar. . Sor \ |". 
100. Write | V/6{ cos 1D =P isin[, }| in rectangular form x + yi 


and in exponential form re”. 


101. What is the amount that results if $2700 is invested at 3.6% 
compounded monthly for 3 years? 


Find the average rate of change of f(x) = sin! x 


from x = -—ltox = 1. 





1 
——;. Express the 
answer as a single fraction. 4 


11.3 Systems of Linear Equations: Determinants 


OBJECTIVES 1 Evaluate 2 by 2 Determinants (p. 748) 


2 Use Cramer's Rule to Solve a System of Two Equations Containing 
Two Variables (p. 749) 


3 Evaluate 3 by 3 Determinants (p. 751) 


4 Use Cramer's Rule to Solve a System of Three Equations Containing 
Three Variables (p. 753) 


5 Know Properties of Determinants (p. 755) 





The previous section described a method of using matrices to solve a system of 
linear equations. This section describes yet another method for solving systems of 
linear equations; however, it can be used only when the number of equations equals 
the number of variables. This method, called Cramer's Rule, is based on the concept 
of a determinant. Although the method works for all systems where the number of 
equations equals the number of variables, it is most often used for systems of two 
equations containing two variables or three equations containing three variables. 


1 Evaluate 2 by 2 Determinants 


( DEFINITION 2 by 2 Determinant 


If a, b,c, and d are four real numbers, the symbol 
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The following illustration may be helpful for remembering the value of 
a 2 by 2 determinant: 


| €XAMPLE1 | Evaluating a 2 by 2 Determinant 


—=2 
Evaluate: 
valuate : : 
Solution a aX i ‘ 
= =O, 2). = oe a) ee 
_ (-2) = 3 - (-12) , 


ovmmmmm-Now Work PROBLEM 7 


2 Use Cramer's Rule to Solve a System of Two Equations 
Containing Two Variables 


Let’s see the role that a 2 by 2 determinant plays in the solution of a system of two 
equations containing two variables. Consider the system 























ax+by=s (1 
y 5 (1) (2) 
cx +dy=t (2) 
We use the method of elimination to solve this system. 
Provided thatd # Oandb € Q, this system is equivalent to the system 
adx + bdy = sd (1) Multiply by d. 
bex + bdy = tb (2) Multiply by b. 
Subtract the second equation from the first equation and obtain 
(ad — bc)x + O-y=sd— tb (1) 
bcx + bdy = tb (2) 
Now the first equation can be rewritten using determinant notation. 
a b wel b 
Cc a t a 
IfpD = |° "| = ad — bc ¥ 0, solve for x to get 
s b s Db 
t a t a 3) 
X — — 
a b D 
cod 





Return now to the original system (2). Provided that a ~ 0 and c # 0, the 
system is equivalent to 
acx + bey = cs (1) Multiply byc. 
at (2) Multiply by a. 


acx + ady 
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Subtract the first equation from the second equation and obtain 


acx + bey = cs (1) 
O-x + (ad — bc)y =at-— cs (2) 


The second equation can now be rewritten using determinant notation. 
































a b| jas 
c dl’ c ft 
IfD = |" : = ad — bc ¥ 0, solve for y to get 
a s a s 
_ ile t _ le t (4) 
‘Tab D 
c d 





Equations (3) and (4) lead to the following result, called Cramer’s Rule. 


( THEOREM Cramer's Rule for Two Equations Containing Two Variables 


The solution to the system of equations 


a + by=s (1) 


cx + dy =t (2) 





is given by 





provided that 





J 


In the derivation given for Cramer’s Rule, we assumed that none of the numbers 
a,b,c,and d was 0. In Problem 65 you are asked to complete the proof under the less 
stringent condition that D = ad — bc # 0. 

Now look carefully at the pattern in Cramer’s Rule. The denominator in the 
solution (6) is the determinant of the coefficients of the variables. 

a + by=s5 p= 
cx +dy=t 





a b 
c a 


In the solution for x, the numerator is the determinant, denoted by D,, formed by 
replacing the entries in the first column (the coefficients of x) of D by the constants 
on the right side of the equal sign. 
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In the solution for y, the numerator is the determinant, denoted by D,, formed by 
replacing the entries in the second column (the coefficients of y) of D by the constants 
on the right side of the equal sign. 


a s 


he 








Cc OF 


Cramer’s Rule then states thatif D ¥ 0, 


(7) 


xX = 


D, 7 
D >. 


= 
D 


| €XAMPLE2 | Solving a System of Linear Equations Using Determinants 


Use Cramer’s Rule, if applicable, to solve the system 


a oe 4 (1) 
6x + y=13 (2) 


Solution The determinant D of the coefficients of the variables is 











5 —2 
D= = 3-1 -6(-2) = 15 
a 4 (—2) 
Because D # 0), Cramer’s Rule (7) can be used. 
4 -2 3 4 
Dd, 13 «61 Dy 6 13 
X =_—C ee y =_ -__—— a 
D ibs: D 15 
_ 4eT = 13*(—2) _ 3°13: = 6:4 
15 15 
30 _15 
Be i Be 
=2 = 1 
The solution is x = 2, y = 1, or, using an ordered pair, (2,1). _J 


If the determinant D of the coefficients of the variables equals 0 (so that Cramer’s 
Rule cannot be used), then the system either is consistent with dependent equations 
or is inconsistent. To determine whether the system has no solution or infinitely many 
solutions, solve the system using the methods of Section 11.1 or Section 11.2. 


opm Now Work PROBLEM 15 


3 Evaluate 3 by 3 Determinants 


To use Cramer’s Rule to solve a system of three equations containing three variables, 
we need to define a 3 by 3 determinant. 
A 3 by 3 determinant is symbolized by 


a1, 42 443 
Az, A422 a3 (8) 
431; 432 433 

in which ay4, a19, ... , 33 are real numbers. 


As with matrices, we use a double subscript to identify an entry by indicating its 
row and column numbers. For example, the entry a3 is in row 2, column 3. 
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The value of a3 by 3 determinant may be defined in terms of 2 by 2 determinants 
by the following formula: 


Minus Plus 


| | 


a, a2 443 




















= 492 a3 ay, a ag, a 9 
Ay, Az2 Mn3| = Ay, —a + ay43 (9) 
39 a3 43, 432 
43; 432 433 
2 by 2 2 by 2 2 by 2 
determinant determinant determinant 
left after left after left after 


removing the removingthe row removing the 
row and column andcolumn rowandcolumn 
containing a,,; containinga,, containing a;3 


The 2 by 2 determinants in formula (9) are called minors of the 3 by 3 determinant. 
For an n by n determinant, the minor M,; of entry a; is the (n — 1) by (n — 1) 
determinant that results from removing the ith row and the jth column. 


Finding Minors of a 3 by 3 Determinant 








2 =k 2 
For the determinant A = |—2 5 _— 1/|,find: (a)M,.  (b) M3 
0 6 —9 


Solution (a) M,, is the determinant that results from removing the first row and the second 
column from A. 


2 1 
, 4 = (9) 0) +0118 


(b) M3 is the determinant that results from removing the second row and the third 
column from A. 


oe ah 


Mes = 





Referring to formula (9), note that each element a, in the first row of the 
determinant is multiplied by its minor, but sometimes this term is added and other 
times subtracted. To determine whether to add or subtract a term, we must consider 


the cofactor. 


( DeFINITION Cofactor 


For ann byn determinant A, the cofactor of entry a; denoted by A 


ip? 1p? 


ZA atl) “IM, 


where Mis the minor of entry aj. a 


is given by 


The exponent of (—1)’*/ is the sum of the row and column of the entry a 
so ifi + jis even, (—1)'* = 1, andifi + jis odd, (—1)**) = —-1. 

To find the value of a determinant, multiply each entry in any row or column by 
its cofactor and sum the results. This process is referred to as expanding across a row 
or column. For example, the value of the 3 by 3 determinant in formula (9) was found 
by expanding across row 1. 


Ip? 
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Expanding down column 2 gives 
























































Ay, a2 a43 
a a a a a a 
_ 142 21 23 242 11 13 34.9 11 13 
Ay, Ay G3) = (-1) "ap + (-1)°"%ay + (-1)°"%a32 
a3, 433 43; 433 9, 493 
43, 32 433 
Expand down column 2. 
a9, 93 a4, 43 a4, a3 
= = 1 a5 + 1+a@> + (—1) + a3 
43; 433 a 33 a 73 
Expanding across row 3 gives 
a4, a2 443 
= faq jo a2 443 4 (—1)3+2 a1, 443 4 (-1)343 a1 442 
Ag; @2 93) = ( ) a3 ( ) a39 ( ) 133 
492 473 42, 473 a2, a2 
43; 432 433 
Expand across row 3. 
a2 443 a4, 443 a1, a2 
== NO + (1) +439 + 133 
A73 a ay, a2 




















Observe that the signs, (—1)'"’, associated with the cofactors alternate between 
positive and negative. For example, for a 3 by 3 determinant, the signs follow the pattern 


1 -1l 1 
=I 1 = (10) 
4 1 


It can be shown that the value of a determinant does not depend on the choice of 
the row or column used in the expansion. So, expanding across a row or column that 
has an entry equal to 0 reduces the amount of work needed to compute the value of 
the determinant. 


| EXAMPLE 4 Evaluating a 3 by 3 Determinant 


3 O —-4 
Find the value of the 3 by3 determinant: |4 6 2 
Ss =-—2 @ 


Solution Because 0 is in row 1, column 2, it is easiest to expand across row 1 or down 
column 2.We choose to expand across row 1. For the signs of the cofactors, we use“1, —1, 1” 
from row 1 of the 3 by 3 determinant in (10). 


3 0 -4 
4 6 2 = 13. | 
8 -2 3 


4 2 
8 3 





+ 1) -0-| 





recat 8 


8 -2 
= 3[18 — (-4)] + 0+ (-4)(—8 — 48) 

= 3-22 + (-4)(—56) 

= 66 + 224 = 290 J 


ommmmme-NoOw Work PROBLEM 11 


4 Use Cramer's Rule to Solve a System of Three Equations 
Containing Three Variables 


Consider the following system of three equations containing three variables. 
AyjX TF Ay TF A43% = Cy 
Ay1xX + ayy + a73% = Co (11) 
A31X + A32V 1 33% = C3 
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It can be shown that if the determinant D of the coefficients of the variables is not 0, 
that is, if 


A4, 2 443 
D= a7, 42 43 A 0 


43; 430 433 


the system in (11) has a unique solution. 


( THEOREM Cramer's Rule for Three Equations Containing Three Variables 
If D ¥ 0, the solution of the system in (11) is 





Cy @2 a3 a, Cy 3 Qa, a2 
De |\€2 Op 03 Dy = |ay Cy 43 D, = |@ a2 C2 
C3 430) 433 a3, ©3433 a3, 432) «~©3 J 


Notice the similarity between this pattern and the pattern observed earlier for a 
system of two equations containing two variables. 


| EXAMPLE 5 | Using Cramer's Rule 


Use Cramer’s Rule, if applicable, to solve the following system: 
xe y= eS S&S 
—x + 2y+4z =-3 (2) 
x-—2y—-3z= 4 {£) 


Solution The value of the determinant D of the coefficients of the variables is 








2 1-1 
2 4 -1 4 -1 2 

D=/-1 2. 4| = (-1)!*!-2- + (-1)1*7-1- + (-1)'*9(-1) 
: 5 8 -2 -3 1 -3 1 -2 


= 2-2-—1(-1) + (-1):0=44+1=5 


Because D #¥ 0, proceed to find the values of D,, D,, and D,. To find D,, replace the 
coefficients of x in D with the constants and then evaluate the determinant. 














> 1 = 
9 4 3 4 -3 2 
D,=|-3 2 4! = (-1)'*'-3- see ee ee aoe Geet Oc 
=) =o 4 -3 4-2 
4 -2 -3 
=3:2=1(-7) + (=) -2) = 
a 3 =] 
-3 4 -1 4 =i =3 
— | = Po i oe, a i eens ae a Ce aoe 
D, 1-3 4! = (-1) fe fen fF Ae comenl tS 
1 4 -3 
=2(-7) =3(-1) + (1) (1) = =10 
2 1 3 
2 -3 =. =8 -1 2 
= | | es fle 4 (4) es fe £4 \ es 
D, a (—1) | > ale en Pt Speen fT 








= 2-2-1(-1) +3-0=5 
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As a result, 


_P: _15_, - =O D, _ 5 1 
*"D 5 y 5 “D5 


The solution is x = 3, y = —2, z = 1 or, using an ordered triplet, (3, —2,1). _J 


a 
D 


Cramer’s Rule cannot be used when the determinant of the coefficients of the 
variables, D, is 0. But can anything be learned about the system other than it is not a 
consistent and independent system if D = 0? The answer is yes! 


Cramer's Rule with Inconsistent or Dependent Systems 
e If D = 0 and at least one of the determinants D,, D,, or D, is different 
from 0, then the system is inconsistent and the solution set is ©, or { }. 


e If D = Oand all the determinants D,, D,, and D, equal 0, then the system is 
consistent and dependent, so there are infinitely many solutions. 
The system must be solved using row reduction techniques. 


oommm__m==- Now Work PROBLEM 33 


5 Know Properties of Determinants 


Determinants have several properties that are sometimes helpful for obtaining their 
value. We list some of them here. 


i THEOREM 
The value of a determinant changes sign if any two rows (or any two columns) 
are interchanged. (12) J 


Proof for 2 by 2 Determinants 








b d 
oP = ad — be and f| = be — ad = =(ad ~ be) B 
| EXAMPLE 6 Demonstrating Theorem (12) 
2 FO se eso ad a a 
LZ 3 4 il 
( THEOREM 
If all the entries in any row (or any column) equal 0, the value of the 
determinant is 0. (13) J 
Proof Expand across the row (or down the column) containing the 0’s. | 
[ THEOREM 
If any two rows (or any two columns) of a determinant have corresponding 
entries that are equal, the value of the determinant is 0. (14) J 


In Problem 68, you are asked to prove the theorem for a 3 by 3 determinant in 
which the entries in column 1 equal the entries in column 3. 
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| EXAMPLE 7 ~ Demonstrating Theorem (14) 








1 2 3 

2. 3 1 3 IL 2 
1 2 3) = (-1)'*'-1- (= 1)4*% +2: + (=1)**" +3 

5 6 4 6 4 5 
4 5 6 

= 10-3) —2(-60) #303) Haas 12 HoH 0 ul 
( THEOREM 

If any row (or any column) of a determinant is multiplied by a nonzero number k, 
the value of the determinant is also changed by a factor of k. (15) a 


In Problem 67, you are asked to prove the theorem for a 3 by 3 determinant 


using row 2. 
| EXAMPLE 8 ~ 8 Demonstrating Theorem (15) 
i. 2 
acs =~ 
k 2k i; 2 
’ ‘ = 6k — 8k = —2k = k(-2) = «| ; 4 
( THeoReM 


If the entries of any row (or any column) of a determinant are multiplied by a 
nonzero number kK and the result is added to the corresponding entries of another 
row (or column), the value of the determinant remains unchanged. co 


In Problem 69, you are asked to prove the theorem for a 3 by 3 determinant 
using rows 1 and 2. 


| EXAMPLES © Demonstrating Theorem (16) 


3 4 3 4) |-7 0 
> 2 vi = 





--4 | |= -1 


Multiply row 2 by — 2 and add to row 1.) 


omm==_==-Now Work PROBLEM 45 


11.3 Assess Your Understanding 


Concepts and Vocabulary 








1 D= a = ; 4. True or False When using Cramer’s Rule, if D = 0, then the 
a system of linear equations is inconsistent. 
2. Using Cramer’s Rule, the value of x that satisfies the system of 5, True or False If any row (or any column) of a determinant 
is multiplied by a nonzero number k, the value of the 
7 +3y= 5, determinant remains unchanged. 
equations isk: = 


x-4y=—-3 2. 3) 6. Multiple Choice If any two rows of a determinant are 
; » interchanged, its value: 
(a) changes sign (b) becomes zero (c) remains the same 
3. True or False A determinant can never equal 0. (d) no longer relates to the original value 
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Skill Building 
In Problems 7-14, find the value of each determinant. 
‘ 6 4 8 
N28 4 .[ 
| 3 2 1 
Noa | -1 5 12. |6 
if 2. =2 8 


In Problems 15-42, solve each system of equations using Cramer's Rule if it is applicable. If Cramer's Rule is not applicable, write, “Not applicable” 


=o => 
‘ ar 
=o) 4 
=—5 13. |6 
3 1 


= 
Z 


a ee” 
=i 4 
—-3 4 


-4 2 
10. 

BE 

3-9 4 
4./1 4 0 

8 -3 1 


Nas xt+y=8 16 ee Ly =. uv = S15 18 Ae Sy=— 3 
WI) yaa es ye " 2x + 3y = 12 es ae: 
= 24 4x + 5y = — 4x — 6y = —42 2x + 4y= 1 
19. 3x a, 24% Sy 3 x — 6y 99, J2* y 6 
x+2y= 0 —2y = -4 7x +4y=-1 = = 9 
3x —2y =4 -x+2y=5 2x — dy = -2 el aan 
a ia a 24.4 0° 25.400 26. 8 
6x — dy = 0 4x — By = 6 8x + 2y= 3 4x + 2y = 5 
= 1 
wy { OB =H yg, (08 - 2y = 0 ey = - wy (grt y= 7? 
" (10x + 10y = 5 " [5x + 10y = 4 ies ; 
a, x-2y= 8 
= yo 1 La = 2S 6 
3x —5y = 3 , 
i ol Ae 32. 1 3 N33. 4 3x -2y + z=-5 
x + Sy ae amie) x+3y-2z= 14 
x- yt z= -4 LP Oy Be 2 eo Ay 37 = "36 
34. 4 2x — 3y + 4z = —15 35. 20 =— by + Ze) 36. § 3x — y+3z= 12 
Sx + y-2z= 12 —3x +3y-—2z= 5 x+ y+6z= 1 
Y= 2y + 37 = 1 X— yore = 3 x+2y- z=0 
37. (3x + y—2z=0 38. 3x + 2y= 4 39. 2x -4y+ z=0 
2x — 4y + 67 =2 =2e + 2y —.4z = —10 —2t + 2y = 37 = 0 
x + 4y —- 3z=0 x—2y+3z=0 x—- y+ 2z=—0 
40.4 3x —- yt3z= 41. § 3x + y-—2z=0 42. 3x + 2y = 0 
x+ yt6z=0 2x — 4y + 6z = 0 —2x + 2y — 4z =0 


In Problems 43-50, use properties of determinants to find the value of each determinant if it is known that 


12 3 
43. |u vow 44. lu 
x YZ 2 
1 2 3 
47. |x -3 y-6 z-9 48. |u 
2u 2v 2w 1 


= = 


= =< 


x y Zz 

uovwi|=4 

1 2 3 
Z x 
w A 45. |-3 
6 u 
2x 1 
w-u 49. 2x 

2 


y 
=6 
Vv 


x 


=) 


z) 
2y 


W 


u-1v-2 w-3 


1 2 3 
46. |x -—u y-v z-w 
u 


Vv W 


3 
22 


x+3 y+6 z+9 
50. |3u-1 3v-2 3w-3 
1 2 3 


75/7 
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Applications and Extensions 


In Problems 51-56, solve for x. 


51. 


54. 














x x x 
= 2. = —2 

4 3 ° : 3 x 

3. 2 4 2 3 

1 x 5} = 0 55. |1 x = 

0 1 -2 1 -—2 


57. Geometry: Equation of a Line An equation of the line 


58. 


59. 


60. 


containing the two points (x;,y,;) and (x, y.) may be 
expressed as the determinant 


x y 1 
xX, VY 1| = 0 
XxX. y 1 


Prove this result by expanding the determinant and 
comparing the result to the two-point form of the equation 
of a line. 

Geometry: Collinear Points Using the result obtained in 


Problem 57, show that three distinct points (x1, y;), (%, y2), 
and (x3, y3) are collinear (lie on the same line) if and only if 


xy yy 1 
x2 y2 1 = @) 
x3 y3 1 


Geometry: Area of a Triangle A triangle has vertices 
(X1,¥1), (%2, 2), and (x3, y3). The area of the triangle is 


Xj XQ 3 
given by the absolute value of D, where D = m1 2 Ys). 
Et dt @ 


Use this formula to find the area of a triangle with vertices 
(2,5). d¢2) and (6,5). 

Geometry: Area of a Polygon The formula from Problem 59 
can be used to find the area of a polygon. To do so, divide 
the polygon into non-overlapping triangular regions and 
find the sum of the areas. Use this approach to find the area 
of the given polygon. 





61. Geometry: Area of a Polygon Another approach for finding 


A 


the area of a polygon by using determinants is to use the 
formula 


= 
2 
where (x1, ¥1), (%2, 2), --- » (Xp, Yy,) are them corner points 
in counterclockwise order. Use this formula to compute the 
area of the polygon from Problem 60 again. Which method 


do you prefer? 


Xn Yn 
X, Vi 


xX, VY 
X2 y2 


X2 y2 
X3 «V3 


X3 V3 
X4 4 


























62. 


63. 


64. 


65. 


66. 


67. 


68. 


69. 


NO WD 


Geometry: Volume ofaTetrahedron A tetrahedron (triangular 
pyramid) has vertices (x1V, Za) (X2, Y25 Z)s (x3, Y3> Za) 
and (x4, y4, 24). The volume of the tetrahedron is given 
xy yy %& I 
1 1 
by the absolute value of D, where D = — ae : 
6 [x3 y3 Zz 1 
X4 Ya % 1 
Use this formula to find the volume of the 
tetrahedron with vertices (0,0,8), (2,8,0), (10, 4,4), 
and (4, 10,6). 
Geometry: Equation of a Circle An equation of the circle 
containing the distinct points (x1, y,), (%2, y2), and (x3, y3) 
can be found using the following equation. 


1 1 ul 1 
Xx X41 X2 X3 _ 0 
y Yi y2 Y3 


2 2 .2 2 .2 2 .2 2 
x+y xt VT xXyt+ yo XZ + Y3 


Find the standard equation of the circle containing the 
points (7, —5), (3,3), and (6,2). 

42 
Show that | y7 


1 
1) = (9 2) = ae 2) 
Ze 1 


N Kk 


Complete the proof of Cramer’s Rule for two equations 
containing two variables. 

(Hint: In system (5), page 750, if a= 0, then b ~ 0 
and c #0, since D=-—bc 4 0. Now show that 
equation (6) provides a solution of the system when a = 0. 
Then three cases remain: b = 0,c = 0,andd = 0.] 





Challenge Problem Interchange columns 1 and 3 of 
a 3 by 3 determinant. Show that the value of the new 
determinant is —1 times the value of the original determinant. 


Challenge Problem Multiply each entry in row 2 of 

a 3 by 3 determinant by the number k,k # 0. Show that 
the value of the new determinant is k times the value of the 
original determinant. 





Challenge Problem Prove that a3 by 3 determinant in 
which the entries in column 1 equal those in column 3 has the 
value 0. 


Challenge Problem If row 2 of a 3 by 3 determinant 

is multiplied by k,k # 0, and the result is added to the 
entries in row 1, prove that there is no change in the value of 
the determinant. 
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Retain Your Knowledge 





Problems 70-79 are based on material learned earlier in the course. The purpose of these problems is to keep the material fresh in your 
mind so that you are better prepared for the final exam. 


—> 
70. For the points P = (—4,3) and Q = (5, —1) write the vector v represented by the directed line segment PQ in the form ai + bj 
and find ||v||. 


71. List the potential rational zeros of the polynomial function P(x) = 2x? — 5x? + x — 10. 

72. Graph f(x) = (x + 1)? — 4 using transformations (shifting, compressing, stretching, and/or reflecting). 
73. Find the exact value of tan 42° — cot 48° without using a calculator. 

74. Express —5 + Siin polar form and in exponential form. 

75. The function f(x) = 3 + logs(x — 1) is one-to-one. Find f*. 

76. Find the distance between the vertices of f(x) = 2x? — 12x + 20 and g(x) = —3x* — 30x — 77. 

77. Expand: (2x — 5)° 





Vee = 10 
£78. Rationalize the numerator: ——_ 
2 
‘X79. Find an equation of the line perpendicular to f(x) = 5% + 7 where x = 10. 


11.4 Matrix Algebra 


OBJECTIVES 1 Find the Sum and Difference of Two Matrices (p. 760) 
2 Find Scalar Multiples of a Matrix (p. 762) 


3 Find the Product of Two Matrices (p. 763) 
4 Find the Inverse of a Matrix (p. 767) 
5 Solve a System of Linear Equations Using an Inverse Matrix (p. 771) 





Section 11.2 defined a matrix as a rectangular array of real numbers and used an 
augmented matrix to represent a system of linear equations. There is, however, 
a branch of mathematics, called linear algebra, in which an algebra of matrices is 
defined. This section is a survey of how this matrix algebra is developed. 

Before getting started, recall the definition of a matrix. 


DEFINITION Matrix 


A matrix is defined as a rectangular array of numbers: 


Column1 Column 2 Column j Columnn 
Row 1 ay a2 eee ay; eee Qn 
Row 2 ar, an? aa aj; a arn 
Row I ait ajo eee aij eee Ain 
Row m Am1 Am2 ie Amj aa Amn 


In Words 
In a matrix, the rows go across, 


and the columns go down. Vr 


Each number a; of the matrix has two indexes: the row index i and the column 
index j. The matrix shown here has m rows and n columns. The numbers a; are usually 
referred to as the entries of the matrix. For example, a)3 refers to the entry in the 


second row, third column. 
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| €XAMPLE 1 | Arranging Data in a Matrix 


In a survey of 900 people, the following information was obtained: 


200 males Thought federal defense spending was too high 
150 males Thought federal defense spending was too low 
45 males Had no opinion 

315 females Thought federal defense spending was too high 
125 females Thought federal defense spending was too low 
65 females Had no opinion 


We can arrange these data in a rectangular array as follows: 


Too High Too Low No Opinion 





Male 200 150 45 
Female 315 125 65 


or as the matrix 
a 150 45 
315 125- 63 
This matrix has two rows (representing male and female) and three columns 
(representing “too high,” “too low,” and “no opinion’). 


In Words 

For an m by n matrix, the number The matrix developed in Example 1 has 2 rows and 3 columns. In general, a 
of rows Is listed first and the matrix with m rows and n columns is called an m by n matrix. An m by n matrix 
number of columns second. contains m:n entries. The matrix developed in Example 1 is a 2 by 3 matrix and 


contains 2:3 = 6 entries. 
If an m by n matrix has the same number of rows as columns, that is, if m = n, 
then the matrix 1s a square matrix. 


| EXAMPLE 2 | Examples of Matrices 


5 0 
2 2 i 1 1 . 
NOTE Matrices and determinants are (a) |? a A 2 by 2 square matrix (b) [1 0 3] A1by3 matrix 


different. A matrix is a rectangular array 


of numbers or expressions, nothing 6 —2 4 
more. A determinanthas avalue, usually (c) |4 3 5 | A3Z3by3 square matrix 
a real number. Oo 8 0 1 J 


1 Find the Sum and Difference of Two Matrices 


We begin our discussion of matrix algebra by defining equal matrices and then 
defining the operations of addition and subtraction. It is important to note that 
these definitions require both matrices to have the same number of rows and 
the same number of columns as a condition for equality and for addition and 
subtraction. 

Matrices usually are represented by capital letters, such as A, B, and C. 


- 


DEFINITION Equal Matrices 


Two matrices A and B are equal, written as 


provided that A and B have the same number of rows and the same number of 
columns and each entry a; in A is equal to the corresponding entry b; in B. y 
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For example, 


2 Sead "sll ana Fe y)=| 9 v4 1 
05 1 a | O 1 -2 0 1 W—8 


1 

Z 

4 1 4 0 Because the entries in row 1, 
b | b a column 2 are not equal 


A | 2 412 3 Because the matrix on the left has 3 columns 
6 12 612 4 and the matrix on the right has 4 columns 


Suppose that A and B represent two m byn matrices. The sum, A + B, is defined as 
the m by n matrix formed by adding the corresponding entries a, of A and b;; of B. The 


difference, A — B, is defined as the m by n matrix formed by subtracting the entries b;; 
in B from the corresponding entries a; in A. Addition and subtraction of matrices are 
defined only for matrices having the same number m of rows and the same number n of 
columns. For example, a 2 by 3 matrix and a 2 by 4 matrix cannot be added or subtracted. 


| EXAMPLE 3 | Adding and Subtracting Matrices 


Suppose that 
2 4 8 —3 —3 4 0 1 
A= B= 
Pee >| and eer 
Find: (a) A+ B (b) A-B 
Solution Both A and B are 2 by 4 matrices, so they can be added and subtracted. 
2 4 8 —3 —-3 4 0 1 
+ B= -- 
@asB=[5 tS lle 33 3 
=—3) 422-4 840 —3-F 4 


( ‘. F 
6 1+8 242 340 Add corresponding entries. 


248 -3 -|24ot 
012 3 6 8 2 0 
(-3) 4-4 8-0 -3-1 
— 6 t=8 222 320 


-| 5 0 8 - 
1-6 -7 0 3 =) 
_ | Seeing the Concept 


Graphing utilities can make the sometimes tedious process of matrix algebra easy. In fact, most graphing calculators 
can handle matrices as large as 9 by 9, some even larger ones. Enter the matrices from Example 3 into a graphing 


Figure 7 Matrix addition and utility. Name them A and B. Figure 7 shows the results of adding and subtracting A and Bon a TI-84 Plus C. 
Subtraction on a TI-84 Plus C 


ovrmmmmm=-Now Work PROBLEM 9 


HORMAL FLOAT AUTO REAL RADIAN HP 


. Subtract corresponding entries. 





Many of the algebraic properties of sums of real numbers are also true for sums 
of matrices. Suppose that A, B, and C are m by n matrices. Then matrix addition is 
commutative. That is, 


Commutative Property of Matrix Addition 


A+B=B++A 
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Matrix addition is also associative. That is, 


Associative Property of Matrix Addition 
(ASB) CEC =A =F. Be | 


Although we do not prove these results, the proofs, as the following example 
illustrates, are based on the commutative and associative properties for real numbers. 


| EXAMPLE 4 ~ Demonstrating the Commutative Property of Matrix Addition 
? 3 -1 +|7 2 4 he ie 342 -1+1 
40 7 5 -3 4 4+5 0+ (-3) 7+4 


=| 372 2+3 14+ (-1) 
5+4 -3+0 4+7 


-|73 2 1 {3 3 -1 

5 -3 4 40 7 _J 
A matrix whose entries are all equal to 0 is called a zero matrix. Each of the 

following matrices is a zero matrix. 


0 0 0 0 0 
| 2 by 2 square | 2 by 3 zero 10 0 0) 1 by 3 zero 


0 O zero matrix 0 0 O matrix matrix 


Zero matrices have properties similar to the real number 0. If A isanmbyn 
matrix and 0 is the m by n zero matrix, then 


A+0=0+A=A 


In other words, a zero matrix is the additive identity in matrix algebra. 


2 Find Scalar Multiples of a Matrix 


We can also multiply a matrix by a real number. If & is a real number and A is 
an m by n matrix, the matrix kA is the m by n matrix formed by multiplying 
each entry a; in A by k. The number k is sometimes referred to as a scalar, and the 
matrix KA is called a scalar multiple of A. 


| €XAMPLE5 | Operations Using Matrices 


Suppose 


3 15 41 0 9 0 
a=| 3 0 A B-|} 1 a od 4 


Find: (a) 4A _—(b) =C (c) 3A — 2B 


Solution (a) 4A =4 3 0 a 7 Pas 4-0 i 7 | 0 a 


fs 
oy 
— 
U2 | Re 
CY 
|| 
G2] = 
CQ © 
CN. <2 
es 
| 
WlrR Wire 
“— > 
| WO 
oS) 
nS” 
QO [ rR W]e 
> 
| 
| 
re W 
N © 
———a 
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2 i 5 41 0 
@sa-m=f 225) fet 9] 
Se 3+1 ei - [a 2-1 a 
3(-2) 3:0 3:6 2*8 2:1 2(-3) 
-| 9 3 el — Lae 2 | 
-6 0 18 16 2 -6 
-| 9-8 3-2 15-0 
-6-16 0-2 18- (-6) 


=| 1 1 15 
—22 -2 24 _yJ 
ovmmmmmmm-Now Work PROBLEM 13 


Some of the algebraic properties of scalar multiplication are listed next. 


properties of Scalar Multiplication 


Suppose / and k are real numbers, and A and B are m by n matrices. Then 


© = k(hA) = (kh)A 
© (k+h)A=kA+hA 


© k(A+B)=kA+kB 





J 
3 Find the Product of Two Matrices 


Unlike the straightforward definition for adding two matrices, the definition for 
multiplying two matrices is not what might be expected. In preparation for the 
definition, we need the following definitions: 


( DEFINITION Product of a Row Vector and a Column Vector 


A row vector R is a 1 by n matrix 


eae ea) 


A column vector C is ann by 1 matrix 





J 


Note that a row vector and a column vector can be multiplied if and only if they both 
contain the same number of entries. 
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| EXAMPLE 6 The Product of a Row Vector and a Column Vector 


3 
IfR= [3 —-5 2]andC= 4 |, then 
= 
3 
RC=[3 —-5 2]| 4] =3-34 (-5)4+2(-5) =9-20-10= —21 


=. 4 


| EXAMPLE 7 ~ Using Matrices to Compute Revenue 


A clothing store sells men’s shirts for $40, silk ties for $20, and wool suits for $400. 
Last month, the store sold 100 shirts, 200 ties, and 50 suits. What was the total revenue 
from these sales? 


Solution Set up a row vector R to represent the prices of these three items and a column 
vector C to represent the corresponding number of items sold. Then 


Number 
Prices sold 
Shirts Ties Suits 100 | Shirts 
R= [40 20 400] C =] 200 | Ties 
50 | Suits 


The total revenue from these sales equals the product RC. That is, 


100 
RC = [40 20 400]| 200 
50 


= 40-100 + 20-200 + 400-50 = $28,000 
Shirtrevenue Tierevenue Suitrevenue Total revenue wy 


The definition for multiplying two matrices is based on the definition of a row 
vector times a column vector. 


C DEFINITION Matrix Multiplication 


Let A denote an m by ry matrix and B denote an r by n matrix. The product AB 
is defined as the m by n matrix whose entry in row i, column / is the product of 
the ith row of A and the jth column of B. J 


The definition of the product AB of two matrices A and B, in this order, requires 
that the number of columns of A equals the number of rows of B; otherwise, the 
product is not defined. 


A B 
mbyr rbyn 


In Words fo Must be same __} 


To find the product AB, the number 

of columns in the left matrix A must for AB to be defined 
equal the number of rows in the AB is m by n. 
right matrix B. 





An example will help clarify the definition. 
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| EXAMPLE 8 © PLE 8 Multiplying Two Matrices 


Find the product AB if 
. A =i 25 1 4 
A= 5 8 (0 and B= 48 0 6 
=F 1 =2 =1 


Solution — First, observe that A is 2 by 3 and B is 3 by 4. The number of columns in A equals 
the number of rows in B, so the product AB is defined and will be a 2 by 4 matrix. 
Suppose we want the entry in row 2, column 3 of AB. It equals the product of the 
row vector from row 2 of A and the column vector from column 3 of B. 


Column 3 of B 
Row 2 of A 1 
[5 8 O]] O}] =5-14+8-0+0(-2) =5 
=7 


So far, we have 
Column 3 


J 
aB= [~~ 37] <a 


Now, to find the entry in row 1, column 4 of AB, find the product of row 1 of A and 
column 4 of B. 


Column 4 of B 
Row 1 of A 4 
[2 4 —-1] 6} =2°4+ 4-6+ (-1)(-1) = 33 
= 


Continuing in this fashion, we find AB. 


>a a1125 1 4 
; 48 0 6 
-3 1 -2 -1 


times times times times 
columnilofB column2ofB column3o0fB column4ofB 


Row 2 of A Row 2 of A Row 2 of A Row 2 of A 
times times times times 
columnilofB column2ofB column3o0fB column4ofB 


= RowlofA  RowlofA  RowlofA 
tie 2-5+4-8+ (-1)1 2-1+4-0+ (-1)(-2) 33(from earlier) 


5:°2 + 8:4 + 0(-3) 5-5 + 8:8 + 0:1 5 (from earlier ) 5°4+ 8:6 + 0(-1) 
| 23 41 4 33 
42 89 5 68 = 
pv Check: Enter the matrices A and B. Then find AB. (See what happens if you try 


to find BA.) 


Notice that the product AB in Example 8 is a 2 by 4 matrix, as we expected. 
Also notice that, for the matrices given in Example 8, the product BA is not defined 
because B is 3 by 4 and A 1s 2 by 3. 


ovmummmme-NOw Work PROBLEM 27 
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| EXAMPLES ~ Multiplying Two Matrices 


If 
2 L 2 Se 
A= 1-10 and B=/2 1 
a 2 
find: (a) AB (b) BA 
1 O 
: 2 1 3 ils: a 
Solution (a) AB =| 2 4 -| 
1 -1 0O =), = 
a 2 
2 by 3 3 by 2 2 by 2 
1 
0 ) 13 ya es, 
(b) BA=]2 1 =/5 1 6 
L =t % 
a 2 8 1 9 
3by2 = 2by3 3 by3 J 


Notice in Example 9 that AB is 2 by 2 and BA 1s 3 by 3. It is possible for both AB 
and BA to be defined and yet be unequal. In fact, even if A and B are bothn byn matrices 
so that AB and BA are both defined and n by n, AB and BA will usually be unequal. 


| EXAMPLE 10 | Multiplying Two Square Matrices 


If 


find: (a) AB 


2 


Solution (a) AB= ? 


(b) pa =| 


1 
4 


=5 1 


L 2 


I 


I 


A 


=5 
1 


1 
2 


EA] we 2-[4 8 


(b) BA 


3 1 
1 2 


2 i 
0 4 


-5 4 
4 8 


| 
| 


| 
| 


=9 1 
2.9 


Za 


Examples 9 and 10 prove that, unlike real number multiplication, matrix 
multiplication is not commutative. 


THEOREM 


Matrix multiplication is not commutative. 


2) 


onmummme- Now Work PROBLEMS 15 AND 17 


Next, consider two of the properties of real numbers that are shared by matrices. 
Assuming that each product and each sum is defined, the following are true: 


Associative Property of Matrix Multiplication 
A(BC) = (AB)C 


Distributive Property 


| A(B + C) = AB + AC | 
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For an n by n square matrix, the entries located in row i, column i,1 =i <n, 
are called the diagonal entries or the main diagonal. The 1 by 1 square matrix whose 
diagonal entries are 1’s, and all other entries are 0’s, is called the identity matrix J,. 


For example, 
1 O O 
1 O 
0 O 1 
and so on. 


| EXAMPLE 11 ~ Multiplication with an Identity Matrix 


Let 
—-1 2 0 a2 
A= 013 and B=/4 6 
> 2 
Find: (a) AL (b) LA (c) Bh 
1 0 O 
—1 2 0 —~ 2 0 
Solution (a) Ah =| 0 1 0 -| =A 
0 1 3 001 0 1 3 


1 olf-1 2 0 =| 2% 6 
Y) na =| | ‘Ih 0 1 “| fal 0 1 S|=4 


3 2)7, 4 3 2 
(c) BL = 46) |- 4 6|=B 
5 2 5 2 J 


Example 11 demonstrates the following property: 


Identity Property 


e If Ais anm byn matrix, then 


[,A = Aand Al, =A 


e If A is ann byn square matrix, then 


An identity matrix has properties similar to those of the real number 1. In other 
words, the identity matrix is a multiplicative identity in matrix algebra. 


4 Find the Inverse of a Matrix 


(DEFINITION Inverse of a Matrix 


Let A be a square n by n matrix. If there exists an n by n matrix A | (read as 
‘A inverse”) for which 





AA = An Ac 








then A * is called the inverse of the matrix A. 
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Not every square matrix has an inverse. When a matrix A has an inverse A‘, 
then A is said to be nonsingular. If a matrix A has no inverse, it is called singular. 


| EXAMPLE 12 _ Multiplying a Matrix by Its Inverse 


Show that the inverse of 


3. 1 i =i 
A= is At= 
: 7 ° a 4 


Solution Weneedtoshowthat AA! = A'A = Lb. 


we LS aL I 
waa! SI ilo if=4 J 


The following shows one way to find the inverse of 
3 1 
A= 
21 
Al = > 7 . (1) 
Z Ww 


where x, y, Z, and w are four variables. Based on the definition of an inverse, if A has 
an inverse, then 


Suppose that A | is given by 


AAs 
a alle wI7Lo 4 
2 LAN WwW 0 1 
Ret? By + w =F 0 
aehe Zw O 1 


Because corresponding entries must be equal, it follows that this matrix equation is 
equivalent to two systems of linear equations. 


oe FZ 1 3y +w=0 
2x +z=0 2y+w=1 


The augmented matrix of each system is 


3 1 il > 1 0 
elol ila a 
The usual procedure would be to transform each augmented matrix into reduced row 
echelon form. Notice, though, that the left sides of the augmented matrices are equal, so 


the same row operations (see Section 11.2) can be used to reduce both matrices. It is more 
efficient to combine the two augmented matrices (2) into a single matrix, as shown next. 


> 1 | 1 0 
Zz 1 O 1 
Now, use row operations to transform the matrix into reduced row echelon form. 


et 1 0 3 { =i 
— 
2: ff 0 1 2 i 0 1 


1 4 : 
=) 3 (3) 
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Matrix (3) is in reduced row echelon form. 
Now reverse the earlier step of combining the two augmented matrices in (2), 
and write the single matrix (3) as two augmented matrices. 


7 | ana |? 8 =| 
0 1 | * 0 1 3 


The conclusion from these matrices is that x = 1,z = —2, and y = —1,w =3. 
Substituting these values into matrix (1) results in 


1 -1 
A 
i * 


Notice in the augmented matrix (3) that the 2 by 2 matrix to the right of the 
vertical bar is the inverse of A. Also notice that the identity matrix /, appears to the 
left of the vertical bar. In general, using row operations to transform a nonsingular 
Square matrix A, augmented by an identity matrix of the same dimensions, into 
reduced row echelon form results in the inverse matrix A‘. 





In Words — Steps for Finding the Inverse of an n by n Nonsingular Matrix A 
IFA is nonsingular, begin with 

the matrix [ Al |, ], and after STEP 1: Form the augmented matrix [ A| J, ]. 

transforming It Into reduced row STEP 2: Transform the matrix [ A| J, ] into reduced row echelon form. 


echelon form, you end up with 


the matrix [[,|A~? ]. STEP 3: The reduced row echelon form of [ A| J, ] contains the identity matrix [, 


on the left of the vertical bar; the n by n matrix on the right of the 
vertical bar is the inverse of A. 


| EXAMPLE 13 | Finding the Inverse of a Matrix 





A 


The matrix 
i, £. 30 
A=|-1 3 4 
0 4 3 
is nonsingular. Find its inverse. 
Solution First, form the matrix 
1 1 0 1 0 O 
[A|&h] =| -1 3 4 0 1 O 
0 4 3 0 0 1 
Next, use row operations to transform [ A|J;] into reduced row echelon form. 
1 1 0 1 0 O tL L O 1 0 0 oo ' : 
-1 3 4 O 1 O0}—|0 4 4 1 10;—;0 1 1 ria 0 
0 4 3 0 0 1 0 4 3 0 0 1 0 43 001 
- 1 
Ro =nHnth R. = 9h 
3 1 3 1 7 3 
1 | a 1 -L | =] va 
0 fl ri 0 0 A 1 0 1 0 0 A A 1 
— 1 if —s il it 3 3 
0 1 1 = —a 0 0 1 1] = — QO 0 1 —s mre: 1 
+ 4 4 4 : + 4 
} [oo -1]-1 -1 1] ][o 0 141 1-1] [Lo 0 1 Lt ad =] 
R, = -1I1, +h R, = —1r R, =R+t+NnH 
R3 = —4rn 2s V3 R5 = —-1r a ) 


(continued) 
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The matrix | A|J,] is now in reduced row echelon form, and the identity matrix J, 
is on the left of the vertical bar. The inverse of A is 





7 3 
= — —-] 
4 4 
a ae 
HORMAL FLOAT AUTO REAL RADIAN HF fl 4 4 
1 1 -1 
1.75 .75 “1 
"78 "20 4 | 
bisadecciantaectcincr a You should verify that this is the correct inverse by showing that 
AAt+=A*A=EL = 
Figure 8 Inverse matrix ona 2 / Check: Enter the matrix A into a graphing utility. Figure 8 shows A ‘ona 


TI-84 Plus C TI-84 Plus C. 
ommmmmmm=-Now Work PROBLEM 37 
If transforming the matrix [| A| J, ] into reduced row echelon form does not result 


in the identity matrix J, to the left of the vertical bar, then A is singular and has no 
inverse. 


| EXAMPLE 14 ~ Showing That a Matrix Has No Inverse 


4 
Show that the matrix A = | 5 7 has no inverse. 


Solution —_ Begin by writing the matrix [A|J]. 


Alb] =| 5 ° ; a 


Then use row operations to transform [| A| J, ] into reduced row echelon form. 


1 1 
1 2s | = 0 Le — 0 
4 6 1 O Z 4 2 4 
[Alb] =15 3 | 9 1/7 1 
2. oo 0 1 0 O —— |] 
pi 
R, =e Ro = -2n + + 
17 4" 2 1 2 


The matrix [A|J] is sufficiently reduced to see that the identity matrix cannot 
appear to the left of the vertical bar, so A is singular and has no inverse. = 


It can be shown that if the determinant of a matrix 1s 0, the matrix is singular. For 
example, the determinant of matrix A from Example 14 is 


he 
2 3 


= 4:3 -6-2=0 


ommemmme-Now Work PRoBLEM 65 
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5 Solve a System of Linear Equations Using an Inverse Matrix 


Inverse matrices can be used to solve systems of equations in which the number of 
equations is the same as the number of variables. 


| EXAMPLE 15 — Using the Inverse Matrix to Solve a System of Linear Equations 


Yor = 3 
Solve the system of equations: 4 —x + 3y + 4z = —3 
4yv+3z= 2 
Solution Let 
1 1 0 x 3 
A=|-1 3 4 X=]y B= | -3 
0 4 3 V4 2 


Then the original system of equations can be written compactly as the matrix equation 
AX = B (4) 


From Example 13, the matrix A has the inverse A |. Multiply both sides of equation (4) 
by Al. 


AX = B 

A‘(AX) = A'B Multiply both sides by A. 

(A1A)X = A'B Associative Property of matrix multiplication 
1,.X = A'B _ Definition of an inverse matrix 


X = A"'B Property of the identity matrix (5) 


x 
Now use (5) to find X = | y 


z 
7 > 
—- = -] 
x 4 4 3 1 
OS | = oe || ae ey, ge! 2 
Z + + 2 Zz 
i L 1 
Example 13 


The solution is x = 1, y = 2, z = —2 or, using an ordered triplet, (1,2, —2). J 


The method used in Example 15 to solve a system of equations is particularly 
useful when it is necessary to solve several systems of equations in which the 
constants appearing to the right of the equal signs change, but the coefficients 
of the variables on the left side remain the same. See Problems 45-64 for some 
illustrations. 

Be careful; this method can be used only if the inverse exists. If the matrix of 
the coefficients is singular, a different method must be used and the system is either 
inconsistent or dependent. 


ovum NOW Work PROBLEM 49 
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Historical Feature 


atriceS were invented in 1857 by 
Arthur Cayley (1821-1895) as a way 
of efficiently computing the result of 
substituting one linear system into another 
(see Historical Problem 3).The resulting system 
had incredible richness, in the sense that a 
wide variety of mathematical systems could be 
mimicked by the matrices. Cayley and his friend 


James J. Sylvester (1814—1897) spent much of the rest of their 
lives elaborating the theory. The torch was then passed to Georg 
Frobenius (1849-1917), whose deep investigations established a 
central place for matrices in modern mathematics. In 1924, rather to 
the surprise of physicists, it was found that matrices (with complex 
numbers in them) were exactly the right tool for describing the 
behavior of atomic systems. Today, matrices are used in a wide 


Arthur Cayl icati 
rthur Cayley variety of applications. 


(1821-1895) 


Historical Problems 


1. Matrices and Complex Numbers Frobenius emphasized in 
his research how matrices could be used to mimic other 
mathematical systems. Here, we mimic the behavior of complex 
numbers using matrices. Mathematicians call such a relationship 
an isomorphism. = ar + bs 1 = ku+ lv 

v=cr+ds y= mu+ nv 


2. Compute (a + bi) (a — bi) using matrices. Interpret the result. 
3. Cayley’s Definition of Matrix Multiplication Cayley devised 
matrix multiplication to simplify the following problem: 


Complex number <— Matrix 

(a) Find x and yin terms of rand s by substituting uand v from 
the first system of equations into the second system of 
equations. 


(b) Use the result of part (a) to find the 2 by 2 matrix Ain 


As 


(c) Now look at the following way to do it. Write the equations 
in matrix form. 


aq bD 
a+ bi i - | 


Note that the complex number can be read off the top line of 


the matrix. Then 
2 3 4 -2 ; 
243] * 3 | ana | $ {| Ci 


(a) Find the matrices corresponding to 2 — 5iand1 + 31. 


(b) Multiply the two matrices. 
U q bir x k T/iju 
(c) Find the corresponding complex number for the matrix ’, c (dlls y = m nally 
found in part (b). 
(d) Multiply 2 — 5iand1 + 37. The result should be the same SO 
as that found in part (c). 
i= Lm alle alls 


The process also works for addition and subtraction. Try it for 
y m njic dis 


yourself. 
Do you see how Cayley defined matrix multiplication? 





11.4 Assess Your Understanding 


Concepts and Vocabulary 


1. A matrix that has the same number of rows as columns is 7, Multiple Choice To find the product AB of two matrices A 


called a(n) matrix. 


2. True or False Matrix addition is commutative. 


. True or False If A and B are square matrices, 


then AB = BA. 


. Suppose that A is a square n by n matrix that is nonsingular. 


The matrix B for which AB = BA = [, is the 
of the matrix A. 


. True or False The identity matrix has properties similar to 


those of the real number 1. 


. If AX = B represents a matrix equation where A is a 


nonsingular matrix, then we can solve the equation 
using X = 


and B, which statement must be true? 

(a) The number of columns in A must equal the number of 
rows in B. 

(b) The number of rows in A must equal the number of 
columns in B. 

(c) A and B must have the same number of rows and the 
same number of columns. 

(d) A and B must both be square matrices. 


8. Multiple Choice A matrix that has no inverse is called a(n): 


(a) zero matrix 

(b) nonsingular matrix 
(c) identity matrix 

(d) singular matrix 
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Skill Building 


In Problems 9-26, use the following matrices. Determine whether the given expression is defined. If it is defined, express the result as a 
single matrix; if it is not, write “not defined” 


4 1 
a=[)3 3] p=| 3) d ea) 26 
12 6 =2 3 =2 5 3 
9 AtTB 10. A-B 11. 4A 12,.=3B 
\ 13. 34 — 2B 14. 2A + 4B X15. AC 16. BC 
‘17. CA 18. CB 19. AB 20. BA 
21. C(A + B) 22. (A+ B)C 23. AC — 3L 24. CA + 5k 
25. CA — CB 26. AC + BC 
In Problems 27-34, determine whether the product is defined. [f it is defined, find the product; if it is not write “not defined.” 
2 =2|\2 1 4 6 4 1}]|/-6 6 1 0 1 2.3 a 
\ ma EF Ac =]. 3 7 oe b Al 25 4 2 a F =], 7 i ; 
i =] 2 = 6 4 2 
30.; -3 2 ? : 7 31. 33 a 32.|/ 5 8|/-3 5 -1 
0 5 = 0 9 0 7 
1 01};1 #43 4 -2 3}]|/2 6 
33.|2 4 1)]/6 2 34. O + 2/1 =1 
3 6 1}/8 -!1 =1 0 LO 2 


In Problems 35-44, each matrix is nonsingular. Find the inverse of each matrix. 


2 il a =] —-4 1 2. A 
35, 36. X37. 38. 39, 40 
F 1 3 1 3 4 6 a F ‘| ° 
h 3 Ll =1 1 1 0 2 1 1 1 > 3 I 
40. > 7 b #0 41. 0 -=2. 1 42./-1 2 3 43,.\3 2 —I1 44/1 2 1 
=2 =3 0 Lt =f 0 1 2 2 =f 1 
In Problems 45-64, use the inverses found in Problems 35-44 to solve each system of equations. 
2x+y=-1 -y= 2x + y= —-y=4 
a a ce a7 STV O 48. . a 
y-y=— 3 = ty=4 x+ y= +y=5 
X49 One oy = 7 50 —4x+ y= 0 6x + Sy = 13 59. —4x+ y= 5 
ne De Oy 2 : 6x — 2y = 14 2x +2y= 5 6x — 2y = —9 
Ix + — — ah = Ib+ 2 ie =— + = 14 
Bao 2 ee ae he Se . 56. a et BAe 
ax + ay = — bx + 2y = 2b+2 a# 0 x + 2y = 10 
ax +ay=5 
x- yt z= 4 x+2z= 6 ” a -— * “ 3 
57.4 -2y+ z= 1 58. § —x + 2y + 32 =—5 59. y | 60. aan 
—2x — 3y = —4 7 = 6 —2x — 3y =" 
4 y x y 2h DY 5 _ 5 
x+ yt z= 2 
xt+ yt z=9 3x + 3y+z=8 ri 3x + 3y +z=1 
3x +2y- 7z=> 
61,4 3% F2y— 2=8 62.) x+2y+z=5 63. 3 64.4 x+2y+z=0 
3x-+ +2z=1 25 +z=4 10 24 = +z=4 
x y K x yor Zz ok gates = 7 Soe oe 
In Problems 65-70 show that each matrix has no inverse. 
1 
8. x 1° 3 
\ 65. a4 66. 2 67 
Zz I 10 2 
6 =] 
“4 @ =3 1... =1 1 1 =3 
68. 4 ql 69. 1 -4 -7 70. 2 -4 1 
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2 Gk =i Is 9 + 
71. |18 —12 7 72.| 6 —20 14 
3 4 -1 1: 2s ==15 


ree 


MW In Problems 71-74, use a graphing utility to find the inverse, if it exists, of each matrix. Round answers to two decimal places. 


44 21 18 6 1G. 22 =) 5 
=) 10 15 2 74, 21 -17 4 8 
ZN 12 -12 4 2 S 27 20 
=68 =16 4 9 5 15. => =10 


In Problems 75—78, use the inverse matrix found in Problem 71 to solve the following systems of equations. Round answers to two decimal 


places. 


29k - 6ly — 12z 10 204 Oly = 127 = 
75. 4 18 —12y + Ty=-9 76. 4 18% —12y+ 7z 
3x + 4y- z= 12 3x + 4y-— z= 12 


| 
—_ 
MN 


| 
| 
Se) 


77. 


2 Oly 122 
18x — 12y + 7z 
3x + 4y- z=-2 


Z\ 29x + bly — 12z — 25 
78. § 18x — 12y + 7z = 10 
2k ay 


| 
| 


im 


Mixed Practice In Problems 79-86, solve each system of equations using any method you wish. 


24 oy = 11 80 2x + 8y = -8 
' [5x + 7y = 24 "| x+7y = -13 
Sk yragH2 3x + 2y=. Z=2 
83. 4 -—x + Sy —-4z =3 84.4 2x + yt 62=—-7 


7x + 13y — 4z = 17 2x + 2y — 14zZ = 17 


Applications and Extensions 


87. College Tuition Nikki and Joe take classes at a community 
w college, LCCC, and a local university, SIUE. The number 
of credit hours taken and the cost per credit hour 
(2018-2019 academic year, tuition and approximate fees) 

are as follows: 


LCCC SIUE 


Cost per Credit Hour 


ECE 
SIUVE 


$148.00 
$404.40 





Nikki 6 9 
Joe 3 12 


(a) Write a matrix A for the credit hours taken by each 
student and a matrix B for the cost per credit hour. 





(b) Compute AB and interpret the results. 
Sources: Ic.edu, siue.edu 


88. School Loan Interest Jamal and Stephanie both have 
school loans issued from the same two banks. The amounts 
borrowed and the monthly interest rates are given next 
(interest is compounded monthly). 


Lender Lender 
1 2 


$4000 $3000 
Stephanie $2500 $3800 


Monthly 
Interest Rate 


0.011 (1.1%) 
0.006 (0.6%) 


Lender 1 
Lender 2 


Jamal 


(a) Write a matrix A for the amounts borrowed by each 
student and a matrix B for the monthly interest rates. 
(b) Compute AB and interpret the result. 








1 
(c) Let C = ‘| Compute A(C + B) and interpret the 


result. 


89. Computing the Cost of Production The Acme Steel Company 
is a producer of stainless steel and aluminum containers. On 
a certain day, the following stainless steel containers were 
manufactured: 500 with 10-gallon (gal) capacity, 350 with 5-gal 








81. 


85. 


90. 


x—2y+4z= 2a oy BS SZ 
=3% Fy = 22 = 17 82. 4 4x + 3z = 6 
4x — 3y = =27 6y — 2z7 =2 
2x —-3y+z=4 —4x + 3y+2z= 6 
—3x + 2y-—z=-3 86. 3x + y- z=-2 

=— IV +z7Z=—6 x + 9y+ Z= 6 


capacity, and 400 with 1-gal capacity. On the same day, 

the following aluminum containers were manufactured: 

700 with 10-gal capacity, 500 with 5-gal capacity, and 850 

with 1-gal capacity. 

(a) Find a 2 by 3 matrix representing these data. Find 
a 3 by 2 matrix to represent the same data. 

(b) If the amount of material used in the 10-gal containers 
is 15 pounds (Ib), the amount used in the 5-gal containers 
is 8 lb, and the amount used in the 1-gal containers 1s 3 Ib, find 
a 3 by 1 matrix representing the amount of material used. 

(c) Multiply the 2 by 3 matrix found in part (a) and 
the 3 by 1 matrix found in part (b) to get a 2 by 1 matrix 
showing the day’s usage of material. 

(d) If stainless steel costs Acme $0.10 per pound and 
aluminum costs $0.05 per pound, find a 1 by 2 matrix 
representing cost. 

(e) Multiply the matrices found in parts (c) and (d) to find 
the total cost of the day’s production. 


Computing Profit Rizza’s Used Cars has two locations, 
one in the city and the other in the suburbs. In January, the 
city location sold 400 subcompacts, 250 intermediate-size 
cars, and 50 SUVs; in February, it sold 350 subcompacts, 

100 intermediates, and 30 SUVs. At the suburban location 

in January, 450 subcompacts, 200 intermediates, and 

140 SUVs were sold. In February, the suburban location sold 

350 subcompacts, 300 intermediates, and 100 SUVs. 

(a) Find 2 by 3 matrices that summarize the sales data for 
each location for January and February (one matrix for 
each month). 

(b) Use matrix addition to obtain total sales for the 2-month 
period. 

(c) The profit on each kind of car is $100 per subcompact, 
$150 per intermediate, and $200 per SUV. Find 
a 3 by 1 matrix representing this profit. 

(d) Multiply the matrices found in parts (b) and (c) to get 
a 2 by 1 matrix showing the profit at each location. 


91. Cryptography One method of encryption is to use a matrix 

) to encrypt the message and then use the corresponding 

P inverse matrix to decode the message. The encrypted 

matrix, Fis obtained by multiplying the message matrix, M, 

by a key matrix, K. The original message can be retrieved by 

multiplying the encrypted matrix by the inverse of the key 
matrix. That is, E = M-K and M = E- Kt. 


2 1 1 
(a) The key matrix K =|1 1 0 |. Findits inverse, K (. 
1 1 1 





[Note: This key matrix is known as the Q3 Fibonacci 
encryption matrix. | 





(b) Use the result from part (a) to decode the encrypted 


47 34 33 
matrix EF = | 44 36 27 
47 41 20 


(c) Each entry in the result for part (b) represents the 
position of a letter in the English alphabet (A = 1, 
B = 2,C = 3, and so on). What is the original message? 


Source: goldenmuseum.com 


92. Economic Mobility The income of a child (low, medium, or 
high) generally depends on the income of the child’s parents. 
The matrix P, given by 


Parent’s Income 


L M H 
04 02 O01 |L 

P=1!05 06 035 |M_ Child’s income 
0.1 O02 04 /H 


is called a left stochastic transition matrix. For example, 
the entry P,, = 0.5 means that 50% of the children of 
low-income parents will transition to the medium level 
of income. The diagonal entry P,; represents the percent 
of children who remain in the same income level as their 
parents. Assuming that the transition matrix is valid from one 
generation to the next, compute and interpret la 


Source: Understanding Mobility in America, April 2006 


93. Solve for matrix X: 


3 2 24 = 13 1 
| 3 nF ae be =F hp 


Use the following discussion for Problems 94 and 95. In graph 
theory, an adjacency matrix, A, is a way of representing which 
nodes (or vertices) are connected. For a simple directed graph, each 
entry, aj, is either I (if a direct path exists from node i to node j) 
or 0 (if no direct path exists from node i to node Jj). For example, 
consider the following graph and corresponding adjacency matrix. 


ONE 


The entry ay4 is 1 because a direct path exists from node I to 
node 4. However, the entry ag, is 0 because no path exists from 
node 4 to node I. The entry a33 is 1 because a direct path exists 
from node 3 to itself. The matrix B, =A+A+-:-+A 
indicates the number of ways to get from node i to node | within 
k moves (steps). 


or Cc oO 
= © C= 
or Oo KF 
Sc =— = 


94. 


95. 


96. 


97. 
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Website Map A content map can be used to show how different 
pages on a website are connected. For example, the following 
content map shows the relationship among the five pages of a 
certain website with links between pages represented by arrows. 


Page 
1 


The content map can be represented by a 5 by 5 adjacency 

matrix where each entry, a,, is either 1 (if a link exists from 

page i to page /) or 0 (if no link exists from page i to page /). 

(a) Write the 5 by 5 adjacency matrix that represents the 
given content map. 

(b) Explain the significance of the entries on the main 
diagonal in your result from part (a). 

(c) Find and interpret A’. 

Three-Click Rule An unofficial, and often contested, 

guideline for website design is to make all website content 

available to a user within three clicks. The webpage adjacency 

matrix for a certain website is given by 











O 1 1 0 O 
1 0 0 1 1 
A=|{]1 0 0 1 O 
0 0 1 0 1 
0O 1 0 0 0 


(a) Find B3. Does this website satisfy the Three-Click Rule? 

(b) Which page can be reached the most number of ways 
from page 1 within three clicks? 

Computer Graphics: Translating An important aspect of 

computer graphics is the ability to transform the coordinates 

of points within a graphic. For transformation purposes, a 


x 
point (x, y) is represented as the column matrix X = | y |. 
it 
To translate a point (x, y) horizontally 4 units and vertically 
1 OA 
k units, we use the translation matrix S =|0 1 &k/| and 
0 0 1 


compute the matrix product SX. The translation is to the right 
for h > O and to the left for h < 0. Likewise, the translation is 
up fork > Oanddown fork < 0.The transformed coordinates 
are the first two entries in the resulting column matrix. 

(a) Write the translation matrix needed to translate a 

point 3 units to the left and 5 units up. 

(b) Find and interpret S = 

Computer Graphics: Rotating Besides translating a point, 
it is also important in computer graphics to be able to 
rotate a point. This is achieved by multiplying a point’s 
column matrix (see Problem 96) by an appropriate rotation 
matrix R to form the matrix product RX. For example, to rotate 


1 V3 


2 2° 
a point 60°, the rotation matrix is R = V3 1 0 |: 

Z Z 

0 0 1 
(a) Write the coordinates of the point (6, 4) after it has been 


rotated 60°. 
(b) Find and interpret R7?. 
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4 and B= | : i 99. 


a 
98. Challenge Problem If A = |S d 191 


find a,b,c,dso that AB = BA. 


Explaining Concepts: Discussion and Writing 


100. Create a situation different from any found in the text that 102. 
can be represented by a matrix. 


101. Explain why the number of columns in matrix A must equal 
the number of rows in matrix B to find the product AB. 103. 


Retain Your Knowledge 


b 
Challenge Problem If A = k | find a and b so 
that A° + A = 0. 


Ifa,b,andc # Oare real numbers with ac = bc,thena = b. 
Does this same property hold for matrices? In other words, 
if A, B, and C are matrices and AC = BC, must A = B? 


What is the solution of the system of equations AX = 0 
if A! exists? Discuss the solution of AX = 0 if A! does 
not exist. 


Problems 104-113 are based on material learned earlier in the course. The purpose of these problems is to keep the material fresh in 


your mind so that you are better prepared for the final exam. 


104. Find a polynomial with minimum degree and leading 109. Add: 


coefficient 1 that has zeros x = 3 (multiplicity 2), x = 0 








x+1 4 
+ 
X=) PS 








(multiplicity 3),and x = —2 (multiplicity 1). 110. Find the domain of f(x) = V 10 — 2x 
105. For v = —2i — j and w = 21 + j, find the dot product v- w x +3 
and the angle between v and w. 111. Factor completely: 3x4 + 12x° — 108x” — 432x 
x éX 112. Find the area of the region enclosed by the graphs of 
106. Solve: . 


se, ee, 


y= V4-x*,y =x -—2,andy = —x — 2. 


107. Write cos (csc ~!w) as an algebraic expression in u. V/25x2 — 4 a 
- ) : . /\ 113. If f(x) = + and g(x) = = sec x,0 <x <—, show 
108. Express 8e'"”’? in rectangular form. x 5 2 


that (f° g) (x) = S5sinx. 


11.5 Partial Fraction Decomposition 


PREPARING FOR THIS SECTION Before getting started, review the following: 


e Identity (Section A.6, p. A44) e Reducing a Rational Expression to Lowest Terms 


e Properties of Rational Functions 


(Section A.5, pp. A35-A36) 


(Section 4.3, pp. 198-205) e Complex Zeros; Fundamental Theorem of Algebra 


\ now Work the ‘Are You Prepared?’ problems on page 783. 


(Section 4.7, pp. 245-250) 


OBJECTIVES 1 Decompose 3 Where Q Has Only Nonrepeated Linear Factors (p. 778) 


2 Decompose 5 Where Q Has Repeated Linear Factors (p. 779) 


Pp 
3 Decompose — Where Q Has a Nonrepeated Irreducible Quadratic 


Q 
Factor (p. 781) 


Pp 
4 Decompose — Where Q Has a Repeated Irreducible Quadratic Factor 


(p.782) © 





Consider the problem of adding two rational expressions: 


The sum is 


3 2 
+ 
x+4 x-3 











d 
x+4 5" x3 





SAS) 244) eS I 
(x+4)(x-3) x4+x-12 
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; ; 5x — 1 
The reverse procedure, starting with the rational expression ——————_— and 
xvt+x-12 
ae ; 3 2 4 
writing it as the sum (or difference) of the two simpler fractions ad and 3 is 
X — 


IX referred to as partial fraction decomposition, and the two simpler fractions are called 
7 partial fractions. Decomposing a rational expression into a sum of partial fractions 
is important in solving certain types of calculus problems. This section presents a 

systematic way to decompose rational expressions. 
Recall that a rational expression is the ratio of two polynomials, say PandQ # 0. 


P 
Recall also that a rational expression O is called proper if the degree of the polynomial 


in the numerator is less than the degree of the polynomial in the denominator. 
Otherwise, the rational expression 1s called improper. 

Also, we assume P and Q are in lowest terms. That is, P and O have no common 
factors. 


| €XAMPLE1 ~ Identifying Proper and Improper Rational Expressions 


Determine whether the rational expression is proper or improper. If the expression 
is improper, rewrite it as the sum of a polynomial and a proper rational expression. 


Ao 6x7 —x +5 
fs b 

8) 24 3x42 (b) oP es 

Solution (a) The numerator, x + 5, is a polynomial of degree 1, and the denominator, 
x? + 3x + 2, is a polynomial of degree 2. Since the degree of the numerator is 
less than the degree of the denominator, the rational expression is proper. 


(b) The numerator, 6x” — x + 5, is a polynomial of degree 2, and the denominator, 
3x — 2,1s a polynomial of degree 1. Since the degree of the numerator is greater 
than the degree of the denominator, the rational expression is improper. We use 
long division to rewrite this expression as the sum of a polynomial and a proper 
rational expression: 





2 1 
3x — 2)6x? —x4+5 

6x* — 4x 
ot eS 
Se 
7 

6x7 —x +5 fi 
50F = 2a + 1 te J 


orm Now Work PROBLEMS 5 AND 13 


Because by using long division, every improper rational expression can be written 
as the sum of a polynomial and a proper rational expression, we restrict the discussion 
that follows to proper rational expressions. 


The partial fraction decomposition of the rational expression —, in lowest 


terms, depends on the factors of the denominator Q. Recall from Section 4.7 that 
any polynomial with real coefficients can be factored over the real numbers into a 
product of linear and/or irreducible quadratic factors. 


778 CHAPTER 11 Systems of Equations and Inequalities 


: a : 
This means that the denominator Q of the rational expression — contains only 
factors of one or both of the following types: Q 


e Linear factors of the form x — a, where ais a real number. 


e Irreducible quadratic factors of the form ax’ + bx + c, where a,b, and c are real 
numbers, a # 0, and b* — 4ac < 0. The negative discriminant guarantees 
that ax* + bx + c cannot be written as the product of two linear factors with 
real coefficients. 


As it turns out, there are four cases to be examined. We begin with the case for 
which Q has only nonrepeated linear factors. Throughout we assume the rational 


oe ao 
expression O is in lowest terms. 


Pp 
1 Decompose — Where Q Has Only Nonrepeated Linear Factors 


Q 


Case 1: Q has only nonrepeated linear factors. 


Under the assumption that Q has only nonrepeated linear factors, the 
polynomial Q has the form 





O(x) = (x — a) (xX — a) + +++ + (% — a) 
where no two of the numbers aj, a, ..., a, are equal. In this case, the partial 


= oe 
fraction decomposition of O is of the form 





where the numbers A), A, ..., A, are to be determined. 


EXAMPLE 2 Decomposing 3 Where Q Has Only Nonrepeated Linear Factors 


Solution 


Find the partial fraction decomposition of —— 
= Ot oO 
First, factor the denominator, 
x? — 5x + 6 = (x — 2) (x - 3) 


and notice that the denominator contains only nonrepeated linear factors. Then 
decompose the rational expression according to equation (1): 


x A B 
mae Sera ae + 
Y= 35260 ASK 2 XS 








(2) 


where A and B are numbers to be determined. To find A and B, clear the fractions by 
multiplying both sides by (x — 2) (x — 3) = x? — 5x + 6. The result is 


A= ALY — 3) + Bix = 72) (3) 


x= (A+ B)x + (-3A — 2B) 
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This equation is an identity in x. Equate the coefficients of like powers of x to get 


1= A+ B_ Equate the coefficients of x:1x = (A + B)x. 
0 = —3A — 2B _ Equate the constants:0 = —3A — 2B. 


This system of two equations containing two variables, A and B, can be solved using 
whatever method you wish. The solution is 


A= =2 B=3 
From equation (2), the partial fraction decomposition is 
x = 3 
ede = 
ia Sere Be ASS 








/ Check: The decomposition can be checked by adding the rational expressions. 








SF ge 
C= 2. 23 © tee eee ea 24 = 2) 
x2 — 5x + 6 J 


The numbers to be found in the partial fraction decomposition can sometimes 
be found more easily by using suitable choices for x in the identity obtained after 
fractions have been cleared. In Example 2, the identity after clearing fractions is 
equation (3): 


Va ALY 3) By 2) 


Let x = 2 in this expression, and the term containing B drops out, leaving2 = A(-1), 
or A = —2. Similarly, let x = 3, and the term containing A drops out, leaving 3 = B. 
As before, A = —2 and B = 3. 


ovmmmmmme-NoOw Work PROBLEM 17 


2 Decompose ; Where Q Has Repeated Linear Factors 


Case 2: Qhas repeated linear factors. 
If the polynomial Q has a repeated linear factor, say (x — a)",n = 2 an integer, 


, : : ve P 
then, in the partial fraction decomposition of 0 allow for the terms 





where the numbers A), A, ..., A, are to be determined. 


EXAMPLE 3 Decomposing i Where Q Has Repeated Linear Factors 


Solution 


Q 


; ; os 5 ee 
Find the partial fraction decomposition of =——_,——. 
= ark 


First, factor the denominator, 
x — 2x? +x = x(x? —- 2x +1) = x(x - 1)? 
and notice that the denominator has the nonrepeated linear factor x and the repeated 


A 
linear factor (x — 1). By Case 1, the term 3 is in the decomposition; and by Case 2, 





are in the decomposition. 


the terms iF z 
c= jee 1 (continued) 
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Now write 


+ 


w— 2x +x XX x-1 (x-1)? 





Again, clear fractions by multiplying both sides by x° — 2x7 + x = x(x — 1)”. The 
result is the identity 
x+2=A(x—1)* + Bx(x -—1) + Cx (5) 


Let x = 0 in this expression and the terms containing B and C drop out, 
leaving 2 = A(—1)’, or A = 2. Similarly, let x = 1, and the terms containing A 
and B drop out, leaving 3 = C. Then equation (5) becomes 
x+2=2(x-—1)*+ Bx(x -—1) + 3x 
Let x = 2 (any number other than 0 or 1 will work as well). The result is 
4=2-1 + B-2-1+3-2 
4=2+2B+6 
2B = —-4 
B= -2 
Therefore, A = 2,B = —2,andC = 3. 
From equation (4), the partial fraction decomposition is 


Koo 2 Z =) 3 


W-224+x x x-1 (x -—1)? J 





EXAMPLE 4 Decomposing 5 Where Q Has Repeated Linear Factors 


Q 


3 
=S 
Find the partial fraction decomposition of ~~ = 
ix = 1) 


Solution The denominator contains the repeated linear factors x* and (x — 1)°. The partial 
fraction decomposition has the form 


i 8 AB C D E 
Fqat 2° 2 241 Gaap @a1 
As before, clear fractions and obtain the identity 
xe — 8 = Ax(x — 1)? + B(x — 1)? + Cx? (x — 1)? + Dx? (x — 1) + Ex’ (7) 
Let x = 0. (Do you see why this choice was made?) Then 
=5 = B(=1) 
B=8 
Let x = 1 in equation (7). Then 
—-7T=E 
Use B = 8 and E = —7 in equation (7), and collect like terms. 
x — 8 = Ax(x — 1)? + 8(x — 1)? + Cx?(x — 1)* + Dx? (x - 1) - 7x’ 
x? — 8 — B(x? — 3x7 + 3x — 1) + 7x* = Ax(x — 1)? + Cx?(x —1)* + Dx?(x - 1) 
—7x° + 31x? — 24x = x(x — 1)[A(x — 1)? + Cx(x - 1) + Dx] 
x(x — 1)(—7x + 24) = x(x -—1)[A(x -— 1)? + Cx(x - 1) + Dx] 
—7x + 24 = A(x —1)* + Cx(x — 1) + Dx (8) 
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Now work with equation (8). Let x = 0. Then 


24=A 
Let x = 1 in equation (8). Then 


17 
Use A = 24 and D = 17 in equation (8). 
—7x + 24 = 24(x —1)* + Cx(x —1) +17% 


D 


Let x = 2 and simplify. 
—14 + 24 = 24+ C(2) + 34 





—48 = 2C 
—24=C 
The numbers A, B, C, D, and E are now known. So, from equation (6), 
x? — 8 24 8 24 17 —7 
2 3 Tt - a 3 ai 
ie 1) K x« £1 1) ea) 


emmmms=- Now Work Example 4 by solving the system of five equations containing 
five variables that results by expanding equation (7). 


ommm_mmmn-NOW Work PROBLEM 23 


The final two cases involve irreducible quadratic factors. A quadratic factor 
is irreducible if it cannot be factored into linear factors with real coefficients. A 
quadratic expression ax* + bx + c is irreducible whenever b* — 4ac < 0. For 
example, x* + x + 1 and x? + 4 are irreducible. 


3 Decompose = Where Q Has a Nonrepeated Irreducible 


Quadratic Factor 


Case 3: Qcontains a nonrepeated irreducible quadratic factor. 
Suppose Q contains a nonrepeated irreducible quadratic factor of the 


ae Ie 
form ax’ + bx + c. Then, in the partial fraction decomposition of —, allow 
for the term Q 


Ax + B 
ax? + bx +c 


where the numbers A and B are to be determined. 


EXAMPLE 5 Decomposing 5 Where Q Has a Nonrepeated Irreducible 


Quadratic Factor 





C aeee”) 
Find the partial fraction decomposition of ; i 
Ye 
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Solution 


Factor the denominator, 

x —-1= (x -1)(x?+x41) 
Notice the nonrepeated linear factor x — 1 and the nonrepeated irreducible 
quadratic factor x7 + x + 1. Allow for the term — by Case 1, and allow for the 


Bx +C 
term a by Case 3. Then 
Ge aaa A 


aa ae Bx+C 
r= 1 x-1 x4+x41 








(9) 


Multiply both sides of equation (9) by x° — 1 = (x — 1) (x? + x + 1) to obtain 
the identity 


3x —5 =A(x*+x4+1) + (Bx + C)(x-1) (10) 
Expand the identity in (10) to obtain 
3x —-5 = (A+ B)x*?+ (A-B+C)x+ (A-C) 


This identity leads to the system of equations 








A+B = 0 (1) 
A-B+C= 3 (2) 
A -C=-5 (3) 
; Z 2 13 
The solution of this system is A = — 3° B= 3° C= 3° Then, from equation (9), 
2 2 13 
eae a 3 a 3 3 
xw-1 x -1 xy 4+x41 J 


ou_: Now Work Example 5 using equation (10) and assigning values to x. 


ormmmmme- Now Work PROBLEM 25 


4 Decompose - Where Q Has a Repeated Irreducible 


Quadratic Factor 


Case 4: Qcontains a repeated irreducible quadratic factor. 


Suppose the polynomial Q contains a repeated irreducible quadratic factor 
(ax? + bx + c)",n = 2,n an integer, and b” — 4ac < 0. Then, in the partial 


; ~ ike 
fraction decomposition of 0 allow for the terms 


A,Xx ae B, ie A5Xx ate Bb, 4 A,X Se B,, 


ax’ + bx +c (ax? + bx + c)* (ax? + bx +c)” 





where the numbers A), B,, A>, Bs,..., A,, B, are to be determined. 


EXAMPLE 6 Decomposing fa Where Q Has a Repeated Irreducible Quadratic Factor 


Q 


x + x? 
Find the partial fraction decomposition of 


(x? + 4)* 
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Solution The denominator contains the repeated irreducible quadratic factor (x* + 4) 7, $0 





by Case 4, 
S+x7 Ax+B Cx+D 
—— 2 ; : (11) 
(x? + 4) xa (x? +4) 
Clear fractions to obtain 
w+ x* = (Ax + B)(x* +4) + Cx+D 
Collecting like terms yields the identity 
+3? = Axe + Bx? + (44 4+ C)x+4B+D 
Equating coefficients results in the system 
A=1 
B=1 
4A+C=0 
4B+ D=0 
The solution is A = 1,B = 1,C = —4, D = —4. From equation (11), 
xe + x? feed 4 —4x — 4 
(x2+ 4)? x7 +4 (x2 44)? J 


ovmmmmmm=-NOw Work PROBLEM 39 
11.5 Assess Your Understanding 


‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 








1. True or False The equation (x — 1)* — 1 = x(x — 2) is 3. Reduce to lowest terms: = we (pp. A35—A36) 
an example of an identity. (p. A44) x" — 16 
| 4. True or False Every polynomial with real numbers as 
2. True or False The rational expression — is proper. coefficients can be factored into a product of linear and/or 
(p. 203) = irreducible quadratic factors. (p. 249) 


Skill Building 


In Problems 5-16, determine whether the given rational expression is proper or improper. If the expression is improper, rewrite it as the sum 
of a polynomial and a proper rational expression. 




















+2 445 eee 
% So 6a Te 8. — 
2 aa =. Lo 4 om 
54+ 3x4 - 12x49 i =o Se ie = 1 = 6 Par io 
x = x 109, & Bi x u. Z v.2 = Bi 
aa a ee 2 5 HX Oi a 
art oy), 44. x2 — eo 2x(x?7 + 4 
Ny i Se) 4, et = 2 i. ig, A 
x — 4 xr +8 (x + 4) (x - 3) oa 
In Problems 17-50, find the partial fraction decomposition of each rational expression. 
, 4 1 il 
\ 1. 18. — 1. ———== 0.« [SS = 
te = dt) (2) tL) K(x eb 1) (4 1a 4) 
x oy ol 1 
A  — . 22. ‘\ 23. ——_ 34>. 24. =———> 
(x — 1) (x - 2) (x + 2) (x - 4) (x —1)*(x +1) x*(x — 2) 
1 2x +4 ; +1 
NX 25. 5 26. : pp —————_, 28. ~-—_; 
=. 5 een | (eo 1 1.) Ye = 2) 
X=. x? +x x+4 10x? + 2x 


29. TCE BE 30. (x + 2) = 1)? " x7 (x? + 4) ae ee 


784 


7+ 2x + 
33, Ds x+3 


Xx 


ES 3. SS 
a eS (a aes ae 6) 
Ix +3 xe+1 
41. ——_——___—_- 42. 
x? — 2x* — 3x x — x! 
3 2 
— 6. — 
(x? + 16) (x7 + 4) 
2x +3 
49, ——_——— 
xt — 9x? 


(x +1) (x? + 2x + 4) 
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x = 1iv= 18 


34.2 
Rx a oe So 


x7-x-8 





x — 4x7 + 5x — 2 


x 1 
35. —- 36. —--—___—_—_ 
(3e—= 2) (20-4 1) (2% + 3) (4x — 1) 
\ 39, 22" 43 rP+1 
(x2 + 4)? "(x2 + 16)? 
43 x? 44 x +1 


et+x7- 5x43 


4 4 
| 48, ——_——- 
2x* — 35x -— 3 2x° + 3x -—2 
24.9 
50. =— 


x* — 2x7 — 8 


Mixed Practice In Problems 51-58, use the division algorithm to rewrite each improper rational expression as the sum of a polynomial 
and a proper rational expression. Find the partial fraction decomposition of the proper rational expression. Finally, express the improper 
rational expression as the sum of a polynomial and the partial fraction decomposition. 


34 2 
ce eae) 
x + Ox — 4 
xi — 5x* +x—-4 


55. 5 
eax oe a 


x — 3x7 +1 


52. 5 
x*+5x+6 


xi+x-x4+2 


56. 5 
x° —2x4+1 


x 


53. —— 
x +1 
otxt—x7742 


57. 
KS Oe a I 


54. 


58. 


wP+ex 
xv +4 





Pp —7x4+37741 
xt + 6x? + 9 


59. Challenge Problem Use a substitution and partial fraction 


Xx 


in terms of e”. 


decomposition to express 
e* + ey — 


Retain Your Knowledge 


60. Challenge Problem Use a substitution and partial fraction 


ee 2 
decomposition to express ——;= in terms of Wx. 
x—- Wx 


Problems 61-70 are based on material learned earlier in the course. The purpose of these problems is to keep the material fresh in your 
mind so that you are better prepared for the final exam. 


61. Credit Card Balance Nick has a credit card balance of $4200. 


GS If the credit card company charges 18% interest compound 


daily, and Nick does not make any payments on the account, 
how long will it take for his balance to double? Round to two 
decimal places. 

62. If f(x) =x + 4andg(x) = x* — 3x, 
find (g° f) (—3). 


63. Find the exact value of sec 52° cos 308°. 


5 
64. Plot the point given by the polar coordinates (- i =) and 
find its rectangular coordinates. 





65. Determine whether f(x) = — is even, odd, or 


2 
neither. x“ — 10 
‘Are You Prepared?’ Answers 
3 
1. ‘True 2. ‘True 3. 4. True 





x+4 


66. The function f(x) = 8*~* — 4 is one-to-one. Find f'. 


67. Find an equation for the hyperbola with vertices (0, —5) 
and (0,5), and a focus at (0,13). 


5 4 
68. Solve: 5* —-1=x+ 5 


JS 69. Solve for D: 2x — 4xD — 4y + 2yD = D 


/§ 70. The normal line is the line that is perpendicular to the 


tangent line at the point of tangency. If y = —2x + 2 is 
1 
the tangent line to f(x) = 3e — 4x + 5, find an equation 


of the normal line to fat the point of tangency. 


SECTION 11.6 Systems of Nonlinear Equations 785 


11.6 Systems of Nonlinear Equations 


PREPARING FOR THIS SECTION Before getting started, review the following: 
e Lines (Section 1.3, pp. 20-31) e Ellipses (Section 10.3, pp. 663-669) 
e Circles (Section 1.4, pp. 35-39) e Hyperbolas (Section 10.4, pp. 673-681) 
e Parabolas (Section 10.2, pp. 654-658) 
\ Now Work the ‘Are You Prepared?’ problems on page 790. 


OBJECTIVES 1 Solve a System of Nonlinear Equations Using Substitution (p. 785) 
2 Solve a System of Nonlinear Equations Using Elimination (p. 786) 





In Section 11.1, we observed that the solution to a system of linear equations could 
be found geometrically by determining the point(s) of intersection (if any) of the 
equations in the system. Similarly, in solving systems of nonlinear equations, the 
solution(s) also represent(s) the point(s) of intersection (if any) of the graphs of 
the equations. 

There is no general method for solving a system of nonlinear equations. 
Sometimes substitution is best; other times elimination is best; and sometimes neither 
of these methods works. Experience and a certain degree of imagination are your 
allies here. 

Before we begin, two comments are in order. 


e If the system contains two variables and if the equations in the system are easy 
to graph, then graph them. By graphing each equation in the system, you can get 
an idea of how many solutions a system has and approximate their location. 


e Extraneous solutions can creep in when solving nonlinear systems, so it is 
imperative to check all apparent solutions. 


1 Solve a System of Nonlinear Equations Using Substitution 


| €XAMPLE1 | Solving a System of Nonlinear Equations Using Substitution 


Solve the following system of equations: 


ie (1) 
2x7 -y= 0 (2) 


Solution First, notice that the system contains two variables and that we know how to 
graph each equation. Equation (1) is the line y = 3x + 2, and equation (2) is the 
parabola y = 2x’. See Figure 9. The system apparently has two solutions. 
To use substitution to solve the system, we choose to solve equation (1) for y. 
Ik SZ Equation (1) 
y=3x+2 
Substitute this expression for y in equation (2). The result is an equation containing 
just the variable x, which we can solve. 
2x* — y = 0 Equation (2) 
2x* — (3x + 2) =0 Substitute 3x + 2 fory. 
2x* — 3x —-2=0 Simplify. 





Figure 9 (2x + 1)(x — 2) =0 Factor. 
2x +1=0 or x —2=0 Use the Zero-Product Property. 
1 
= = —9 
x 5 or x 


(continued) 
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Use these values for x in y = 3x + 2 to find 
1 1 
=3(-=)+2= 
. ( 5) 2 


it 
The apparent solutions are x = — pY=5 andx = 2,y = 8. 


or y=3:2+2=8 


1 1 
Wo check: F =-—y=- 
or x ss) = 


For x = 2,y = 8, 


3-2 -—8 6-8=-2 (1) 
2:2 —-8=2-4-8= 0 (2) 


Each solution checks. The graphs of the two equations intersect at the 


1. 
points (- > >) and (2,8), as shown in Figure 9 on the previous page. ai 


ommen- Now Work PROBLEM 15 USING SUBSTITUTION 


2 Solve a System of Nonlinear Equations Using Elimination 


| EXAMPLE 2 | Solving a System of Nonlinear Equations Using Elimination 


Soy 13° i i 
Solve: 2 y (1) Acircle 
x°—y = 7 (2) Aparabola 


Solution First graph each equation, as shown in Figure 10. Based on the graph, we expect four 
solutions. Notice that subtracting equation (2) from equation (1) eliminates the variable x. 


ay ears 
xv-—y =7 


x*—y=7 
y (y=x?—7) 





yy +y =6 — Subtract. 
x? + y* = 13 
This quadratic equation in y can be solved by factoring. 
y+y—-6=0 
(y+ 3)(y— 2) =0 
y=-3 or y=2 
Use these values for y in equation (2) to find x. 
e Ify =2,thenx? = y+ 7 = 9,sox = 3 or -3. 
Figure 10 eIfy = —3,thenx? =y+7=4,sox = 2or-2. 
There are four soluions: 4 = 3,79 =2) 4*=]=—3,7=2 22,9 ]—3: 
andx = —2,y = —3. 
You should verify that these four solutions also satisfy equation (1), so all four 


are solutions of the system. The four points, (3,2), (—3,2), (2, —3),and (—2, —3), 
are the points of intersection of the graphs. Look again at Figure 10. _f 


oummmmm-Now Work PROBLEM 13 USING ELIMINATION 
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| EXAMPLE 3 © Solving a System of Nonlinear Equations 


2 an 
—y*=4 (1) Ah bol 
Solve:{ , (0) oe 
y=x* (2) Aparabola 





y os 
2 5 
ra *“ Solution Either substitution or elimination can be used here. To use substitution, replace x* 
by y in equation (1). 
(-3, V5) (3, V5) 
x? — y? = 4 Equation (1) 
a am yay =4 y = x? 
(-3,-95) (3, -V9) y> — y + 4=0 Place in standard form. 
2 — 2 = 7 . 7 . 7 . . . 
oe es ial This is a quadratic equation. Its discriminant is (—1)7 —4-1-4=1-16=-15<0. 
The equation has no real solutions, so the system is inconsistent. The graphs of these 
Figure 11 two equations do not intersect. See Figure 11. _J 


| EXAMPLE 4 | Solving a System of Nonlinear Equations Using Elimination 


x t+xt+y?-3y+2=0 (1) 


Solve: 2 _ 
xh142 u 





=( (2) 


Solution First, multiply equation (2) by x to clear the denominator. The result is an equivalent 
system because x cannot be 0. [Look at equation (2) to see why. | 


wrtxty-3y+2=0 (1) 
xvt+xt+y-y=0 x40 (2) 


Now subtract equation (2) from equation (1) to eliminate x. The result is 


=2y 22 =0 
y =1 Solve for y. 


To find x, back-substitute y = 1 in equation (1). 


x? +x+y*-—3y+2=0 — Equation (1) 
x>+x+1-—-34+2=0 © Substitute 1 for y. 
x7 +x=0 — Simplify. 
x(x +1)=0 _ Factor. 


x=0 or x =-—1 Use the Zero-Product Property. 


Because x cannot be 0, the value x = 0 is extraneous, so discard it. 


/ check: Check x = —-l,y = 1: 


(-1)? + (-1) +P -3-14+2=1-1+1-34+2=0 (1) 


i — | 0 


ted 
=4 = (2) 





The solution is x = —1, y = 1.The point of intersection of the graphs of the equations 
is: (—d, 1). _J 


In Problem 55 you are asked to graph the equations given in Example 4. Be sure 
to show holes in the graph of equation (2) for x = 0. 


ommumme=- Now Work PROBLEMS 29 AND 49 
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| EXAMPLE 5 ~ Solving a System of Nonlinear Equations 


3xy — 2y7=-2 (1) 
Solve: 
ove Pe + 4y?= 10 (2) 


Solution Multiply equation (1) by 2, and add the result to equation (2), to eliminate 
the y” terms. 


6xy — 4y°=-4 (1) 

9x7 + 4y7 = 10 (2) 

Ox? + Oxy = 6 Add. 

3x7 + 2xy = 2 Divide both sides by 3. 
Since x # 0 (do you see why?), solve 3x7 + 2xy = 2 for y. 


ia oe 
2x 
Now substitute for y in equation (2) of the system. 





y x #0 (3) 


9x" + 4y* = 10 Equation (2) 


2 
ane’, — 3x? 
Ox? + (252) = 10 ~—_ Substitute y = a 
Ze 2x 





4 — 12x? + 9x* 
Ox? + — = 10 Expand and simplify. 
x 


Ox* + 4 — 12x? + 9x* = 10x” Multiply both sides by x2. 
18x* — 22x7+4=0 Subtract 10x’ from both sides. 
Ox* — 11x7+2=0 Divide both sides by 2. 


This quadratic equation (in x”) can be factored: 


(9x? — 2) (x7 -1) =0 


9x7 -2 =0 or x =—=1=6 
2 
v=o or x7 =1 


y) 2 
r= 22-2”? or x= 


To find y, use equation (3). 














Os = 
2 2 — 3x? 3 4 
2x ; ve 8 
5 
2 
elIfx=-—: y= = = = 2 
2x a(- v2. -2V2 
3 
223 Die Ser 1 
Ifx = 1: = = —_— = -= 
= aay 2 2 
2-3x2 2-3(-1)? 1 
Ifx = —-1: = + = St = 
_* ye Ox =) 2 
2 2 1 1 
The system has four solutions: (“Se V2), (- wel -v2). (. = >). (-1 >) 
Check them for yourself. ‘y 


ommemm=-Now Work PROBLEM 47 
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The next example illustrates an imaginative solution to a system of nonlinear 
equations. 


| EXAMPLE 6 Running a Long-Distance Race 


In a 50-mile race, the winner crosses the finish line 1 mile ahead of the second- 
place runner and 4 miles ahead of the third-place runner. Assuming that each runner 
maintains a constant speed throughout the race, by how many miles does the second- 
place runner beat the third-place runner? 


A 


oe. bh at es *. 


|«_——_—_—_————— 3 miles Sent 1 mile —»| 


Solution Let vj, v2, and v3 denote the speeds of the first-, second-, and third-place runners, 
respectively. Let t; and ft, denote the times (in hours) required for the first-place 
runner and the second-place runner to finish the race. Then the following system of 


equations results: 


50 = v,t, (1) First-place runner goes 50 miles in t, hours. 
49 = vot, (2) Second-place runner goes 49 miles in t, hours. 
46 = v3t, (3) Third-place runner goes 46 miles in t, hours. 


50 = vot. (4) Second-place runner goes 50 miles in t, hours. 


We want the distance d of the third-place runner from the finish at time ¢,. At 
time f,, the third-place runner has gone a distance of v3t, miles, so the distance d 
remaining is 50 — v3t.. Now 


d= 50 - V3l5 


t 
= 50 — v3f1° = Multiply and divide by t,. 
i 


20 From equation (3), v3t; = 46 
= 50 — 46: as From equation (4), t, = pt 
50 q y eZ V> 
“a From equation (1), t, = =~ 
1 
= 50 — 46-4 
V2 
50 . 
= 50 - 10° From the quotient of equations (1) and (2) 


3.06 miles _J 


t 
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Historical Feature 


n the beginning of this section, it was stated that imagination by Etienne Bézout (1730-1783), but working out the details took 
and experience are important in solving systems of nonlinear about 150 years. It turns out that arriving at the correct number 
equations. Indeed, these kinds of problems lead into some of the of intersections requires counting not only the complex number 
deepest and most difficult parts of modern mathematics. Look again intersections, but also those intersections that, in a certain sense, lie 
at the graphs in Examples 1 and 2 of this section (Figures 9 and 10). at infinity. For example, a parabola and a line lying on the axis of the 
Example 1 has two solutions, and Example 2 has four solutions. We parabola intersect at the vertex and at infinity. This topic is part of 
might conjecture that the number of solutions is equal to the product the study of algebraic geometry. 
of the degrees of the equations involved. This conjecture was made 


Historical Problems 


A papyrus dating back to 1950 Bc contains the following problem: Solve for the sides by solving the system of equations 
"A given surface area of 100 units of area shall be represented as the 


, =e _ 
sum of two squares whose sides are to each other as 1 is to — x’ + y* = 100 


: 3 
4” 





11.6 Assess Your Understanding 


‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. Graph the equation: y = 3x + 2 (pp. 20-31) 3. Graph the equation: y* = x” — 1 (pp. 673-680) 
2. Graph the equation: y + 4 = x? (pp. 654-657) 4. Graph the equation: x” + 4y? = 4 (pp. 663-667) 


Skill Building 


In Problems 5-24, graph each equation of the system. Then solve the system to find the points of intersection. 


38. 39. 
xy + Ty? = 6 x? —2y?+8=0 


41. 42. 


5 y=x4+1 6 y=x4+1 we. 36 — x? 8 yea V4 =x 
“ly=x+1 “ly=44+1 “ly=8-x ‘ly =2x4+4 
— = = = — | 
0 10. 2 > i ae i 
va=2=x y=6-<x x = y — 2y y=x-6x+9 
2 ey A 24 ,2=8 = 3x -—5 7+ y= 10 
W134, 77%, 44, 4? ™is.¢, % ~ 16.47 "> 
x Plax Py = 0 x + y+ 4y=0 x+y =5 =x+2 
awed 1s, f+ 9% 4 5 > 20.47 
y—-x=4 —2y =8 iy =s xy =1 
Dt, gt eed al = ;7-4 7+ y? = 10 
7) i i aa 77 ad 23,47 7) ld 
y =x -9 y=2x+1 y = 6x — 13 xy =3 
In Problems 25-54, solve each system. Use any method you wish. 
2x* + y? = 18 2_y=21 = 3x +2 
a Se 2. 4° x. | oo 
* — dy* = 16 +y+1= 0 2x7 -—xy+y?=8 
a8. |" X 29. = a, 
dy —-x= 2 rt+y?t+ 6y—x=—-5 y= 4 
a elie ae ek a. 2y* — 3xy + by + 2x +4=0 a rah ep St 
; 3x + 2y = 10 2x -3y+4=0 ; 3x7 + y? = 31 
3x* — 2y? +5 =0 7x* — 3y?+5= 0 x? — 3y7+1=0 
$4,.4° "5 a3 3.4, =~ 
= yor =O 3x7 + 5y* = 12 2x* — Ty +5=0 
lee MES + 36 = 0 ky =? 


43. 


46. 


‘49. 


55. 


5 2 Z 3 
gee ge 
- 44.¢° 2 
3 1 6 7 
eg tea 7 ye ag tae 
x y x y 
1 i 
x4 y4 
1 1 se = 
+ =4 x? +xy =6 
x y 


ytytx-x-2=0 


= 2 50. 
x _9 





Vad, ae 


et =o 
ore = 2 


Graph the equations given in Example 4. 


50; 


y= 2 +E 


Inx = 4Iny 


= Na 


x? — 2x7 + y? i 
y-y 
x 





log3x = 2 + 2log3y 
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1 6 
pr = 6 
xv sy 

45. 
2 2 
op po 1 
xv sy 


Dn ea Oe 
AS. = = yy 0 
Wrxeo=0 


log, y =3 
= () 


log, (4y) = 


Inx = 5Iny 
" [logsx = 3 + 2logyy 


56. Graph the equations given in Problem 49. 


r In Problems 57-64, use a graphing utility to solve each system of equations. Express the solution(s) rounded to two decimal places. 


af. 


61. 


= 393 _— 13/2 
[y=2 a f=? 
y= 
xi+ y= 12 62 ror =6 
w=. 2 ; xy=1 


s. |* 7 


a 


wo. |" 4 
x‘y=4 


a 
a. |" ah 
y =Inx 


xy=4 


y=Inx 


Mixed Practice In Problems 65—70, graph each equation and find the point(s) of intersection, if any. 


65. 


67. 


69. 


The line x + 2y = O and 
the circle (x — 1)? + (y-—1)7= 


The circle (x — 1)? + (y+ 2)? = 
the parabola y? + 4y —-x +1=0 


4 and 





4 
y= z and the circle x° — 6x + y° + 1=0 
Xx — 


Applications and Extensions 


71. 


72. 


73. 


74. 


73. 


76. 


77. 


78. 


79. 


80. 


The difference of two numbers is 2 and the sum of their 
squares is 10. Find the numbers. 
The sum of two numbers is 7 and the difference of their 
squares is 21. Find the numbers. 
The product of two numbers is 4 and the sum of their squares 
is 8. Find the numbers. 
The product of two numbers is 10 and the difference of their 
squares is 21. Find the numbers. 
The difference of two numbers is the same as their product, 
and the sum of their reciprocals is 5. Find the numbers. 
The sum of two numbers is the same as their product, and the 
difference of their reciprocals is 3. Find the numbers. 

2 
The ratio of a to bis 3" The sum of a and b is 10. What is the 
ratio ofa + btob — a? 
The ratio of a to b is 4:3. The sum of a and 5 is 14. What is the 
ratio ofa — btoa + b? 
Geometry The perimeter of a rectangle is 16 inches and its area 
is 15 square inches. What are its dimensions? 





Geometry An area of 52 square feet is to be enclosed by two 
squares whose sides are in the ratio of 2:3. Find the sides of 
the squares. 





66. 


68. 


70. 


81. 


82. 


84. 


The line x + 2y + 6 = Oand 
the circle (x + 1)? + (y+1)7= 
The circle (x + 2)? + (y —1)* = 4and 


the parabola y? — 2y -x —-5 =0 





y= 5 and the circle x° + 4x + y°—~ 4 =0 


x + 


Geometry Two circles have circumferences that add up 
to 127 centimeters and areas that add up to 207 square 
centimeters. Find the radius of each circle. 


Geometry The altitude of an isosceles triangle drawn to its 
base is 3 centimeters, and its perimeter is 18 centimeters. Find 
the length of its base. 


The Tortoise and the Hare In a 21-meter race between a 
tortoise and a hare, the tortoise leaves 9 minutes before the 
hare. The hare, by running at an average speed of 0.5 meter 
per hour faster than the tortoise, crosses the finish line 
3 minutes before the tortoise. What are the average speeds of 
the tortoise and the hare? 


















2 Ot 


Jn 21 meters ———+| 


_ 
Gar 


Running a Race In a 1-mile race, the winner crosses the finish 
line 10 feet ahead of the second-place runner and 20 feet ahead 
of the third-place runner. Assuming that each runner maintains 
a constant speed throughout the race, by how many feet does 
the second-place runner beat the third-place runner? 
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85. 





86. 


Constructing a Box A rectangular piece of cardboard, whose 
area is 216 square centimeters, is made into an open box by 
cutting a 2-centimeter square from each corner and turning 
up the sides. See the figure. If the box is to have a volume 
of 224 cubic centimeters, what size cardboard should you 
start with? 





Constructing a Cylindrical Tube A rectangular piece of 
cardboard, whose area is 216 square centimeters, is made 
into a cylindrical tube by joining together two sides of the 
rectangle. See the figure. If the tube is to have a volume 
of 224 cubic centimeters, what size cardboard should you 
start with? 





87. 


Fencing A farmer has 300 feet of fence available to 
enclose a 4500-square-foot region in the shape of adjoining 
squares, with sides of length x and y. See the figure. Find x 


and y. 













HID 
Tis 





iii 
ne 


EE — = 








/- 
” 
= 
= 
- 
- 
- 
r 
—— 





88. Bending Wire A wire 60 feet long is cut into two pieces. Is it 
possible to bend one piece into the shape of a square and the 
other into the shape of a circle so that the total area enclosed 
by the two pieces is 100 square feet? If this is possible, find 
the length of the side of the square and the radius of the 
circle. 





= 


/\ 89. Descartes’ Method of Equal Roots Descartes’ 
method for finding tangent lines depends on the 
idea that, for many graphs, the tangent line at a 
given point is the unique line that intersects the 
graph at that point only. We use his method to 

find an equation of the tangent line to the parabola y = x” 

at the point (2, 4). See the figure. 





First, an equation of the tangent line can be written 
as y = mx + b. Using the fact that the point (2, 4) is on the 
line, we can solve for b in terms of m and get the equation 
y = mx + (4 —- 2m).Now we want (2, 4) to be the unique 
solution to the system 


ya 
y=mx+4—-—2m 


From this system, we get x* — mx + (2m — 4) = 0. Using 
the quadratic formula, we get 


m+ Vm? — 4(2m —- 4) 

p) 
To obtain a unique solution for x, the two roots must be equal; 
in other words, the discriminant m* — 4(2m — 4) must be 0. 
Complete the work to get m, and write an equation of the 
tangent line. 


XxX = 


JX In Problems 90-96, use Descartes’ method from Problem 89 to find an equation of the tangent line to each graph at the given point. 


90. 


93. 


96. 


x* + y* = 10; at (1,3) 
2x* + 3y* = 14; at (1,2) 


2y* — x* = 14; at (2,3) 


91. y = x? + 2; at (1,3) 


94, 3x7 + y* = 7; at (-1,2) 


92. x7 + y = 5;at (-2,1) 


95, x* — y” = 3;at (2,1) 


97. If r; and r, are two solutions of a quadratic equation ax” + bx + c = 0, it can be shown that 


b 
i ae 


Solve this system of equations for 7, and rp. 


and 


Cc 
Iq l> te 
LZ a 


98. Challenge Problem Solve for x and y in terms of a ¥ 0 





and b ¥ 0: 
vo ¥ eth 
ae oi” ab? 
x y a+b 
at4+ 2 = 
a bD ab 


Explaining Concepts: Discussion and Writing 


101. A circle and a line intersect at most twice. A circle and a 
parabola intersect at most four times. Deduce that a circle 
and the graph of a polynomial of degree 3 intersect at most 
six times. What do you conjecture about a polynomial of 
degree 4? What about a polynomial of degree n? Can you 
explain your conclusions using an algebraic argument? 


102. Suppose you are the manager of a sheet metal shop. A 
customer asks you to manufacture 10,000 boxes, each box 
being open on top. The boxes are required to have a square 


Retain Your Knowledge 
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99. Challenge Problem Geometry Find formulas for the 
length / and width w of a rectangle in terms of its area A and 
perimeter P. 


100. Challenge Problem Geometry Find formulas for the base b 
and one of the equal sides / of an isosceles triangle in terms 
of its altitude 4 and perimeter P. 


base and a 9-cubic-foot capacity. You construct the boxes by 

cutting out a square from each corner of a square piece of 

sheet metal and folding along the edges. 

(a) Find the dimensions of the square to be cut if the area 
of the square piece of sheet metal is 100 square feet. 

(b) Could you make the box using a smaller piece of sheet 
metal? Make a list of the dimensions of the box for 
various pieces of sheet metal. 


Problems 103-112 are based on material learned earlier in the course. The purpose of these problems is to keep the material fresh in 


your mind so that you are better prepared for the final exam. 


103. Solve: 7x” = 8 — 6x 


2 
104. Find an equation of the line with slope — 5 that contains the point (10, —7). 


24 
105. If cot@ = 7 and cos 6 < 0, find the exact value of each of the remaining trigonometric functions. 


106. Finding the Grade of a Mountain Trail A straight trail with uniform inclination leads from a hotel, elevation 5300 feet, 
w to a lake in the valley, elevation 4100 feet. The length of the trail is 4420 feet. What is the inclination (grade) of 


the trail? 


107. Find an equation of the circle with center at (—3, 4) and radius 10. 


108. Solve: x? < 4x + 21 


109. Find the function that is finally graphed after y = V25 — x? is reflected about the x-axis and shifted right 4 units. 


110. If f(x) = 2x* — 8x + 7, find f(x — 3). 


3 
ix 111. Find the difference quotient of f(x) = — 3" Simplify the answer. 
X —_ 


(2x — 5)?+3 — 3x-9(2x — 5)®-2 


/X 112. Simplify: [ (2x — 5)°/2 


‘Are You Prepared?’ Answers 
2. 
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11.7 Systems of Inequalities 


PREPARING FOR THIS SECTION Before getting started, review the following: 


e Solving Linear Inequalities (Section A.9, pp. A76-A77) e Solve Inequalities Involving Quadratic Functions 


e Lines (Section 1.3, pp. 20-31) ee oe ee 
* Circles (Section 1.4, pp. 35-39) Quadratic Functions an eir Properties (Section 3.3, 


pp. 143-152) 
\ Now Work the ‘Are You Prepared?’ problems on page 799. 


OBJECTIVES 1 Graph an Inequality (p. 794) 
2 Graph a System of Inequalities (p. 796) 





Section A.9 discusses inequalities in one variable. This section discusses inequalities 
in two variables. 


| EXAMPLE 1 | Examples of Inequalities in Two Variables 


(a) 3x +y S6 (b) x7 + y?<4 Cm ae: _ 


1 Graph an Inequality 


An inequality in two variables x and y is satisfied by an ordered pair (a, b) if, when x 
is replaced by a and y by b,a true statement results. The graph of an inequality in two 
variables x and y consists of all points (x, y) whose coordinates satisfy the inequality. 


| EXAMPLE 2 ~ Graphing an Inequality 


Graph the linear inequality: 3x + y = 6 


Solution Begin by graphing the equation 
3x +y =6 


formed by replacing (for now) the = symbol with an = sign. The graph of the 
equation is a line. See Figure 12(a). This line is part of the graph of the inequality 
because the inequality is nonstrict, so the line is drawn as a solid line. (Do you see 
why? We are seeking points for which 3x + y is less than or equal to 6.) 


5b @ (5, 5) 





Figure 12 (a) 3x+y=6 (b) Graph of 3x+ y=6 


Now test a few randomly selected points to see whether they belong to the graph 
of the inequality. 
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3x + y = 6 Conclusion 
(4, -1) 3°-4+ (-1) =11> 6 Does not belong to the graph 
(3,2) 3 Fo — 20 > 6 Does not belong to the graph 
(=a) 5) a SL aS 6 Belongs to the graph 
(2) a =o) + (2) =—=3 = 6 Belongs to the graph 


Look again at Figure 12(a). Notice that the two points that belong to the graph 
both lie on the same side of the line, and the two points that do not belong to the 
graph lie on the opposite side. As it turns out, all the points that satisfy the inequality 
will lie on one side of the line or on the line itself. All the points that do not satisfy 
the inequality will lie on the other side. The graph of 3x + y = 6consists of all points 
that lie on the line or on the same side of the line as (—1,2) and (—2, —2). This 
graph is shown as the shaded region in Figure 12(b). 


ommmm_=me-Now Work PROBLEM 15 


The graph of any inequality in two variables may be obtained similarly. The steps 
to follow are given next. 


RECALL The strict inequalities Steps for Graphing an Inequality 
are < and >. The nonstrict 
inequalities are < and =>. STEP 1: Replace the inequality symbol by an equal sign, and graph the 


resulting equation. If the inequality is strict, use dashes; if it is 
nonstrict, use a solid mark. This graph separates the xy-plane into 
two or more regions. 


STEP 2: In each region, select a test point P. 
e Ifthe coordinates of P satisfy the inequality, so do all the points in 
that region. Indicate this by shading the region. 
e Ifthe coordinates of P do not satisfy the inequality, no point in 
that region satisfies the inequality. 


| EXAMPLE 3 ~ Graphing an Inequality 


Graph: x” + y* <= 4 
Solution  Srep 1: Graph the equation x” + y* = 4, a circle of radius 2, with center at the 
origin. A solid circle is used because the inequality is not strict. 
STEP 2: Use two test points, one inside the circle, the other outside. 
Inside (0,0): x7 + y7=0?+ 0° =0 <4 _ Belongs to the graph 
Outside (4,0): x7 + y* = 474+ 0? = 16 > 4 Doesnot belong to the graph 


All the points inside and on the circle satisfy the inequality. See Figure 13. _J 





Ficueia xe ee even Now Work PROBLEM 17 


Linear Inequalities 


A linear inequality is an inequality in one of the forms 
Ax + By <C Ax + By >C Me doy =O Ax + By=C 


where A and B are not both zero. 

The graph of the corresponding equation of a linear inequality is a line that 
separates the xy-plane into two regions called half-planes. See Figure 14. 

As shown, Ax + By = Cs the equation of the boundary line, and it divides 
the plane into two half-planes: one for which Ax + By < C and the other for 
which Ax + By > C. Because of this, for linear inequalities, only one test point is 
Figure 14 required. 
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Lat EXAMPLE 4 Graphing Linear Inequalities 





Graph: (a) y <2 


Solution (a) Points on the horizontal line y = 2 
are not part of the graph of the 
inequality, so the graph is shown as 
a dashed line. Since (0,0) satisfies 
the inequality, the graph consists of 
the half-plane below the line y = 2. 
See Figure 15. 

y 

- Graph of : 

pe COMMENT A graphing utility can be y<2 : 
used to graph inequalities. To see how, _ _y=2 

read Section B.6. al on 





Figure15 y<2 


omm_=-Now Work PROBLEM 13 


2 Graph a System of Inequalities 


(b) y = 2x 


(b) Points on the line y = 2x are part 


of the graph of the inequality, so 
the graph is shown as a solid line. 
Use (3, 0) asa test point. It does not 
satisfy the inequality [0 < 2:3]. 
Points in the half-plane opposite 
the side containing (3, 0) satisfy the 
inequality. See Figure 16. 





Figure16 y = 2x J 


The graph of a system of inequalities in two variables x and y is the set of all 
points (x, y) that simultaneously satisfy each inequality in the system. The graph of 
a system of inequalities can be obtained by graphing each inequality individually and 


then determining where, if at all, they intersect. 





EXAMPLE 5 Graphing a System of Linear Inequalities 
yd 
Graph the system: ee 


Solution 


Begin by graphing the lines x + y = 2 and 2x — y = 4 using a solid line since both 


inequalities are nonstrict. Use the test point (0, 0.) on each inequality. For example, (0, 0) 
does not satisfy x + y = 2, so shade above the line x + y = 2. See Figure 17(a). 
But (0,0) does satisfy 2x — y = 4, so shade above the line 2x — y = 4. See 
Figure 17(b). The intersection of the shaded regions (in purple) gives the result presented 


in Figure 17(c). 


Graph of 
xXx+ y=2 





Figure 17 (a) 


opmmm_m_mm=-Now Work PROBLEM 23 





Graph of 
(eseeas 
2x—ys4 
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ae EXAMPLE 6 Graphing a System of Linear Inequalities 


Solution 


Graph the system: 


xXx+y=0 x+y=2 


Cy 2 
Yay 






~~ Graph of 
» (ae 
x+ y=0 


Figure 18 


omumm__=-Now Work PROBLEM 29 


See Figure 18. The overlapping purple-shaded region between the two boundary lines 
is the graph of the system. 


J 


| €XAMPLE7 | Graphing a System of Linear Inequalities 


Solution 


Graph the systems: 


(a) tas 


D5 tae | ae 


(a) See Figure 19. The overlapping 


purple-shaded region is the graph of 
the system. Note that the graph of 
the system is identical to the graph 
of the single inequality 2x — y = 2. 


Graph of 
2x—-y=0 
2Xx—-y=2 





Figure 19 


(b) ee aa 


K+ 2y = 6 


(b) See Figure 20. Here, because no 
overlapping region results, there 
are no points in the xy-plane that 
simultaneously satisfy each inequality. 
The system has no solution. 





Figure 20 J 


| €XAMPLES | PLE 8 Graphing a System of Nonlinear Inequalities 


Solution 


Graph the region below the graph of x + y = 2 and above the graph of y = x7 — 4 
by graphing the system 


y2x?-4 


5 ae ee 


Label all points of intersection. 


Figure 21 on the next page shows the graph of the region above the graph of the 
parabola y = x” — 4 and below the graph of the line x + y = 2. The points of 
intersection are found by solving the system of equations 


ven =A 
x+y=2 


(continued) 
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Use substitution to find 
x+ (x7-4) =2 
x +x-6=0 
(x + 3)(x —-2) =0 





x=-3 or x=2 
The two points of intersection are (—3,5) and (2,0). = 
Figure 21 evmmmmmm=-Now Work PROBLEM 37 


| €XAMPLE9 | Graphing a System of Four Linear Inequalities 


co eo 
2x+y24 
y= 
y=0 


Graph the system: 


Solution See Figure 22. The two inequalities x = 0 and y = 0 require the graph 

-! of the system to be in quadrant I. Concentrate on the remaining two inequalities. 

4 ee “ The intersection of the graphs of these two inequalities and quadrant I is shown in 
ox+y=4 dark purple. 





Figure 22 


Financial Planning 





"%, A retired couple can invest up to $25,000. As their financial adviser, you recommend 
wes that they place at least $15,000 in Treasury bills yielding 2% and at most $5000 in 
| corporate bonds yielding 3%. 





(a) Using x to denote the amount of money invested in Treasury bills and y to denote 
the amount invested in corporate bonds, write a system of linear inequalities that 
describes the possible amounts of each investment. Assume that x and y are in 
thousands of dollars. 


(b) Graph the system. 


Solution (a) The system of linear inequalities is 


be 
| 
=) 


x and y are nonnegative variables since they represent 
money invested, in thousands of dollars. 


25 The total of the two investments, x + y, cannot exceed $25,000. 
15 Atleast $15,000 in Treasury bills 
At most $5000 in corporate bonds 


& 
ob 
ee X 
IA WV 

= 


IV 


= 
IA 
ni 


(in thousands) 


y=5  (b) See the shaded region in Figure 23. Note that the inequalities x = 0 and y = : 
require that the graph of the system be in quadrant I. 





(in thousands) 


The graph of the system of linear inequalities in Figure 23 is bounded, because it 
Figure 23 can be contained within some circle of sufficiently large radius. A graph that cannot 
be contained in any circle is unbounded. For example, the graph of the system of 
linear inequalities in Figure 22 is unbounded, since it extends indefinitely in the 
positive x and positive y directions. 

Notice in Figures 22 and 23 that those points that belong to the graph and are also 
points of intersection of boundary lines have been plotted. Such points are referred to 
as vertices or corner points of the graph. The system graphed in Figure 22 has three 
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corner points: (0,4), (1,2), and (3,0). The system graphed in Figure 23 has four 
corner points: (15,0), (25,0), (20,5), and (15,5). 

These ideas are used in the next section in developing a method for solving linear 
programming problems, an important application of linear inequalities. 


ormmumm==-Now Work PROBLEM 45 


11.7 Assess Your Understanding 


‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. Solve the inequality: 3x + 4 < 8 — x (pp.A76-A77) 5. True or False The lines 2x + y = 4 and 4x + 2y = 0 are 
2. Graph the equation: 3x — 2y = 6 (pp. 27-28) parallel. (pp. 28-29) 

. . . 2 
3. Graph the equation: x2 + y? = 9 (pp.35-39) 6. Solve the inequality: x° — 4 = 5 (pp. 165-167) 


4. Graph the equation: y = x” + 4 (pp. 144-149) 


Concepts and Vocabulary 


7. When graphing an inequality in two variables, use 9. True or False The graph of a system of inequalities must 
if the inequality is strict; if the inequality is nonstrict, use a have an overlapping region. 
mark. 10. Multiple Choice If the graph of a system of inequalities 
8. The graph of a linear equation is a line that separates cannot be contained in any circle, then the graph 1s: 
the xy-plane into two regions called ; (a) bounded (b) unbounded 
(c) decomposed (d) composed 
Skill Building 
In Problems 11-22, graph each inequality. | 
li. x =0 12.» =0 NX 2B.x24 14. y <2 
W.15.2x+ y= 6 16. 3x + 2y <6 N12. 2+y>1 18.24 y2<9 
19. y<=x*-1 20. y>x74+2 21.xy=4 226 kV 1 
In Problems 23-34, graph each system of linear inequalities. 
ae ak = = 6 2x = = 4 4x —5y = 0 
23.4, 27 7 in, 25,4 26.4 
2x+y24 Le 2y= 2 Sie 2y = 6 Zo ye 
= Sy = 4x — = 2 ’ = 2) = 6 + 4y =8 
7 a N29, 9 2 30.9000” 
3X FF 2y 2256 LF 2y 2 2x —4y = 0 x+4y24 
+y>- —4dy< + 3y= +y= 
L 20 ¥ Z 37, I 4y=<4 33, 24 Sy 6 34, 2 Vy =) 
2 Ve 2 x-4y=0 2x4 Sy = 0 2k. = 2 
In Problems 35-42, graph each system of inequalities. 
A+ y= 9 24 y?=Q : =x 4 a= 
35.40 °° 36. . 7 375° * 38.4° 
KX -y =3 yay = 3 Van SZ y =x 
2 i gh ee AG 24 y2 = 95 4 +x*=<=1 
ae , , 40. 7 ‘ 41. - 5 42. : io 
y2x-4 a= yaad Vex = 1 
In Problems 43-52, graph each system of linear inequalities. State whether the graph is bounded or unbounded, and label the corner points. 
x= poets x= 0 x= 0 
> > ‘ > > 
aa 44, — \ 45. y= 46. —* 
24 Vy =6 x+ y2=4 Ct ah =O 
Ly = 6 24 3y = 6 2x+y2=4 24 y= 2 
i= | x= i= x=) 
y= 0 y= 0 y= 0 y20 
47. Ao yes 2 48. Loy = 492.4 x+y= 2 00:4 2 yeZ 
28 S12 Crys 7 xry= 8 rr yes 


5 a as ae 24 y = 10 2x + y= 10 a2 =I 
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53. 
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x= 0 
y= 0 
x+2y= 1 
x + 2y = 10 





52. 


54. 








Applications and Extensions 


Dis 


58. 


Financial Planning A retired couple has up to $50,000 to 
invest. As their financial adviser, you recommend that they 
place at least $35,000 in Treasury bills yielding 1% and at 
most $10,000 in corporate bonds yielding 3%. 

(a) Using x to denote the amount of money invested in 
Treasury bills and y to denote the amount invested in 
corporate bonds, write a system of linear inequalities 
that describes the possible amounts of each 
investment. 

(b) Graph the system and label the corner points. 





Manufacturing Trucks Mike’s Toy Truck Company 

manufactures two models of toy trucks, a standard model and 

a deluxe model. Each standard model requires 2 hours (h) 

for painting and 3 h for detail work; each deluxe model 

requires 3 h for painting and 4 h for detail work. Two painters 
and three detail workers are employed by the company, and 
each works 40 h per week. 

(a) Using x to denote the number of standard-model 
trucks and y to denote the number of deluxe-model 
trucks, write a system of linear inequalities that 
describes the possible numbers of each model of 
truck that can be manufactured in a week. 

(b) Graph the system and label the corner points. 











59. Blending Coffee Buill’s Coffee House, a store that specializes in 


coffee, has available 75 pounds (Ib) of A grade coffee and 120 Ib 
of B grade coffee. These will be blended into 1-lb packages as 
follows: an economy blend that contains 4 ounces (0z) of A 
grade coffee and 12 oz of B grade coffee, and a superior blend 
that contains 8 oz of A grade coffee and 8 oz of B grade coffee. 
(a) Using x to denote the number of packages of the 
economy blend and y to denote the number of 
packages of the superior blend, write a system of 
linear inequalities that describes the possible numbers 
of packages of each kind of blend. 
(b) Graph the system and label the corner points. 
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60. Mixed Nuts Nola’s Nuts, a store that specializes in selling feet Gi of cargo. A printer weighs 20 lb and occupies 3 ft? 
w nuts, has available 90 pounds (Ib) of cashews and 120 Ib of of space. A microwave oven weighs 30 lb and occupies 2 ft? 
peanuts. These are to be mixed in 12-ounce (oz) packages as of space. 
follows: a lower-priced package containing 8 oz of peanuts (a) Using x to represent the number of microwave ovens 
and 4 oz of cashews, and a quality package containing 6 oz of and y to represent the number of printers, write a system 
peanuts and 6 oz of cashews. of linear inequalities that describes the number of ovens 
(a) Use x to denote the number of lower-priced packages, and printers that can be hauled by the truck. 
and use y to denote the number of quality packages. (b) Graph the system and label the corner points. 


Write a system of linear inequalities that describes the 


62. Chall Problem Graph th t fi lities. 
possible numbers of each kind of package. sa a aia ai ae el 


(b) Graph the system and label the corner points. { |x| + jy] =4 


61. Transporting Goods A small truck can carry no more 


ly| = |x* — 3] 


than 1600 pounds (lb) of cargo and no more than 150 cubic 


Retain Your Knowledge 


Problems 63-72 are based on material learned earlier in the course. The purpose of these problems is to keep the material fresh in your 
mind so that you are better prepared for the final exam. 


63. 
64. 
N65. 
66. 
67. 
68. 


69. 


70. 
71. 


fe 72. 


Solve 2(x + 1)? + 8 = 0 in the complex number system. 

Write the polar equation 3r = sin @ as an equation in rectangular coordinates. Identify the equation and graph it. 
Use the Intermediate Value Theorem to show that f(x) = 6x? + 5x — 6 hasa real zero on the interval [ —1, 2]. 
Solve the equation 2 cos*@ — cos @ — 1 = Ofor0 = 6 < 2z. 

solve: x = 2 = —4y +327 4718 


If $7500 is invested in an account paying 3.25% interest compounded daily, how much money will be in the account after 
5 years? 


The horsepower P needed to propel a boat through water is directly proportional to the cube of the boat’s speed s. If a boat 
needs 150 horsepower to travel 12 miles per hour, what horsepower does it need to travel 6 miles per hour? 


Change y = logs x to an equivalent statement involving an exponent. 


2 
Given f(x) = 7.5 and g(x) = Vx + 2, find the domain of (f° g) (x). 





Consider the functions f(x) = x° — 7x? — 5x + 4 and f’(x) = 3x? — 14x — 5. Given that f is increasing where f’(x) > 0 
and fis decreasing where f’(x) < 0, find where fis increasing and where fis decreasing. 


‘Are You Prepared?’ Answers 


1. {4x =< Lor (— co, 1) 2. 


5. True 
6. {x|-3 <= x < 3} or [-3,3] 





11.8 Linear Programming 


OBJECTIVES 1 Set Upa Linear Programming Problem (p. 802) 
2 Solve a Linear Programming Problem (p. 802) 





Historically, linear programming evolved as a technique for solving problems involving 
resource allocation of goods and materials for the U.S. Air Force during World War II. 
Today, linear programming techniques are used to solve a wide variety of problems, 
such as optimizing airline scheduling. Although most practical linear programming 
problems involve systems of several hundred linear inequalities containing several 
hundred variables, we limit our discussion to problems containing only two variables, 
because we can solve such problems using graphing techniques.* 

*The simplex method is a way to solve linear programming problems involving many inequalities and 


variables. Developed by George Dantzig in 1946, it is particularly well suited for computerization. 
In 1984, Narendra Karmarkar of Bell Laboratories discovered a way to improve the simplex method. 
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1 Set Up a Linear Programming Problem 


Let’s begin by returning to Example 10 from Section 11.7 


| EXAMPLE 1 | Financial Planning 


Wee 
ania 


“= Aretired couple has up to $25,000 to invest. As their financial adviser, you recommend 





seme? that they place at least $15,000 in Treasury bills yielding 2% and at most $5000 in 





Solution 


corporate bonds yielding 3%. Develop a model that can be used to determine how 
much money they should place in each investment so that income is maximized. 


The problem is typical of a linear programming problem. The problem requires that 
a certain linear function, the income, be maximized. If J represents income, x the 
amount invested in Treasury bills at 2%, and y the amount invested in corporate 
bonds at 3%, then 


I = 0.02x + 0.03y 


Assume, as before, that J, x, and y are in thousands of dollars. 

The linear function J = 0.02x + 0.03y is called the objective function. Further, 
the problem requires that the maximum income be achieved under certain 
conditions, or constraints, each of which is a linear inequality involving the variables. 
(See Example 10 in Section 11.7) The linear programming problem is modeled as 


Maximize I = 0.02x + 0.03y 
subject to the constraints 
y= 0 
y=0 
Lb ys 25 
N= 15 


y=s , 


In general, every linear programming problem has two components: 


e A linear objective function that is to be maximized or minimized 


e Acollection of linear inequalities that must be satisfied simultaneously 


C DEFINITION Linear Programming Problem 


A linear programming problem in two variables x and y consists of maximizing 
(or minimizing) a linear objective function 


| z= Ax + By A and B are real numbers, not both 0 


subject to certain constraints, or conditions, expressible as linear inequalities 


in x and y. J 


2 Solve a Linear Programming Problem 


To maximize (or minimize) the quantity z = Ax + By, we need to identify 
points (x, y) that make the expression for z the largest (or smallest) possible. But not 
all points (x,y) are eligible; only those that also satisfy each linear inequality 
(constraint) can be used. Each point (x,y) that satisfies the system of linear 
inequalities (the constraints) is a feasible point. Linear programming problems seek 
the feasible point(s) that maximizes (or minimizes) the objective function. 
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Look again at the linear programming problem in Example 1. 


| EXAMPLE 2 | Analyzing a Linear Programming Problem 


Solution 


RECALL: The graph of a system of 
linear inequalities is bounded if itcan be 
enclosed by a circle of sufficiently large 
radius. o 


Consider the linear programming problem 
Maximize I = 0.02x + 0.03y 

subject to the constraints 

x = 0) 

y2=0 

yy 25 

pial 

y=s 
Graph the constraints. Then graph the objective function for J = 0, 0.3, 0.45, 0.55, 
and 0.6. 


Figure 24 shows the graph of the constraints. We superimpose on this graph the graph 
of the objective function for the given values of J. 

For J = 0, the objective function is the line 0 = 0.02x + 0.03y. 

For I = 0.3, the objective function is the line 0.3 = 0.02x + 0.03y. 

For I = 0.45, the objective function is the line 0.45 = 0.02x + 0.03y. 

For J = 0.55, the objective function is the line 0.55 = 0.02x + 0.03y. 

For I = 0.6, the objective function is the line 0.6 = 0.02x + 0.03y. 


y 


(in thousands) 





Figure 24 _J 


(DEFINITION Solution to a Linear Programming Problem 


A solution to a linear programming problem consists of a feasible point 
that maximizes (or minimizes) the objective function, together with the 
corresponding value of the objective function. J 


One condition for a linear programming problem in two variables to have a 
solution is that the graph of the feasible points be bounded. 

If none of the feasible points maximizes (or minimizes) the objective function 
or if there are no feasible points, the linear programming problem has no solution. 

Consider the linear programming problem posed in Example 2, and look again 
at Figure 24. The feasible points are the points that lie in the shaded region. For 
example, (20,3) is a feasible point, as are (15,5), (20,5), (18,4), and so on. 
To find the solution of the problem requires finding a feasible point (x, y) that 
makes [ = 0.02x + 0.03y as large as possible. 
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Notice that as / increases in value from J = Otol = 0.3 tol = 0.45 to I = 0.55 
to J = 0.6, the result is a collection of parallel lines. Further, notice that the largest 
value of / that can be obtained using feasible points is J = 0.55, which corresponds to 
the line 0.55 = 0.02x + 0.03y. Any larger value of / results in a line that does not pass 
through any feasible points. Finally, notice that the feasible point that yields J = 0.55 
is the point (20, 5) ,a corner point. These observations form the basis of the following 
results, which are stated without proof. 


( THEOREM Location of the Solution of a Linear Programming Problem 
e Ifa linear programming problem has a solution, it is located at a corner 
point of the graph of the feasible points. 


e Ifa linear programming problem has multiple solutions, at least one of 
them is located at a corner point of the graph of the feasible points. 


e In either case, the corresponding value of the objective function is unique. J 


We do not consider linear programming problems that have no solution. As a 
result, we can outline the procedure for solving a linear programming problem as 
follows: 


Steps for Solving a Linear Programming Problem 


STEP 1: Assign symbols for the variables in the problem, and write an 
expression for the quantity to be maximized (or minimized). This 
expression is the objective function. 


STEP 2: Write all the constraints as a system of linear inequalities. 


STEP 3: Graph the system (the set of feasible points) and find the corner 
points. 


STEP 4: Evaluate the objective function at each corner point. The largest 
(or smallest) of these is the solution. 


| EXAMPLE 3 | Solving a Minimum Linear Programming Problem 


Minimize the objective function 
Z = 2x + 3y 
subject to the constraints 


Y= 5 1 = 6 X+ySZ x=0 y=0 


Solution STEP 1: We want to minimize the objective function z = 2x + 3y. 
STEP 2: The constraints form the system of linear inequalities 


y=o 
A= 6 
yy 
x20 
y=0 


STEP 3: The graph of this system (the set of feasible points) is shown as the shaded 
region in Figure 25. The corner points are labeled. 





STEP 4: Table 1 lists the corner points and the corresponding values of the objective 
function. From the table, the minimum value of z is 4, and it occurs at the 
Figure 25 point (2,0). 


Table 1 
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Value of the Objective Function 
Corner Point (x, y) zZ= 2x + 3y 


ovum Now Work PROBLEMS 5 AND 11 


| EXAMPLE 4 | Maximizing Profit 


At the end of every month, after filling orders for its regular customers, a coffee 


we ~company has some pure Colombian coffee and some special-blend coffee remaining. 





Solution 


The practice of the company has been to package a mixture of the two coffees into 
1-pound (lb) packages as follows: a low-grade mixture containing 4 ounces (02) 
of Colombian coffee and 12 oz of special-blend coffee, and a high-grade mixture 
containing 8 oz of Colombian and 8 oz of special-blend coffee. A profit of $1.25 per 
package is made on the low-grade mixture, whereas a profit of $1.75 per package 
is made on the high-grade mixture. This month, 120 Ib of special-blend coffee and 
100 Ib of pure Colombian coffee remain. How many packages of each mixture should 
be prepared to achieve a maximum profit? Assume that all packages prepared can 
be sold. 


STEP 1: Begin by assigning symbols for the two variables. 


x = Number of packages of the low-grade mixture 


y = Number of packages of the high-grade mixture 


The goal is to maximize the profit subject to constraints on x and y. If P 
denotes the profit, then the objective function is 


P = $1.25x + $1.75y 


STEP 2: Because x and y represent numbers of packages, the only meaningful values 
for x and y are nonnegative integers. This yields the two constraints 


X20 y =O Nonnegative constraints 


There is only so much of each type of coffee available. For example, the total 
amount of Colombian coffee used in the two mixtures cannot exceed 100 Ib, 
or 1600 oz. Because 4 oz are used in each low-grade package and 8 oz are 
used in each high-grade package, this leads to the constraint 


4x + 8y = 1600 Colombian coffee constraint 


Similarly, the supply of 120 Ib, or 1920 oz, of special-blend coffee leads to 
the constraint 


12x + 8y = 1920  Special-blend coffee constraint 
The linear programming problem is 
Maximize P= 1250 LJ 5y 
subject to the constraints 


x=0O0 y=zod0 4x + 8y = 1600 12x + 8y = 1920 
(continued) 
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STEP 3: The graph of the constraints (the feasible points) is shown in Figure 26 with 
the corner points labeled. 

STEP 4: Table 2 shows the value of P at each corner point. From the table, the 
maximum profit of $365 is achieved with 40 packages of the low-grade 

: eo. re) mixture and 180 packages of the high-grade mixture. 







Table 2 


Corner Point Value of Profit 
(x, y) P= 1.25x + 1.75y 


(0, 0) P=0 


(0, 200) P = 1.25-0 + 1.75-200 = $350 
: (40, 180) P = 1.25-40 + 1.75-180 = $365 
12x + 8y = 1920 Ax+ 8y= 1000 aa P = 1.25-160 + 1.75-0 = $200 





80 220 260 300 340 380 





Figure 26 
o_mm_=- Now Work PROBLEM 19 


11.8 Assess Your Understanding 


Concepts and Vocabulary 


1. A linear programming problem requires that a linear 2. True or False If a linear programming problem has a solution, 
expression, called the , be it is located at a corner point of the graph of the feasible 
maximized or minimized. points. 

Skill Building 


In Problems 3-8, find the maximum and minimum value of the given objective function of a linear programming problem. The figure 
illustrates the graph of the feasible points. 


3.Z=x+y 
4. z= 2x + 3y 
‘\ 5. z =x + 10y 





6. z= 10x + y 
7 z= 5x + Ty 
8. z = 7x + Sy 


In Problems 9-18, solve each linear programming problem. 
9, Maximize z = 2x + y subject to the constraints x = 0, y=O0O, x+y36, x+y=21 


10. Maximize z = x + 3y subject to the constraints x =0, y=0O, x+y=2=3, x=5, ys7 

‘\ 11. Minimize z = 2x + 5y subject to the constraints x = 0, y=0O, x+y=2, x5, ys3 

12. Minimize z = 3x + 4y subject to the constraints x = 0, y=0O, 2x + 3y=6, x+y=<8 

13. Maximize z = 3x + 5y subject to the constraints x=0, y=O, x+y=2, 2x+3y 12, 3x+2y=12 

14. Maximize z = 5x + 3y subject to the constraints x = 0, y=O, x+y=2, x+y=8 2x+ y= 10 
15. Minimize z = 5x + 4y subject to the constraints x = 0, y=O, x+y=2, 2x4+3y $12, 3x+y=12 
16. Minimize z = 2x + 3y subject tothe constraints x = 0, y=O0O, x+y=3, x+y59, x+3y=6 


17, Maximize z = 5x + 2y subject to the constraints x=0, y=0, x+,y<10, 2x+,y=10, x+2y=10 


18. Maximize z = 2x + 4y subject to the constraints x = 0, y=O, 2x+y=2=4, x+ys9 


Applications and Extensions 


X19. 


Manufacturing time per ski 
Finishing time per ski 


Profit per ski 


20. 


21. 


22. 


23. 





Maximizing Profit A manufacturer of skis produces two 


_ types: downhill and cross-country. Use the following table to 


determine how many of each kind of ski should be produced 
to achieve a maximum profit. What is the maximum profit? 
What would the maximum profit be if the time available for 
manufacturing were increased to 48 hours? 


Cross- Time 


Downhill country Available 


40 hours 
32 hours 


2hours’ 1hour 
1 hour 


$50 


1 hour 
$70 


Farm Management A farmer has 70 acres of land available 
for planting either soybeans or wheat. The cost of preparing 
the soil, the workdays required, and the expected profit per 
acre planted for each type of crop are given in the following 
table. 


Soybeans Wheat 


Preparation cost per acre $60 $30 


Workdays required per acre 3 4 





Profit per acre $180 $100 


The farmer cannot spend more than $1800 in preparation 
costs and cannot use a total of more than 120 workdays. How 
many acres of each crop should be planted to maximize the 
profit? What is the maximum profit? What is the maximum 
profit if the farmer is willing to spend no more than $2400 on 
preparation? 

Banquet Seating A banquet hall offers two types of tables 
for rent: 6-person rectangular tables at a cost of $28 each and 
10-person round tables at a cost of $52 each. Kathleen would 
like to rent the hall for a wedding banquet and needs tables 
for 250 people. The hall can have a maximum of 35 tables, 
and the hall has only 15 rectangular tables available. How 
many of each type of table should be rented to minimize cost 
and what is the minimum cost? 


Source: facilities. princeton.edu 


Spring Break The student activities department of 
a community college plans to rent buses and vans for 
a spring-break trip. Each bus has 40 regular seats and 1 special 
seat designed to accommodate travelers with disabilities. Each 
van has 8 regular seats and 3 special seats. The rental cost is $350 
for each van and $975 for each bus. If 320 regular and 36 special 
seats are required for the trip, how many vehicles of each type 
should be rented to minimize cost? 





Source: www.busrates.com 


Return on Investment An investment broker is instructed 
by her client to invest up to $20,000, some in a junk bond 
yielding 9% per annum and some in Treasury bills yielding 
7% per annum. The client wants to invest at least $8000 in 
T-bills and no more than $12,000 in the junk bond. 


24. 


25. 


26. 
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(a) How much should the broker recommend that the client 
place in each investment to maximize income if the client 
insists that the amount invested in T-bills must equal or 
exceed the amount placed in the junk bond? 

(b) How much should the broker recommend that the client 
place in each investment to maximize income if the 
client insists that the amount invested in T-bills must not 
exceed the amount placed in the junk bond? 


Production Scheduling In a factory, machine 1 produces 
8-inch (in.) pliers at the rate of 60 units per hour (h) 
and 6-in. pliers at the rate of 70 units/h. Machine 2 produces 
8-in. pliers at the rate of 40 units/h and 6-in. pliers at the rate of 
20 units/h. It costs $50/h to operate machine 1, and machine 2 
costs $30/h to operate. The production schedule requires that 
at least 240 units of 8-in. pliers and at least 140 units of 6-in. 
pliers be produced during each 10-h day. Which combination 
of machines will cost the least money to operate? 


Managing a Meat Market A meat market combines ground 
beef and ground pork in a single package for meat loaf. The 
ground beef is 75% lean (75% beef, 25% fat) and costs the 
market $2.25 per pound (lb). The ground pork is 60% lean 
and costs the market $1.35/lb. The meat loaf must be at least 
70% lean. If the market wants to make at least 180 lb of meat 
loaf by using at least 50 lb of its available pork, but no more 
than 200 lb of its available ground beef, how much ground 
beef should be mixed with ground pork so that the cost is 
minimized? 















70% lean 
meat loaf 


60% lean 
ground pork 


75% lean 
ground beef 





Ice Cream The Mom and Pop Ice Cream Company makes 
two kinds of chocolate ice cream: regular and premium. The 
properties of 1 gallon (gal) of each type are shown in the table: 


Regular Premium 


24 oz 
Zz 
5 Ibs 
$0.75 


20 oz 
20 oz 

6 Ibs 
$0.90 


Flavoring 
Milk-fat products 
Shipping weight 
Profit 





In addition, current commitments require the company to 
make at least 1 gal of premium for every 4 gal of regular. 
Each day, the company has available 725 pounds (lb) of 
flavoring and 425 Ib of milk-fat products. If the company can 
ship no more than 3000 lb of product per day, how many 
gallons of each type should be produced daily to maximize 
profit? 


Source: www.scitoys.com/ingredients/ice_cream.html 
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27. 


28. 


29. 


Maximizing Profit on Ice Skates A factory manufactures 
two kinds of ice skates: racing skates and figure skates. 
The racing skates require 6 work-hours in the fabrication 
department, whereas the figure skates require 4 work-hours 
there. The racing skates require 1 work-hour in the finishing 
department, whereas the figure skates require 2 work-hours 
there. The fabricating department has available at most 
120 work-hours per day, and the finishing department has no 
more than 40 work-hours per day available. If the profit on 
each racing skate is $10 and the profit on each figure skate 
is $12, how many of each should be manufactured each day 
to maximize profit? (Assume that all skates made are sold.) 


Financial Planning A retired couple have up to $50,000 to 
place in fixed-income securities. Their financial adviser suggests 
two securities to them: one is an AAA bond that yields 8% 
per annum; the other is a certificate of deposit (CD) that 
yields 4%. After careful consideration of the alternatives, the 
couple decide to place at most $20,000 in the AAA bond and at 
least $15,000 in the CD. They also instruct the financial adviser 
to place at least as much in the CD as in the AAA bond. How 
should the financial adviser proceed to maximize the return on 
their investment? 





Product Design An entrepreneur is having a design group 
produce at least six samples of a new kind of fastener that 
he wants to market. It costs $9.00 to produce each metal 
fastener and $4.00 to produce each plastic fastener. He wants 
to have at least two of each version of the fastener and needs 
to have all the samples 24 hours (h) from now. It takes 4 h to 
produce each metal sample and 2 h to produce each plastic 
sample. To minimize the cost of the samples, how many of 
each kind should the entrepreneur order? What will be the 
cost of the samples? 





Explaining Concepts: Discussion and Writing 


30. 


31. 


32. 


Animal Nutrition Kevin’s dog Amadeus likes two kinds 
of canned dog food. Gourmet Dog costs $1.40 per can and 
has 20 units of a vitamin complex; the calorie content is 
75 calories. Chow Hound costs $1.12 per can and has 35 units 
of vitamins and 50 calories. Kevin likes Amadeus to have at 
least 1175 units of vitamins a month and at least 2375 calories 
during the same time period. Kevin has space to store 
only 60 cans of dog food at a time. How much of each kind of 
dog food should Kevin buy each month to minimize his cost? 


Airline Revenue An airline has two classes of service: first 
class and coach. Management’s experience has been that 
each aircraft should have at least 8 but no more than 16 
first-class seats and at least 80 but no more than 120 coach seats. 








(a) If management decides that the ratio of first class to coach 
seats should never exceed 1:12, with how many of each 
type of seat should an aircraft be configured to maximize 
revenue? 

(b) If management decides that the ratio of first class to 
coach seats should never exceed 1:8, with how many 
of each type of seat should an aircraft be configured to 
maximize revenue? 

(c) If you were management, what would you do? 








(Hint: Assume that the airline charges $C for a coach seat 
and $F for a first-class seat; C > 0, F > C.] 


Challenge Problem Maximize z = 10x + 4y subject to the 
constraints x =0,y =0, 4x —y = -9, x — 2y = —25, 
x+2y 331, x+y=19, 44+ y= 43, Sx -y = 38, 
x-2ys4 


33. Explain in your own words what a linear programming problem is and how it can be solved. 


Retain Your Knowledge 


Problems 34-43 are based on material learned earlier in the course. The purpose of these problems is to keep the material fresh in your 
mind so that you are better prepared for the final exam. 


34. 


35. 


36. 


J) 


38. 


39. 


Solve: 2m2” — m!? = 1 


Graph y = —tan (« = z) for at least two periods. Use the 


graph to determine the domain and range. 


Radioactive Decay The half-life of titanium-44 is 63 years. 
How long will it take 200 grams to decay to 75 grams? 
Round to one decimal place. 


Find the equation of the line that is parallel to y = 3x + 11 
and passes through the point (—2, 1). 


The sum of two numbers is 16. If the larger number is 4 less 
than 3 times the smaller number, find the two numbers. 


What amount must be invested at 4% interest compounded 
daily to have $15,000 in 3 years? 


40. 


41. 


Find an equation of the ellipse that has vertices (0, +5) and 
FOC (0;, 22 3) 


If f(x) == 


— 5x +1 


, find f-'(x). 


iS 42. Factor completely: 30x? (x — 7)3 + 15x39 (x — 7) 1? 


1 
4X 43. Consider the functions f(x) = 3x — 3x7 + 5x +7 


and f” (x) = 2x — 6. Given that fis concave up where f” (x) > 0 
and f is concave down where f”(x) < 0, find where f is 
concave up and where f is concave down. 
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Chapter Review 


Things to Know 
Systems of equations (pp. 720-722) 
Systems with no solutions are inconsistent. Systems with a solution are consistent. 
Consistent systems of linear equations have either a unique solution (independent) or an infinite number of solutions (dependent). 
Matrix (p. 735) Rectangular array of numbers, called entries 
Augmented matrix (p. 735) 
Row operations (p. 736) 
Row echelon form (p. 737) 
Reduced row echelon form (p. 740) 
Determinants and Cramer’s Rule (pp. 748-756) 
Matrix Algebra (pp. 759-771) 








m by n matrix (p. 760) Matrix with m rows and n columns 

Identity matrix [, (p. 767) Ann by n square matrix whose diagonal entries are 1’s, while all other entries are 0’s 
Inverse of a matrix (p. 767) A | is the inverse of Aif AA! = A'A = I, 

Nonsingular matrix (p. 768) A square matrix that has an inverse 


Linear programming problem (p. 802) 


Maximize (or minimize) a linear objective function, z = Ax + By, subject to certain conditions, or constraints, expressible as linear 
inequalities in x and y. A feasible point (x, y) is a point that satisfies the constraints (linear inequalities) of a linear programming 
problem. 


Location of the solution of a linear programming problem (p. 804) 


If a linear programming problem has a solution, it is located at a corner point of the graph of the feasible points. If a linear 
programming problem has multiple solutions, at least one of them is located at a corner point of the graph of the feasible points. 
In either case, the corresponding value of the objective function is unique. 














Objectives 
Section You should be able to... Examples(s) Review Exercises 
11.1 1 Solve systems of equations by substitution (p. 723) 4 1-7, 56, 59 
2 Solve systems of equations by elimination (p. 723) 5,6 1-7, 56, 59 
3 Identify inconsistent systems of equations containing two variables (p.725) 7 5,54 
4 Express the solution of a system of dependent equations containing 8 422 
two variables (p. 725) 
5 Solve systems of three equations containing three variables (p. 726) O12 8-10, 55, 57, 60 
6 Identify inconsistent systems of equations containing three variables (p. 728) 10 10 
7 Express the solution of a system of dependent equations containing 11 9 
three variables (p. 728) 
11.2 1 Write the augmented matrix of a system of linear equations (p. 735) | 20-25 
2 Write the system of equations from the augmented matrix (p. 736) Z 1112 
3 Perform row operations on a matrix (p. 736) 3,4 20-25 
4 Solve a system of linear equations using matrices (p. 737) 5-10 20-25 
11.3 1 Evaluate 2 by 2 determinants (p. 748) 1 26 
2 Use Cramer’s Rule to solve a system of two equations containing 2 29, 30 
two variables (p. 749) 
3 Evaluate 3 by 3 determinants (p. 751) 4 2128 
4 Use Cramer’s Rule to solve a system of three equations containing 5 31 
three variables (p. 753) 
5 Know properties of determinants (p. 755) 6-9 32,33 


(continued) 
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Section You should be able to... Examples(s) Review Exercises 
11.4 1 Find the sum and difference of two matrices (p. 760) 3,4 13 
2 Find scalar multiples of a matrix (p. 762) 5 14 
3 Find the product of two matrices (p. 763) 6-11 15, 16 
4 Find the inverse of a matrix (p. 767) 12-14 17-19 
5 Solve a system of linear equations using an inverse matrix (p. 771) 15 20-25 
P 
11.5 1 Decompose O where Q has only nonrepeated linear factors (p. 778) 2 34 
P ; 
2 Decompose O where Q has repeated linear factors (p. 779) 3,4 = 
lg 
3 Decompose — where Q has a nonrepeated irreducible quadratic factor 5) 36, 38 
(p. 781) 
P 
4 Decompose — where @ has a repeated irreducible quadratic factor 6 oT 
(p. 782) 
11.6 1 Solve a system of nonlinear equations using substitution (p. 785) 1,3 39-43 
2 Solve a system of nonlinear equations using elimination (p. 786) 2,4,5 39-43 
11.7 1 Graph an inequality (p. 794) 2-4 44,45 
2 Graph a system of inequalities (p. 796) 5-10 46-50, 58 
11.8 1 Set up a linear programming problem (p. 802) 1 61 
2 Solve a linear programming problem (p. 802) 2-4 51, 52,61 


Review Exercises 


In Problems I-10, solve each system of equations using the method of substitution or the method of elimination. If the system has no 
solution, state that it is inconsistent. 


2x - y=5 ; _~ x-2y-4=0 Pe ae 
" [5x + 2y = 8 x —3y=5 " (3x + 2y -4=0 " (x = 3y +4 
— 3y+4=0 ly = = 6 
a4 2x + 3y — 13 =0 x + 5y=10 oe 
5 i 3 jig 3 5 0 vA omer, 20 $4 2e— po 3z—=-13 
7 os 7 : 3x — 2y + 3z = -16 
2x -4y+ z= -15 x—4y+3z= 15 
9. x+2y—-—4z= 27 10. § —3% + yrosz==) 
St = Oy — 22 = =3 =1e= y= 92 10 
In Problems 11 and 12, write the system of equations that corresponds to the given augmented matrix. 
39 g £ 2 5 = 
11. 14 4 B.)> 0 =3 8 
2 =1 0 
In Problems 13-16, use the following matrices to compute each expression. 
1 — 
0 4-3 0 3 -4 
A= 2 4 B= 1 i C=]1 5 
=|, 2 > zZ 
13. A+ C 14. 6A 15. AB 16. BC 


In Problems 17-19, find the inverse, if there is one, of each matrix. If there is no inverse, state that the matrix is singular. 


4 6 - 22 4 -8 
17, ia 18%. 1/1 21 19. 1.9 
, =1 9 
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In Problems 20-25, solve each system of equations using matrices. If the system has no solution, state that it is inconsistent. 


5x —- 6y —-3z= 6 2Lryr £5 

















3x — 2y=1 
204.00 21. § 4x — Ty —2z2 = -3 22. < 4x -y -3z=1 
10x + 10y = 5 
3x + y-—7z= 1 8&x ty- z=5 
= = = f= Ff 
. 22 = 1 x- y +7= 0 x y & 
ax+ y- z+2t= 3 
23. 2x + 3y = —3 24. X= Y-D7— 60 25. 
Pasa 2B eee 1=0 i A a 
x — 3y-4z = x - —-jl= 
, 3x —4y + 2+ 5¢=-3 
In Problems 26-28, find the value of each determinant. 
4 1 4 0 2 1 =3 
26. ; : 27. |-1 2 6 28. |5 0 1 
4 1 3 2 6 
In Problems 29-31, use Cramer's Rule, if applicable, to solve each system. 
x+2y- z= 6 
—2y=4 2k + sy — 13° = 0 
29, lle ; 30. o ot 31. 42x - y+3z=-13 
X = iS = 
: ? 3x — 2y + 3z = -16 
In Problems 32 and 33, use properties of determinants to find the value of each determinant if it is known that : = 8. 
2x sy y x 
32. 33. 
2a ba 
In Problems 34-38, find the partial fraction decomposition of each rational expression. 
6 — 4 3 2 
34, :-—_——= 35. ———- 36. > 37. ———_. 38. +. 
x(x — 4) xix = 1) Cr Oy ea (x7 + 4) (xo Lita = 1) 
In Problems 39-43, solve each system of equations. 
a+y+3=0 2xy + y? = 10 7+ y?=6 
30.9 40. 93 7 a.3° 7, 
Key SS 3y° —xy = 2 x 3y 
3x? + dxy + Sy? = 8 ea eS ae” 
a eneaee 0 B Joo 
x x = =X 
yay +y+1= 0 
In Problems 44 and 45 graph each inequality. 
44. 3x + 4y = 12 45. y = x’ 


In Problems 46-48, graph each system of inequalities. State whether the graph is bounded or unbounded, and label the corner points. 


x20 x20 
—2x +y=2 > > 

4.4 °° 47. — 48. — 

LY 27 x+ ys4 2x + ys8 

2x + 3y =6 xo 2y = 2 

In Problems 49 and 50, graph each system of inequalities. 

7+ y? = 16 a 
49. . d 50. 4° 
Gory a2 xy =4 


In Problems 51 and 52, solve each linear programming problem. 
51. Maximize z = 3x + 4y subject to the constraints x = 0,y = 0,3x + 2y2=6,x+ y= 8 
52. Minimize z = 3x + 5y subject to the constraints x = 0,y =0,x + y 21,3x + 2y = 12,x + 3y = 12 


53. Find A so that the system of equations has infinitely many 54. Find A so that the system in Problem 53 is inconsistent. 


solutions. 55. Curve Fitting Find the quadratic function y = ax* + bx + c 


i" + Sy= 5 that passes through the three points (0,1), (1,0), 
4x + 10y=A and (—2,1). 





812 CHAPTER 11 Systems of Equations and Inequalities 


56. 


ah 


58. 


Blending Coffee A coffee distributor is blending a new 
coffee that will cost $6.90 per pound. It will consist of a 
blend of $6.00-per-pound coffee and $9.00-per-pound 
coffee. What amounts of each type of coffee should be 
mixed to achieve the desired blend? 


[Hint: Assume that the weight of the blended coffee 
is 100 pounds. | 








Cookie Orders A cookie company makes three kinds of 
cookies (oatmeal raisin, chocolate chip, and shortbread) 
packaged in small, medium, and large boxes. The small 
box contains 1 dozen oatmeal raisin and 1 dozen chocolate 
chip; the medium box has 2 dozen oatmeal raisin, 1 dozen 
chocolate chip, and 1 dozen shortbread; the large box 
contains 2 dozen oatmeal raisin, 2 dozen chocolate chip, 
and 3 dozen shortbread. If you require exactly 15 dozen 
oatmeal raisin, 10 dozen chocolate chip, and 11 dozen 
shortbread, how many of each size box should you buy? 


Mixed Nuts A store that specializes in selling nuts has 
available 72 pounds (lb) of cashews and 120 lb of peanuts. 
These are to be mixed in 12-ounce (0z) packages as follows: 
a lower-priced package containing 8 oz of peanuts and 4 oz 
of cashews, and a quality package containing 6 oz of peanuts 
and 6 oz of cashews. 


rah 


60. 


61. 


62. 


(a) Use x to denote the number of lower-priced packages, 
and use y to denote the number of quality packages. 
Write a system of linear inequalities that describes the 
possible numbers of each kind of package. 

(b) Graph the system and label the corner points. 


Determining the Speed of the Current of the Aguarico 
River Ona recent trip to the Cuyabeno Wildlife Reserve in 
the Amazon region of Ecuador, Mike took a 100-kilometer 
trip by speedboat down the Aguarico River from Chiritza to 
the Flotel Orellana. As Mike watched the Amazon unfold, 
he wondered how fast the speedboat was going and how fast 
the current of the white-water Aguarico River was. Mike 
timed the trip downstream at 2.5 hours and the return trip 
at 3 hours. What were the two speeds? 


Constant Rate Jobs If Bruce and Bryce work together 
for 1 hour and 20 minutes, they will finish a certain job. If 
Bryce and Marty work together for 1 hour and 36 minutes, 
the same job can be finished. If Marty and Bruce work 
together, they can complete this job in 2 hours and 40 minutes. 
How long would it take each of them, working alone, to 
finish the job? 

Minimizing Production Cost A factory produces gasoline 
engines and diesel engines. Each week the factory is 
obligated to deliver at least 20 gasoline engines and 
at least 15 diesel engines. Due to physical limitations, 
however, the factory cannot make more than 60 gasoline 
engines or more than 40 diesel engines in any given week. 
Finally, to prevent layoffs, a total of at least 50 engines 
must be produced. If gasoline engines cost $450 each to 
produce and diesel engines cost $550 each to produce, how 
many of each should be produced per week to minimize 
the cost? What is the excess capacity of the factory? That 
is, how many of each kind of engine are being produced 
in excess of the number that the factory is obligated 
to deliver? 





Describe four ways of solving a system of three linear 
equations containing three variables. Which method do you 
prefer? Why? 


CHAPTER The Chapter Test Prep Videos include step-by-step solutions to all chapter test 
Test Pre | exercises. These videos are available in MyLab™ Math, or on this text's YouTube 
Chapter Test VIDEOS Channel. Refer to the Preface for a link to the YouTube channel. 





In Problems 1-4, solve each system of equations using the method 
of substitution or the method of elimination. If the system has no 
solution, state that it is inconsistent. 


5. Write the augmented matrix corresponding to the 
system of equations: 


4x-S5y+ z= 0 
a =24 > Vac == 19 
= 20. Va 2. 3y = ia) ene mene 
Ve see Aye ik: , , , 
Sey = 6. Write the system of equations corresponding to the 
augmented matrix: 
ax Dy = 8c 3 
x- yt2= 5 a nd : 3.9 A =6 
3.5 Se bay => gS a2 4. a a Los yi 
5x + 2y+3z= 8 =f, le 3 el 


| 
oo 


Ox 3) 2 15Z 





In Problems 7-10, use the matrices below to compute each 
expression. 


el 
2 3 = 1 
A=|0 -4 i ae ae C= ‘. 
5 2 = 8 
Wale, ae $A 3G 9.°CE 10. BA 


In Problems 11 and 12, find the inverse of each nonsingular matrix. 


39 Li i 
11. A = 5 4 2 B=|;2 #5 -1 
2 23 0 


In Problems 13-16, solve each system of equations using matrices. 
If the system has no solution, state that it is inconsistent. 


1 
pay = 7 
6x + 3y = 12 ts ae 
13. 14. 
LE 8x + 2y = 56 


Ka 2y--+ 42 = =3 
iS. 2x ye 152 = S10 16. 
4x + Jy + 13z = —10 


2h Dy = 32 = 
x- yr2z= 
aX Oy =" 82 — =2 


CO 


In Problems 17 and 18, find the value of each determinant. 


iy 2-4 6 
| ee 18) ee 
-1 2-4 


Cumulative Review 


In Problems 1-6, solve each equation. 
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In Problems 19 and 20, use Cramer’s Rule, if possible, to solve each 
system. 


Ax —3y +2z7= 15 
4x + 3y = —23 ¥ . 
19. 20. =284e yu 37 = =15 
ayy — 19 
a Oy 22 — 18 


In Problems 21 and 22, solve each system of equations. 


3x? + y? = 12 De ea 
a. | 22. |” : 


y = 9x y- x =1 
’ i 
os Yoo y= OU 
23. Graph th l f lities: 
raph the system of inequalities er 


In Problems 24 and 25, find the partial fraction decomposition of 
each rational expression. 
Baa al, 
"(x + 3)? 


Ax* — 3 


3.i——> FF 
x(x? + 3) 





26. Graph the system of inequalities. State whether the graph is 
bounded or unbounded, and label all corner points. 


=a) 
y=0 
A 2) = 8 
2X = Oy 


27. Maximize z=5x + 8y subject to the constraints 
X= 0720 y= 8 and y= sy = —3. 


28. Megan went clothes shopping and bought 2 pairs of jeans, 
2 camisoles, and 4 T-shirts for $90.00. At the same store, Paige 
bought one pair of jeans and 3 T-shirts for $42.50, while Kara 
bought 1 pair of jeans, 3 camisoles, and 2 T-shirts for $62.00. 
Determine the price of each clothing item. 


1. 2x7 -x=0 2. V3x+1=4 So 2G = oe = Or) 
Ao 5. log3(x — 1) + log,;(2x +1) =2 6. 3° =e 
Oe. : 
7. Determine whether the function g(x) = eq is even, 11. Graph each equation. 
x 


odd, or neither. Is the graph of g symmetric with respect to 
the x-axis, y-axis, or origin? 


8. Find the center and radius of the circle 
x? +y?—-2x+ 4y-11=0 
Graph the circle. 


9. Graph f(x) = 3* * + 1 using transformations. What are the 
domain, range, and horizontal asymptote of f ? 





10. The function f(x) = is one-to-one. Find f '. Find 


KE 2 
the domain and the range of fand the domain and the range 
Ole. 


(a) y= 3x + 6 (b) x7 + y7 =4 
1 
ay 8 ast 
() y= @y== 
(e) y= Vx (f) y=e" 
(g) y= Inx (h) 2x* + 5y7 =1 


(i) x7 -3y?=1 (j) x7 — 2x —4yv+1=0 


te 12. f(x) =x -3x4+5 


(a) Using a graphing utility, graph f and approximate the 
zero(s) of f. 

(b) Using a graphing utility, approximate the local maxima 
and the local minima. 

(c) Determine the intervals on which fis increasing. 
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Chapter Projects 


I. 





Markov Chains A Markov chain (or process) is one in which 
future outcomes are determined by a current state. Future 
outcomes are based on probabilities. The probability of moving 
to acertain state depends only on the state previously occupied 
and does not vary with time. An example of a Markov chain 
is the maximum education achieved by children based on the 
highest educational level attained by their parents, where the 
states are (1) earned college degree, (2) high school diploma 
only, (3) elementary school only. If pj, is the probability 
of moving from state 7 to state j, the transition matrix is 
the m by m matrix 








Pu P12 +++ Pim 
P=|l: : 
Pmi Pm2 <8 Pmm 





The table represents the probabilities for the highest 
educational level of children based on the highest educational 
level of their parents. For example, the table shows that 
the probability p.; is 40% that parents with a high-school 
education (row 2) will have children with a college education 
(column 1). 


Highest 
Educational 
Level of 
Parents 


Maximum Education That Children Achieve 


High School Elementary 


College 


College 
High school 


Elementary 


1. Convert the percentages to decimals. 
What is the transition matrix? 


3. Sum across the rows. What do you notice? Why do you 
think that you obtained this result? 





4. If P is the transition matrix of a Markov chain, 
the (i,j)th entry of P” (nth power of P) gives the 
probability of passing from state i to state j in n stages. 
What is the probability that the grandchild of a college 
graduate is a college graduate? 


5. What is the probability that the grandchild of a high school 
graduate finishes college? 


6. The row vector v'") = [0.342 0.554 0.104] represents 
the proportion of the U.S. population 25 years or older 
that has college, high school, and elementary school, 
respectively, as the highest educational level in 2017* In a 
Markov chain the probability distribution v) after k stages 
isu) = y( P* where P* is the kth power of the transition 
matrix. What will be the distribution of highest educational 
attainment of the grandchildren of the current population? 


7. Calculate P*, P*, P>, ... . Continue until the matrix does 
not change. This is called the long-run or steady-state 
distribution. What is the long-run distribution of highest 
educational attainment of the population? 


* Source: U.S. Census Bureau. 


The following projects are available at the Instructor’s Resource Center (IRC). 


II. Project at Motorola: Error Control Coding The high-powered engineering needed to ensure that wireless communications are 
transmitted correctly is analyzed using matrices to control coding errors. 


III. Using Matrices to Find the Line of Best Fit Have you wondered how our calculators get a line of best fit? See how to find the line 


by solving a matrix equation. 


IV. CBL Experiment Simulate two people walking toward each other at a constant rate. Then solve the resulting system of equations to 


determine when and where they will meet. 


Sequences; Induction; 


the Binomial Theorem 





World Population Projected to Reach 
9.8 Billion by 2050 


The current world population of 76 billion is expected to reach 
8.6 billion by 2030, 9.8 billion in 2050, and 11.2 billion in 2100, 
according to a United Nations DESA report titled “World Population 
Prospects: The 2017 Revision.” 

Most of the projected increase in the world’s population can be 
attributed to a short list of high-fertility countries, mainly in Africa 
and countries that already have large populations. During 2017-2050, 
half of the world’s population growth is expected to be concentrated 
in nine countries: India, Nigeria, Democratic Republic of the Congo, 
Pakistan, Ethiopia, United Republic of Tanzania, United States of 
America, Uganda, and Indonesia (listed in order of the size of their 
contribution to the total population growth). Among the ten countries 
with the largest populations, Nigeria is growing the most rapidly. 
Currently ranked seventh, Nigeria is projected to become the third 
largest shortly before 2050. 

China and India remain the two countries with the largest 
populations. With more than 1 billion people each, they represent 19% and 18% of the world’s 
population, respectively. By 2024, the population of India is expected to surpass that of China. 

Future population growth is highly dependent on the path of future fertility. Relatively 
small changes in the fertility rate, when projected over decades, can generate large differences 
in total population. In recent years, the fertility rate has declined in virtually all areas of the 
world, even in Africa, where fertility levels remain the highest of all major areas. Europe has 
been an exception to this trend in recent years, with the mean total fertility rate increasing 
from 1.4 births per woman in 2000 to 1.6 in 2015. 

Source: Adapted from United Nations Department of Economic and Social Affairs, June 21, 2017 
New York (https://www.un.org.development/desa/en/news/population/world-population- 
prospects-2017html) 


( q j — See the Internet-based Chapter Project I— 





Outline 


This chapter is divided into three independent parts: 12.1 Sequences 
Sections 12.1—12.3, Section 12.4, and Section 12.5. 12.2 

In Chapter 2, we defined a function and its domain, which was usually some set of real 12.3 
numbers. In Sections 12.1—12.3, we discuss a sequence, which is a function whose domain is 
the set of positive integers. 

Throughout this text, where it seemed appropriate, we gave proofs of the results. In 
Section 12.4, a technique for proving theorems involving natural numbers is discussed. 

In Appendix A, Section A.3, there are formulas for expanding (x + a) *¢ 


Arithmetic Sequences 
Geometric Sequences; 
Geometric Series 

12.4 Mathematical Induction 
12.5 The Binomial Theorem 
Chapter Review 


and (x + a) ?.In Section 12.5, we discuss the Binomial Theorem, a formula for the expansion Chapter Test 
of (x + a)”, where nis any positive integer. Cumulative Review 
The topics introduced in this chapter are covered in more detail in courses titled Discrete Chapter Projects 


Mathematics. Applications of these topics are found in the fields of computer science, engineering, 
business and economics, the social sciences, and the physical and biological sciences. 
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12.1 Sequences 


PREPARING FOR THIS SECTION Before getting started, review the following: 
e Functions (Section 2.1, pp. 49-54) 


\ Now Work the ‘Are You Prepared?’ problems on page 822. 


OBJECTIVES 1 List the First Several Terms of a Sequence (p. 816) 
2 List the Terms of a Sequence Defined by a Recursive Formula (p. 819) 
3 Use Summation Notation (p. 820) 
4 Find the Sum of a Sequence (p. 821) 





When you hear the word sequence as it is used in the phrase “a sequence of events,” 
you probably think of a collection of events, one of which happens first, another 
second, and so on. In mathematics, the word sequence also refers to outcomes that 
are first, second, and so on. 
C DeFINITION Sequence 
A sequence is a function whose domain is the set of positive integers and whose 
range is a subset of the real numbers. J 
In a sequence, the inputs are 1,2,3,... . Because a sequence is a function, it has 
; 1 
a graph. Figure 1(a) shows the graph of the function f(x) = we > 0. If all the 


points on this graph were removed except those whose x-coordinates are positive 
1 1 
integers—that is, if all points were removed except (1,1), (2 >). (3 =) and 


so on—the remaining points would be the graph of the sequence f(n) = 77 as 


shown in Figure 1(b). Note that 7 is used to represent the independent variable in a 
sequence. This serves to remind us that 7 is a positive integer. 


y f(n) 
3 3 
2 2 





Figure 1 (a) f(x) = 


Xu (b) f(n) = ts na positive integer 


1 List the First Several Terms of a Sequence 


A sequence is usually represented by listing its values in order. For example, the 
sequence whose graph is given in Figure 1(b) might be represented as 


f(1), f(2), f(3), f(4), ... or Lasyay .. 


The list never ends, as the ellipsis indicates. The numbers in this ordered list are called 
the terms of the sequence. 

In dealing with sequences, subscripted letters are used such as a, to represent the 
first term, a, for the second term, a; for the third term, and so on. 


For the sequence f(n) = n° this means 


i 1 1 1 
a =f) =1 m=f2)=5 w=f3)=3% wah) =p maf) =o... 


first term second term third term fourth term nth term 
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In other words, the traditional function notation f(7) is typically not used for 


sequences. For the sequence f(n) = 7? we have a rule for the nth term, which 


. | ee 
ISA, = so it is easy to find any term of the sequence. 


When a formula for the nth term (sometimes called the general term) of a 
sequence is known, the entire sequence can be represented by placing braces around 
the formula for the nth term. 


1 n 
For example, the sequence whose nth term is b, = }) can be represented by 


(on) = 103) } 


or by listing the terms 


| €XAMPLE1 ~ Listing the First Several Terms of a Sequence 


Solution 





xp 





Figure2 {a,} = 7 = =} 


n 


HORMAL FLOAT AUTO REAL RADIAN HP fl 


seq((x- 
{8 45.. 


Figure 3 





List the first six terms of the sequence {a, } and graph it. 


{a} = {7—+} 


The first six terms of the sequence are 


1 a Z—1 2 at 2 3 + 
aq = =O, QR MS OSS Og = 


2 
6 
See Figure 2 for the graph. J 





COMMENT Graphing utilities can be used to list the terms of a sequence and graph them. Figure 3 


n—1 
shows the sequence {=} generated on a TI-84 Plus C graphing calculator. The first six terms of 


the sequence are shown on the viewing window. Figure 4 shows a graph of the sequence after pressing 
Y = in SEQuence mode and entering the formula for the sequence. Note that the first term of the 
sequence Is barely visible since tt lies on the x-axis. TRACEIng the graph will enable you to see the 
terms of the sequence. The TABLE feature can also be used to generate the terms of the sequence. 
See Table 1. 


Table 1 


HORMAL FLOAT AUTO REAL RADIA HP 
PRESS ENTER 70 EDIT 


MORHAL FLOAT AUTO REAL RADIAN HP fl 


1)7%,4,1,6,.1) 
6666606667..079..2.8..2. 


1 
z 
3 
4 
5 
6 
fr 
a 
9 
i 
i 


utn)Btn-Li/n 





Figure 4 


ommmmmmm-Now Work PpRrosLem 17 


| EXAMPLE 2 © Listing the First Several Terms of a Sequence 


List the first six terms of the sequence {b, } and graph it. 


{6,3 = {(-1(2) 
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Dn A Solution The first six terms of the sequence are 
2 2 2 Z 
- b= 1)" (2) =2, b= 1" (2) =-1, b= 1 (2) zs 
1 2 1 
(3,5) (5,2 by = — 5 bs = bb =~ 3 
. See Figure 5 for the graph. J 


Note that in the sequence {b,,} in Example 2, the signs of the terms alternate. 
This occurs when we use factors such as (—1)"*!, which equals 1 if n is odd and —1 
2) ifn is even, or (—1)”, which equals —1 if 1 is odd and 1 if 7 is even. 


Figure5 {b,} = i-1ye(2 


n 
| EXAMPLE 3 | Listing the First Several Terms of a Sequence 


List the first six terms of the sequence {c,,} and graph it. 





n ifniseven 


a re 
ten} — ifnis odd 
n 

Solution The first six terms of the sequence are 
C 1 1 il 
; aaa Co = 2, C3 = c4 = 4, $= C6 = 6 
5 (6, 6) 
4 a See Figure 6 for the graph. 2 
: 7 (2, 2) ommmmmmm=-Now Work PROBLEM 19 
ie (3,3) (5, 3) The formula that generates the terms of a sequence is not unique. For example, 





the terms of the sequence in Example 3 could also be found using 


to { ni)" } 

Sometimes a sequence is indicated by an observed pattern in the first few terms 
that makes it possible to infer the makeup of the mth term. In the examples that 
follow, enough terms of the sequence are given so that a natural choice for the nth 
term is suggested. 


| EXAMPLE 4 © Determining a Sequence from a Pattern 


n if nis even 
Figure6 {c,} =) 1 if nis odd 
n 





e e e e 
(a) oo 3° 4? An = ms 
111 1 
b) 1,=,~,—>, . b, = 
(0) "3° 9° 27° . gn-l 
(Cy 13.3 ass Cc, = 2n—-1 
9 9 9 7: 9; U2 ee “e n " 
(d) 1, 4,9, 16, 25 d e 
1 1 1 1 1 
SO... = (—1)" "ee 
(e) L, ae Ars? Cn ( ) (~) lit 


ommm_=_=_=_=e Now Work PROBLEM 27 


The Factorial Symbol 


Some sequences in mathematics involve a special product called a factorial. 


DEFINITION Factorial Symbol 


Ifn = 01s an integer, the factorial symbol n! is defined as follows: 








| Exploration 


(EZ) Use your calculator's factorial key to see how 
“= fast factorials increase in value. Find the 
value of 69!. What happens when you try 
to find 70!? In fact, 70! is larger than 102° 
(a googol), which is the largest number most 


Solution 


Solution 


For example, 2! = 2-1 
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= 2,3! = 3-2-1 =6,4! =4-3-2-1 = 24, and so on. 


Table 2 lists the values of n! forO =n S 6. 


Because 


WH nn a1) = 2) * ee 25921 


the formula 


Se 
(n — 1)! 


is used to find successive factorials. For example, because 6! = 720, 


and 


7! = 7-6! = 7-720 = 5040 


8! = 8+7! = 8°5040 = 40,320 


calculators can display. 
ommmmmm=-Now Work PROBLEM 11 


2 List the Terms of a Sequence Defined by a Recursive Formula 


A second way of defining a sequence is to assign a value to the first (or the first few) 
term(s) and specify the nth term by a formula or equation that involves one or more 
of the terms preceding it. Such sequences are said to be defined recursively, and the 
rule or formula is called a recursive formula. 


| €XAMPLE5 | Listing the Terms of a Recursively Defined Sequence 


List the first five terms of the recursively defined sequence 


sp=1 Sp = NSp)—-] 


The first term is given as s; = 1. To get the second term, use n = 2 in the formula 
S, = ns, to gets, = 2s, = 2+1 = 2.To get the third term, usen = 31n the formula 
to get s3 = 3s, = 3-2 = 6. To get a new term requires knowing the value of the 
preceding term. The first five terms are 


sp =1 

8S =2-1=2 
s3 = 3:2 =6 
Sy = 4-6 = 24 


ss = 5-24 = 120 


Do you recognize this sequence? s, = n! _J 


| EXAMPLE 6 Listing the Terms of a Recursively Defined Sequence 


List the first five terms of the recursively defined sequence 


u,=1 Uy = 1 Uy = Up—-2 + Up-1 


The first two terms are given. Finding each successive term requires knowing the 


previous two terms. That is, 


u;=1 

ur = 1 

UWz3=u,tu=1+1=2 

lig = Up Pug = 1+ 2—=3 

Us = uU,;+uy=2+3=5 J 
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The sequence given in Example 6 is called the Fibonacci sequence, and the 
terms of the sequence are called Fibonacci numbers. These numbers appear in a 
wide variety of applications (see Problems 85-88). 


ammmm=- Now Work PROBLEMS 35 AND 43 


3 Use Summation Notation 
It is often important to find the sum of the first n terms of a sequence { a, },namely 
Ay 1 ty F Oy er a, 
Rather than writing down all these terms, we use summation notation to express the 
sum more concisely: 


n 
at+at+a;t-::ta,= d a 
k=1 


The symbol & (the Greek letter sigma, which is an S in our alphabet) is simply an 
instruction to sum, or add up, the terms. The integer k is called the index of the sum; 
it tells where to start the sum and where to end it. The expression 


n 
> % 
k=1 


is an instruction to add the terms a, of the sequence {a,} starting with k = 1 and 
ending with k = n. The expression is read as “the sum of a, from k = 1tok =n.” 


| EXAMPLE 7 | Expanding Summation Notation 


Expand each sum. 


nN 1 n 
@) DXF (b) Sk! 
k=1 k=1 
Solution (a) eee (b) Sklsdlt2btec tal 
(a k 2 3 n k=1 wd 


emmmmm-Now Work PROBLEM 51 
| EXAMPLE 8 ~ PLE 8 Expressing a Sum Using Summation Notation 
Express each sum using summation notation. 


1 
(a) 2 Be a eee, (b) 1 tet 


+of+++ 4 


‘ — 
8 gn-l 


| rR 


Solution (a) The sum 1 + 2? + 32+ --- + 9 has 9 terms, each of the form k?, starting 
atk = 1 and ending atk = 9: 


9 
P+P+3e+---+P7= YS kK 
k=1 
(b) The sum 


+— + 





N | eR 
| rR 
CO |r 


1+ ies 


i 
has n terms, each of the form 5-1 starting atk = 1 and ending atk = n: 


k=? 
1 1 1 1 a A 
1 tee tee et eee fee —— 
2 4 8 an 2 ye ad 


ommmm=m==-Now Work PROBLEM 61 
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The index of summation need not begin at 1, nor end at n; for example, the sum 
in Example 8(b) could also be expressed as 


n—-1 
= 
k=0 


Letters other than k are also used as the index. For example, 


1 ik 1 
=1 peep ope. $e 
Qk 2 A gn-1 


Me 


j! and »d i! 
=A 


both represent the same sum given in Example 7(b). 


1 


ii 


4 Find the Sum of a Sequence 


The following theorem lists some properties of summation notation. These properties 
are useful for adding the terms of a sequence. 


( THEOREM Summation Notation Properties 


If {a,} and {b, } are two sequences and c is a real number, then 


n n 
Sd (cay) = ca, + cap + +++ +a, = c(a4,ta+-::+a,)=cXa, MD 
| 


k=1 
Ga) a (2) 
k=1 1 =i 
Dy a) ey (3) 
k=1 1 k=1 

n n J 

YS a= >.a- > % where () = 7 = 7 (4) 
k=j+1 Bl = 


J 


The proof of property (1) follows from the distributive property of real numbers. 
The proofs of properties (2) and (3) are based on the commutative and associative 
properties of real numbers. Property (4) states that the sum from j + 1 to n equals 
the sum from 1 tom minus the sum from 1 to j. This property is helpful when the index 
of summation begins at a number larger than 1. 

The next theorem provides some formulas for finding the sum of certain 
sequences. 


( THEOREM Formulas for Sums of the First n Terms of a Sequence 


Ms 


C=CtCT *a2¢— ch Cis areal number (5) 

el ee 
h terms 

n n(n + 1) 
Sk=14+2434+:-+n =—— (6) 
k=1 - 
n Mino Lon ae 1 
SS ace ere = Ser ee) (7) 
k=1 6 
n nin+1 - 
Bl 


2) 


The proof of formula (5) follows from the definition of summation notation. You 
are asked to prove formula (6) in Problem 94. The proofs of formulas (7) and (8) 
require mathematical induction, which is discussed in Section 12.4. 
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Notice the difference between formulas (5) and (6). In (5) the constant c is 


being summed from 1 to n, while in (6) the index of summation k is being summed 
from 1 ton. 


| EXAMPLES ~ Finding the Sum of a Sequence 


Find the sum of each sequence. 
5 10 
(a) 28) (b) ee + 1) 


24 20 
(c) 3) (k° — 7k + 2) (d) >) (4k°) 
(=1 K=6 


5 ) 
Solution (a) > (3k) = Pt Property (1) 
k=1 k=1 
7 3(9°+ 1) + 1) n n(n + 1) 
= 3: 5 2k = = 
= 15 
= 45 
10 10 10 
(b) S(R+1)=RR+ 31 Property (2) 
kK=1 kK=1 k= 
10(10 + 1) \? n +1 n 
= (aS) +1:10 Sk= jaa ap > 
2 k=1 k=1 
= 3025 + 10 
= 3035 
24 24 24 
(c) (ke -7kK+2) = DK - >, ( (7k) + >» 2 Properties (2) and (3) 
k=1 k=1 k= 
24 24 24 
=SKR-7DkE+ D2 Property (1) 
k=1 k=1 k=1 
24(24 + 1)(2-°24+4+ 1) 24(24 + 1) 
———— i — + 2+24 Formulas (7), (6), (5) 
= 4900 — 2100 + 48 
= 2848 


(d) Notice that the index of summation starts at 6. Use property (4) as follows: 
20 


> ( ie) ae RE ae acme 





= 6 6 
Property (1) Property (4) Formula (7) 
= 4[ 2870 — 55] = 11,260 a 


ofmmmmmm=-Now Work PROBLEM 73 


12.1 Assess Your Understanding 


Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red 
= 
1. For the function f(x) = , find f(2) and f(3). 2. True or False A function is a relation between two sets D 
(pp. 51-54) 2 and R so that each element x in the first set D is related to 
exactly one element y in the second set R. (pp. 49-51) 





Concepts and Vocabulary 
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3. A(n) is a function whose domain is the set of 7. The notation 
itive int : i 
positive integers | | ee eee 
4. True or False The notation as represents the fifth term of a k=1 
sequence. is an example of notation. 
5. True or False If n = 21s an integer, then n 
j j =14+24+3+4+-:-4+n= 
nl = n(n —1)-++ 3-261 8 Male Raise >t 3 n 
6. Multiple Choice The sequence a, = 5,a, = 3a,_ 1S an (a) n! (b) n(n +1) 
example of a(n) sequence. 2 
(a) alternating (b) recursive nen 1) Qn 1} 
(c) Fibonacci (d) summation (c) nk (d) 6 
Skill Building 
In Problems 9-14, evaluate each factorial expression. 
9! 12) 4! 11! 5! 8! 
9. 10! 10. 9! Nau. 2 12. 13. 14, -— 
6! 10! 7! 3! 
In Problems 15-26, list the first five terms of each sequence. 
‘ 2n + 1 
15. {s,} = {n} 16. {s,} = {+1} N17. {a;} : } 18. {b,} = { = } 
na? 2n 
1 = {(-1)"' 2 | -1 mo )} 21 2 22 = i(2)} 
. 9. Ca { ( ) nN } 0. tay} ( ) oy | . {Sp } gn ang ° tows 3 
=i)" a n n 
23.4.) = 24. = = 25. {b,} = <= 26. = ~— 
{tn} epee {a,} = 49> {bo} = 45, fen} = 95; 











ee 


In Problems 27-34, the given pattern continues. Write down the nth term of a sequence { a, } 
XQ 7 1234 ee 9.1244 
| 234 162° 293 304° 485° °" 2°48’ 
Te gle te, eal 
31, T= 1.1, 1, 1, = 1k 44s 32. 1,255 3 yy Spey Tre, .. 33. 12, 35,—4,5 
9 9 9 9 9 9 ~ >A? "6? 9 8? 9 9 9 9 2 
_ In Problems 35-48, a sequence is defined recursively. List the first five terms. 
N35. a, =2; a, =3+4,-1 36. a, = 3; a, =4-a,. 
38. a4, = 15 a, =n - a,-1 39. a, = 4; a, = 3a,-1 
i. , 
41. a, =3; a, = a 42. a, = —-2; a, =n + 3a,_1 \ 
44.a, =-1; ® =1; a, =a,-2 + na,_; 4. a, =A; a, =a4,-, +d 
An 
47, a, = V2; a, = V2+ a,-1 48. a, = V2: ; : 
In Problems 49-58, expand each sum. 
49. S\(k + 2) 50. S(2k +1) SL. ye 52. S\(k + 
k=1 k=1 f= 2 k=1 
n 2 k n= i] n—-1 n 
43 (3) 55, yaks 6S (2k +1) 3 (- 
k=0 \2Z k=0 3 k=0 k=2 
In Problems 59-68, express each sum using summation notation. 
59,.14+2+3+4+---+20 60. P+2°4+ 3° 4+ 
Me Ler pdepe 2 be tS eS tes 
, 2 3 4 15.41. 
Lt. 4 1 1 2 4 8 
63. 1 — a + & — —1)° [= 64, = pe 
3 9 2 - (+) a2 9 27 
> ig i ,.2,2 
65.3 test eetes te 66.:—tee tet: 
2 3 n o ef é 
67,.a+ (a+ d) + (a+2d) +---+(a+nd) 68. a+ar+ar?+--: 


ar 


n—-1 


|2(12) 


suggested by the pattern. 


co) 


+ 


24 8 16 
0 y=, 
3° 9°27’ 81° 
=O5..40.9 34, 2, —4, 6, —8,10,... 
oo = — 2, 4H Ge 
40. a, = 2; a, = -a,-1 
43. a4, =1;3 ®=2; a, = Q_-1°G-2 
46. a, = A; a, =1a,-|, r # 0 
om | 
17 53: — 
k=0 3 
Kink Ss. > Shy 
k=3 
-+ 8 
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In Problems 69-80, find the sum of each sequence. 


40 50 40 24 
69. 35 70. S. 8 1. Sk 72. S\(-k) 
k=1 k=1 k=1 k=1 
‘ 20 26 16 14 
N73. 3 (5k + 3) 74, > (3k — 7) 75. S\(k? +4) 16. S\(k2 — 4) 
k=1 k=1 k=1 k=0 
60 40 20 24 
77. >) (2k) 78. >) (—3k) 79. > ke 80. Sk 
k=10 k=8 k=5 k=4 


Applications and Extensions 








81. Credit Card Debt John has a balance of $3000 on his 1 mature a 
Discover card, which charges 1% interest per month on any pair we Se 
unpaid balance from the previous month. John can afford 1 mature = 4 f 
to pay $100 toward the balance each month. His balance pair ‘ote TS 
each month after making a $100 payment is given by the 2 mature . & ff 
; pairs 2 »., WF 
recursively defined sequence | 
3 mature an ey ey a . a an 
By = $3000 B, = 1.01B,_-, — 100 pairs a “gy = TS a Si > “a +e 
Determine John’s balance after making the first payment. 
That is, determine B,. 86. Fibonacci Sequence Let 
82. Trout Population A pond currently contains 2000 trout. A (1 4 V5) n (1 7 V5) i; 
fish hatchery decides to add 20 trout each month. It is also u, = —— 
known that the trout population is growing at a rate of 3% 2H A/5 
per month. The size of the population after m months is given define the nth term of a sequence. 
by the recursively defined sequence (a) Show that u; = 1 andu, = 1. 


(b) Show that u,45 = u,+1 + Uy. 


Po = 2000 Pn = 1.03pq-1 + 20 (c) Draw the conclusion that { uw, } is a Fibonacci sequence. 


How many trout are in the pond after 2 months? That is, 87. The Pascal Triangle The triangular array shown, called the 

what Is py? Pascal triangle, is partitioned using diagonal lines as shown. 
83. Car Loans Phil bought a car by taking out a loan for $18,500 Find the sum of the numbers in each diagonal row. Do you 

at 0.5% interest per month. Phil’s normal monthly payment recognize this sequence? 

is $434.47 per month, but he decides that he can afford to 

pay $100 extra toward the balance each month. His balance 1 





each month is given by the recursively defined sequence 1 


fe 

By = 18,500 8B, = 1.005B,_, — 534.47 Le 
1 3 3 

4 6 4 


Determine Phil’s balance after making the first payment. 
That is, determine B,. 





j 


84. Environmental Control The Environmental Protection 
Agency (EPA) determines that Maple Lake has 250 tons of 
pollutant as a result of industrial waste and that 10% of the 
pollutant present is neutralized by solar oxidation every year. 
The EPA imposes new pollution control laws that result 
in 15 tons of new pollutant entering the lake each year. 
The amount of pollutant in the lake after n years is given by 





88. Fibonacci Sequence Use the result of Problem 86 to do the 
following problems. 
(a) List the first 11 terms of the Fibonacci sequence. 











the recursively defined sequence (b) List the first 10 terms of the ratio ——. 
Un 
Po = 250 Dp, = 09p,-4 + 15 (c) Asn gets large, what number does the ratio approach? 


This number is referred to as the golden ratio. Rectangles 
whose sides are in this ratio were considered pleasing to 
the eye by the Greeks. For example, the facade of the 





Determine the amount of pollutant in the lake after 2 years. 
That is, determine p>. 











85. Growth of a Rabbit Colony A colony of rabbits begins with Parthenon was constructed using the golden ratio. 
. one pair of mature rabbits, which produces a pair of offspring Uy 
‘(one male, one female) each month. Assume that all rabbits (d) Write down the first 10 terms of the ratio Upat 
mature in | month and produce a pair of offspring (one (e) As n gets large, what number does the ratio approach? 





male, one female) after 2 months. If no rabbits ever die, how 
many pairs of mature rabbits are there after 7 months? See 
figure, top right. 


This number is referred to as the conjugate golden 
ratio. This ratio is believed to have been used in the 
construction of the Great Pyramid in Egypt. The ratio 
[Hint: A Fibonacci sequence models this colony. Do you see equals the sum of the areas of the four face triangles 
why? | divided by the total surface area of the Great Pyramid. 





é\ 89. Approximating f(x) = e* In calculus, it can be shown that 


CO Lk 


f(x) =e = Se 


Ak! 

k=0 
We can approximate the value of f(x) = e* for any x using 
the following sum 


n k 


f(x) =e =» SG 


k=0 

for some n. 

(a) Approximate f(1.3) withn = 4. 

(b) Approximate f(1.3) withn = 7. 

(c) Use acalculator to approximate f(1.3). 

te (d) Using trial and error, along with a graphing utility’s 

SEQuence mode, determine the value of n required to 
approximate f(1.3) correct to eight decimal places. 


£X 90. Approximating f(x) = e* Refer to Problem 89. 
(a) Approximate f(—2.4) withn = 3. 
(b) Approximate f(—2.4) withn = 6. 
(c) Use a calculator to approximate f(—2.4). 
ie (d) Using trial and error, along with a graphing utility’s 
SEQuence mode, determine the value of n required to 
approximate f(— 2.4) correct to eight decimal places. 


91. Bode’s Law In 1772, Johann Bode published the following 
formula for predicting the mean distances, in astronomical 
units (AU), of the planets from the sun: 


a, = 0.4 a, = 0.4 + 0.3-2" 7 


where n = 2 1s the number of the planet from the sun. 

(a) Determine the first eight terms of the sequence. 

(b) At the time of Bode’s publication, the known planets 
were Mercury (0.39 AU), Venus (0.72 AU), Earth (1 AU), 
Mars (1.52 AU), Jupiter (5.20 AU), and Saturn 
(9.54 AU). 

How do the actual distances compare to the terms of 
the sequence? 

(c) The planet Uranus was discovered in 1781, and the 
asteroid Ceres was discovered in 1801. The mean orbital 
distances from the sun to Uranus and Ceres* are 19.2 AU 
and 2.77 AU, respectively. How well do these values fit 
within the sequence? 

(d) Determine the ninth and tenth terms of Bode’s sequence. 

(e) The planets Neptune and Pluto* were discovered in 1846 
and 1930, respectively. Their mean orbital distances from 
the sun are 30.07 AU and 39.44 AU, respectively. How 
do these actual distances compare to the terms of the 
sequence? 

(f) On July 29, 2005, NASA announced the discovery of a 
dwarf planet* (n = 11), which has been named Eris. Use 
Bode’s Law to predict the mean orbital distance of Eris 
from the sun. Its actual mean distance is not yet known, but 
Eris is currently about 97 astronomical units from the sun. 


Source: NASA 
92. Droste Effect The Droste Effect, named after the image 
on boxes of Droste cocoa powder, refers to an image that 


contains within it a smaller version of the image, which in 
turn contains an even smaller version, and so on. If each 














; 1 
version of the image 1s 5 the height of the previous version, 


if 
the height of the nth version is given bya, = 5 an-1: Suppose 
a Droste image on a package has a height of 4 inches. How 


tall would the image be in the 6th version? 


* Ceres, Haumea, Makemake, Pluto, and Eris are referred to as dwarf planets. 
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93. Reflections in a Mirror A highly reflective mirror reflects 
= 95% of the light that falls on it. In a light box having 
¥ walls made of the mirror, the light reflects back-and-forth 
between the mirrors. 
(a) If the original intensity of the light is J, before it 
falls on a mirror, write the nth term of the sequence 
that describes the intensity of the light after n 
reflections. 
(b) How many reflections are needed to reduce the light 
intensity by at least 98%? 


94. Show that 








n(n + 1) 


1+24+---+(n-1)+n= ; 
[Hint: Let 


=1+2+4+-+-+(n-1) +n 
=P (n= 1) (v= 2) eee el 
Add these equations. Then 
25 = | arn |e | 2 aL) | ae ae a ee | 


n terms tn bracket 





Now complete the derivation. | 


Computing Square Roots A method for approximating Vp can 
be traced back to the Babylonians. The formula is given by the 
recursively defined sequence 


li 
M=k a= s(n + -) 
2 ay—-1 


where k is an initial guess as to the value of the square root. Use 
this recursive formula to approximate the following square roots 
by finding as . Compare this result to the value provided by your 


calculator. 
95. V5 96. V8 97, V/21 98. \/89 


99. Triangular Numbers A triangular number is a term of the 


sequence 
u, = 1 a4 = Dy, + (ne 1) 


List the first seven triangular numbers. 





100. Challenge Problem For the sequence given in Problem 99, 
show that 


7 (nF 1) (i +2) 
Unt1 = 7 





101. Challenge Problem For the sequence given in Problem 99, 
show that 


Un+, + Uy = (n om i 
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a Ay 
102. Challenge Problem If the terms of a sequence have the [Hint: Let , equal the common ratio so Satan. a tt r.| 
n a2 a3 ay 
a a G a a 
property that — Hee eo ~, show that — = —, 
a az Ay ay an+1 
Explaining Concepts: Discussion and Writing 
103. Investigate various applications that lead to a Fibonacci 104. Write a paragraph that explains why the numbers found in 


sequence, such as in art, architecture, or financial markets. Problem 99 are called triangular. 
Write an essay on these applications. 


Retain Your Knowledge — 
Problems 105-113 are based on material learned earlier in the course. The purpose of these problems is to keep the material fresh in 
your mind so that you are better prepared for the final exam. 


105. If $2500 is invested at 3% compounded monthly, find the /X111. Find the average rate of change of y = tan(sec ! x) over the 
amount that results after a period of 2 years. \/10 
interval a V 10}. 


112. If f(x) =5x*-— 2x +9 and f(a+1) = 16, find the 
possible values for a. 








106. Write the complex number —1 — 7 in polar form. Express 
the argument in degrees. 

107. For v = 2i — j andw =i + 2j, find the dot product v: w. 

108. Find an equation of the parabola with vertex (—3,4) and eu 


focus (1,4). 3. In calculus, the critical numbers for a function are numbers 
in the domain of f where f’(x) = 0 or f'(x) is undefined. 
109. Find the horizontal asymptote, if one exists, of Eee Oger ner | 1) oe : ee oa 
a So 
Ox Find the critical numbers for f(x) = —=.9 
X =—_ -e,_—_ x — 
P(x) 3x* — 2x - 1 x2 — dx — 12 
110. In a triangle, angle B is 4 degrees less than twice the if f(x) = (x — 2)? ' 


measure of angle A, and angle C is 11 degrees less than 
three times the measure of angle B. Find the measure of 
each angle. 


‘Are You Prepared?’ Answers 


Z 


1. f(2) = =f(3) =" 2Z. True 


12.2 Arithmetic Sequences 


OBJECTIVES 1 Determine Whether a Sequence Is Arithmetic (p. 826) 
2 Find a Formula for an Arithmetic Sequence (p. 827) 
3 Find the Sum of an Arithmetic Sequence (p. 829) 





1 Determine Whether a Sequence Is Arithmetic 


When the difference between successive terms of a sequence is always the same 
number, the sequence is called arithmetic. 


DEFINITION Arithmetic Sequence 


An arithmetic sequence* is defined recursively as a, = a, a, — a,-; = d, or as 





where a, = a and d are real numbers. The number a 1s the first term, and the 
number d is called the common difference. J 


*Sometimes called an arithmetic progression 
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| EXAMPLE 1 ~ Determining Whether a Sequence Is Arithmetic 


The sequence 


4, 6, 8, 10,... 


is arithmetic since the difference of successive terms is 2. The first term is a, = 4, 
and the common difference is d = 2. _J 


| EXAMPLE 2 | Determining Whether a Sequence Is Arithmetic 


Show that the following sequence is arithmetic. Find the first term and the common 


difference. 


{Sy = 4 on Ot 


Solution The first term is s; = 3-1 + 5 = 8. The nth term and the (n — 1)st term of the 
sequence {s,,} are 


S&S =2n +S and s.4—3( 7-1) $5 — sn +2 


Their difference d is 


C= 5 8.4 = (FO) (ore 2) Ba Soe 2 Ss 


Since the difference of any two successive terms is 3, { s, } is an arithmetic sequence. 
The common difference is d = 3. 


| EXAMPLE 3 ~ Determining Whether a Sequence Is Arithmetic 


Show that the sequence {t,} = {4 — n} is arithmetic. Find the first term and the 
common difference. 


Solution The first term is t; = 4 — 1 = 3. The nth term and the (n — 1)st term are 


t,=4-—n and ¢t,-;=4- (n-1)=5-n 


Their difference d is 


d=t,-t1 = (4-—n) - (5-—n) =4-5=-1 


Since the difference of any two successive terms is —1, {¢,, } is an arithmetic sequence. 
The common difference isd = —1. 


ovammm=m=m==-Now Work PROBLEM 9 


2 Find a Formula for an Arithmetic Sequence 


Suppose that a is the first term of an arithmetic sequence whose common difference 
is d. We seek a formula for the nth term, a,. To see the pattern, consider the first few 


terms. 


a=a 

%=at+d=a,+1:d 

a3 =a +d=(a,+d)+d=a,+2:-d 
a4,=0a,+ d= (a+2:d)+d=a,+3-d 
dg =~ag+d= (a+3+-d) +d=a,+4-d 


ie = O4 + ¢= \a. + ne 2)d| tad aHaq ae Lid 


The terms of an arithmetic sequence with first term a, and common difference d 
follow the pattern 


a, ar d, a, + 2d, a, + Sd, cee 
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( tHeoReM nth Term of an Arithmetic Sequence 


For an arithmetic sequence {a,} whose first term is a; and whose common 
difference is d, the nth term is determined by the formula 


=a ne Mid na positive integer (2) 


) 


| EXAMPLE 4 ~ Finding a Particular Term of an Arithmetic Sequence 


Solution 


Find the 41st term of the arithmetic sequence: 2, 6, 10, 14, 18,... 


The first term of the arithmetic sequence is a; = 2, and the common difference 
isd = 4. By formula (2), the nth term is 


Qa = 2+ (n-1)4=4n—-2 a, =a, + (n — 1)d 


The 41st term is 


a4, = 4°41 -2 = 164-2 = 162 all 


ommmmm=mme—Now Work PROBLEM 25 


| EXAMPLE 5 ~ Finding a Recursive Formula for an Arithmetic Sequence 


Solution 


| Exploration 


2 Graph the recursive formula from Example 5, 
a, = 96, a, = ay_1 — 3, using a graphing 
utility. Conclude that the graph of the 
recursive formula behaves like the graph 
of a linear function. How is d, the common 


difference, related to m, the slope of a line? 


The 8th term of an arithmetic sequence is 75, and the 20th term is 39. 


(a) Find the first term and the common difference. 
(b) Find a recursive formula for the sequence. 
(c) What is the nth term of the sequence? 


(a) The nth term of an arithmetic sequence is a, = a, + (n—1)d. As a 


result, 


a =at Td = 75 


299 ay + 19d = 39 


This is a system of two linear equations containing two variables, a, and d, 
which can be solved by elimination. Subtracting the second equation from the 
first gives 


~12d = 36 
d=-3 


Withd = —3,usea, + 7d = 75 to find thata, = 75 — 7d = 75 — 7(-3) = 96. 
The first term is a, = 96, and the common difference is d = —3. 


(b) Using formula (1), a recursive formula for this sequence is 


a, = 96 A, = A,-1 — 3 


(c) Using formula (2), the nth term of the sequence {a,,} is 


a, = a, + (n—1)d = 96 + (n — 1) (—3) = 99 — 3n = 


oummme=- Now Work PROBLEMS 17 AND 31 
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3 Find the Sum of an Arithmetic Sequence 


The next theorem gives two formulas for finding the sum of the first n terms of an 
arithmetic sequence. 


( THEOREM Sum of the First n Terms of an Arithmetic Sequence 


Suppose {a,} is an arithmetic sequence with first term a; and common 


difference d. The sum S,, of the first n terms of { a, } may be found in two ways: 





= 1T& + 4+ ae ey, 
ra 


ae hie — A) 


= 5 (a1 a An) 


~ 


Proof 
SS, =a +@&+a,+ ++: +4, Sum of first n terms 
=a, + (a+ d) + (a, + 2d) + --- +[a,+ (n—1)d] Formula (2) 
=(a,+at+-:: +a,) + [d+2d+ --- +(n—1)d]_ Rearrange terms. 
i i 
n terms 
= Nay tall ela eee in — 1), 
(naijn TF (n — 1)n 
— -- qd: —————— k — 
ae Z k=1 2 
n 
= na, + a(n = b)a 
= > [2a, + (n—1)d]_ Factor out 5; this is formula (3). 
=F [a +a + (n —1)d] 
n 
= 5% iy) a, = a, + (n — 1)d; this is formula (4). o 


There are two ways to find the sum of the first n terms of an arithmetic sequence. 
Formula (3) uses the first term and common difference, and formula (4) uses the first 
term and the nth term. Use whichever form is easier. 


| EXAMPLE 6 | Finding the Sum of an Arithmetic Sequence 


Find the sum S,, of the first n terms of the arithmetic sequence 


S+11+14+17+ --: 


Solution The sequence is an arithmetic sequence with first term a, = 8 and common 
difference d = 11 — 8 = 3.To find the sum of the first n terms, use formula (3). 


nN 
ae a 
S, = 5 [2a + (n — 1)d] J 


28 (w= 1)23) = 5 (3n + 13) 


ommmmmmm- Now Work PROBLEM 39 
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| EXAMPLE 7 ~ Finding the Sum of an Arithmetic Sequence 


Find the sum: 60 + 64 + 68 + 72+ --- + 120 


Solution This is the sum S,, of an arithmetic sequence { a, } whose first term is a, = 60 and 
whose common difference is d = 4. The nth term is a, = 120. Use formula (2) to 
find n. 


a,=a,+ (n-1)d Formula (2) 
120 = 60 + (n-1)°+4°) a, = 120,a, = 60,d = 4 


60 = 4(n — 1) Simplify. 
i =n-1 Simplify. 
n= 16 Solve for n. 


Now use formula (4) to find the sum S46. 


16 
60 + 64 + 68 + ++» +120 = Syo = >"(60 + 120) = 1440 
} 
n 
Sn = 5 (a1 + an) wall 


onmmmm_=_=m=- Now Work PROBLEM 43 


| EXAMPLES ~ PLE 8 Creating a Floor Design 


A ceramic tile floor is designed in the shape of a trapezoid 20 feet wide at the base and 
10 feet wide at the top. See Figure 7 The tiles, which measure 12 inches by 12 inches, 
are to be placed so that each successive row contains one fewer tile than the preceding 
row. How many tiles will be required? 


Solution The bottom row requires 20 tiles and the top row, 10 tiles. Since each successive row 
requires one fewer tile, the total number of tiles required is 


S:= 20-7 19 a 18 Pp ee VL 10 


This is the sum of an arithmetic sequence; the common difference is —1. The number 
of terms to be added isn = 11, with the first term a, = 20 and the last term a,, = 10. 
The sum S is 





i 
i = caret . I~ ae ee eee = = , n 11 
Figure 7 pel Gia) = ew an ae 


In all, 165 tiles will be required. wal 


12.2 Assess Your Understanding 


Concepts and Vocabulary 








1. In a(n) sequence, the difference between 5. Multiple Choice An arithmetic sequence can always be 
successive terms is a constant. expressed as a(n) sequence. 

2. True or False For an arithmetic sequence { a, } whose first (a) Fibonacci (b) alternating 
term is a, and whose common difference is d, the nth term is (c) increasing (d) recursive 


determined by the formula a, = a, + nd. 


3. If the 5th term of an arithmetic sequence is 12 and the °: ee eee ' - : ok ' i ne ae tee Oe 
common difference is 5, then the 6th term of the sequence “ as cea ee 
is (a) —2 (b) 0 

4. True or False The sum S, of the first n terms of an arithmetic (c) 5 (d) 7 
sequence {a,} whose first term is a, is found using the 











formula S,, = 5 (a1 Fa): 
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Skill Building 


In Problems 7-16, show that each sequence is arithmetic. Find the common difference, and list the first four terms. 


7. {s,} ={n+4} 8. {s,} = {n—5} NO. {a,} = {2n -— 5} 10. {b,} = {3n +1} 
1. {c,} = {6 —2n} 12. {a,} = {4-2n} 13. {1,} = ca =n} 14. {t,} = {Z+ “| 
15. {s,} = {In3"} 16. {s,} = {el™™} 


In Problems 17-24, find the nth term of the arithmetic sequence {a,} whose first term a, and common difference d are given. What is 
the 51st term? 


ME i744 =2 ¢=3 18. a, = -2; d=4 D6 28 d= 0.4. =6 d= 
1 1 
2. a = 0; d= 22, = 1; d=—= 23.a,= V2; d= V2 24.a,=0; d=a 


In Problems 25-30, find the indicated term in each arithmetic sequence. 


‘\ 25. 100th term of 2,4,6,... 26. 80th term of —1,1,3,... Zi DOU TET OF 35359: 22x 
5 7 
28. 80th term of 5,0, —5, ... 29. 80th term of 2,5,3,5, ... 30. 70th term of 2V/5,4V/5,6V5, ... 


In Problems 31-38, find the first term and the common difference of the arithmetic sequence described. Find a recursive formula for the 
sequence. Find a formula for the nth term. 


\ 31. 8th term is 8; 20th term is 44 32. 4th term is 3; 20th term is 35 33. 9th term is —5; 15th term is 31 
34. 8th term is 4; 18th term is —96 35. 15th term is 0; 40th term is —50 36. 5th term is —2; 13th term is 30 
37. 14th term is —1; 18th term is —9 38. 12th term is 4; 18th term is 28 


In Problems 39-56, find each sum. 








ME 39.143454++-:4 (2n-1) 40.2+4+6+-:-+2n AL, 7 12. AT a ee a (2 en) 
42. 14 3 7 ee + (4a = 5) M43. 2444+ 64+-+-4+70 44. 1 3. Se 59 
455 9 5 1 He eee 39 46. 2D 4 6 ts Fe Al BT, 93-469 F-85287 
AS FL 3 1 ere = 299 49.4+454+54+5.5+--- + 100 50. 8+ 82485482 494-- +50 
80 90 100 | 80 1 1 
51. S (4n — 9) 52, > 3 2) 53. >( — =n) 54. > (5 + =) 
n=1 n=1 n=1 2 n=1 3 2 
55. The sum of the first 120 terms of the sequence 56. The sum of the first 46 terms of the sequence 
14,16, 18520524. aN a eae ee 


Applications and Extensions 


57. Find x so that x + 3,2x + 1, and 5x + 2 are consecutive row, and so on. There are 27 rows altogether. How many can 
terms of an arithmetic sequence. the amphitheater seat? 

58. Find x so that 2x, 3x + 2,and 5x + 3 are consecutive terms 63. Football Stadium The corner section of a football stadium 

of an arithmetic sequence. has 15 seats in the first row and 40 rows in all. Each successive 

row contains two additional seats. How many seats are in this 


59. How many terms must be added in an arithmetic sequence 
whose first term is 11 and whose common difference is 3 to 
obtain a sum of 1092? 


section? 


60. How many terms must be added in an arithmetic sequence 
whose first term is 78 and whose common difference is —4 
to obtain a sum of 702? 


. Drury Lane Theater The Drury Lane Theater has 25 seats 
in the first row and 30 rows in all. Each successive row 
contains one additional seat. How many seats are in the 
theater? 


62. Seats in an Amphitheater An outdoor amphitheater has 
35 seats in the first row, 37 in the second row, 39 in the third 
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64. 


65. 


66. 


67. 


68. 


Constructing a Brick Staircase A brick staircase has a 
total of 30 steps. The bottom step requires 100 bricks. Each 
successive step requires two fewer bricks than the prior step. 
(a) How many bricks are required for the top step? 

(b) How many bricks are required to build the staircase? 





Salary If you take a job with a starting salary of $35,000 per 
year and a guaranteed raise of $1400 per year, how many 
years will it be before your aggregate salary is $280,000? 


[Hint: Remember that your aggregate salary after 2 years 
is $35,000 + ($35,000 + $1400).] 


Stadium Construction How many rows are in the corner 
section of a stadium containing 2040 seats if the first row 
has 10 seats and each successive row has 4 additional seats? 


Creating a Mosaic A mosaic is designed in the shape of 
an equilateral triangle, 20 feet on each side. Each tile in 
the mosaic is in the shape of an equilateral triangle, 
12 inches to a side. The tiles are to alternate in color as 
shown in the figure. How many tiles of each color will 
be required? 





Old Faithful Old Faithful is a geyser in Yellowstone 
National Park named for its regular eruption pattern. Past 
data indicates that the average time between eruptions 
is 1h 35m. 








Explaining Concepts: Discussion and Writing 


7D. 


Make up an arithmetic sequence. Give it to a friend and ask 
for its 20th term. 


Retain Your Knowledge 


69. 


70. 


71. 


72. 


74. 


(a) Suppose rangers log the first eruption on a given day at 
12:57 am. Using a, = 57, write a prediction formula for 
the sequence of eruption times that day in terms of the 
number of minutes after midnight. 

(b) At what time of day (e.g., 7:15 am) is the 10th eruption 
expected to occur? 

(c) At what time of day is the last eruption expected to 
occur? 





Cooling Air As a parcel of air rises (for example, as it is 
pushed over a mountain), it cools at the dry adiabatic lapse 
rate of 5.5°F per 1000 feet until it reaches its dew point. If the 
ground temperature is 67°F, write a formula for the sequence 
of temperatures, {7}, of a parcel of air that has risen 
n thousand feet. What is the temperature of a parcel of air 
if it has risen 5000 feet? 


Source: National Aeronautics and Space Administration 





Citrus Ladders Ladders used by fruit pickers are typically 
tapered with a wide bottom for stability and a narrow 
top for ease of picking. If the bottom rung of such a ladder 
is 49 inches wide and the top rung is 24 inches wide, 
how many rungs does the ladder have if each rung is 
2.5 inches shorter than the one below it? How much material 
would be needed to make the rungs for the ladder 
described? 


Source: www.stokesladders.com 


Challenge Problem If {a,} is an arithmetic sequence 
with 100 terms where a; = 2 and a) = 9, and {b,} is 
an arithmetic sequence with 100 terms where b, = 5 
and b, = 11, how many terms are the same in each 
sequence? 





Challenge Problem Suppose { a,,} is an arithmetic sequence. 


Son 
If S, is the sum of the first n terms of {a,}, and 7 isa 


nN 
positive constant for all n, find an expression for the nth 
term, a,, in terms of only nv and the common difference, d. 





Describe the similarities and differences between arithmetic 
sequences and linear functions. 


Problems 75-84 are based on material learned earlier in the course. The purpose of these problems is to keep the material fresh in your 
mind so that you are better prepared for the final exam. 


x 79, 


1D. 


76. 


77, 


78. 





monthly, find the effective rate of interest. 


its position vector. 

Analyze and graph the equation: 25x” + 4y” = 100 
1/ if it exists; 
otherwise, state that the matrix is singular. 





Find the inverse of the matrix : 





Find the partial fraction decomposition of ‘i 
= 


If a credit card charges 15.3% interest compounded 


The vector v has initial point P = (—1,2)and terminal 
point Q = (3, —4). Write vin the form ai + bj; that is, find 


80. 
81. 


K 82. 


83. 


84. 


Find the exact value of sin” ” — cos” om. 


If gis a function with domain | —4, 10], what is the domain 

of the function 2g(x — 1)? 

Find the real zeros of 

(x4 +1) +2x -— (x? -— 1) -4x° 

h(x) = 

(x° = 1) 

Identify the curve given by the equation 
6y? + 24(x + y) — 12x? =0 


Solve: (x + 3)? = (x + 3)(x —5) +7 
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12.3 Geometric Sequences; Geometric Series 


PREPARING FOR THIS SECTION Before getting started, review the following: 
¢ Compound Interest (Section 5.7 pp. 325-331) 


% Now Work the ‘Are You Prepared?’ problems on page 841. 


OBJECTIVES 1 Determine Whether a Sequence Is Geometric (p. 833) 
2 Find a Formula for a Geometric Sequence (p. 834) 
3 Find the Sum of a Geometric Sequence (p. 835) 
4 Determine Whether a Geometric Series Converges or Diverges (p. 836) 
5 Solve Annuity Problems (p. 839) 





1 Determine Whether a Sequence Is Geometric 


When the ratio of successive terms of a sequence is always the same nonzero number, 
the sequence is called geometric. 


F DEFINITION Geometric Sequence 


e . . ° Ay 
A geometric sequence* is defined recursively as aj = a, —— = r, or as 
a 





where a, = aandr # (are real numbers. The number aq, is the first term, and 
the nonzero number r is called the common ratio. J 


| €XAMPLE1 | Determining Whether a Sequence Is Geometric 


The sequence 
2», Os 16, 94, 162, 295 


; ; : 18 54 
is geometric because the ratio of successive terms is 3;| — = — = =--: =3}. 


The first term is a; = 2, and the common ratio is 3. : ° . _J 


| EXAMPLE 2 © Determining Whether a Sequence Is Geometric 


Show that the following sequence is geometric. 


{5nt = {2} 


Find the first term and the common ratio. 


: 1 
Solution The first term of the sequence iss, = 2! = 5 The nth term and the (n — 1)st term 
of the sequence {s,,} are 


—n (u—1) 


2 and s,,=2> 


Their ratio is 


Sno 2” = qon+(n-1) = 71 ee 


Sn-1 7 2 ee 2 








; 1 
Because the ratio of successive terms is the nonzero constant > the sequence {s,, } 


; ; ae | 
is geometric and the common ratio is > i 


*Sometimes called a geometric progression. 
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| EXAMPLE 3 ~ Determining Whether a Sequence Is Geometric 


Show that the following sequence is geometric. 


{tn} = 13°4"} 


Find the first term and the common ratio. 
Solution The first term is t, = 3-4! = 12. The nth term and the (n — 1)st term are 
i= 394" aid: f.47— 324" 


Their ratio is 








fn 34" — qn-(n-1) ~ 4 
re ae 
The sequence, { t,,}, is a geometric sequence with common ratio 4. = 


ommm=_==- Now Work PROBLEM 11 


2 Find a Formula for a Geometric Sequence 
Suppose that a, 1s the first term of a geometric sequence with common ratior # 0. 


We seek a formula for the nth term, a,. To see the pattern, consider the first few terms: 


a, = a,el = ar? 


an = ray = ar’ 


eT = Tar) = ar 


uaa) ar 


as = ra, = r(ar°) = ar* 


CZ Har) =—ar 


The terms of a geometric sequence with first term a, and common ratio r follow 
the pattern 


Ps 3 
a, ar, ar, ayr,... 


( tHeorem nth Term of a Geometric Sequence 
For a geometric sequence { a, } whose first term is a, and whose common ratio 


is r, the nth term is determined by the formula 


a= a r#O0 (2) 


=) 


| EXAMPLE 4 ~ Finding a Particular Term of a Geometric Sequence 


81 729 
(a) Find the nth term of the geometric sequence: 10, 9, 10’ 100°" 
(b) Find the 9th term of the sequence. 


(c) Find a recursive formula for the sequence. 
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‘ , . Un . 
Solution (a) The first term of the geometric sequence is a, = 10. The common ratio r = —~—is 
9 ‘deel 
; a 
the ratio of any two consecutive terms. So, r = — 10: Then, by formula (2), 
| Exploration . a) 
- . the nth term of the geometric sequence 1s 
4 Use a graphing utility to find the ninth 
term of the sequence in Example 4. g \r-1 9 
Use it to find the 20th and 50th terms. a, = 10 (=) an ar" 1. a, = 10,r = 10 


Now use a graphing utility to graph the 
recursive formula found in Example 4(c). : 
Conclude that the graph of the recursive (b) The 9th term is 


formula behaves like the graph of an g \9-1 9 \8 
exponential function. How is r, the ay = 10( >) = 10( >) = 4,3046721 
common ratio, related to a, the base of the 10 10 

exponential function y = a*? 


9 
(c) The first term in the sequence is 10, and the common ratio is r = 10 Using 


9 
f la (1), th ive f la isa, = 10 =r 4: 
ormula (1), the recursive formula is a; » An = FH an-1 J 


evmmmm=- Now Work PROBLEMS 19, 27, AND 35 


3 Find the Sum of a Geometric Sequence 


( THEOREM Sum of the First n Terms of a Geometric Sequence 


Let {a,} be a geometric sequence with first term a, and common ratio r, 
where r ~ 0,r # 1. The sum S, of the first n terms of {a,,} is 





Proof Thesum S, of the first n terms of {a,} = {ar" |} is 

S, =a, t+art+--. tar"! (4) 
Multiply both sides by r to obtain 

rS, = ar + ar? +--+ + ar" (5) 
Now, subtract (5) from (4). The result is 


— nN 
S, — rS, = a, — qr 





(1 = r)S, = a(1 =r") 
Since r ~ 1, solve for S,. 
Lay 
S =a: 
a Lae a 


| €XAMPLE5 | Finding the Sum of the First n Terms of a Geometric Sequence 


1 nN 
Find the sum S,, of the first n terms of the sequence (5) \ that is, find 


5(3) 1 1 1 (3) 
Sls —gae tee teed... + [SS 
fa 2 4 8 2 
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il 


1 
Solution The sequence 5) is a geometric sequence with a; = 5 and r = 5 Use 


formula (3) to get 


- 3G) =2eatet +) - 326) 


ty" 
1-(3 
=. formula (3); = 4, = 3 
5 1 ormula (3);4, = 5.46 = 5 
1-—-—- 
2 
Ly 
1-—- = 
iG) 
2 
Z 


| 

— 

| 
~ 
WN] rR 
aed 


ommmmm=-Now Work PROBLEM 41 


Ez | €XAMPLE6 | Using a Graphing Utility to Find the Sum of a Geometric Sequence 


1 n 
Use a graphing utility to find the sum of the first 15 terms of the sequence ‘(4) \ 


that 1s, find 
> (Fy 1 1 1 (Z). 
> — — = -- me -- tt — a + “oo 
fat 3 Q 27 3 


Solution Figure 8 shows the result using a TI-84 Plus C graphing calculator. The sum of the 


NORMAL FLOAT AUTO REAL RADIAN MP = 9 first 15 terms of the sequence 1(=] is approximately 0.49999996572. 
3 4 
sum(seq((1/3)”,7,1,15,1) 


2499999965727 
ommmmm=_=e=-Now Work PROBLEM 47 


4 Determine Whether a Geometric Series 
Converges or Diverges 





Figure 8 
(DEFINITION Infinite Geometric Series 


An infinite sum of the form 


atartar t+: star tt: 








with first term a; and common ratio 7, is called an infinite geometric series and 
is denoted by 


; ee) 
k=1 
zJ 


The sum S,, of the first n terms of a geometric series is 


Sy Pager eager Fes) ear (6) 
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If this finite sum S,, approaches a number L as n — 0, then the infinite geometric 


CO 
series a,r*—' converges to L and L is called the sum of the infinite geometric 


k=1 


series. The sum is written as 


CO 
L= Ss are 
cl 


A series that does not converge is called a divergent series. 


i THEOREM Convergence of an Infinite Geometric Series 


CO 


If |r| < 1, the infinite geometric series 5) ayr*~ 
k=1 


' converges. Its sum is 





Intuitive Proof 
e Ifr =0,then S, = a, + 0+ ---+0 = a, so formula (7) is true for r = 0. 
e Ifr # Oand|r| < 1, then, based on formula (3), 


1-r" gy ayr” 
tay Log lL (8) 





Sy = @ 


Since |r| < 1, it follows that |r”| approaches 0 as n — 00. Then, in formula (8), 








ayr” a 
the term approaches 0, so the sum S,, approaches , = asn—> ©, 


L =F r a 


| EXAMPLE 7 Determining Whether a Geometric Series Converges or Diverges 


Solution 


Determine whether the geometric series 


a (2) 4 8 
> 2a =2+ geteat::- 
k=. \3 


3. «9 
converges or diverges. If it converges, find its sum. 


CO 


00 k-1 
Z = ; ; 
Comparing > 2 (=) to > a,r*—', the first term is a; = 2 and the common ratio 
k=1 k=1 
2 a. ; oe 
isr = ~. Since |r| < 1, the series converges. Use formula (7) to find its sum: 


= 4 8 2 
SS a 
= 3 3 «9 9) 


l-% 4 


quammm=m==- Now Work PRosBLEM 53 


| EXAMPLES | 8 Repeating Decimals 


Solution 


Show that the repeating decimal 0.999... equals 1. 


9 9 9 
e eee = e = e + e + aed = = > + ——s + 
The decimal 0.999 0.9 + 0.09 + 0.009 a 


CO 


an infinite geometric series. Write it in the form 5’ a;r*~! and use formula (7). 
kK=1 


2 9 9 a, = 9 = 074 \o 4 
0.999... ==cet eset eset = — = ——— han Pam 
10 100 = 1000 > a 10-10*7! » i0 (~) 


(continued) 
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CO 


; = 9 Lo. 
Compare this series to $) ar“ and note that a, = — andr = —. Since |r| < 1, 


= 10 10° 


the series converges and its sum 1s 





5 ee 
1 1 
0.999... = ~ ->=1 
‘70 10 
The repeating decimal 0.999... equals 1. wid 





ee) GRSCUITTSE Pendulum Swings 


Initially, a pendulum swings through an arc of length 18 inches. See Figure 9. On each 
successive swing, the length of the arc is 0.98 of the previous length. 


(a) 
(b) 
(c) 
(d) 


Solution (a) 





(b) 


pe 


Figure 9 


(Cc) 


(d) 


What is the length of the arc of the 10th swing? 

On which swing is the length of the arc first less than 12 inches? 
After 15 swings, what total distance has the pendulum swung? 
When it stops, what total distance has the pendulum swung? 
The length of the first swing is 18 inches. 

The length of the second swing is 0.98 + 18 inches. 


The length of the third swing is 0.98 - 0.98 -18 = 0.987 - 18 inches. 
The length of the arc of the 10th swing is 


(0.98)?+18 ~ 15.007 inches 
The length of the arc of the nth swing is (0.98) ”~'+ 18. For the length of the arc 
to be exactly 12 inches requires that 


(0.98)""1-18 = 12 





12 2 
(0.98)?-+ =— = > Divide both sides by 18. 
18 3 
2 
n-1= logass( 5) Express as a logarithm. 
2 
_ (2) Solve for n; use the Change 
nee In 0.98 ee a ZOO ehh of Base Formula. 


The length of the arc of the pendulum exceeds 12 inches on the 21st swing and 
is first less than 12 inches on the 22nd swing. 
After 15 swings, the total distance swung is 
L = 18 + 0.98-18 + (0.98)7-18 + (0.98)?-18 +--+ + (0.98) 4-18 
1st 2nd 3rd Ath 15th 
This is the sum of a geometric sequence. The common ratio is 0.98; the first term 
is 18. The sum has 15 terms, so 
1 — 0.98! 
= - ——_———_- = _ [8 -]3. By ORS eh 
L= 18 1-098 cup bon U7 35.3 inches 
The pendulum has swung approximately 235.3 inches after 15 swings. 
When the pendulum stops, it has swung the total distance 
T = 18 + 0.98-18 + (0.98)7-18 + (0.98)?-18 + --- 


This is the sum of an infinite geometric series. The common ratio is r = 0.98; the 
first term is a; = 18. Since |r| < 1, the series converges. Its sum is 





= ay _ 18 _ 
Top LOR - 
The pendulum has swung a total of 900 inches when it finally stops. J 


ommmm==-Now Work PROBLEM 87 
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5 Solve Annuity Problems 


Section 5.7 developed the compound interest formula, which gives the future 
value when a fixed amount of money is deposited in an account that pays interest 
compounded periodically. Often, though, money is invested in small amounts at 
periodic intervals. An annuity is a sequence of equal periodic deposits. The periodic 
deposits may be made annually, quarterly, monthly, or daily. 

When deposits are made at the same time that the interest is credited, the annuity 
is called ordinary. We discuss only ordinary annuities here. The amount of an annuity 
is the sum of all deposits made plus all interest paid. 

Suppose that the interest rate that an account earns is 7 percent per payment 
period (expressed as a decimal). For example, if an account pays 12% compounded 





0.1 
monthly (12 times a year), theni = ca 0.01. If an account pays 8% compounded 


quarterly (4 times a year), then i = = = ().02. 

To develop a formula for the amount of an annuity, suppose that $P is deposited 
each payment period for m payment periods in an account that earns 7 percent per 
payment period. When the last deposit is made at the nth payment period, the first 
deposit of $P has earned interest compounded for n — 1 payment periods, the second 
deposit of $P has earned interest compounded for n — 2 payment periods, and so on. 
Table 3 shows the value of each deposit after n deposits have been made. 


Table 3 





The amount A of the annuity is the sum of the amounts shown in Table 3; that is, 
A=P-(14+i)"'+Pe(14+4)"*+---+P-(1+i) +P 
=P[1+(1+i) +---+(14i)"'] 


The expression in brackets is the sum of a geometric sequence with n terms and a 
common ratio of (1 + 7). Asa result, 


A=P[1+(1+i) +---+ (14+i)"?%4+ (14+i)"1] 
1 -(4tia" 1-04)" —(t+i"-1 
—" 1-(1+i) —i -? i 


The following theorem has been proved: 


( tHeoreM Amount of an Annuity 


Suppose that P is the deposit in dollars made at the end of each payment period 
for an annuity paying i percent interest per payment period. The amount A of 
the annuity after n deposits is 


Ise Il 
_ pitt 


l 


A (9) 


J) 


NOTE In formula (9), remember that when the nth deposit is made, the first deposit has earned 
interest for n — 1 compounding periods and the nth deposit has earned no interest. o 


| EXAMPLE 10 — Determining the Amount of an Annuity 


To save for retirement, Brett decides to place $4000 into an individual retirement 
account (IRA) each year for the next 30 years. What will the value of the IRA be when 
Brett makes his 30th deposit? Assume that the rate of return of the IRA is 7% per 
annum compounded annually. (This is the historical rate of return in the stock market.) 
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Solution — This is an ordinary annuity with n = 30 annual deposits of P = $4000. The rate of 


0.0 , 
interest per payment period isi = 7 0.07. The amount A of the annuity after 
30 deposits is 


(1 + 0.07) -1 
0.07 


| EXAMPLE 11 | Determining the Amount of an Annuity 


To save for her daughter’s college education, Miranda decides to put $100 aside every 
month in a credit union account paying 2% interest compounded monthly. She begins 
this savings program when her daughter is 3 years old. How much will she have saved 
by the time she makes the 180th deposit? How old is her daughter at this time? 


A = $4000 = $4000 - 94.46078632 ~ $377,843.15 J 


0.02 
This is an annuity with P = $100, n = 180, and i = ——. The amount A of the 


Solution ic 


annuity after 180 deposits is 
= $100-209.71306 ~ $20,971.31 


Because there are 12 deposits per year, when the 180th deposit is 


J 


180 
made Ta 15 years have passed, and Miranda’s daughter is 18 years old. 


emmmmmms=-Now Work PROBLEM 91 


Historical Feature 


equences are among the oldest objects 

of mathematical investigation, having 

been studied for over 3500 years. After 

the initial steps, however, little progress was 
made until about 1600. 

Arithmetic and geometric sequences appear 

in the Rhind papyrus, a mathematical text 

containing 85 problems copied around 1650 BC 


Diophantus (about AD 250). One problem, again modified slightly, is 
still with us in the familiar puzzle rhyme “As | was going to St. Ives..." 
(see Historical Problem 2). 

The Rhind papyrus indicates that the Egyptians knew how to 
add up the terms of an arithmetic or geometric Sequence, as did the 
Babylonians. The rule for Summing up a geometric Sequence is found 
in Euclid’s Elements (Book |X, 35, 36), where, like all Euclid’s algebra, 


ibonacci it is presented in a geometric form. 


by the Egyptian scribe Ahmes from an earlier work (see Historical 
Problem 1). Fibonacci (AD 1220) wrote about problems similar to those 
found in the Rhind papyrus, leading one to suspect that Fibonacci may 
have had material available that is now lost. This material would have 
been in the non-Euclidean Greek tradition of Heron (about AD 75) and 


Historical Problems 


1. Arithmetic sequence problem from the Rhind papyrus (statement 
modified slightly for clarity) One hundred loaves of bread are to 
be divided among five people so that the amounts that they 
receive form an arithmetic sequence. The first two together 
receive one-seventh of what the last three receive. How many 
loaves does each receive? 


, 2 
[Partial answer: First person receives 1 3 loaves. ] 


2. The following old English children’s rhyme resembles one of the 
Rhind papyrus problems. 
As | was going to St. Ives 
| met a man with seven wives 


Investigations of other kinds of sequences began in the 1500s, 
when algebra became sufficiently developed to handle the more 
complicated problems. The development of calculus in the 1600s 
added a powerful new tool, especially for finding the sum of an 
infinite series, and the subject continues to flourish today. 


Each wife had seven sacks 

Each sack had seven cats 

Each cat had seven kits [kittens] 
Kits, cats, Sacks, wives 

How many were going to St. Ives? 


(a) Assuming that the speaker and the cat fanciers met by traveling 
in opposite directions, what is the answer? 


(b) How many kittens are being transported? 
(c) Kits, cats, sacks, wives; how many? 
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12.3 Assess Your Understanding 


‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. If $1000 is invested at 4% per annum compounded 2. How much do you need to invest now at 5% per annum 
semiannually, how much is in the account after 2 years? compounded monthly so that in 1 year you will have 
(pp. 325-328) $10,000? (pp. 329-330) 


Concepts and Vocabulary 














3. In a(n) sequence, the ratio of successive terms 6. True or False A geometric sequence may be defined 
is a constant. recursively. 
CO 
4. If |r| <1, the sum of the geometric series >», ar 7. True or False In a geometric sequence, the common ratio is 
is it always a positive number. 
5. Multiple Choice If a series does not converge, it is called 8. True or False For a geometric sequence with first term a, 
a(n) Series. and common ratio r, where r ~ 0,r ¥ 1, the sum of the 
° ° ° ° ° : : 1 —_— r” 
(a) arithmetic (b) divergent (c) geometric (d) recursive first n terms is S,, = a,° — 


Skill Building 


In Problems 9-18, show that each sequence is geometric. Then find the common ratio and list the first four terms. 


9. {5} = {4"} 10. {s,} = £(-5)"} Naw (at={-3(5) } 2 (5 ={(B) P38 fad = = | 





= 3" a n/4 = 2n _ ale = 2" 
14. {dn} = ‘= | 5. {en¢ = TS 16. {int = {3} V7. {tn} -+ mr ! 18. {un} = = | 





In Problems 19-26, find the fifth term and the nth term of the geometric sequence whose first term a, and common ratio r are given. 


N19. 4, =2; r=3 20. a, = —-2; r=4 1.4,=5; r=-1 22.4,=6; r=-2 
1 1 1 

23, a = 0; r= 5 24a, = 1; r= —3 25.4, = V3; r= V3 26. a, =0; r=— 
TT 


In Problems 27-32, find the indicated term of each geometric sequence. 


‘ 1 1 
27. 7tht fl,=,-—,... 
‘\ erm o irk 


30. 10th term of —1, 2, —4,... 31. 8th term of 0.4, 0.04, 0.004, ... 32. 7th term of 0.1, 1.0, 10.0, ... 


28. 8th term of 1,3,9,... 29. 15th term of1,—-1,1,... 


In Problems 33-40, find the nth term a,, of each geometric sequence. When given, r is the common ratio. 





i ae i pee 
33. 6, 18,54, 162,... 34, 5,10, 20, 40,... \ 35. —3, 1, —S4#... 36. 4, 1,+32—,... 
ae 4° 16 
1 1 if 
37. dg = 243; r= —3 38. a = 7; r= A 39. ad = 7; ag = 1575 40. a, = 3° ag = a1 
In Problems 41-46, find each sum. 
‘ 1 e) 2 93 gn-l 3 32 33 n n p) k 
My 41 pee ee 4 Bey... 4 A2, 8p ee 4 Ey... 4 ee 43. (=) 
4 4 4 4 4 9 9 9 = 3 
“ 6 18 ch ie 
44. 5° 4-3"! 7 OO at Mee oe OD 46.2424 34... 42(2) 
k=1 > 2 5 


i For Problems 47-52, use a graphing utility to find the sum of each geometric sequence. 


, 2 3 14 2 3 15 15 n 
OO he hats Ga De epee Ee ot cy 49. (=) 
4 4 4 = = > 2 9 9 = 


\© 


15 4 +4 6 18 3\15 
50. S) 4-3" Bh. 1 DS 4 Ba oes, SD 52. 2 tuat sats: + Qe 
1 


n= 
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In Problems 53-68, determine whether each infinite geometric series converges or diverges. If it converges, find its sum. 


53. 


2-3) 


ee | 4 8 
l+i+-4+-:- 4.2+-+-—4+--- 
> v : 3. «9 
A 1 3 9 ay 
-~-=+——-—}4--. ~1--+—->+ 
2 8 32 et 4 16 64 


Qy 
oy 


« 


62. 48 
k=1 

66. > 4 
k=1 


55.8 +44+2+-- 


99. O12 PS ae 2 oe ee 


56.6 + 2+ 540 


60.94 12+ 16+ 2+... 


y m3 64 y (3) 
k=1 2 “en 2 

oe) k oe) k 
y 3(2) 68. S 2(2) 
m1 \3 c=. \4 


Mixed Practice In Problems 69-82, determine whether the given sequence is arithmetic, geometric, or neither. If the sequence is arithmetic, find 
the common difference; if it is geometric, find the common ratio. If the sequence is arithmetic or geometric, find the sum of the first 50 terms. 


69. 


74. 


79. 


{n +2} 70. {2n — 5} 71. {4n*} 

3 
{8 - sa} 75. 1,3,6,10,... 76. 2,4,6,8,... 
—1,2,-4,8,... 80. 1,1,2,3,5,8,... gi. £3"/2} 


Applications and Extensions 


83. 
84. 


85. 


86. 


X 87. 


88. 


Find x so that x, x + 2,and x + 3 are consecutive terms of a 
geometric sequence. 


Find x so that x — 1,x,and x + 2 are consecutive terms of a 
geometric sequence. 


Salary Increases If you have been hired at an annual 
salary of $42,000 and expect to receive annual increases 
of 3%, what will your salary be when you begin your fifth 
year? 


Equipment Depreciation A new piece of equipment cost a 
company $15,000. Each year, for tax purposes, the company 
depreciates the value by 15%. What value should the 
company give the equipment after 5 years? 


Pendulum Swings Initially, a pendulum swings through an 

arc of length 2 feet. On each successive swing, the length of 

the arc is 0.9 of the previous length. 

(a) What is the length of the arc of the 10th swing? 

(b) On which swing is the length of the arc first less 
than 1 foot? 

(c) After 15 swings, what total length has the pendulum 
swung? 

(d) When it stops, what total length has the pendulum 
swung? 


Bouncing Balls A ball is dropped from a height of 30 feet. 
Each time it strikes the ground, it bounces up to 0.8 of the 
previous height. 

(a) What height does the 
ball bounce up to 
after it strikes the 
ground for the third 
time? 

(b) How high does it 
bounce after it strikes 
the ground for the 
nth time? 





89. 


90. 


XA 91. 


92. 


93. 


94. 


72. {5n* + 1} 


mis) j 


82. {(-1)"5 


nf 
“(C3 


(c) How many times does the ball need to strike the ground 
before its bounce is less than 6 inches? 

(d) What total vertical distance does the ball travel before it 
stops bouncing? 





Retirement Christine contributes $100 each month to 
her 401(k). What will be the value of Christine’s 401(k) 
after the 360th deposit (30 years) if the per annum 
rate of return is assumed to be 8% compounded 
monthly? 


Saving for a Home Jolene wants to purchase a new home. 
Suppose that she invests $400 per month into a mutual 
fund. If the per annum rate of return of the mutual fund 
is assumed to be 6% compounded monthly, how much will 
Jolene have for a down payment after the 36th deposit 
(3 years)? 

Tax-Sheltered Annuity Don contributes $500 at the end of 
each quarter to a tax-sheltered annuity (TSA). What will the 
value of the TSA be after the 80th deposit (20 years) if the 
per annum rate of return is assumed to be 5% compounded 
quarterly? 





Retirement Ray contributes $1000 to an individual 
retirement account (IRA) semiannually. What will the value 
of the IRA be when Ray makes his 30th deposit (after 
15 years) if the per annum rate of return is assumed to 
be 7% compounded semiannually? 


Sinking Fund Scott and Alice want to purchase a vacation 
home in 10 years and need $50,000 for a down payment. 
How much should they place in a savings account each 
month if the per annum rate of return is assumed to be 3.5% 
compounded monthly? 


Sinking Fund For a child born in 2018, the cost of a 4-year 
college education at a public university is projected to 
be $185,000. Assuming a 4.75% per annum rate of return 
compounded monthly, how much must be contributed to a 
college fund every month to have $185,000 in 18 years when 
the child begins college? 


oS. 


96. 


97, 


98. 


99. 


Grains of Wheat on a Chess Board In an old fable, a 
commoner who had saved the king’s life was told he could 
ask the king for any just reward. Being a shrewd man, the 
commoner said, “A simple wish, sire. Place one grain of wheat 
on the first square of a chessboard, two grains on the second 
square, four grains on the third square, continuing until you 
have filled the board. This is all I seek.” Compute the total 
number of grains needed to do this to see why the request, 
seemingly simple, could not be granted. (A chessboard 
consists of 8 X 8 = 64 squares.) 





Shading Squares Look at the figure. What fraction of the 
Square is eventually shaded if the indicated shading process 


continues indefinitely? 





Multiplier Suppose that, throughout the U.S. economy, 
individuals spend 90% of every additional dollar that they 
earn. Economists would say that an individual’s marginal 
propensity to consume is ().90. For example, if Jane earns an 
additional dollar, she will spend 0.9(1) = $0.90 of it. The 
individual who earns $0.90 (from Jane) will spend 90% of it, 
or $0.81. This process of spending continues and results in an 
infinite geometric series as follows: 


1, 0.90, 0.907, 0.907, 0.907, . . . 


The sum of this infinite geometric series is called the 
multiplier. What is the multiplier if individuals spend 90% 
of every additional dollar that they earn? 


Multiplier Refer to Problem 97 Suppose that the marginal 
propensity to consume throughout the U.S. economy is 0.95. 
What is the multiplier for the U.S. economy? 


Stock Price One method of pricing a stock is to discount the 
stream of future dividends of the stock. Suppose that a stock 
pays $P per year in dividends, and historically, the dividend 
has been increased i% per year. If you desire an annual rate 
of return of r%, this method of pricing a stock states that the 
price that you should pay is the present value of an infinite 
stream of payments: 











Leg 1+i\ 147) 
Price = P+ P> + P- + P- -- 
1+r Lae Ere 


The price of the stock is the sum of an infinite geometric 
series. Suppose that a stock pays an annual dividend of $4.00, 
and historically, the dividend has been increased 3% per year. 
You desire an annual rate of return of 9%. What is the most 
you should pay for the stock? 
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. Stock Price Refer to Problem 99. Suppose that a stock pays 


an annual dividend of $2.50, and historically, the dividend 
has increased 4% per year. You desire an annual rate of 
return of 11%. What is the most that you should pay for the 
stock? 


. A Rich Man’s Promise A rich man promises to give 





you $1000 on September 1. Each day thereafter he will give 
9 ; : 
you T0 of what he gave you the previous day. What is the first 


date on which the amount you receive is less than 1¢? 
How much have you received when this happens? 


. Seating Revenue A special section in the end zone of a 


football stadium has 2 seats in the first row and 14 rows 
total. Each successive row has 2 seats more than the row 
before. In this particular section, the first seat is sold for 
1 cent, and each following seat sells for 5% more than the 
previous seat. Find the total revenue generated if every 
seat in the section is sold. Round only the final answer, and 
state the final answer in dollars rounded to two decimal 
places. (JJC)* 





. Challenge Problem Suppose x, y, z are consecutive 


terms in a geometric sequence. If x + y+ z = 103 
and x* + y* + z* = 6901, find the value of y. [Hint: Let r be 
the common ratio so y = xr and z = yr = xr’.] 


. Challenge Problem Koch’s Snowflake The area inside the 


fractal known as the Koch snowflake can be described as the 
sum of the areas of infinitely many equilateral triangles, as 
pictured below. 

For all but the center (largest) triangle, a triangle in the 


1 
Koch snowflake is 9 the area of the next largest triangle in 


the fractal. Suppose the area of the largest triangle has area 
of 2 square meters. 


A * 
— 


(a) Show that the area of the Koch snowflake is given by the 
series 


A=2+2 (5) +2 (2) +2 as(Z) +2-192(2) + — 
7 9 9 9 9 


(b) Find the exact area of the Koch snowflake by finding the 
sum of the series. 


‘Courtesy of the Joliet Junior College Mathematics Department. 
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Explaining Concepts: Discussion and Writing 


105. 


106. 


107. 


Critical Thinking You are interviewing for a job and receive 
two offers for a five-year contract: 
A: $40,000 to start, with guaranteed annual increases 
of 6% for the first 5 years 
B: $44,000 to start, with guaranteed annual increases 
of 3% for the first 5 years 


Which offer is better if your goal is to be making as much as 
possible after 5 years? Which is better if your goal is to make 
as much money as possible over the contract (5 years)? 


Critical Thinking Which of the following choices, A or B, 
results in more money? 
A: To receive $1000 on day 1, $999 on day 2, $998 on 
day 3, with the process to end after 1000 days 
B: To receive $1 on day 1, $2 on day 2, $4 on day 3, 
for 19 days 


Critical Thinking You have just signed a 7-year professional 
football league contract with a beginning salary of $2,000,000 
per year. Management gives you the following options with 
regard to your salary over the 7 years. 


1. A bonus of $100,000 each year 

2. An annual increase of 4.5% per year beginning 
after 1 year 

3. An annual increase of $95,000 per year beginning 
after 1 year 
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Retain Your Knowledge 


108. 


109. 


110. 


111. 


112. 


Which option provides the most money over the 7-year 
period? Which the least? Which would you choose? Why’? 


Critical Thinking Suppose you were offered a job in which 
you would work 8 hours per day for 5 workdays per week 
for 1 month at hard manual labor. Your pay the first day 
would be 1 penny. On the second day your pay would be 
two pennies; the third day 4 pennies. Your pay would double 
on each successive workday. There are 22 workdays in the 
month. There will be no sick days. If you miss a day of work, 
there is no pay or pay increase. How much do you get paid 
if you work all 22 days? How much do you get paid for the 
22nd workday? What risks do you run if you take this job 
offer? Would you take the job? 


Can a sequence be both arithmetic and geometric? Give 
reasons for your answer. 





Make up a geometric sequence. Give it to a friend and ask 
for its 20th term. 


Make up two infinite geometric series, one that has a sum and 
one that does not. Give them to a friend and ask for the sum 
of each series. 





Describe the similarities and differences between geometric 
sequences and exponential functions. 


Problems 113-122 are based on material learned earlier in the course. The purpose of these problems is to keep the material fresh in 


your mind so that you are better prepared for the final exam. 


113. 


114. Find the unit vector in the same direction as v = 81 — 15). 
Find the equation of the hyperbola with vertices at (—2,0) and (2,0), and a focus at (4,0). 


115. 
3 1 (0) 
116. Find the value of the determinant: |0 —-—2 6 
4 -1 -2 


Use the Change-of-Base Formula and a calculator to evaluate log; 62. Round the answer to three decimal places. 


117. Liv notices a blue jay in a tree. Initially she must look up 5 degrees from eye level to see the jay, but after moving 6 feet closer 
she must look up 7 degrees from eye level. How high is the jay in the tree if you add 5.5 feet to account for Liv’s height? Round 





to the nearest tenth. 


Write the factored form of the polynomial function of smallest degree that touches the x-axis at x = 4, crosses the x-axis 


118. 
atx = —2andx = 1, and has a y-intercept of 4. (1) (1) 
S(t) =s 
Given s(t) = —16t? + 3t, find the difference quotient a 
Find a rectangular equation of the plane curve with parametric equations x(t) = t+ Sandy(t) = Vtfort = 0. 


X 120. 
121. 
left 5 units. 


122. Factor completely: x4 — 29x? + 100 


‘Are You Prepared?’ Answers 


1. $1082.43 2. $9513.28 





Find the function g whose graph is the graph of y = Vx but is stretched vertically by a factor of 7 and shifted 
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12.4 Mathematical Induction 


OBJECTIVE 1 Prove Statements Using Mathematical Induction (p. 845) 





1 Prove Statements Using Mathematical Induction 


Mathematical induction is a method for proving that statements involving natural 
numbers are true for all natural numbers.* 
For example, the statement “the sum of the first 1 positive odd integers equals n’,” 
that is, 
14+34+5+---+ (n-1) =r (1) 


can be proved for all natural numbers n by using mathematical induction. 

Before stating the method of mathematical induction, let’s try to gain a sense of 
the power of the method. We use the statement in equation (1) for this purpose by 
restating it for various values of n = 1, 2,3,.... 


n= 1 The sum of the first positive odd integer is 17;1 = 17. 

n=2 The sum of the first 2 positive odd integers is 27: 
14+3=4=2° 

n= 3 The sum of the first 3 positive odd integers is 3’; 
14+3+5=9= 37, 

n=4 The sum of the first 4 positive odd integers is 4°; 


1+34+54+7=16=4. 


Although from this pattern we might conjecture that statement (1) is true for any 
natural number n, can we really be sure that it does not fail for some choice of n? 
The method of proof by mathematical induction allows us to prove that the statement 
is true for all n. 


( THEOREM The Principle of Mathematical Induction 


Suppose that the following two conditions are satisfied with regard to a 
statement about natural numbers: 


CONDITION I: The statement is true for the natural number 1. 


CONDITION II: If the statement is true for some natural number k, 
and it can be shown to be true for the next natural 
number k + 1, 


then the statement is true for all natural numbers. a) 


The following physical interpretation illustrates why the principle works. Think 


oy of a collection of natural numbers obeying a statement as a collection of infinitely 
| many dominoes. See Figure 10. 
Now, suppose that two facts are given: 
1. The first domino is pushed over. 


Figure 10 2. If one domino falls over, say the kth domino, so will the next one, the (k + 1)st 
domino. 


Is it safe to conclude that a// the dominoes fall over? The answer is yes, because if the 
first one falls (Condition I), the second one does also (by Condition IT); and if the 
second one falls, so does the third (by Condition IT); and so on. 





Using Mathematical Induction 
Show that the following statement is true for all natural numbers n. 
14+34+54+---+ (2n-1) =n (2) 


*Recall that the natural numbers are the numbers 1,2,3,4,....In other words, the terms natural numbers 
and positive integers are synonymous. 
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Solution —_ First show that statement (2) holds for n = 1. Because 1 = 17, statement (2) is true 
for n = 1. Condition I holds. 
Next, show that Condition I holds. From statement (2), assume that 
14+34+5+---+ (2-1) =k? (3) 


is true for some natural number k. 
Now show that, based on equation (3), statement (2) holds for k + 1. Look 
at the sum of the first kK + 1 positive odd integers to determine whether this sum 
equals (k + 1)”. 
14+3454+ ---+(2k-1)+[2(k4+1) -1] =[14345+4+---+(2k-1)]4+(2k4+1) 
A 
= k* by equation (3) 
=k’ + (2k +1) 
=k? +2k+1=(k+1)? 


Conditions I and II are satisfied; by the Principle of Mathematical Induction, 
statement (2) is true for all natural numbers n. = 


| EXAMPLE 2 © Using Mathematical Induction 


Show that the following statement is true for all natural numbers n. 
2 Sn 


Solution First, show that the statement 2” > n holds when n = 1. Because 2! = 2 > 1, the 
inequality is true forn = 1. Condition I holds. 
Next, assume the statement holds for some natural number k; that is, 2" > k. 


Now show that the statement holds for k + 1; that is, show that 2**! > k + 1. 
Wt1 = 2-0 >2ek=kKt+k=k+1 
ft f 


2*>k k=1 


If 2 > k, then 2**! > k + 1, so Condition II of the Principle of Mathematical 
Induction is satisfied. The statement 2” > nis true for all natural numbers n. J 


| EXAMPLE 3 ~ Using Mathematical Induction 


Show that the following formula is true for all natural numbers n. 


n(n + 1) 
P+ 24340 +n = (4) 


Solution First, show that formula (4) is true when n = 1. Because 


1(1+1) 1-2 _| 
2 a 


Condition I of the Principle of Mathematical Induction holds. 


Next, assume that formula (4) holds for some natural number k, and determine 
whether the formula then holds for the next natural number, k + 1. 
Assume that 


KGk 1) 
Lee SS for some k (5) 


Now show that 
Chae ae) | (hoe Lyk 2) 


D+ 24340 +k + (ke 41) = 5 
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as follows: 


14+24+34+ ---+k+(k+1) 


fp1+24+3+-:-+k]+(k+1) 


_ k(k + 1) 


1 by equation (5) 


k(k +1) 
= ————_ + (k +1) 
a 
ke +k+2k+2 
2 
_ Re+3k4+2 _ {ht UK +2) 
7 2 7 2 


Condition II also holds. As a result, formula (4) is true for all natural numbers n. dl 


ovmmmmmme-Now Work PROBLEM 1 


| EXAMPLE 4 © Using Mathematical Induction 


Show that 3” — 1 is divisible by 2 for all natural numbers n. 


First, show that the statement is true when n = 1. Because 3! — 1 = 3 — 1 = 2is 
divisible by 2, the statement is true when n = 1. Condition I is satisfied. 

Next, assume that the statement holds for some natural number k, and determine 
whether the statement holds for the next natural number, k + 1. 

Assume that 3“ — 1 is divisible by 2 for some k. Now show that 3"! — 1 is 
divisible by 2. 


Solution 


gett _ 4 = 3ktl — 3k 4 3k — 1 Subtract and add 3“. 
= 3*(3 —1) + (3-1) = 3*-2 + (3% -1) 

Because 3*-2 is divisible by 2 and 3% — 1 is divisible by 2, it follows that 

3-2 + (3 —1) = 3**! — 1 is divisible by 2. Condition II is also satisfied. As a 

result, the statement “3” — 1 is divisible by 2” is true for all natural numbers n. 4g 


ovmmmmm=- Now Work PRosLEM 19 


WARNING The conclusion that a statement involving natural numbers Is true for all natural numbers 
is made only after both Conditions | and II of the Principle of Mathematical Induction have been 
satisfied. Problem 28 demonstrates a statement for which only Condition | holds, and the statement 
is not true for all natural numbers. Problem 29 demonstrates a statement for which only Condition II 
holds, and the statement is not true for any natural number. fl 


12.4 Assess Your Understanding 


Skill Building 


In Problems 1-22, use the Principle of Mathematical Induction to show that the given statement is true for all natural numbers n. 








\ 1 2 4 Os On Sane 1) 23, 1 Sor Oe ese oe (4p Oy) Sn 1) 
3.3 44454-00-4 (n +2) =Sn(n +5) A037 eee Qn 1) = nln 2) 
8.245 484005 + (3n—1) =Sn(3n 41) 6. PHA +7 #00 + (Bn = 2) = Sn(3n = 1) 
7Z1+24+24---4+2771=7"-] 8. LH 343 400 $3" = 503" 1) 
81 +44 abe Hart = 24 = 1) 10. L$ 54S te $5h 1S 5" = 1) 
Meng teagt gt tea eng yaptigg + tena ea 
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13. 


15. 


1 
P+24374+--- +n =—n(n + 1) (2n + 1) 


it 
Aa Be DA oes eS nh) en) =n) 


1 
17, T4223 3 a es ta(n+1) = gn(nt+1)(n +2) 


XX 19. 


21. 


n* + nis divisible by 2. 


n* — n + 2is divisible by 2. 


Applications and Extensions 


In Problems 23-27 prove each statement. 


23. 
24. 
25. 


26. 
27. 
28. 


29. 


30. 


31. 


32. 


iy 1 then. 1. 

HO= + <.1, thenv =." = 1. 

a — bisa factor of a” — b”. 

(Hint: a®*? — b**1 = a(a* — b*) + b*(a — b)] 
a+ bisa factor of a+! + 52+, 
(1 +a)" =1+4na,fora > 0 


Show that the statement “n* — n + 411s a prime number” is 
true forn = 1 but is not true forn = 41. 


Show that the formula 
24+4+6+-:-+2n=n+n+2 


obeys Condition II of the Principle of Mathematical 
Induction. That is, show that if the formula is true for some k, 
it is also true for k + 1. Then show that the formula is false 
for n = 1 (or for any other choice of 7). 


Use mathematical induction to prove that ifr # 1, then 





2 on ee aad 
a are ar a ee oe ar =a 
Ee 4 
Use mathematical induction to prove that 
ab (aa) 1a 2d) 
n(n — 1) 
Poe gar (= 1) | a ee 


Extended Principle of Mathematical Induction The 
Extended Principle of Mathematical Induction states that if 
Conditions I and II hold, that is, 

(1) A statement is true for a natural number /. 

(II) If the statement is true for some natural number k = j, 

then it is also true for the next natural number k + 1. 

then the statement is true for all natural numbers = j. Use 
the Extended Principle of Mathematical Induction to show 


Explaining Concepts: Discussion and Writing 


14. 


16. 


18. 


20. 
22. 


33. 


34. 


35. 


P+2433+.--- +n =29'(n +1)? 


1 
aa, Oe ea as ee I Leet 3) 


1 
1:-243-44+5-64+--- + (2n—1)(2n) = Zn(n+1)(4n—1) 


n° + 2n is divisible by 3. 


n(n + 1)(n + 2) is divisible by 6. 


that the number of diagonals in a convex polygon of n sides 
il 

is Bn (Ww =3). 

[Hint: Begin by showing that the result is true when n = 4 

(Condition I).] 

Geometry Use the Extended Principle of Mathematical 


Induction to show that the sum of the interior angles of a 
convex polygon of n sides equals (n — 2) - 180°. 


Challenge Problem Use the Principle of Mathematical 
Induction to prove that 


He 


for all natural numbers n. 


4n+1 —8n 
2n 1 — 4n 





Challenge Problem Paper Creases If a sheet of paper is folded 
in half by folding the top edge down to the bottom edge, one 
crease will result. If the folded paper is folded in the same 
manner, the result is three creases. With each fold, the number of 
creases can be defined recursively by cy = 1, ¢,41 = 2c, + 1. 





(a) Find the number of creases forn = 3 andn = 4 folds. 

(b) Use the given information and your results from part (a) 
to find a formula for the number of creases after n 
folds, c,, in terms of the number of folds alone. 

(c) Use the Principle of Mathematical Induction to prove 
that the formula found in part (b) is correct for all 
natural numbers. 

(d) Tosa Tengujo is reportedly the world’s thinnest paper 
with a thickness of 0.02 mm. If a piece of this paper could 
be folded 25 times, how tall would the stack be? 


36. How would you explain the Principle of Mathematical Induction to a friend? 


Retain Your Knowledge 





Problems 37-45 are based on material learned earlier in the course. The purpose of these problems is to keep the material fresh in your 
mind so that you are better prepared for the final exam. 


37. 


Solve: logs Vx + 5 = 4 


38. 


sor Sy 7] 


Solve the system: { Oi by sie 
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39. A mass of 500 kg is suspended from two cables, as shown in the figure. What 
are the tensions in the two cables? 














a a 
40. For A = | é “| and B = 1 O|,find A-B. 
0 1 4 a 6 


3x 
x +x—-2 
42. Ifa = 4,b = 9, and c = 10.2, find the measure of angle B to the nearest 
tenth of a degree. 


4X 41, Find the partial fraction decomposition of 





43. Solve:e*~’ = 4 


5 
. Find the exact value of tans if cosé = 8 and sin @ > 0. 


If f’(x) = (x? — 2x + 1) (3x7) + (x3 — 1) (2x - 2), find all real numbers x for which f’(x) = 0. 


12.5 The Binomial Theorem 


OBJECTIVES 1 Evaluate ( 4 (p. 849) 


2 Use the Binomial Theorem (p. 851) 





Formulas have been given for expanding (x + a)” for n = 2 and n = 3. The 
Binomial Theorem* is a formula for the expansion of (x + a)” for any positive 
integer n.Ifn = 1, 2,3, and 4, the expansion of (x + a)” is straightforward. 


(44a) Toaxt+a Two terms, beginning with x‘ and 
ending with a’ 

(x+a)* =x? + 2ax +a’ Three terms, beginning with x? and 
ending with a 

(x +a)? =x 4+ 3ax? + 3ax +a Four terms, beginning with x? 


and ending with a? 
(x + a)* = x* + 4ax? + 6a*x? + 4a°x + a* Five terms, beginning with x4 
and ending with a* 


Notice that each expansion of (x + a)” begins with x” and ends with a”. From 
left to right, the powers of x are decreasing by 1, while the powers of a are increasing 
by 1. Also, the number of terms equals n + 1. Notice, too, that the degree of each 
monomial in the expansion equals n. For example, in the expansion of (x + a)*, each 


monomial [x 3ax’, 3a°x, a) is of degree 3. As a result, it is reasonable to conjecture 
that the expansion of (x + a)” would look like this: 


ea) =a ae ax” + 4 ae ee a gs a" 








where the blanks are numbers to be found. This is in fact the case. 
Before we can fill in the blanks, we need to introduce the symbol ("). 


1 Evaluate iF 


The symbol ("), read “n taken j at a time,” is defined next. 


*The name binomial is derived from the fact that x + ais a binomial; that is, it contains two terms. 
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fe COMMENT On a graphing calculator, 
the symbol (" may be denoted by the 


key | nr]. a 


- 


DEFINITION « 


If j and nv are integers with O = 7 < n, the symbol . ) is defined as 


G 7 —- (1) 
a 
Find: 
of) ©) ©) go(9) 


Solution 


HORMAL FLOAT AUTO REAL RADIA HP fl 





Figure 11 


@) (; _ 3! _3:2-1 _6_, 
mG 12! 1(2+1) 2 


a _ AL 43-21 2, 
)=3 


aa Wh 212! (2+1)(2-1)— 4 
© (§ 





8! 8+ 8 





(8 TCE WT! teu 4 


8! = 8-7! 


fae (d) Figure 11 shows the solution using a TI-84 Plus C graphing calculator. So 


65\ _ 14 
te = 2.073746998 X< 10 J 


oumm__m=e-Now Work PROBLEM 5 


( THEOREM 


Four useful formulas involving the symbol + are 


a1 2G) 





! nt 1 
Proof = =o == 
_ ( in—0)! Oe 1° 


i 7 n! _ nt _nt—ty! 
1) Wn-1)! (n-1)! (ty! ~ 
You are asked to prove the remaining two formulas in Problem 45. ll 


Suppose that the values of the symbol (' 4 are arranged in a triangular display, 
as shown next and in Figure 12. J 
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NOTE The Pascal triangle is symmetric j=0 
about a line down its center. If we divide x 
the triangle vertically in half, the entries n-0 =i 1. i= 
in each row of the left half are the mirror os <9 
image of the entries inthe same rowof = 7=1 —> 1 1 Zf 
| | =3 
the right half. — 9 , y 
J=4 
l= 3 | 3 2 | f 
= =5 
n=4 = 1 4 6 4 ig rs 
n=5—> 1 5 a 0 —- 1 


Figure 12 The Pascal triangle 


This display is called the Pascal triangle, named after Blaise Pascal (1623-1662), 
a French mathematician. 

The Pascal triangle has 1’s down the sides. To get any other entry, add the two 
nearest entries in the row above it. The shaded triangles in Figure 12 illustrate this 
feature of the Pascal triangle. Based on this feature, the row corresponding ton = 6 
is found as follows: 





The vertical symmetry of the entries in 
the Pascal triangle is a result of the fact 


me n=5> 15 10105 1 
n\ | n! NY NY NY NYNY 
n-j ~~ (n—jyty! n=6— 1 6 15 20 15 6 1 
nl : This addition always works (see the theorem on page 853). 
7 j\(n — jy! 7 ( j ) " Although the Pascal triangle provides an interesting and organized display of the 


symbol ("). in practice it is not that helpful. For example, if you want the value 


of (2), you would need 13 rows of the triangle before seeing the answer. It is much 


faster to use definition (1). 


2 Use the Binomial Theorem 


( THEOREM Binomial Theorem 


Let x and a be real numbers. For any positive integer n, 


\e alr (Jax! eters ("aie arene Sie ( 
1 J 
n 





This is why it was necessary to introduce the symbol ( ”) the numbers a= —_ AY 


are the numerical coefficients in the expansion of (x + a)”. Because of this, the 


symbol (") is called a binomial coefficient. 


| EXAMPLE 2 | Expanding a Binomial 


Use the Binomial Theorem to expand (x + 2)°. 


Solution Inthe Binomial Theorem, let a = 2 andn = 5. Then 


(x +2)? ; (3x -- (} oe -- Gx -- C)ee -- (3 es ~- (3) 


Use equation (2). 

= 1-x° + 5+2x* + 10-4x° + 10-8x? + 5+ 16x + 1-32 

ft 

Use rown = 5 of the Pascal triangle or definition (1) for (") 

= x° + 10x* + 40x° + 80x? + 80x + 32 _J 
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| EXAMPLE 3 ~ Expanding a Binomial 
Expand (2y — 3)* using the Binomial Theorem. 


Solution First, rewrite the expression (2y — 3)4 as [2y + (—3)]*. Now use the Binomial 
Theorem withn = 4,x = 2y,anda = —3. 


ay + (3) = (4Jeayyt + (F)(-3) 299 + 3220)? 
+ (3)(-3@») + Gia 
= 1-16y* + 4(-—3)8y* + 6-9-4y? + 4(-27)2y + 1-81 


Use rown = 4 of the Pascal triangle or definition (1) for (") 
= 1l6y* — 96y> + 216y* — 216y + 81 


In this expansion, note that the signs alternate because a = —3 < 0. a 


evmmmmmm=-Now Work PROBLEM 21 


| EXAMPLE 4 © Finding a Particular Coefficient in a Binomial Expansion 


Find the coefficient of y* in the expansion of (2y + 3)’°. 


Solution Expand (2y + 3)!° using the Binomial Theorem. 
ay +3) = (Peary + (P)anray' + (2 erty? + (QJean7eay 


4 (7) 2°) foe t (4) Je Cas (a lon 


From the third term in the expansion, the coefficient of y® is 


10 10! 10-9+ 8f 
2)8(3)2 = ——.- 28.9 = —"_*~__.. 8.9 = 103.680 
eal ey 2! 8! 2-8t q = 


As this solution demonstrates, the Binomial Theorem can be used to find a 
particular term in the expansion of (ax + b)” without writing the entire expansion. 


The term containing x’ in the expansion of (ax + b)” is 


n Fae ; 
ia : 


Example 4 can be solved by using formula (3) with n = 10,a = 2,b = 3, 
and j = 8. Then the term containing y° is 


10 10-8 8 _ 10 2 8 8 _— 10! 8.8 
Gos) (Ay) = (ig PA = arg Ay 


1019 BT 9.28 y8 = 103.6808 
> a y 680y 
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| EXAMPLE 5 ~ Finding a Particular Term in a Binomial Expansion 


Find the 6th term in the expansion of (x + 2)”. 
Solution A — Expand using the Binomial Theorem until the 6th term is reached. 


9 9 9 9 9 
(x+2)’?= (oe = (2 a C2 te (3 6-2 ss (| )o-24 
9 
+( aes forse 
5 


DN Ab 08 hog 4h BD : 
(2). Z — Sal x" 32 = 4032x 


The 6th term is 


Solution B ~The 6th term in the expansion of (x + 2)’, which has 10 terms total, contains x‘. 
(Do you see why?) By formula (3), the 6th term is 


9 9! 
( Dorit = (Qos xt = SE aoe = 0328 


9-4 5! 4! _J 


emmmm=- NOW Work PROBLEMS 29 AND 35 


The following theorem shows that the triangular addition feature of the Pascal 
triangle illustrated in Figure 12 always works. 


C THEOREM If n and j are integers with 1 = j = n, then 


ut ad 





Proof 


na) *<) SoBe Boe eee 


n! n! 
tae!) hl ee 
G-1)i(w#-jri)t jft(u-yf)! 


7 jn! A sya 1! Multiply the first term by and 
iG-Wia-f+A! fa-7+I (=P! i 
the second term by ——____— 
jn! (n= 1A! pak dhe 

= oo $i to make the denominators equal. 


Viaea=Triy are ye 1)! 
_ fh Ga = 7 se Lint 
—  il(n-j +1)! 


_ ee = ed) 


i!\(n-—j+1)! 
_ ni(n + 1) _ (n+ 1)! “(*) 
ji(a-—Fr ijt jl(a+1) —¥]! j a 
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Historical Feature 


he case n = 2 of the Binomial Theorem, 
(a + b)*, was known to Euclid in 300 Bc, 
but the general law seems to have been 


discovered by the Persian mathematician and 
astronomer Omar Khayyam (1048-1131), 


who is also well Known as the author of the 

Rubaiyat, a collection of four-line poems making 
Omar Khayyam observations on the human condition. Omar 
(1048-1131) Khayyam did not state the Binomial Theorem 
explicitly, but he claimed to have a method for extracting third, fourth, 
fifth roots, and so on. A little study shows that one must know the 
Binomial Theorem to create such a method. 


12.5 Assess Your Understanding 


Concepts and Vocabulary 


1. The 
coefficients. 


= 


Skill Building 


In Problems 5-16, evaluate each expression. 


\ 5G) «(3) 
» (3) 1 (5) 
(5) 4 (9) 


is a triangular display of the binomial 





The heart of the Binomial Theorem is the formula for the numerical 
coefficients, and, aS we saw, they can be written in a symmetric 
triangular form. The Pascal triangle appears first in the books of 
Yang Hui (about 1270) and Chu Shih-chieh (1303). Pascal's name is 
attached to the triangle because of the many applications he made of 
it, especially to counting and probability. In establishing these results, 
he was one of the earliest users of mathematical induction. 

Many people worked on the proof of the Binomial Theorem, which 
was finally completed for all n (including complex numbers) by Niels 
Abel (1802-1829). 





n ! 
3. True or False | |. | = ———————_ 
J (n —j)!n! 
4. The 


ee can be used to expand expressions 
like (2x + 3)°. 


x 


S) 
1000 1000 
us, (100) 2 (10) 


47 3] 
is (47) 1 (37) 


In Problems 17-28, expand each expression using the Binomial Theorem. 


17. (x + 1)° 18. (x — 1)° 
N21. (3x + 1)4 22. (2x + 3)9 
25. (Vx + V2)° 26. (Vx — V3)" 


19, (x — 2)° 20. (x + 3)? 
23. (x2 + y*)° 24. (x2 — y)° 
27. (ax + by)? 28. (ax — by)* 


In Problems 29-42, use the Binomial Theorem to find the indicated coefficient or term. 


A. 29. The coefficient of x° in the expansion of (x + 3)!° 
31. The coefficient of x’ in the expansion of (2x — 1)” 
33. The coefficient of x’ in the expansion of (2x + 3)? 
\\ 35. The 5th term in the expansion of (x + 3)’ 
37. The 3rd term in the expansion of (3x — 2)? 


1 12 
39. The coefficient of x° in the expansion of (x - ~) 
x 


10 
41. The coefficient of x* in the expansion of (x = ) 
Vx 


Applications and Extensions 


43. Use the Binomial Theorem to find the numerical value 
of (1.001)>° correct to five decimal places. 


(Hint: (1.001)> = (1 + 10°3)>] 


30. The coefficient of x° in the expansion of (x — 3)" 
32. The coefficient of x° in the expansion of (2x + 1)” 
34. The coefficient of x” in the expansion of (2x — 3)? 
36. The 3rd term in the expansion of (x — 3)’ 


38. The 6th term in the expansion of (3x + 2)® 


1 \9 
40. The coefficient of x° in the expansion of (« 5 
Ds 





: 8 
42. The coefficient of x” in the expansion of (vz + a 
x 


44. Use the Binomial Theorem to find the numerical value 
of (0.998) ° correct to five decimal places. 
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45. Show that ( ‘ 7 = nand (") = ]. 50. Challenge Problem Pascal Figures The entries in the Pascal 
_ ‘ Triangle can, for n = 2, be used to determine the number 

46. Stirling’s Formula An approximation for n!, when nis large, of k-sided figures that can be formed using a set of n points 
is given by on a circle. In general, the first entry in a row indicates the 

7 number of n-sided figures that can be formed, the second 

Wh = Vine(*) (1 si ao) entry indicates the number of (n — 1)-sided figures, and 

€ 12n — 1 so on. For example, if a circle contains 4 points, the row 

Calculate 12!, 20!, and 25! on your calculator. Then use forn = 4in the Pascal Triangle shows the number of possible 
Stirling’s formula to approximate 12!, 20!, and 251. quadrilaterals (1), the number of triangles (4), and the 


number of line segments (6) that can be formed using the 
four points. 


n n n (a) How many hexagons can be formed using 8 points lying 
+ +225 4+ — hs 7 7 
0 1 n on the circumference of a circle? 


47. Challenge Problem If nis a positive integer, show that 


(b) How many triangles can be formed using 10 points lying 


[Hint: 2” = (1 + 1)”; now use the Binomial Theorem. | baa Phe eeu ECHce Ga Ele? 
48. Challenge Problem If n is a positive integer, show that (c) How many dodecagons can be formed using 20 points 
lying on the circumference of a circle? 
an eee ike a ere _1)1") = 0 os 4: 
0 1 " 2 oat) oo an 51. Challenge Problem Find the coefficient of x* in 
49. Challenge Problem Find the value of f(x) = (1-—x*) + (1—- x7)? +---+ (1-x7)” 


9 


(3\(+) ( \() @) + (5\(4) (3) 52. Challenge Problem In the expansion of [a + (b + c)2]8 
GA) @ + QA +@) 


find the coefficient of the term containing a°b*c’. 
5 5 
G) 
-Retain Your Knowledge 


Problems 53-62 are based on material learned earlier in the course. The purpose of these problems is to keep the material fresh in your 
mind so that you are better prepared for the final exam. 


53. Solve 6* = 5**!, Express the answer both in exact form 57, If f(x) = x? — 6 and g(x) = Vx + 2, find g(f(x)) 
and as a decimal rounded to three decimal places. and state its domain. 

54. For v = 21 + 3j and w = 3i — 2j: ae 
(a) Find the dot product v- w. X 38. If y = 3% + 2x + C and y = 5 when x = 3, find the 


(b) Find the angle between v and w. 


value of C. 
(c) Are the vectors parallel, orthogonal, or neither? 


59, Establish the identity sin’ 9 + sin’ @tan’ 6 = tan? 0. 
55. Solve the system of equations: 


i 
i Se (x° + 1) +3x paler aa) a 
x+yt+3z=-1 A 60. Simplify: —.__,—_—_—- 
4x + 2y—-z=12 


(x + 1) 


56. Graph the system of inequalities. Tell whether the graph is Be eae Tee ah ae ea voves eal OVE erapmee 





bounded or unbounded, and label the corner points. 2x 
a x—3)(x +1) 
> 0 x? ae il ‘ : P 
im 62. If f(x) = , find f(—2). What is the corresponding 
2x + y < 10 point on the graph of f? 
Chapter Review 
Things to Know 
Sequence (p. 816) A function whose domain is the set of positive integers and whose range is a subset of 
the real numbers 
Factorials (p. 818) Ol=1,1! =1,n! =n(n—-1)--:- +3+2-1ifn = 21s an integer 
Arithmetic sequence (pp. 826 and 828) a, = a, a, = a,-; + d, where a, = a = first term, d = common difference 
a, = a+ (n—-1)d 
Sum of the first 1 terms of an arithmetic Ss, = 5 [2a, + (n—-1)d] = 5 (a ay) 


sequence (p. 829) 
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Geometric sequence (pp. 833 and 834) a =a, a, = ra,_;, where a, = a = first term, r = common ratio 


Har: £0 








1 — rr” 
Sum of the first 1 terms of a geometric Sy = a = Se p of Oe 
sequence (p. 835) 
Infinite geometric series (p. 836) atarte tar tte = Sa ees 
k=1 

= a 
Sum of a convergent infinite lf |r) <1; >a: nS i - 
geometric series (p. 837) a . 

| (1+i)"-1 - 

Amount of an annuity (p. 839) A = P ————Y., where P = the deposit (in dollars) made at the end of each 


payment period, i = interest rate per payment period (as a decimal), and A = the 
amount of the annuity after n deposits. 


Principle of Mathematical If the following two conditions are satisfied, 


Induction (p. 845) Condition I: The statement is true for the natural number 1. 


Condition II: Ifthe statement is true for some natural number k, and it can be shown 
to be true fork + 1, 
then the statement is true for all natural numbers. 





Binomial coefficient (p. 850) ( 4 = a 
Jy fi(n— jf)! 
The Pascal triangle (p. 851) See Figure 12. 
Binomial Theorem (p. 851) (t+ a)" = (7 Je ot (Tae! tee t ("a xT pee $ ("Jar = Sy ("Je q! 
0 il J n j=0\ J 
Objectives 
Section You should be able to... Examples Review Exercises 
12.1 1 List the first several terms of a sequence (p. 816) 1-4 1,2 
2 List the terms of a sequence defined by a recursive formula (p.819) 5,6 3,4 
3 Use summation notation (p. 820) 7,8 5,6 
4 Find the sum of a sequence (p. 821) 9 13, 14 
122 1 Determine whether a sequence is arithmetic (p. 826) 1-3 7-12 
2 Find a formula for an arithmetic sequence (p. 827) 4.5 17, 19-21, 34(a) 
3 Find the sum of an arithmetic sequence (p. 829) 6-8 7, 10, 14, 34(b), 35 
123 1 Determine whether a sequence is geometric (p. 833) 1-3 7-12 
2 Find a formula for a geometric sequence (p. 834) + 11, 18, 36(a)-(c), 38 
3 Find the sum of a geometric sequence (p. 835) 5,6 9.11, 15,16 
4 Determine whether a geometric series converges or diverges (p. 836) 7-9 22-25, 36(d) 
5 Solve annuity problems (p. 839) 1014 ey) 
12.4 1 Prove statements using mathematical induction (p. 845) 1-4 26-28 
12.5 1 Evaluate ( 4 (p. 849) 1 29 


2 Use the Binomial Theorem (p. 851) 2-5 30-33 
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Review Exercises 


In Problems 1-4, list the first five terms of each sequence. 





n+ 3 2" Z 
1. 72} = {(-1"(243)! 2.40) = 2 | 3. a, = 3; On = An 4.a,=2; a,=2-a,-1 
4 
5. Expand § (4k + 2). 
k=] 
Pept a gp tion notati 
. Express Bit se 5 73 USing summation notation. 


In Problems 7-12, determine whether the given sequence is arithmetic, geometric, or neither. If the sequence is arithmetic, find the common 
difference and the sum of the first n terms. If the sequence is geometric, find the common ratio and the sum of the first n terms. 


% {an} = {nt 5} 8. {c,} = {2m} say = 12} 
333.3 2345 
10. 0,4,8,12,... Ll. 3Squgeae: 12. Feces, 


In Problems 13-16, find each sum. 


30 40 7 /4\k 10 
13. S| (k* + 2) 14. S) (—2k + 8) 5. > (=) 16. S\(-2)* 
k=1 k=1 f=1 \3 kK=1 
In Problems 17-19, find the indicated term in each sequence. |Hint: Find the general term first. | 
1 1 
17. 9th term of 3,711, 15, ... 18. 11th term of 1, -, 7... 19. 9th term of V2,2V2,3V2,... 


In Problems 20 and 21, find a general formula for each arithmetic sequence. 
20. 7th term is 31; 20th term is 96 21. 10th term is 0; 18th term is 8 


In Problems 22-25, determine whether each infinite geometric series converges or diverges. If it converges, find its sum. 


1 1 1 1 
22.341 +e9+ set a ee oe 
3 9 2 4 
1 3 9 = 1\*-1 
24,.-—-+—-1+—-+.:-:- 25. A| — 
27473 s. ¥ 4(5) 


In Problems 26-28, use the Principle of Mathematical Induction to show that the given statement is true for all natural numbers. 


3 
6. 346+ Oo +3n = (n+ 1) W2+64+184t--- +2371 = 3" -1 
2 2 z) 2_ 1 y 5 
28. Fara 7 ee + (Bn = 2)° = 5 1 (6n = 3n.= 1) 29. Evaluate: ; 
In Problems 30 and 31, expand each expression using the Binomial Theorem. 
30. (x + 2)° 31. (3x — 4)4 
32. Find the coefficient of x’ in the expansion of (x + 2)’. (a) What height will the ball bounce up to after it strikes 


the ground for the 3rd time? 

(b) How high will it bounce after it strikes the ground for 
the nth time? 

(c) How many times does the ball need to strike the ground 
before its bounce is less than 6 inches? 


a al aa a. oi sae eae ee (d) What total distance does the ball travel before it stops 


33. Find the coefficient of x” in the expansion of (2x + 1)’. 


34. Constructing a Brick Staircase A brick staircase has a total 
G of 25 steps. The bottom step requires 80 bricks. Each step 
thereafter requires three fewer bricks than the prior step. 








bouncing? 
35. Creating a Floor Design A mosaic tile floor is designed in 37. Retirement Planning Chris gets paid once a month and 
the shape of a trapezoid 30 feet wide at the base and 15 feet contributes $350 each pay period into his 401(k). If Chris 
wide at the top. The tiles, 12 inches by 12 inches, are to be 


plans on retiring in 20 years, what will be the value of his 
placed so that each successive TOW contains one fewer tile 401(k) if the per annum rate of return of the 401(k) is 6.5% 
than the row below. How many tiles will be required? compounded monthly? 

36. Bouncing Balls A ball is dropped from a height of 20 feet. 38 
Each time it strikes the ground, it bounces up to three- 
quarters of the height of the previous bounce. 


. Salary Increases Your friend has just been hired at an annual 
salary of $50,000. If she expects to receive annual increases 
of 4%, what will be her salary as she begins her Sth year? 
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Chapter Test 


CHAPTER 


VIDEOS” 


The Chapter Test Prep Videos include step-by-step solutions to all chapter test 
Test Prep exercises. These videos are available in MyLab™ Math, or on this text's YouTube 
| Channel. Refer to the Preface for a link to the YouTube channel. 





In Problems I and 2, list the first five terms of each sequence. 


1. 





Ze) = 4,4, = 34,4, + 2 


n — 
tSn5 - {eo 


In Problems 3 and 4, expand each sum. Evaluate each sum. 


3. 


Sh 


12. 


13. 
14. 





zioe(Se) 4 3G) -* 


Write the following sum using summation notation. 


2 3 4 Ht 
+ —— —+ G00 + — 
ee) cae, 14 





Determine whether the infinite geometric series 
256 = 64 16 = 4b + 


converges or diverges. If it converges, find its sum. 
Expand (3m + 2)° using the Binomial Theorem. 


Use the Principle of Mathematical Induction to show that the 
given statement is true for all natural numbers. 


(ONO (ann 


Cumulative Review 


1. 


- f(x) 


Find all the solutions, real and complex, of the equation 


ieee) 


. (a) Graph the circle x7 + y? = 100 and the 


parabola y = 3x”. 
+ y* = 100 
(b) Solve the system of equations: , u » 
y ~-* 


(c) Where do the circle and the parabola intersect? 


. Solve the equation: 2e* = 5 


. Find an equation of the line with slope 5 and x-intercept 2. 


. Find the standard equation of the circle whose center is the 


pom ( — 12 jal (3.5) 4s point om the:-circle: 


= ieees NUM G5) Aaa 

Find: 

(a) (f°g) (2) 

(c) (f°g) (x) 

(e) (g°f) (x) 

(g) The function g! 
and its domain 


(b) (g°f) (4) 
(d) The domain of (f° g) (x) 
(f) The domain of (g° f) (x) 


(h) The function f 7! and its 
domain 


In Problems 6-11, determine whether the given sequence is 
arithmetic, geometric, or neither. If the sequence is arithmetic, find the 
common difference and the sum of the first n terms. If the sequence 
is geometric, find the common ratio and the sum of the first n terms. 





6.0.12 36.144... 7. 1-5-4" 
n 
S210) i565 76. 9, {-Z+7} 
8 LS 
10. 25,10,4,—, ... 11. 
0. 25,10,4,5 ess 
15. A new car sold for $31,000. If the vehicle loses 15% of its value 


16. 


10. 


11. 


12. 





each year, how much will it be worth after 10 years? 


A weightlifter begins his routine by benching 100 pounds 
and increases the weight by 30 pounds for each set. If he 
does 10 repetitions in each set, what is the total weight lifted 
after 5 sets? 


. Find an equation of an ellipse with center at the origin, a 


focus at (0,3) anda vertex at (0, 4). 


. Find an equation of a parabola with vertex at (—1,2) and 


focus at (—1,3). 


. Find the polar equation of a circle with center at (0,4) that 


passes through the pole. What is the rectangular equation? 


Solve the equation 


2sin’x —sinx -3=0, 0=x< 27 
Find the exact value of cos '(—0.5). 


1 
If sin 6 = 7 and @ is in the second quadrant, find: 


(b) tan @ 
(d) cos(260) 


(a) cos 0 
(c) sin(26) 


(e) sin (5 0) 


Chapter Projects 





(@) Internet-based Project 


I. 


The following projects are available at the Instructor’s Resource Center (IRC): 


Il. 


Hil. 


IV. 


Population Growth The size of the population of the United 
States essentially depends on its current population, the 
birth and death rates of the population, and immigration. 
Let b represent the birth rate of the U.S. population, and let d 
represent its death rate. Then r = b — d represents the 
growth rate of the population, where r varies from year to 
year. The U.S. population after n years can be modeled using 
the recursive function 


Pn = (l+r)p,itJ 





where / represents net immigration into the United States. 


1. 


Using data from the CIA World Factbook at 
https://www.cia.gov/library/publications/resources/ 
the-world-factbook/, determine the birth and death rates 
in the United States for the most recent year that data 
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are available. Birth rates and death rates are given as the 
number of live births per 1000 population. Each must be 
computed as the number of births (deaths) per individual. 
For example, in 2017, the birth rate was 12.5 per 1000 and 
the death rate was 8.2 per 1000, so 


AZ , 
~ 1000 1000 

Next, using data from the Immigration and 
Naturalization Service at https://fedstats.sites.usa.gov/, 
determine the net immigration into the United States for 
the same year used to obtain b and d. 


b = 0.0125, while d = = 0.0082. 


Determine the value of r, the growth rate of the population. 


Find a recursive formula for the population of the United 
States. 


Use the recursive formula to predict the population of 
the United States in the following year. In other words, 
if data are available up to the year 2018, predict the U.S. 
population in 2019. 


Does your prediction seem reasonable? Explain. 


Repeat Problems 1-5 for Uganda using the CIA World 
Factbook (in 2017, the birth rate was 42.9 per 1000 and the 
death rate was 10.2 per 1000). 


Do your results for the United States (a developed 
country) and Uganda (a developing country) seem in line 
with the article in the chapter opener? Explain. 


Do you think the recursive formula found in Problem 3 
will be useful in predicting future populations? Why or 
why not? 


Project at Motorola Digital Wireless Communication Cell phones take speech and change it into digital code using only zeros and 
ones. See how the code length can be modeled using a mathematical sequence. 


Economics Economists use the current price of a good and a recursive model to predict future consumer demand and to determine 
future production. 


Standardized Tests Many tests of intelligence, aptitude, and achievement contain questions asking for the terms of a mathematical 
sequence. 





Counting and Probability 





Purchasing a Lottery Ticket 


ss In recent years, the jackpot prizes for the nation’s two major multistate 

wi nas £7 4 doe ici lotteries, Mega Millions and Powerball, have climbed to all-time highs. This 
foray aati Xe =. has happened since Powerball (in October 2015) and Mega Millions (in 
A Mae Mab Fa Se ee a Pee October 2017) made it more difficult to win their top prizes. The probability 
same : iS & 7 of winning the Mega Millions jackpot is now about 1 in 303 million, and the 


probability for Powerball is about 1 in 292 million. 

With such improbable chances of winning the jackpots, one might wonder 
if there ever comes a point when purchasing a lottery ticket is worthwhile. One 
important consideration in making this determination is the expected value. 
For a game of chance, the expected value is a measure of how much a player 
will win or lose if she or he plays the game a large number of times. 

The project at the end of this chapter explores the expected value from 
playing Mega Millions and Powerball and examines how the expected value 
is related to the jackpot amount. 








— See Chapter Project I— 





Outline | | | | | | 
We introduced sets in Appendix A and have been using them to represent solutions of equations 

13.1 Counting and inequalities and to represent the domain and range of functions. 
13.2 Permutations and Combinations 
13.3 Probability 

Chapter Review 

Chapter Test 

Cumulative Review 

Chapter Project 


Here we discuss methods for counting the number of elements in a Set and consider the role of 
sets in probability. 
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13.1 Counting 


PREPARING FOR THIS SECTION Before getting started, review the following: 
e Sets (Section A.1, pp. Al-A3) 


\ Now Work the ‘Are You Prepared?’ problems on page 865. 


OBJECTIVES 1 Find All the Subsets of a Set (p. 861) 
2 Count the Number of Elements in a Set (p. 861) 
3 Solve Counting Problems Using the Multiplication Principle (p. 863) 





Counting plays a major role in many diverse areas, such as probability, statistics, and 
computer science; counting techniques are a part of a branch of mathematics called 
combinatorics. 


1 Find All the Subsets of a Set 


We begin by reviewing the ways in which two sets can be compared. 
e If two sets A and B have precisely the same elements, we say that A and B are 
equal and write A = B. 


e If each element of a set A is also an element of a set B, we say that A is a subset 
of B and write A C B. 


e IfA CBandA ¥ B, we say that A is a proper subset of B and write A C B. 


e If A CB, every element in set A is also in set B, but B may or may not have 
additional elements. If A C B, every element in A is also in B, and B has at least 
one element not found in A. 


e Finally, the empty set, ©, is a subset of every set; that is, 
OCA  foranyset A 


| €XAMPLE1 | Finding All the Subsets of a Set 


Write down all the subsets of the set {a, b,c}. 


Solution = To organize the work, write down all the subsets with no elements, then those with 
one element, then those with two elements, and finally those with three elements. This 
gives all the subsets. Do you see why? 


0 Elements 1 Element 2 Elements 3 Elements 
O LG OTs es Vay D ys VOye ts. Ae} {a,b,c} _J 


Now Work PROBLEM Q9 





2 Count the Number of Elements in a Set 


As you count the number of students in a classroom or the number of pennies in your 
pocket, what you are really doing is matching, on a one-to-one basis, each object to 


be counted with the set of counting numbers, 1, 2,3,...,, for some number n. If a 
In Words set A matched up in this fashion with the set {1,2,...,25}, you would conclude 
The notation n(A) means “the that there are 25 elements in the set A. The notation n(A ) = 25 is used to indicate 
number of elements in set A.” that there are 25 elements in the set A. 
Because the empty set has no elements, we write 
n(@) =0 


If the number of elements in a set is a nonnegative integer, the set is finite. Otherwise, 
it is infinite. We shall concern ourselves only with finite sets. 
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Look again at Example 1. A set with 3 elements has 2° = 8 subsets. This result 
can be generalized. 


If A is aset with n elements, then A has 2” subsets. 


For example, the set {a, b,c, d,e} has 2°? = 32 subsets. 





Analyzing Survey Data 


In a survey of 100 college students, 35 were registered in College Algebra, 52 were 
registered in Computer Science I, and 18 were registered in both courses. 

(a) How many students were registered in College Algebra or Computer Science I? 
(b) How many were registered in neither course? 


Solution (a) First, let A = set of students in College Algebra 
B = set of students in Computer Science I 
Then the given information tells us that 


n(A) = 35 n(B) =52 n(ANB) =18 


Universal set Refer to Figure 1. Since n(A 1B) = 18, the common part of the circles 
representing set A and set B has 18 elements. In addition, the remaining portion 
of the circle representing set A will have 35 — 18 = 17 elements. Similarly, the 
remaining portion of the circle representing set B has 52 — 18 = 34 elements. 
This means that 17 + 18 + 34 = 69 students were registered in College Algebra 
or Computer Science I. 





(b) Since 100 students were surveyed, it follows that 100 — 69 = 31 were registered 
in neither course. 


Figure 1 


oummmme=- Now Work PROBLEMS 17 AND 27 


The solution to Example 2 contains the basis for a general counting formula. 
If we count the elements in each of two sets A and B, we necessarily count twice 
any elements that are in both A and B—that is, those elements in A M B. To count 
correctly the elements that are in A or B—that is, to find n(A U B) —subtract those 
inANBfromn(A) + n(B). 


( THEOREM Counting Formula 
If A and B are finite sets, 


n(AUB) =n{(A) +n(B) -—n(ANB) 





Refer to Example 2. Using formula (1), we have 

n(A UB) =n(A) + n(B) -—n(ANB) 
39 2° 18 
= 69 


There are 69 students registered in College Algebra or Computer Science I. 

A special case of the counting formula (1) occurs if A and B have no elements 
in common. In this case, AN B = ©, son(AMB) = 0. 
( THEOREM Addition Principle of Counting 


If two sets A and B have no elements in common, that is, 


ifAN B= ©, thenn(AUB) =n(A) + n(B) 
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Formula (2) can be generalized. 


( THEOREM General Addition Principle of Counting 


If, for n sets A}, A>, ..., A,, no two have elements in common, then 






n(A;U A,U ++: UA,) = n(Ay) + n(A,) +°++ + n(A,) (3) 


J 
| EXAMPLE 3 ~ Counting 


Table 1 lists the level of education for all United States residents 25 years of age or 


older in 2017 
Table 1 Level of Education Number of U.S. Residents at Least 25 Years Old 


Not a high school graduate 22,540,000 
High school graduate 62,512,000 


Some college, but no degree 35,455,000 
Associate's degree 22,310,000 
Bachelor’s degree 46,262,000 
Advanced degree 27,841,000 


Source: U.S. Census Bureau 





(a) How many U.S. residents 25 years of age or older had an associate’s degree or a 
bachelor’s degree? 


(b) How many U.S. residents 25 years of age or older had an associate’s degree, a 
bachelor’s degree, or an advanced degree? 


Solution _Let A represent the set of associate’s degree holders, B represent the set of bachelor’s 
degree holders, and C represent the set of advanced degree holders. No two of the sets 
A, B, and C have elements in common (although the holder of an advanced degree 
certainly also holds a bachelor’s degree, the individual would be part of the set for 
which the highest degree has been conferred). Then 


n(A) = 22,310,000 n(B) = 46,262,000 n(C) = 27,841,000 
(a) Using formula (2), 
n(A UB) =n(A) + n(B) = 22,310,000 + 46,262,000 = 68,572,000 


There were 68,572,000 U.S. residents 25 years of age or older who had an 
associate’s degree or a bachelor’s degree. 


(b) Using formula (3), 

n(AUBUC) =n(A) +n(B) + n(C) 
22,310,000 + 46,262,000 + 27,841,000 
= 96,413,000 


There were 96,413,000 U.S. residents 25 years of age or older who had an 
associate’s degree, a bachelor’s degree, or an advanced degree. 


oomm_=-NoOw Work PROBLEM 31 


3 Solve Counting Problems Using the Multiplication Principle 


| EXAMPLE 4 © Counting the Number of Possible Meals 


The fixed-price dinner at Mabenka Restaurant provides the following choices: 


Appetizer: soup or salad 
Entrée: baked chicken, broiled beef patty, beef liver, or roast beef au jus 
Dessert: ice cream or cheesecake 


How many different meals can be ordered? 
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Choose an Entrée 
4 choices 


Ordering such a meal requires three separate decisions: 


2 choices 


Choose a Dessert 


Look at the tree diagram in Figure 2. Note that for each choice of appetizer, there 
are 4 choices of entrées. And for each of these 2-4 = 8 choices, there are 2 choices 


Solution 
Choose an Appetizer 
2 choices 
for dessert. A total of 
different meals can be ordered. 
Appetizer Entree 
~ 
4 
Patty 
Liver 
S &y 
y 
L 
% Q 
oy oe 
Patty 
Live, 
Len, 
Figure 2 


2°4°2 = 16 
Dessert 
Ice cream ___. Soup, chicken, ice cream 
Cheesecake 
Soup, chicken, cheesecake 
ice creaM___. Soup, patty, ice cream 
Cheesecake 
Soup, patty, cheesecake 
ice cream ___. Soun, liver, ice cream 
Cheesecake | 
Soup, liver, cheesecake 
ice creaM___. Soup, beef, ice cream 
Cheesecake 
Soup, beef, cheesecake 
Ice cream Salad, chicken, ice cream 
Cheesecake 
Salad, chicken, cheesecake 
\ce creaM___. Salad, patty, ice cream 
Cheesecake 
Salad, patty, cheesecake 
ice cream ___. Salad, liver, ice cream 
Cheesecake 
Salad, liver, cheesecake 
ice creaM___. Salad, beef, ice cream 
Cheesecake 


Salad, beef, cheesecake 


Example 4 demonstrates a general principle of counting. 


( tHeorem Multiplication Principle of Counting 


If a task consists of a sequence of choices in which there are p selections for the 


first choice, g selections for the second choice, r selections for the third choice, 


and so on, the task of making these selections can be done in 


different ways. 


P°q: 


a) 


| EXAMPLE 5 ~ Forming Codes 


How many two-symbol code words can be formed if the first symbol is an uppercase 
letter and the second symbol is a digit? 


Solution —_It sometimes helps to begin by listing some of the possibilities. The code consists of 
an uppercase letter followed by a digit, so some possibilities are Al, A2, B3, XO, and 
so on. The task consists of making two selections: The first selection requires choosing 
an uppercase letter (26 choices), and the second task requires choosing a digit 
(10 choices). By the Multiplication Principle, there are 


26°10 = 260 


different code words of the type described. 


onmmmmmmm=-NOw Work PROBLEM 23 


ow] 


13.1 Assess Your Understanding 
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‘Are You Prepa red? Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. The of A and B consists of all elements in either 
A or B or both. (pp. A1l-A3) 


3. True or False The intersection of two sets is always a subset 
of their union. (pp. A1—A3) 


Concepts and Vocabulary 


5. If each element of a set A is also an element of a set B, we 
say that A isa of B and write A B. 


7. True or False If a task consists of a sequence of three choices 
in which there are p selections for the first choice, g selections 
for the second choice, and r selections for the third choice, 
then the task of making these selections can be done in 
p:q:r different ways. 


Skill Building 


X 9. Write down all the subsets of {a,b,c,d}. 

IL. Ifn(A) = 15,n(B) = 20,andn(A NB) = 10, 
findn(A UB). 

13. Ifn(A UB) = 50,n(ANB) = 10,andn(B) = 20, 
findn(A). 





In Problems 15-22, use the information given in the figure. 


15. How many are in set A? 
\ 17. How many are in A or B? 
19. How many are in A but not C? 


21. How many are in A and B and C”? 


Applications and Extensions 


\ 23. Shirts and Ties A man has 5 shirts and 3 ties. How many 
different shirt-and-tie arrangements can he wear? 


24. Blouses and Skirts A woman has 5 blouses and 8 skirts. How 
many different outfits can she wear? 


25. Four-digit Numbers How many four-digit numbers can be 
formed using the digits 0,1, 2,3, 4,5, 6,78, and 9 if the first 
digit cannot be 0? Repeated digits are allowed. 


26. Five-digit Numbers How many five-digit numbers can be 
formed using the digits 0,1, 2,3, 4,5, 6,78, and 9 if the first 
digit cannot be 0 or 1? Repeated digits are allowed. 


X27. Analyzing Survey Data In a consumer survey of 500 people, 
200 indicated that they would be buying a major appliance 
within the next month, 150 indicated that they would buy 
a car, and 25 said that they would purchase both a major 
appliance and a car. How many will purchase neither? How 
many will purchase only a car? 


28. Analyzing Survey Data In a student survey, 200 indicated 
that they would attend Summer Session I, and 150 indicated 
Summer Session II. If 75 students plan to attend both summer 
sessions, and 275 indicated that they would attend neither 
session, how many students participated in the survey? 


20. How many are not in A? 


2. The of A with B consists of all elements in 
both A and B. (pp. A1l—A3) 


4. True or False If A is a set, the complement of A is the set 
of all the elements in the universal set that are not in A. 
(pp. A1l-A3) 


6. If the number of elements in a set is a nonnegative integer, 
we Say that the set is 


8. Multiple Choice The Counting Formula states that if A 
and B are finite sets, thenn(A UB) = 
(a) n(A) +n(B) (b) n(A) +n(B) -—n(ANB) 
(c) n(A)*n(B) — @) n(A) ~ n(B) 


10. Write down all the subsets of {a, b,c, d,e}. 
12. Ifn(A) = 30,n(B) = 40,andn(A UB) = 45, 
findn(ANB). 


14. Ifn(A UB) = 60,n(ANB) = 40, andn(A) = n(B), 
findn(A). 


16. How many are in set B? U 


18. How many are in A and B? (3\ 


22. How many are in A or B or C? 


29. Analyzing Survey Data In a survey of 100 investors in the 
stock market, 


50 owned shares in IBM 
40 owned shares in AT&T 
45 owned shares in GE 
20 owned shares in both IBM and GE 
15 owned shares in both AT&T and GE 
20 owned shares in both IBM and AT&T 
5 owned shares in all three 
(a) How many of the investors surveyed did not have shares 
in any of the three companies? 
(b) How many owned just IBM shares? 
(c) How many owned just GE shares? 
(d) How many owned neither IBM nor GE? 
(e) How many owned either IBM or AT&T but no GE? 


30. Classifying Blood Types Human blood is classified as 
either Rh+ or Rh-—. Blood is also classified by type: A, if it 
contains an A antigen but not a B antigen; B, if it contains 
a B antigen but not an A antigen; AB, if it contains both A 
and B antigens; and O, if it contains neither antigen. Draw a 
Venn diagram illustrating the various blood types. Based on 
this classification, how many different kinds of blood are there? 
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‘\ 31. Demographics The following data represent the marital 32. Demographics The following data represent the marital 
status of males 18 years old and older in the U.S. in 2017 status of females 18 years old and older in the U.S. in 2017 





|. Marital Status Number (in millions) |. Marital Status Number (in millions) 
| —_., Married __., Married 
Widowed Widowed 
Divorced Divorced 
Separated Separated 
Never married Never married 
Source: Current Population Survey Source: Current Population Survey 
(a) Determine the number of males 18 years old and older (a) Determine the number of females 18 years old and 
who are widowed or divorced. older who are divorced or separated. 
(b) Determine the number of males 18 years old and older (b) Determine the number of females 18 years old and older 
who are married, divorced, or separated. who are married, widowed, or divorced. 


33. Stock Portfolios As a financial planner, you are asked to select one stock each from the following groups: 8 Dow Jones stocks, 
15 NASDAQ stocks, and 4 global stocks. How many different portfolios are possible? 


Explaining Concepts: Discussion and Writing 


34. Make up a problem different from any found in the text that 35. Investigate the notion of counting as it relates to infinite sets. 
requires the addition principle of counting to solve. Give it Write an essay on your findings. 
to a friend to solve and critique. 


Retain Your Knowledge 


Problems 36-45 are based on material learned earlier in the course. The purpose of these problems is to keep the material fresh in your 
mind so that you are better prepared for the final exam. 


36. Graph (x — 2)? + (y+ 1)? =9. 42. Multiply: (2x — 7) (3x? — 5x + 4) 

37. If the sides of a triangle are a = 2,b = 2,andc =3,find 43. Determine whether the infinite series converges or diverges. 
the measures of the three angles. Round to the nearest If it converges, find the sum. 
tenth. 4, 12, 36, 108 | 

38. Find all the real zeros of the function: 5 O58 TOS 


f(x) = (x — 2) (x? - 3x - 10) 


Z 1 
X 44. If f"(x) = =(x — 2) 718 + =(x — 2), find where 
39. Solve: log3;x + log3;2 = —2 : S 3 
(a) f"(x) =0 (b) f” (x) is undefined 


40. Solve: x° = 72x 
3x7 + 15x + 5 





ee {XS 45. Find the partial fraction decomposition: ——_,——_ 
41. Solve the system: | . 4 x + 2x* + x 
i= y= —] 
‘Are You Prepared?’ Answers 
1. union 2. intersection 3. rue 4. True 


1 rae k=) ened a lelakcw-larem@elileiatiaelak 


PREPARING FOR THIS SECTION Before getting started, review the following: 
e¢ Factorial (Section 12.1, pp. 818-819) e¢ Binomial Coefficient (Section 12.5, pp. 849-851) 


me Now Work the ‘Are You Prepared?’ problems on page 873. 


OBJECTIVES 1 Solve Counting Problems Using Permutations 
Involving n Distinct Objects (p. 867) 


2 Solve Counting Problems Using Combinations (p. 869) 


3 Solve Counting Problems Using Permutations 
Involving n Nondistinct Objects (p. 872) 
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1 Solve Counting Problems Using Permutations 
Involving n Distinct Objects 


C DEFINITION Permutation 


A permutation is an ordered arrangement of r objects chosen from n objects. J 


Three types of permutations are discussed: 


e Then objects are distinct (different), and repetition is allowed in the selection 
of r of them. [Distinct, with repetition] 


e Then objects are distinct (different), and repetition is not allowed in the selection 
of r of them, where r < n. [Distinct, without repetition] 


e The n objects are not distinct, and all of them are used in the arrangement. 
[Not distinct] 


We take up the first two types here and deal with the third type at the end of 
this section. 

The first type of permutation (v distinct objects, repetition allowed) is handled 
using the Multiplication Principle. 


| EXAMPLE 1 | Counting Airport Codes [Permutation: Distinct, with Repetition] 


The International Airline Transportation Association (IATA) assigns three-letter 
codes to represent airport locations. For example, the airport code for Ft. Lauderdale, 
Florida, is FLL. Notice that repetition is allowed in forming this code. How many 
airport codes are possible? 


Solution An airport code is formed by choosing 3 letters from 26 letters and arranging them 
in order. In the ordered arrangement, a letter may be repeated. This is an example of 
a permutation with repetition in which 3 objects are chosen from 26 distinct objects. 
The task of counting the number of such arrangements consists of making three 
selections. Each selection requires choosing a letter of the alphabet (26 choices). By 
the Multiplication Principle, there are 


26+26-26 = 26° = 17,576 
possible airport codes. id 


The solution given to Example 1 can be generalized. 


( THEOREM Permutations: Distinct Objects with Repetition 


The number of ordered arrangements of r objects chosen from n objects, in 
which the n objects are distinct and repetition is allowed, is n’. J 


ommmmme-Now Work PROBLEM 33 


Now let’s consider permutations in which the objects are distinct and repetition 
is not allowed. 


| EXAMPLE 2 © Forming Codes [Permutation: Distinct, without Repetition] 


Suppose that a three-letter code is to be formed using any of the 26 uppercase letters 
of the alphabet, but no letter is to be used more than once. How many different 
three-letter codes are there? 
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Solution Some of the possibilities are ABC, ABD, ABZ, ACB, CBA, and so on. The task 
consists of making three selections. The first selection requires choosing from 
26 letters. Since no letter can be used more than once, the second selection requires 
choosing from 25 letters. The third selection requires choosing from 24 letters. (Do 
you see why?) By the Multiplication Principle, there are 


26°25+24 = 15,600 


different three-letter codes with no letter repeated. id 


For the second type of permutation, we introduce the following notation. 


The notation P(n,r) represents the number of ordered arrangements of 
r objects chosen from n distinct objects, where r = n and repetition is not allowed. 


For example, the question posed in Example 2 asks for the number of ways in 
which the 26 letters of the alphabet can be arranged, in order, using three nonrepeated 
letters. The answer is 


P(26,3) = 26-25-24 = 15,600 


| EXAMPLE 3 ~ Lining People Up 


In how many ways can 5 people be lined up? 


Solution The 5 people are distinct. Once a person is in line, that person will not be repeated 
elsewhere in the line; and, in lining people up, order is important. This is a permutation 
of 5 objects taken 5 at a time, so 5 people can be lined up in 


P(5,5) =5-4-3+2+1 = 120 ways 
aif 
5 factors 


ommemme--Now Work PROBLEM 35 


To arrive at a formula for P(n,7r), note that the task of obtaining an ordered 
arrangement of n objects in which only r = n of them are used, without repeating 
any of them, requires making r selections. For the first selection, there are n choices; 
for the second selection, there are m — 1 choices; for the third selection, there are 
n — 2 choices; ...; for the rth selection, there are n — (r — 1) choices. By the 
Multiplication Principle, this means 





vane So ho This formula for P(n,r) can be compactly written using factorial notation. 
n= nh = less ess 2e1 BI 
Piaf) =n ne Len = 2a ner ed) 


Saale Got Po | n! 
Ne OA py eoreOe >a) 
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‘Z THEOREM Permutations of r Objects Chosen from n Distinct Objects 
without Repetition 
The number of arrangements of n objects using r = n of them, in which 
e the n objects are distinct 
e repetition of objects is not allowed 
e order is important 


is given by the formula 


n! 


Tier ~ (n—ry! 


(1) 
J 


| EXAMPLE 4 | Computing Permutations 
Evaluate: (a) P(73) (b) P(6,1) A (c) P(52,5) 


Solution Parts (a) and (b) are each worked two ways. 
(a) P(7,3) = 7:6:5 = 210 
— ea 


3 factors 
or 
! ! “6°5- 
PU, 3) = (7-3)! =i =o CEE i aa AY = 210 
(b) P(6,1) =6= 6 
NORMAL FLOAT AUTO REAL RADIAN MP Fy 1 cae 
3118/5208 a 6! 6! 6- 5¥ 


(6-1)! 5! SY : 


ia (c) Figure 3 shows the solution using a TI-84 Plus C graphing calculator. So 
P (52,5) = 311,875,200 = 


Figure 3 P(52, 5) cvemmmmmn-Now Work PROBLEM 7 


| €XAMPLES5S | The Birthday Problem 


All we know about Shannon, Patrick, and Ryan is that they have different birthdays. If 
all the possible ways this could occur were listed, how many would there be? Assume 
that there are 365 days in a year. 


P(6,1) = 





Solution = This is an example of a permutation in which 3 birthdays are selected from a possible 
365 days, and no birthday may repeat itself. The number of ways this can occur is 


365! — 365+ 364 + 363 + 3621 
(365 — 3)! 362 
There are 48,228,180 ways in which three people can all have different birthdays. J 


P(365,3) = = 365 + 364-363 = 48,228,180 


ovmmmmm=-Now Work PROBLEM 47 


2 Solve Counting Problems Using Combinations 


In a permutation, order is important. For example, the arrangements ABC, CAB, 
BAC, ... are considered different arrangements of the letters A, B, and C. In many 
situations, though, order is unimportant. For example, in the card game of poker, the 
order in which the cards are received does not matter; it is the combination of the 
cards that matters. 
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( DEFINITION Combination 


A combination is an arrangement, without regard to order, of r objects selected 
from n distinct objects without repetition, where r = n. The notation C(n, r) 
represents the number of combinations of n distinct objects taken r at a time. al 


| EXAMPLE 6 Listing Combinations 


List all the combinations of the 4 objects a, b,c, d taken 2 at a time. What is C(4,2)? 


Solution One combination of a,b, c,d taken 2 at a time is 
ab 


Exclude ba from the list because order is not important in a combination (this 
means that we do not distinguish ab from ba). The list of all combinations of a, b,c, d 
taken 2 at a time Is 


ab, ac, ad, bc, bd, cd 


SO 


Ca7) =% i 


A formula for C(n,r) can be found by noting that the only difference between 
a permutation of r objects chosen from n distinct objects without repetition and 
a combination is that order is disregarded in combinations. To determine C(n,r), 
eliminate from the formula for P(n,r) the number of permutations that are simply 
rearrangements of a given set of r objects. This can be determined from the formula 
for P(n,r) by calculating P(r,r) = r!. So, dividing P(n,r) by r! gives the desired 
formula for C(n,r): 


n! 


PiU?) (n—r)! n! 
es ee 





Use formula (1). 


We have proved the following result: 


- 


THEOREM Number of Combinations of n Distinct Objects 
Taken rata Time 


The number of ways of selecting r objects from n distinct objects, r = n, 
in which 
e repetition of objects is not allowed 


e order is not important 


is given by the formula 





Based on formula (2), we discover that the symbol C(n,r) and the symbol 7 


for the binomial coefficients are, in fact, the same. The Pascal triangle (see Sections 12.5) 
can be used to find the value of C(n, r). However, because it is more practical and 
convenient, we will use formula (2) instead. 


SECTION 13.2 Permutations and Combinations 871 


| EXAMPLE 7 ~ Using Formula (2) 


Use formula (2) to find the value of each combination. 








(a) C(3,1) — (b) C(6,3) = (©) C(mn) — (d) C(n,0) Be) €(52,5) 
ee) es ee 4 
Solution (a) C(3,1) = GDM! 2 1 3 
6! 6°S°4°2F m-5-4 

ee = (6-3)!3) 3138 ff 
NORMAL FLOAT AUTO REAL RADIAN HP Fy _ n! _ ne _ 1 _ 
| ce) (n-—n)!n! Olnr 1 : 

ve 28208, 
7 n! _ gb 
(d) C(n,0) = 7 opr eror 





42 (ec) Figure 4 shows the solution using a TI-84 Plus C graphing calculator. 





C (52,5) = 2,598,960 


Figure 4 C(52, 5) 


ouemm=m==-Now Work PROBLEM 15 


| EXAMPLES | EXAMPLE 8 Forming Committees 


How many different committees of 3 people can be formed from a group of 7 people? 


Solution  The7 people are distinct. More important, though, is the observation that the order 
of being selected for a committee 1s not significant. The problem asks for the number 


of combinations of 7 objects taken 3 at a time. 


Tl -7*6*5+4¥ 
C1,3) 4 — = 35 





= 


Thirty-five different committees can be formed. 


| EXAMPLES | Forming Committees 


In how many ways can a committee consisting of 2 faculty members and 3 students 
be formed if 6 faculty members and 10 students are eligible to serve on the 
committee? 


Solution The problem can be separated into two parts: the number of ways in which the faculty 
members can be chosen, C(6, 2), and the number of ways in which the student 
members can be chosen, C(10,3). By the Multiplication Principle, the committee 


can be formed in 





61 10!  6+5-4Y 10-9-8- 7 
C(6,2)°C(10,3) == 2 es 2, as 


412! 713! gr! V3! 
30 720 
— 2 6) — 1800 ways il 


ocommem__e=-Now Work PRoBLEM 49 
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3 Solve Counting Problems Using Permutations 
Involving n Nondistinct Objects 


| EXAMPLE 10 — Forming Different Words 


How many different words (meaningful or not) can be formed using all the letters in 
the word REARRANGE? 


Solution Each word formed will have 9 letters: 3 R’s, 2 A’s, 2 E’s, 1 N, and 1 G. To construct each 
word, we need to fill in 9 positions with the 9 letters: 
12345 6 7 2 9 
The process of forming a word consists of five tasks. 
Task 1: Choose the positions for the 3 R's. 
Task 2: Choose the positions for the 2 A’s. 
Task 3: Choose the positions for the 2 E’s. 
Task 4: Choose the position for the 1 N. 
Task 5: Choose the position for the 1 G. 
Task 1 can be done in C(9,3) ways. There then remain 6 positions to be filled, so 
Task 2 can be done in C(6,2) ways. There remain 4 positions to be filled, so Task 3 
can be done in C(4, 2) ways. There remain 2 positions to be filled, so Task 4 can 


be done in C(2, 1) ways. The last position can be filled in C(1,1) way. Using the 
Multiplication Principle, the number of possible words that can be formed is 


(9,3) ~C(6,2) »C(4,2) (2,1) © C(1,1) Sage ee ee 


9! 
Ble 2re2he ted! 
15,120 possible words can be formed. J 


= 15,120 


The form of the expression before the answer to Example 10 is suggestive of a 
general result. Had all the letters in REARRANGE been different, there would 
have been P(9,9) = 9! possible words formed. This is the numerator of the answer. 
The presence of 3 R's, 2 A’s, and 2 E’s reduces the number of different words, as the 
entries in the denominator illustrate. This leads to the following result: 


- 


THEOREM Permutations Involving n Objects That Are Not Distinct 


The number of permutations of 1 objects of which n, are of one kind, n2 are of 
a second kind,..., and, are of a Ath kind is given by 





Wwihlele 1 — My so a a Tp =j 


| EXAMPLE 11 — Arranging Flags 


How many different vertical arrangements are there of 8 flags if 4 are white, 3 are 
blue, and 1 is red? 


Solution We seek the number of permutations of 8 objects, of which 4 are of one kind, 3 are 
of a second kind, and 1 is of a third kind. Using formula (3), we find that there are 

8! 8°7°6'5 2 

41-3)q) = We3red = = 280 different arrangements add 


ommme- Now Work PROBLEM 51 


13.2 Assess Your Understanding 
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‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1! = (pp. 818-819) 


Concepts and Vocabulary 


3. 


4. 


A(n) is an ordered arrangement 
of r objects chosen from n objects. 
A(n) is an arrangement of r objects 


chosen from n distinct objects, without repetition and 
without regard to order. 


Skill Building 


In Problems 7-14, find the value of each permutation. 


Ne 7 


11. 


In Problems 15-22, use formula (2) to find the value of each combination. 


wk 15, 
19. 


P(6,2) 
P(7,0) 


8. P(7,2) 
12. P(9,0) 


C(8, 2) 
C(15, 15) 


16. C(8, 6) 
20. C(18, 1) 


Applications and Extensions 


23. 
24. 
25. 
26. 
27. 
28. 
29. 
30. 


31. 


32. 


‘X33. 


34. 


List all the permutations of 5 objects a, b,c, d,and e choosing 3 ‘\ 35. 


at a time without repetition. What is P(5,3)? 

List all the permutations of 5 objects a, b,c, d,and e choosing 2 
at a time without repetition. What is P(5,2)? 

List all the permutations of 4 objects 1, 2,3, and 4 choosing 3 
at a time without repetition. What is P (4,3)? 

List all the permutations of 6 objects 1, 2, 3, 4,5, and 6 
choosing 3 at a time without repetition. What is P(6,3)? 
List all the combinations of 5 objects a, b,c, d, and e taken 3 
at a time. What is C(5,3)? 

List all the combinations of 5 objects a, b,c, d, and e taken 2 
at a time. What is C(5,2)? 

List all the combinations of 4 objects 1, 2,3, and 4 taken 3 at 
a time. What is C(4,3)? 

List all the combinations of 6 objects 1,2,3,4,5, and 6 taken 3 
at a time. What is C(6,3)? 


Forming Codes How many two-letter codes can be formed 
using the letters A, B, C, and D? Repeated letters are 
allowed. 





Forming Codes How many two-letter codes can be formed 
using the letters A, B, C, D, and E? Repeated letters are 
allowed. 





Forming Numbers How many three-digit numbers can 
be formed using the digits 0 and 1? Repeated digits are 
allowed. 


Forming Numbers How many three-digit numbers can be 
formed using the digits 0, 1, 2,3, 4,5, 6,7 8, and 9? Repeated 
digits are allowed. 


2. Multiple Choice The binomial coefficient 2) equals 
(pp. 849-851) 
6! 6! 6! (6 — 4)! 
May Oty OF OZ 
5. P(n,r) = 
6. C(n,r) = 
9. P(4, 4) 10. P(8, 8) 
13. P(8, 4) 14. P(8, 3) 
17. C(7, 4) 18. C(6, 2) 
21. C(26, 13) 22. C(18, 9) 


36. 


ae) 


38. 


39. 


40. 


41. 


42. 


43. 


Lining People Up In how many ways can 4 people be 
lined up? 
Stacking Boxes In how many ways can 5 different boxes be 
stacked? 


Forming Codes How many different three-letter codes are 
there if only the letters A, B, C, D, and FE can be used and no 
letter can be used more than once? 


Forming Codes How many different four-letter codes are 
there if only the letters A, B, C, D, FE, and F can be used and 
no letter can be used more than once? 


Stocks on the NYSE Companies whose stocks are listed on 
the New York Stock Exchange (NYSE) have their company 
name represented by 1, 2, or 3 letters (repetition of letters is 
allowed). What is the maximum number of companies that 
can be listed on the N YSE? 


Stocks on the NASDAQ Companies whose stocks are listed 
on the NASDAQ stock exchange have their company name 
represented by either 4 or 5 letters (repetition of letters is 
allowed). What is the maximum number of companies that 
can be listed on the NASDAQ? 


Establishing Committees In how many ways can a committee 
of 4 students be formed from a pool of 7 students? 





Establishing Committees In how many ways can a committee 
of 3 professors be formed from a department that has 
8 professors? 


Possible Answers on a True/False Test How many 
arrangements of answers are possible for a true/false test 
with 10 questions? 
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44. 


45. 


46. 


N47. 


48. 


X49. 


50. 


52; 


53: 


54. 


So: 
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Possible Answers on a Multiple-choice Test How many 
arrangements of answers are possible in a multiple-choice 
test with 5 questions, each of which has 4 possible answers? 


Arranging Books Five different mathematics books are to 
be arranged on a student’s desk. How many arrangements 
are possible? 





Forming License Plate Numbers How many different 
license plate numbers can be made using 2 letters followed 
by 4 digits selected from the digits 0 through 9, if: 

(a) Letters and digits may be repeated? 

(b) Letters may be repeated, but digits may not be repeated? 
(c) Neither letters nor digits may be repeated? 





Birthday Problem In how many ways can 2 people each 
have different birthdays? Assume that there are 365 days in 
a year. 


Birthday Problem In how many ways can 5 people all have 
different birthdays? Assume that there are 365 days in a 
year. 


Forming a Committee A student dance committee is to be 
formed consisting of 2 boys and 3 girls. If the membership 
is to be chosen from 4 boys and 8 girls, how many different 
committees are possible? 


Forming a Committee The student relations committee of 
a college consists of 2 administrators, 3 faculty members, 
and 5 students. Four administrators, 8 faculty members, 
and 20 students are eligible to serve. How many different 
committees are possible? 


. Forming Words How many different 9-letter words 


(meaningful or not) can be formed from the letters in the 
word ECONOMICS? 


Forming Words How many different 11-letter words 
(meaningful or not) can be formed from the letters in the 
word MATHEMATICS? 


Selecting Objects An urn contains 7 white balls and 3 red 
balls. Three balls are selected. In how many ways can the 
3 balls be drawn from the total of 10 balls: 

(a) If 2 balls are white and 1 is red? 

(b) If all 3 balls are white? 

(c) If all 3 balls are red? 


Selecting Objects An urn contains 15 red balls and 10 white 
balls. Five balls are selected. In how many ways can 
the 5 balls be drawn from the total of 25 balls: 

(a) If all 5 balls are red? 

(b) If3 balls are red and 2 are white? 

(c) If at least 4 are red balls? 


Senate Committees The U.S.Senate has 100 members. Suppose 
that it is desired to place each senator on exactly 1 of 7 possible 
committees. The first committee has 22 members, the second 
has 13, the third has 10, the fourth has 5, the fifth has 16, and 
the sixth and seventh have 17 apiece. In how many ways can 
these committees be formed? 


56. 


ai. 


58. 


59. 


60. 


61. 


62. 


63. 


64. 


Football Teams A defensive football squad consists of 
25 players. Of these, 10 are linemen, 10 are linebackers, 
and 5 are safeties. How many different teams of 5 linemen, 
3 linebackers, and 3 safeties can be formed? 





Baseball In the American Baseball League, a designated 
hitter may be used. How many batting orders is it possible for 
a manager to use? (There are 9 regular players on a team.) 





Baseball In the National Baseball League, the pitcher 
usually bats ninth. If this is the case, how many batting orders 
is it possible for a manager to use? 


Baseball Teams A baseball team has 15 members. Four of 
the players are pitchers, and the remaining 11 members can 
play any position. How many different teams of 9 players can 
be formed? 


World Series In the World Series the American League team 
(A) and the National League team (JN) play until one team 
wins four games. If the sequence of winners is designated by 
letters (for example, VAAAA means that the National League 
team won the first game and the American League won the 
next four), how many different sequences are possible? 








Basketball Teams A basketball team has 6 players who play 
guard (2 of 5 starting positions). How many different teams are 
possible, assuming that the remaining 3 positions are filled and it 
is not possible to distinguish a left guard from a right guard? 


Basketball Teams On a basketball team of 12 players, 2 play 
only center, 3 play only guard, and the rest play forward 
(5 players on a team: 2 forwards, 2 guards, and 1 center). 
How many different teams are possible, assuming that it is 
not possible to distinguish a left guard from a right guard or 
a left forward from a right forward? 


Combination Locks A combination lock displays 50 numbers. 

To open it, you turn clockwise to the first number of the 

“combination,” then rotate counterclockwise to the second 

number, and then rotate clockwise to the third number. 

(a) How many different lock combinations are there? 

(b) Comment on the description of such a lock as a 
combination lock. 





Challenge Problem Passwords Suppose a password must 
have at least 8 characters, but no more than 12 characters, 
made up of letters (without distinction for case) and digits. If 
the password must contain at least one letter and at least one 
digit, how many passwords are possible? 
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Explaining Concepts: Discussion and Writing 





65. Create a problem different from any found in the text that 67. Explain the difference between a permutation and a 
requires a permutation to solve. Give it to a friend to solve combination. Give an example to illustrate your explanation. 
and critique. 


66. Create a problem different from any found in the text that 
requires a combination to solve. Give it to a friend to solve 
and critique. 


- Retain Your Knowledge 


Problems 68—77 are based on material learned earlier in the course. The purpose of these problems is to keep the material fresh in 
your mind so that you are better prepared for the final exam. 


0 Z 

4 2 0 
68. Find the area of the sector of a circle of radius 4 feet and 74. Multiply, if possible: | 1 3 a > if 
central angle @ if the arc length subtended by @ is 5 feet. 5 0 


69. If f(x) = 2x — land g(x) =x?+x-2, find (gof) (x). 


! 75. Write — V3 + iin polar form and in exponential form. 
70. Give exact values for sin 75° and cos 15°. 


5x* + 3x + 14 


71. Find the 5th term of the geometric sequence with first X 76. Find the partial fraction decomposition: 
g 4 2 
term a, = 5 and common ratio r = —2. P x" + 4x° + 4 
72. Use the binomial theorem to expand: (x + 2y)° XX 77. Write aaa + 10(x — 3)? as a single quotient in 
Xx —_— 
73. Solve the system: - 7 7 . which only positive exponents appear. 
x—-2y= 


‘Are You Prepared?’ Answers 


Ay 151 2. b 


13.3 Probability 


OBJECTIVES 1 Construct Probability Models (p. 875) 


2 Compute Probabilities of Equally Likely Outcomes (p. 878) 
3 Find Probabilities of the Union of Two Events (p. 879) 
4 Use the Complement Rule to Find Probabilities (p. 880) 





Probability is an area of mathematics that deals with experiments that yield random 
results, yet admit a certain regularity. Such experiments do not always produce the 
same result or outcome, so the result of any one observation is not predictable. 
However, the results of the experiment over a long period do produce regular 
patterns that enable us to make predictions with remarkable accuracy. 


| €XAMPLE1 © Tossing a Fair Coin 


If a fair coin is tossed, the outcome is either a head or a tail. On any particular throw, 
we cannot predict what will happen, but if we toss the coin many times, we observe 
that the number of times that a head comes up is approximately equal to the number 
of times that a tail comes up. It seems reasonable, therefore, to assign a probability 


1 it 
of 5 that a head comes up and a probability of 5 that a tail comes up. Jj 


1 Construct Probability Models 


The discussion in Example | constitutes the construction of a probability model for 
the experiment of tossing a fair coin once. A probability model has two components: 
a sample space and an assignment of probabilities. A sample space S is a set whose 
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elements represent all the possibilities that can occur as a result of the experiment. 
Each element of S is called an outcome. To each outcome a number is assigned, called 
the probability of that outcome, which has two properties: 


e The probability assigned to each outcome is nonnegative. 
e The sum of all the probabilities equals 1. 


(DEFINITION Probability Model 
A probability model with the sample space 
S = {e,@,...,€,} 


where e), €, ... ,e€, are the possible outcomes and P(e,), P(e2),..., P(e,) 
are the respective probabilities of these outcomes, requires that 


Aer = Oey) a ence en =O) 








DPC = P(e,) i (e} eee + P(e,) =a 


J 


| EXAMPLE 2 ~ Determining Probability Models 


Solution 


In a bag of M&Ms, !™ the candies are colored red, green, blue, brown, yellow, and 
orange. A candy is drawn from the bag and the color is recorded. The sample space of 
this experiment is {red, green, blue, brown, yellow, orange}. Determine which of the 
following are probability models. 


Probability (b) [ Outcome Probability 


red 


Outcome 


red 


green green 


blue blue 
brown brown 
yellow yellow 


orange orange 


Outcome _ Probability (d) | Outcome Probability 


red red 
green green 
blue blue 


brown brown 


yellow yellow 





orange orange 
(a) This model is a probability model because all the outcomes have probabilities 
that are nonnegative, and the sum of the probabilities is 1. 


(b) This model is not a probability model because the sum of the probabilities is not 1. 


(c) This model is not a probability model because P(green) is less than 0. Remember 
that all probabilities must be nonnegative. 


(d) This model is a probability model because all the outcomes have probabilities that 
are nonnegative, and the sum of the probabilities is 1. Notice that P(yellow) = 1, 
meaning that this outcome will occur with 100% certainty each time that the 
experiment is repeated. This means that the bag of M&Ms!™ contains only 
yellow candies. of 


ovmmmmmmme-Now Work PROBLEM 7 
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| EXAMPLE 3 ~ Constructing a Probability Model 


An experiment consists of rolling a fair die once. A die is a cube with each face 
having 1,2,3,4,5, or 6 dots on it. See Figure 5. Construct a probability model for this 
experiment. 


Solution A sample space S consists of all the possibilities that can occur. Because rolling the 
die will result in one of six faces showing, the sample space S consists of 





er i S = {1,2,3,4,5,6} 
Figure 5S Asix-sided die Because the die is fair, one face is no more likely to occur than another. As a result, 
our assignment of probabilities is 
1 1 
P(1) = P(2) == 
(I)=5 PQ) =% 
ik 1 
P(3) =s P(4) == 
(3)=2 P(4) = 2 
1 i 
P(5) == P(6) == 
(S)=Z P(6) = 2 : 
Now suppose that a die is loaded (weighted) so that the probability assignments 
are 
1 Z 
PIj=0 P2Zy=U PB). = 3 P(4) = 3 P(S) 20 (6) 0 


This assignment would be made if the die were loaded so that only a 3 or 4 could 
occur and the 4 was twice as likely as the 3 to occur. This assignment is consistent with 
the definition, since each assignment is nonnegative, and the sum of all the probability 
assignments equals 1. 
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| EXAMPLE 4 © Constructing a Probability Model 


An experiment consists of tossing a coin. The coin is weighted so that heads (H) 
is three times as likely to occur as tails (T). Construct a probability model for this 
experiment. 


Solution The sample space Sis S = {H,T}. If x denotes the probability that a tail occurs, 
P(T) =x and P(#H) = 3x 
The sum of the probabilities of the possible outcomes must equal 1, so 
P(T) + P(H) =x+3x=1 
4x =1 


il 
a 
4 


Assign the probabilities 


1 
P(T) =-— P(H) =- 
(Th=5 P(H) =3 | 
ovmmmmme- Now Work PROBLEM 27 


In working with probability models, the term event is used to describe a set 
of possible outcomes of the experiment. An event FE is some subset of the sample 
space S. The probability of an event FE, E ~ ©, denoted by P(E), is defined as the 
sum of the probabilities of the outcomes in E. We can also think of the probability 
of an event EF as the likelihood that the event F occurs. If FE = ©, then P(E) = 0; 
if EF = S,then P(E) = P(S) = 1. 


In Words 
P(S) = 1 means that one of the 


y 


outcomes in the sample space 
must occur In an experiment. 
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2 Compute Probabilities of Equally Likely Outcomes 


When the same probability is assigned to each outcome of the sample space, the 
experiment is said to have equally likely outcomes. 


( tHeoReM Probability for Equally Likely Outcomes 


If an experiment has n equally likely outcomes, and if the number of ways in 
which an event F can occur is m, then the probability of EF is 


Number of ways that EF can occur m 
Se a Se (3) 
Number of possible outcomes n 


If S is the sample space of this experiment, 





(4) 
J 


| EXAMPLE 5 ~ Calculating Probabilities of Events Involving Equally Likely Outcomes 


Calculate the probability that in a 3-child family there are 2 boys and 1 girl. Assume 
equally likely outcomes. 


Solution _Begin by constructing a tree diagram to help in listing the possible outcomes of the 
{st child 2nd child 3rd child experiment. See Figure 6, where B stands for “boy” and G for “girl.” The sample 
space of this experiment is 


S = { BBB, BBG, BGB, BGG, GBB, GBG, GGB, GGG } 
son(S) = 8. 
We wish to know the probability of the event E: “having two boys and one girl.” 


From Figure 6, we conclude that EF = { BBG, BGB, GBB},son(F) = 3. Since the 
outcomes are equally likely, the probability of FE is 


n(E) 3 


n(S) 8 ait 





P(E) = 





Figure 6 ommm=m==-Now Work PROBLEM 37 


So far, we have calculated probabilities of single events. Now we compute 
probabilities of multiple events, which are called compound probabilities. 


| €XAMPLE6 | Computing Compound Probabilities 


Consider the experiment of rolling a single fair die. Let EF represent the event “roll 
an odd number,” and let F represent the event “roll a 1 or 2.” 
(a) Write the event FE and F. What isn( E/N F)? 
(b) Write the event F or F. What isn(E U F)? 
(c) Compute P( FE). Compute P(F). 
(d) Compute P(E N F). 
(ce) Compute P(E U F). 
Solution Thesample space S of the experiment is {1, 2, 3,4,5,6},son(S) = 6. Since the die 


is fair, the outcomes are equally likely. The event E: “roll an odd number” is {1, 3,5}, 
and the event F: “roll a1 or 2” is {1,2},son(E) = 3andn(F) = 2. 


(a) In probability, the word and means the intersection of two events. The event EF 
and F'is 


ENF = {1,3,5}9 {1,2} ={1} n(ENF) =1 


Solution 


Figure 7 
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(b) In probability, the word or means the union of the two events. The event E or Fis 
EUF= {1,3,5} U {1,2} = {1,2,3,5} n(EUF) =4 
(c) Use formula (4). Then 


_ nA) 31 _A(F) _2_1 
=H 6 2 PM) aS 673 








(d) P(ENF _ MEF) _ 
( a 


1 
6 
@) P(EuF) ="“S 4 = J 


n(S) 
3 Find Probabilities of the Union of Two Events 


The next formula can be used to find the probability of the union of two events. 


( THEOREM 
For any two events F and F, 
PACES NOMEC) PA eae) ae Se (Eee) (5) 
cz) 


This result is a consequence of the Counting Formula discussed earlier, in 
Section 13.1. 

For example, formula (5) can be used to find P(E U F) in Example 6(e). Then 

1 1 1 3. 2 1 +4 =2 


PEW) = Pl) PPO) = Pre) ee 


as before. 





Computing Probabilities of the Union of Two Events 


If P(E) = 0.2, P(F) = 0.3, and P(E NM F) = 0.1, find the probability of FE or F. 
That is, find P(E U F). 


Use formula (5). 


Probability of E or F = P(E U F) = P(E) + P(F) — P(ENF) 
=02+03-01=04 


A Venn diagram can sometimes be used to obtain probabilities. To construct 
a Venn diagram representing the information in Example 7, draw two sets E 
and F. Begin with the fact that P(E MF) = 0.1. See Figure 7(a). Then, 
since P(E) = 0.2 and P(F) = 0.3, fill in EF with 0.2 — 0.1 = 0.1 and fill in F 
with 0.3 — 0.1 = 0.2. See Figure 7(b). Since P(S) = 1, complete the diagram by 
inserting 1 — (0.1 + 0.1 + 0.2) = 0.6 outside the circles. See Figure 7(c). Now it is 
easy to see, for example, that the probability of F but not E is 0.2. Also, the probability 
of neither F nor Fis 0.6. 


YD, 
(a) (b) (c) 


ovmmmmme=-Now Work PROBLEM 45 
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If events FE and F are disjoint so that EM F = ©, we say they are mutually 
exclusive. In this case, P( EM F) = 0, and formula (5) takes the following form: 


( THEOREM Mutually Exclusive Events 
If E and F are mutually exclusive events, that is, if E 1 F = ©, then 


P(EUF) = P(E) + P(F) (6) 


= 
| EXAMPLE 8 | PLE 8 Computing Probabilities of the Union of Two Mutually Exclusive Events 


If P(E) = 04and P(F) = 0.25, and E and Fare mutually exclusive, find P(E U F). 


Solution Since E and F are mutually exclusive, use formula (6). 
P(EUF) = P(E) + P(F) = 0.4 + 0.25 = 0.65 4 
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4 Use the Complement Rule to Find Probabilities 


Recall that if A is a set, the complement of A, denoted <A, is the set of all elements in 
the universal set U that are not in A. We similarly define the complement of an event. 


( DEFINITION Complement of an Event 


Let S denote the sample space of an experiment, and let EF denote an event. The 
complement of E, denoted E£, is the set of all outcomes in the sample space S$ 
that are not outcomes in the event EF. J 


The complement of an event E —that is, E—in a sample space S has the following 
two properties: 


ENE=@ EVE=S 
Since E and E are mutually exclusive, it follows from (6) that 
P(EU EE) = P(S) =1 P(E) + P(E) =1 PCE) =1—P(£) 


We have the following result: 


( THEOREM Computing Probabilities of Complementary Events 


If E represents any event and F represents the complement of E, then 


IE) Pg) (7) 


a 
| EXAMPLES | Computing Probabilities Using Complements 


On the local news the weather reporter stated that the probability of rain tomorrow 
is 40%. What is the probability that it will not rain? 


Solution The complement of the event “rain” is “no rain.” 
P(no rain) = 1 — P(rain) = 1 — 0.4 = 0.6 
There is a 60% chance of no rain tomorrow. st 
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| EXAMPLE 10 — Birthday Problem 


What is the probability that in a group of 10 people, at least 2 people have the same 
birthday? Assume that there are 365 days in a year and that a person is as likely to 
be born on one day as another, so all the outcomes are equally likely. 


Solution First determine the number of outcomes in the sample space S. There are 365 
possibilities for each person’s birthday. Since there are 10 people in the group, there 
are 365!" possibilities for the birthdays. [For one person in the group, there are 365 days 
on which his or her birthday can fall; for two people, there are (365) (365) = 3657 
pairs of days; and, in general, using the Multiplication Principle, for n people there 
are 365” possibilities.] So 


n(S) = 365!° 


We wish to find the probability of the event E:“at least two people have the same 
birthday.” It is difficult to count the elements in this set; it is much easier to count the 
elements of the complementary event E: “no two people have the same birthday.” 

Find n( E) as follows: Choose one person at random. There are 365 possibilities 
for his or her birthday. Choose a second person. There are 364 possibilities for this 
birthday, if no two people are to have the same birthday. Choose a third person. There 
are 363 possibilities left for this birthday. Finally, arrive at the tenth person. There 
are 356 possibilities left for this birthday. By the Multiplication Principle, the total 
number of possibilities is 


n(E) = 365-+364-+363---- - 356 
The probability of the event E is 
_. Nn(E) — 365+364+363- --+ +356 





P(E) = = = ().883 
o n(S) 36510 
The probability of two or more people in a group of 10 people having the same 
birthday is then 
P(E) =1- P(E) ~ 1 — 0.883 = 0.117 _J 


The birthday problem can be solved for any group size. The following table gives 
the probabilities for two or more people having the same birthday for various group 


1 
sizes. Notice that the probability is greater than 5 for any group of 23 or more people. 


Number of People 


Probability 


That Two or 0.027 0.117 0.253 0.411 0.444 0.476 0.507 0.538 0.569 0.706 0.891 0.970 0.994 0.99916 0.99991 0.99999 
More Have the 


Same Birthday 
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Historical Feature 


et theory, counting, and probability first the favorable ones, whereas Pascal made use of the triangle that 





took form as a systematic theory in an now bears his name. As mentioned in the text, the entries in Pascal's 

exchange of letters (1654) between triangle are equivalent to C(n, r). This recognition of the role of C(n, r) 
Pierre de Fermat (1601—1665) and Blaise Pascal in counting is the foundation of all further developments. 
(1623-1662). They discussed the problem of how The first book on probability, the work of Christiaan Huygens 
to divide the stakes in a game that is interrupted (1629-1695), appeared in 1657. In it, the notion of mathematical 
before completion, knowing how many points expectation is explored. This allows the calculation of the profit or 





Blaise Pascal 
(1623-1662) each player needs to win. Fermat solved the loss that a gambler might expect, knowing the probabilities involved 


problem by listing all possibilities and counting in the game (see the Historical Problem that follows). 


(continued) 
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Although Girolamo Cardano (1501-1576) wrote a treatise on The notation (") for C(nr) goes back to Leonhard Euler 
probability, it was not published until 1663 in Cardano’s collected 
works, and this was too late to have had any effect on the early 


development of the theory. , : 
In 1713, the posthumously published Ars Conjectandi of Jakob ~ ane " — nice ee Salas Peale ae BC) dries 
ina Slightly different context. The inclusion symbol C was introduced 

Bernoulli (L654—1705) gave the theory the form it would have until 
1900. Recently, both combinatorics (counting) and probability have eee ere le ene 
Y, 5 P y set theory in the text to George Boole (1815-1864), who wrote A + B 


undergone rapid development, thanks to the use of computers. Saas , 
A final comment about notation. The notations C(n, r) and P(n, r) OE Err ae OE rath Clana OnE) 


are variants of a form of notation developed in England after 1830. 


(1707-1783) but is now losing ground because it has no clearly 
related symbolism of the same type for permutations. The set symbols 


Historical Problem 


1. The Problem Discussed by Fermat and Pascal A game between (b) Pascal's solution Use combinations to determine the number 
two equally skilled players, A and B, is interrupted when A of ways that the 2 points needed for A to win could occur in 
needs 2 points to win and Bneeds 3 points. In what proportion four plays. Then use combinations to determine the number 
Should the stakes be divided? of ways that the 3 points needed for B to win could occur. 

; . This is trickier than it looks, since A can win with 2 points 
(a) Fermat's solution List all possible outcomes that can occur in two plays, in three plays, or in four plays. Compute the 
a>< result of four more plays. Comparing the probabilities probabilities, and compare them with the results in part (a). 
for A to win and for B to win then determines how the stakes 
should be divided. 


13.3 Assess Your Understanding 


Concepts and Vocabulary 





1. When the same probability is assigned to each outcome of 3. True or False The probability of an event can never 
a sample space, the experiment is said to have equal 0. 
_ «Outcomes. 4. True or False In a probability model, the sum of all 
2. The of an event F is the set of all probabilities is 1. 
outcomes in the sample space S that are not outcomes in the 
event.t. 
Skill Building 
5. In a probability model, which of the following numbers 6. In a probability model, which of the following numbers 
could be the probability of an outcome? could be the probability of an outcome? 
0 0.01 035 —-04 1 14 tL 3 2 1 
15 «# me 0 -—= 
2 4 3 - 
‘7. Determine whether the following is a probability model. 8. Determine whether the following is a probability model. 


Outcome Probability 


Steve 0.4 


Outcome Probability 


Bob Ors 
Faye 0.1 
Patricia 0.2 





9. Determine whether the following is a probability model. 10. Determine whether the following is a probability model. 


Outcome Probability 


0.3 
0.2 


Outcome Probability 


Onl 
0.5 
Onl 
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In Problems 11-16, (a) list the sample space S of each experiment 24. Which of the assignments of probabilities should be used if 
and (b) construct a probability model for the experiment. the coin is known to be fair? 


11. Tossing a fair coin twice 25. Which of the assignments of probabilities should be used if 


12. Tossing two fair coins once the coin is Known to always come up tails? 


26. Which of the assignments of probabilities should be used if 


13. ‘Tossing two fair coins and then a fair die oe 
tails is twice as likely as heads to occur? 


14. Tossing a fair coin, a fair die, and then a fair coin , 

% 27 Assigning Probabilities A coin is weighted so that heads is 
four times as likely as tails to occur. What probability should 
be assigned to heads? to tails? 


15. Tossing three fair coins once 


16. Tossing one fair coin three times 


In Problems 17-22, use the following spinners to construct a 28. Assigning Probabilities A coin is weighted so that tails is 
probability model for each experiment. twice as likely as heads to occur. What probability should be 
assigned to heads? to tails? 


29. Assigning Probabilities A die is weighted so that an 
odd-numbered face is twice as likely to occur as an even- 
numbered face. What probability should be assigned to each 
face? 





30. Assigning Probabilities A die is weighted so that a six cannot 
appear. All the other faces occur with the same probability. 
What probability should be assigned to each face? 


Spinner | Spinner II Spinner Ill 
(4 equal areas) (3 equal areas) (2 equal areas) 


17. Spin spinner I, then spinner II. What is the probability of For Problems 31-34, the sample space is S = {1,2,3,4,5, 6, 
getting a 2 or a 4, followed by Red? 7, 8, 9,10}. Suppose that the outcomes are equally likely. 

18. Spin spinner III, then spinner II. What is the probability of 
getting Forward, followed by Yellow or Green? 

19. Spin spinner I, then II, then II. What is the probability 32 
of getting a 1, followed by Red or Green, followed by 
Backward? 33. Compute the probability of the event F: “an even number.” 

20. Spin spinner II, then I, then III. What is the probability 34 
of getting Yellow, followed by a 2 or a 4, followed by 
Forward? For Problems 35 and 36, an urn contains 5 white marbles, 10 green 

21. Spin spinner I twice, then spinner II. What is the probability marbles, 8 yellow marbles, and 7 black marbles. 


of getting a 2, followed by a 2 or a 4, followed by Red or 35. If one marble is selected, determine the probability that it is 
Green? white. 


31. Compute the probability of the event FE = {1,2,3}. 


. Compute the probability of the event F = {3,5,9,10}. 


. Compute the probability of the event F: “an odd number.” 





22. Spin spinner III, then spinner I twice. What is the probability 
of getting Forward, followed by a 1 or a 3, followed by a 2 
ora 4? 





36. If one marble is selected, determine the probability that it is 
black. 


In Problems 23-26, consider the experiment of tossing a coin twice. in Problems 37-40, assume equally likely outcomes. 


The table lists six possible assignments of probabilities for this ™ 37. Determine the probability of having 3 boys in a 3-child 
experiment. Using this table, answer the following questions. family. 
38. Determine the probability of having 3 girls in a 3-child 
Sample Space family. 


Assignments 39, Determine the probability of having 1 girl and 3 boys in a 
4-child family. 


40. Determine the probability of having 2 girls and 2 boys in a 
4-child family. 


For Problems 41-44, two fair dice are rolled. 
41. Determine the probability that the sum of the faces is 7 
42. Determine the probability that the sum of the faces is 11. 
43. Determine the probability that the sum of the faces is 3. 
44. Determine the probability that the sum of the faces is 12. 


In Problems 45-48, find the probability of the indicated event if 
P(A) = 0.25 and P(B) = 0.45. 


\\ 23. Which of the assignments of probabilities is(are) consistent \ 45. P (AU B)ifP(ANB) = 0.15 
with the definition of a probability model? 46. P(AMB) if P(AUB) = 0.6 
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47. 


48. 
49. 


50. 


52. 


53. 


54. 


? $1. 
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P(A U B) if A, B are mutually exclusive 

P(A B) if A, B are mutually exclusive 

IfP(A) = 0.60, P(A U B) = 0.85,and P(A NM B) = 0.05, 
find P(B). 

IfP(B) = 0.30, P(A U B) = 0.65, and P(A NB) = 0.15, 
find P(A). 

Automobile Theft According to the Insurance Information 
Institute, in 2016 there was a 13.3% probability that an 
automobile theft in the United States would be cleared by 
arrests. If an automobile theft case from 2016 is randomly 


selected, what is the probability that it was not cleared by an 
arrest? 


Pet Ownership According to the American Pet Products 
Manufacturers Association’s 2017-2018 National Pet Owners 
Survey, there is a 68% probability that a U.S. household owns 
a pet. If a U.S. household is randomly selected, what is the 
probability that it does not own a pet? 


Cat Ownership According to the American Pet Products 
Manufacturers Association’s 2017-2018 National Pet Owners 
Survey, there is a38% probability that a U.S. household owns 
a cat. If a U.S. household is randomly selected, what is the 
probability that it does not own a cat? 


Doctorate Degrees According to the National Science 
Foundation, in 2016 there was a 172% probability that a 
doctoral degree awarded at a U.S. university was awarded 
in engineering. If a 2016 US. doctoral recipient is randomly 
selected, what is the probability that his or her degree was 
not in engineering? 


55. 


56. 


Gambling Behavior According to a 2016 Gallup survey, 26% 
of US. adults visited a casino within the past year. If a US. 
adult is selected at random, what is the probability that he or 
she has not visited a casino within the past year? 


Girl Scout Cookies According to the Girl Scouts of America, 
19% of all Girl Scout cookies sold are Samoas/Caramel 
deLites. If a box of Girl Scout cookies is selected at 
random, what is the probability that it does not contain 
Samoas/Caramel deLites? 


For Problems 57-60, a golf ball is selected at random from a 
container. If the container has 9 white balls, 8 green balls, 
and 3 orange balls, find the probability of each event. 


57. The golf ball is white or green. 


58. 


59. 


60. 


61. 


62. 


The golf ball is white or orange. 
The golf ball is not white. 


The golf ball is not green. 


On The Price Is Right, there is a game in which a bag 1s filled 
with 3 strike chips and 5 numbers. Let’s say that the numbers 
in the bag are 0, 1, 3, 6, and 9. What is the probability of 
selecting a strike chip or the number 1? 


Another game on The Price Is Right requires the contestant 
to spin a wheel with the numbers 5, 10, 15, 20, ... , 100. What 
is the probability that the contestant spins 100 or 30? 


Problems 63-66 are based on a survey of annual incomes in 100 households. The following table gives the data. 


Number 29 
of households 


$0-24,999 $25,000-—49,999 


$50,000-74,999 


$75,000-99,999 $100,000 or more 





63. 


64. 


65. 


66. 


67. 


What is the probability that a household has an annual 
income of $75,000 or more? 


What is the probability that a household has an annual 
income between $25,000 and $74,999, inclusive? 


What is the probability that a household has an annual 
income of less than $50,000? 


What is the probability that a household has an annual 
income of $50,000 or more? 


Surveys In a survey about the number of TV sets in a house, 
the following probability table was constructed: 


Number 


of TV sets 0 1 2 3 4 or more 


0.05 0.24 0.33 0.21 OE? 


Probability 





Find the probability of a house having: 
(a) 1 or2 TV sets 

(b) 1 or more TV sets 

(c) 3 or fewer TV sets 

(d) 3 or more TV sets 

(e) Fewer than 2 TV sets 


68. 


69. 





(f) Fewer than 1 TV set 
(g) 1,2,or3 TV sets 
(h) 2 or more TV sets 


Checkout Lines Through observation, it has been 
determined that the probability for a given number of people 
waiting in line at the “5 items or less” checkout register of a 
supermarket is as follows: 


Number 


waiting in line 0 1 2 3 4ormore 


OG POR Sen O2Z20 0:24 0.31 


Probability 


Find the probability of: 

(a) At most 2 people in line 
(b) At least 2 people in line 
(c) At least 1 person in line 


In a certain Precalculus class, there are 18 freshmen and 
15 sophomores. Of the 18 freshmen, 10 are male, and of the 
15 sophomores, 8 are male. Find the probability that a 
randomly selected student 1s: 


(a) A freshman or female 


(b) A sophomore or male 


70. The faculty of the mathematics department at Joliet Junior 
College is composed of 4 females and 9 males. Of the 4 females, 
2 are under age 40, and of the 9 males, 3 are under age 40. Find 
the probability that a randomly selected faculty member is: 
(a) Female or under age 40 
(b) Male or over age 40 


Birthday Problem What is the probability that at least 
2 people in a group of 12 people have the same birthday? 
Assume that there are 365 days in a year. 


Birthday Problem What is the probability that at least 
2 people in a group of 35 people have the same birthday? 
Assume that there are 365 days in a year. 


N71. 


TZ: 


Retain Your Knowledge 
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73. Winning a Lottery Lotto America is a multistate lottery in 
which 5 red balls from a drum with 52 balls and 1 star ball 
from a drum with 10 balls are selected. For a $1 ticket, players 
get one chance at winning the grand prize by matching all 
6 numbers. What is the probability of selecting the winning 
numbers on a $1 play? 


Challenge Problem If 3 six-sided dice are tossed, find the 
probability that exactly 2 dice have the same reading. 


74. 


Problems 75-84 are based on material learned earlier in the course. The purpose of these problems is to keep the material fresh in your 


mind so that you are better prepared for the final exam. 


75. To graph g(x) = |x + 2| — 3, shift the graph of f(x) = |x| 


units and then units 


number left/right number 


up/down 


76. Find the rectangular coordinates of the point whose polar 


2 
coordinates are (6. =z) 


77. Solve: logs (x + 3) = 2 


78. Solve the given system using matrices. 


ok yk 2zZ 
20-= Ly + DZ 
be OY 2g 


Chapter Review 


Things to Know 
Counting formula (p. 862) 
Addition Principle of Counting (p. 862) 


Multiplication Principle of Counting (p. 864) 


Permutation (p. 867) 


Number of permutations: Distinct, with repetition (p. 867) 


Number of permutations: Distinct, without repetition (p. 869) 


Combination (p. 870) 


7 -6 3 
79. Evaluate: |—8 0 5 
6 -4 2 


Simplify: V 108 — V 147 + V363 
José drives 60 miles per hour to his friend’s house and 
40 miles per hour on the way back. What is his average 
speed? 

82. Find the 85th term of the sequence 5,12, 19,26,.... 
AX 83. Find the area bounded by the graphs of 


3 12 
set ee Ya WHT 4, and y= —V16— x’. 


80. 
81. 





y= 


Tx* — 5x + 30 


/X 84. Find the partial fraction decomposition: 7_ 2 
- xX — 


n(AUB) =n(A) +n(B) -—n(ANB) 
IfANB=,thenn(A UB) =n(A) + n(B). 


If a task consists of a sequence of choices in which there 

are p Selections for the first choice, g selections for the second 
choice, and so on, the task of making these selections can be done 
inp:q: -:: different ways. 


An ordered arrangement of r objects chosen from n objects 


n’ 
The n objects are distinct (different), and repetition is allowed in the 
selection of r of them. 


n! 


PAT) =i 1) as ~ (n—1r! 


ln pT) 
The n objects are distinct (different), and repetition is not allowed in 
the selection of r of them, where r = n. 


An arrangement, without regard to order, of r objects selected from 
n distinct objects, where r = n 
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— P(n,r) n! 
Number of combinations (p. 870) C(n,r) = ; = ( yr! 
r! n=—r)tri 





n! 
Number of permutations: Not distinct (p. 872) aa yal 
y-flge 7° ke 


The number of permutations of n objects of which n, are of one 


kind, n, are of a second kind,...,andn, are of a kth kind, where 
n=n tng tr: +ng 
Sample space (pp. 875-876) Set whose elements represent the possible outcomes that can occur 


as a result of an experiment 


Probability (p. 876) A nonnegative number assigned to each outcome of a sample space; 
the sum of all the probabilities of the outcomes equals 1. 


n(E) 
n(S) 





Probability for equally likely outcomes (p. 878) P(E) >= 


The same probability is assigned to each outcome. 


Probability of the union of two events (p. 879) P(EUF) = P(E) + P(F) — P(ENF) 
Probability of the complement of an event (p. 880) P(E) =1- P(E) 
Objectives 
Section You should be able to... Examples(s) Review Exercises 
13.1 1 Find all the subsets of a set (p. 861) 1 i 
2 Count the number of elements in a set (p. 861) 2 2-9 
3 Solve counting problems using the Multiplication 4,5 12, 13,1718 
Principle (p. 863) 
13,2 1 Solve counting problems using permutations involving 1-5 10, 14, 15, 19, 22(a) 
n distinct objects (p. 867) 
2 Solve counting problems using combinations (p. 869) 6-9 1116.21 
3 Solve counting problems using permutations involving 10, 11 20 
n nondistinct objects (p. 872) 
13.3 1 Construct probability models (p. 875) 2-4 22(b) 
2 Compute probabilities of equally likely outcomes (p. 878) 5,6 22(b), 23(a), 24, 25 
3 Find probabilities of the union of two events (p. 879) 7,8 26 
4 Use the Complement Rule to find probabilities (p. 880) 9,10 22(¢); 23(b) 


Review Exercises 


1. Write down all the subsets of the set {Dave, Joanne, Erica}. 3. Ifn(A) = 12,n(AUB) = 30,andn(AN B) = 6, 
2. Ifn(A) = 8,n(B) = 12,andn(ANB) =3, find n(B). 
findn(A UB). 


In Problems 4-9, use the information supplied in the figure. 
4. How many are in A? 
5. How many are in A or B? 
6. How many are in A and C? 
7. How many are not in B? 
8. How many are in neither A nor C? 
9. How many are in B but not in C? 
In Problems 10 and 11, compute the given expression. 
10. P(8,3) 11. C(8,3) 





12. 


13. 


14. 
15. 


16. 


17. 


18. 


19. 


20. 


21. 


Chapter Test 


Stocking a Store A clothing store sells pure wool and 
polyester-wool suits. Each suit comes in 3 colors and 
10 sizes. How many suits are required for a complete 
assortment? 


Baseball On a given day, the American Baseball League 
schedules 7 games. How many different outcomes 
are possible, assuming that each game is played to 
completion? 





Choosing Seats If 4 people enter a bus that has 9 vacant 
seats, in how many ways can they be seated? 





Choosing a Team In how many ways can a squad of 4 relay 
runners be chosen from a track team of 8 runners? 


Baseball In how many ways can 2 teams from 14 teams in 
the American League be chosen without regard to which 
team is at home? 


Telephone Numbers Using the digits 0,1,2,...,9, how 
many 7-digit numbers can be formed if the first digit cannot 
be 0 or 9 and if the last digit is greater than or equal to 2 and 
less than or equal to 3? Repeated digits are allowed. 


License Plate Possibilities A license plate has 1 letter, 
excluding O and I, followed by a 4-digit number that cannot 
have a 0 in the lead position. How many different plates are 
possible? 


Binary Codes Using the digits 0 and 1, how many different 
numbers consisting of 8 digits can be formed? 


Arranging Flags How many different vertical arrangements 
are there of 10 flags if 4 are white, 3 are blue, 2 are green, 
and 1 is red? 


Forming Committees A group of 9 people is going to be 
formed into committees of 4, 3, and 2 people. How many 
committees can be formed if: 

(a) A person can serve on any number of committees? 
(b) No person can serve on more than one committee? 


CHAPTER 


VIDEOS 


In Problems 1-4, a survey of 70 college freshmen asked whether 
students planned to take biology, chemistry, or physics during their 
first year. Use the diagram to answer each question. 





. How many of the surveyed students plan to take physics 


during their first year? 


. How many of the surveyed students do not plan to take 


biology, chemistry, or physics during their first year? 


. How many of the surveyed students plan to take only biology 


and chemistry during their first year? 


. How many of the surveyed students plan to take physics or 


chemistry during their first year? 


22. 


23. 


24. 


25. 


26. 


S: 
8. 


10. 


11. 
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Birthday Problem For this problem, assume that a year 

has 365 days. 

(a) In how many ways can 18 people have different 
birthdays? 

(b) What is the probability that no 2 people in a group of 
18 people have the same birthday”? 

(c) What is the probability that at least 2 people in a group 
of 18 people have the same birthday? 


Unemployment According to the U.S. Bureau of Labor 
Statistics, 3.8% of the U.S. labor force was unemployed in 
May 2018. 

(a) What is the probability that a randomly selected 
member of the U.S. labor force was unemployed in 
May 2018? 

(b) What is the probability that a randomly selected 
member of the U.S. labor force was not unemployed in 
May 2018? 


You have four $1 bills, three $5 bills, and two $10 bills in your 
wallet. If you pick a bill at random, what is the probability 
that it will be a $1 bill? 


Each of the numbers 1, 2,..., 100 is written on an index 
card, and the cards are shuffled. If a card is selected at 
random, what is the probability that the number on the 
card is divisible by 5? What is the probability that the card 
selected either is a 1 or names a prime number’? 





At the Milex tune-up and brake repair shop, the manager 

has found that a car will require a tune-up with a probability 

of 0.6, a brake job with a probability of 0.1, and both with a 

probability of 0.02. 

(a) What is the probability that a car requires either a tune- 
up or a brake job? 

(b) What is the probability that a car requires a tune-up but 
not a brake job? 

(c) What is the probability that a car requires neither a 
tune-up nor a brake job? 


The Chapter Test Prep Videos include step-by-step solutions to all chapter test 
‘Test Prep exercises. These videos are available in MyLab™ Math, or on this text's YouTube 
Channel. Refer to the Preface for a link to the YouTube channel. 


In Problems 5-7 compute the value of the given expression. 


7! 6. P(10, 6) 7 Cidis5) 


M&M’s® offers customers the opportunity to create their 
own color mix of candy. There are 21 colors to choose from, 
and customers are allowed to select up to 6 different colors. 
How many different color mixes are possible, assuming that 
no color is selected more than once and 6 different colors are 
chosen? 


. How many distinct 8-letter words (meaningful or not) can be 


formed from the letters in the word REDEEMED? 


In horse racing, an exacta bet requires the bettor to pick the 
first two horses in the exact order. If there are 8 horses in a 
race, in how many ways could you make an exacta bet? 


On February 20, 2004, the Ohio Bureau of Motor Vehicles 
unveiled the state’s new license plate format. The plate 
consists of three letters (A—Z) followed by 4 digits (0-9). 
Assume that all letters and digits may be used, except that 
the third letter cannot be O, I, or Z. If repetitions are allowed, 
how many different plates are possible? 
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12. Kiersten applies for admission to the University of Southern 
California (USC) and Florida State University (FSU). She 
estimates that she has a 60% chance of being admitted to 
USC, a 70% chance of being admitted to FSU, and a 35% 
chance of being admitted to both universities. 

(a) What is the probability that she will be admitted to either 
USC or FSU? 

(b) What is the probability that she will not be admitted to 
FSU? 


A cooler contains 8 bottles of Pepsi, 5 bottles of Coke, 

4 bottles of Mountain Dew, and 3 bottles of IBC. 

(a) What is the probability that a bottle chosen at random 
is Coke? 

(b) What is the probability that a bottle chosen at random 
is either Pepsi or IBC? 


13. 


Cumulative Review 


. Solve: 3x? — 2x = -1 


. Graph f(x) = x? + 4x — 5 by determining whether the 
graph is concave up or concave down and by finding the 
vertex, axis of symmetry, and intercepts. 


. Graph f(x) = 2(x + 1)? — 4 using transformations. 
4. Solve: |x — 4| < 0.01 


5. Find the complex zeros of 
f(x) = 5x* — 9x7 — 7x? — 31x - 6 


. Graph g(x) = 3*! + 5 using transformations. Find the 
domain, the range, and the horizontal asymptote of g. 
7, What is the exact value of log; 9? 


8. Solve: log,(3x — 2) + logox = 4 


Chapter Projects 





The Lottery and Expected Profit When all of the possible 
outcomes in a probability model are numeric quantities, 
useful statistics can be computed for such models. The 
expected value, or mean, of such a probability model is 


14. 


Probability 


15. 


16. 


10. 


11. 
12. 


A study on the age distribution of students at a community 
college yielded the following data: 





Age 17 and under 18-20 21-24 25-34 35-64 65 and over 





0.03 OS O23 0.2 9025 0.01 


What is the probability a randomly selected student at the 
college is between 18 and 20 years old? 


In a certain lottery, there are ten balls numbered 1, 2,3, 4,5, 
6, 7,8, 9, 10. Of these, five are drawn in order. If you pick five 
numbers that match those drawn in the correct order, you 
win $1,000,000. What is the probability of winning such a 
lottery? 





If you roll a die five times, what is the probability that you 
obtain exactly 2 fours? 


x= 2p + z= 15 
. Solve the system: 3X Yo3z=— —8 
—2x +4y - z= -27 


What is the 33rd term in the sequence —3, 1,5,9, ... ? What 


is the sum of the first 20 terms? 
Graph: y = 3 sin(2x + 7) 


Solve the following triangle and find its area. 








found by multiplying each possible numeric outcome by its 

corresponding probability and then adding these products. 
For example, Table 2 provides the probability model for 

rolling a fair six-sided die. The expected value, FE (x), is 





1 1 
+ Set 6S 
6° 6 


E(x) = 1st 2% + 3 4: = 3.5 


On| rR 


1 1 1 
.— .— e— + 
6 6 6 








When a fair die is rolled repeatedly, the average of the 
outcomes will approach 3.5. 

Mega Millions is a multistate lottery in which a player 
selects five different “white” numbers from 1 to 70 and one 
“gold” number from 1 to 25. The probability model shown in 
Table 3 lists the possible cash prizes and their corresponding 
probabilities. 


1. 
2 


Verify that Table 3 is a probability model. 


To win the jackpot, a player must match all six numbers. 
Verify the probability given in Table 3 of winning the 
jackpot. 
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Table 2 Table 3 For questions 3-6, assume a single jackpot winner so that the 


Outcome Probability Cash Prize Probability jackpot does not have to be shared. 


Jackpot 0.00000000330 3. If the jackpot is $40,000,000, calculate the expected cash 


prize. 
$1,000,000 HOCUS Meee 4. Ifa ticket costs $2, what is the expected financial result 
$10,000 0.00000107411 from purchasing one ticket? Interpret (give the meaning 
of) this result. 
5. If the jackpot is $250,000,000, what is the expected 
$200 0.00006874270 cash prize? What is the expected financial result from 
$10 0.00309316646 purchasing one $2 ticket? Interpret this result. 





$500 0.00002577851 





6. What amount must the jackpot be so that a profit from 
one $2 ticket is expected? 


$2 0.02702702703 7. Research the Powerball lottery, and create a probability 
$0 0.95854817351 model similar to Table 3 for it. Repeat questions 3-6 for 
Powerball. Based on what you have learned, which lottery 
would you prefer to play? Justify your decision. 


$4 0.01123595506 








1 
6 
1 
6 
1 
6 
1 
6 
1 
6 
1 
6 


The following projects are available at the Instructor’s Resource Center (IRC): 


II. Project at Motorola Probability of Error in Digital Wireless Communications Transmission errors in digital communications can 
often be detected by adding an extra digit of code to each transmitted signal. Investigate the probability of identifying an erroneous 
code using this simple coding method. 





II. Surveys Polling (or taking a survey) is big business in the United States. Take and analyze a survey; then consider why different 
pollsters might get different results. 


IV. Law of Large Numbers The probability that an event occurs, such as a head in a coin toss, is the proportion of heads you expect in 
the long run. A simulation is used to show that as a coin 1s flipped more and more times, the proportion of heads gets close to 0.5. 


V. Simulation Electronic simulation of an experiment is often an economical way to investigate a theoretical probability. Develop a 
theory without leaving your desk. 
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A Preview of Calculus: 
The Limit, Derivative, and 


Integral of a Function 


Thomas Malthus on Population Growth 


In the late 1700s, the British economist Thomas Malthus presented a report that criticized 
those who thought that life was going to continue to improve for humans. Malthus put his 
report together quickly and titled it An Essay on the Principle of Population as it Affects the 
Future Improvement of Society, with Remarks on the Speculations of 
Mr. Godwin, M. Condorcet, and Other Writers. 

Malthus argued that because the human population tends to increase 
geometrically (1, 2, 4, 16, and so on) and that food supplies will likely 
only increase arithmetically (1, 2, 3, 4, and so on), populations will 
naturally be held in check due to food shortages. Malthus also suggested 
that there are other checks on population growth (and he considered 
these natural and a good thing). Nonetheless, he was concerned that 
poverty is inevitable and will continue. 

Malthus used historical data to suggest that population growth has 
been doubling every twenty-five years in the United States (still in the 
early stages of development back in the late 18th Century). Malthus 
surmised that the youth of the country along with the vast amount of 
areas conducive to farming would lead to a birth rate that exceeded 
most countries in the world. 

Malthus believed there are two “checks” that control the population 
growth. One type are called preventative checks—these are checks that 
decrease the birth rate. The second type are called positive checks—these are checks that 
increase the death rate. Positive checks include war, famine, and natural disasters. Malthus 
believed that fear of famine was a major reason the birth rate may decrease. After all, who 
would want to have a child knowing the child may suffer from hunger, or worse, starvation? 


| eRe iy, 














— See Chapter Project I— 


In this text we have studied a variety of functions: polynomial functions (including linear and 
quadratic functions), rational functions, exponential and logarithmic functions, trigonometric 
functions, and the inverse trigonometric functions. For each of these, we found their domain 
and range, intercepts, symmetry, if any, and asymptotes, if any, and we graphed them. We also 
discussed whether these functions were even, odd, or neither and determined on what intervals 
they were increasing and decreasing. We also discussed the idea of their average rate of change. 


In calculus, other properties are discussed, such as finding limits of functions, determining 
where functions are continuous, finding the derivative of functions, and finding the integral of 
functions. In this chapter, we give an introduction to these properties. After you have completed 
this chapter, you will be well prepared for a first course in calculus. 
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14.1 Investigating Limits Using Tables and Graphs 


PREPARING FOR THIS SECTION Before getting started, review the following: 
e Piecewise—defined Functions (Section 2.4, pp. 91-93) 
\ Now Work the ‘Are You Prepared?’ problems on page 894. 


OBJECTIVES 1 Investigate a Limit Using a Table (p. 891) 
2 Investigate a Limit Using a Graph (p. 893) 





The Idea of a Limit 


The idea of a limit of a function is what connects algebra and geometry to the 
mathematics of calculus. In working with the limit of a function, we encounter 
notation of the form 


ee CL 


This is read as “the limit of f(x) as x approaches c equals the number N.” Here f is 


c ; ; _ 
z Need to Review? - a function defined on some open interval containing the number c. However, f need 
- Interval notation is discussed not be defined at c. 
in Section A.9, pp. A72-A74. The meaning of lim f(x) = N may be described as follows: 
‘2 x—C 


For all x approximately equal to the number c, with x ¥ c, the corresponding 
value of f is approximately equal to the number N. 


Another description of lim f(x) = N is 


As x gets closer to c, but remains unequal to c, the corresponding value of f 
gets closer to N. 


1 Investigate a Limit Using a Table 


Tables generated with the help of a calculator are useful for investigating limits. 


| €XAMPLE1 | Investigating a Limit Using a Table 


Investigate: lim (5x7) 


Solution Here f(x) = 5x? andc = 3. Choose a value for x close to 3, such as 2.99. Then select 
additional numbers that are closer to 3 but remain less than 3. Next choose values 
of x greater than 3, such as 3.01, that get closer to 3. Finally, evaluate f at each choice 
to obtain Table 1. 


Table 1 299 2.999 29999 — 3 < 3.0001 3.001 3.01 


44.701 44.970 44997 — <— 45.003 45.030 45.301 





From Table 1, as x gets closer to 3, the value of f(x) = 5x* appears to get closer 
to 45. This suggests that 


. 2. — 
lim (Sx*) = 45 =I 
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Table 2 When choosing the values of x in a table, the number to start with and the 
subsequent entries are arbitrary. However, the entries should be chosen so that the 
table makes it clear what number the value of f is approaching. 


Ea COMMENT Aoraphing utility with a TABLE feature can be used to generate the entries. Table 2 shows 
the result from Example 1 using a TI-84 Plus C graphing calculator. g 


ommemmm=me- Now Work PROBLEM 7 


| EXAMPLE 2 ~ Investigating a Limit Using a Table 


2 
X ——— 
Investigate: (a) lim 

g (a) lim" 








(b) lim (xe = 2) 
x? — 4 
5 eee 
is not defined at 2. Choose values of x close to 2 on both sides and evaluate f at 
each choice, as shown in Table 3. 


Solution (a) Here f(x) = 





and c = 2. Notice that the domain of f is {x|x ¥ 2},sof 


Table 3 is) (ees (eek 5 2S = Sty Si 2h 


3:99 3.990) (3.9999 -— <— 4.0001 4.001 4.01 











2 
— 4 
Table 3 suggests that as x gets closer to 2, the value of f(x) = : = gets closer 
to 4. That is, 
2 
= 
li = 4 
= 5 ee 


(b) Here g(x) = x + 2andc = 2. The domain of g is all real numbers. See Table 4. 


Table 4 x 199 1999 19999 > 2 <— 2.0001 2.001 2.01 
g(x) =x+2 Shek) 3:999) 3.9999) > <— 4.0001 4.001 4.01 
Table 4 suggests that as x gets closer to 2, the value of g(x) gets closer to 4. That is, 
lim(x +2) =4 
y—2 ( ) al 





The conclusion that lim (x + 2) = 4could be obtained without Table 4; as x gets 


closer to 2, it follows that x + 2 gets closer to2 + 2 = 4. 
Also, for part (a), you are right if you make the observation that for x # 2, 


x — 4 meee (x + 2) _ 





= = +2 A 2 
f(x) Y_2 a x x 
Therefore, 
2 
=A 
lim ~ = lim(x +2) =4 
C2 x2 


Let’s look at an example for which the factoring technique used above does 
not work. 
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| EXAMPLE 3 © Investigating a Limit Using a Table 


sin x 





Investigate: lim 
x0 X 


sin x 





Solution First, observe that the domain of the function f(x) = is {x|x # 0}. Usea 


calculator to create Table 5, where x is measured in radians. 


Table5 =| x(radians) = —0.03  —0.02 —0.01 > 0<— 001 0.02 0.03 


f(x) = sin x 099985 10:39993 0:99998: > — << 08999987 0'99993) 0299965 
x 








sin 
Tabl hat li = ls 
able 5 suggests that im — J 


2 Investigate a Limit Using a Graph 
The graph of a function f can also be of help in investigating limits. See Figure 1. In 
each graph, notice that as x gets closer to c, the value of f gets closer to the number WN. 
This suggests that 
lim f(x) = N 


XC 


This is the conclusion regardless of the value of f at c. In Figure 1(a), f(c) = N, and 
in Figure 1(b), f(c) # N. Figure 1(c) suggests that lim f(x) = N, even if f is not 
defined at c. we 





Xie 6 HEX X X= 6 =X X 
f(c) = N; lim f(x) = N f(c) ~ N; lim f(x) = N f(c) not defined; lim f(x) = N 
X~+C X—C X=C 


(a) (b) (c) 
Figure 1 


Investigating a Limit by Graphing 





y 3x —2 tx #2 
I tigate: li if = 
nvestigate lim f(x) if f(x) . — 
6 
Solution The function f is a piecewise-defined function. Its graph is shown in Figure 2. The 
4 ‘ — 
| raph suggests that lim f(x) = 4. 
E. 5 graph sugg lim f(x) -l) 
2 


Notice in Example 4 that the value of f at 2—that is, f(2) = 3—plays no role in 





the conclusion that lim f(x) = 4. In fact, even if f were undefined at 2, it would still 


_9 be the case that lim f(x) = 4. 


Figure 2 orm NOW Work PROBLEMS 17 AND 23 
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Sometimes there is no single number that the values of f approach as x gets 
closer to c. In this case, we say that f has no limit as x approaches c or that lim f(x) 
does not exist. —_ 


| EXAMPLE5 | A Function That Has No Limit at 0 


x ifx <0 
I igate: li if = 
nvestigate lim f(x) if f(x) . ifx >0 


Solution See Figure 3. As x gets closer to 0 but remains negative, the value of f also gets closer 
to 0. As x gets closer to 0 but remains positive, the value of f always equals 1. Since 
there is no single number that the values of f are close to when x is close to 0, we 
conclude that lim f(x) does not exist. lf 





Figure 3 f(x) = o ae ovmmm=s=-Now Work PROBLEM 37 


“ted | EXAMPLE 6 Using a Graphing Utility to Investigate a Limit 


_ x — 2x* + 4x - 8 
Investigate: hm «j~——__,——— 
ae Ae a a 


Solution Table 6 shows values of the rational expression for x close to 2. The table suggests that 


3 2 

— 2x2 + 4x — 8 
lim —-——, —— = 0.889 
ate OS ON ae 


Table 6 


oO 
| eal 


bit 
15 

1.4 
1.5995 
1,999 
1.9999 
2.0001 
2.8 

2.0 
24 
2.5 





¥iBlx?-2x*+4x-3 ) /(x'-2K74+K- if 


ommem=_m-Now Work PROBLEM 43 


In the next section, we will see how algebra can be used to obtain exact limits 
of functions. 


14.1 Assess Your Understanding 


‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


oP eae: ix #2 x x= 0 
1. h = .91- 2. lf = hat is f(0)? (pp. 91-93 
Graph f(x) . fy = 2 (PP. 91-93) f(x) . ey > Whatis f(0)? (pp ) 
Concepts and Vocabulary 
3. The limit of a function y = f(x) as x approaches c is 5. True or False lim f(x) = N may be described by saying 
denoted by the symbol ; that the value of f(x) gets closer to N as x gets closer to c 


4. If a function f does not approach a single number as x but remains unequal to c. 


approaches c, then we say that lim f(x) 


6. True or False lim f(x) exists and equals some number for 


any function f as long as c is in the domain of f- 


Skill Building 


SECTION 14.1 Investigating Limits Using Tables and Graphs 


In Problems 7-16, use a table to investigate the indicated limit. 


™\ 7 lim (4x°) 
2 
11. lim =—“ 
xd XO 


cosx — 1 





15. lim 


x—0 


, X in radians 











+1 

8. lim(2x2 + 1) 9%. lim = 

x3 nox + 1 

2 
= 

12. lim = 13. lim(e* + 1) 

x3 x — 3x x0 
16. lim Las in radians 


In Problems 17-22, use the graph shown to investigate the indicated limit. 


N17. lim f(x) 


18. 


lim f(x) 





2 _ 
10. lim —— 
x>0x° + 4 
14, lim =o 


19. lim f(x) 





In Problems 23-42, graph each function. Use the graph to investigate the indicated limit. 


Ng 23. 


26. 


lim f(x), f(x) =3x+1 


29. lim f(x), f(x) = sinx 


Aa 2 


32. lim f(x), f(x) = Inx 


lim f(z), flx) = -1 


x? ix” 0 
: li — 

35 lim f(x), f(x) oa ix 0 
\ - _ 3x tx 1 
_ 37. lim f(x), f(x) x+1 ifx>1 

xX ifx < 0 

x 3x ifx > 0 
| — Jsinx ifx <0 
Al. lim f(x), f(x) = e ifx > 0 


24. 


27. 


30. 


33. 


lim f(x), f(x) =2x-1 25. lim f(x), f(x) =1—- x 
lim f(x), f(x) = [2x 28. lim f(x), f(x) = 3Vvx 
lim f(x), f(x) = cosx 31. lim f(x), f(x) =e 
d. 1 
dim f(x), fx) => ot Ds PE) = 8 
| _ jet itee0 
Oras ae) - —1 ifr=0 
__ ee ix 2 
ee ee ae oa —1 ifx>2 
; i ae 0 
as ee ‘| ‘ : 0 
_ je ifx > 0 
fy ae ae ‘< —x ifx <0 


i In Problems 43-48, use a graphing utility to investigate the indicated limit. Round answers to two decimal places. 


— xe —x*+%-1 
x1 x" —x° + 2x -—2 


\ 43. 


— x — x2 + 3x -— 3 
————— — 
x71 x° + 3x -—4 


46. 


‘Are You Prepared?’ Answers 


1. See Figure 2 on page 893. 


44. 


47. 


+77 4+ 3x43 


lim a aa 45. 
x>-1x° 4+ x° +2x4+2 

Pa Di a 
tim e—— — — 48. 


eg ee Oe ee es 


2. f(0) = 0 


x? — 2x* + 4x — 8 


lim 5 

ae x*-+x-6 

— x2 — 3x2 + 4x -— 12 
lim 


x33 xt — 33° + x -—3 
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14.2 Algebraic Techniques for Finding Limits 


PREPARING FOR THIS SECTION Before getting started, review the following: 
e Rationalize a Numerator (Section A.10, pp. A85—A86) e Average Rate of Change (Section 2.3, pp. 79-81) 


\ Now Work the ‘Are You Prepared?’ problems on p. 901. 


OBJECTIVES 1 Find the Limit of a Sum, a Difference, and a Product (p. 897) 
2 Find the Limit of a Polynomial (p. 898) 
3 Find the Limit of a Power or a Root (p. 899) 
4 Find the Limit of a Quotient (p. 900) 
5 Find the Limit of an Average Rate of Change (p. 901) 





In Section 14.1, we investigated limits using tables and graphs, and stated that algebra 
can sometimes be used to find the exact value of a limit. We state, without proof, two 
basic limits and several properties of limits. 


( THEOREM The Limit of a Constant 


In Words —_ | If f(x) = A, where A is a constant, then for any real number c, 
The limit of a constant is the 
constant. ; 





lim f(x) = lim A = A (1) 


( THEOREM The Limit of the Identity Function 





i 


| If f(x) = x, then for any real number c, 


d lim f(x) = limx =c¢ (2) 


J 







In Words 
The limit of x as x approaches c 
(sees 


Since the graph of a constant function is a horizontal line, it follows that no 
matter how close x is to c, the corresponding value of f equals A. That is, lim A = A. 
See Figure 4. a 

See Figure 5. For any number c, as x gets closer to c, the corresponding value 
of f is x, which is just as close to c. That is, lim x = c. 

xXx—>C 





Figure 4 Figure 5 
limA=A lim x =cC 
x>c x>c 


| EXAMPLE 1 ~ Using the Two Basic Limits 


‘ = : _ ; 7 _ ow 
(@) Him5=5 (6) ime=3 () fim(-8)=—-8 @ mr —> 


emu Now Work PROBLEM 9 
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Formulas (1) and (2), when used with the properties that follow, enable us to find 
limits of more complicated functions. 


1 Find the Limit of a Sum, a Difference, and a Product 


In the following properties, we assume that f and g are two functions for which both 
lim f(x) and lim g(x) exist. 


In Words ( THEOREM Limit of a Sum 


The limit of the sum of two 
functions equals the sum of a lim [ f(x) + g(x) ] = lim f(x) + lim g(x) 
xc XC KC 


their limits. 





J 
| EXAMPLE 2 | Finding the Limit of a Sum 


Find: jim (x + 4) 


Solution = The limit involves the sum of two functions: f(x) = x and g(x) = 4. From the basic 
limits (1) and (2), 


lim f(x) = = jim x = = -3 and lim, g(x) = lim, 4 = 4 


Then using the Limit of a Sum theorem, it follows that 


, i = 4 ea oe ee 
jim. (x + 4) jim x jim + 3+4=1 J 

In Words ( THEOREM Limit of a Difference 

The limit of the difference of 

two functions equals the = _ 4: _ 4: 

difference of their limits. y ea?) g(x) | rare me g(x) 





J 
| EXAMPLE 3 © Finding the Limit of a Difference 


Find: lim (6 ae 


Solution = The limit involves the difference of two functions: f(x) = 6 and g(x) = x. Using 
the two basic limits, 


lim f(x) = lim 6 = 6 and lim g(x) = lim x = 4 


Then using the Limit of a Difference theorem, it follows that 





lim(6 — x) = fim 6 ~ lim = 6-4=2 ol 
In Words ( THEOREM Limit of a Product 
The limit of the product of two | 
functions equals the product lim[ f(x) + g(x) |] = [lim f(x) | [lim g(x) | 
of their limits. y | = = a | J 


| EXAMPLE 4 Finding the Limit of a Product 


Find: jim (— 4x) 
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Solu 


tion 


The limit involves the product of two functions: f(x) = —4and g(x) = x. 


lim f(x) = lim (—4) = —4 and lim. g(x) = lm x= -5 


x—--5 x—-5 x5 


Now using the Limit of a Product theorem, 


Jim (—4x) = [ lim (4) ][ lim x] = (-4) (-5) = 20 J 


5 


| EXAMPLE 5 ~ Finding Limits Using Algebraic Properties 


Solu 


tion 


Find: (a) lim, (3x ee), (b) lim (Sx) 
(a) pe 7 >) 7 pe 7 aS 7 [ fim, | Pu 7 Ce 
= 3-(-2) -5=-6-5=-11 
(b) lim (5x°) = [lim 5] [lim x°] = 5 lim (x-x) = 5[lim x] [lim x] 
= 5-2-2 = 20 - 


o_mmmm__==-Now Work PROBLEM 15 


Notice in the solution to part (b) that lim (52) Soe 


( THeoreM Limit of a Monomial 
Ifn = 1 1s an integer and a is a constant, then for any real number c, 


Xz 


J 














Proof jim (ax”) = [lim a][lim x”] = a[lim («-x-x-...-x)] 
X—C X—C X—#C X—#C | a J 
n factors 
= allim x][lim x|[lim x]... [lim x] Limit of a Product 
XC X—¥C XE XC 
n factors 
=a-c:c:c:...:c=ac" limx = c 
e x—c 
n factors 7 


| EXAMPLE 6 Finding the Limit of a Monomial 


Solution 


In Words 

To find the limit of a polynomial 
as x approaches c, evaluate 

the polynomial at c. 


y 


Find: lim (—4x°) 
1 — 3 = — ° 3 = — ° = — 
lim ( 4x?) 4-2 4°8 a2 JJ 


2 Find the Limit of a Polynomial 


Since a polynomial is a sum of monomials, we use the Limit of a Monomial and the 
Limit of a Sum repeatedly to prove the following theorem: 


( THEOREM Limit of a Polynomial 


If P is a polynomial function, then 


| lim P(x) = P(c) 


for any number c. J 


SECTION 14.2 Algebraic Techniques for Finding Limits 899 
Proof If Pis a polynomial function —that is, if 
P(x) = a,x" + adyyx™ 1 +--+ + ax + a 
then 
limP(x) = lim[a,x" + a,x"! + +--+ ax + ag] 
XC XC 
= lim(a,x") + lim(a,_;x” !) +--+ + lim(a,x) + lim ap 
XC XC XC XC 
=60°R G40 PA e+ aw 


= P(c) 7 


| €XAMPLE7 | Finding the Limit of a Polynomial 


Find: lim [ 5x" — 6x? + 3x? + 4x - 2] 


Solution lim [ Sx" — 6x? + 3x7 + 4x — 2) =5-27- 6-27 43-2 +4-2-2 
= 5-16—-6:8+3:4+8-2 
= 80 — 48 + 12 +6 = 50 J 


ommmm__mm=- Now Work PROBLEM 17 


3 Find the Limit of a Power or a Root 


( THEOREM Limit of a Power or a Root 


If lim f(x) exists and ifm = 2 is an integer, then 


lim [f(x) ]” = [lim f(x) |" 


Nima 


and 


in V7) = v/tim F09 


provided f(x) > Oif 7 is even. 





J 


Look carefully at the Limit of a Power or a Root properties and compare 
each side. 


WESLUIEEMD Finding the imitofaPoweroraRoot. —=—=—=~=~CS~*~*~S~S 
Find: (a) lim(3x—5)* — (b) lim V5x7 + 8 (c) lim (Sx? — x + 34 
Solution (a) lim (3x — Se [ lim (3x — 5) |* = (-2)* = 16 
(b) lim V5x? + 8 = \/lim (5x? +8) = V8 = 2V2 
(c) lim (5x9 — x + 3)*? = Wi/lim, (Se ~ x + 3)4 
= \3/[ lim (5x7 - x + 3) }* = W(-1)' = V1 = ij 


ormummm=-Now Work PROBLEM 27 


900 CHAPTER 14 A Preview of Calculus: The Limit, Derivative, and Integral of a Function 


4 Find the Limit of a Quotient 


( THEOREM Limit of a Quotient 
In Words 
The limit of the quotient of two im 
functions equals the quotient aes 
of their limits, provided that the 


limit of the denominator is r provided that lim f(x) and lim g(x) both exist, and lim g(x) # 0. 


fe), 7 lim f(x) 


g(x) J] lim g(x) 





NOt ZEK0. 





SS 
| EXAMPLES ~ Finding the Limit of a Quotient 


a = ED 
Find: lum ————— 
= mar 3x + 4 


Solution — The limit involves the quotient of two polynomial functions: f(x) = 5x° — x + 2 
and g(x) = 3x + 4. First, find the limit of the denominator g(x). 
limg (x) _ lim (3x +4) =7 
Since the limit of the denominator is not zero, use the Limit of a Quotient. 
Sei +2 _ jim(Gr —* #2) 6 
x>1 3x+4 lim (3x + 4) 7 4 


omm=m==-Now Work PROBLEM 25 


When the limit of the denominator is zero, the Limit of a Quotient cannot be 
used. In such cases, other strategies are needed. Let’s look at two examples. 


| EXAMPLE 10 — Finding the Limit of a Quotient 


2 
, == 6 Vn = V3 
Find: hi —= = b) ine——— 
a es 
Solution (a) The limit of the denominator equals zero, so the Limit of a Quotient cannot be 
used. Instead, notice that the expression can be factored as 


LO ee oe) 
x7 — 9 (eo Se 3) 
When computing a limit as x approaches 3, we are interested in the values of 


the function when x is close to 3 but unequal to 3. Since x ¥ 3, we can cancel 
the (x — 3)’s. Then, the Limit of a Quotient can be used. 


fim TES oj AST +2) _ BET 
x3 x7 — 9 x3 ees (x + 3) lim (x Oo) © 
(b) Again, the limit of the denominator is zero. The strategy here is to rationalize the 
numerator. 
VE= NS NES NS VE NS. = 3 7 1 
x-3 x-3 Vi + V3 4 (x -3)(Ve+ V3) Vet V3 


x ~ 3 
Now since the limit of the denominator is not equal to zero, we can use the Limit 
of a Quotient. 


Vx — V3 1 ae 1 i 
lim ——— = lim 


mix 3 mave+ V3 lim(Ve+ V3) V34V3 V3 6 


LIS 
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| EXAMPLE 11 ~ Finding Limits Using Algebraic Properties 


3 2 
— 2x° + 4x -— 8 
Find: lm _ 
i he Soe a 
Solution The limit of the denominator is zero, so the Limit of a Quotient cannot be used. 
Factor the expression, and simplify. 
P= ta-8 £42) PARK 2) te) a2) 
x4 — 2x3 +x-2 , P(x -—2) + 1(x - 2) (x? + 1) (x - 2) 


I 


Factor by grouping 


Then 
x — 2x* + 4x -— 8 (ee + 4)fe—Z2y 8 
lim = = lim a a ar =z 
E>2 XD + KOH 2 282 (x + 1 lee 9 dl 
Compare the exact solution above with the approximate solution found in 
Example 6 of Section 14.1. 


oommm_m=-Now Work PROBLEM 37 


5 Find the Limit of an Average Rate of Change 


| EXAMPLE 12 | Finding the Limit of an Average Rate of Change 


Find the limit as x approaches 2 of the average rate of change of the function 
f(x) =x? + 3x 
from 2 to x. 


Solution ‘The average rate of change of f from 2 to x is 


f(x) -f() | (x? + 3x) -— 10 — (x +5) (x - 2) 
Ca 7 » 7 Ne 
The limit of the average rate of change is 
f(z) = #2) _ (2 43x) -10_ | (x t5) ay 
m2 x2 ro0U ak 2g t—“ tid 


ormemme=-Now Work PROBLEM 43 


SUMMARY 


To find exact values for lim f(x), try using basic limits and algebraic properties 
of limits. -_ 


If f is a polynomial function, lim f(x) = f(c). 


If f is a polynomial raised to a power or is the root of a polynomial, use the Limit of a 
Power or a Root with the Limit of a Polynomial. 


If f is a quotient and the limit of the denominator is not zero, use the Limit of a Quotient. 


If f is a quotient and the limit of the denominator is zero, try other techniques, such as 
factoring. 





14.2 Assess Your Understanding 


‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 
Vx —- V5 


y= 5 





1. Find the average rate of change of f(x) = x*from2tox. 2. Rationalize the numerator of the quotient: 
(pp. 79-81) (pp. A85—-A86) 
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Concepts and Vocabulary 


3. The limit of the product of two functions equals the of 6. True or False The limit of a polynomial function as x 
their limits. approaches 5 equals the value of the polynomial at 5. 
Atma = 7. True or False The limit of a rational function at 5 equals the 
xe = value of the rational function at 5. 
5. lim Me 8. True or False The limit of a quotient equals the quotient of 
the limits. 


Skill Building 
In Problems 9-42, find each limit algebraically. 























NX 9. lim 5 10. lim (—3) 11. lim x 12. lim, x 
13. lim, (5x) 14, lim (—3x) X15. lim (3x + 2) 16. lim (2 — 5x) 
N17. lim, (3x° — 5x) 18. lim (8x° — 4) 19. lim (Sx — 3x7 + 6x — 9) 
20. lim (8x° — 7x9 + 8x7 + x — 4) 21. lim (x? + 1)° 22. lim (3x — 4)? 
. \ OO sa" _ 3x +4 
236 im W5x% 4 24, lim V1 = 2x » 25. lim 26. lim 
x1 x0 x0 x7 +4 x2 x77 + x 
\ 5/2 5/3 oe — x +x 
¢ 27. lim (3x — 2) 28. lim (2x + 1) 29. lim 30. lim 
x2 x—-1 x2 x2 — 2x x—-1 x2 — | 
ae = 2 a = 3 4 _ 
‘1, ine .. ine 33, lim*—+ ‘4. ine ——— 
x—>-3 re) yo 3 7? bOy 3 x-1 x-—1 x1 x—1 
aa Oh oe a Ce ee 2 Bap 
35, lim S21) 36. lim ——* N37 tim EAS 5g, tim SS 
rool YS. el yO = 4h a2 xr xX. = 6 oak A a oy Sat 
3 fi 2 fi : 2 at = _ = 
0 ime te te, gp ie Ee og y WW ieee 
x1 x4 + 4+ 2x +2 x3 x4 — 3x7 +x -3 2. ee ce MS 


In Problems 43-52, find the limit as x approaches c of the average rate of change of each function from c to x. 





N43. ¢ = 2: f(x) = 5x -3 44. c= —-2; f(x) =4- 3x 45. c= 3; f(x) =x 
46.c = 3; f(x) =x 47, c=-1; f(x) =x? + 2x 48. c=—-1; f(x) = 2x? - 3x 
49.c=0; f(x) = 3x - 2x* +4 50. c=0; f(x) = 4° -— 5x +8 

1 1 
§l.c=1; f(x) == 5Z..c=1, f(4) == 
x x 
Applications and Extensions 
In Problems 53-56, use the properties of limits and the facts that 
=] 
lim ——~ =1 lim —"——. = 0 lim sinx = 0 lim cos x = 1 
x0 xX x0 x x>0 x0 


where x is in radians, to find each limit. 








sin (2x 
53, lim “=~ 54, lim 
x0: X x0 Xx 
[Hint: Use a Double-angle Formula. ] 
3sinx + = sin’ x + sinx(cosx — 1 
ae Fae 56. lim sin’ x + sinx(cosx — 1) 
x0 4x x0 x2 


‘Are You Prepared?’ Answers 


(A= 2) xe 2) 1 


1. 2..—= 
G=2 Vx + V5 
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14.3 One-sided Limits; Continuity 


PREPARING FOR THIS SECTION Before getting started, review the following: 


Library of Functions (Section 2.4, pp. 86-90) e Properties of the Exponential Function 
Piecewise-defined Functions (Section 2.4, pp. 91-93) (Section 5.3, pp. 284 and 286) 

Polynomial Functions (Section 4.1, pp. 175-186) e Properties of the Logarithmic Function 
Properties of Rational Functions (Section 5.4, p. 298) 

(Section 4.3, pp. 198-205) e Properties of the Trigonometric Functions 
The Graph of a Rational Function (Section 6.4, pp. 408 and 410, and Section 6.5, 
(Section 4.4, pp. 209-219) pp. 422-426) 


%\ Now Work the ‘Are You Prepared?’ problems on page 907. 


OBJECTIVES 1 Find the One-sided Limits of a Function (p. 903) 
2 Determine Whether a Function Is Continuous at a Number (p. 905) 





1 Find the One-sided Limits of a Function 
Earlier we described lim f(x) = N by saying that as x gets closer to the number c 


but remains unequal to c, the corresponding values of f get closer to the number N. 
Whether we use a numerical argument or the graph of the function f, the variable x 
can get closer to c in only two ways: by approaching c from the left, using numbers 
less than c, or by approaching c from the right, using numbers greater than c. 

If we approach c from only one side, we have a one-sided limit. The notation 


is called the left-hand limit. It is read “the limit of f(x) as x approaches c from the 
left equals L” and may be described by the following statement: 








In Words 
xX —> c” means x is approaching c As x gets closer to c, but remains less than c, the corresponding value of f gets 
from the left, sox <c. A closer to L. 
The notation x > c_ is used to remind us that x is less than c. 
The notation 

is called the right-hand limit. It is read “the limit of f(x) as x approaches c from the 

right equals R” and may be described by the following statement: 
In Words 


As x gets closer to c, but remains greater than c, the corresponding value of f 
gets closer to R. 


x —> Cc" means x is approaching c 


from the right, so x > c. | 





The notation x — c* is used to remind us that x is greater than c. 
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Figure 6 illustrates left-hand and right-hand limits. 





x<0 
lim f(xy= L 
X= 
Figure 6 (a) (b) 
The left-hand and right-hand limits can be used to determine whether lim f(x) 
exists. See Figure 7 xc 





i aS 


C X 


lim F(x) # lim f(x) 


X=+C X=ct 


(b) 





Figure 7 
As Figure 7(a) illustrates, lim f(x) exists and equals the common value of the 


left-hand limit and the right-hand limit (L = R). In Figure 7(b), we see that lim f(x) 
does not exist because L # R. This leads to the following result. 


( THEOREM 


The limit L of a function y = f(x) asx approaches a number c exists if and only 
if both one-sided limits exist at c and are equal. That is, 
lim f(x) = Lifand only if lim f(x) = lim f(x) = L 


J 


Collectively, the left-hand and right-hand limits of a function are called one-sided 
limits of the function. 





Finding One-sided Limits of a Function 


For the function 
2x -1 ifx<2 


f(x) =41 ifx = 2 
H=2. We eZ 
find: (a) lim f(x) (b) Him fle) (©) lim Fx) 


Solution _—_ Figure 8 shows the graph of f. 
(a) To find iim. f(x), look at the values of f when x is close to 2 but less than 2. 
Since f(x) = 2x — 1 for such numbers, we conclude that 
tim f(x) = tim (2x 13 
(b) To find iim, f(x), look at the values of f when x is close to 2 but greater than 2. 


Since f(x) = x — 2 for such numbers, we conclude that 


lim, f(x) _ lim, (2 — 2) =0 





(c) Since the left and right limits are unequal, lim f(x) does not exist. J 


Figure 8 


eum NOw Work PROBLEMS 21 AND 35 
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2 Determine Whether a Function Is Continuous at a Number 


We have observed that f(c), the value of the function f at c, plays no role in 
determining the one-sided limits of f at c. What is the role of the value of a 
function at c and its one-sided limits at c? Let’s look at some of the possibilities. 
See Figure 9. 








lim f(x) = lim f(x), so lim f(x) exists; lim f(x) = lim f(x), so lim f(x) exists; lim f(x) = lim f(x), so lim f(x) exists; 
X=+C” X=ct X+C x=" xe ot x*¢ = C7 x+ct X+C 
lim f(x) = f(c) lim f(x) A f(C) f(c) is not defined 
X~C X=C 
(a) (b) (c) 
y y 
y= T(x) 
y = T(x) 
C X C X 
lim f(x) © lim f(x), so lim f(x) does not exist; lim f(x) © lim f(x), so lim f(x) does not exist; lim f(x) = f(c) ¥ lim f(x), 
X=C” X#ct XC X+C” xamict X=C X=C xc 
f(c) is defined f(c) is not defined so lim f(x) does not exist; f(c) is defined 
X+C 
(d) (e) (ff 


Figure 9 


Much earlier in this text, we stated that a function f is continuous if its graph 
could be drawn without lifting pencil from paper. Figure 9 reveals that the only graph 
that has this characteristic is the graph in Figure 9(a), for which the one-sided limits 
at c each exist and are equal to the value of f at c. This leads us to the following 
definition. 


 DeFINITION A function f is continuous at c if and only if 
e f is defined at c; that is, c is in the domain of f so that f(c) equals a number. 
e lim f(x) = f(c) 
elim, f(x) = f(c) 


In other words, a function f is continuous at c if and only if 


lim f(x) = f(c) 


If f is not continuous at c, we say that f is discontinuous at c. Each function whose 
graph appears in Figures 9(b) to 9(f) is discontinuous at c. 


=) 


ovmmmmmm- Now Work PROBLEM 27 


Look again at the Limit of a Polynomial theorem on page 898. Based on the 
theorem, we conclude that a polynomial function is continuous at every number. 

Look at the Limit of a Quotient theorem on page 900 and suppose f and g are 
polynomial functions. We conclude that a rational function is continuous at every 
number, except any numbers at which it is not defined. At numbers where a rational 
function is not defined, either a hole appears in the graph or else an asymptote appears. 
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| EXAMPLE 2 | Determining the Numbers at Which a Rational Function Is Continuous 


(a) Determine the numbers at which the rational function 
a 
R(x) = = 
(2) x? — 6x + 8 
is continuous. 
(b) Use limits to analyze the graph of R near 2 and near 4. 
(c) Graph R. 
LS 2 
(x — 2) (x — 4) 
R is a rational function and it is defined at every number except 2 and 4. We 


conclude that R is continuous at every number except 2 and 4, since 2 and 4 are 
not in the domain of R. 


Solution (a) Since R(x) = , the domain of Ris {x|x ~ 2,x # 4}. 


(b) To analyze the behavior of the graph of R near 2 and near 4, look at lim R(x) 
and lim R(x). ae 


e For lim R(x), we have 


x= 


Pe A 1 i) 
lim R(x) = lim ————*——- = I =—= 
i Rt) I geen = 4y Pea 2 





1 
As x gets closer to 2, the graph of R gets closer to — =. Since R is not 


1 
defined at 2, the graph will have a hole at (2 = 7) 


e For lim R(x), we have 


a SZ _— 
yO) Ga) ed 





Ifx < 4and x gets closer to 4, the value of 


A is negative and becomes 
unbounded; that is, lim R(x) = -o, 
xXx 





Ifx > 4 and x gets closer to 4, the value of 


a is positive and becomes 
unbounded; that is, lim, R(x) = Oo. 
x= 


Since |R(x)| — oo for x close to 4, the graph of R has a vertical asymptote 
atx = 4. 


(c) It is easiest to graph R by observing that if x ~ 2, then 


eT 1 


RO) Goyer 4) 4 





1 
Therefore, the graph of R is the graph of y = . shifted to the right 4 units with 


Figure 10 R(x) = 


Se ee 1 
x* - 6x + 8 a hole at (2 — >) See Figure 10. J 


oumemmee-Now Work PROBLEM 73 


The exponential, logarithmic, sine, and cosine functions are continuous at every 
number in their domain. The tangent, cotangent, secant, and cosecant functions are 
continuous except at numbers for which they are not defined, where asymptotes 
occur. The square root function and absolute value function are continuous at 
every number in their domain. The function f(x) = int(x) is continuous except for 
x = an integer, where a jump occurs in the graph. 

Piecewise-defined functions require special attention. 
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| EXAMPLE 3 ~ Determining Where a Piecewise-defined Function Is Continuous 


Determine the numbers at which the following function is continuous. 
a ifx = 0 
fix) =4x2+1 fO<7%=2 
S= ih 2a ee 3S 


Solution The “pieces” of f—thatis,y = x7, y = x + 1,andy = 5 — x,are each continuous for 
every number since they are polynomials. In other words, when we graph the pieces, 
we will not lift our pencil. When we graph the function f, however, we have to be 
careful, because the pieces change at x = 0 and at x = 2. So the numbers we need 
to investigate for f are x = O and x = 2. 


e Atx=0: f(0)=0=0 
lim f(x) = lim x* = 0 f(x) = x? if x 0 


lim f(x) = lim (x +1) = 1 f(x) =x+1if O<x<2 


x—>0* 
Since tim, f(x) A f(O), fis not continuous at x = 0. 
e Atx=2: f(2)=5-2=3 
lim f(x) = lim (x +1) =3 





2 tL. 
lim f(x) = lm (5-x) =3 
x ifx <0 fim, I ) a ) 


H(x)= 9x41 Be Bee So f is continuous at x = 2. 
5-x ife=x=5 The graph of f, given in Figure 11, demonstrates the conclusions drawn above. J 


oummmme-Now Work PROBLEMS 53 AND 61 


SUMMARY 


Library of Functions: Continuity Properties 
Function Domain Property 
Polynomial function All real numbers Continuous at every number in the domain 


P(X) Continuous at every number in the domain 
Rational function R (x) = O(x)’ {x|Q(x) # 0} Hole or vertical asymptote where R is 
P,Q are polynomials f undefined 


Exponential function All real numbers Continuous at every number in the domain 
Logarithmic function Positive real numbers Continuous at every number in the domain 
Sine and cosine functions All real numbers Continuous at every number in the domain 


Tangent and secant functions All real numbers, except Continuous at every number in the domain 


odd integer multiples of 5 Vertical asymptotes at odd integer multiples of 


Cotangent and cosecant All real numbers, except | Continuous at every number in the domain 
functions integer multiples of 7 Vertical asymptotes at integer multiples of 7 





14.3 Assess Your Understanding 


‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


x? xy =. 0 2. What are the domain and range of f(x) = In x? (p. 298) 


1. For the function f(x) =yx+1 if0<x <2, 3. True or False The domain of any exponential function 
Se i= f(x) = a‘, a > 0; a # 1, 1s all real numbers. (pp. 284, 286) 
find f(0) and f(2). (pp. 91-93) 
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4. Name the trigonometric functions that have asymptotes. 6. 
(pp. 408, 410, 422-426) 


5. True or False Some rational functions have holes in their 
graph. (pp. 209-219) 


Concepts and Vocabulary 


7. If we approach c from only one side, then we have a(n) 10. 
limit. 


11. 
8. The notation is used to describe the fact that 
as x gets closer to c but remains greater than c, the value 
of f(x) gets closer to R. 12. 
9. If lim f(x) = f(c), then f is at 


Skill Building 


x? — 9 ; 
A+ SD 
p(x) = x — 3 are equal. (pp. 198-201) 





True or False The functions R(x) = nd 


True or False For any function f, lim f(x) = lim f(x). 


True or False If f is continuous at c, then 
lim f(x) = f(c). 


True or False Every polynomial function is continuous at 
every real number. 





In Problems 13-32, use the accompanying graph of y = f(x). x 5 —6 y 

13. What is the domain of f? 14. What is the range of f? ! 4 

15. Find the x-intercept(s), if any, of f. 16. Find the y-intercept(s), if any, of f- ! (—4, 2) oa 6,2) 

17. Find f(—8) and f(-—4). 18. Find f(2) and f(6). ! 

19. Find lim f(x) 20. Find im. f(x). ‘ a. mf -2 2 4 6 Xx 
\ 21. Find jim _ f(x). 22. Find lim, f(x). ! “2 

23, Find lim f(x). 24, Find lim, f(x). = 

25. Does lim f(x) exist? If it does, what is it? 26. Does lim f(x) exist? If it does, what is it? 
X\ 27. Is f continuous at —4? 28. Is f continuous at —6? 29. Is f continuous at 0? 

30. Is f continuous at 2? 31. Is f continuous at 4? 32. Is f continuous at 5? 


In Problems 33-44, find the one-sided limit. 








33. lim, (2x 3} 34. lim (4 = 2% ) NX 35. lim_(2x° + 3%) 36. lim, (3x° = <6 ) 
gee ae ae 
37, lim. sinx 38. lim (3cosx) 39. lim 40. lim 
x1 /27 i— 7 x>2'*x —2 pL X= 
2 —— 2 2 
=] = oe = 2 oe 12 
41. lim ——— 42. lim ——; 43. lim, ———~ 44. lim ———~——* 
x>-1-93 + 1 x0 x4 4 x? c=” A oe x>-4~ x + Ax 


In Problems 45-60, determine whether f is continuous at c. 
































45. f(x) =x - 3x7 +2x-6 c=2 46. f(x) = 3x*-6x +5 c=-3 
ae eS is ae. 
47. [(%) = C= 3 oD ea C=2 ep c=3 
x 0 x? + 3x x” — 6x 
50. = = —6 51. — = 0 52. _ = 0 
f(x) == 2 f(x) = f(x) = —™ 
x? + 3x x? Ox 
ifx ~ 0 fx #0 
NX 53. f(x) = 7 = 3x as 54. f(x) = 4 x? + 6x sa = 
= 0 c=0 
it ifx = 0 2 ifx = 0 
3 2_6 
aie ifx ~ 0 = = ifx £0 
55. f(x) = 4 x* - 3x 56. f(x) = \ x° + 6x _ 
= 0 c=0 
=i ifx = 0 = ifx = 0 
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3 — 
x ify <1 ek ity <2 
x? — 1 5 toe 
57. f(x) = 42 ifx=1 c=1 58. f(x) = 42 ifx=2 c=2 
ifx >1 x ifx>? 
Ke y= 1 
2e* ifx < 0 3 cos x ifx < 0 
2 ifx =0 c=0 3 ifx=0 c=0 
59. f(x) = 4+ 2x2 60. f(x) = 5 e352 
— EO —>— ifx > 0 
x x 
In Problems 61-72, find the numbers at which f is continuous. At which numbers is f discontinuous? 
NX 6b. f(x) = 2x +3 62. f(x) =4— 3x 63. f(x) = 3x2 +x 64, f(x) = —3x3 +7 
65. f(x) = 4sinx 66. f(x) = —2cosx 67. f(x) = 2tanx 68. f(x) = 4cscx 
24S x7 —4 Dee, In x 
69. = 70. = 71. = 72. = 
fa) =a i) =a; f(x) =F f(x) =" 


In Problems 73-76, discuss whether R is continuous at each number c. Use limits to analyze the graph of R at c. Graph R. 














=| 3x + 6 
NX 2. R(x) = , c=-—landc=1 74. R(x) = _ . ¢=—Zande—2 
= 1 x —4 
x7 +x x? + 4x 
75. R(x) = 5 . ¢@¢= =—landc= 1 76. R(x) = ; , ¢=—4gneoc—]4 
x27 — 1 x= 16 


In Problems 77-82, determine where each rational function R is undefined. Determine whether an asymptote or a hole appears in the graph 
of R at such numbers. 


Say tx —] 34+ x7 + 3x43 3 — 2x7 + 4x — 8 

77, R(x) = 78. R(x) = 79. R(x) -__ Ss 
x" —x’°+2x-2 x*+x°+2x4+2 x-+x-6 

3 37 + 3x — 3 5 + 2x? + 3 — 3x2 + 4x — 12 

$0. R(x) = SS 1. Rie) = 82, R(x) - et ee 

x* + 3x —-—4 x'tx+2x4+2 x* -—3x°+x-3 


i For Problems 83-88, use a graphing utility to graph the functions R given in Problems 77-82. Do the graphs support the solutions found 
~ for Problems 77-82? 





Discussion and Writing 


89. Name three functions that are continuous at every real 90. Create a function that is not continuous at the number 5. 
number. 


‘Are You Prepared?’ Answers 
1. f(0) =0;f(2) =3 2. Domain: {x|x > 0}; range: {y|—co < y< wo} 3. True 


4. Secant, cosecant, tangent, cotangent 5. True 6. False 


14.4 The Tangent Problem; The Derivative 


PREPARING FOR THIS SECTION Before getting started, review the following: 
e Point-Slope Form of a Line (Section 1.3, pp. 24-25) e Average Rate of Change (Section 2.3, pp. 79-81) 


\ Now Work the ‘Are You Prepared?’ problems on page 915. 


OBJECTIVES 1 Find an Equation of the Tangent Line to the Graph of a Function (p. 910) 
2 Find the Derivative of a Function (p. 911) 
3 Find Instantaneous Rates of Change (p. 912) 
4 Find the Instantaneous Velocity of an Object (p. 913) 
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Need to Review? 
Secant lines and their slopes 


are discussed tn Section 2.3, 
pp. 80-81. 


P & @ 6: 6 





Figure 16 Secant lines 





The Tangent Problem 


One question that motivated the development of calculus was a geometry problem, 
the tangent problem. This problem asks, “What is the slope of the tangent line to the 
graph of a function y = f(x) ata point P on its graph?” See Figure 12. 

We first need to define what is meant by a tangent line. In plane geometry, the 
tangent line to a circle at a point is defined as the line that intersects the circle at 
exactly that one point. Look at Figure 13. Notice that the tangent line just touches 
the graph of the circle. 





y 
y = W(x) 
Tangent line 
Tangent line 
P to fat P P 
Figure 12 Figure 13 


This definition, however, does not work in general. Look at Figure 14. The lines 
L, and L, intersect the graph at only one point P, but neither just touches the graph 
at P. Further, the tangent line L shown in Figure 15 touches the graph of f at P but 
also intersects the graph elsewhere. So how should we define the tangent line to the 
graph of f at a point P? 


Lr 





Figure 14 Figure 15 


Find an Equation of the Tangent Line 
to the Graph of a Function 


The tangent line L to the graph of a function y = f(x) at a point P necessarily 
contains the point P.'To find an equation for Ly using the point-slope form of the 
equation of a line, we need to find the slope m,,, of the tangent line. 

Suppose that the coordinates of the point P are (c, f(c) ). Locate another 
point OQ = (x, f(x) ) on the graph of f: The line containing P and Q is a secant line. 
The slope me, of the secant line is 


f(x) — fle) 


Mean — 
sec ne 


Now look at Figure 16. 

As we move along the graph of f from Q toward P, we obtain a succession 
of secant lines. The closer we get to P, the closer the secant line is to the tangent 
line Ly. The limiting position of these secant lines is the tangent line L. Therefore, 
the limiting value of the slopes of these secant lines equals the slope of the tangent 
line. Also, as we move from Q toward P, the values of x get closer to c. Therefore, 


_— _ 1 fe) = fle) 
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( DEFINITION Tangent Line 


The tangent line to the graph of a function y = f(x) at a point P is the line 
containing the point P = (c,f(c)) and having the slope 


ei) (1) 
Oem XC 


provided the limit exists. 


=) 


( THEOREM Equation of a Tangent Line 


If man €Xists, an equation of the tangent line to the graph of a function y = f(x) 
at the point P = (c,f(c) ) is 


—_ ne) a ens 7 c) (2) 


J 
| €XAMPLE1 | Finding an Equation of the Tangent Line 


2 

1 
Find an equation of the tangent line to the graph of f(x) = ri at the point (. *). 
Graph f and the tangent line. 


1 
Solution The tangent line contains the point (1. ;). The slope of the tangent line to the 


? 1 
graph of f(x) = = at (. ;) is 








4 4 
a 2 
tiga: = Vine ig Sa ipa 
nxt ox 1 rel x—-1  x14(x —- 1) 
= lim tt) = = lim — a 
x71 = Ate TY x>1 4 Z 


An equation of the tangent line is 


1 1 
y-qZa5— 1) y — f(c) = myar(x — ¢) 





See 
a ae 
x 1 
Figure 17 Figure 17 shows the graph of y = 7 and the tangent line at | 1, a) 4 


ormmmmmme=-Now Work PROBLEM 11 


2 Find the Derivative of a Function 


The limit in formula (1) has an important generalization: it is called the derivative 


of f atc. 


( DEFINITION Derivative of a Function at a Number 


If y = f(x) is a function and c is in the domain of f, then the derivative of f 
at c, denoted by f’(c) and read “f prime of c,” is the number 


~ i 2) = FO) 


F{e) =e ahs © C, 


provided this limit exists. 335] 
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| EXAMPLE 2 ~ Finding the Derivative of a Function at a Number 


Find the derivative of f(x) = 2x* — 5x at 2. That is, find f’ (2). 
Solution Since f(2) = 2-2? — 5-2 = —2, we have 
f(x) —f(2) _ (2x2 = Sx) = (=2) _ x2 — Se +2 (Qe -1) (x -2) 
oe 5 ae: 5 ieee 
The derivative of f at 2 is 


ray — we F4) ~ fF) _ 4 (eV) e 2) 
pe) n a 7 _ BF Z 3 at 


ovmmmmmms-Now Work PROBLEM 21 
Example 2 provides a way of finding the derivative at 2 analytically. Graphing 


utilities have built-in procedures to approximate the derivative of a function at a 
number. Consult the user’s manual for the appropriate keystrokes. 


= | EXAMPLE 3 ~ Finding the Derivative of a Function at a Number 


; Using a Graphing Utility 





Use a graphing utility to find the derivative of f(x) = 2x* — 5x at 2. That is, 
find f’(2). 


Solution Figure 18 shows the solution using a TI-84 Plus C graphing calculator.* 
As shown, f’ (2) = 3. 





oommm_m-Now Work PROBLEM 33 


| EXAMPLE 4 © Finding the Derivative of a Function at a Number 


Find the derivative of f(x) = x? at c. That is, find f’(c). 


Figure 18 


Solution — Since f(c) = c’, we have 
f(x) —fle) _xt-c* _ (x +e)(x—0¢) 


aan ie & Fons 
The derivative of f at cis 


a Ete) e—t 
pares LSC ins a 


2 


_ f(x) — fle) 
P(e) = ae SC 7 

As Example 4 illustrates, the derivative of f(x) = x* exists and equals 2c for 
any number c. In other words, the derivative is itself a function, and using x for 
the independent variable, we can write f’(x) = 2x. The function f’ is called the 
derivative function of f or the derivative of f. We also say that f is differentiable. 
The instruction “differentiate f” means “find the derivative of f.” 


3 Find Instantaneous Rates of Change 


The average rate of change of a function f from c to x is 


fix) fl) 


Averagerateofchange = <r 


—— d 
*The TI-84 Plus C uses an alternative notation for the derivative of fat c, namely 7 ea pe 
x 
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( DEFINITION Instantaneous Rate of Change 


The instantaneous rate of change of f at c is 


ae = fle) (4) 


C 


fie) 


Lan C 


provided the limit exists. 


The instantaneous rate of change of f at c is the derivative of f atc. 


| €XAMPLE5 | Finding the Instantaneous Rate of Change 


The volume V of a right circular cone of height 4 = 6 feet and radius r feet is 
1 
V=V(r) = za = 2mr’. If r is changing, find the instantaneous rate of change 
of the volume V with respect to the radius r atr = 3. 
Solution The instantaneous rate of change of V at r = 3 is the derivative V’(3). 


V'(3) =h =] 
(3) = lim = lim 


_ (rr? -9) Aa (r — 3) (r +3) 
= im "= im 
f—3 r—3 f-23 p= 3 


=lim[2m(r + 3) ] = 12m 


At the instant r = 3 feet, the volume of the cone is changing with respect to r at 
arate of 127 ~ 37.699 cubic feet per 1-foot change in the radius. _) 


opmmmmmmme-NoOw Work PROBLEM 43 


4 Find the Instantaneous Velocity of an Object 


Ifs = f(t) is the position of an object at time f, then the average velocity of the object 
from fp to ft, 1s 


Change in position As _ f(t,) — f(t) 
Gees we ee th ~ ty (5) 
Change in time At fa 


( DEFINITION Instantaneous Velocity 


If s = f(t) is the position function of an object at time ¢, the instantaneous 


A 
velocity v of the object at time fo is the limit of the average velocity =" as At 
approaches (). That is, 


At 
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| EXAMPLE 6 Finding the Instantaneous Velocity of an Object 







iOg 
JOO 
J00 
JOO 


Figure 19 


Solution 


In physics it is shown that the height s of a ball thrown straight up with an initial 
velocity of 80 feet per second (ft/sec) from a rooftop 96 feet high is 


s = s(t) = —16t? + 801 + 96 


where fis the elapsed time that the ball is in the air. The ball misses the rooftop on 
its way down and eventually strikes the ground. See Figure 19. 


(a) When does the ball strike the ground? That is, how long is the ball in the air? 
(b) At what time f will the ball pass the rooftop on its way down? 

(c) What is the average velocity of the ball from t = 0 tot = 2? 

(d) What is the instantaneous velocity of the ball at time fo? 

(e) What is the instantaneous velocity of the ball at t = 2? 

(f) When is the instantaneous velocity of the ball equal to zero? 


(¢) What is the instantaneous velocity of the ball as it passes the rooftop on the way 
down? 


(h) What is the instantaneous velocity of the ball when it strikes the ground? 
(a) The ball strikes the ground when s = s(t) = 0. 
—16t7 + 80t + 96 = 0 
t — 5t-6=0 
(i= 6)(7 = 1). = 0 
t=6 or t=-l 


Discard the solution t = —1. The ball strikes the ground after 6 sec. 
(b) The ball passes the rooftop when s = s(t) = 96. 


—16t* + 80¢ + 96 = 96 
t? — 5t=0 
Him )) =O 

t=O or t=5 


Discard the solution t = 0. The ball passes the rooftop on the way down 
after 5 sec. 


(c) The average velocity of the ball from ¢t = 0 tot = 2 is 


As s(2) —s(0) 192-96 © 
At —== —- = 4§ ft/sec 


(d) The instantaneous velocity of the ball at time fg is the derivative s’ (fo); that is, 


S(t) — S(t 
s'(to) = lim Si) SSM), ) (‘o) 
tty t — to 


(—16t7 + 80¢ + 96) — (—16t% + 80t) + 96) 


= lim 
tt b= te 
— -16ft? -— 1% -—S5t4+5t9]) | 16] (t+ to) (t-— to) —5(t — t) ] 
= hh —— > = hi 
tt [ — fo tt P= th 
—16| (¢ + tf — 5) set 
— linn A LOLAE * to = 9 lteter to] = lim[ —16(t + tf) — 5) ] 


tt L—To to 


= =16( 2%) — 3) fUsec 
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(ec) Att = 2 sec, the instantaneous velocity of the ball is 
s (2) = —16(2*2. = 5) = —-16(—1) = 16 ft/sec 


(f) The instantaneous velocity of the ball is zero when 


s'(t) =0 
—16(2t-— 5) =0 
5 

(= 5 = 2.5 sec 


(g) The ball passes the rooftop on the way down when t = 5. The instantaneous 
velocity at t = 5 1s 


s'(5) = —16(10 — 5) = —80 ft/sec 


At t = Ssec, the ball is traveling —80 ft/sec. When the instantaneous rate of 
change is negative, it means that the direction of the object is downward. The ball 


Exploration is traveling 80 ft/sec in the downward direction when t = 5 sec. 


. . (h) The ball strikes the ground when t = 6. The instantaneous velocity when t = 6 is 
Determine the vertex of the quadratic 


function given in Example 6. What do you s'(6) = —16(12 — 5) = —112 ft/sec 
conclude about the velocity when s(t) is 


a maximum? The velocity of the ball at t = 6sec is —112 ft/sec. Again, the negative value 
ee implies that the ball is traveling downward. _i 


SUMMARY 


The derivative of a function y = f(x) at cis defined as 
ee ee Ae mea) 
Ole ay ae 


provided the limit exists. 


In geometry, f’ (c) equals the slope of the tangent line to the graph of f at the point (c, f(c) ). 


In physics, f’ (to) equals the instantaneous velocity of an object at time fp), where s = f(t) is the position of 
the object at time t. 


In applications, if two variables are related by the function y = f(x), then f’(c) equals the instantaneous 
rate of change of y atc. 





14.4 Assess Your Understanding 


‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 





1. Find an equation of the line with slope 5 containing the 2. True or False The average rate of change of a function f 
point (2, —4). (pp. 24-25) from a to b is 
f(b) + fla) 
Ss . 79-81 
AP ) 


Concepts and Vocabulary 


3. If lim AS et 19) exists, it equals the slope of the 6. True or False The tangent line to a function is the limiting 
x—Cc KT EC sane ‘ 
to the graph of f at the point (c, f(c) ). posnomobd secant ans 
f(x) —f(c) 7. True or False The slope of the tangent line to the graph of f 
4. If lim — a exists, it is called the of f atc. at (c, f(c) ) is the derivative of f atc. 
5. If s = f(t) denotes the position of an object at time t, the 8. True or False The velocity of an object whose position at 





derivative f’(t)) is the of the object at fo. time ris s(t) is the derivative s’(f). 
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Skill Building 
In Problems 9-20, find the slope of the tangent line to the graph of f at the given point. Graph f and the tangent line. 


9, f(x) =3x +5 at (1,8) 10. f(x) = —2x +1. at (-1,3) Naa f(x) = 22 +2. at (-1,3) 

12. f(x) =3-—x* at (1,2) 13: $4) ]=3e At2,12) 14, f(x) = —4x? at (—2, -16) 

15. f(x) = 2x7 +x at (1,3) 16. f(x) = 3x* —x at (0,0) 17, f(x) =x*-—2x+3 at (-1,6) 
18. f(x) = -2x*+x-3 at (1,-4) 19. f(x) =x +x at (2,10) 20. f(x) =x -— x? at (1,0) 
In Problems 21-32, find the derivative of each function at the given number. 

No 2 f(x) = —4e +5 at3 22. f(x) =-4+3x atl 23. f(x) =2x2—3 at0 

24. f(x) =2x*+1 at-1 25. f(x) = 2x*+3x atl 26. f(x) = 3x? -— 4x at2 

27. f(x) =x? +4x at-1 28. f(x) =2x° -— x’ at2 29. f(x) =x t+x7-2x atl 

30. f(x) =x -— 2x7 +x at—-1 31. f(x) =sinx atO 32. f(x) =cosx at0 


Hs In Problems 33-42, use a graphing utility to approximate the derivative of each function at the given number. 
34. f(x) = —Sx* + 6x7 -10 at5 


‘33. 
35, 


37. 


40. 


f(x) =3x° -— 6x7 +2 at—2 


Ca 


aa at 8 
x° + 5x+7 


f(x) =xsinx at > 


f(x) = x* sin x at 


Applications and Extensions 


‘43. 


44. 


45. 


46. 


47. 


Instantaneous Rate of Change The volume V of a right 
circular cylinder of height 3 feet and radius r feet is 
V = V(r) = 3ar’. Find the instantaneous rate of change of 
the volume with respect to the radius r atr = 3. 


Instantaneous Rate of Change The surface area S of a sphere 
of radius r feet is S = S(r) = 4ar’. Find the instantaneous 
rate of change of the surface area with respect to the radius r 
atr = 2. 


Instantaneous Rate of Change The volume V of a sphere of 


4 
radius r feet is V = V(r) = 3 ar°. Find the instantaneous 


rate of change of the volume with respect to the radius r 
atr = 2. 


Instantaneous Rate of Change The volume V of a cube of 
side x meters is V = V(x) = x°. Find the instantaneous rate 
of change of the volume with respect to the side x at x = 3. 


Instantaneous Velocity of a Ball In physics it is shown 
that the height s of a ball thrown straight up with an initial 
velocity of 96 ft/sec from ground level is 


—16t? + 96t 


where fis the elapsed time that the ball is in the air. 

(a) When does the ball strike the ground? That is, how long 
is the ball in the air? 

(b) What is the average velocity of the ball from t = 0 to 
t = 2? 

(c) What is the instantaneous velocity of the ball at time f? 

(d) What is the instantaneous velocity of the ball at t = 2? 

(e) When is the instantaneous velocity of the ball equal to 
zero? 

(f) How high is the ball when its instantaneous velocity 
equals zero? 

(g) What is the instantaneous velocity of the ball when it 
strikes the ground? 


s=s(t) = 





36. f(x) = 
38. f(x) = xsinx at 


41. f(x) =e’sinx at2 


48. 


49. 


—5x* + 9x + 3 
x + 5x? — 6 


39. f(x) =x’ sinx at = 


at —3 


42. f(x) =e *sinx at2 


Instantaneous Velocity of a Ball In physics it is shown that 
the height s of a ball thrown straight down with an initial 
velocity of 48 ft/sec from a rooftop 160 feet high is 


s = s(t) = —161? — 48t + 160 


where f is the elapsed time that the ball is in the air. 

(a) When does the ball strike the ground? That is, how long 
is the ball in the air? 

(b) What is the average velocity of the ball from t = 0 to 
t= 1? 

(c) What is the instantaneous velocity of the ball at time f? 

(d) What is the instantaneous velocity of the ball att = 1? 

(e) What is the instantaneous velocity of the ball when it 
strikes the ground? 





Velocity on the Moon An astronaut throws a ball down 
into a crater on the moon. The height s (in feet) of the ball 
from the bottom of the crater after t seconds is given in the 
following table: 


Time, t 
(in seconds) 


Height, s 
(in feet) 





(a) Find the average velocity from t = 1 tot = 4 seconds. 

(b) Find the average velocity from t = 1 tot = 3 seconds. 

(c) Find the average velocity from t = 1 tot = 2 seconds. 

(d) Using a graphing utility, find the quadratic function of 
best fit. 

(e) Using the function found in part (d), determine the 
instantaneous velocity at t = 1 second. 





50. Instantaneous Rate of Change The data to the right 
GS represent the total revenue R (in dollars) received from 
selling x bicycles at Tunney’s Bicycle Shop. 
(a) Find the average rate of change in revenue from x = 25 
to x = 150 bicycles. 
(b) Find the average rate of change in revenue from x = 25 
to x = 102 bicycles. 
(c) Find the average rate of change in revenue from x = 25 
to x = 60 bicycles. 














‘Are You Prepared?’ Answers 
1ly=5x- 14 2. False 
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i (d) Using a graphing utility, find the quadratic function of 


best fit. 


(e) Using the function found in part (d), determine the 
instantaneous rate of change of revenue at x = 25 


bicycles. 


Number of 
Bicycles, x 


14.5 The Area Problem; The Integral 


PREPARING FOR THIS SECTION Before getting started, review the following: 


¢ Geometry Formulas (Section A.2, pp. A15S—A16) 





Total Revenue, R 
(in dollars) 


0 
28,000 
45,000 
03,400 
09,160 
62,360 
64,835 
66,525 


e Summation Notation (Section 12.1, pp. 820-822) 


\ Now Work the ‘Are You Prepared?’ problems on page 922. 


OBJECTIVES 1 Approximate the Area under the Graph of a Function (p. 918) 
2 Approximate Integrals Using a Graphing Utility (p. 922) 





The Area Problem 


The development of the integral, like that of the derivative, was originally motivated 
to a large extent by a problem in geometry: the area problem. 


© nies Problem 


Suppose a function f is nonnegative and continuous on a closed interval | a, b |. 


Find the area enclosed by the graph of f, the x-axis, and the vertical lines x = a 


and x = b. 


J 


Figure 20 illustrates the area problem. We refer to the area A shown as the area 
under the graph of f from a to b. 


y 





a b 


Area A = area under the graph 


of f from a to b 
Figure 20 Area problem 


X 
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For a constant function f(x) = k and fora linear function f(x) = mx + B,we 
can solve the area problem using formulas from geometry. See Figures 21(a) and (b). 





a b x a b 
K—— b- a —>| k— b- a —+| 
A = area of rectangle A = area of trapezoid 
= length x width 
ae = 2 [flt) + flay(b — a) 


(a) (b) 
Figure 21 


For most other functions, no formulas from geometry are available. 
We begin by discussing a way to approximate the area under the graph of a 
function f from a to Db. 


1 Approximate the Area under the Graph of a Function 


We use rectangles to approximate the area under the graph of a function f. We do 
this by partitioning or dividing the interval | a, b | into subintervals of equal width. 
On each subinterval, we form a rectangle whose base is the width of the subinterval 
and whose length is f(u) for some number u in the subinterval. Look at Figure 22. 





we x 
a=U, Up b 


jx— D—a —>}e— D—a —-+] 
2 2 





2 subintervals 4 subintervals 
(a) (b) 
Figure 22 


In Figure 22(a), the interval | a, b | is partitioned into two subintervals, each of 


; a : : : 
width , and the number uw is chosen as the left endpoint of each subinterval. 





In Figure 22(b), the interval | a, b | is partitioned into four subintervals, each of 





: a : ; : : 
width , and the number uw is chosen as the right endpoint of each subinterval. 


The area A under f from a to D is approximated by adding the areas of the 
rectangles formed by the partition. 
Using Figure 22(a), 


Area A ~ area of first rectangle + area of second rectangle 


Fu) -* + flua)- 3 
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Using Figure 22(b), 
Area A ~ area of first rectangle + area of second rectangle 


+ area of third rectangle + area of fourth rectangle 


= fu)" + Fup) + Aus)" + Flu) 


b-a 
4 














In approximating the area under the graph of a function f from a to b, the choice 
of the number wu in each subinterval is arbitrary. For convenience, we shall always 
pick u as either the left endpoint of each subinterval or the right endpoint. The choice 
of how many subintervals to use is also arbitrary. In general, the more subintervals 
used, the better the approximation will be. Let’s look at a specific example. 


| €XAMPLE1 | Approximating the Area under the Graph of f(x) = 2x fromOtol 


Approximate the area A under the graph of f(x) = 2x from 0 to 1 as follows: 





y 
(a) Partition | 0,1] into two subintervals of equal width and choose uw as the left 
endpoint. 
(b) Partition [0,1] into two subintervals of equal width and choose uw as the right 
endpoint. 
(c) Partition | 0,1] into four subintervals of equal width and choose uw as the left 
endpoint. 
(d) Partition | 0,1] into four subintervals of equal width and choose wu as the right 
2 subintervals; u’s are left endpoints endpoint. 
(a) (ce) Compare the approximations found in parts (a)—(d) with the actual area. 
Solution 


1 
(a) Partition [0,1] into two subintervals, each of width 5° and choose u as the left 


endpoint. See Figure 23(a). The area A is approximated as 





1 1\ 1 
A = f(0)-=+ fl=)-= 
(0) 3+ 4(5) 5 
1 1 1 1 
= f(0) = 2 0 = o;f(5) = 2-5 = 
il 
=—= 0.5 
2 subintervals; u’s are right endpoints Z 


(b) 1 
(b) Partition | 0, 1] into two subintervals, each of width % and choose uw as the right 


endpoint. See Figure 23(b). The area A is approximated as 


of L\ 4 1 
A = =Je= + f(1) ex 
2 f(x) = 2x (5) Z PO) 2 
ee eae 
2 2 2 


1 
: fi 
hal i (c) Partition | 0,1] into four subintervals, each of width —, and choose uw as the left 
10) | Aan 4 


endpoint. See Figure 23(c). The area A is approximated as 





1 1\ 1 Ly ot ce a 
1 1 3 me oe = ee | oe a5 | exe 
f(;) f(5] f(j] A =~ f(0) 4 + #5) 4 +45) A + 13) 4 
4 subintervals; u’s are left endpoints 1 11 1 2 4 3 
— e— + —e— + e— + —_—_e—- DT —_—- a 
(c) vee Si ge ag 2 


Figure 23 (continued) 
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1 
(d) Partition [ 0, 1 ] into four subintervals, each of width mn and choose uw as the right 


endpoint. See Figure 23(d). The area A is approximated as 


1\ 1 1\ 1 3\ 1 1 
A = — je—+ — e— + — o— + 1 e— 
(G)-4 (5)-3 (3)-4 M4 
ime 1 31 1 5 
Sst 1-H f ie 42-55 5=12 
2 4 4°24 4° 4 ° 





(e) The actual area under the graph of f(x) = 2x from 0 to 1 is the area of a right 


triangle whose base is of length 1 and whose height is 2. The actual area A is 
4 subintervals; u’s are right endpoints therefore 


(d) 
1 1 
Figure 23 (continued) A= > base x height = 5 1-2=1 J 


Now look at Table 7 which shows the approximations to the area under the 
graph of f(x) = 2x from 0 to 1 form = 2, 4,10, and 100 subintervals. Notice that the 
approximations to the actual area improve as the number of subintervals increases. 


Table 7 | Using left endpoints: 


Using right endpoints: 





You are asked to confirm the entries in Table 7 in Problem 31. 

There is another useful observation about Example 1. Look again at 
Figures 23(a)—(d) and at Table 7 Since the graph of f(x) = 2x is increasing on | 0, 1 J, 
the choice of u as the left endpoint gives a lower-bound estimate to the actual area, 
while choosing u as the right endpoint gives an upper-bound estimate. Do you see why”? 


ommem==e-Now Work PROBLEM 9 


| EXAMPLE 2 | Approximating the Area under the Graph of f(x) = x* 


Approximate the area under the graph of f(x) = x? from 1 to 5: 


(a) Using four subintervals of equal width 
(b) Using eight subintervals of equal width 
In each case, choose the number u to be the left endpoint of each subinterval. 


Solution (a) See Figure 24. Using four subintervals of equal width, the interval [1,5] is 


- sea, te 
‘ partitioned into subintervals of width 





= 1 as follows: 





f(x) = x? 


[1,2] 254 [3,4 | [4,5 | 


Choosing uw as the left endpoint of each subinterval, the area A under the graph 
of f(x) = x’ is approximated by 


AreaA = f(1)-1+ f(2):1+4+ f(3)-1+4 f(4):1 
=1+4+9+4 16 = 30 


(b) See Figure 25. Using eight subintervals of equal width, the interval [1,5] is 


f(1) f(2) f(3) (4) 
4 subintervals; each of width 1 
Figure 24 


= 0.5 as follows: 





partitioned into subintervals of width 


(1,1.5] [15,2] [2,25] [2.5,3] [3,35] [35,4] [4,45] [45,5] 
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Choosing u as the left endpoint of each subinterval, the area A under the graph 
of f(x) = x’ is approximated by 


Area A = {(1) 7-05 + 7(1.5)*05 + 7(2)405 + 7(25)205 
Plo) *0.2 -7.o.)) #0) P74) 0S + 7(45)05 
= [f(1) +f(15) + f(2) + f(2.5) + f(3) +f(3.5) + f(4) + f(4.5)] 0.5 
= {lo 229 4 + 625 Oo + 12.25 + 16 +2025 205 


— 35.5 J 





F(1) #(2) #(3) 14) 
8 subintervals; each of width 1/2 In general, approximate the area A under the graph of a function y = f(x) 
Figure 25 from a to D as follows: 


1. Partition the interval | a, b | into n subintervals of equal width. The width Ax of 
each subinterval is then 
D0 
n 


Ax = 





2. In each subinterval, pick a number uw and evaluate the function f at 
each uw. This results in nm numbers uw,,uU>,...,u, and n functional values 


flu). f(u2). ets sf Uy): 


3. Form n rectangles with width equal to Ax, the width of each subinterval, and with 





length equal to the functional value f(u;),i = 1,2,...,n.See Figure 26. 
4. Add the areas of the n rectangles. 
RT A Ay Die A, + Ap +++: +A, = f(u,) Ax + flu) Ax +--+ + f(u,) Ax 
Figure 26 fs 
— Df (ui) Ax 


This number is the approximation to the area A under the graph of f froma to b. 


Definition of Area 


We have observed that the larger the number n of subintervals used, the better the 
approximation to the area under the graph of f from a to b. If we let n become 
unbounded, we obtain the exact area under the graph of f from a to b. 


C DEFINITION Area under the Graph of a Function from ato b 
Suppose a function fis nonnegative and continuous on a closed interval | a, b |. 
Partition |a,b] into n subintervals, each of width Ax = 7 In each 
subinterval, choose a number u;,i = 1,2,...,n, and evaluate f(u;). Form the 


products f(u;)Ax and add them, obtaining the sum 


> fui) As 


If the limit of this sum exists as n — ©9, that is, if 


lim > fui) Ax 


noo i=1) 


exists, it is defined as the area under the graph of f from a to b and is denoted by 


which is read as “the integral from a to b of f(x).” i) 
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44 2 Approximate Integrals Using a Graphing Utility 


| EXAMPLE 3 ~ Using a Graphing Utility to Approximate an Integral 


Use a graphing utility to approximate the area under the graph of f(x) = x* from 1 
NORMAL FLOAT AUTO REAL RADIAN HP to 5. That is, evaluate the integral 
x? dx 
1 
Solution Figure 27 shows the result using a TI-84 Plus C calculator. Consult the 
user’s manual for the proper Keystrokes. 


124 
The area under the graph of f(x) = x” from 1 to 5 is 37 i 





In calculus, techniques are given for evaluating integrals to obtain exact answers 
algebraically. 


14.5 Assess Your Understanding 


Figure 27 


‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. The formula for the area A of a rectangle of length / and 4 
width w is _(p. A15) 2. D> (2k +1) = __.(pp.821-822) 


Concepts and Vocabulary 


3. The integral from a to b of f(x) is denoted by___—_. 4. The area under the graph of f from a to b 
is denoted by 


Skill Building 


In Problems 5 and 6, refer to the figure. The interval {1,3]| is 7, Approximate the area A, choosing wu as the left endpoint of 
partitioned into two subintervals | 1,2 and [2,3]. each subinterval. 
y 8. Approximate the area A, choosing u as the right endpoint of 


each subinterval. 


\\ 9. The function f(x) = 3x is defined on the interval | 0, 6]. 

(a) Graph f- 

In (b)-(e), approximate the area A under f from 0 to 6 as 

follows: 

(b) Partition [0,6] into three subintervals of equal width 
and choose u as the left endpoint of each subinterval. 

(c) Partition [0,6] into three subintervals of equal width 
and choose u as the right endpoint of each subinterval. 

(d) Partition | 0,6] into six subintervals of equal width and 
choose wu as the left endpoint of each subinterval. 





5. Approximate the area A, choosing w as the left endpoint of (e) Partition [0,6] into six subintervals of equal width and 
each subinterval. choose uw as the right endpoint of each subinterval. 
6. Approximate the area A, choosing uw as the right endpoint of (f) What is the actual area A? 
each subinterval. 10. Repeat Problem 9 for f(x) = 4x. 
In Problems 7 and 8, refer to the figure. The interval | 0,8] is 11. The function f(x) = —3x + 9is defined on the interval [ 0, 3]. 
partitioned into four subintervals | 0,2], [2,4], |4,6],and | 6,8]. (a) Graph f, 
y In (b)-(e), approximate the area A under f from 0 to 3 as 
follows: 


(b) Partition [0,3] into three subintervals of equal width 
and choose u as the left endpoint of each subinterval. 

(c) Partition [0,3] into three subintervals of equal width 
and choose u as the right endpoint of each subinterval. 

(d) Partition | 0,3] into six subintervals of equal width and 
choose uw as the left endpoint of each subinterval. 

(e) Partition | 0,3] into six subintervals of equal width and 
choose wu as the right endpoint of each subinterval. 

(f) What is the actual area A? 





12. Repeat Problem 11 for f(x) = —2x + 8. 


In Problems 13-22, a function f is nonnegative and continuous on 


an interval | a, b |. 


(a) Graph f, indicating the area A under f froma to b. 25 
(b) Approximate the area A by partitioning | a, b | into four 
subintervals of equal width and choosing u as the left 


endpoint of each subinterval. 


(c) Approximate the area A by partitioning | a, b | into eight 
subintervals of equal width and choosing u as the left 


endpoint of each subinterval. 
hu (d) Express the area A as an integral. 


923 


Chapter Review 
3 
24. / (= 26 aa ax 
1 


5 4 
. / (x? — 1) dx 26. / (16 — x”) dx 
2 0 
ar /2 a /4 
/ cos x dx 
—17/4 
2e 
/ In x dx 


4 
23. / (3x +1) dx 
0 


27. / sin x dx 28. 
0 


2 
29. / e* dx 30. 
0 


(e) Use a graphing utility to approximate the integral. 


31. Confirm the entries in Table 7 


=e = 2. ; 
Be Te) 0 ee en 14. f(x) =x 4, [2,6] [Hint: Review the formula for the sum of an arithmetic 
15. f(x) =x, [0,4] 16; f(x) =x, [1,5] sequence. | 
ot 7 32. Consider the function f(x) = V1 — x” whose domain is 
17. f(x) = rf [1,5] 18. f(x) = Vx, [0,4] the interval [—1, 1]. 
19. f(x) =e", [-1,3] 20. f(x) =Inx, [3,7] (a) Graph f. 
(b) Approximate the area under the graph of f from — 1 to 1 by 
21. f(x) =sinx, [0,7] 22. f(x) = cosx 0 z dividing | —1, 1 | into five subintervals, each of equal width. 
2 (c) Approximate the area under the graph of f from —1 to 1 


In Problems 23-30, an integral is given. 


(a) What area does the integral represent? 


(b) Graph the function, and shade the region represented by 


7 the integral. 
fe (c) Use a graphing utility to approximate this area. 


‘Are You Prepared?’ Answers 
1,.A=lw 2. 24 


Chapter Review 


Things to Know 
Limit (p. 891) 

lim f(x) =N 
Bade limits (p. 896) 


limA=A 
xc 
lin: = <¢ 
xc 


Limit properties (pp. 897, 899, 900) 
lim| f(x) + g(x) | = lim f(x) + lim g(x) 
lim| f(x) — g(x) | = lim f(x) — lim g(x) 
lim| f(x) +g (x) | = lim f(x) «lim g(x) 
[fey] _ re) 
tin oy - lim g(x) 
lim [f() J" = [lim f(x) ]" 


Limit of a polynomial (p. 898) 





(lim g(x) # 0) 


Derivative of a function (p. 911) 


Continuous function (p. 905) 


Area under a graph (p. 921) 


by dividing | —1, 1 ] into ten subintervals, each of equal 
width. 
(d) Express the area as an integral. 
ie (e) Evaluate the integral using a graphing utility. 
(f) What is the actual area? 


As x gets closer to c, x €c, the value of f gets closer to N. 


The limit of a constant is the constant. 


The limit of x as x approaches c is c. 


The limit of a sum equals the sum of the limits. 
The limit of a difference equals the difference of the limits. 


The limit of a product equals the product of the limits. 


The limit of a quotient equals the quotient of the limits, provided that the limit of 
the denominator is not zero. 


Provided lim f(x) exists, = 2 an integer. 
x~>Cc 


Provided V f(x) and Vlim f(x) are both defined, n = 2 an integer. 
lim P(x) = P(c), where P is a polynomial function. 


fi(c) = re Go mar 


XC 


A function fis continuous at c if lim f(x) = f(c). 


, provided the limit exists. 


If a function fis nonnegative and continuous on the interval | a, b | then the area under the 


b n 
graph of f from a to b is / f(x) dx=lim S f(u;) Ax, provided the limit exists. 
a os i=1 
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Objectives 
Section You should be able to ... Example(s) Review Exercises 
14.1 1 Investigate a limit using a table (p. 891) i. 1-11 
2 Investigate a limit using a graph (p. 893) 4-6 21-27 
14.2 1 Find the limit of a sum, a difference, and a product (p. 897) 2-6 1 
2 Find the limit of a polynomial (p. 898) 7 1,2 
3 Find the limit of a power or a root (p. 899) 8 2350 
4 Find the limit of a quotient (p. 900) 9-11 6-11 
5 Find the limit of an average rate of change (p. 901) 12 30-32 
14.3 1 Find the one-sided limits of a function (p. 903) 1 421-24 
2 Determine whether a function is continuous at a number (p. 905) 2,3 12-15, 26-29 
14.4 1 Find an equation of the tangent line to the graph of a function (p. 910) i 30-32 
2 Find the derivative of a function (p. 911) 24 33-37 
3 Find instantaneous rates of change (p. 912) 5 2 
4 Find the instantaneous velocity of an object (p. 913) 6 38 
14.5 1 Approximate the area under the graph of a function (p. 918) 1,2 4042 
2 


Approximate integrals using a graphing utility (p. 922) 3 41(e), 42(e), 43(c), 44(c) 


Review Exercises 
In Problems 1-11, find the limit. 








1. lim (3x7 — 2x + 1) 2. lim (x? + big 3. lim Vx? +7 4. lim V1 - x 
ee” =i Sie! 
5. lim (Sx + 6)3? 6. lim — ~~~ 7, lim 8. lim ————— 
x2 x>-1 yr — 9 x>1x° -— 1 Aras a a 
a 1 oo 8 4 _ 2 3 ali = 3 
9% lim = 10. lim ———,——— ss 0. lim [> > 
x>-1 x" — 1 tay = Ty ae SS x3 x? — 3x° + 2x — 6 


In Problems 12-15, determine whether f is continuous at c. 








2 
4 2 _ x74 
e a ~~ + — e — — | 
12. f(x) = 3x" -—x° +2 c=5 13. f(x) =a ¢ 2 
2 2 
x — 4 x — 4 
—— ifx ~ -2 = 
14. f(x) =4§ x +2 = 2 15. f(x) =) x+2 adi 5 
4 ifx = —2 -4 ifx=-2 © 
In Problems 16-27 use the accompanying graph of y = f(x). y 


16. What is the domain of f? 

17. What is the range of f? 

18. Find the x-intercept(s), if any, of f 
19. Find the y-intercept(s), if any, of f 
20. Find f(—6) and f(—4). 





21. Find im eae 

22. Find im, eae 23. Find jim f(x) 24. Find jim, f(x) : 
25. Does lim f(x) exist? If it does, what is it? 

26. Is f continuous at 0? 


27. Is f continuous at 4? 
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+ 4 
28. Discuss whether R(x) = - 7 is continuous atc = —4andc = 4. Use limits to analyze the graph of R at c. 
oe 
x? — 2x7 + 4x-8. 
29. Determine where the rational function R(x) = —I— Ta ie is undefined. Determine whether an asymptote or a hole 
a le 


appears at such numbers. 
In Problems 30-32, find the slope of the tangent line to the graph of f at the given point. Graph f and the tangent line. 
30. f(x) = 2x7 + 8x at (1,10) 31. f(x) =x? +2x-—3 at (-1,-4) 32. f(x) =x +x? at (2,12) 
In Problems 33-35, find the derivative of each function at the number indicated. 


33. f(x) = -—4x7 +5 at3 34, f(x) =x? -— 3x atO0 35. f(x) = 2x7 +3x+2 atl 


In Problems 36 and 37 approximate the derivative of each function at the number given using a graphing utility. 








36. f(x) = 4x4 - 3° + 6x —9 at—2 57. f(a) =x tan x at = 
38. Instantaneous Velocity of a Ball In physics it is shown that (c) Find the average rate of change of revenue from x = 25 
the height s of a ball thrown straight up with an initial velocity to x = 50 wristwatches. 
of 96 ft/sec from a rooftop 112 feet high is i (d) Using a graphing utility, find the quadratic function of 
| best fit. 
= s(t) = —16r* + 96¢ + 112 (e) Using the function found in part (d), determine the 
where fis the elapsed time that the ball is in the air. The ball instantaneous rate of change of revenue at x = 25 
misses the rooftop on its way down and eventually strikes wristwatches. 
the ground. 40. The function f(x) = 2x + 3 is nonnegative and continuous 
(a) When does the ball strike the ground? That is, how long on the interval [0, 4]. 
is the ball in the air? (a) Graph f 
(b) At what time ¢ will the ball pass the rooftop on its way In (b)-(e), approximate the area A under f from x = 0 to 
down? x = 4as follows: 
(c) What is the average velocity of the ball from ¢ = 0 to (b) Partition | 0, 4] into four subintervals of equal width and 
mS choose uw as the left endpoint of each subinterval. 
(d) What is the instantaneous velocity of the ball at time ¢? (c) Partition [ 0, 4] into four subintervals of equal width and 
(e) What is the instantaneous velocity of the ball at t = 2? choose u as the right endpoint of each subinterval. 
(f) When is the instantaneous velocity of the ball equal to (d) Partition [ 0, 4] into eight subintervals of equal width and 
zero? choose uw as the left endpoint of each subinterval. 
(g) What is the instantaneous velocity of the ball as it passes (e) Partition [ 0, 4] into eight subintervals of equal width and 
the rooftop on the way down? choose u as the right endpoint of each subinterval. 
(h) What is the instantaneous velocity of the ball when it (f) What is the actual area A? 


9 
strikes the ground’ In Problems 41 and 42, each function f is nonnegative and 


39. Instantaneous Rate of Change The following data represent continuous on the given interval. 
the revenue R (in dollars) received from selling x wristwatches (a) Graph f, indicating the area A under f froma to b. 
at Wilk’s Watch Shop. (b) Approximate the area A by partitioning [a,b] into three 


subintervals of equal width and choosing u as the left 
endpoint of each subinterval. 

(c) Approximate the area A by partitioning |a,b| into six 
subintervals of equal width and choosing u as the left 


“ Wristwatches, x Revenue, R 








0 endpoint of each subinterval. 
2340 (d) Express the area A as an integral. 
3600 Fa (e) Use a graphing utility to approximate the integral. 
4375 41. f(x) =4--x7, [-1,2] 
6975 1 
8775 ae) Ea te 
9600 In Problems 43 and 44, an integral is given. 
10,000 (a) What area does the integral represent? 
9900 (b) Graph the function, and shade the region represented by the 
9375 . integral. 
re (c) Use a graphing utility to approximate this area. 
(a) Find the average rate of change of revenue from x = 25 : ; : x 
to x = 130 wristwatches. 43 _ (9 — x") dx 44. rs. dx 





(b) Find the average rate of change of revenue from x = 25 
to x = 90 wristwatches. 
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CHAPTER The Chapter Test Prep Videos include step-by-step solutions to all chapter test 
Test Prep exercises. These videos are available in MyLab™ Math, or on this text's YouTube 
Chapter Test VIDEOS Channel. Refer to the Preface for a link to the YouTube channel. 
In Problems 1-6, find each limit. | 2| 
eee 
1. lim (—x? + 3x — 5) 2. lim =—> 3. lim V7 — 3x 


; ye = 4x — 5 : 2 ; 
4. lim —3-—— 5. lim rare 2) | 6. lim 


tan x 


x>21 + cos*x 


7, Determine the value for k that will make the function 15. The function f(x) = Gee « nonnegative and 
continuous at c = 4. continuous on the interval [ 0, 4]. 
a (a) Graph f. 
Cee mae ifx =4 (b) Partition [0,4] into eight subintervals of equal width 
and choose wu as the left endpoint of each subinterval. 
Use the partition to approximate the area under the 





Ke oe 


In Problems 8-12, use the graph of y = f(x). graph of ffrom x = 0 tox = 4. 
(c) Find the exact area of the region and compare it to the 
y approximation in part (b). 


16. Write the integral that represents the shaded area. Do not 
attempt to evaluate. 






f(x) = —x° + 5x43 
8. Investigate jim, (Aes) 
9. Investigate iim ACS) 

10. Investigate im, jee. 


11. Does the graph suggest that lim f(x) exists? If so, what is it? 
If not, explain why not. as 





12. Determine whether fis continuous at each of the following 17. An object is moving along a straight line according to some 
numbers. If it is not, explain why not. position function s = s(t). The distance s (in feet) of the 
(a) x = -2 (b) x =1 object, from its starting point after ¢t seconds is given in the 
table. Find the average rate of change of distance from t = 3 

(c) x = 3 (d) x =4 


to t = 6 seconds. 





13. Determine where the rational function 


Re x? + 6x? — 4x -— 24 
Xe _—— 
x* + 5x — 14 


is undefined. Determine whether an asymptote or a hole 
appears at such numbers. 
14. For the function f(x) = 4x” — 11x — 3: 
(a) Find the derivative of fat x = 2. 
(b) Find an equation of the tangent line to the graph of fat 
the point (2, —9). 
(c) Graph f and the tangent line. 
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Chapter Projects 


2. Graph Y, = f(t), where f(t) represents the logistic 
growth function of best fit found in 1. 


3. Approximate the instantaneous rate of growth of 
population in 1960 using the derivative function on a 
graphing utility. 

4. Use the result from 3 to predict the population in 1961. 
What was the actual population in 1961? 


5. Approximate the instantaneous growth of population in 
1970, 1980, 1990, 2000, and 2010. What is happening to 
the instantaneous growth rate as time passes? Is Malthus’ 
contention of a geometric growth rate accurate? 


6. Using the MAXIMUM function on your graphing utility, 
determine the year in which the growth rate of the 














I. World Population Thomas Malthus believed that “population, population is largest. What is happening to the growth rate 
when unchecked, increases in a geometrical progression of such in the years following the maximum? Find this point on 
nature as to double itself every twenty-five years.” However, the graph of Y; = f(t). 
the growth of Peaster 1s een a. the resources 7, Evaluate lim f(r). This limiting value is the carrying 
available to us are limited in supply. If Malthus’ conjecture abs 
were true, geometric growth of ne world’s Seotin ci would Pa ae On ech aey alas eC arene capac onlay 
imply that 8. What do you think will happen if the population of 

Earth exceeds the carrying capacity? Do you think that 
le = ry + 1, where ris the growth rate agricultural output will continue to increase at the same 
oom rate as population growth? What effect will urban sprawl 


; ida. ae have on agricultural output? 
1. Using world population data and a graphing utility, find 


the logistic growth function of best fit, treating the year as 
the independent variable. Let t = 0 represent 1950, ¢ = 1 
represent 1951, and so on, until you have entered all the years 
and the corresponding populations up to the current year. 


The following projects are available on the Instructor’s Resource Center (IRC). 


II. Project at Motorola: Curing Rates Engineers at Motorola use calculus to find the curing rate of a sealant. 


II. Finding the Profit-maximizing Level of Output A manufacturer uses calculus to maximize profit. 





Appendix A 


Review 





Outline 

A.1 Algebra Essentials A.6 Solving Equations A.8 Problem Solving: Interest, Mixture, 
A.2 Geometry Essentials A.7 Complex Numbers; Quadratic Uniform Motion, Constant Rate Job 
A.3 Polynomials Equations in the Complex Number Applications 

A.4 Synthetic Division System A.9 Interval Notation; Solving Inequalities 
A.5 Rational Expressions A.10 nth Roots; Rational Exponents 


A.1 Algebra Essentials 


OBJECTIVES 1 Work with Sets (p. Al) 
Graph Inequalities (p. A4) 
Find Distance on the Real Number Line (p. A5) 


Evaluate Algebraic Expressions (p. A6) 
Determine the Domain of a Variable (p. A7) 

Use the Laws of Exponents (p. A7) 

Evaluate Square Roots (p. AQ) 

Use a Calculator to Evaluate Exponents (p. A1O) 





1 Work with Sets 


A set is a well-defined collection of distinct objects. The objects of a set are called its 
elements. By well-defined, we mean that there is a rule that enables us to determine 
whether a given object is an element of the set. If a set has no elements, it is called 
the empty set, or null set, and is denoted by the symbol ©. 

For example, the set of digits consists of the collection of numbers 0, 1, 2, 3, 4, 
5,6, 7 8, and 9. If we use the symbol D to denote the set of digits, then we can write 


D = {0, 1, 2, 3, 4, 5, 6, 7, 8, 9 } 


In this notation, the braces {  } are used to enclose the objects, or elements, 
in the set. This method of denoting a set is called the roster method. A second way 
to denote a set is to use set-builder notation, where the set D of digits is written as 


D={ x | xisa digit} 
t t t 


a—_ 


SS A FT 
Read as “D is the set of all x such that x is a digit.’ 


| €XAMPLE1 | Using Set-builder Notation and the Roster Method 


(a) E = {x|x is aneven digit} = {0,2,4,6,8} 
(b) O = {x|x is an odd digit} = {1,3,5,7,9} = 


Because the elements of a set are distinct, we never repeat elements. For 
example, we would never write { 1, 2, 3,2}; the correct listing is {1,2,3}. Because 
a set is a collection, the order in which the elements are listed is immaterial. 
{1,2,3}, {1,3,2}, {2,1,3}, and so on, all represent the same set. 

Al 


A2 APPENDIX A Review 


If every element of a set A is also an element of a set B, then A is a subset of B, 
which is denoted A C B. If two sets A and B have the same elements, then A equals B, 
which is denoted A = B. 

For example, {1,2,3} C {1,2,3,4,5} and {1,2,3} = {2,3,1}. 


( DeFINITION Intersection and Union of Two Sets 


If A and B are sets, the intersection of A with B, denoted AM B, is the set 
consisting of elements that belong to both A and B. The union of A with B, 
denoted A U B, is the set consisting of elements that belong to either A or B, 
or both. J 


| EXAMPLE 2 | Finding the Intersection and Union of Sets 


Let A = {1,3,5,8},B = {3,5,7},andC = {2,4, 6,8}. Find: 
(a) ANB (b) AUB (c) BN (AUC) 
Solution (a) ANB = {1,3,5,8}N {3,5,7} = {3,5} 
(b) AUB = {1,3,5,8} U {3,5,7} = {1,3,5,7, 8} 
(c) BN (AUC) = {3,5,7} N[ {1,3,5,8} U {2,4, 6, 8} | 
= 43,5, 7) 014 1,2,3;4,9,0,8) = 134,54 ii 


ommm_m=-Now Work PROBLEM 15 


Usually, in working with sets, we designate a universal set U, the set consisting of 
all the elements that we wish to consider. Once a universal set has been designated, 
we can consider elements of the universal set not found in a given set. 


( DEFINITION Complement of a Set 


If A is a set, the complement of A, denoted A, is the set consisting of all the 
elements in the universal set that are not in A. a} 





Finding the Complement of a Set 


If the universal set is U = {1,2,3,4,5,6,7,8,9} and if A = {1,3,5,7,9}, 
then A = {2,4,6,8}. z 


It follows from the definition of complement that A U A = UandAN A = ©. 
Do you see why? 


omm=me-Now Work PROBLEM 19 


Universal set It is often helpful to draw pictures of sets. Such pictures, called Venn diagrams, 
represent sets as circles enclosed in a rectangle, which represents the universal 
set. Such diagrams often help us to visualize various relationships among sets. 
See Figure 1. 

If we know that A C B, we might use the Venn diagram in Figure 2(a). If we 
know that A and B have no elements in common -—that is, if A 1 B = @—we might 
use the Venn diagram in Figure 2(b). The sets A and B in Figure 2(b) are said to be 
Figure 1 Venn diagram disjoint. 





“Some texts use the notation A’ or A‘ for the complement of A. 


iP) 


Figure 4 7 = “ 


Figure 2 


Figure 3 
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Universal set Universal set 
(a) ACB (b) AN B= 
subset disjoint sets 


Figures 3(a), 3(b), and 3(c) use Venn diagrams to illustrate intersection, union, 
and complement, respectively. 


Universal set Universal set 


Universal set 





(a) ANB (b) AUB (c) A 
intersection union complement 


Real Numbers 


Real numbers are represented by symbols such as 


1 5 
25, 0, -3, & Hs 0.125, V2, a, W—2, 0.666... 


The set of counting numbers, or natural numbers, contains the numbers in the 


set {1,2,3,4,... }. (The three dots, called an ellipsis, indicate that the pattern 
continues indefinitely.) The set of integers contains the numbers in the set 
{...,—73,—-2,—-1,0,1,2,3,... }. A rational number is a number that can be 


a , 
expressed as a quotient b of two integers, where the integer b cannot be 0. Examples 


0 
V24 a 
is also a rational number. Real numbers that are not rational are called irrational. 
Examples of irrational numbers are V2 and 7 (the Greek letter pi), which equals 
the constant ratio of the circumference to the diameter of a circle. See Figure 4. 
Real numbers can be represented as decimals. Rational real numbers have 
decimal representations that either terminate or are nonterminating with repeating 


3 re ; 
of rational numbers are — and — —. Since 7 4 for any integer a, every integer 


5 2 
blocks of digits. For example, ri = 0.75, which terminates; and 3 = 0.666..., 


in which the digit 6 repeats indefinitely. Irrational real numbers have decimal 


representations that neither repeat nor terminate. For example, V2 = 1.414213... 
anda = 3.14159....In practice, the decimal representation of an irrational number 
is given as an approximation. We use the symbol ~ (read as “approximately equal 


to”) to write V2 ~ 1.4142 and 7 ~ 3.1416. 
Two frequently used properties of real numbers are given next. 
Suppose that a, b, and c are real numbers. 


Distributive Property 


a‘ (b+c) =ab + ac 


(a+ b):c=arct+ bee 
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In Words 


Ifa product equals 0, then one 
or both of the factors is 0. y 


2 units 
Scale 
1 unit 
0 
se po 
-3 -2 -1-$04 1y2 2 3n 


Figure 5 Real number line 


3 1 1 3 
3 2-31-10 4132 3 
——————., —q— |q~, x“ 


Negative Positive 
realnumbers Zefo real numbers 
Figure 6 
; ; 
a b 


a 
b 
(b) a=b 
————— 1 —] —s- 
b a 
(c) a>b 


Figure 7 


Revere oroduc: Property 
If ab = 0, then a = 0,b = 0, or both equal 0. J 


The Distributive Property can be used to remove parentheses: 
2a 3) = 2 223 = 2h +6 


The Zero-Product Property will be used to solve equations (Section A.6). For 
example, if 2x = 0, then 2 = 0 or x = 0. Since 2 ¥ 0, it follows that x = 0. 


The Real Number Line 


Real numbers can be represented by points on a line called the real number line. 
There is a one-to-one correspondence between real numbers and points on a line. 
That is, every real number corresponds to a point on the line, and each point on the 
line has a unique real number associated with it. 

Pick a point on a line somewhere in the center, and label it O. This point, called 
the origin, corresponds to the real number 0. See Figure 5. The point 1 unit to the 
right of O corresponds to the number 1. The distance between 0 and 1 determines 
the scale of the number line. For example, the point associated with the number 2 
is twice as far from O as 1. Notice that an arrowhead on the right end of the line 
indicates the direction in which the numbers increase. Points to the left of the origin 
correspond to the real numbers —1, —2, and so on. Figure 5 also shows the points 


. i 1 
associated with the rational numbers — 5 and 5 and with the irrational numbers V2 
and 7. 


( DEFINITION Coordinate; Real Number Line 


The real number associated with a point P is called the coordinate of P, and the 
line whose points have been assigned coordinates 1s called the real number ne 


omme==m=e-Now Work PROBLEM 23 


The real number line consists of three classes of real numbers, as shown in 
Figure 6. 


e The negative real numbers are the coordinates of points to the left of the 
origin O. 
e The real number zero is the coordinate of the origin O. 


e The positive real numbers are the coordinates of points to the right of the 
origin O. 


Graph Inequalities 


An important property of the real number line follows from the fact that, given two 
numbers a and b, either a is to the left of b, or a is at the same location as b, or a 1s 
to the right of b. See Figure 7 

If a is to the left of b, then “a is less than b,” which is written a < b. If ais to the 
right of b, then “a is greater than b,” which is written a > Db. If ais at the same location 
as b, then a = b. If ais either less than or equal to b, then a = Db. Similarly, a = b 
means that a is either greater than or equal to b. Collectively, the symbols <, >, S, 
and = are called mequality symbols. 

Note that a < b and b > a mean the same thing. It does not matter whether 
we write 2 < 3 or3 > 2. 

Furthermore, ifa < b orif b > a, then the difference b — ais positive. Do you 
see why? 


SECTION A.1 Algebra Essentials A5 


An inequality is a statement in which two expressions are related by an 
inequality symbol. The expressions are referred to as the sides of the inequality. 
Inequalities of the form a < b or b > a are called strict inequalities, whereas 
inequalities of the form a = b or b = a are called nonstrict inequalities. 

Based on the discussion so far, we conclude that 


e a>0 isequivalent to ais positive 


e a<0 isequivalentto ais negative 





We sometimes read a > 0 by saying that “a is positive.” If a = 0, then either a > 0 
or a = O, and we may read this as “a is nonnegative.” 


ommmmm-Now Work PROBLEMS 27 AND 37 


| EXAMPLE 4 © Graphing Inequalities 


(a) On the real number line, graph all numbers x for which x > 4. 
(b) On the real number line, graph all numbers x for which x = 5. 


Solution 


(a) See Figure 8. Notice that we use a left parenthesis to indicate that the number 4 


2-10 12 3 4 5 67 
is not part of the graph. 


Figure8 x > 4 48 , 
(b) See Figure 9. Notice that we use a right bracket to indicate that the number 5 is 
) part of the graph. a 
2-1 0 1 23 4 6 7 
Figure9 x <5 ormmmmmm=-Now Work PROBLEM 43 


3 Find Distance on the Real Number Line 


Avni ee The absolute value of a number a is the distance from 0 to a on the number line. 
—_ ———__# For example, —4 is 4 units from 0, and 3 1s 3 units from 0. See Figure 10. That is, the 

—[_ | | tgp absolute value of —4 is 4, and the absolute value of 3 is 3. 

i a ar ie A more formal definition of absolute value is given next. 

Figure 10 


( DEFINITION Absolute Value 


The absolute value of a real number a, denoted by the symbol |a], is defined 
by the rules 


la|} =a ifa=O and (fal =-a ifa<0 





For example, because —4 < 0, the second rule must be used to get 


|-4| = -(-4) =4 
| €XAMPLE5 | Computing Absolute Value 
(a) |8| = 8 (b) |o| = 0 (c) |-15| = -(-15) = 15 J 


Look again at Figure 10. The distance from —4 to 3 is 7 units. This distance 
is the difference 3 — (—4), obtained by subtracting the smaller coordinate from 
the larger. However, since |3 — (—4)| = |7| = 7 and |—4 — 3] = |—7| = 7, we 
can use absolute value to calculate the distance between two points without being 
concerned about which is smaller. 
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( DeFINITION Distance Between Two Points 


If P and Q are two points on the real number line with coordinates a and Db, 
respectively, the distance between P and Q, denoted by d(P, Q), is 


d(P,Q) = |b —al i 





Since |b — a| = |a — DI, it follows that d(P,Q) = d(Q,P). 


| EXAMPLE 6 Finding Distance on a Number Line 


Let P, Q, and R be points on the real number line with coordinates —5, 7 and —3, 
respectively. Find the distance 


(a) between P and Q (b) between Q and R 
Solution See Figure 11. 
P R Q 
=—9 4-3: e2 =) @ TF 2353 42 & & TF 


/-——————- ap, a) =|7~- (-5)| = 12 ——> 


|~——— d(Q,R) =| -3-7 | = 10 ——+>| 
Figure 11 
(a) GPO) = |F= (5) = 12) = 12 
(b) d(Q,R) = |-3 — 7| = |-10| = 10 J 
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4 Evaluate Algebraic Expressions 


Remember, in algebra we use letters such as x, y, a, b, and c to represent numbers. 
If a letter used is to represent any number from a given set of numbers, it is called 
a variable. A constant is either a fixed number, such as 5 or V3, or a letter that 
represents a fixed (possibly unspecified) number. 

Constants and variables are combined using the operations of addition, 
subtraction, multiplication, and division to form algebraic expressions. Examples of 
algebraic expressions include 





3 
= aes. —_— Tia 
. —_— x y 
To evaluate an algebraic expression, substitute a numerical value for each 
variable. 
| EXAMPLE 7 ~ Evaluating an Algebraic Expression 
Evaluate each expression if x = 3 andy = —1. 
3y 
(a) x + 3y (b) Sxy Chars (d) |-4x + y 


Solution (a) Substitute 3 for x and —1 for y in the expression x + 3y. 
x +3y =3 + 3(-1) =3 + (-3) =0 
f 


x=3,y=-1 
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(b) Ifx = 3 and y = —1, then 
Sty = 3°32 (=) =) 
(c) Ifx = 3and y = —1, then 
3y 3(-1) =e 





3 
2-2 2-2-3 2-6 -4 4 
(d) Ifx = 3and y = —1, then 
ae y| = =a (1) = |-12 4 (1) | = |=13| = 3 _J 


ovum Now Work PROBLEMS 51 AND 59 


5 Determine the Domain of a Variable 


In working with expressions or formulas involving variables, the variables may be 
allowed to take on values from only a certain set of numbers. For example, in the 
formula for the area A of a circle of radius r, A = mr’, the variable r is necessarily 


restricted to the positive real numbers. In the expression —, the variable x cannot 
take on the value 0, since division by 0 is not defined. 


DEFINITION Domain of a Variable 


The set of values that a variable may assume is called the domain of the variable. J 


| EXAMPLES | PLE 8 Finding the Domain of a Variable 


The domain of the variable x in the expression 
5 
LZ 


is {x|x # 2} since,if x = 2, the denominator becomes 0, which is not defined. 





J 
| EXAMPLES Circumference of a Circle 


In the formula for the circumference C of a circle of radius r, 
C = 2amr 


the domain of the variable r, representing the radius of the circle, is the set of 
positive real numbers, {r|r > 0}. The domain of the variable C, representing the 
circumference of the circle, is also the set of positive real numbers, { C/C > 0}. _J 


In describing the domain of a variable, we may use either set notation or words, 
whichever is more convenient. 


ovmmm=- Now Work PROBLEM 69 


6 Use the Laws of Exponents 


Integer exponents provide a shorthand notation for representing repeated 
multiplications of a real number. For example, 


34 = 3-3-3-3 = 81 
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C DEFINITION Ge 


If a is a real number and n 1s a positive integer, then the symbol a” represents 
the product of n factors of a. That is, 





n factors 


2) 


WARNING Be carefulwith minus signs In the definition it is understood that a! = a. Furthermore,a* = a:a,a° = a‘a-a, 
and exponents. and so on. In the expression a”, a is called the base and 7 is called the exponent, or 
SOP a a) ae power. We read a” as “a raised to the power n” or as “a to the nth power.” We usually 


read a’ as “a squared” and a as “a cubed.” 
In working with exponents, the operation of raising to a power is performed 
(—2)* = (—2)(—2)(—2)(—2) =16 m before any other operation. As examples, 


4-37 = 4-9 = 36 Y+37=44+9=13 
—2* = -16 5°37 4+2°4=5-942-4=454+8=53 


whereas 


Parentheses are used to indicate operations to be performed first. For example, 


(—2)* = (-2)(-2)(-2)(-2) =16 (24+3)%=5* =25 


( DeFINITION a? 
Ifa ¥ O, then 


( DEFINITION q’" 


Ifa ~ O and if nis a positive integer, then 


J 


Whenever you encounter a negative exponent, think “reciprocal.” 


| EXAMPLE 10 — Evaluating Expressions Containing Negative Exponents 


Oe eee ras (c) (z) = a 


3 8 1\2 0 1 
ci 25 J 


The following properties, called the Laws of Exponents, can be proved using the 
preceding definitions. In the list, a and b are real numbers, and m and n are integers. 





ome Now Work PROBLEMS 87 AND 107 


( tHeoreM Laws of Exponents 





m+n (al™)" — qin (ab)" = g"p” 


1 aN: 
—— ifa £0 = 
qr ™ it a (<) 
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| EXAMPLE 11 ~ Using the Laws of Exponents 


Write each expression so that all exponents are positive. 








py? Pe a 
(a) x #0, y#O0 ) (25) x #0, y#O0 
xy 3y 
52 5. ge y 
i x 1 
Solution (a) 4 = a ee Ee a z= ~ 
xy x y 4 
NOTE Always write the final answer ae ie (eo) = Z x _ se 
using positive exponents. a= ((b) By! a (3y 1)? ~ 3 2(y 1)? - i 2 — ye 
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7 Evaluate Square Roots 


A real number is squared when it is raised to the power 2. The inverse of squaring 
In Words is finding a square root. For example, since 6” = 36 and (—6)* = 36, the numbers 6 
\/36 means “what is the and —6 are square roots of 36. 


y 


nonnegative number whose The symbol V_, called a radical sign, is used to denote the principal, or 


square Is 36°” 





nonnegative, square root. For example, V36 = 6. 


( DEFINITION Principal Square Root 


If a is a nonnegative real number, the nonnegative number b for which b? = a 
is the principal square root of a, and is denoted by b = Va. i) 


The following comments are noteworthy: 


e Negative numbers do not have square roots (in the real number system), because 


the square of any real number is nonnegative. For example, V—4 1s not a real 
number, because there is no real number whose square is —4. 


e The principal square root of 0 is 0, since 07 = 0. That is, VO = 0. 
e The principal square root of a positive number is positive. 
° Ifc = 0, then (Vc)? = c. For example, (V2)? = 2 and ( V3)? = 3. 


| EXAMPLE 12 — Evaluating Square Roots 


(a) V64 = 8 (b) len (c) (V1.4)? =14 J 


Examples 12(a) and (b) are examples of square roots of perfect squares, 

1 ee 

ince 64 = 8 and— =|{-—}. 
since and = (=) 


Consider the expression V a2. Since a? = 0, the principal square root of a? 
is defined whether a > 0 or a < 0. However, since the principal square root is 
nonnegative, we need an absolute value to ensure the nonnegative result. That is, 


Va? = \a| aany real number (2) 
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| EXAMPLE 13 _ Using Equation (2) 


(ay Ve] 23) 23 (b) V (-2.3)? = |-2.3| = 2.3 
(c) Vi? = |x J 
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Calculators and Graphing Utilities 


Calculators are incapable of displaying decimals that contain a large number of digits. 
For example, some calculators are capable of displaying only eight digits. When a 
number requires more than eight digits, the calculator either truncates or rounds. 
To see how your calculator handles decimals, divide 2 by 3. How many digits do you 
see? Is the last digit a 6 or a 7? If it is a 6, your calculator truncates; if it is a 7 your 
calculator rounds. 

There are different kinds of calculators. An arithmetic calculator can only add, 
subtract, multiply, and divide numbers; therefore, this type is not adequate for this 
course. Scientific calculators have all the capabilities of arithmetic calculators and 
also contain function keys labeled In, log, sin, cos, tan, x”, inv, and so on. Graphing 
calculators have all the capabilities of scientific calculators and contain a screen on 
which graphs can be displayed. We use the term graphing utility to refer generically 


to all graphing calculators and computer software packages, and use the t2 symbol 
whenever a graphing utility needs to be used. In this text the use of a graphing utility 
is optional. 


8 Use a Calculator to Evaluate Exponents 


Your calculator has either a caret Key, |, or an key, that is used for computations 
involving exponents. 


ral EXAMPLE 14 — Exponents on a Graphing Calculator 


Evaluate: (2.3)° 


HORMAL FLOAT AUTO REAL RADIAN HP 


Solution Figure 12 shows the result using a TI-84 Plus C graphing calculator. J 





oeomummmm-Now Work PROBLEM 125 
Figure 12 


A.1 Assess Your Understanding 


Concepts and Vocabulary 


1. A(n) is a letter used in algebra to represent any 6. Multiple Choice Let a and b be nonzero real numbers 
number from a given set of numbers. and m and n be integers. Which of the following is not a law of 
2. On the real number line, the real number zero is the coordinate exponents? 
of the ’ a\" a" 
—= | @ (Z)=5 way = am 
3. An inequality of the form a > 5 is called a(n) b b 
inequality. (c) £. _ gin-n (d) (ab)" = a"b" 
4. In the expression 2’, the number 2 is called the and 4 Q 
is called the ; 7, Multiple Choice The set of values that a variable may assume 
5. Multiple Choice If a is a nonnegative real number, then is called the _______of the variable. _ 
which inequality statement best describes a? (a) domain (b) range (c) coordinate (d) origin 
(a) a <0 (b) a>0 8. True or False The distance between two distinct points on 
(ae ajo the real number line is always greater than zero. 


9. True or False The absolute value of a real number is always 
greater than zero. 


10. True or False The inverse of squaring is finding a square 
root. 
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Skill Building 


In Problems 11-22, use U = universal set = {0,1,2,3,4,5,6,7,8,9},A = {1,3,4,5,9},B = {2,4,6,7,8}, and C = {1,3,4,6} to 
find each set. 
11. AUB 12, AUC 13. ANB 14. ANC 
N15. (AUB) NC 16. (ANB)UC 17.4 18. C 
\ 19. ANB 20. BUC 21.4UB 2 BAC 
5 6! 
‘\ 23. On the real number line, label the points with coordinates 0, 1, —1, 5 7), mt and 0.25. 
3 1 2 
24. Repeat Problem 23 for the coordinates 0, —2, 2, —1.5, 73° and 3" 


In Problems 25-34, replace the question mark by <, >, or =, whichever is correct. 


it ‘ 5 
25.520 26. 5? 6 2717? 28. = 3 ts 29. a7 ? 3.14 
1 1 2 it 
30. V271.41 31. 5 ? 0.5 32. 3 2 0.33 33. 3 ? 0.67 34. 1 20.25 
In Problems 35-40, write each statement as an inequality. 
35. x is positive 36. z is negative \\ 37. xis less than 2 
38. y is greater than —5 39. x is less than or equal to 1 40. xis greater than or equal to 2 


In Problems 41-44, graph the numbers x on the real number line. 
a1. x = -2 4.x <4 N43. x > -1 44x <7 


In Problems 45-50, use the given real number line to compute each distance. 


A B C OD E 
et ee ere 
4 3 -2 -1 0 1 2 3 4 5 6 














45. d(C, D) 46. d(C, A) 47. d(D, E) 48. d(C, E) A 49. d(A, E) 50. d(D, B) 
In Problems 51-58, evaluate each expression if x = —2 andy = 3. 
N51. x + 2y 52. 3X + ¥ 5S... kV FZ 54. =2x + XV 
ca i ie ae — 
55.2 56, —— 57, us 5g. 2 — 3 
x—y x—-y 2+y y 


In Problems 59-68, find the value of each expression if x = 3 and y = —2. 


x 
N59. |x + y! 60. |x — y| 61. |x| + |y| 62. |x| — |y| 63. eh 
64. 4 65. |4x — 5y| 66. |3x + 2y| 67. ||4x| — |5y]| 68. 3|x| + 2ly| 


In Problems 69-76, determine which of the values (a) through (d), if any, must be excluded from the domain of the variable in each 
expression. 




















(a) x =3 (b) x= 1 (c) x = 0 (d) x = -1 
: raed rae a 
\ 69. = 70..= 71. 72, 
x x xo =9 x9 
2 74+ 5x-—1 —9x7 —x +1 
2B. m4, — 5.2” 6,.= 2 **! 
xe 0 ae , le | Dale oe 
In Problems 77-80, determine the domain of the variable x in each expression. 
4 —6 x = 2 


77. 








78. 79. \ 
x= 5 rey, eA x-—6 
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In Problems 81-84, use the formula C = 9 (F — 32) for converting degrees Fahrenheit into degrees Celsius to find the Celsius measure 
of each Fahrenheit temperature. 


81. F = 32° 82. F = 212° 83. F = 77° 84. F = -—4° 


In Problems 85-96, simplify each expression. 
85. (—4)? 86. —4? N87. 4? 88. —4 AQ 89. 376-34 90, 4°2-43 
91. (3-2) 92, (21)3 93, \/25 94, 36 Nos. V(=4)? 96. V(—3)2 


In Problems 97-106, simplify each expression. Express the answer so that all exponents are positive. Whenever an exponent is 0 or negative, 
assume that the base is not 0. 





Deo 
% X 
97, (8x3)? 98. (—4x2) N99. (x2y71)? 100. (xy)? 101. — 
xy 
ae 9 34 z 2 4x2 Z ll 3 —1\-2 5 LVS 
102. —= 103. eas e022 104. ee) 105. (2) 106. (25) 
xy Skye 2x Y dy 6y 
In Problems 107-118, find the value of each expression if x = 2 and y = —1. 
N07. 2xy7! 108. —3x71y 109. x2 + y? 110. x2y? 
1. (xy)? 112. (x + y)? 113. Vx? 114. (Vx)? 


115. Vx? + y? 116. Vx2 + Vy? 117. ~ 118. y* 


119. Find the value of the expression 2x* — 3x? + 5x — 4if x = 2. What is the value if x = 1? 


120. Find the value of the expression 4x° + 3x” — x + 2 if x = 1. What is the value if x = 2? 


666) 4 
121. What is the value of os 122. What is the value of (0.1) ?(20) *? 


In Problems 123-130, use a calculator to evaluate each expression. Round your answer to three decimal places. 
123. (8.2)° 124, (3.7)° N25. (6.1) 3 126. (2.2)~ 


127. (—2.8)° 128. — (2.8)° 129. (—8.11) 130. — (8.11) 


Applications and Extensions 


In Problems 131-140, express each statement as an equation involving the indicated variables. 


131. Area of a Rectangle The area A of a rectangle is the product 134. Area of a Triangle The area A of a triangle is one-half the 


fits length / and its width w. 
or its length / and its width w product of its base b and its height h. 


/ 


4} AN 


b 





132. Perimeter of a Rectangle The perimeter P of a rectangle is 


twice the sum of its length / and its width w. 135. Area of an Equilateral Triangle The area A of an 


133. Circumference of a Circle The circumference C of a circle is equilateral triangle 1s a times the square of the length x of 


the product of 7 and its diameter d. ; 
one side. 


C 


136. 


137. 


138. 


139. 


140. 


141. 


142. 





Perimeter of an Equilateral Triangle The perimeter P of an 
equilateral triangle is 3 times the length x of one side. 


4 
Volume of a Sphere The volume V of a sphere is 3 times 7r 
times the cube of the radius r. 





Surface Area of a Sphere The surface area S of a sphere 
is 4 times 7 times the square of the radius r. 


Volume of a Cube The volume V of a cube is the cube of the 
length x of a side. 





Surface Area of a Cube The surface area S of a cube is 6 
times the square of the length x of a side. 


Manufacturing Cost The weekly production cost C 
of manufacturing x watches is given by the formula 
C = 4000 + 2x, where the variable C is in dollars. 

(a) What is the cost of producing 1000 watches? 

(b) What is the cost of producing 2000 watches? 


Balancing a Checking Account At the beginning of the 
month, Mike had a balance of $210 in his checking account. 
During the next month, he deposited $80, made an ATM 
withdrawal for $120, made another deposit of $25, and made 
two electronic payments: one for $60 and the other for $32. 
He was also assessed a monthly service charge of $5. What 
was his balance at the end of the month? 


In Problems 143 and 144, write an inequality using an absolute 
value to describe each statement. 


143. x is at least 6 units from 4. 


144. xis more than 5 units from 2. 


Explaining Concepts: Discussion and Writing 


151. 
152. 


Is there a positive real number “closest” to 0? 





Number game I’m thinking of a number! It lies between 1 
and 10; its square is rational and lies between 1 and 10. The 
number is larger than 7r. Correct to two decimal places (that 
is, truncated to two decimal places), name the number. Now 
think of your own number, describe it, and challenge a fellow 
student to name it. 





145. 


146. 


147. 


148. 


149. 


150. 


153. 


154. 
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U.S. Voltage In the United States, normal household 
voltage is 110 volts. It is acceptable for the actual voltage x 
to differ from normal by at most 5 volts. A formula that 
describes this is 


Ix — 110| <5 


(a) Show that a voltage of 108 volts is acceptable. 
(b) Show that a voltage of 104 volts is not acceptable. 


Foreign Voltage In other countries, normal household 
voltage is 220 volts. It is acceptable for the actual voltage x 
to differ from normal by at most 8 volts. A formula that 
describes this is 


Ix — 220| < 8 


(a) Show that a voltage of 214 volts is acceptable. 
(b) Show that a voltage of 209 volts is not acceptable. 


Making Precision Ball Bearings The FireBall Company 
manufactures ball bearings for precision equipment. One 
of its products is a ball bearing with a stated radius of 
3 centimeters (cm). Only ball bearings with a radius within 
0.01 cm of this stated radius are acceptable. If x is the radius 
of a ball bearing, a formula describing this situation is 


lx — 3| = 0.01 
(a) Is a ball bearing of radius x = 2.999 acceptable? 
(b) Is a ball bearing of radius x = 2.89 acceptable? 


Body Temperature Normal human body temperature is 
98.6°F. A temperature x that differs from normal by at least 
1.5°F is considered unhealthy. A formula that describes this is 


lx — 98.6] = 1.5 


(a) Show that a temperature of 97°F is unhealthy. 
(b) Show that a temperature of 100°F is not unhealthy. 


il 
Does 3 equal 0.333? If not, which is larger? By how much? 


2 
Does 3 equal 0.666? If not, which is larger? By how much? 


Write a brief paragraph that illustrates the similarities and 
differences between “less than” (<) and “less than or equal 
to” (=). 


Give a reason why the statement 5 < 8 is true. 
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A.2 Geometry Essentials 


OBJECTIVES 1 Use the Pythagorean Theorem and Its Converse (p. A14) 
2 Know Geometry Formulas (p. A15) 
3 Understand Congruent Triangles and Similar Triangles (p. A16) 





1 Use the Pythagorean Theorem and Its Converse 


The Pythagorean Theorem is a statement about right triangles. A right triangle is 
one that contains a right angle—that is, an angle of 90°. The side of the triangle 


Hypotenuse b opposite the 90° angle is called the hypotenuse; the remaining two sides are called 
y Leg legs. In Figure 13 we have used c to represent the length of the hypotenuse and a 
a and b to represent the lengths of the legs. Notice the use of the symbol _ to show 
a the 90° angle. We now state the Pythagorean Theorem. 
Leg 


Figure 13 A right triangle 
( pYTHAGOREAN THEOREM 


In a right triangle, the square of the length of the hypotenuse is equal to the 
sum of the squares of the lengths of the legs. That 1s, in the right triangle shown 
1m Figure 13, 


c=a +b (1) 


sa 








Finding the Hypotenuse of a Right Triangle 


In a right triangle, one leg has length 4 and the other has length 3. What is the length 
of the hypotenuse? 


Solution Since the triangle is a right triangle, we use the Pythagorean Theorem with a = 4 
and b = 3 to find the length c of the hypotenuse. From equation (1), 


ce=at+b’ 
eae ee = 1679 = 25 


c= V25=5 » 


ommm_m=me-Now Work PROBLEM 15 


The converse of the Pythagorean Theorem is also true. 


( converse OF THE PYTHAGOREAN THEOREM 


In a triangle, if the square of the length of one side equals the sum of the squares 
of the lengths of the other two sides, the triangle is a right triangle. The 90° angle 
is opposite the longest side. ; 


| EXAMPLE 2 | Verifying That a Triangle Is a Right Triangle 


Show that a triangle whose sides are of lengths 5,12, and 13 is a right triangle. Identify 
the hypotenuse. 


Solution Square the lengths of the sides. 
5 = 25 12°=144 137 = 169 
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Notice that the sum of the first two squares (25 and 144) equals the third square (169). 
That is, because 5* + 12? = 137, the triangle is a right triangle. The longest side, 13, 
is the hypotenuse. See Figure 14. 


oommmm__==-Now Work PROBLEM 23 





Figure 14 


CAAMPLE - Applying the Pythagorean Theorem 


The tallest building in the world is Burj Khalifa in Dubai, United Arab Emirates, at 
2717 feet and 163 floors. The observation deck is 1483 feet above ground level. How 
far can a person standing on the observation deck see (with the aid of a telescope)? 
Use 3960 miles for the radius of Earth, and assume Earth is a sphere. 

Source: Council on Tall Buildings and Urban Habitat 


Solution From the center of Earth, draw two radii: one through Burj Khalifa 
and the other to the farthest point a person can see from the observation deck. See 
Figure 15. Apply the Pythagorean Theorem to the right triangle. 


Since 1 mile = 5280 feet, 1483 feet = = mile. Then 


5280 
d* + (3960)* = (3960 + se) 
5280 
1483 \* 
a= (3960 + =) — (3960)? ~ 2224.58 
d ~ 47.17 


A person can see more than 47 miles from the observation deck. 





1483 ft_! 





Figure 15 = 
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2 Know Geometry Formulas 


Certain formulas from geometry are useful in solving algebra problems. 
For a rectangle of length / and width w, 


kk Area = lw Perimeter — 2) = Jy 


; For a triangle with base b and altitude h, 


Area = Ly 
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For a circle of radius r (diameter d = 27), 


2 


Area = mr Circumference = 27r = 7d 


For a closed rectangular box of length /, width w, and height h, 


Volume = Iwh Surface area = 2/h + 2wh + 2lw 


For a sphere of radius 7, 





4 
Volume = 5a Surface area = 4ar? 


For a closed right circular cylinder of height / and radius 7, 





h Volume = ar2h Surface area = 2ar? + 2arh 
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Using Geometry Formulas 


A Christmas tree ornament is in the shape of a semicircle on top of a triangle. How 
many square centimeters (cm) of copper is required to make the ornament if the 
height of the triangle is 6 cm and the base is 4 cm? 


Solution See Figure 16. The amount of copper required equals the shaded area. This area is the 
sum of the areas of the triangle and the semicircle. The triangle has height h = 6 and 
base b = 4. The semicircle has diameter d = 4, so its radius is r = 2. 
Total area = Area of triangle + Area of semicircle 
1 if it 1 
= A ep? = ee AG tog - 2 ee 
5 Oh ra 5 4-6 57 2 b=4h=6r=2 
= 12 + 2m ~ 18.28 cm? 





Figure 16 
About 18.28 cm? of copper is required. of 
evrmmmm=m=-Now Work pRoBLEM 49 
3 Understand Congruent Triangles and Similar Triangles 

Throughout the text we will make reference to triangles. We begin with a discussion 
In Words of congruent triangles. According to dictionary.com, the word congruent means 
Two triangles are congruent “coinciding exactly when superimposed.” For example, two angles are congruent if 
if they have the same size r they have the same measure, and two line segments are congruent if they have the 
and shape. same length. 


( DEFINITION Congruent Triangles 
Two triangles are congruent if each pair of corresponding angles have the same 


measure and each pair of corresponding sides are the same length. J 


In Figure 17% corresponding angles are equal and the corresponding sides are 
equal in length:a = d, b = e, andc = f. As a result, these triangles are congruent. 


In Words 

Two triangles are similar if they 
have the same shape, but 
(possibly) different sizes. 


A 
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Figure 17 Congruent triangles 


It is not necessary to verify that all three angles and all three sides are the same 
measure to determine whether two triangles are congruent. 


Determining Congruent Triangles 


e Angle—-Side—Angle Case Two triangles are congruent if two of the angles 
are equal and the lengths of the corresponding sides between the two 
angles are equal. 

For example, in Figure 18(a), the two triangles are congruent because 
two angles and the included side are equal. 


e Side—-Side-Side Case Two triangles are congruent if the lengths of the 
corresponding sides of the triangles are equal. 
For example, in Figure 18(b), the two triangles are congruent because 
the three corresponding sides are all equal. 


e Side—Angle—Side Case Two triangles are congruent if the lengths of two 
corresponding sides are equal and the angles between the two sides are 
the same. 

For example, in Figure 18(c), the two triangles are congruent because 
two sides and the included angle are equal. 


15 ile 
10 10 
8 8 
40° 40° 
(a) (b) 


(c) 


SJ 
NJ 


Figure 18 


We contrast congruent triangles with similar triangles. 


(DEFINITION Similar Triangles 


Two triangles are similar if the corresponding angles are equal and the lengths 
of the corresponding sides are proportional. =i) 


For example, the triangles in Figure 19 (on the next page) are similar because 
the corresponding angles are equal. In addition, the lengths of the corresponding 
sides are proportional because each side in the triangle on the right is twice as 
long as each corresponding side in the triangle on the left. That is, the ratio of the 


d e 
corresponding sides is a constant: : = 5 = A = 2. 
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Figure 19 Similar triangles 


It is not necessary to verify that all three angles are equal and all three sides are 
proportional to determine whether two triangles are similar. 


Determining Similar Triangles 


e Angle—Angle Case Two triangles are similar if two of the corresponding 
angles are equal. 
For example, in Figure 20(a), the two triangles are similar because two 
angles are equal. 


e Side—Side—Side Case ‘Two triangles are similar if the lengths of all three 
sides of each triangle are proportional. 
For example, in Figure 20(b), the two triangles are similar because 
leh et ial a ele 
SY vdisyt  lkes  ® os; 
e Side—Angle—Side Case Two triangles are similar if two corresponding 
sides are proportional and the angles between the two sides are equal. 


For example, in Figure 20(c), the two triangles are similar because 


4 i 
— = —~ = ~ and the angles between the sides are equal. 
6 18 3 
15 
80° | 
18 
80 F 30 12 
é 18 
10\ fe 120° 120° 
ane 35° 4 6 
(a) (b) (c) 
Figure 20 





Using Similar Triangles 


Given that the triangles in Figure 21 are similar, find the missing length x and the 
angles A, B, and C. 


60° 6 30° : x 
; : — 5 
90° 


Figure 21 
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Solution Because the triangles are similar, corresponding angles are equal. So A = 90°, 


3. 6 
B = 60°, and C = 30°. Also, the corresponding sides are proportional. That is, = = -—. 
; > 

We solve this equation for x. 


oe 
> 
3 6 
SD 5 5x: = Multiply both sides by 5x. 
3x = 30 Simplify. 
x = 10 Divide both sides by 3. 
The missing length is 10 units. _J 


ormemmme-Now Work PROBLEM 43 


A.2 Assess Your Understanding 


Concepts and Vocabulary 


1. A(n) triangle is one that contains an angle 10. True or False The triangles shown are congruent. 
of 90 degrees. The longest side is called the 





2. For a triangle with base b and altitude h, a formula for the 


10 
area A is ; 30 : 30 
3. The formula for the circumference C of a circle of radius r is 29 
ee 29 
4. Two triangles are if corresponding angles are equal 10 


and the lengths of the corresponding sides are proportional. 


5. Multiple Choice Which of the following is not a case for 11. True or False The triangles shown are similar. 
determining congruent triangles? 
(a) Angle—Side—Angle (b) Side—Angle—Side 5 
(c) Angle—Angle—Angle (d) Side—Side—Side ee 


6. Multiple Choice Choose the formula for the volume of a 
sphere of radius r. 





(a) gr? (b) gr (c) 4ar> (dd) 40? 
3 3 12. True or False The triangles shown are similar. 
7. True or False In a right triangle, the square of the length of 
the longest side equals the sum of the squares of the lengths 
of the other two sides. 


8. True or False The triangle with sides of lengths 6, 8, and 10 
is a right triangle. 


9. True or False The surface area of a sphere of radius r 


is —7r?. 


6. 


Skill Building 


In Problems 13-18, the lengths of the legs of a right triangle are given. Find the hypotenuse. 
13.4a=5, b=12 14.a=6, b=8 N15. a= 10, b= 24 
16.a=4, b=3 17, a=7, b=24 18. a= 14, b= 48 


In Problems 19-26, the lengths of the sides of a triangle are given. Determine which are right triangles. For those that are, identify the 
hypotenuse. 


19. 3,4,5 20. 6,8, 10 21. 4,5,6 22, 2.2.3 
23. 724,25 24. 10,24, 26 25. 6,4,3 26. 5,4,7 


A20O APPENDIX A Review 


27. Find the area A of a rectangle with length 6 inches and width 7 inches. 
28. Find the area A of a rectangle with length 9 centimeters and width 4 centimeters. 
29. Find the area A of a triangle with height 14 inches and base 4 inches. 
30. Find the area A of a triangle with height 9 centimeters and base 4 centimeters. 
\\ 31. Find the area A and circumference C of a circle of radius 5 meters. 
32. Find the area A and circumference C of a circle of radius 2 feet. 
33. Find the volume V and surface area S of a closed rectangular box with length 6 feet, width 8 feet, and height 5 feet. 
34, Find the volume V and surface area S of a closed rectangular box with length 9 inches, width 4 inches, and height 8 inches. 
35. Find the volume V and surface area S of a sphere of radius 5 centimeters. 
36. Find the volume V and surface area S of a sphere of radius 3 feet. 
37. Find the volume V and surface area S of a closed right circular cylinder with radius 9 inches and height 8 inches. 


38. Find the volume V and surface area S of a closed right circular cylinder with radius 8 inches and height 9 inches. 


In Problems 39-42, find the area of the shaded region. 





In Problems 43-46, the triangles in each pair are similar. Find the missing length x and the missing angles A, B, and C. 


G43. 60° ; 4A, 
90° 





Applications and Extensions 


47. How many feet has a wheel with a diameter of 16 inches 50. Refer to the figure. Square ABCD 
traveled after four revolutions? has an area of 100 square feet; square 


48. How many revolutions will a circular disk with a BEFG has an area of 16 square feet. 


diameter of 4 feet have completed after it has rolled What is the area of the triangle 
20 feet? CGF? 


‘\ 49. In the figure shown, ABCD is a 51. Architecture A Norman window 
square, with each side of length consists of a rectangle surmounted by 
6 feet. The width of the border a semicircle. Find the area of the Norman 
(shaded portion) between the outer window shown in the figure. How much 
square EFGH and ABCD is 2 feet. wood frame is needed to enclose the 
Find the area of the border. window? 





52. 


53. 


Construction A_ circular 
swimming pool that is 20 feet 
in diameter is enclosed by a 
wooden deck that is 3 feet 
wide. What is the area of the 
deck? How much fence is 
required to enclose the deck? 


ZIRE 





How Tall Is the Great Pyramid? The ancient Greek 
philosopher Thales of Miletus is reported on one occasion 
to have visited Egypt and calculated the height of the Great 
Pyramid of Cheops by means of shadow reckoning. Thales 
knew that each side of the base of the pyramid was 252 paces 
and that his own height was 2 paces. He measured the length 
of the pyramid’s shadow to be 114 paces and determined 
the length of his shadow to be 3 paces. See the figure. Using 
similar triangles, determine the height of the Great Pyramid 
in terms of the number of paces. 

Source: Diggins, Julie E, String, Straightedge, and Shadow: The Story 
of Geometry, 2003, Whole Spirit Press, http://wholespiritpress.com. 


JAN ._. at center ofpyramid: 





54. 
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The Bermuda Triangle Karen is doing research on the 
Bermuda Triangle which she defines roughly by Hamilton, 
Bermuda; San Juan, Puerto Rico; and Fort Lauderdale, 
Florida. On her atlas Karen measures the straight-line 
distances from Hamilton to Fort Lauderdale, Fort Lauderdale 
to San Juan, and San Juan to Hamilton to be approximately 
57 millimeters (mm), 58 mm, and 53.5 mm, respectively. 
If the actual distance from Fort Lauderdale to San Juan is 
1046 miles, approximate the actual distances from San Juan 
to Hamilton and from Hamilton to Fort Lauderdale. 





In Problems 55-57 use the facts that the radius of Earth is 3960 miles and 1 mile = 5280 feet. 
57. How Far Can You See? The deck of a destroyer is 100 feet 


NG 55. 


56. 


How Far Can You See? The conning tower of the U.S.S. 
Silversides, a World War II submarine now permanently 
stationed in Muskegon, Michigan, is approximately 20 feet 
above sea level. How far can you see from the conning 
tower? 


How Far Can You See? A person who is 6 feet tall is 
standing on the beach in Fort Lauderdale, Florida, and 
looks out onto the Atlantic Ocean. Suddenly, a ship 
appears on the horizon. How far is the ship from shore? 


Explaining Concepts: Discussion and Writing 


S. 


60. 


61. 


If the radius of a circle is doubled, does the area of the circle 
also double? Explain. 


If the radius of a sphere is doubled, does the volume of the 
sphere also double? Explain. 


You have 1000 feet of flexible pool siding and intend to 
construct a swimming pool. Experiment with rectangular- 
shaped pools with perimeters of 1000 feet. How do their 
areas vary? What is the shape of the rectangle with the 
largest area? Now compute the area enclosed by a circular 
pool with a perimeter (circumference) of 1000 feet. What 
would be your choice of shape for the pool? If rectangular, 


58. 


above sea level. How far can a person see from the deck? 
How far can a person see from the bridge, which is 150 feet 
above sea level? 


Suppose that m and n are positive integers with m > n. If 
a= m — n’, b = 2mn, and c = m’* + n’, show that a, b, 
and c are the lengths of the sides of a right triangle. (This 
formula can be used to find the sides of a right triangle that 
are integers, such as 3, 4, 5; 5, 12, 13; and so on. Such triplets 


of integers are called Pythagorean triples. ) 


what is your preference for dimensions? Justify your choice. 
If your only consideration is to have a pool that encloses the 
most area, what shape should you use? 
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62. The Gibb’s Hill Lighthouse, Southampton, Bermuda, in 
operation since 1846, stands 117 feet high on a hill 245 feet 
high, so its beam of light is 362 feet above sea level. A brochure 
states that the light itself can be seen on the horizon about 
26 miles distant. Verify the accuracy of this information.The 
brochure further states that ships 40 miles away can see the 
light and that planes flying at 10,000 feet can see it 120 miles 
away. Verify the accuracy of these statements. What assumption 
did the brochure make about the height of the ship? 


120 miles 


40 miles 





A.3 Polynomials 


OBJECTIVES 1 Recognize Monomials (p. A22) 
2 Recognize Polynomials (p. A2Z3) 
3 Know Formulas for Special Products (p. A24) 


4 Divide Polynomials Using Long Division (p. A25) 
5 Factor Polynomials (p. A27) 
6 Complete the Square (p. A29) 





We have described algebra as a generalization of arithmetic in which letters are 
used to represent real numbers. From now on, we shall use the letters at the end 
of the alphabet, such as x, y, and z, to represent variables and use the letters at 
the beginning of the alphabet, such as a, b, and c, to represent constants. In the 
expressions 3x + 5 and ax + b, it is understood that x is a variable and that a 
and b are constants, even though the constants a and b are unspecified. As you will 
find out, the context usually makes the intended meaning clear. 


1 Recognize Monomials 


( DEFINITION Monomial 


A monomial in one variable is the product of a constant and a variable raised 
NOTE The nonnegative integers are to a nonnegative integer power. A monomial is of the form 


the whole numbers 0, 1, 2, 3,.... = 


ax : 


where a is a constant, x is a variable, and k = 0 is an integer. The constant a is 


called the coefficient of the monomial. Ifa # 0, then k is called the degree of 
the monomial. <i 


| EXAMPLE 1 | Examples of Monomials 


Monomial Coefficient Degree 

6x2 6 2 

~A/ 953 A> 3 

3 3 0 Since 3 =3-1=3x°,x # 0 
— J) =5 1 Since —5x=- 5x? 

x4 1 4 Since x*=1-x* a: 
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| EXAMPLE 2 © Examples of Expressions that are Not Monomials 


(a) 3x!/* is not a monomial, since the exponent of the variable x is =, and = is not a 
nonnegative integer. : e 

(b) 4x is not a monomial, since the exponent of the variable x is —3, and —3 is not 
a nonnegative integer. _J 


ovmmm__=--NoOw Work PROBLEM 15 


2 Recognize Polynomials 


Two monomials with the same variable raised to the same power are called like terms. 
For example, 2x* and —5x* are like terms. In contrast, the monomials 2x* and 2x° are 
not like terms. 

We can add or subtract like terms using the Distributive Property. For example, 


Wp SOs a= and Be ae SH (8. =o) eae 


The sum or difference of two monomials having different degrees is called a 
binomial. The sum or difference of three monomials with three different degrees is 
called a trmomial. For example, 


e x* — 2isa binomial. 
e x — 3x + 5is a trinomial. 
e 2x* + 5x7 + 2 = 7x’ + 2is a binomial. 


( DEFINITION Polynomial 


A polynomial in one variable is an algebraic expression of the form 


a,x" + ay 1x”) + +++ tax t+ a (1) 
In Words WHEE G,,.. d= 4,0.» 4/015 Gg ane constants, called the coefficients of the polynomial, 
A polynomial is a sum of n = O1s an integer, and x isa variable. Ifa, # 0, itis called the leading coefficient, 
monomials. 4 a,x" is called the leading term, and 7 is the degree of the polynomial. J 





The monomials that make up a polynomial are called its terms. If all of the 
coefficients are 0), the polynomial is called the zero polynomial, which has no degree. 

Polynomials are usually written in standard form, beginning with the nonzero 
term of highest degree and continuing with terms in descending order according to 
degree. If a power of x is missing, it is because its coefficient is zero. 


| EXAMPLE 3 ~ Examples of Polynomials 


Polynomial Coefficients Degree 

—8x° + 4x7 — 6x +2 —8, 4, —6, 2 3 

3x7 — 5 = 3x7 + 0x — 5 a. 2 

8— 2x +x7=1-x?-2x4 8 12,8 2 

5x + V2 =5x'4+ V2 5, V2 1 
3=3-1=3:-x" 3 0 

0 0 Nodegree _J 


* The notation a, is read as “a sub n.” The number n is called a subscript and should not be confused 
with an exponent. We use subscripts to distinguish one constant from another when a large or 
undetermined number of constants are required. 


A24 APPENDIX A Review 
Although we have been using x to represent the variable, letters such as y and z 
are also commonly used. 
e 3x* — x* + 2is a polynomial (in x) of degree 4. 
e 9y> — 2y* + y — 3 isa polynomial (in y) of degree 3. 
e z+ isa polynomial (in z) of degree 5. 
Algebraic expressions such as 
x +1 
bee 





1 
— and 
x 


, ae ; 1 2 
are not polynomials. The first is not a polynomial because rome ' has an exponent 
that is not a nonnegative integer. The second expression is not a polynomial because 
the quotient cannot be simplified to a sum of monomials. 


ommummme-Now Work PROBLEM 25 


3 Know Formulas for Special Products 


Certain products, which we call special products, occur frequently in algebra. We 
can calculate them easily using the FOIL (First, Outer, nner, Last) method of 
multiplying two binomials. 


Outer 
First First Outer Inner Last 
(ax + b) (cx +d) = ax-cx +ax-d + b-cex + bed 
Inner = acx* + adx + bcx + bd 
Past = acx’ + (ad + bce)x + bd 


| EXAMPLE 4 © Using FOIL 


(a) (x —3)(x+3) =x? +3x-3x -9=x7-9 
F O I L 
(b) («+ 2)* = (n+ 2) (442) =x? + 2x4 2x4+4=2°4+ 4044 


( 
(c) (x — 3)? = (x —3) (x —3) =x? - 3x —-3x +9 =x7?-6x +9 
(d) (x +3)(x4+1) =x? +x4+3x4+3=2x74+ 4x43 
(ec) (2x +1) (3x +4) = 6x? + 8x + 3x44 = 6x2 + 11x44 iy 


Notice the factors in part (a). The first binomial is a difference and the second 
one is a sum. Now notice that the outer product O and the inner product J are 
additive inverses; their sum is zero. So the product is a difference of two squares. 


erm Now Work PROBLEM 45 


Some products have been given special names because of their form. The special 
products in equations (2), (3a), and (3b) are based on Examples 4(a), (b), and (c). 


Difference of Two Squares 
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Squares of Binomials, or Perfect Squares 


(x +a)? =x* + 2ax + a’ 


(x — a)? =x* — 2ax + a’ 





Cubes of Binomials, or Perfect Cubes 


(x +a)? =x + 3ax? + 3a’x + a 
3 


(x — a)? =x? — 3ax’? + 3a°x -— a 





Difference of Two Cubes 


(x-—a)(xX* + axta’)=x-@ (5) 


Sum of Two Cubes 


(x +a)(x?-axta’)=xr+a (6) 


ommmumme- Now Work PROBLEMS 49, 53, AND 57 


4 Divide Polynomials Using Long Division 


The procedure for dividing two polynomials is similar to the procedure for dividing 
two integers. 


| EXAMPLES | Dividing Two Integers 


Divide 842 by 15. 
Solution 56 <— Quotient 
Divisor — 15)842 <— Dividend 
ies <—5:15 
92 <— Subtract and bring down the 2. 
90 —6:15 
2 <— Subtract; the remainder ts 2. 
842 2 
So; = 56 + == 
45 15 =3 


In the division problem detailed in Example 5, the number 15 is called the 
divisor, the number 842 is called the dividend, the number 56 is called the quotient, 
and the number 2 is called the remainder. 

To check the answer obtained in a division problem, multiply the quotient by 
the divisor and add the remainder. The answer should be the dividend. 





For example, we can check the results obtained in Example 5 as follows: 


56°15 + 2 = 840 + 2 = 842 
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NOTE Remember, a polynomial is in To divide two polynomials, we first write each polynomial in standard form. 
standard form when its terms are written © The process then follows a pattern similar to that of Example 5. The next example 
in descending powers of x. = illustrates the procedure. 


| EXAMPLE 6 | Dividing Two Polynomials 


Find the quotient and the remainder when 
3x7 + 4x7 ++ x47 isdivided by x* +1 
Solution —_ Each polynomial is in standard form. The dividend is 3x° + 4x? + x + 7, and the 
divisor is x” + 1. 


Srep 1: Divide the leading term of the dividend, 3x°, by the leading term of the 
divisor, x*. Enter the result, 3x, over the term 3x°, as follows: 


an 
+ 13 + 42 +x 47 


STEP 2: Multiply 3x by x* + 1, and enter the result below the dividend. 


3x 
x? + 1)3x3 + 4x27 + x +7 
3x° + 3x <— 3x-(x* + 1) = 3x? + 3x 


ft 
Align the 3x term under the x 
to make the next step easier. 


STEP 3: Subtract and bring down the remaining terms. 


Pe 
x? + 3x3 + 4x2 + x +7 
3x° 1 oe <— Subtract (change the signs and add). 


4x? — 2x +7  < Bring down the 4x2 and the 7. 


STEP 4: Repeat Steps 1-3 using 4x” — 2x + 7 as the dividend. 


3x +4 
x + 3x3 + 42 + ox +7 
3x3 Fox 
4x* —2x +7 Divide 4x7 by x? to get 4. 
Ay? + 4 <— Multiply (x? + 1) by 4; subtract. 
mee an ae. 
COMMENT When the degree of the Since x” does not divide —2x evenly (that is, the result is not a monomial), the 


divisor is greater than the degree of the —_ process ends. The quotient is 3x + 4, and the remainder is —2x + 3. 
dividend, the process ends. J _ 
Check: Quotient + Divisor + Remainder 


= (3x + 4) (x7 +1) + (-2x + 3) 
= 39° + 3x + 4x7 + 4-2x 43 
= 3x° + 4x7 + x + 7 = Dividend 
Then 
Bye Axi tx t7_ 4, 4 oe t3 
e+] e+] a 


The next example combines the steps involved in long division. 
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| EXAMPLE 7 ~ Dividing Two Polynomials 


Find the quotient and the remainder when 


x4 — 3x° +2x-—5 isdividedby x*-—x+1 


Solution _Insetting up this division problem, it is necessary to leave a space for the missing x7 
term in the dividend. 


x*—-2x —3 <— Quotient 
Divisor > x2 —x + 1)x* — 3x3 + 2x —5 << Dividend 
Subtract — xt-— + x 
—2x7 — x7 + 2x -—5 
Subtract — —2x7 + 2x* — 2x 
—3x7 + 4x — 5 
Subtract — —3x7 + 3x — 3 


x —2 << Remainder 


J Check: Quotient - Divisor + Remainder 
= (4 =23) GG —a 41) bx =2 
= xt — x9 + x? — 2x? + 2x? — 2x — 3x7 43x —-34+x-2 
= xt — 3x3 + 2x — 5 = Dividend 

As a result, 


xia 3x 42x75 _ op 4 3g i eee 
x—x4+1 f= 5 _J 


The process of dividing two polynomials leads to the following result: 


THEOREM 


Let Q be a polynomial of positive degree, and let P be a polynomial whose 
degree is greater than or equal to the degree of Q. The remainder after 
dividing P by Q is either the zero polynomial or a polynomial whose degree is 
less than the degree of the divisor Q. J 


ommmmmm-Now Work PROBLEM 65 


5 Factor Polynomials 


Consider the following product: 
(2x + 3) (x — 4) = 2x* -— 5x - 12 


The two polynomials on the left side are called factors of the polynomial on the 
right side. Expressing a given polynomial as a product of other polynomials — that 1s, 
finding the factors of a polynomial—is called factoring. 

We restrict our discussion here to factoring polynomials in one variable into 
products of polynomials in one variable, where all coefficients are integers. We call 
this factoring over the integers. 

Any polynomial can be written as the product of 1 times itself or as —1 times 
its additive inverse. If a polynomial cannot be written as the product of two other 
polynomials (excluding 1 and —1), then the polynomial is prime. When a polynomial 
has been written as a product consisting only of prime factors, it is factored 
completely. Examples of prime polynomials (over the integers) are 


COMMENT Over the real numbers, 
3x + 4 factors into 3(x + 4). It is the 
fractions that causes 3x + 4 tobe prime 
over the integers. ie 2, 3, 5, x, xt+1, x-1, 3x +4, x74+4 
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The first factor to look for in a factoring problem is a common monomial factor 
present in each term of the polynomial. If one is present, use the Distributive Property 
to factor it out. Continue factoring out monomial factors until none are left. 


| EXAMPLE 8 ~ PLE 8 Identifying Common Monomial Factors 


Common 

Monomial Remaining 
Polynomial Factor Factor 
2x + 4 2 pes gees 
3 6 3 Dee! 
2x7 - 4x +8 2 x*— 2x +4 
Sr = 12 4 pee, 
xe +x x Ais ih 
x? — 3x? a b eae, 
6x? + 9x 3x 2X + 3 


Factored Form 

204 S24 2) 

iS) mde) Batol CBee) 

2x* — 4x + 8 = 2(x? — 2x + 4) 
Sr 12 = 420 = 3) 

x? +x =x(x +1) 

PH 36 S77 (y= 3) 


6x? + 9x = 3x(2x + 3) a 


Notice that once all common monomial factors have been removed from a 
polynomial, the remaining factor is either a prime polynomial of degree 1 or a 
polynomial of degree 2 or higher. (Do you see why?) 

The list of special products (2) through (6) given earlier provides a list of 
factoring formulas when the equations are read from right to left. For example, 


2 2 


equation (2) states that if the polynomial is the difference of two squares, x“ — a’, 
it can be factored into (x — a) (x + a). The following example illustrates several 


factoring techniques. 


| EXAMPLES ~ Factoring Polynomials 


Factor completely each polynomial. 


Solution 


COMMENT The technique used in part (f) 


is called factoring by grouping. 


(a) x* — 16 
(d) x? + 4x — 12 


(b) x -1 


(ec) 3x2 + 10x — 8 


(c) 9x* —6x +1 
(f) x° — 4x7 + 2x -—8 


(a) xt — 16 = (x? — 4) (x2 +4) = (x — 2) (x +2) (x? + 4) 
t t 


Difference of squares Difference of squares 


(b) xe —1 = (x —1)(x* +x41) 
I 


Difference of cubes 


(c) 9x? — 6x +1 = (3x - 1)? 
I 


Perfect square 


(d) x7 + 4x — 12 = (x + 6) (x - 2) 
re ee 


The sum of 6 and — 2 1s 4. 


12x — 2x = 10x 


oN 
(ec) 3x7 + 10x — 8 = (3x — 2) (x + 4) 
— as | 


3x2 —8 


The product of 6 and —2 is — 12. 


(f) Be EEO te ae ee) 


Group terms 


= x7(x — 4) + 2(x — 4) = (x7 + 2) (x - 4) 
i} } 


Distributive Property 


Distributive Property J 


oummmmms--Now Work PpRoBLEMS 85, 101, AND 135 
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6 Complete the Square 


The idea behind completing the square in one variable is to “adjust” an expression 
of the form x* + bx to make it a perfect square. Perfect squares are trinomials of 
the form 


+ 2an ba = & Pa) -orx — 2x + a = (x = a)" 


For example, x” + 6x + 9 is a perfect square because x” + 6x + 9 = (x + 3)’. 
And p* — 12p + 36is a perfect square because p* — 12p + 36 = (p — 6)”. 

So how do we “adjust” x“ + bx to make it a perfect square? We do it by adding 
a number. For example, to make x” + 6x a perfect square, add 9. But how do we 
know to add 9? If we divide the coefficient of the first-degree term, 6, by 2, and then 
square the result, we obtain 9. This approach works in general. 


Completing the Square of x* + bx 


e Identify the coefficient of the first-degree term, namely b. 


1 le 
e Multiply b by 5 and then square the result. That is, compute (5) ; 


2 2 2 
WARNING To use (7b) to complete ° Add (5) WO ap Uese tte ee te (bee ae (5) = (x - > | 
the square, the coefficient of the x* term 2 Z 2 
must be 1. la 


| EXAMPLE 10 | Completing the Square 


Determine the number that must be added to each expression to complete the square. 
Then factor the expression. 


Result Factored Form 


2 
8) =16 y~> + 8y+ 16 


2 
12) = 36 ne de Pye ae es 


2 
-(-20)) — 00m 20g 100 


Yao) 
2 
—5p+ 
p ptr 





Notice that the factored form of a perfect square is either 


b\2 b \? b\2 b\2 
a+ + (3) =(++3) a + (3) =(x-3) 
x bx , x 5 or x bx 5 x 5 
om NoOW Work PROBLEM 125 


Are you wondering why we refer to making an expression a perfect square as 
“completing the square”? Look at the square in Figure 22. Its area is (y + 4)”. 
The yellow area is y* and each orange area is 4y (for a total area of 8y). The sum of 


4 these areas is y7 + 8y.To complete the square, we need to add the area of the green 





Figure 22 region, which is 4-4 = 16. As aresult, y*7 + 8y + 16 = (y + 4)”. 
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A.3 Assess Your Understanding 


Concepts and Vocabulary 











1. The polynomial 3x* — 2x° + 13x” — 5 is of degree .The 10. Multiple Choice The monomials that make up a polynomial 
leading coefficient is _ are called which of the following? 
2 (x a (2 +4) = (a) terms (b) variables (c) factors (d) coefficients 
3 Hi 45 4) = 11. Multiple Choice Choose the degree of the monomial 3x‘. 
ee ee a (@3 7 @4 @)2 
—2 . . 
4. True or False 4x “is a monomial of degree —2. 12. Multiple Choice Choose the best description of x* — 64. 
5. True or False (x + a)(x*? + ax +a) =x+a@. (a) Prime (b) Difference of two squares 
6. True or False The polynomial x2 + 4 is prime. (c) Difference of two cubes (d) Perfect Square 
7. True or False 3x3 — 2x2 — 6x + 4 = (3x — 2) (x2 +2) 13. Multiple Choice Choose the complete factorization of 
e = an < 7 _ _ 
8. To complete the square of the expression x” + 5x, you would “ et ; 
the number (a) 2(x + 3) (x — 5) (b) 4(x° — 2x — 15) 
(c) (2% 6) (2¥ = 10} (d) 4(x + 3) (x — 5) 


9. To check division, the expression that is being divided, the 
dividend, should equal the product of the and 
the plus the ; 


14. Multiple Choice To complete the square of x? + bx, use 
which of the following? 


i. \7 1 
(a) (2b)? —s (b) 2b7— Ce) (5) (d) 5e 
Skill Building 


In Problems 15-24, tell whether the expression is a monomial. If it is, name the variable and the coefficient and give the degree of the 
monomial. [f it is not a monomial, state why not. 


, g 
N15. 22 16. —4x2 17.2 18. —2x3 19. —2x3 + 5x2 
XxX 


9x2 
8x 7. — x 


5 5 23. x7 +2x -—5 24. 3x7 +4 
= 1 x +1 


20. 6x° — 8x? 21. 








In Problems 25-34, tell whether the expression is a polynomial. [f it is, give its degree. If it is not, state why not. 





AQ 25. 3x2 = 5 26. 1 — 4x 27. 5 28. —7 29, 3x? — ° 
30. = 2 31. 2y3 — V2 32. 1027 + z 33. : “ ; 34. ‘Bat 
In Problems 35-60, add, subtract, or multiply, as indicated. Express your answer as a single polynomial in standard form. 
35. (x7 + 4x + 5) + (3x — 3) 36. (x? + 3x7 + 2) + (x? — 4x + 4) 
37, (x? — 2x7 + 5x +10) — (2x? — 4x + 3) 38. (x? — 3x — 4) -— (x -— 3x7 +x +5) 
39. 6(x° + x* — 3) — 4(2x° — 3x7) 40. 8(4x° — 3x7 — 1) — 6(4x° + 8x — 2) 
41. 9(y? — 3y + 4) - 6(1 — y’) 42. 8(1-—y?) +4(1+y+y*+y°) 
43. x(x2 +x —4) 44, 4x2 (x9 — x + 2) N45. (x + 2) (x + 4) 
46. (x + 3) (x + 5) 47, (2x + 5) (x + 2) 48. (3x + 1) (2x +1) 
N49. (x — 7) (x +7) 50. (x — 1) (x +1) 51. (2x + 3) (2x — 3) 
52, (3x + 2) (3x — 2) N53. (x + 4)? 54. (x — 5)? 
55. (2x — 3)? 56. (3x — 4)? N57. (x — 2)3 
58. (x + 1)° 59, (2x + 1)? 60. (3x — 2)? 


In Problems 61-76, find the quotient and the remainder. Check your work by verifying that 


Quotient: Divisor + Remainder = Dividend 


61. 4x° — 3x7 +x +1 dividedby x +2 62. 3x° —x7+x-2 dividedby x +2 
63. 4x° — 3x7 +x +1 divided by x* 64. 3x° -— x? +x-—2 dividedby x’ 
\ 65. 5x4 = 3x27 +x +1. dividedby x? +2 66. 5x - x2 +x—2 dividedby x? +2 

67. 4x° — 3x7 +x +1 dividedby 2x* - 1 68. 3x° — x? +x—-—2 dividedby 3x° - 1 

69. 2x4 — 3x5 +x+1 = dividedby 2x7 +x+1 70. 3x4 -—x° +x—-—2 dividedby 3x7 +x+1 


71. —4x° + x* —4 dividedby x-—1 72. —3xt—2x—1 dividedby x-— 1 
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73.1 —x74+x* dividedby x*+x+1 74. 1 —x?+x* dividedby x*7-x+1 
75.x° — a? dividedby x-a 76. x. — a> dividedby x —-a 
In Problems 77-124, factor completely each polynomial. If the polynomial cannot be factored, say it is prime. 
77. x? — 36 78. x7 — 9 79. 2 — 8x? 80. 3 — 27x? 
81. x7 + 11x + 10 82. x7 + 5x +4 83. x7 — 10x + 21 84. x7 — 6x + 8 
NC 85. 4x2 — 8x + 32 86. 3x7 — 12x + 15 87. x7 + 4x + 16 88. x? + 12x + 36 
89. 15 + 2x — x? 90. 14 + 6x — x? 91, 3x” — 12x — 36 92. x° + 8x” — 20x 
93, y+ + 11ly? + 30y” 94, 3y° — 18y” — 48y 95. 4x7 + 12x + 9 96. 9x? — 12x + 4 
97, 6x" + 8x + 2 98. 8x7 + 6x — 2 99, x* — 81 100. x* - 1 
\ 101. x6 — 2x3 41 102. x° + 2x3 +1 103. x7 — x9 104. x8 — x3 
105. 16x? + 24x + 9 106. 9x” — 24x + 16 107. 5 + 16x — 16x” 108. 5 + 11x — 16x? 
109. 4y? — 16y + 15 110. 9y* + 9y — 4 111. 1 — 8x? — 9x4 112. 4 — 14x” — 8x" 
113. x(x +3) —6(x +3) 114.5(3x —7) +x(3x —7) 115. (x +2)? -—S(x +2) 116. (x — 1)? — 2(x - 1) 
117. (3x — 2)? - 27 118. (5x +1)? -1 119. 3(x? + 10x + 25) — 4(x + 5) 
120. 7(x? — 6x + 9) + 5(x — 3) 121, x° + 2x7 -x-2 122, x° —- 3x*° - x43 
123. xt - x +x-1 124. xt4+2¢°4+x4+1 


In Problems 125-130, determine the number that should be added to complete the square of each expression. Then factor each expression. 
No 125. x2 + 10x 126. p? + 14p 127. y? — by 


128. x2 — 4x 129. x? — =x 130. x7 + =x 


Applications and Extensions 


ZX In Problems 131-140, expressions that occur in calculus are given. Factor completely each expression. 


131. 2(3x + 4)? + (2x +3) -2(3x +4) -°3 132. 5(2x +1)?+ (5x — 6)+2(2x +1) +2 
133. 2x(2x +5) + x7+2 134, 3x7(8x — 3) + x°-8 
No 135. 2(x + 3) (x — 2)3 + (x + 3)2°3(x — 2)? 136. 4(x + 5)3(x —1)2 + (x + 5)4+2(x -1) 
137. (4x — 3)* + x-2(4x — 3) +4 138. 3x7(3x + 4)? + x°-2(3x + 4) +3 
139. 2(3x — 5) -3(2x + 1)3 + (3x — 5)*+3(2x + 1)7-2 140. 3(4x + 5)7-4(5x +1)? + (4x + 5)3+2(5x +1) °5 
141. Show that x* + 4 is prime. 142. Show that x” + x + 1 is prime. 


Explaining Concepts: Discussion and Writing 





143. Explain why the degree of the product of two nonzero 146. Do you prefer to memorize the rule for the square of a 
polynomials equals the sum of their degrees. binomial (x + a)* or to use FOIL to obtain the product? 

144, Explain why the degree of the sum of two polynomials of Write a brief position paper defending your choice. 
different degrees equals the larger of their degrees. 147. Make up a polynomial that factors into a perfect square. 

145. Give a careful statement about the degree of the sum of two 148. Explain to a fellow student what you look for first when 
polynomials of the same degree. presented with a factoring problem. What do you do next? 


A.4 Synthetic Division 


OBJECTIVE 1 Divide Polynomials Using Synthetic Division (p. A31) 





1 Divide Polynomials Using Synthetic Division 


To find the quotient as well as the remainder when a polynomial of degree 1 or 
higher is divided by x — c, a shortened version of long division, called synthetic 
division, makes the task simpler. 
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To see how synthetic division works, first consider long division for dividing the 
polynomial 2x* — x? + 3 by x — 3. 


2x7 + 5x + 15 <— Quotient 
x — 3)2x3 — x? + 3 
2x° — 6x? 
5x 
5x7 — 15x 
15x + 3 
15x — 45 


48 <— Remainder 


/ Check: Divisor - Quotient + Remainder 
= (x — 3) (2x? + 5x + 15) + 48 
= 2x? + 5x* + 15x — 6x7 — 15x — 45 + 48 
=e — 7° +3 


The process of synthetic division arises from rewriting the long division in a 
more compact form, using simpler notation. For example, in the long division above, 
the terms in blue are not really necessary because they are identical to the terms 
directly above them. With these terms removed, we have 


2x7 + 5x +15 


x — 3)2x3 — x? + 3 
— 6x? 
5x? 
= 15% 
15x 
— 45 
48 


Most of the x’s that appear in this process can also be removed, provided that we 
are careful about positioning each coefficient. In this regard, we will need to use O as 
the coefficient of x in the dividend, because that power of x is missing. Now we have 


2x7 + 5x +15 
x-3)2 -1 OO 3 
=— 6 
5 





= 49 
15 

— 45 

48 


We can make this display more compact by moving the lines up until the 
numbers in blue align horizontally. 


2x7 + 5x +15 Row 1 

x-3)2 —-1 O 3 Row2 
—6 —15—-—45 Row3 

O 5 15 48 Row4 


Because the leading coefficient of the divisor is always 1, the leading coefficient 
of the dividend will also be the leading coefficient of the quotient. So we place the 
leading coefficient of the quotient, 2, in the circled position. Now, the first three 
numbers in row 4 are precisely the coefficients of the quotient, and the last number 


Solution 
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in row 4 is the remainder. Since row 1 is not really needed, we can compress the 
process to three rows, where the bottom row contains both the coefficients of the 
quotient and the remainder. 


x—3)2 -1 0 3. Rowl 
— 6-15 — 45 Row2 (subtract) 
2 5 15 48 Row3 


Recall that the entries in row 3 are obtained by subtracting the entries in row 2 
from those in row 1. Rather than subtracting the entries in row 2, we can change the 
sign of each entry and add. With this modification, our display will look like this: 


x—3)2 -1 0 3 Rowl 
6 15 45  Row2 (add) 
247% 5715+” 48 Row3 


Notice that the entries in row 2 are three times the prior entries in row 3. Our 
last modification to the display replaces the x — 3 by 3. The entries in row 3 give the 
quotient and the remainder, as shown next. 


3)2 -1 0 3 Rowl 
6 15 45 Row2 (add) 
2 5 15 48 Row3 
ais pieeeniniaael 


Quotient Remainder 
——— ey 


2x7 + 5x +15 48 


Let’s go through an example step by step. 


| €XAMPLE 1 ~ Using Synthetic Division to Find the Quotient and Remainder 


Use synthetic division to find the quotient and remainder when 


STEP 1: 


STEP 2: 


STEP 3: 


STEP 4: 


STEP 5: 


x° — 4x7 —5 isdividedby x — 3 


Write the dividend in descending powers of x. Then copy the coefficients, 
remembering to insert a O for any missing powers of x. 


1 -4 0 -5 Rowl 


Insert the usual division symbol. In synthetic division, the divisor is of the 
form x — c, and c is the number placed to the left of the division symbol. 
Here, since the divisor is x — 3, insert 3 to the left of the division symbol. 


3)1 —4 0 —5 Rowl 
Bring the 1 down two rows, and enter it in row 3. 
31 -4 0 —5 Rowl 
: Row 2 
1 Row 3 
Multiply the latest entry in row 3 by 3, and place the result in row 2, one 
column over to the right. 
31 -4 0 —5 Rowl 
3 Row 2 
17 Row 3 
Add the entry in row 2 to the entry above it in row 1, and enter the sum in 
row 3. 
31-4 0-5 Row1 
| Row 2 
147-1 Row 3 (continued) 
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STEP 6: Repeat Steps 4 and 5 until no more entries are available in row 1. 
31 -4 0 -5 Row1 
3 -3 -9 Row2 
1 -1”-3+7-14 Row3 
STEP 7: The final entry in row 3, the — 14, is the remainder; the other entries in 
row 3, the 1, —1, and —3, are the coefficients (in descending order) of a 


polynomial whose degree is 1 less than that of the dividend. This is the 
quotient. That is, 


2 


Quotient = x — x -— 3 Remainder = —14 


/ Check: Divisor - Quotient + Remainder 
= (x — 3) (x? —x - 3) + (-14) 
(x? — x? — 3x — 3x7 + 3x +: 9) + (-14) 
= x° — 4x? — 5 = Dividend ig 


Let’s do an example in which all seven steps are combined. 


| EXAMPLE 2 ~ Using Synthetic Division to Verify a Factor 


Use synthetic division to show that x + 3 is a factor of 


2x? + 5x* — 2x3 + 2x? — 2x + 3 


Solution = The divisor is x + 3 = x — (—3), so place —3 to the left of the division symbol. 
Then the row 3 entries will be multiplied by —3, entered in row 2, and added to row 1. 


—3)2 > =—2 2 = 3 Rowl 
—6 o. 35 3 -—3 Row2 
2 =1 L = ik 0 Row3 


Because the remainder is 0, we have 
Divisor * Quotient + Remainder 
= (x + 3) (2x4 -— x8 +7 —x +1) = 20 + 5x4 — 20° + 2x? — 2x +3 
As we see,x + 3 isa factor of 2x° + 5x* — 2x? + 2x? — 2x + 3. a 
As Example 2 illustrates, the remainder after division gives information about 
whether the divisor is, or is not, a factor. We say more about this in Chapter 4. 


ommumme- Now Work PROBLEMS 9 AND 19 


A.4 Assess Your Understanding 


Concepts and Vocabulary 


1. To check division, the expression that is being divided, the dividend, should equal the product of the and the 
plus the 


2. To divide 2x? — 5x + 1 by x + 3 using synthetic division, the first step is to write i 


3. Multiple Choice Choose the division problem that cannot be done using synthetic division. 


(a) 2x° — 4x? + 6x — 8 is divided by x — 8 (b) x* — 3 is divided by x + 1 
(c) x° + 3x” — 9x + 2is divided by x + 10 (d) x* — 5x° + 3x? — 9x + 13 is divided by x? + 5 
4. Multiple Choice Choose the correct conclusion based on the following synthetic division: —5)2. 3 —38 —15 
=i 35 15 
2 -7 -3 0 
(a) x + 5isa factor of 2x? + 3x* — 38x — 15 (b) x — 5isa factor of 2x° + 3x” — 38x — 15 


(c) x + 5is nota factor of 2x° + 3x? — 38x — 15 (d) x — 5isnota factor of 2x° + 3x* — 38x — 15 
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5. True or False In using synthetic division, the divisor is always a polynomial of degree 1, whose leading coefficient is 1. 


—2)5 3 2 1 
5x? + 3x7 +2x4+1 —31 
6. True or False —10 14 ~-—32 means ee 5x? — 7x + 16 + : 
STEER x+2 x+2 
5 —7 16 -31 





Skill Building 


In Problems 7-18, use synthetic division to find the quotient and remainder when: 


7. x? — Tx? + 5x + 10 is divided by x — 2 8. x? + 2x” — 3x + 1is divided by x + 1 

NN. 9. 3x3 + 2x2 — x + 3 is divided by x — 3 10. —4x3 + 2x2 — x + 1is divided by x + 2 

11. x° — 4x° + x is divided by x + 3 12. x* + x” + 2is divided by x — 2 

13. 4x° — 3x4 + x? + 5 is divided by x — 1 14. x° + 5x° — 10 is divided by x + 1 

15. 0.1x° + 0.2x is divided by x + 1.1 16. 0.1x? — 0.2 is divided by x + 2.1 

17. x° — 32 is divided by x — 2 18. x° + 1 is divided by x + 1 

In Problems 19-28, use synthetic division to determine whether x — c is a factor of the given polynomial. 

N19. 4x3 - 3x2 - 8 +4; x -2 20. 43 + 5x2 +8 x43 

21. 2x* — 6x7 — 7x + 21; x -—3 22. 4x* — 15x - 4; x -2 

23. 5x° + 43x° + 24, x +2 24. 2x° — 18x4 + x7 -9; x +3 

25. x — 16x° — x7 +19; x +4 26. x° — l6xt +x? -— 16; x +4 

21, 3x4 — 3 + 6-2; x5 8, ait xd Br; x ts 


Applications and Extensions 
29. Find the sum of a, b,c, and d if 


x? — 2x7 + 3x45 3 
Ss st = a + bx + + 
5 ie ee ae 





Explaining Concepts: Discussion and Writing 


30. When dividing a polynomial by x — c, do you prefer to use long division or synthetic division? Does the value of c make a difference 
to you in choosing? Give reasons. 


A.5 Rational Expressions 


OBJECTIVES 1 Reduce a Rational Expression to Lowest Terms (p. A35) 
2 Multiply and Divide Rational Expressions (p. A36) 


2 Add and Subtract Rational Expressions (p. A37) 
4 Use the Least Common Multiple Method (p. A39) 
5 Simplify Complex Rational Expressions (p. A40) 





1 Reduce a Rational Expression to Lowest Terms 


If we form the quotient of two polynomials, the result is called a rational expression. 
Some examples of rational expressions are 


r+1 3x7 +x —-2 x xy? 
OF =..." > (d) 


x x7 +5 a A (x — y)? 








(a) 


Expressions (a), (b), and (c) are rational expressions in one variable, x, whereas (d) 
is a rational expression in two variables, x and y. 
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Rational expressions are described in the same manner as rational numbers. In 
expression (a), the polynomial x° + 1 is the numerator, and x is the denominator. 
When the numerator and denominator of a rational expression contain no common 
factors (except 1 and —1), we say that the rational expression is reduced to lowest 
terms, or simplified. 

The polynomial in the denominator of a rational expression cannot be equal to 0 





because division by 0 is not defined. For example, for the expression 
take on the value 0. The domain of the variable x is {x|x # 0}. 

A rational expression is reduced to lowest terms by factoring the numerator 
and the denominator completely and canceling any common factors using the 
Cancellation Property: 


, xX cannot 


Cancellation Property 


Sith 4 0,c 40 


b 





| EXAMPLE 1 ~ Reducing a Rational Expression to Lowest Terms 


Solution 


WARNING Use the Cancellation 
Property only with rational expressions 
written in factored form. Be sure 
to cancel only common factors, not 
common terms! a 


Reduce to lowest terms: aa ees 

Ok ee 

Begin by factoring the numerator and the denominator. 
x? +4x+4= (x + 2)(x +2) 
x? + 3x +2 = (x + 2)(x4+1) 


Since a common factor, x + 2, appears, the original expression is not in lowest 
terms. To reduce it to lowest terms, use the Cancellation Property: 


x + 4x4+4  pbemetx t+ 2) x +2 
xe4+3x +2 (+77 (x4+1) x41 





x A —-2,-1 


ab 


| EXAMPLE 2 ~ Reducing Rational Expressions to Lowest Terms 


Solution 


Reduce each rational expression to lowest terms. 





3 
Poe ®. So = ey 
ee b a 
@) Bop ) 2 -D 
(a) B-8 (e-27 (02 +2x 44) 2 4+2x44 ae 
a) SS SS eC : 
=e xyeeenT i 
8 — 2 IT A= a 21, =2 
(b) = Xo ( ) 2-1) 4 ee 
x-x-12) («-4)(*+3) _oeerric + 3) Ox + 3 


onmmmmmmme- Now Work PROBLEM 7 


2 Multiply and Divide Rational Expressions 


The rules for multiplying and dividing rational expressions are the same as the rules 
for multiplying and dividing rational numbers. 
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a C 
If — and — are two rational expressions, then 


ifb ~0,d # 0 


ifb #A0,c #0,d ~ 0 


a 
<. 
a 
b 
c 
d 





In using equations (2) and (3) with rational expressions, be sure first to factor 
each polynomial completely so that common factors can be canceled. Leave your 


answer in factored form. 


| EXAMPLE 3 © Multiplying and Dividing Rational Expressions 


Perform the indicated operation and simplify the result. Leave your answer in 
factored form. 





X33 

(a) x*—-2x+1 4x74+4 (b) x2 — 4 
we+ex a ae) qo = 1D 

y —=8 
xt] 4°4+4 9 (x-1)* 9 4(x° +1) 


Solution (a) Jon seo soo GoGo) 


(x — 1) *(4) G2+ty 
x 2+) (x + 2) 1) 








4(x — 1) 
= x ~ —-2,0,1 
x(x + 2) 
x+3 
x7 — 4 x+3 i = 
Oe er et er eer 
x —-x-12 x= 4. XS HSH 12 
4 = 8 
4 3 (x — 2) (x? + 2x + 4) 


eo) (asta o) 
7 (CEH) Le P7 (x? + 2x + 4) 
(6 2P (x + 2) (x -— 4) eS) 


_ ve text4 3 ang 
wea) * oe oil 


orem NoOw Work PROBLEMS 15 AND 21 


In Words ; : 
To add (or subtract) two rational 3 Add and Subtract Rational Expressions 

expressions with the same The rules for adding and subtracting rational expressions are the same as the rules 
denominator, keep the common for adding and subtracting rational numbers. If the denominators of two rational 


seilovallensos elope ete) 9 expressions to be added (or subtracted) are equal, then add (or subtract) the 
subtract) the numerators. , 
numerators and keep the common denominator. 
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a C : 
If 5 and p are two rational expressions, then 





| EXAMPLE 4 ~ Adding and Subtracting Rational Expressions with Equal Denominators 


Perform the indicated operation and simplify the result. Leave your answer in 
factored form. 


























2x7 -4 x+3 5 x 3x +2 
z-~ b ~ A 3 
oes (ats rr er 
2x?-4 vxt+3 (2x7-4) + (x +3) 
lution + = 
Solutio (a) 2x +5 2x +5 2x +5 
2 eee 1. Oe as 
7 2x +5 7 2x +5 
(b) x  3x+2 x- (3x42) x-—3x-2 
eas. X= > y= > X= 3 
eee eee 1) 
x-—3 x-3 J 


ommummm=-Now Work PROBLEM 23 
If the denominators of two rational expressions to be added or subtracted are not 


equal, we can use the general formulas for adding and subtracting rational expressions. 


a 6 : 
If ip and gare two rational expressions, then 


G3 0G 


hd ifb A 0,d - 0 


ey ere 
bd 


ifb ~#0,d # 0 





| EXAMPLE 5 ~ Adding and Subtracting Rational Expressions with Unequal 


Denominators 


Perform the indicated operation and simplify the result. Leave your answer in 
factored form. 





























x= 3 x x? 1 
+ —4,2 — = —2,0,2 
(a) © a) x A —4, tiem = x ~ —2,0, 
: y= 3S x K-33 s<-—2. xs t4 x 
lution + = 
SOMO 7 sil aiilaii am 
(5a) 
ee 2 oe ee) 
7 (x + 4) (x — 2) 
Pee ro re Par Pr Hee oO 


(x+4)(x-2) = (x + 4)(x - 2) 
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» oto or P41 2) - 4) 
(0) x7 — 4 rpeee a a (x7 —4)-x 
(5b) 
_. 2 Soe 4 
~ x(x — 2)(x +2) cal 


ovrmmmm===-Now Work PROBLEM 25 


4 Use the Least Common Multiple Method 


If the denominators of two rational expressions to be added (or subtracted) have 
common factors, we usually do not use the general rules given by equations (5a) 
and (5b). Just as with fractions, we use the least common multiple (LCM) method. 
The LCM method uses the polynomial of least degree that has each denominator 
polynomial as a factor. 


The LCM Method for Adding or Subtracting Rational Expressions 
The Least Common Multiple (LCM) Method requires four steps: 


STEP 1: Factor completely the polynomial in the denominator of each 
rational expression. 


STEP 2: The LCM of the denominators is the product of each unique factor, 
with each of these factors raised to a power equal to the greatest 
number of times that the factor occurs in any denominator. 


STEP 3: Write each rational expression using the LCM as the common 
denominator. 


STEP 4; Add or subtract the rational expressions using equation (4). 


We begin with an example that requires only Steps 1 and 2. 


| €XAMPLE6 | Finding the Least Common Multiple 


Solution 


Find the least common multiple of the following pair of polynomials: 


x(x —1)7(x +1) and 4(x —1)(x +1)? 


STEP 1: The polynomials are already factored completely as 
x(x —1)*(x+1) and 4(x -—1)(x+1)° 
STEP 2: Start by writing the factors of the left-hand polynomial. (Or you could start 
with the one on the right.) 
x(x —1)*(x + 1) 
Now look at the right-hand polynomial. Its first factor, 4, does not appear in 
our list, so we insert it. 
4x(x — 1)*(x +1) 
The next factor, x — 1, is already in our list, so no change is necessary. The 


final factor is (x + 1)°. Since our list has x + 1 to the first power only, we 
replace x + 1 in the list by (x + 1)°. The LCM is 


4x(x — 1)*(x + 1)? 


Notice that the LCM is, in fact, the polynomial of least degree that contains 
x(x —1)7(x +1) and4(x — 1) (x + 1)? as factors. 
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| EXAMPLE 7 ~ Using the Least Common Multiple to Add Rational Expressions 


Perform the indicated operation and simplify the result. Leave your answer in 
factored form. 


Semea pop teh 
Solution Strep 1: Factor completely the polynomials in the denominators. 
x7 + 3x4+2= (x +2)(x4+1) 
x* —1= (x —1)(x +1) 
STEP 2: The LCM is (x + 2) (x + 1) (x — 1). Do you see why? 
STEP 3: Write each rational expression using the LCM as the denominator. 
x x x coat Oe Re 1) 
x>+3x+2 (x +2)(x4+1) ero) eed) ee ea 2 ee Lie 1) 
Multiply numerator and 


denominator by x — 1 to get 
the LCM in the denominator. 


——» 


243. = 3 ih ia, 5 a we (2 =a a 2) 


e-1 (x—-1)(et1),. -l(xt1) xe+2.) (x-1)(@+1)(e42) 
| Multiply numerator and 

denominator by x + 2 to get 

the LCM in the denominator. 





STEP 4: Now add by using equation (4). 
~ 2x3 Mie 1) [20 = 3) or 2) 
x +3x4+2 x7 -1  (x+2)(x4+1)(%-1)) (+2) (44+ 1)(x-1) 





(x* —x) + (2x7 + x - 6) 
eee 2 eae. tae Et 


3x? — 6 _ 3(x* — 2) 
Cae he aaa ee aoe © ee ete 
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5 Simplify Complex Rational Expressions 


When sums and/or differences of rational expressions appear as the numerator 
and/or denominator of a quotient, the quotient is called a complex rational expression. 
For example, 








1 x? 
1+- 5 = 3 
x x —-4 
——— and ———— 
1 eo - 

1 =e — ] 
x x+2 


are complex rational expressions. To simplify a complex rational expression means to 
write it as a rational expression reduced to lowest terms. This can be accomplished 
in either of two ways. 


“Some texts use the term complex fraction. 
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Simplifying a Complex Rational Expression 


OPTION 1: Treat the numerator and denominator of the complex rational 
expression separately, performing whatever operations are 
indicated and simplifying the results. Follow this by simplifying 
the resulting rational expression. 


OPTION 2: Find the LCM of the denominators of all rational expressions 
that appear in the complex rational expression. Multiply 
the numerator and denominator of the complex rational 
expression by the LCM and simplify the result. 


We use both options in the next example. By carefully studying each option, you 
can discover situations in which one may be easier to use than the other. 


| EXAMPLES | PLE 8 Simplifying a Complex Rational Expression 


L..3 


2 
Simplify: —— x ¥ -3,0 
X 


4 


Solution Option I: First, perform the indicated operation in the numerator, and then divide. 
1 a S& 252 26 
Zz 2% 2x x+6 4 

















x+3 5 a ae. x+3 25 eas 











+ + 
Rule for adding Rule for dividing 
quotients quotients 


7 (x + 6)°4 _ 2+ (x + 6) _ Axe 6) 
pQexe(x +3) Bex (x+3) x(x +3) 
Rule for multiplying quotients 


Option 2: The rational expressions that appear in the complex rational expression 
are 





The LCM of their denominators is 4x. Multiply the numerator and 
denominator of the complex rational expression by 4x and then simplify. 


1 1 
bye. we(5 +3) Ay + Ay 
x x 








a eS a) a ae.) 
aes (25) 4x+ (x + 3) 
4x° —_—______—_—- 
4 4 4 
Multiply the Use the Distributive Property 


humerator and in the numerator. 
denominator by 4x. 


1 . 
i i Pe Ix +12 lees) 
Ax: (x + 3) Meo) . wie 
# 


Simplify. Factor. a] 
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| EXAMPLES ~ Simplifying a Complex Rational Expression 


2 




















a 
q+ 2 
— 
implify: ————_ oe 
SN oe 2 x # 0,2, 
x 
Solution We use Option 1. 
2 Z 2 est 2 = 
a x (x ) x7 + 2x — 8 
x—4 _—x-4 x-4 —  x-4 
2 ton 2x-—2 = x BX = x 
be x Bs x 
(x + 4) (x — 2) 
_ aoe — (x + 4) fe 2 x 
5 mee Rag Lee 
x 
x(x + 4) 


x-4 | 
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A.5 Assess Your Understanding 


Concepts and Vocabulary 




























































































1. When the numerator and denominator of a rational 5. Multiple Choice Choose the statement that is not true. 
expression contain no common factors (except 1 and —1), Assume b # 0,c # 0,andd # (as necessary. 
the rational expression is in : (a) ac_a (b) a © _ Gc 
2. LCM is an abbreviation for ; be b bb b 
. 2x3 — 4x. as 
3. True or False The rational expression =a is reduced a cad—pbe b ac 
, Si i ae 
to lowest terms. (c) bd ha (d) c bd 
4. True or False The LCM of 2x° + 6x? and 6x* + 4x° is d 
4x°(x + 1). 6. Multiple Choice Choose the rational expression that 
simplifies to —1. 
a= ph a=) at b b= 
b 
Si = ae: nee neta 
Skill Building 
In Problems 7-14, reduce each rational expression to lowest terms. 
3x 9 Ax? + 8x 9 x? — 2x 15x? + 24x 
"x2 — 9 "12x + 24 * 3x — 6 — 
24,? 24 4x +4 a= 25 ay == 2 
11. — 12. — 13. ar . ae 
Te 6K x* —4 2y~ — 8y — 10 3yo oy ae 2 
In Problems 15-36, perform the indicated operation and simplify the result. Leave your answer in factored form. 
‘ + Ax? > — 64 12 54] 
. oe ee i 18. i 
5x2 x7 — A 2x 6x + 10 x — 16 2x x +x 4x -2 
8x Sosa 4—-x 3 rx 
2 
x -1 Ax 4+%x i oat 3 
19. 0 NX 21. 22, 
10x x7 — 4x +4 4x x2 — 9 
ae 12% x’ — 16 9x3 
2 2 ) 
Ds + 3x 9 x i! eal a 
NX 23. - 24, - XA 25. i 26.4-—— = + 
2% =3 23 n= 1 2d y= A x x? x41 
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+1 4 2 
27. = - = —__ .— - = NX 29. — ek) a ES 
x°—7x+6 x -—2x -— 24 x-3  3x+5x- 24 x -4 x+x-6 
3 —4 3 > 2 6 
Be gee 27 A eee ces es el We a Ge ee ee nal (Ye 2a) eae) Ce ST) 
il 1 x-2 x-l1 2x +5 x 
Ls 445 ees ——— 
- = 
33,..——" 34, * 35, 6 a 6 — 
,;—-i 31 x _2e= x2 (x +1)? 
x x? ae x Gas. gas 


Applications and Extensions 


/\ In Problems 37-44, expressions that occur in calculus are given. Reduce each expression to lowest terms. 
(4¢ 1) 35 => (5x — 2) <4 


(20 3) = 13e-= 5) 2 
| | a 
(3x — 5)? 


38. ; 
(S0= 2) 
x°2x — (x7 -—4)-1 


40. ; 
(x? — 4) 


(3x +1)? 


(x7 +.1)-3 -— (3x + 4) -2x 
(x2 + 1)° 


43. 44 


The Lensmaker’s Equation The focal length f of a lens with 
index of refraction n is 


t= (n-1)] 


f 
where R, and R, are the radii of curvature of the front and 
back surfaces of the lens. Express f as a rational expression. 
Evaluate the rational expression forn = 1.5, R; = 0.1 meter, 
and R, = 0.2 meter. 


45. 


1 if 
——— + — 
Ri 


Explaining Concepts: Discussion and Writing 


47. The following expressions are called continued fractions: 








ah ee 
bs il 1 
lt+-z 1 ; 
1 +25 
Each simplifies to an expression of the form 
ax + b 
i ae 


Trace the successive values of a,b, and c as you “continue” the frac 


(3x +1) -2x — x7+3 


x-2x — (x? +1)-1 

3. ————_, 
(x7 + 1) 

(2x — 5) -3x? — x°-2 


42. ; 
(24 = 2} 


(x7 +.9)+2 — (2x — 5) 2x 
(x2 +9)? 


46. Electrical Circuits An electrical circuit contains three 


resistors connected in parallel. If the resistance of each is 
R,, Ro, and R; ohms, respectively, their combined resistance 
R is given by the formula 


Express R as a rational expression. Evaluate R for 
R, = 5 ohms, R, = 4 ohms, and R; = 10 ohms. 





tion. Can you discover the patterns that these values follow? Go 


to the library and research Fibonacci numbers. Write a report on your findings. 


48. Explain to a fellow student when you would use the LCM 


method to add two rational expressions. Give two examples 
of adding two rational expressions, one in which you use the 
LCM and the other in which you do not. 


49. Which of the two methods given in the text for simplifying 
complex rational expressions do you prefer? Write a brief 
paragraph stating the reasons for your choice. 


A44 


APPENDIX A Review 


A.6 Solving Equations 


PREPARING FOR THIS SECTION Before getting started, review the following: 


e Factoring Polynomials (Section A.3, pp. A27—-A28) e Square Roots (Section A.1, pp. A9Q-A10) 
e Zero-Product Property (Section A.1, p. A4) e Absolute Value (Section A.1, pp. AS—A6) 


\\ Now Work the ‘Are You Prepared?’ problems on page A51. 


OBJECTIVES 1 Solve Equations by Factoring (p. A46) 


2 Solve Equations Involving Absolute Value (p. A46) 

3 Solve a Quadratic Equation by Factoring (p. A47) 

4 Solve a Quadratic Equation by Completing the Square (p. A48) 

5 Solve a Quadratic Equation Using the Quadratic Formula (p. A49) 





An equation in one variable is a statement in which two expressions, at least one 
containing the variable, are equal. The expressions are called the sides of the 
equation. Since an equation is a statement, it may be true or false, depending on 
the value of the variable. Unless otherwise restricted, the admissible values of the 
variable are those in the domain of the variable. These admissible values of the 
variable, if any, that result in a true statement are called solutions, or roots, of 
the equation. To solve an equation means to find all the solutions of the equation. 
For example, the following are all equations in one variable, x: 


ee 
= 0 Vx7+9=5 


x+1 





x+5=9 x7 + 5x = 2x -2 


The first of these statements, x + 5 = 9, is true when x = 4 and false for any 
other choice of x. That is, 4 is the solution of the equation x + 5 = 9. We also say 
that 4 satisfies the equation x + 5 = 9, because, when 4 is substituted for x, a true 
statement results. 

Sometimes an equation will have more than one solution. For example, the equation 


9 

—4 
x , 
x+1 





has —2 and 2 as solutions. 
Usually, we write the solutions of an equation as a set, called the solution set of 
the equation. For example, the solution set of the equation x” — 9 = Ois {-3,3}. 
Some equations have no real solution. For example, x7 + 9 = 5 has no real 
solution, because there is no real number whose square, when added to 9, equals 5. 
An equation that is satisfied for every value of the variable for which both sides 
are defined is called an identity. For example, the equation 


3x +5 =x+3+2x+2 


is an identity, because this statement is true for any real number x. 


One method for solving an equation is to replace the original equation by a 
succession of equivalent equations, equations having the same solution set, until 
an equation with an obvious solution is obtained. 


For example, consider the following succession of equivalent equations: 


2x 3 = 13 
2x = 10 
x=5 


We conclude that the solution set of the original equation is {5}. 


WARNING Squaring both sides of an 
equation does not necessarily lead to 
an equivalent equation. For example, 
x = 3 has one solution, but x* = 9 has 
two solutions, —3 and 3. a 


Solution 
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How do we obtain equivalent equations? In general, there are five ways. 


Procedures That Result in Equivalent Equations 
e Interchange the two sides of the equation: 
Replace 3=x by x=3 


e Simplify the sides of the equation by combining like terms, eliminating 
parentheses, and so on: 


Replace, 4o=F 2 bor (a el 
by NO ON I 
e Add or subtract the same expression on both sides of the equation: 
Replace 3x —5 =4 
by (Bx) i 
e Multiply or divide both sides of the equation by the same nonzero expression: 


3x 6 
Repl = 1 
eplace a = x F 








on 6 

oe al 

| © ) 2 ae | 

e If one side of the equation is 0 and the other side can be factored, then write 
it as the product of factors: 








by a IL) 


Replace eae 10 
by ie = 3) = 


Whenever it is possible to solve an equation in your head, do so. For example, 


The solution of 2x = 81s 4. 
The solution of 3x — 15 = O1is5. 


ovmmmmmmm- Now Work PRoBLEM 15 


| EXAMPLE 1 ~ Solving an Equation 


Solve the equation: 3x — 5 = 4 


Replace the original equation by a succession of equivalent equations. 


3x —5=4 
(3x —5) +5 =4+5 Add 5to both sides. 
3x = 9 Simplify. 
3x _ 9 3 
= = 3 Divide both sides by 3. 
3 ) 
x=3 Simplify. 


The last equation, x = 3, has the solution 3. All these equations are equivalent, so 3 
is the only solution of the original equation, 3x — 5 = 4. 


JS Check: Check the solution by substituting 3 for x in the original equation. 


Bx —-5 =3+3-5=9-5=4 


The solution checks. The solution set is {3}. dl 


ommumme=- NOW Work PROBLEMS 29 AND 35 
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1 Solve Equations by Factoring 


If an equation can be written as a product of factors equal to 0, use the Zero-Product 
Property to set each factor equal to 0 and solve the resulting equations. 


| EXAMPLE 2 ~ Solving Equations by Factoring 


Solution 


Solve the equations: (ax = 4x (b) x -—x*-44 +4=0 


(a) Begin by collecting all terms on one side. This results in 0 on one side and an 
expression to be factored on the other. 


x= 4x 
x — 4x =0 
x(x*- 4) =0 Factor. 


Maem 2) ee 2) =) Factor again. 
x=0 or x-2=0 or x+2 =0 Use the Zero-Product Property. 


x =O or x=2 or x = -—2 Solve for x. 


Jf Check: x 


= -2: (-2)? = —-8and4(-—2) =-8 -—2isasolution. 
x=: 0? = 0Oand4:0 = 0 0 is a solution. 
oe 2 = 8and4-:2=8 2 is a solution. 


The solution set is { —2, 0,2}. 
(b) Group the terms of x° — x? — 4x + 4 = Oas follows: 

(x? — x”) — (4x —- 4) =0 

Factor out x” from the first grouping and 4 from the second. 
x?(x —1) —4(x -1) =0 

This reveals the common factor (x — 1), so 

(x7 -—4)(x -1) =0 
(m= 2) (ea 2) xe = 1) 0 Factor again. 
x-2=0 or x+2=0 or x-—1=0 Use the Zero-Product Property. 


a) = = x =1 Solve for x. 


/ Check: 


x=-2: (-2)? - (-2)* -4(-2) +4=-8-4+8+4+4=0 —2isasolution. 


x=1: P-P-4(1)+4=1-1-4+4=0 1 is a solution. 
x=2; P-2-4(2)+4=8-4-8+4=0 2 is a solution. 
The solution set is { —2, 1,2}. iy 


ommmummms- Now Work PROBLEMS 39 AND 45 


Solve Equations Involving Absolute Value 


On the real number line, the absolute value of a equals the distance from the origin 
to the point whose coordinate is a. For example, there are two points whose distance 
from the origin is 5 units, —5 and 5. So the equation |x| = 5 has the solution set 


(eS ), 
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| EXAMPLE 3 ~ Solving an Equation Involving Absolute Value 


Solve the equation: |x + 4| = 13 
Solution = There are two possibilities: 
x+r4=13 or xt+4=-—-13 


x=9 or y=] =717 


The solution set is {—17,9}. _J 


oummmmme-Now Work PROBLEM 51 


3 Solve a Quadratic Equation by Factoring 


( DEFINITION Quadratic Equation 


A quadratic equation is an equation equivalent to one of the form 
ax? + bx +c =0 (1) 


where a, b, and c are real numbers anda # 0. i] 


A quadratic equation written in the form ax’ + bx + c = 0 is said to be in 
standard form. 

Sometimes, a quadratic equation is called a second-degree equation because, 
when it is in standard form, the left side is a polynomial of degree 2. 

When a quadratic equation is written in standard form, it may be possible 
to factor the expression on the left side into the product of two first-degree 
polynomials. Then, using the Zero-Product Property and setting each factor equal 
to 0, the resulting linear equations can be solved to obtain the solutions of the 
quadratic equation. 


| EXAMPLE 4 © Solving a Quadratic Equation by Factoring 


Solve the equation: 2x” =x +3 


Solution Put the equation 2x” = x + 3 instandard form by subtracting x and 3 from both sides. 
2x7 =x4+3 
2x* -x-3=0 Subtract x and 3 from both sides. 


The left side may now be factored as 


(2x — 3)(x +1) =0 Factor. 
so that 
2x -3=0 or x+1=0 Use the Zero-Product Property. 
: 1 Sol 
x=> x=- olve. 
Z 


3 
The solution set is {- 1, >h 


J 


When the left side factors into two linear equations with the same solution, the 
quadratic equation is said to have a repeated solution. This solution is also called a 
root of multiplicity 2, or a double root. 
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| EXAMPLE 5 ~ Solving a Quadratic Equation by Factoring 


Solve the equation: 9x* — 6x +1=0 
Solution — This equation is already in standard form, and the left side can be factored. 
9x7 —- 6x +1=0 
(3x —1)(3x —1) =O Factor. 


SO 
aids or = Solve fi 
x= 5 x=", Solve for x. 
, ; . 1 ; _ fl 
This equation has only the repeated solution 3° The solution set 1s 3° wl 
o_m=m_=m_m=-Now Work PROBLEM 69 
The Square Root Method 
Suppose that we wish to solve the quadratic equation 
x" = p (2) 

where p > 01s a positive number. Proceeding as in the earlier examples, 

=p =—0 Put in standard form. 

(x — Vp)(x + Vp) =0 Factor (over the real numbers). 


x= Vp or x=-—Vp_ Solve. 


We have the following result: 
If x? = pandp > 0,thenx = Vporx = —Vp. (3) | 


When statement (3) is used, it is called the Square Root Method. In 
statement (3), note that if p > 0 the equation x” = p has two solutions, x = Vp 
and x = —Vp. We usually abbreviate these solutions as x = + Vp, which is read 
as “x equals plus or minus the square root of p.” 

For example, the two solutions of the equation 


ee 
are 
x= +V4_ Usethe Square Root Method. 


and, since V4 = 2, we have 
= 22 
The solution set is {—2,2}. 


o_m_=--Now Work PROBLEM 83 


4 Solve a Quadratic Equation by Completing the Square 


| EXAMPLE 6 Solving a Quadratic Equation by Completing the Square 


Solve by completing the square: 2x* — 8x —5 = 0 
Solution First, rewrite the equation so that the constant is on the right side. 
2x* — 8k —-5 =0 


2x* — 8x = 5 Add 5 to both sides. 
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Next, divide both sides by 2 so that the coefficient of x’ is 1. (This enables us to 
complete the square at the next step.) 


x? — 4x = 


N|n 


1 2 
Finally, complete the square by adding St -4) = 4 to both sides. 


.) 
xv —-4¥+4= 5 +4 Add 4 to both sides. 
5 13 — : 
(f= 2)> === Factor on the left; simplify on the right. 
13 
iS 2 oe o Use the Square Root Method. 
eon + M26 fB_ VIB _ VIB V2. _ V26 
- 2 2 V2 V2 V2 2 
V 26 
x=224-— 
Z 
NOTE If we wanted an approximation, \/26 ee 
say rounded to two decimal places, The solution set is 12-~ 7 ,2 + J 
of these solutions, we would use 4 
calculator to get {—0.55, 4.55}. Bi ovum Now Work PROBLEM 87 


5 Solve a Quadratic Equation Using the Quadratic Formula 


We can use the method of completing the square to obtain a general formula for 
solving any quadratic equation 


ax? + bx +c =0 ax Q0 


NOTE There is no loss in generality |Asin Example 6, rearrange the terms as 
to assume that a > O, since if a < 0 
we can multiply by —1 to obtain an 


equivalent equation with a positive — Since a > 0, divide both sides by a to get 
leading coefficient. z 


ax? + bx = -c a>O 


ho C 
XO RX 
a a 


Now the coefficient of x” is 1.To complete the square on the left side, add the square 


1 
of 5 times the coefficient of x; that is, add 


peat oe 
2 O Aa’ 


to both sides. Then 


b b? b2 C 
P+ —x+— =—- = 
a Aa? 4a a 
b 2 be — 4 2 2 2 _ 
(x+2) =i" ates 18: He _ deg _ dae (4) 
2a Aa 4a a ar 4a? 4a 


Provided that b* — 4ac = 0, we can now use the Square Root Method to get 


jn 
b in b*“ — 4ac 
2a 4a’ 

The square root of a quotient equals the 
b* — 4ac quotient of the square roots. 


2a 2a Also, V 4a2 = 2asincea > 0. 
(continued) 


A50 APPENDIX A Review 


b Vb? — 4ac 


x= ay ale >, Add ->-t0 both sides. 
—b + Vb? — 4ac 


——— o. Combine the quotients on the right. 
a 


What if b” — 4ac is negative? Then equation (4) states that the left expression 
(a real number squared) equals the right expression (a negative number). Since 
this is impossible for real numbers, we conclude that if b* — 4ac < 0, the quadratic 
equation has no real solution. (We discuss quadratic equations for which the 
quantity b* — 4ac < 0 in detail in the next section.) 


( THEOREM Quadratic Formula 


Consider the quadratic equation 


a thx tc=0 ax#Q0 


e If b* — 4ac < 0, this equation has no real solution. 
e If b* — 4ac = 0, the real solution(s) of this equation is (are) given by the 
quadratic formula: 





J 


The quantity b? — 4ac is called the discriminant of the quadratic equation, 
because its value tells us whether the equation has real solutions. In fact, it also tells 
us how many solutions to expect. 


Discriminant of a Quadratic Equation 
For a quadratic equation ax* + bx +c = 0,a # 0: 


e If b* — 4ac > 0, there are two unequal real solutions. 
e If b* — 4ac = 0, there is a repeated solution, a double root. 
e Ifb* — 4ac < 0, there is no real solution. 


When asked to find the real solutions of a quadratic equation, always evaluate 
the discriminant first to see if there are any real solutions. 


| EXAMPLE 7 ~ Solving a Quadratic Equation Using the Quadratic Formula 


Use the quadratic formula to find the real solutions, if any, of the equation 


3x7 —- 5x +1=0 


Solution The equation is in standard form, so compare it to ax’ + bx + c = Oto find a, b, 


and c. 

ae = Sy F 1-= 0 

ax? + bx +c=0 a=3,b=-5,c=1 
With a = 3,b = —5,andc = 1, evaluate the discriminant b* — 4ac. 


b* — 4ac = (-5)? — 4(3) (1) = 25 - 12 = 13 
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Since b* — 4ac > 0, there are two real solutions, which can be found using the 
quadratic formula. 


—b + Vb*—4ac  —(-5) + V13_ 5 + V13 


—_ 2a 7 2(3) 6 
a= VIS SV Id 
The solution set is j2=¥e sel _J 


| EXAMPLE 8 ~ PLE 8 Solving a Quadratic Equation Using the Quadratic Formula 


Use the quadratic formula to find the real solutions, if any, of the equation 
3x7 +2 = 4x 
Solution The equation, as given, is not in standard form. 
3x7 +2 = 4x 
3x — 4x +2 =0  Putinstandard form. 
ax’ + bx +c =0 Compare to standard form. 
With a = 3,b = —4,andc = 2, the discriminant is 
b* — 4ac = (-4)* — 4-3-2 = 16 — 24 = -8 


Since b” — 4ac < 0, the equation has no real solution. _J 


ovmmmmmns- Now Work PROBLEMS 93 AND 99 


SUMMARY 


Steps for Solving a Quadratic Equation 


To solve a quadratic equation, first put it in standard form: 
ax? + bx +c=0 


Then: 
STEP 1: Identify a, b, and c. 


STEP 2: Evaluate the discriminant, b* — 4ac. 


STEP 3: e@ If the discriminant is negative, the equation has no real solution. 
e If the discriminant is zero, the equation has one repeated real solution, a double root. 
e If the discriminant is positive, the equation has two distinct real solutions. 


If you can easily spot factors, use the factoring method to solve the equation. Otherwise, use the quadratic 
formula or the method of completing the square. 





A.6 Assess Your Understanding 
‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 
1. Factor: x? — 5x — 6 (pp. A27-A28) 3. The solution set of the equation (x — 3)(3x + 5) =0 
is . (p. A4) 


2. Factor: 2x* — x — 3 (pp. A27-A28) 4. True or False \/x2 = |x|. (pp. A9-A10) 
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Concepts and Vocabulary 








5. An equation that is satisfied for every choice of the variable 11. True or False If the discriminant of a quadratic equation 

for which both sides are defined is called a(n) is positive, then the equation has two solutions that are 
3 negatives of one another. 
6. True or False The solution of the equation 3x — 8 = Ois e 12. Multiple Choice An admissible value for the variable that 
makes the equation a true statement is called a(n) of 

7, True or False Some equations have no solution. the equation. SS 

8. To solve the equation x* + 5x = 0 by completing the square, (a) identity (b) solution (c) degree (d) model 
you would ieeanaee i otcides. 13. Multiple Choice A quadratic equation is sometimes called 

on oe: ied a ; a -degree equation. 

eee ey ee ee (a) first (b) second (c) third —(d) fourth 

quadratic equation. If it is , the equation has no 


14. Multiple Choice Which of the following quadratic 
equations is in standard form? 
(a) x7 — 7x =5 (b) 9 = x? 
(c) (x +5) (x —- 4) = 0 (d) 0 = 5x* — 6x - 1 


real solution. 


10. True or False Quadratic equations always have two real 
solutions. 


Skill Building 


In Problems 15-80, solve each equation. 























N15. 3x = 21 16. 3x = —24 17. 5x + 15 =0 18. 3x + 18 =0 
1 5 2 9 
23 = .3x+4=- x =a “Ex =s 
19. 2x -3 =5 20. 3x + 4 = -8 2.x =a, 22. x = 5 
23.6-x=2x+9 24. 32> 2S 2 = a 25. 2(3.+ 2k) = 3(% — 4) 26. 342 = 2%) = 2 = 1 
1 3 1 
27, 8x — (2x +1) =3x-10 28.5 —- (2x -—1) =10 N29. 52 -4= 52 30. 1-52 =5 
2 4 4 5 
31. 0.9t = 0.4 + 0.11 32. 0.91 =1+¢ 33. —+-—=3 34.--5=— 
| yy y 2y 
N35. (x +7) (x -1) = (x +1)? 36. (x + 2)(x —3) = (x -3)? 37 z(zz+1) =34+2 
38. w(4—w?) =8—w3 N39. x2 = 9x 40. <3 = x 
3 2 
41. 7° — 977 = 42. 423 — 87? = 43. = 
Hh — 972 = 0 z — 87° =0 eee =e 
72 —3 ‘\ 3 2 3 2 
44. = B45. x + 2x —4x —-8 =0 46. x° + 50 = 2x* + 25x 
EA HEL 
2 3 10 1 1 1 
47, = — + ———————__ 8. = 4  — __ Fo. [2x| = 6 
x—-2 x+5. (x+5)(x—2) x+3  x-1 (2e+3)(x-1) Pe 
50. |3x| = 12 Nos. 2x +3] =5 52. |3x - 1| =2 
53. |1 — 4¢| = 5 54, |1 — 2z| = 3 55, |—2x| = 56. |—x| = 1 
1 
57, |-2|x = 4 58. |3|x = 9 59. |x — 2) = -— 5 60. |2 —x| = -1 
61. |x? — 4 =0 62. |x? — 9| = 0 63. |x? — 2x| = 64. |x? + x| = 12 
65. |x?7+x-1|=1 66. |x? + 3x — 2| =2 67. x” = 4x 68. x* = —8x 
NX 69. 2 4+ 42 - 12 =0 70. v2? + 7v + 12 =0 71. 2x* — 5x —-3 =0 72. 3x7 + 5x +2=0 
73. x(x —-7) +12 =0 74, x(x +1) =12 75. 4x7 + 9 = 12x 76. 25x” + 16 = 40x 
6 12 A(x-2) 3 —3 5 
TI. 6x —-5=— 8. x+——=7 79, 877) (3 _=3 a, =4+4 
x x T=3 x A= 3) x+4 xX=Z 


In Problems 81-86, solve each equation by the Square Root Method. 
81. x? = 25 82. x? = 36 \ 83. (2-1)? =4 


84. (x + 2)? =1 85. (2y +3)? =9 86. (3x — 2)* =4 


In Problems 87-92, solve each equation by completing the square. 


N87? + 4x = 21 88. x2 — 6x = 13 
2 4 1 
9.x + 7x - 3 = 0 91. 3x5 +x — >= 0 
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il 3 
2 eS —- —_ = 
$9. x 5% i6 


92, 2x7 —- 3x -1=0 


0 


In Problems 93-104, find the real solutions, if any, of each equation. Use the quadratic formula. 


M93, 2-44 +2=0 94. 24 4r+2=0 
96. x7 + 5x +3=0 97, 2x* — 5x +3=0 

X99. 4y2 -y +2 =0 100. 472 +1+1=0 
102. 2x7 = 1 — 2x 103. x7 + V3x-3=0 


95. x* —5x -1=0 

98. 2x7 + 5x +3=0 
101. 4x7 = 1 — 2x 

104. x7 + V2x-2=0 


In Problems 105-110, use the discriminant to determine whether each quadratic equation has two unequal real solutions, a repeated real 


solution, or no real solution without solving the equation. 
105. x* — 5x + 7=0 106. x7 + 5x +7=0 
108. 25x* — 20x + 4 =0 109. 3x° + 5x —- 8 =0 


Applications and Extensions 


107. 9x? — 30x + 25 = 0 
110. 2x7 — 3x —-4=0 


In Problems 111-116, solve each equation. The letters a, b, and c are constants. 


11. ax -—b=c a#0O0 112. 1-—ax=b, a#F¥O0 
W3.cetse=c, aX0,b #04 x —b ae. ee 
a bD x Xx 
1 pi b+ec D2 











115. 
=o. 2 += | 


ae = 116. 





= , c#0, axFO0 


5 ai Xx —Aa 


Problems 117-122 list some formulas that occur in applications. Solve each formula for the indicated variable. 


1 1 if 
117. Electricity — = — + — forR 118. Finance A = P(1+rt) forr 

R R Rk 

mv? 
119. Mechanics F = R for R 120. Chemistry PV =nkRT for T 
121. Mathematics S = —— for r 122. Mechanics v = —gt+ vo fort 
123. Show that the sum of the roots of a quadratic equation is ——. 127, Show that the real solutions of the equation 
. ax” + bx + c = Oare the negatives of the real solutions of 


124. Show that the product of the roots of a quadratic equation is - 


125. Find k so that the equation kx” + x + k = Ohasa repeated 
real solution. 


126. Find k so that the equation x” — kx + 4 = Ohasa repeated 
real solution. 


Explaining Concepts: Discussion and Writing 


the equation ax” — bx + c = 0. Assume that b? — 4ac = 0. 


128. Show that the real solutions of the equation 


ax” + bx + c = Oare the reciprocals of the real solutions of 
the equation cx” + bx + a = 0. Assume that b? — 4ac = 0. 


129. Which of the following pairs of equations are equivalent? 130. The equation 


Explain. 

(a) x7 =9; x =3 

(b) x= V9; x =3 

(c) (x —1)(x -—2) = (x -1)% x-2=x-1 


5 S+x 
+ — 
x+3 x+3 








has no solution, yet when we go through the process of 
solving it, we obtain x = —3. Write a brief paragraph to 
explain what causes this to happen. 
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131. Find an equation that has no solution and give it to a fellow 134. Find three quadratic equations: one having two distinct 
student to solve. Ask the fellow student to write a critique of solutions, one having no real solution, and one having exactly 
your equation. one real solution. 

132. Describe three ways you might solve a quadratic 135. The word quadratic seems to imply four (quad), yet a 
equation. State your preferred method; explain why you quadratic equation is an equation that involves a polynomial 
chose it. of degree 2. Investigate the origin of the term quadratic as 

133. Explain the benefits of evaluating the discriminant of a it is used in the expression quadratic equation. Write a brief 


quadratic equation before attempting to solve it. 


essay on your findings. 


‘Are You Prepared?’ Answers 


1, (46) (er 1) 2 (28 = SAGE LL) 4. True 


A.7 Complex Numbers; Quadratic Equations 
in the Complex Number System* 


OBJECTIVES 1 Add, Subtract, Multiply, and Divide Complex Numbers (p. A55) 
2 Solve Quadratic Equations in the Complex Number System (p. A59) 





Complex Numbers 


One property of a real number is that its square is nonnegative. For example, there 
is no real number x for which 


To remedy this situation, we introduce a new number called the imaginary unit. 


( DEFINITION The Imaginary Unit 


The imaginary unit, which we denote by 7, is the number whose square is —1. 
That is, 





ee 


This should not surprise you. If our universe were to consist only of integers, 
there would be no number x for which 2x = 1. This was remedied by introducing 


it 2 
numbers such as 5 and 3° the rational numbers. If our universe were to consist only 


of rational numbers, there would be no number whose square equals 2. That is, there 
would be no x for which x” = 2. To remedy this, we introduced numbers such as V2 


and WS, the irrational numbers. Recall that the real numbers consist of the rational 
numbers and the irrational numbers. Now, if our universe were to consist only of 
real numbers, then there would be no number x whose square is — 1. To remedy this, 
we introduce the number i, whose square is —1. 

In the progression outlined, each time we encountered a situation that was 
unsuitable, a new number system was introduced to remedy the situation. The 
number system that results from introducing the number 7 is called the complex 
number system. 


“This section may be omitted without any loss of continuity. 
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C DEFINITION The Complex Number System 


Complex numbers are numbers of the form a + bi, where a and b are real 
numbers. The real number a is called the real part of the number a + bi; the 
real number b is called the imaginary part of a + bi; and iis the imaginary unit, 


soi = —1. J 


For example, the complex number —5 + 6i has the real part —5 and the 
imaginary part 6. 

When a complex number is written in the form a + bi, where a and D are real 
numbers, it is in standard form. However, if the imaginary part of a complex number 
is negative, such as in the complex number 3 + (—2)i, we agree to write it instead 
in the form 3 — 21. 

Also, the complex number a + Oi is usually written merely as a. This serves to 
remind us that the real numbers are a subset of the complex numbers. Similarly, the 
complex number 0 + bi is usually written as bi. Sometimes the complex number bi 
is called a pure imaginary number. 


1 Add, Subtract, Multiply, and Divide Complex Numbers 


Equality, addition, subtraction, and multiplication of complex numbers are defined 
so as to preserve the familiar rules of algebra for real numbers. ‘Two complex 
numbers are equal if and only if their real parts are equal and their imaginary parts 
are equal. 


- Equality of Complex Numbers 





at+bi=c+t+di if and only if a=cand b=d 


J 


Two complex numbers are added by forming the complex number whose 
real part is the sum of the real parts and whose imaginary part is the sum of the 
imaginary parts. 


(Sum of Complex Numbers 


(fo Ol) FAC + al) = (aa oc) a (Oa ay (2) 


To subtract two complex numbers, use this rule: 


pence of Complex Numbers 
(asl eC oat a Oe od (3) 


J 
| EXAMPLE 1 ~ Adding and Subtracting Complex Numbers 


(a) (3+ 5i) + (-2 +31) = [3 + (-2)] + (5+3)i=14+ 8) 
(b) (64-41) — (3 +6) = (6 = 3) + 4=—6)1 =3 + (-2)i1=3 — 2 _ 


ovmem==m==-Now Work PRoBLEM 15 
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Products of complex numbers are calculated as illustrated in Example 2. 


| EXAMPLE 2 ~ Multiplying Complex Numbers 


(5 + 3i)(2 + 7i) =5(2 + 7i) + 3i(2 + Ti) Distributive Property 


= 10 + 35i + 67 + 2117 Distributive Property 
= 10 + 414i + 21(-1) i7= -1 
= —-11+ 41i Simplify. allt 


Based on the procedure of Example 2, the product of two complex numbers is 
defined as follows: 


product of Complex Numbers 


(a ONG di) = (ae — ba) = (ad -b be (4) 


J 


Do not bother to memorize formula (4). Instead, whenever it is necessary to 
multiply two complex numbers, follow the usual rules for multiplying two binomials, 
as we did in Example 2. Just remember that i? = —1. For example, 


(2i) (2i) = 47° = 4(-1) = -4 
(2+i)(1-i) =2-2i+i-?P =3-i 
ovmmmmmms--Now Work PROBLEM 21 


Algebraic properties for addition and multiplication, such as the commutative, 
associative, and distributive properties, hold for complex numbers. The property 
that every nonzero complex number has a multiplicative inverse, or reciprocal, 
requires a closer look. 


Conjugates 


( DEFINITION Complex Conjugate 


In Words Ifz = a+ biisacomplex number, then its conjugate, denoted by Z, is defined as 
The conjugate of a complex 


number is found by changing 
the sign of the imaginary part. 





y 


= 


For example, 2 + 37 = 2 — 3iand —6 — 2i = —6 + 21. 


| EXAMPLE 3 ~ Multiplying a Complex Number by Its Conjugate 


Find the product of the complex number z = 3 + 4i and its conjugate Z. 
Solution Since Zz = 3 — 4i, we have 
zz = (34+ 4i)(3 — 4i) = 9 — 121 + 123 — 162 = 9 + 16 = 25 _J) 


The result obtained in Example 3 has an important generalization. 


( THEoREM Product of Complex Conjugates 


The product of a complex number and its conjugate is a nonnegative real 
number. That is, if z = a + bi, then 


zz =a’ + db (5) 


uJ 


SECTION A.7 Complex Numbers; Quadratic Equations in the Complex Number System A57 


Proof If z = a + bi, then 
zz = (a + bi) (a — bi) = a’ — abi + abi — (bi)? = a’ — b’i? 
= @’ — b*(-1) =a? +b’ / 


ormmm=-Now Work PROBLEM 89 


To express the reciprocal of a nonzero complex number z in standard form, 


multiply the numerator and denominator of — by z. That is, if z=a+t biisa 
nonzero complex number, then “ 


1 = he a ig pO a b 
va 


== = — -.———] 
oF ae a+h a+b 











a+ bi vA 


NI | NI 


Use (5). 


| EXAMPLE 4 © Writing the Reciprocal of a Complex Number in Standard Form 


Write 





344) in standard form; that is, find the reciprocal of 3 + 4i. 
i 


Solution — The idea is to multiply the numerator and denominator by the conjugate of 3 + 4i, 
that is, by the complex number 3 — 4i. The result is 
1 1 28 Tt 2 
34+4¢ 34+41 3-45 9+16 25 + 25 _J 














To express the quotient of two complex numbers in standard form, multiply the 
numerator and denominator of the quotient by the conjugate of the denominator. 


| €XAMPLE 5 ~ Writing the Quotient of Two Complex Numbers in Standard Form 


Write each quotient in standard form. 





























1+ 4i 33 
b 
() Si (0) 43) 
Salniien Ea a el a Ic 
~~ 1 | Ste See 25 + 144 
743 +3i_ 43 | 32. 
169 169 169° 
2-31 2-31 4+3i 8+61-—12i-97% 17-6 17 6. 
(b) = i eo = 5 _ S45; 
Lao Ane, Aes 16 +9 25 5 25 wad 


Now Work PROBLEM 29 


| €XAMPLE6 | Writing Other Expressions in Standard Form 


If z = 2 — 3iand w = 5 + 2i, write each expression in standard form. 


(a) = (b) 7+ (c) 2+2 





: zz zg:w (2—3i)(5-2i) — 10 — 4i — 15% + 67 
eolmuen OS) wr GiGa 254+4 
4-19 4 19. 


2 ~=—«29Ss«29 
(b) z+w= (2-31) + (54+ 21) =7-i=T7+i 
(c) z+ z= (2 - 3i) + (2+ 3i) =4 _J 
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The conjugate of a complex number has certain general properties that will be 
useful later. 7 
For a real number a = a + Oi, the conjugate isa =a + Oi =a — Oi = a. 


( THEOREM 


The conjugate of a real number is the real number itself. J 


Other properties that are direct consequences of the definition of the conjugate 
are given next. In each statement, z and w represent complex numbers. 


( THEOREMS 


e The conjugate of the conjugate of a complex number is the complex number 
itself. 


=e (6) 


“| 


e The conjugate of the sum of two complex numbers equals the sum of their 
conjugates. 


z+w=ZzZ+w (7) 





e The conjugate of the product of two complex numbers equals the product 
of their conjugates. 


ee = ey (8) : 
The proofs of equations (6), (7), and (8) are left as exercises. 


Powers of / 


The powers of 7 follow a pattern that is useful to know. 


p= PS ar ia 
| ee ae 
PSP i= —-1li=—i P=P-P = -i 
ii dd =a el 


And so on. The powers of i repeat with every fourth power. 


| EXAMPLE 7 ~ Evaluating Powers of i 


(a) i2/ ur j24 . 7? = (i*)°-? — 16-73 — _j 


(b) ji0l — ;100.;1 — Cale) ae ee nial 


a Writing the Power of a Complex Number in Standard Form 


Write (2 + i)° in standard form. 
Solution Use the special product formula for (x + a)°. 


(x +a)? =x? + 3ax? + 3a’x +. a 


NOTE Another way to find (2 + i)? is 
to multiply out (2 + i)?(2 + i). a 


WARNING Inwriting V—-N = VNi, 


be sure to place i outside the Vv 


symbol. 


SECTION A.7 Complex Numbers; Quadratic Equations in the Complex Number System A59 


Using this special product formula, 
(24+ i)? =P 4 3-1-2 4+3-7?-24+7 
= 6 12. 6( 1) + i —2) 


29 1 i 


ome NOW Work PROBLEMS 35 AND 43 


2 Solve Quadratic Equations in the Complex Number System 


Quadratic equations with a negative discriminant have no real number solution. 
However, if we extend our number system to allow complex numbers, quadratic 
equations always have solutions. Since the solution to a quadratic equation involves 
the square root of the discriminant, we begin with a discussion of square roots of 
negative numbers. 


C DEFINITION Principal Square Root of —N 


If N is a positive real number, we define the principal square root of —N, 
denoted by V —N, as 


where i is the imaginary unit and i” = —1. s 


| €XAMPLE9 | Evaluating the Square Root of a Negative Number 


(a) V-1= Vli=i 
(b) V-16 = V16i = 4i 
(c) V-8 = V8i = 2V2i il 


ommmmmmme-Now Work PRoBLEM 51 


| EXAMPLE 10 © Solving Equations 


Solution 


Solve each equation in the complex number system. 
(a) x*° =4 (b) x? = -9 
(alL2-—4 

x= tV4= 42 

The equation has two solutions, —2 and 2. The solution set is { —2, 2}. 
(b) x* = -9 

x= +tV-9=+V9i= +3) 
The equation has two solutions, —3i and 37. The solution set is { —37, 37}. = 


opmmmmm- Now Work PROBLEM 59 


WARNING When working with square roots of negative numbers, do not set the square root of a 
product equal to the product of the square roots (which can be done with positive real numbers). 
To see why, look at this calculation: We know that V100 = 10. However, It Is also true that 
100 = (—25) (—4), so 


10 = V100 = V(—25) (—4) = V-25V—-4 = V25i- V4i = 5i+2i = 107 = —10 
I 


Here ts the error. Pr] 
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Because we have defined the square root of a negative number, we now restate 
the quadratic formula without restriction. 


( THEOREM Quadratic Formula 


In the complex number system, the solutions of the quadratic equation 
ax’ + bx + c = 0, where a, b, andc are real numbers anda ¥ 0, are given by 
the formula 





= 
| EXAMPLE 11 ~ Solving a Quadratic Equation in the Complex Number System 


Solve the equation x* — 4x + 8 = 0 in the complex number system. 


Solution Here a=1,b = —4,c =8, and b* — 4ac = (—4)? — 4-1-8 = -16. Using 
equation (9), we find that 


_ 7-4) + Va16 4 t Viei_ 444i _ 22 +2!) _ 1 
_— Del —  olUQCORBH 


The equation has the solution set {2 — 27,2 + 2i}. 





AS check: 2+ 2: (2+ 21)? —4(2+ 21) +8=4+ 8442 -8-B +8 
= 4+ 4/7? 
=4-4=0 
2-23: (2-2i)*-4(2-2i1)+8=4-8+4+ 47 —-8+ 81 +8 


=4-4=0 J 


ovmmm_=-Now Work prRosBlLem 65 


The discriminant b* — 4ac of a quadratic equation still serves as a way to 
determine the character of the solutions. 


crac: of the Solutions of a Quadratic Equation 
In the complex number system, consider a quadratic equation ax* + bx + c = 0, 
where a ¥ 0 anda, b, and c are real numbers. 


e If b* — 4ac > 0, the equation has two unequal real solutions. 
e If b* — 4ac = 0, the equation has a repeated real solution, a double root. 


e If b* — 4ac < 0, the equation has two complex solutions that are not real. 
The solutions are conjugates of each other. J 


The third conclusion in the display is a consequence of the fact that if 





b* — 4ac = —N < 0, then by the quadratic formula, the solutions are 
_ b+ Vb? = 4ac _-=b+V-N_-b+VNi__b | VN. 
2a 2a 2a 2a 2a 
and 


_ —b- Vb -4ac  -b-V-N  -b-VNi_ »b VN 
. 2a 2a 2a 2a 2a 


which are conjugates of each other. 





SECTION A.7 Complex Numbers; Quadratic Equations in the Complex Number System A61 


| EXAMPLE 12 — Determining the Character of the Solutions of a Quadratic Equation 


Without solving, determine the character of the solutions of each equation. 


(a) 
(a) 


Solution 


3x7 + 4x +5=0 


(b) 2x7 + 4x +1=0 


(c) 9x7 — 6x +1=0 


Herea = 3,b = 4,andc = 5,sob” — 4ac = 16 — 4-3-5 = —44. The solutions 


are two complex numbers that are not real and are conjugates of each other. 


(b) 


unequal real numbers. 


(c) 


Herea = 2,b = 4,andc = 1,sob* — 4ac = 16 — 8 = 8. The solutions are two 


Here a = 9,b = —6,andc = 1,so b* — 4ac = 36 — 4-9-1 = 0. The solution 
is a repeated real number —that is, a double root. 


J 


ommm_=«e-Now Work PROBLEM 79 


A.7 Assess Your Understanding 


Concepts and Vocabulary 


1. 


= (2) (2) 


. True or False In the complex number system, a quadratic 


True or False The square of a complex number is sometimes 
negative. 


equation has four solutions. 


. In the complex number 5 + 27, the number 5 is called the 


part; the number 2 is called the part; the 


number i is called the 








5. True or False The conjugate of 2 + 5iis —2 — 5i. 


. True or False Allreal numbers are complex numbers. 


Skill Building 


In Problems 11-58, perform the indicated operation, and write each expression in the standard form a + bi. 








. True or False If 2 — 3iis a solution of a quadratic equation 


with real coefficients, then —2 + 371s also a solution. 


8. Multiple Choice Which of the following is the principal 
Square root of —4? 
(a) —2i (b) 2i (c) —2 (d) 2 

9. Multiple Choice Which operation involving complex 


10. 








numbers requires the use of a conjugate? 
(a) division (b) multiplication 
(c) subtraction (d) addition 


Multiple Choice Powers of i repeat every power. 
(a) second  (b) third (c) fourth (d) fifth 











11. (2—3i) + (6+ 8i) 12. (4+ 51) + (-8+2i) 13. (-3+2i) - (4-47) 14 (3 - 4i) - (-3 - 4i) 

N15. (2 — 5i) — (8 + 6i) 16. (-8 + 4i) — (2 — 2i) 17. 3(2 — 6i) 18. —4(2 + 8i) 

19. —3i(7 + 6i) 20. 3i(—3 + 4i) 21. (3 — 4i) (2 + i) 22. (5 + 3i) (2 — i) 
10 13 
23. (-5 — i) (-5 + i) 24. (-3 + i) (3 +i) 25. = 26. =— > 
oe ee X29, 24 30, 
I —21 1+i ll, =F 
31. “ + “iy 32. (~~ — xi) 33. (1 + i)? 34. (1 — i)? 

X35. 3 36. i! 37, 5-20 38, 7-23 39, 1° — 5 
40.4423 41. 633 — 4i5 42.48 -22%+1 Nas. (14+1)3 44, (3i)4 +1 
45. i7(1 + i”) 46. 2i4(1 + i2) a8 +i8-#-P a8 7 +H 4+P $i 49, /—4 
50. V/—9 Nos. V—25 52. V—64 53. V/—12 54. \/—18 
55. V—200 56. V—45 57, V(3+4i) (41-3) 58. V(4 + 3i) (31 — 4) 

In Problems 59-78, solve each equation in the complex number system. 

\ 59,2244=0 60. x7 -4=0 61. x7 — 16 = 0 62. x7 + 25 = 0 
63. x* — 6x + 13 = 0 64. x7 + 4x +8=0 M65. 2 — 6x +10 =0 66. x7 —2x +5=0 
67. 25x7 — 10x +2 =0 68. 10x + 6x +1=0 69. 5x7 + 1 = 2x 70. 13x + 1 = 6x 
1x7 +x+1=0 72.x°-x+1=0 73. x — 64=0 74.x° +27 =0 
15.2 = 16 76. xt = 1 77. x* + 13x? + 36 = 0 78. x4 + 3x7 -4=0 
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In Problems 79-84, without solving, determine the character of the solutions of each equation in the complex number system. 


\ 79. 3x2 - 3x +4 =0 80. 2x2 — 4r +1=0 $1. 2x2 + 3x = 4 
82. x7 + 6 = 2x 83. 9x7 —- 12x + 4=0 84. 4x7 + 12x +9 =0 
85. 2 + 37 is a solution of a quadratic equation with real 86. 4-1 is a solution of a quadratic equation with real 
coefficients. Find the other solution. coefficients. Find the other solution. 


In Problems 87-90, z = 3 — 41 and w = 8 + 3i. Write each expression in the standard form a + bi. 
87.2 +2 88. w — Ww X89. 27 9. Z=Ww 


Applications and Extensions 


91. Electrical Circuits The impedance Z, in ohms, of a circuit and Z, is the impedance of the second pathway. Find the 
element is defined as the ratio of the phasor voltage V, in volts, total impedance if the impedances of the two pathways are 
across the element to the phasor current /, in amperes, through Z, = 2 + tohms and Z, = 4 — 3i ohms. 


V 
the element. That is, Z = 7 If the voltage across a circuit 93, Usez = a+ bitoshow that z + Z = 2aandz — Z = 2bi. 


element is 18 + 7 volts and the current through the element is gq {jc¢ pad Bite show thats =< 
3 — 4i amperes, find the impedance. 

92. Parallel Circuits In an ac circuit with two parallel pathways, 95: Use z = a + biandw=c + dito show thatz +w=zZ+ w. 

the total impedance Z, in ohms, satisfies the formula 96 


1 it 1 
> => + = where Z, is the impedance of the first pathway 
Z LZ, Ly 


. Usez = a+ biandw =c+ ditoshow that z-w = Z-w. 


A.8 Problem Solving: Interest, Mixture, Uniform Motion, 
Constant Rate Job Applications 


OBJECTIVES 1 Translate Verbal Descriptions into Mathematical Expressions (p. A63) 


2 Solve Interest Problems (p. A63) 

3 Solve Mixture Problems (p. A65) 

4 Solve Uniform Motion Problems (p. A66) 

5 Solve Constant Rate Job Problems (p. A67) 





Applied (word) problems do not come in the form “Solve the equation. ...” Instead, 
they supply information using words, a verbal description of the real problem. So, to 
solve applied problems, we must be able to translate the verbal description into the 
language of mathematics. This can be done by using variables to represent unknown 
quantities and then finding relationships (such as equations) that involve these 

variables. The process of doing all this is called mathematical modeling. An equation 
NOTE The tcon w is a Model It! or inequality that describes a relationship among the variables is called a model. 
icon. It Indicates that the discussion or Any solution to the mathematical problem must be checked against the 
problem involves modeling. =" mathematical problem, the verbal description, and the real problem. See Figure 23 
for an illustration of the modeling process. 








Figure 23 The modeling process 
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1 Translate Verbal Descriptions into Mathematical Expressions 


| €XAMPLE1 | Translating Verbal Descriptions into Mathematical Expressions 


(a) For uniform motion, the average speed of an object equals the distance traveled 
divided by the time required. 


; d 
Translation: If r is the speed, d the distance, and ¢ the time, then r = 7 


(b) Let x denote a number. 
The number 5 times as large as x is 5x. 
The number 3 less than x is x — 3. 
The number that exceeds x by 41s x + 4. 
The number that, when added to x, gives 5 is 5 — x. 
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Always check the units used to measure the variables of an applied problem. 
In Example 1(a), if r is measured in miles per hour, then the distance d must be 
expressed in miles, and the time ¢t must be expressed in hours. It is a good practice 
to check units to be sure that they are consistent and make sense. 


Steps for Solving Applied Problems 


STEP 1: Read the problem carefully, perhaps two or three times. Pay particular 
attention to the question being asked in order to identify what 
you are looking for. Identify any relevant formulas you may need 
(d =rt,A = amr’, etc.). If you can, determine realistic possibilities 
for the answer. 

STEP 2: Assign a letter (variable) to represent what you are looking for, and if 
necessary, express any remaining unknown quantities in terms of this 
variable. 


STEP 3: Make alist of all the known facts, and translate them into mathematical 
expressions. These may take the form of an equation or an 
inequality involving the variable. If possible, draw an appropriately 
labeled diagram to assist you. Sometimes, creating a table or chart 
helps. 


STEP 4: Solve for the variable, and then answer the question. 


STEP 5: Check the answer with the facts in the problem. If it agrees, 
congratulations! If it does not agree, review your work and try again. 


2 Solve Interest Problems 


Interest is money paid for the use of money. The total amount borrowed (whether 
by an individual from a bank in the form of a loan, or by a bank from an individual in 
the form of a savings account) is called the principal. The rate of interest, expressed 
as a percent, is the amount charged for the use of the principal for a given period of 
time, usually on a yearly (that is, per annum) basis. 


fF Simple Interest Formula 
If a principal of P dollars is borrowed for a period of t years at a per annum 
interest rate r, expressed as a decimal, the interest J charged is 


I = Prt (1) 


J 
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Interest charged according to formula (1) is called simple interest. When using 


formula (1), be sure to express r as a decimal. For example, if the rate of interest 
is 4%, then r = 0.04. 


| EXAMPLE 2 ~ Finance: Computing Interest on a Loan 


Solution 


Suppose that Juanita borrows $500 for 6 months at the simple interest rate of 9% 


per annum. What is the interest that Juanita will be charged on the loan? How much 


does Juanita owe after 6 months? 


The rate of interest is given per annum, so the actual time that the money is borrowed 
must be expressed in years. The interest charged would be the principal, $500, times 


the rate of interest (9% = 0.09), times the time in years, 5 
1 
Interest charged = J = Prt = 500: 0.09 a 922.90 


After 6 months, Juanita will owe what she borrowed plus the interest: 


$500 + $22.50 = $522.50 _) 


| EXAMPLE 3 | Financial Planning 


NOTE: We could have also let c 


Solution 


represent the amount invested in the 


certificate and 70,000 — c the amount 


invested tn bonds. 


Candy has $70,000 to invest and wants an annual return of $2800, which requires an 
overall rate of return of 4%. She can invest in a safe, government-insured certificate 
of deposit, but it pays only 2%.To obtain 4%, she agrees to invest some of her money 
in noninsured corporate bonds paying 7%. How much should be placed in each 
investment to achieve her goal? 


STEP 1: ‘The question is asking for two dollar amounts: the principal to invest in the 
corporate bonds and the principal to invest in the certificate of deposit. 


STEP 2: Let b represent the amount (in dollars) to be invested in the bonds. Then 
70,000 — b is the amount that will be invested in the certificate. (Do you 
see why?) 


STEP 3: We set up a table: 


Principal ($) Rate Time (yr) Interest ($) 


Bonds b 7 on 007 0.07b 
Certificate 70,000 — b 2% = 0.02 0.02(70,000 — b) 
Total 70,000 4% = 0.04 0.04(70,000) = 2800 





Since the combined interest from the investments is equal to the total 
interest, we have 


Bond interest + Certificate interest = Total interest 
0.07b + 0.02(70,000 — b) = 2800 
(Note that the units are consistent: the unit is dollars on both sides.) 
STEP 4; 0.07b + 1400 — 0.02b = 2800 
0.05b = 1400 Simplify. 
b = 28,000 Divide both sides by 0.05. 


Candy should place $28,000 in the bonds and $70,000 — 28,000 = $42,000 
in the certificate. 


J STEP 5: The interest on the bonds after 1 year is 0.07 ($28,000) = $1960; the interest 


on the certificate after 1 year is 0.02 ($42,000) = $840. The total annual 
interest is $2800, the required amount. 
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SECTION A.8 Problem Solving: Interest, Mixture, Uniform Motion, Constant Rate Job Applications A65 


3 Solve Mixture Problems 


Oil refineries sometimes produce gasoline that is a blend of two or more types of 
fuel; bakeries occasionally blend two or more types of flour for their bread. These 
problems are referred to as mixture problems because they involve combining two 
or more quantities to form a mixture. 


| EXAMPLE 4 © Blending Coffees 


The manager of a Starbucks store decides to experiment with a new blend of coffee. 
She will mix some B grade Colombian coffee that sells for $5 per pound with some 
A grade Arabica coffee that sells for $10 per pound to get 100 pounds of the new 
blend. The selling price of the new blend is to be $7 per pound, and there is to be 
no difference in revenue between selling the new blend and selling the other types 
separately. How many pounds of the B grade Colombian coffee and how many 
pounds of the A grade Arabica coffees are required? 


Solution Let c represent the number of pounds of the B grade Colombian coffee. Then 100 — c 
equals the number of pounds of the A grade Arabica coffee. See Figure 24. 


$5 per pound $10 per pound $7 per pound 





+ — 
B Grade A Grade Blend 
Colombian Arabica 
Figure 24 c pounds 100 — c pounds = 100 pounds 


Since there is to be no difference in revenue between selling the A and B grades 
separately and selling the blend, we have 


Revenue from B grade + Revenue from A grade = Revenue from blend 
Price per pound | } Pounds of Price per pound | J Pounds of | __ } Price per pound | J Pounds of 
of B grade B grade of A grade A grade of blend blend 

$5 C + $10 - (100-c) = $7 100 


Now solve the equation: 
Sc + 10(100 — c) = 700 
Sc + 1000 — 10c = 700 
—5c = —300 
c = 60 


The manager should blend 60 pounds of B grade Colombian coffee with 
100 — 60 = 40 pounds of A grade Arabica coffee to get the desired blend. 


/ Check: The 60 pounds of B grade coffee would sell for ($5) (60) = $300, and 
the 40 pounds of A grade coffee would sell for ($10) (40) = $400. The 
total revenue, $700, equals the revenue obtained from selling the blend, 
as desired. 
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4 Solve Uniform Motion Problems 


Objects that move at a constant speed are said to be in uniform motion. When the 
average speed of an object is known, it can be interpreted as that object’s constant 
speed. For example, a bicyclist traveling at an average speed of 25 miles per hour can 
be modeled as being in uniform motion with a constant speed of 25 miles per hour. 


(F Unnomn Motion Formula 
If an object moves at an average speed (rate) r, the distance d covered in time t 
is given by the formula 


d=rt (2) | 


That is, Distance = Rate: Time. J 


| EXAMPLE 5 ~ Physics: Uniform Motion 


Solution 


Figure 25 


Tanya, who is a long-distance runner, runs at an average speed of 8 miles per hour 
(mi/h). Two hours after Tanya leaves your house, you leave in your Honda and follow 
the same route. If your average speed is 40 mi/h, how long is it before you catch up 
to Tanya? How far are each of you from your home? 


Refer to Figure 25. We use f to represent the time (in hours) that it takes you to catch 
up to Tanya. When this occurs, the total time elapsed for Tanya is t + 2 hours because 
she left 2 hours earlier. 





Distance 


(mi) 
8(t + 2) 
A0t 





The distance traveled is the same for both, which leads to the equation 


8(t +2) = 40¢ 
8t + 16 = 408 
321 = 16 
1 
t= £h 
,) Our 


1 
It takes you 5 hour to catch up to Tanya. Each of you has gone 20 miles. 


1 
/ Check: In 2.5 hours, Tanya travels a distance of 2.5+8 = 20 miles. In 5 hour, you 


1 
travel a distance of 5 -40 = 20 miles. J 
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| EXAMPLE 6 Physics: Uniform Motion 


A motorboat heads upstream a distance of 24 miles on a river whose current is 
running at 3 miles per hour (mi/h). The trip up and back takes 6 hours. Assuming that 
the motorboat maintains a constant speed relative to the water, what is its speed? 


Solution See Figure 26. Use r to represent the constant speed of the motorboat relative to the 
water. Then the true speed going upstream is r — 3 mi/h, and the true speed going 
Distance 


downstream is r + 3 mi/h. Since Distance = Rate- Time, then Time = Rat 
ate 


Set up a table. 


|«————_ 24 miles ————_>| Rate Distance Timah: = Distance 
(mi/h) (mi) ~ Rate | 


Upstream 


Downstream 














Pieuiece The total time up and back is 6 hours, which gives the equation 
24 24 
=f = 6 
Pro Fao 
24(r +3) + 24(7r — 3) 
—— Add the quotients on the left. 
(f= 3) a3) 
A8r — 
2-9 = 6 Simplify. 
48r = 6(r7 — 9) Multiply both sides by r?2 — 9 
6r? — 48r — 54 = 0 Write in standard form. 
*— 8r—-9=0 Divide by 6. 
(P=9)} ei) =v Factor. 
r=9 or r=-—-l Use the Zero-Product Property and solve. 
Discard the solution r = —1 mi/h and conclude that the speed of the motorboat 
relative to the water is 9 mi/h. J 
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5 Solve Constant Rate Job Problems 


Here we look at jobs that are performed at a constant rate. The assumption is that 


if ajob can be done in ¢ units of time, then ‘i of the job is done in 1 unit of time. In 


1 
other words, if a job takes 4 hours, then Fi of the job is done in 1 hour. 


| EXAMPLE 7 ~ Working Together to Do a Job 


At 10 Am Danny is asked by his father to weed the garden. From past experience, 
Danny knows that this will take him 4 hours, working alone. His older brother Mike, 
when it is his turn to do this job, requires 6 hours. Since Mike wants to go golfing 
with Danny and has a reservation for | pM, he agrees to help Danny. Assuming no 
gain or loss of efficiency, when will they finish if they work together? Can they make 
the golf date? 
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1 if 
Solution Setup Table 1. In 1 hour, Danny does 1 of the job, and in 1 hour, Mike does 6 of the 
job. Let ¢ be the time (in hours) that it takes them to do the job together. In 1 hour, 


1 
Table 1 then, — of the job is completed. Reason as follows: 


Hours to | Part of : 
Do Job Job Done 
in 1 Hour (Pan done by oad . (Pan done by -— _ (Pan done | 
4 





in 1 hour in 1 hour in 1 hour 
Danny 
From Table 1, 
Mike 
katt. sete 
Together 4 6 7 t ne anne 
oy 4 ps LCD = 12 the left 
12°12 ¢ = ere 
Sil oo 
oar: implify. 


St = 12 Multiply both sides by 12t. 


t = — _ Divide both sides by 5. 


12 
Working together, Mike and Danny can do the job in 7 hours, or 2 hours, 24 minutes. 


They should make the golf date, since they will finish at 12:24 pm. =| 
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The next example is one that you will probably see again in a slightly different form 
7~ if you study calculus. 


EXAMPLE 8 Constructing a Box 


From each corner of a square piece of sheet metal, remove a square with sides 
of length 9 centimeters. Turn up the edges to form an open box. If the box is to hold 
144 cubic centimeters (cm*), what should be the dimensions of the piece of sheet 
metal? 








Solution Use Figure 27 as a guide. We have labeled by x the length of a side of the square 
piece of sheet metal. The box will be of height 9 centimeters, and its square base will 
measure x — 18 on each side. The volume V (Length <x Width x Height) of the 
box is therefore 


V = (x — 18) (x — 18) +9 = 9(x — 18)? 


<< x cm ———> 





x— 18 


x— 18 
Volume = 9(x — 18)(x — 18) 





Figure 27 
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Since the volume of the box is to be 144 cm’, we have 


9(x — 18)? = 144 v= 144 


(x — 18)* = 16 Divide both sides by 9. 
x—-18= +4 Use the Square Root Method. 
x=18 +4 
x =22 or x= 14 


Discard the solution x = 14 (do you see why?) and conclude that the sheet metal 
should be 22 centimeters by 22 centimeters. 


/ Check: If we take a piece of sheet metal 22 centimeters by 22 centimeters, cut 
out a 9-centimeter square from each corner, and fold up the edges, we get 
a box whose dimensions are 9 cm by 4 cm by 4 cm and whose volume is 


9-4-4 = 144 cm’, as required. 


= 


ovmummm=-Now Work PROBLEM 57 


A.8 Assess Your Understanding 


Concepts and Vocabulary 


1. 


The process of using variables to represent unknown 
quantities and then finding relationships that involve these 
variables is referred to as 


2. The money paid for the use of money is 


3. Objects that move at a constant speed are said to be in 


. True or False The amount charged for the use of principal 





for a given period of time is called the rate of interest. 





. True or False If an object moves at an average speed 7, 


the distance d covered in time f is given by the formula 
d = rt. 


Applications and Extensions 


6. 


hs 


8. 


Multiple Choice Suppose that you want to mix two coffees 
in order to obtain 100 pounds of a blend. If x represents the 
number of pounds of coffee A, which algebraic expression 
represents the number of pounds of coffee B? 
(a) 100—x (b) x — 100 (ce) 100x (d) 100 + x 
Multiple Choice Which of the following is the simple 
interest formula? 
t P 

@yl=— (b)1=Prt () 1=— 

P rt 
Multiple Choice If it takes 5 hours to complete a job, what 
fraction of the job is done in 1 hour? 


4 5 1 
(a) = (b) 1 (c) 5 


(d)/=P++rQrt 


1 
(d) ri 


In Problems 9-18, translate each sentence into a mathematical equation. Be sure to identify the meaning of all symbols. 


XN 9. 
10. 
u. 
12. 


13. 
14. 
15. 
16. 


17. 


18. 





Geometry The area of a circle is the product of the number 7 \\ 19. Financial Planning Betsy, a recent retiree, requires $6000 


and the square of the radius. 


Geometry The circumference of a circle is the product of the 
number zw and twice the radius. 


Geometry The area of a square is the square of the length of 
a side. 





Geometry The perimeter of a square is four times the length 
of a side. 


Physics Force equals the product of mass and acceleration. 
Physics Pressure is force per unit area. 
Physics Work equals force times distance. 


Physics Kinetic energy is one-half the product of the mass 
and the square of the velocity. 


Business The total variable cost of manufacturing 
x dishwashers is $150 per dishwasher times the number of 
dishwashers manufactured. 





Business The total revenue derived from selling 
x dishwashers is $250 per dishwasher times the number of 
dishwashers sold. 


per year in extra income. She has $50,000 to invest and 
can invest in B-rated bonds paying 15% per year or in a 
certificate of deposit (CD) paying 7% per year. How much 
money should Betsy invest in each to realize exactly $6000 
in interest per year? 





20. Financial Planning After 2 years, Betsy (see Problem 19) 


finds that she will now require $7000 per year. Assuming 
that the remaining information is the same, how should the 
money be reinvested? 





21. Banking A bank loaned out $12,000, part of it at the rate 


of 8% per year and the rest at the rate of 18% per year. If 
the interest received totaled $1000, how much was loaned 
at 8%? 





22. Banking Wendy, a loan officer at a bank, has $1,000,000 to 


lend and is required to obtain an average return of 18% per 
year. If she can lend at the rate of 19% or at the rate of 16%, 
how much can she lend at the 16% rate and still meet her 
requirement? 


A70O 
NX 23. 


= 





24. 


25; 


26. 


Zs 


28. 


X 29. 


30. 
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Blending Teas The manager of a store that specializes in 
selling tea decides to experiment with a new blend. She will 
mix some Earl Grey tea that sells for $6 per pound with 
some Orange Pekoe tea that sells for $4 per pound to get 
100 pounds of the new blend. The selling price of the 
new blend is to be $5.50 per pound, and there is to be no 
difference in revenue between selling the new blend and 
selling the other types. How many pounds of the Earl Grey 
tea and of the Orange Pekoe tea are required? 











Business: Blending Coffee A coffee manufacturer wants to 
market a new blend of coffee that sells for $4.10 per pound 
by mixing two coffees that sell for $2.75 and $5 per pound, 
respectively. What amounts of each coffee should be blended 
to obtain the desired mixture? 


[Hint: Assume that the total weight of the desired blend is 
100 pounds.] 


Business: Mixing Nuts A nut store normally sells cashews 
for $9.00 per pound and almonds for $4.50 per pound. But 
at the end of the month the almonds had not sold well, so, in 
order to sell 60 pounds of almonds, the manager decided to 
mix the 60 pounds of almonds with some cashews and sell the 
mixture for $775 per pound. How many pounds of cashews 
should be mixed with the almonds to ensure no change in the 
revenue? 


Business: Mixing Candy A candy store sells boxes of candy 
containing caramels and cremes. Each box sells for $12.50 
and holds 30 pieces of candy (all pieces are the same size). If 
the caramels cost $0.25 to produce and the cremes cost $0.45 
to produce, how many of each should be in a box to yield a 
profit of $3? 


Physics: Uniform Motion A motorboat can maintain a 
constant speed of 16 miles per hour relative to the water. 
The boat travels upstream to a certain point in 20 minutes; 
the return trip takes 15 minutes. What is the speed of the 
current? See the figure. 








Physics: Uniform Motion A motorboat heads upstream on a 
river that has a current of 3 miles per hour. The trip upstream 
takes 5 hours, and the return trip takes 2.5 hours. What is the 
speed of the motorboat? (Assume that the boat maintains a 
constant speed relative to the water.) 


Physics: Uniform Motion A motorboat maintained a 
constant speed of 15 miles per hour relative to the water in 
going 10 miles upstream and then returning. The total time 
for the trip was 1.5 hours. Use this information to find the 
speed of the current. 


Physics: Uniform Motion Two cars enter the Florida 
Turnpike at Commercial Boulevard at 8:00 Am, each heading 
for Wildwood. One car’s average speed is 10 miles per hour 
more than the other’s. The faster car arrives at Wildwood at 





1 
11:00 AM, 5 hour before the other car. What was the average 


speed of each car? How far did each travel? 


31. 


32. 


33. 


34. 


‘35. 


36. 


38. 


Moving Walkways The speed of a moving walkway is 
typically about 2.5 feet per second. Walking on such a 
moving walkway, it takes Karen a total of 48 seconds to travel 
50 feet with the movement of the walkway and then back 
again against the movement of the walkway. What is Karen’s 
normal walking speed? 





Source: Answers.com 


High-Speed Walkways Toronto’s Pearson International 
Airport has a high-speed version of a moving walkway. If 
Liam walks while riding this moving walkway, he can travel 
280 meters in 60 seconds less time than if he stands still on the 
moving walkway. If Liam walks at a normal rate of 1.5 meters 
per second, what is the speed of the walkway”? 


Source: Answers.com 


Tennis A regulation doubles tennis court has an area of 
2808 square feet. If it is 6 feet longer than twice its width, 
determine the dimensions of the court. 


Source: United States Tennis Association 


Laser Printers It takes a Xerox VersaLink C500 laser printer 
9 minutes longer to complete a 1440-page print job by itself 
than it takes a Brother HL-L8350CDW to complete the 
same job by itself. Together the two printers can complete 
the job in 20 minutes. How long does it take each printer 
to complete the print job alone? What is the speed of each 
printer? 

Source: Top Ten Reviews 


Working Together ona Job Trent can deliver his newspapers 
in 30 minutes. It takes Lois 20 minutes to do the same route. 
How long would it take them to deliver the newspapers if 
they worked together? 





Working Together on a Job Patrice, by himself, can paint 
four rooms in 10 hours. If he hires April to help, they can do 
the same job together in 6 hours. If he lets April work alone, 
how long will it take her to paint four rooms? 


. Enclosing a Garden A gardener has 46 feet of fencing to be 


used to enclose a rectangular garden that has a border 2 feet 

wide surrounding it. See the figure. 

(a) If the length of the garden is to be twice its width, what 
will be the dimensions of the garden? 

(b) What is the area of the garden? 

(c) Ifthe length and width of the garden are to be the same, 
what will be the dimensions of the garden? 

(d) What will be the area of the square garden? 





Construction A pond is enclosed by a wooden deck that is 

3 feet wide. The fence surrounding the deck is 100 feet long. 

(a) If the pond is square, what are its dimensions? 

(b) If the pond is rectangular and the length of the pond is 
to be three times its width, what are its dimensions? 

(c) Ifthe pond is circular, what is its diameter? 

(d) Which pond has the larger area? 





39. 





40. 


41. 


42. 


43. 


44. 


45. 


46. 


47. 
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Football A tight end can run the 100-yard dash in 12 seconds. 
A defensive back can do it in 10 seconds. The tight end 
catches a pass at his own 20-yard line with the defensive back 
at the 15-yard line. (See the figure.) If no other players are 
nearby, at what yard line will the defensive back catch up to 
the tight end? 


[Hint: At time t = 0, the defensive back is 5 yards behind 
the tight end.| 








Computing Business Expense Therese, an outside 
salesperson, uses her car for both business and pleasure. Last 
year, she traveled 30,000 miles, using 900 gallons of gasoline. 
Her car gets 40 miles per gallon on the highway and 25 in 
the city. She can deduct all highway travel, but no city travel, 
on her taxes. How many miles should Therese deduct as a 
business expense? 





Mixing Water and Antifreeze How much water should be 
added to 1 gallon of pure antifreeze to obtain a solution that 
is 60% antifreeze? 


Mixing Water and Antifreeze The cooling system of a 
certain foreign-made car has a capacity of 15 liters. If the 
system is filled with a mixture that is 40% antifreeze, how 
much of this mixture should be drained and replaced by pure 
antifreeze so that the system is filled with a solution that is 
60% antifreeze? 


Chemistry: Salt Solutions How much water must be 
evaporated from 32 ounces of a 4% salt solution to make a 
6% salt solution? 


Chemistry: Salt Solutions How much water must be 
evaporated from 240 gallons of a 3% salt solution to produce 
a 5% salt solution? 


Purity of Gold The purity of gold is measured in karats, 
with pure gold being 24 karats. Other purities of gold are 
expressed as proportional parts of pure gold. Thus, 18-karat 


18 se 
gold is 54 OF 75% pure gold; 12-karat gold is 54 OF 50% pure 


gold; and so on. How much 12-karat gold should be mixed 
with pure gold to obtain 60 grams of 16-karat gold? 


Chemistry: Sugar Molecules A sugar molecule has twice as 
many atoms of hydrogen as it does oxygen and one more 
atom of carbon than of oxygen. If a sugar molecule has a 
total of 45 atoms, how many are oxygen? How many are 
hydrogen? 

Running a Race Mike can run the mile in 6 minutes, and Dan 
can run the mile in 9 minutes. If Mike gives Dan a head start 
of 1 minute, how far from the start will Mike pass Dan? How 
long does it take? See the figure. 





48. 


49. 


50. 


51. 


52, 


53. 


54. 


a0: 


56. 


A71 


Dan Mike 








Range of an Airplane An air rescue plane averages 
300 miles per hour in still air. It carries enough fuel for 
5 hours of flying time. If, upon takeoff, it encounters a head 
wind of 30 mi/h, how far can it fly and return safely? (Assume 
that the wind remains constant.) 


Emptying Oil Tankers An oil tanker can be emptied by the 
main pump in 4 hours. An auxiliary pump can empty the 
tanker in 9 hours. If the main pump is started at 9 Am, when 
should the auxiliary pump be started so that the tanker is 
emptied by noon? 


Cement Mix A 20-pound bag of Economy brand cement 
mix contains 25% cement and 75% sand. How much pure 
cement must be added to produce a cement mix that is 
40% cement? 


Filling a Tub A bathroom tub will fill in 15 minutes with 
both faucets open and the stopper in place. With both faucets 
closed and the stopper removed, the tub will empty in 
20 minutes. How long will it take for the tub to fill if both 
faucets are open and the stopper is removed? 


Using Two Pumps A 5-horsepower (hp) pump can empty a 
pool in 5 hours. A smaller, 2-hp pump empties the same pool 
in 8 hours. The pumps are used together to begin emptying 
the pool. After two hours, the 2-hp pump breaks down. How 
long will it take the larger pump to finish emptying the pool? 


A Biathlon Suppose that you have entered an 87-mile 
biathlon that consists of a run and a bicycle race. During your 
run, your average speed is 6 miles per hour, and during your 
bicycle race, your average speed is 25 miles per hour. You 
finish the race in 5 hours. What is the distance of the run? 
What is the distance of the bicycle race? 








Cyclists Two cyclists leave a city at the same time, one going 
east and the other going west. The westbound cyclist bikes 
5 mph faster than the eastbound cyclist. After 6 hours they 
are 246 miles apart. How fast is each cyclist riding? 


Comparing Olympic Heroes In the 2016 Olympics, Usain 
Bolt of Jamaica won the gold medal in the 100-meter race 
with a time of 9.81 seconds. In the 1896 Olympics, Thomas 
Burke of the United States won the gold medal in the 
100-meter race in 12.0 seconds. If they ran in the same race, 
repeating their respective times, by how many meters would 
Bolt beat Burke? 


Constructing a Coffee Can 

A 30.5-ounce can of Hills Bros.® 
coffee requires 58.97 square 
inches of aluminum. If its height 
is 6.4 inches, what is its radius? 
[Hint: The surface area S of a right 
cylinder is S = 2ar? + 2arh, 
where r is the radius and h is the 
height. | 
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\ 57. Constructing a Box An open box is to be constructed from 





a square piece of sheet metal by removing a square of side 
1 foot from each corner and turning up the edges. If the box 
is to hold 4 cubic feet, what should be the dimension of the 
sheet metal? 


Explaining Concepts: Discussion and Writing 


59. 


60. 


61. 


Critical Thinking Make up a word problem that requires 
solving a linear equation as part of its solution. Exchange 
problems with a friend. Write a critique of your friend’s 
problem. 


Critical Thinking You are the manager of a clothing store 
and have just purchased 100 dress shirts for $20.00 each. 
After 1 month of selling the shirts at the regular price, you 
plan to have a sale giving 40% off the original selling price. 
However, you still want to make a profit of $4 on each shirt 
at the sale price. What should you price the shirts at initially 
to ensure this? If, instead of 40% off at the sale, you give 50% 
off, by how much is your profit reduced? 


Computing Average Speed In going from Chicago to 
Atlanta, a car averages 45 miles per hour, and in going from 
Atlanta to Miami, it averages 55 miles per hour. If Atlanta 
is halfway between Chicago and Miami, what is the average 


58. 


62. 


63. 


Constructing a Box Rework Problem 57 if the piece of sheet 
metal is a rectangle whose length is twice its width. 


speed from Chicago to Miami? Discuss an intuitive solution. 
Write a paragraph defending your intuitive solution. Then 
solve the problem algebraically. Is your intuitive solution the 
same as the algebraic one? If not, find the flaw. 


Speed of a Plane On a recent flight from Phoenix to Kansas 
City, a distance of 919 nautical miles, the plane arrived 
20 minutes early. On leaving the aircraft, I asked the captain, 
“What was our tail wind?” He replied, “I don’t know, but our 
ground speed was 550 knots.” Has enough information been 
provided for you to find the tail wind? If possible, find the 
tail wind. (1 knot = 1 nautical mile per hour) 


Critical Thinking Without solving, explain what is wrong 
with the following mixture problem: How many liters of 25% 
ethanol should be added to 20 liters of 48% ethanol to obtain 
a solution of 58% ethanol? Now go through an algebraic 
solution. What happens? 


A.9 Interval Notation; Solving Inequalities 


PREPARING FOR THIS SECTION Before getting started, review the following: 


e Algebra Essentials (Section A.1, pp. A1-A10) 


AN Now Work the ‘Are You Prepared?’ problems on page A80. 
OBJECTIVES 1 Use Interval Notation (p. A72) 
2 Use Properties of Inequalities (p. A74) 
3 Solve Inequalities (p. A76) 
4 Solve Combined Inequalities (p. A77) 


5 Solve Inequalities Involving Absolute Value (p. A78) 





Suppose that a and b are two real numbers and a < b. The notationa <x <b 
means that x is a number between a and b. The expression a < x < b is equivalent 
to the two inequalities a < x and x < b. Similarly, the expression a = x < b is 
equivalent to the two inequalities a = x and x < b. The remaining two possibilities, 
asx < banda < x S Dd, are defined similarly. 

Although it is acceptable to write 3 = x = 2, it is preferable to reverse the 
inequality symbols and write instead 2 = x < 3 so that the values go from smaller 
to larger, reading from left to right. 

A statement such as 2 = x < 1 is false because there is no number x for which 
2=xandx < 1. Finally, never mix inequality symbols, as in 2 < x = 3. 


1 Use Interval Notation 


Let a and b represent two real numbers witha < b. 
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(DEFINITION Intervals 
e An open interval, denoted by (a, b), consists of all real numbers x for 
winichia: =) <1): 


e A closed interval, denoted by [a, b], consists of all real numbers x for 
whicha = x Sb. 


e The half-open, or half-closed, intervals are (a, b], consisting of all real 
numbers x for whicha < x = b,and [a, b), consisting of all real numbers x 


for whicha = x < b. i 
In each of these definitions, a is called the left endpoint and Db the right 
In Words endpoint of the interval. 
The notation [a, 6] means all real The symbol oo (read as “infinity”) is not a real number, but notation used to 
numbers between a and 6, inclusive. indicate unboundedness in the positive direction. The symbol — ©o (read as “negative 
The Pee (a, b) ae all real infinity”) also is not a real number, but notation used to indicate unboundedness in 
ee ge ae the negative direction. The symbols co and — oo are used to define five other kinds 
including a and b. 
of intervals: 
[a, 00) consists of all real numbers x for which x = a. 
(a, 0) consists of all real numbers x for which x > a. 
(—, a] consists of all real numbers x for which x = a. 
(—0, a) consists of all real numbers x for which x < a. 


(—°, °°) consists of all real numbers. 


J 


Note that co and — © are never included as endpoints, since neither is a real number. 
Table 2 summarizes interval notation, corresponding inequality notation, and 
their graphs. 


In Words 
An interval is a nonempty set 
of real numbers. 





Interval Inequality 


The open interval (a, b) 

The closed interval [a, b] 
The half-open interval [a, b) 
The half-open interval (a, 6] 
The interval [a, oo) 

The interval (a, oo) 

The interval (— c0, a] 


The interval (— 00, a) 





The interval (— co, 0«) All real numbers 


| EXAMPLE 1 ~ Writing Inequalities Using Interval Notation 


Write each inequality using interval notation. 
Ce es a (bp =A 2 0 (c) x >5 id) gS 1 


Solution (a) 1 = x = 3 describes all real numbers x between 1 and 3, inclusive. In interval 
notation, we write [1,3]. 
(b) In interval notation, —4 < x < Ois written (—4,0). 
(c) In interval notation, x > 5 is written (5, 00). 
(d) In interval notation, x < 1 is written (—©co, 1]. al 
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| EXAMPLE 2 ~ Writing Intervals Using Inequality Notation 


Write each interval as an inequality involving x. 
(a) [1,4) (b) (2, 0) (c) [2,3] (d) (~~, —3] 


Solution (a) 


[ 1,4) consists of all real numbers x for which 1 = x < 4. 
(b) (2, ©) consists of all real numbers x for which x > 2. 
| 2, 
(— 


(c) 
(d) 


- consists of all real numbers x for which 2 = x S 3. 
—3] consists of all real numbers x for which x = —3. = 


onmmumm--Now Work PROBLEMS 13, 25, AND 33 


2 Use Properties of Inequalities 


The product of two positive real numbers is positive, the product of two negative 
real numbers is positive, and the product of 0 and 0 is 0. For any real number a, the 
value of a’ is 0 or positive; that is, a” is nonnegative. This is called the nonnegative 


property. 


(Tineanconire Property 
For any real number a, 


y | a? = 0 (1) 


_ 


In Words 
The square of a real number is 
never negative. 





When the same number is added to both sides of an inequality, an equivalent 
inequality is obtained. For example, since 3 < 5,then3 + 4<5 + 4or7 < 9. This 
is called the addition property of inequalities. 


In Words (addition Property of Inequalities 


The addition property states that For real numbers a, b, and c, 
the sense, or direction, of an 


inequality remains unchanged e Ifa<b, thnat+tc<bde. (2a) 


if the same number is added to 
bothedes. ela >) ena a2 6 = bp a. (2b) 





| EXAMPLE 3 ~ Addition Property of Inequalities 


(a). Tie 5, then a= = 5 2 3 Ore + = 0. 
(Db) dt 2 thet (2) Se 2) Ore = 2 2D: ll 


oxmmm_m_=- Now Work PROBLEM 41 


Now let’s see what happens when both sides of an inequality are multiplied by 
a nonzero number. 
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| EXAMPLE 4 © Multiplying an Inequality by a Positive Number 


Express as an inequality the result of multiplying both sides of the inequality 3 < 7 
by 2. 


Solution Begin with 
57 
Multiplying both sides by 2 yields the numbers 6 and 14, so we have 


6<14 all 


| EXAMPLES | Multiplying an Inequality by a Negative Number 


Express as an inequality the result of multiplying both sides of the inequality 9 > 2 
by —4. 
Solution Begin with 
OS 2 


Multiplying both sides by —4 yields the numbers —36 and —8, so we have 


—~36 < -8 _J 


Note that the effect of multiplying both sides of 9 > 2 by the negative number 
—4 is that the direction of the inequality symbol is reversed. 
Examples 4 and 5 illustrate the following general multiplication properties for 


In Words 
Multiplying by a negative 


number reverses the equality, 





inequalities: 
In Words ( Multiplication Properties for Inequalities 
The multiplication properties For real numbers a, b, and c, 
state that the sense, or direction, 
of an inequality remains the same *ltg—) anditc — 0 then ac = bc. 
if both sides are multiplied by a ° Ifa < bandifc < 0,thenac > be. 
positive real number, whereas the 
direction is reversed if both sides e Ifa > bandifc > 0,thenac > be. 


are multiplied by a negative real 
number. 


e Ifa > bandifc < 0,thenac < be. 





J 


| EXAMPLE 6 | Multiplication Property of Inequalities 


1 1 
(a) If2x < 6, then 5° 2x < 5° OOrx Oy 


(b) If = > 12, then -3( 35) < —3-12o0rx < —36. 
-4x _ -8 
(c) If —4y =< =8; then —~ > ~qorx 2. 


(d) If —x > 8, then (—1)(—x) < (—1):8orx < —8. _J 


orm NOW Work PROBLEM 47 
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F Reciprocal Properties for Inequalities 


1 
e Ifa > 0, then rel 


1 
e Ita < 0, then — < 0. 


e Ifb >a > 0, then 


e Ifa < b < 0, then 





J 


3 Solve Inequalities 


An inequality in one variable is a statement involving two expressions, at least 
one containing the variable, separated by one of the inequality symbols: <, <, >, 
or =. To solve an inequality means to find all values of the variable for which the 
statement is true. These values are called solutions of the inequality. 


For example, the following are all inequalities involving one variable x: 
am 
Jco28 Basen gates Fo 
ne 


As with equations, one method for solving an inequality is to replace it by a series 
of equivalent inequalities until an inequality with an obvious solution, such as x < 3, 
is obtained. Equivalent inequalities are obtained by applying some of the same 
properties that are used to find equivalent equations. The addition property and the 
multiplication properties for inequalities form the basis for the following procedures. 


fF orscadures That Leave the Inequality Symbol Unchanged 


e Simplify both sides of the inequality by combining like terms and eliminating 
parentheses: 


Replace ay 42.4 Ok 2 a all) 
by i aoe Xe 
e Add or subtract the same expression on both sides of the inequality: 
Replace 6) ee ee 
by 30) os 4S 
e Multiply or divide both sides of the inequality by the same positive expression: 


4 16 
Replace 4x > 16 by a> = 


4 4 za] 


Roreceaurte That Reverse the Sense or Direction of the 
Inequality Symbol 


e Interchange the two sides of the inequality: 
Replace. 3 = by an = 3 
e Multiply or divide both sides of the inequality by the same negative 


expression: 


= 6 
Replace 27-6 iby = = =F 


J 
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As the examples that follow illustrate, we solve inequalities using many of 
the same steps that are used to solve equations. In writing the solution of an 
inequality, either set notation or interval notation may be used, whichever is more 
convenient. 


| EXAMPLE 7 ~ Solving an Inequality 


Solve the inequality 4x + 7 = 2x — 3, and graph the solution set. 


Solution 4x +7 2=2x -3 


7 ie a oe EY ee a | Subtract 7 from both sides. 


4x = 2x — 10 Simplify. 
4x — 2x = 2x —10—- 2x Subtract 2x from both sides. 
2 = =10 Simplify. 
2x ie 10 Divide both sides by 2. (The direction of the 
7. 2 inequality symbol is unchanged.) 
ioe?) Simplify. 
ts Ee 
3. ew re el The solution set is {x|x = —5} or, using interval notation, all numbers in the 
Figure 28 x => —5 interval | —5, co). See Figure 28 for the graph. 


opxmmmmme- Now Work PROBLEM 59 


4 Solve Combined Inequalities 


| EXAMPLE 8 8 Solving a Combined Inequality 


Solve the inequality —5 < 3x — 2 < 1, and graph the solution set. 
Solution —_ Recall that the inequality 
a, ON oe 
is equivalent to the two inequalities 
=)<—.2v—-2 end 24-2324 


Solve each of these inequalities separately. 


=.= oe a et 
—5+2<3x —2+2 Add 2to both sides. Nae Lee = 1 ee 

=o ee oy Simplify. SS eae 

tt < at Divide both sides by 3. a = : 

3 3 3 3 

=| = 2% Simplify. x =< 1 


The solution set of the original pair of inequalities consists of all x for which 


—-1<x and x<l 


tl Ft 
3 2 0 Tt 2 This may be written more compactly as {x| — 1 < x < 1}. In interval notation, the 
Figure29 -1<x<1 solution is (—1, 1). See Figure 29 for the graph. 


ovum Now Work PROBLEM 79 
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Observe in Example 8 that solving each of the two inequalities required exactly 
the same steps. A shortcut to solving the original inequality algebraically is to deal 
with the two inequalities at the same time, as follows: 

oe oe SZ =— 1 
—5+2< 3x —-24+2 <1+2 Add2toeach part. 


are aS ox <3 Simplify. 

pe zt < ‘ Divide each part by 3. 
3 3 s) 

=) = x =— i Simplify. 


| EXAMPLES | Using a Reciprocal Property to Solve an Inequality 


Solve the inequality (4x — 1)~! > 0, and graph the solution set. 





Solution —_ Recall that (4x — 1) 1 = Reciprocal Property (4a) states that ifa > 0, then 


4x —1 
its reciprocal is greater than zero. 
(4x -1) '>0 
il 
4x — 1 





eae | 


4x —1->0_ Reciprocal Property (4a) 


4x > 1 Add 1to both sides. 


il 
a 4 Divide both sides by 4. 
tr 2?__1__1_§_—_—+ 





1 it 
: ; The solution set is . se if that is, all real numbers in the interval (+ ~ J 
Figure 30 x > ; Figure 30 gives the graph. 
ommmm_==--Now Work PROBLEM 89 
5 Solve Inequalities Involving Absolute Value 
| EXAMPLE 10 | Solving an Inequality Involving Absolute Value 

Solve the inequality |x| < 4, and graph the solution set. 
Solution = We are looking for all points whose coordinate x is a distance less than 4 units from 
1 , the origin. See Figure 31 for the graph. Because any x between —4 and 4 satisfies the 

ess than 4 units ~ 

|< from origin 0 ——>| condition |x| < 4, the solution set consists of all numbers x for which —4 < x < 4, 


0 that is, all x in the interval (—4, 4). - 


=) =4-3—-2-1 0 1 2 ola 
Figure 31 |x| < 4 


| EXAMPLE 11 | Solving an Inequality Involving Absolute Value 


Solve the inequality |x| > 3, and graph the solution set. 


Solution Weare looking for all points whose coordinate x is a distance greater than 3 units from 

7” the origin. Figure 32 gives the graph. Any number x less than —3 or greater than 3 

5 -4-3-2-1 0 1 2 3 4 satisfies the condition |x| > 3. The solution set consists of all numbers x for which 
Figure 32 |x| > 3 i= =3 Or X > 3, ilalis, all x in (—oo,.— 3) (3; 00 )." A 


*Recall that the symbol U stands for the union of two sets. Refer to page A2 if necessary. 
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Examples 10 and 11 illustrate the following results: 


( tHEeoREM 


If ais any positive number, then 


lu| <a is equivalent to 


lu| <a is equivalent to 


=U = @ 


=0 = = 0 


lu| >a isequivalentto u<—aoru>a 


lu) =a_ isequivalentto u< —aoru=a 





oy) 


| EXAMPLE 12 — Solving an Inequality Involving Absolute Value 


Solve the inequality |2x + 4] < 3, and graph the solution set. 


Solution lax +4| < 


—3= 2x+4 Ss 


=—S3=—=42 7774-42 
—7J = 2X <— 
=") 2X 
—S = - 
Ws Z 
7 

<= x = 
Z 


tt tt 
—5 kh =9 10 2 4 The solution set is 4 x 


2 





3 


=) 


This follows the form of statement (6) 
where u = 2x + 4. 
Use statement (6). 


Subtract 4 from each part. 
Simplify. 

Divide each part by 2. 
Simplify. 


1 


d 1 7 
— = Jee = that is, all x in the interval - <3 — >| See 


2 


Figure 33 |2x + 4| <3 Figure 33 for a graph of the solution set. = 


ovmmmmmmee--Now Work PROBLEM 97 


| EXAMPLE 13 | Solving an Inequality Involving Absolute Value 


Solve the inequality |2x — 5| > 3, and graph the solution set. 


Solution 2x — 5| > 3 This follows the form of statement (7) where u = 2x — 5. 


yD 2 or ps ae ee: Use statement (7). 
2x -54+5<-3+4+5 or 2x-5+5>3+5  Add5toeach part. 
28 2 or 2x = 8 Simplify. 
2 Ze. © ok 
—s <= or a> Divide each part by 2. 
Zz 2 2 2 
ae or x>4 Simplify. 


a a a ee =e 
-2-1 012 3 4 5 6 7 The solution set is {x|x < lorx > 4}, that is, all x in (-~,1) U (4, ©). See 
Figure 34 |2x — 5| > 3 Figure 34 for a graph of the solution set. 


WARNING A common error to be avoided Is to attempt to write the solution x < lorx > 4as 
the combined inequality 1 > x > 4, which is incorrect, since there are no numbers x for which 
xX < landx > 4. Another common error Is to “mix” the symbols and write 1 < x > 4, which makes 


NO SENSE. 


orm Now Work PROBLEM 103 
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A.9 Assess Your Understanding 


‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 
1. Graph the inequality: x = —2 (pp. A4-AS5) 2. True or False —5 > —3 (pp. A4-AS5) 


Concepts and Vocabulary 








3. A(n) , denoted | a, b |, consists of all real 10. True or False A half-closed interval must have an endpoint 
numbers x for whicha = x S b. of either — 0° or 00, 
4. The state that the sense, or 11. Multiple Choice Which of the following will not change the 
direction, of an inequality remains the same if both sides direction, or sense, of an inequality? 
are multiplied by a positive number, while the direction is (a) Dividing both sides by a negative number 
reversed if both sides are multiplied by a negative number. (b) Interchanging sides 
In Problems 5-8, assume that a < bandc < 0. (c) Taking the reciprocal of both sides 


(d) Subtracting a positive number from both sides 
5. True or Falsea+c<b+c ioe AER IOCh seen’ ne Ai 
, ti j t tt 
er ae ultiple Choice ich pair of inequalities is equivalent to 


O<x = 3? 
7. True or False ac > bc (a) x > Oandx = 3 
a Db (b) x < Oandx = 3 
8. True or False 7 <4 . (c) x > Oandx <3 


. = = 
9. True or False The square of any real number is always Ye Cane 


nonnegative. 


Skill Building 


In Problems 13-18, express the graph shown in blue using interval notation. Also express each as an inequality involving x. 


X13.) egg 14, ,_—| ilies 5 15, ——b le 
—] 0 1 2 3 —2 —] 0 1 2 


16. <————_——_}__1___|__. 17, —W_ 1} > 18. © i} | 
—2 — 0 1 Z — 0 1 2 a aT 0 | L 3 
In Problems 19-24, an inequality is given. Write the inequality obtained by: 
(a) Adding 3 to both sides of the given inequality. (c) Multiplying both sides of the given inequality by 3. 
(b) Subtracting 5 from both sides of the given inequality. (d) Multiplying both sides of the given inequality by —2. 
19.3 <5 20.2 >1 21.4 > —3 22; =) > =) 23: 28 1 2 24.1 —-2x>5 
In Problems 25-32, write each inequality using interval notation, and graph each inequality on the real number line. 
\25.05x<4 26. -1<x<5 .4<x<6 28. -2<x<0 
29. X= 3 30. x = 5 31. x < —4 o2e 
In Problems 33-40, write each interval as an inequality involving x, and graph each inequality on the real number line. 
NX 33. [2,5] 34, (1,2) red 36. [0,1) 
37, [4, ~) 38. (—0o,2| 39.. (=, =3) 40. (—8, ©) 
In Problems 41-58, fill in the blank to form a correct inequality statement. 
\o4. Ifx <5,thenx-5 0. 42. Ifx<—4,thenx +4 0. 
43. Ifx > —4,thenx + 4 0). 44. Ifx > 6,then x — 6 0). 
45. Ifx = —4, then 3x = 17. 46. Ifx =3,then2x 6. 
\ 47. Ifx > 6,then-2x -12. 48. Ifx > —2,then—4x 8. 
49. If x = 5, then —4x —20. 50. Ifx = —4, then —3x 12. 
51. If 8 > 40, then x >, 52. 3x 12. then x 4. 
1 | 
53. If 5% = 3, then x —6. 54. If ~ 4X > 1, thenx —4, 
i er | 1 di 
55. 10 =< 5 < x, then 0 <2 = =. 56. Ifx = —4 < 0, then-—= == < 0. 
I | im 
1 1 1 1 
57, If —5 < x < 0, then.{< +—< 0. 58. If0 < x = 10, then0 < — = —. 
Lt LJ a 
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In Problems 59-108, solve each inequality. Express your answer using set notation or interval notation. Graph the solution set. 


59. 
62. 
65. 
68. 


i 
71. 


74. 


Th 


80. 
83. 
86. 


X89. 


92. 


95. 


98. 
101. 
104. 
107. 


+r 1< 35 
2 = ON = 5 
oh = Lee 3 ax 
SO pee 


(x4) >x+8 


2 
X 
—>2+ 
3 


Alas 


=f 2 4-37 = 2 


O< = 4 





Se ie ge 
Z 
(SP 2) e— 3) Ge Lies 1) 
x(9x — 5) = (3x -1)? 

(4x4 +2) 71<0 
2(3x +5) t= -3 


0< (2x-4)1< 


NW] rR 


|3x| < 12 

lax —1) <1 
Peete em | 
|—2| = |=4l 


Applications and Extensions 
In Problems 109-118, find a and b. 


109. 
110. 
111. 


112. 


113. 
114. 


115. 


116. 


117. 
118. 
119. 
120. 


121. 


122. 


IH) = 2 = Lihenad = x +4 =<. 
If=3:— x7 = 7, theng = 2 — 6 = b. 
He ax = 3, theng- = —40 =D: 


1 
Ifi-4<x <0, thena < Sx < 5. 


10= + =< 4:thena <— 2x + 3 =D. 
i=3:-=. x4 = 3, beng <1 = Dy =D; 


it 
ts. 2=.0,theng = =——_ =p, 
x+4 


1 
If2 <x < 4,thena < *—< bp. 
x= 6 


If6 < 3x < 12, thena < x° < b. 
If0 < 2x < 6,thena < x’ < b. 


What is the domain of the variable in the expression 


Vion a Oe 


60. 
63. 
66. 
69. 


72. 


TDs 


78. 


81. 


84. 


87. 


90. 


93. 


96. 


99. 
102. 
105. 
108. 


4 = 6 1 

SCS eZ 
242 2 x 
A= 31 =%) =o 


il 
su t 4 > (x 2) 
C= 37 — 7 = 5 


== 26 9 


1 
ee ee 


(eS 1) ee Ly SS 6 3) 4) 


1 x+1 3 
p) 3 4 


(2x -1)4*>0 
2 oo 


O<-< = 
a4 5 





1 
0< (3x +6) 0 <5 
3%) 12 

2x + 5| <7 

|—4x| + |-5| = 9 
eS 2) ed. 


61. 
64. 
67. 
70. 


Td 


76. 


\ 79. 


82. 
85. 
88. 
91. 


94. 


‘97. 


100. 
\ 103. 


106. 


a ee 

2X +S > 1 

=J2(0 +3) = 3 

S=— 4 2=4) S=—2z 


nr 


ad 
2 + 
4=2x+2= 10 





a een 
Lt a 
x(4x +3) = (2x +1)? 
Ll 2rd. 2 
3 2 3 
(1-4x)7t2=7 
O<-#< a 
\2x| < 8 
\2x| > 6 

1 — 2x| > 3 
|x| — |4] = 2 


A81 


123. Life Expectancy The Social Security Administration 
determined that an average 30-year-old male in 2018 could 
expect to live at least 52.2 more years and that an average 
30-year-old female in 2018 could expect to live at least 55.8 


more years. 


(a) To what age could an average 30-year-old male expect 
to live? Express your answer as an inequality. 





(b) To what age could an average 30-year-old female expect 
to live? Express your answer as an inequality. 


(c) Who can expect to live longer, a male or a female? By 
how many years? 


Source: Social Security Administration, 2018 


What is the domain of the variable in the expression 


V8 + 2x? 


A young adult may be defined as someone older than 21 
but less than 30 years of age. Express this statement using 


inequalities. 


Middle-aged may be defined as being 40 or more and less 
than 60. Express this statement using inequalities. 


oot! r 
ee 


JAN 
2018 
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124. 
4 (in cubic centimeters) equals 20 times the temperature T (in 


125. 


126. 


127. 


128. 


129. 


130. 


General Chemistry For a certain ideal gas, the volume V 





degrees Celsius). If the temperature varies from 80° to 120°C, 
inclusive, what is the corresponding range of the volume of 
the gas? 





Real Estate A real estate agent agrees to sell an apartment 
complex according to the following commission schedule: 
$45,000 plus 25% of the selling price in excess of $900,000. 
Assuming that the complex will sell at some price between 
$900,000 and $1,100,000, inclusive, over what range does the 
agent’s commission vary? How does the commission vary as 
a percent of selling price? 





Sales Commission A used car salesperson is paid a 
commission of $25 plus 40% of the selling price in excess 
of owner’s cost. The owner claims that used cars typically 
sell for at least owner’s cost plus $200 and at most owner’s 
cost plus $3000. For each sale made, over what range can the 
salesperson expect the commission to vary? 


Federal Tax Withholding The percentage method of 
withholding for federal income tax (2018) states that a single 
person whose weekly wages, after subtracting withholding 
allowances, are over $815, but not over $1658, shall have 
$85.62 plus 22% of the excess over $815 withheld. Over what 
range does the amount withheld vary if the weekly wages 
vary from $900 to $1100, inclusive? 


Source: Employer's Tax Guide. Internal Revenue Service, 2018 


Exercising Sue wants to lose weight. For healthy weight 
loss, the American College of Sports Medicine (ACSM) 
recommends 200 to 300 minutes of exercise per week. 
For the first six days of the week, Sue exercised 40, 45, 
0, 50, 25, and 35 minutes. How long should Sue exercise 
on the seventh day in order to stay within the ACSM 
guidelines? 








Electricity Rates During summer months in 2018, Omaha 
Public Power District charged residential customers a 
monthly service charge of $25, plus a usage charge of 10.06¢ 
per kilowatt-hour (kWh). If one customer’s monthly summer 
bills ranged from a low of $140.69 to a high of $231.23, over 
what range did usage vary (in kWh)? 


Source: Omaha Public Power District, 2018 


Sewer Bills The village of Oak Lawn charges homeowners 
$23.55 per quarter-year for sewer usage, plus $0.40 per 
1000 gallons of water metered. In 2018, one homeowner’s 
quarterly bill ranged from a high of $36.75 to a low of $30.35. 
Over what range did metered water usage vary? 








Source: Village of Oak Lawn, Illinois, January 2018 


Explaining Concepts: Discussion and Writing 


139. 


140. 


Make up an inequality that has no solution. Make up an 
inequality that has exactly one solution. 


The inequality x* + 1 < —5 has no real solution. Explain 
why. 


‘Are You Prepared?’ Answers 


1. 


Ae 2. False 
—4 —2 0 


131. 


132. 


133. 


134. 


135. 


136. 


137. 


138. 


141. 


Fat Content Suppose that you order a small McCafe™ 
chocolate shake (15 g of fat) and an Artisan Grilled Chicken 
Sandwich™ (7 g of fat) at McDonald’s. How many oatmeal 
raisin cookies can you eat (5 g of fat) and still keep the total 
fat content of your meal to no more than 47 g? 


Source: McDonald’s Corporation 


Sodium Content Suppose that you order a Garden Side 
Salad (95 mg of sodium) and a Strawberry Banana Smoothie 
(S50 mg of sodium) at Burger King. How many hamburgers 
can you eat (380 mg of sodium) and still keep the total 
sodium content of your meal to no more than 1285 mg? 


Source: Burger King 


Computing Grades In your Economics 101 class, you have 

scores of 68, 82,87 and 89 on the first four of five tests. To get 

a grade of B, the average of the first five test scores must be 

greater than or equal to 80 and less than 90. 

(a) Solve an inequality to find the least score you can get on 
the last test and still earn a B. 

(b) What score do you need if the fifth test counts 
double? 


What do | need to get a B? 








IQ Tests A standard intelligence test has an average score 
of 100. According to statistical theory, of the people who take 
the test, the 2.5% with the highest scores will have scores 
of more than 1.960 above the average, where o (sigma, a 
number called the standard deviation) depends on the nature 
of the test. Ifo = 12 for this test and there is (in principle) no 
upper limit to the score possible on the test, write the interval 
of possible test scores of the people in the top 2.5%. 





+b 
Arithmetic Mean If a < b, show that a < —— < b. The 


+b 
. is called the arithmetic mean of a and b. 





number 


Refer to Problem 135. Show that the arithmetic mean of a 
and 5 is equidistant from a and b. 

Geometric Mean If 0 < a < b, show that a < Vab < b. 
The number V ab is called the geometric mean of a and b. 


Refer to Problems 135 and 137 Show that the geometric 
mean of a and bis less than the arithmetic mean of a and b. 


Do you prefer to use inequality notation or interval notation 
to express the solution to an inequality? Give your reasons. 
Are there particular circumstances when you prefer one to 
the other? Cite examples. 
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A.10 nth Roots; Rational Exponents 


PREPARING FOR THIS SECTION Before getting started, review the following: 
e Exponents, Square Roots (Section A.1, pp. A7—A10) 


\ Now Work the ‘Are You Prepared?’ problems on page 89. 


OBJECTIVES 1 Work with nth Roots (p. A83) 
2 Simplify Radicals (p. A84) 
3 Rationalize Denominators and Numerators (p. A85) 
4 Solve Radical Equations (p. A86) 
5 Simplify Expressions with Rational Exponents (p. A87) 





1 Work with nth Roots 


(DEFINITION Principal nth Root 


The principal nth root of a real number a,n = 2 an integer, symbolized by Wa, 
is defined as follows: 


n 
N/a = b means a= b” 





where a = O and b = Oif nis even and a, b are any real numbers if n is odd. J 


Notice that if a is negative and n is even, then Wa is not defined. When it is 


In Words _ defined, the principal nth root of a number is unique. 
The symbol Va means "what is The symbol Wa for the principal nth root of a is called a radical; the integer 7 is 


the number that, when raised 
to the power n, equals a.” 






called the index, and a is called the radicand. If the index of a radical is 2, we call Wa 
the square root of a and omit the index 2 by simply writing Va. If the index is 3, we 


call Wa the cube root of a. 


| €XAMPLE 1 ~ Simplifying Principal nth Roots 


a) Vea =9 (b) W—-64 = W(-4)3 = -4 


@ {= 4(2) =1 @) VR2F=|-3=2 


These are examples of perfect roots, since each simplifies to a rational number. 
Notice the absolute value in Example 1(d). If 1 is even, then the principal nth root 
must be nonnegative. 





In general, ifm = 2 1s an integer and a is a real number, we have 


ifn = 31s odd 





ifn = 21s even 


ommmmmm-Now Work PRoBLEM 11 


Radicals provide a way of representing many irrational real numbers. For 
example, it can be shown that there is no rational number whose square is 2. Using 
radicals, we can say that V2 is the positive number whose square is 2. 
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2ST ae Using a Calculator to Approximate Roots 


Use a calculator to approximate W/16. 
Solution Figure 35 shows the result using a TI-84 Plus C graphing calculator. = 


HORMAL FLOAT AUTO REAL RADIA HP fl 


ommem===-Now Work PROBLEM 131 


wks £41101127 


2 Simplify Radicals 


Let n = 2 and m = 2 denote integers, and let a and b represent real numbers. 
Assuming that all radicals are defined, we have the following properties: 





(Properties of Radicals 


Figure 35 
Vab = Va W/b (2a) 
fa Va 





= b#0 2b 
B= a (2b) 
Wal™ = (Wa)™ (2c) 


When used in reference to radicals, the direction to “simplify” means to remove 
from the radicals any perfect roots that occur as factors. 


| EXAMPLE 3 ~ Simplifying Radicals 
(a) V32 = V16> : V16-V2 = 4V2 


Factor out16, (2a) 
a perfect square. 


(b) V6 = V8-2 = VB-V2 = WE. W2 = 2/3 


Factor out8, (2a) 
a perfect cube. 


(c) V-16x* : W-8+2+x3 +x ; W (—8x°) (2x) 


Factor perfect Group perfect 
cubes inside radical. cubes. 


= W (2a) 2x = Woon) Wx = 2 Wn 


(d) 44 16, a a _ 4 (=). _ 4 (=). Wx = 


ommmmss- Now Work PROBLEMS 15 AND 27 


2x 


ve 











= 


Two or more radicals can be combined, provided that they have the same index 
and the same radicand. Such radicals are called like radicals. 


| EXAMPLE 4 | Combining Like Radicals 


(a) -8V12 + V3 = -8V/4-3 + V3 
= -8-V4V34+ V3 
-16V3 + V3 = -15V3 
(b) W/8x4 + W—x + 4W/27x = YB x3x + WH1ex + 4W33x 
= W(2x)3- Wx + W-1- Wa + 4/33 Wa 
= 2xWx —1- Wx + 12Wx 
= (2x +11) Wx J 


ommmmmmme-Now Work PROBLEM 45 
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3 Rationalize Denominators and Numerators 


When radicals occur in quotients, it is customary to rewrite the quotient so that the 
new denominator contains no radicals. This process is referred to as rationalizing 
the denominator. 

The idea is to multiply by an appropriate expression so that the new denominator 
contains no radicals. For example: 


lf a Denominator To Obtain a Denominator 
Contains the Factor Multiply by Free of Radicals 


V3 V3 (WBF = 2 

Wess il V3-1 (Vey Bae 1=2 
V2 -3 V2 22 (V2)? -3=2-9=-7 
V5 - V3 Vern’ ek Ee eee 
W/4 Ve) WAND = 3 =2 


In rationalizing the denominator of a quotient, be sure to multiply both the numerator 
and the denominator by the expression. 


| €XAMPLES5 | Rationalizing Denominators 


Rationalize the denominator of each expression: 


V2 


i 5 
(a) 595 (b) Te (Cc) yaw 


Solution (a) The denominator contains the factor V3, 0 we multiply the numerator and 
denominator by V3 to obtain 


11 V3__V3__ V3 
V3 V3 V3 (V3)? 3 


(b) The denominator contains the factor V2, so we multiply the numerator and 
denominator by V2 to obtain 


5 5 AW, DV 





Wi Wi Vi Vay 


(c) The denominator contains the factor 4/3 = 3V2, so we multiply the numerator 
and denominator by V3 + 3V 2 to obtain 


v2 V2 V8 + V2 _ _V2(V3 + 32) 
V3-3V2 V3-3V2 V34+3V2~ (V3)? - (3V2)? 


—V2V34+3(V2)? VWe+6 64+ V6 
7 3-18 ~ =-15 15 all 


atm, Now Work PROBLEM 59 
In calculus, it is sometimes necessary to rationalize the numerator of a quotient. To 


do this, multiply by an appropriate expression so that the new numerator contains 
no radicals. 
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| EXAMPLE 6 Rationalizing Numerators 


Rationalize the numerator of the following expression. 


Vath = Vi 


h # 0 


Solution The numerator contains the factor Vx + h — Vx, so we multiply the numerator 
and denominator by Vx + h + Vx to obtain 


Vath-Ve_ Veth- Ve Vetht Ve (Ve +h)? = (Vx)? 
h a rs -a h(Vx +h+ Vx) 
9 et ( M6 ! 


(Vath Va) Wt Vx) ae 


ommumm__=- Now Work PROBLEM 69 


4 Solve Radical Equations 


When the variable in an equation occurs in a square root, cube root, and so on—that 
is, when it occurs in a radical—the equation is called a radical equation. Sometimes 
a suitable operation will change a radical equation to one that is linear or quadratic. 
A commonly used procedure is to isolate the most complicated radical on one side 
of the equation and then eliminate it by raising both sides to a power equal to 
the index of the radical. Care must be taken, however, because apparent solutions 
that are not, in fact, solutions of the original equation may result. These are called 
extraneous solutions. Therefore, we need to check all answers when working with 
radical equations, and we check them in the original equation. 


| EXAMPLE 7 Solving a Radical Equation 


Find the real solutions of the equation: W2x -4-2=0 
Solution The equation contains a radical whose index is 3. Isolate it on the left side. 
W2x —-4-2=0 
W/2x —4 = 2 Add2 to both sides. 
Now raise both sides to the third power (the index of the radical is 3) and solve. 
( W2x — 4) > — 23 Raise both sides to the power 3. 
2x —-4=8 — Simplify. 
2x = 12 Add 4to both sides. 


x =6 Divide both sides by 2. 
/ Check: W2(6) -4-2 = W12 -4-2= W8-2=2-2=0 


The solution set is {6}. - 


ormm_=-Now Work PROBLEM 77 
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5 Simplify Expressions with Rational Exponents 


Radicals are used to define rational exponents. 


( DEFINITION qin 


If ais areal number andn = 21s an integer, then 


alt = Wa (3) | 








provided that Wa exists. J 


Note that if m is even anda < 0, then Wa and a'/" do not exist. 


| €XAMPLES | PLE 8 Writing Expressions Containing Fractional Exponents as Radicals 


(a) 4/2 = V4=2 (b) 82 = V8 =2V2 
(c) (-27) 3 = W-27 = -3 (d) 1643 = W/16 = 2W/2 J 


C peFINITION qinin 


If a is a real number and m and n are integers containing no common factors, 
with n = 2, then 






provided that Wa exists. ” 


We have two comments about equation (4): 


e The exponent 7 must be in lowest terms, and = 2 must be positive. 


e In simplifying the expression a’”/", either Va” or (Wa) ™ may be used, the 
choice depending on which is easier to simplify. Generally, taking the root first, 


as in ( Wa) ™ is easier. 


| EXAMPLES ~ Simplifying Expressions With Rational Exponents 


ay Fea (V4) So Ss (b) (-8)43 = (W-8)* = (-2)4 = 16 


Qa eS as a 


1 
; ad) 


(c) (32) 7 = (W32)? =2? = 
ovmmmmmme=-Now Work PROBLEM 81 


It can be shown that the Laws of Exponents hold for rational exponents. The 
next example illustrates using the Laws of Exponents to simplify. 


| EXAMPLE 10 — Simplifying Expressions With Rational Exponents 


Simplify each expression. Express your answer so that only positive exponents occur. 
Assume that the variables are positive. 


wie Qx2yl/3\1/2 
(a) (Fy)(?y)" (a5) (©) ( aR, 
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Solution 


(a) (x2/3y) (xy) V2 = 2B eye (x2) V2-y"/2 (aby = ab" 
= 23.yex te yl? (a”)" = a™ 
= 7/3.y ey. yl? 
= 71/3. 53/2 qq"? = qmtn 
7 y3? 4 
= BR ana 


<= 








- 3 
wy (22) (PPV Oe 
yr? Ix1/3 (2x1/3)° 23 (x1/3)° Qy 


‘ (sere 7 (ey : (ay _ gt/2 (5/3) 1/2 : 35/6 
xy yi G3) ys (y23) 1/2 yi 








J 


om Now Work PROBLEM 101 


The next two examples illustrate some algebra that you will need to know for 
certain calculus problems. 


LX | EXAMPLE 11 ~ Writing an Expression as a Single Quotient 


Solution 


Write the following expression as a single quotient in which only positive exponents 
appear. 


1 
(x2 +1)1? 4 x(x? + 1) Ox 


(x2 +1)'? + rye $1) ae = (x? ne PRTC 
(2? $177 02 4:1)'97 + 
7 Ca a) ae 
(x7 +1) +2 
_ 2x7 +1 
7 (x? + 1) 1? sia 


ommmmm- Now Work PROBLEM 107 


IX Factoring an Expression Containing Rational Exponents 


Solution 


4 
Factor and simplify: ze 3(2x +1) + 2x4 


Begin by writing 2x*/? as a fraction with 3 as the denominator. 


Ax? (Oe 44) . 6x43 4x" (2x + 1) + 6x4? 
3 3 3 
Add the two fractions. 
2x3 2(2x +1) + 3x]  2x'3(7x + 2) 
tT 3 TS 


2 and x!2 ave common factors. Simplify. if 


=x8 (2x +1) +247 = 


ommmmmme-Now Work PROBLEM 119 


A.10 Assess Your Understanding 
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‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages in red. 


2V16=  ; V(-4)2 = ___ (pp. A9-A10) 


1. 


(=3)* > 33S __ pp AT AD) 


Concepts and Vocabulary 


Js 
4. 
>. 


In the symbol Wa, the integer n is called the 
We call V/a the 


Multiple Choice Let n = 2 and m = 2 be integers, and 
let a and b be real numbers. Which of the following is not a 
property of radicals? Assume all radicals are defined. 


of a. 











. Multiple Choice Which of the following phrases best defines 


like radicals? 

(a) Radical expressions that have the same index 

(b) Radical expressions that have the same radicand 

(c) Radical expressions that have the same index and the 
same radicand 


(a) . <= V4 (b) Vat b= WVa+ Wb (d) Radical expressions that have the same variable 
b Wb 8. Multiple Choice To rationalize the denominator of the 
(c) Vab = WaW/b (d) Va" = (/a) m expression ~~. multiply both the numerator and the 
6. Multiple Choice Ifaisarealnumber andn = 2isan integer, 1 — 3 
7 denominator by which of the following? 
then which of the following expressions is equivalent to Wa, 
provided that it exists? a) V3) V2. 1+V300 @1- V3 
- ; 1 Ln 9, True or False \/—32 = —2 
(a) a (b) a (c) | (d) a ; ; 
a 0. True or False V (—3)* = —3 
Skill Building 
In Problems 11-54, simplify each expression. Assume that all variables are positive when they appear. 
Nu. W/27 12. W/16 13. W/—8 1a 
\ 15. V8 16. V/75 17. 700 18. V/45x3 
19, W/32 20. W/54 21. W—8x! 22. W/192x° 
23. W243 24. W/48x° 25. Wx!2y8 26. W/x!y 
of B z 
27. 28, 29, Vox 30. Vox 
xy 81x y 
31. W/162x? y? 32. VW—40x4 y10 33. V15x2 V5x 34. V5x V/20x3 
35. (V5 W9)* 36. (W/3 V'10)* 37. (3V6)(2V2) 38. (5V’8) (-3V3) 
39. 3V/2 + 4V/2 40. 6V/5 — 4/5 41. —V/48 + 5V/12 42. 2/12 — 3V/27 
43. (V3 +3)(V3-1) aa. (V5 - 2)(V5 +3) Nas. 5W/2 - 2/54 46. 9V/24 — W/81 
a7. (Vx -1)? 48. (Vx + V5)? 49. W/16x* — W/2x 50. W/32x + W2x° 
51. V8 — 3V/50x 52. 3xV0y + 4V/25y 
53. V l6xty — 3x Vv ae a, Vv —2xy* 54. 8xy — V25x7y? + : 8x73 


In Problems 55-68, rationalize the denominator of each expression. Assume that all variables are positive when they appear. 


52: 


X59. 


63. 


67. 


1 2 
\/a aw A 
V3 6g. V2 
5-— V2 VI+2 

5 =5 
Veet a4 
Vx th—- Vx 


Vx t+h+ Vx 


ae) Ve} 

57, <2 58, <—<= 
V5 V8 
2- V5 V3-1 

61, 2 = 
24+3V5 ON G43 
5 ey) 

65.:—= 66. —= 
W2 v/o 

68 Vx tht+vVx—-h 

aye h-WvVx-h 
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/X In Problems 69-76, rationalize the numerator of each expression. Assume that all variables are positive when they appear. 


\ oo Milt1 5-— V43 V6 -— V15 Woe Vs 
69, ————— 70. ————— 71. —_—— 72, ————— 
2 3 A/T V5 
_ —2 Vx-7-1 4-Vx-9 
73, V2— Ve x#e 14, V2=2 x #4 i ee << 9 225 
Cae 6 oe x—-8 D ee 
In Problems 77-80, solve each equation. 
No 77. Wt —1=2 78. W/31+1=-2 799, 15 — 2x =x 80. 12 -x =x 
_ In Problems 81-96, simplify each expression. 
N81. 97/3 82. 43/2 83. (—64) 1/3 84. 163/4 
85. 1007/7 86. 25°/2 87.4" 88. 16 7/2 
9 eres (2)" (3) ( 8 ) 
{= .( = 1. (= 2. (— 
89 ( >) 90. |= M1. |G 92. | 5 
64 \ 7° 
93. (—1000) 1/3 94, —25 1/7 95, (-) 96. —81 3/4 


In Problems 97-104, simplify each expression. Express your answer so that only positive exponents occur. Assume that the variables are 
positive. 


07.9 x 98. a7 xx 4 99. (x3 yo) 1/ : 100. (x4y8) * * 
1/3 2/3 = 3/4 7 3/2 
\ (x2y) j (xy?) / (xy) 1/4 (xy?) 1/2 (16x?y 1/3) / (4x 1y1/3) / 
LV (x*y) (xy*) (xy) 


Applications and Extensions 


JX In Problems 105-118, expressions that occur in calculus are given. Write each expression as a single quotient in which only positive exponents 
and/or radicals appear. 





105. ——— + 2(1 + x)"2 x>-1 106. ~~ 4x42 x >0 
(1+ x)! 2xM2 
1 1 
A107. 2x (x? + 1) MP + xe (x8 + 1)? + Dx 108. (xt 1) taxes tty x AI 
1 1 W8x +1 Ve =D 1 
109, \/ 45:42 3 et 1 = 5 esi SS 110, ———— + — ee ae 
2Vx—-5 5V 4x + 3 3W(x-—2)% 24W (8x +1)? 8 
1 2x 
V1l+x-x:-——: Vx? +1-x°-— 
2V1i+x IN 
111, q—_——_—___——"—————_ ~>-I1 112, ———_—_——_ 
1+x x~4+1 
(x + 4)'? — 2x(x + 4) 71? (9 — x7)12 4 219 — 37) 1? 
113, ————————eséi—ase 114, —<———— i? 8 SB 
x+4 Sa 
ee ( ae 
(x2 - 1)” (x2 + 4)? — (x? + 4) 71? 
115, <——~—__—_-__ x <-1 or x>1 116. —_———__, —_—__—— 
x x +4 
1+ x? ve 2 
Oe — 2xV x 2x(1 — x*)'P + sx — x?) 
117. 22 x>0 118._ AAA _ ix £ -1,x 41 


ate? (1 -_ e\eP 
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iS In Problems 119-128, expressions that occur in calculus are given. Factor each expression. Express your answer so that only positive 
exponents occur. 


3 4 
\ 119. ee) easel) at | 120. (P+ 4) + xen? + 4) +2 
121. 6x1/7(x? + x) — 8x9? — 8x12 x = 122. 6x'7(2x +3) + x°7-8 =x =0 
123. 3(x2 + 4)*° 4+ x-4(x? + 4)'-2x 124, 2x (3x + 4)4/3 + x2-4(3x + 4) 18 
3 3 
125. 4(3x + 5)'/3(2x + 3)°? + 3(3x + 5)4/3(2x + 3)12 x= 5 126. 6(6x + 1)'9(4x — 3)? + 6(6x + 1)*9(4x -— 3) x = ; 
127, 3x1? + =x 70 128. 8x88 — 4x77 x 40 


In Problems 129-136, use a calculator to approximate each radical. Round your answer to two decimal places. 


129. 


133. 


137. 


138. 


V2 130. V7 \ 231. 0/4 132. W/—5 
a te 5/8 75 = 2 ie « 2V3 = V4 


134 13 


C= 45 ATT ea V3 we 


Calculating the Amount of Gasoline in a Tank A Shell station stores its gasoline in underground tanks that are right circular 
cylinders lying on their sides. See the figure. The volume V of gasoline in the tank (in gallons) is given by the formula 


V = 40h. io — 0.608 


where / is the height of the gasoline (in inches) as measured on a depth stick. 
(a) Ifh = 12 inches, how many gallons of gasoline are in the tank? 
(b) If = 1 inch, how many gallons of gasoline are in the tank? 


Inclined Planes The final velocity v of an object in feet per second (ft/s) after it slides down a frictionless inclined plane of height 


h feet is 
v = V64h + v5 








where vo is the initial velocity (in ft/s) of the object. 

(a) What is the final velocity v of an object that slides down a frictionless inclined 
plane of height 4 feet? Assume that the initial velocity is 0. 

(b) What is the final velocity v of an object that slides down a frictionless inclined 





plane of height 16 feet? Assume that the initial velocity is 0. h 
(c) What is the final velocity v of an object that slides down a frictionless inclined att 
plane of height 2 feet with an initial velocity of 4 ft/s? V 


‘Are You Prepared?’ Answers 
1. 9; -9 pe ee 


Appendix B 


Graphing Utilities 


Outline 





B.1 The Viewing Rectangle B.5 Square Screens B.8 Using a Graphing Utility to Graph a 

B.2 Using a Graphing Utility to Graph Equations B.6 Using a Graphing Utility to Graph Polar Equation 

B.3 Using a Graphing Utility to Locate Intercepts Inequalities B.9 Using a Graphing Utility to Graph 
and Check for Symmetry B.7 Using a Graphing Utility to Solve Parametric Equations 

B.4 Using a Graphing Utility to Solve Equations Systems of Linear Equations 


B.1 The Viewing Rectangle 


All graphing utilities (that is, all graphing calculators and all computer software 
graphing packages) graph equations by plotting points on a screen. The screen itself 
actually consists of small rectangles called pixels. The more pixels the screen has, the 
better the resolution. Most graphing calculators have 50 to 100 pixels per inch; most 
smartphones have 300 to 450 pixels per inch. When a point to be plotted lies inside 
a pixel, the pixel is turned on (lights up). The graph of an equation is a collection of 
pixels. Figure 1(a) shows how the graph of y = 2x looks on a TI-84 Plus C graphing 
calculator, and Figure 1(b) shows the same graph using Desmos.com. 

The screen of a graphing utility displays the coordinate axes of a rectangular 
(a) y= 2xona TI-84 Plus C coordinate system. However, the scale must be set on each axis. The smallest and 
largest values of x and y to be included in the graph must also be set. This is called 
setting the viewing rectangle or viewing window. Figure 2 shows a typical viewing 
window on a TI-84 Plus C. 

To select the viewing window, values must be given to the following expressions: 
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| Xmin: the smallest value of x 
T Xmax: the largest value of x 
Xscl: the number of units per tick mark on the x-axis 
Ymin: the smallest value of y 
Ymax: the largest value of y 
Yscl: the number of units per tick mark on the y-axis 


Figure 1 Figure 3 illustrates these settings and their relation to the Cartesian coordinate system. 
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Figure 2 Viewing window ona 
TI-84 Plus C Figure 3 


If the scale used on each axis is known, the minimum and maximum values 
of x and y shown on the screen can be determined by counting the tick marks. 
Look again at Figure 2. For a scale of 1 on each axis, the minimum and maximum 
values of x are —10 and 10, respectively; the minimum and maximum values of y are 


Bl 
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NORMAL FLOAT AUTO REAL RADIAN MP fy also —10 and 10. If the scale is 2 on each axis, then the minimum and maximum 
values of x are —20 and 20, respectively; and the minimum and maximum values of y 
are —20 and 20, respectively. 

Conversely, if the minimum and maximum values of x and y are known, the 
scales can be determined by counting the tick marks displayed. This text follows the 
practice of showing the minimum and maximum values of x and y in illustrations 
so that the reader will know how the viewing window was set. See Figure 4. The 
numbers outside of the viewing window stand for 


Figure 4 Xmin = —3, Xmax = 3, Xscl =1 
—-4, Ymax = 4, Yscl = 2 





Ymin 





Finding the Coordinates of a Point Shown on a Graphing Utility Screen 


Find the coordinates of the point shown in Figure 5. Assume that the coordinates 
HORMAL FLOAT AUTO REAL RADIAN HF fn are integers. 


Solution First note that the viewing window used in Figure 5 is 
Xmin = —3, Xmax = 3, Xscl=1 
Ymin = —4, Ymax=4, /Yscl = 2 
The point shown is 2 tick units to the left of the origin on the horizontal axis 


(scale = 1) and 1 tick up on the vertical axis (scale = 2). The coordinates of the 
point shown are (—2, 2). nal 





Figure 5 


B.1 Exercises 


In Problems 1-4, determine the coordinates of the points shown. Tell in which quadrant each point lies. Assume that the coordinates are integers. 
iF 2. 3: 4. 
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SECTION B.2 Using a Graphing Utility to Graph Equations B3 


In Problems 11-16, select a setting so that each of the given points will lie within the viewing rectangle. 


11. (—10,5), (3, -2), (4,-1) 
14. (—80, 60), (20, —30), (—20, —40) 


12. (5,0), (6,8), (—2, -3) 13. (40,20), (—20, —80), (10, 40) 
15. (0,0), (100, 5), (5, 150) 16. (0,—1), (100, 50), (—10, 30) 





B.2 Using a Graphing Utility to Graph Equations 


i as a 


® 6x? + 3=36 
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From Examples 2 and 3 in Section 1.2, recall that one way a graph can be obtained 
is by plotting points in a rectangular coordinate system and connecting them. 
Graphing utilities perform these same steps when graphing an equation. For 
example, the TI-84 Plus C determines 265 evenly spaced input values,* starting 
at Xmin and ending at Xmax; uses the equation to determine the output values; 
plots these points on the screen; and finally (if in the connected mode) draws a line 
between consecutive points. 

To graph an equation in two variables x and y using a graphing utility often 
requires that the equation be written explicitly in the form y = {expression in x}. 
If the original equation is not in this form, replace it by equivalent equations until 
the form y = {expression in x } is obtained. 


Steps for Graphing an Equation Using a Graphing Utility 


STEP 1: Solve the equation for y in terms of x. 


STEP 2: Get into the graphing mode of the graphing utility. The screen will 
usually display Y; = , prompting you to enter the expression 
involving x found in Step 1. (Consult your manual for the correct 
way to enter the expression; for example, y = x* might be entered 
as x2 or as x*x or as x x” 2.) 


STEP 3: Select the viewing window. Without prior knowledge about the 
behavior of the graph of the equation, it is common to select the 
standard viewing window** initially. The viewing window is then 
adjusted based on the graph that appears. In this text the standard 
viewing window is 

Xmin = -—10 Xmax=10 Xscl=1 
Ymin = -10 Ymax=10 Yscl=1 


STEP 4: Graph. 
Step 5: Adjust the viewing window until a complete graph is obtained. 


NOTE Some graphing utilities allow input of implicit equations. For example, Figure 6 shows the 


graph of 6x? + 3y = 36 using Desmos. a 

*These input values depend on the values of Xmin and Xmax. For example, if Y¥min = —10 and Xmax = 10, 
10 — (—-10 

then the first input value will be —10 and the next input value will be —10 + oa = —9,9242, 

and so on. 


**Some graphing utilities have aZOOM-STANDARD feature that automatically sets the viewing 
window to the standard viewing window and graphs the equation. 
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| EXAMPLE 1 ~ Graphing an Equation on a Graphing Utility 


Graph the equation 6x* + 3y = 36. 
Solution STEP 1: Solve for y in terms of x. 


6x? + 3y = 36 
3y = —6x* + 36 Subtract 6x’ from both sides. 
y = —2x* +12 Divide both sides by 3 and simplify. 


Step 2: From the Y; = | screen, enter the expression —2x* + 12 after the prompt. 
STEP 3: Set the viewing window to the standard viewing window. 
STEP 4; Graph. The screen should look like Figure 7 


Step 5: The graph of y = —2x* + 12 is not complete. The value of Ymax must be 
increased so that the top portion of the graph is visible. After increasing the 
value of Ymax to 12, we obtain the graph in Figure 8. The graph is now complete. 
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Figure7 y = —2x2 + 12 Figure8 y = —2x2 + 12 = 


Look again at Figure 8. Although a complete graph is shown, the graph might 
be improved by adjusting the values of Xmin and Xmax. Figure 9 shows the graph 
of y = —2x? + 12 using Xmin = —4 and Xmax = 4. Do you think this is a better 
Figure9 y = —2x* + 12 choice for the viewing window? 


| EXAMPLE 2 | Creating a Table and Graphing an Equation 


Create a table and graph the equation y = x”. 





Solution Most graphing utilities have the capability of creating a table of values for an 
equation. (Check your manual to see if your graphing utility has this capability.) Table 1 
illustrates a table of values for y = x° on a TI-84 Plus C. See Figure 10 for the graph. 


Tablel 
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Figure 10 y = x? =i 
B.2 Exercises 
In Problems I-16, graph each equation using the following viewing windows: 
(a) Xmin = —5 Xmax = 5 Xscl = 1 (b) Xmin = —10 Xmax = 10 Xscl = 2 
Ymin = —4 Ymax = 4 Yscl = 1 Ymin = —8 Ymax = 8 Yscl = 2 
lLy=x+2 2y=x-2 3. y=-x+2 4,.y=-x-2 


Y= 2h 2 6. y = 2x -2 te = j=l 2 8. y = -2x —2 


SECTION B.3 Using a Graphing Utility to Locate Intercepts and Check for Symmetry B5 


9 y=x7+2 10. y=x* -2 11. y = -x* +2 12. y= -x’ -2 
13. 3x + 2y = 6 14. 3x — 2y = 6 15. —3x + 2y = 6 16. —3x — 2y = 6 
17-32. For each of the equations in Problems 1-16, create a table, —5 = x = 5, and list points on the graph. 


B.3 Using a Graphing Utility to Locate Intercepts 





and Check for Symmetry 


Value and Zero (or Root) 


Most graphing utilities have an eVALUEate feature that, given a value of x, 
ae Ae : aa ey determines the value of y for an equation. This feature is useful for evaluating an 
‘aah | / equation at x = 0 to find the y-intercept. Most graphing utilities also have a ZERO 
(or ROOT) feature that is used to find the x-intercept(s) of an equation. 





NOTE Some graphing utilities automatically identify key points such as intercepts and intersection 
; points. For example, Figure 11 shows the graph of y = x? — 8 using Desmos where the intercepts 
Figure1l y= x? - 8 are already identified. o 




















=| desmes 





Finding Intercepts Using a Graphing Utility 
Use a graphing utility to find the intercepts of the equation y = x° — 8. 


Solution —_ Figure 12(a) shows the graph of y = x° — 8 ona TI-84 Plus C graphing calculator. 
The eVALUEate feature of a TI-84 Plus C accepts as input a value of x and 
determines the value of y. Letting x = 0, we find that the y-intercept is —8. See 
Figure 12(b). 
The ZERO feature of a TI-84 Plus C is used to find the x-intercept(s). 
See Figure 12(c). The x-intercept is 2. 
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Figure 12 (b) 








Graphing the Equation y = . 


1 
Graph the equation y = —. Based on the graph, infer information about intercepts 
and symmetry. = 


Solution Figure 13 shows the graph. Infer from the graph that there are no intercepts; also 
infer that symmetry with respect to the origin is a possibility. The TABLE feature on 
a graphing utility provides further evidence of symmetry with respect to the origin. 
Using a TABLE, observe that for any ordered pair (x, y), the ordered pair (—x, —y) 


is also a point on the graph. See Table 2. 
(continued) 
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Figure13 y= . J 


B.3 Exercises 


In Problems 1-6, use ZERO (or ROOT) to approximate the smaller of the two x-intercepts of each equation. Express the answer rounded 
to two decimal places. 


lLy=x°+4x4+2 2, y=x74+ 4x - 3 3. y=2x7 + 4x +1 
4. y = 3x7 + 5x41 5. y = 2x* - 3x -1 6. y = 2x* - 4x - 1 


In Problems 7-12, use ZERO (or ROOT) to approximate the positive x-intercepts of each equation. Express each answer rounded to two 
decimal places. 


Ty =x + 3.2x? — 16.83x — 5.31 8. y =x? + 3.2x7 — 7.25x — 6.3 
9. y = x* — 1.4x° — 33.71x7 + 23.94 + 292.41 10. y = x* + 1.2x° — 7.46x? — 4.692x + 15.2881 
11. y = x° + 19.5x”? — 1021x + 1000.5 12. y= x + 14.2%? — 4.8x — 12.4 


B.4 Using a Graphing Utility to Solve Equations 





For many equations, there are no algebraic techniques that lead to a solution. For 
such equations, a graphing utility is often used to investigate possible solutions. 
When a graphing utility is used to solve an equation, approximate solutions usually 
are obtained. Unless otherwise stated, this text follows the practice of giving 
approximate solutions rounded to two decimal places. 

The ZERO (or ROOT) feature of a graphing utility is often used to find 
the solutions of an equation when one side of the equation is 0. In using this 
feature to solve equations, make use of the fact that the x-intercepts (or zeros) 
of the graph of an equation are found by letting y = 0 and solving the equation 
for x. Solving an equation for x when one side of the equation is 0 is equivalent 
to finding where the graph of the corresponding equation crosses or touches 
the x-axis. 


| €XAMPLE1 | Using ZERO (or ROOT) to Approximate Solutions of an Equation 


Find the solution(s) of the equation x — 6x + 7 = 0. Round answers to two decimal 
places. 


Solution The solutions of the equation x7 — 6x + 7 = O are the same as the x-intercepts of 

the graph of Y, = x” — 6x + 7. Begin by graphing the equation. See Figure 14(a) for 
the graph using a TI-84 Plus C. 

From the graph there appear to be two x-intercepts (solutions to the equation): 
one between 1 and 2, the other between 4 and 5. 

Using the ZERO (or ROOT) feature of the graphing utility, determine that 
the x-intercepts, and thus the solutions to the equation, are x = 1.59 and x = 4.41, 
rounded to two decimal places. See Figures 14(b) and (c). 
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Figure 14 


A second method for solving equations using a graphing utility involves the 
INTERSECT feature of the graphing utility. This feature is used most effectively 
when one side of the equation is not 0. 


Using INTERSECT to Approximate Solutions of an Equation 





Find the solution(s) of the equation 3(x — 2) = 5(x — 1). 


Solution Begin by graphing each side of the equation as follows: graph Y; = 3(x — 2) 
and Y, = 5(x — 1). See Figure 15(a) for the graph using a TI-84 Plus C. 
At the point of intersection of the graphs, the value of the y-coordinate is 
the same. Conclude that the x-coordinate of the point of intersection represents 
the solution of the equation. Do you see why? The INTERSECT feature on a 
eraphing utility determines the point of intersection of the graphs. Using this 
feature, find that the graphs intersect at (—0.5, —7.5). See Figure 15(b). The 
solution of the equation is therefore x = —0.5. Figure 15(c) shows the point of inter- 
section using Desmos. 
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Figure 15 (a) (b) 


SUMMARY 


The following steps can be used for approximating solutions of equations. 
Steps for Approximating Solutions of Equations Using ZERO (or ROOT) 
Step 1: Write the equation in the form { expression inx} = 0. 
Step 2: Graph Y, = {expressioninx}. 
Be sure that the graph is complete. That is, be sure that all the intercepts are shown on the screen. 
STEP 3: Use ZERO (or ROOT) to determine each x-intercept of the graph. 


Steps for Approximating Solutions of Equations Using INTERSECT 


Step 1: Graph Y,; = {expression in x on the left side of the equation } . 


Graph Y, = {expression in x on the right side of the equation } . 


Step 2: Use INTERSECT to determine each x-coordinate of the point(s) of intersection, if any. 
Be sure that the graphs are complete. That is, be sure that all the points of intersection are shown on the screen. 
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| EXAMPLE 3 ~ Solving a Radical Equation 


NORMAL FLOAT AUTO REAL RADIAN MP , Find the real solutions of the equation V2x — 4-2 = 0. 


CALC ZERO 


Solution Figure 16 shows the graph of the equation 
Y= V2x -4 - 2. 


From the graph, there is one x-intercept near 6. Using ZERO (or ROOT), find that 
the x-intercept is 6. The only solution is x = 6. 





Figure16 y= VW2x-4-2 oa 





B.S Square Screens 


Most graphing utilities have a rectangular screen. Because of this, using the same 
settings for both x and y results in a distorted view. For example, Figure 17 shows the 
graphs of y = x and y = —x using a TI-84 Plus C with a standard viewing window. 
We expect the lines to intersect at right angles, but they do not. The selections for 
Xmin, Xmax, Ymin, and Ymax must be adjusted so that a square screen results. On the 
TI-84 Plus C, this is accomplished by setting the ratio of x to y at 8:5.* For example, if 
Xmin = —16 Ymin = —10 
| se Xmax = 16 Ymax = 10 
Figure 17 y = x and y = —x using then the ratio of x to y is 
a Standard viewing window. 
Xmax — Xmin  16- (—16) | a2 8 
Ymax—- Ymin 10-(-10) 20 5 
for a ratio of 8:5, resulting in a square screen. 


| EXAMPLE 1 ~ Examples of Viewing Rectangles That Result in Square Screens 





/HORHAL FLOAT AUTO REAL RADIAN HP (a) Xmin — —8 (b) Xmin -_ =e (c) Xmin a —24 
Xmax = 8 Xmax = 16 Xmax = 24 
Xscl = 1 Xscl = 1 Xscl = 3 
Ymin = —5 Ymin = —10 Ymin = —15 
Ymax = 5 Ymax = 10 Ymax = 15 
Yscl = 1 Yscl= 1 Yscl= 3 ail 
Figure 18 shows the graphs of y = x and y = —x on a square screen using 





the viewing rectangle given in part (b). Notice that the lines now intersect at right 


Figure 18 y = x andy = —xwith angles. Compare this illustration to Figure 17 


da Square screen. 


B.5 Exercises 


In Problems 1-8, determine which of the given viewing rectangles result in a square screen. 


1. Xmin = —6 Xmax = 6 ASC) = 1 2. Xmin = —5 Xmax = 5 Xscl = 1 
Ymin = —2 Ymax = 2 Yscl = 0.5 Ymin = —4 Y¥max:=4 Yscl = 1 
3. Xmin= 0 Xmax = 16 Xscl=4 4. Xmin = —10 Xmax=—14 £=Xscl=2 
Ymin = —2 Ymax = 8 ¥scl=2 Ymin = —7 Ymax = 8 Yscl = 3 


*Some graphing utilities have a built-in function that automatically squares the screen. For example, the 
TI-84 Plus C has a ZSquare function that does this. Some graphing utilities require a ratio other than 8:5 
to square the screen. For example, the HP 48G requires the ratio of x to y to be 2:1 for a square screen. 
Consult your manual. 
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5. If Xmin = —4, Xmax = 12, and Xscl = 1, how should Ymin, Ymax, and Yscl be selected so that the viewing rectangle contains 
the point (4, 8) and the screen is square? 


6. If Xmin = —6, Xmax = 10, and Xscl = 2, how should Ymin, Ymax, and Yscl be selected so that the viewing rectangle contains 
the point (4, 8) and the screen is square? 





B.6 Using a Graphing Utility to Graph Inequalities 


Use a graphing utility to graph 3x + y—-65 0. 


Solution _ Begin by graphing the equation 3x + y —-6 = 0 (Y, = —3x + 6). See Figure 19. 

As with graphing by hand, select test points from each region and determine 
NORMAL FLOAT AUTO REAL RADIAN MP whether they satisfy the inequality. To test the point (—1,2), for example, 
3 enter 3(—1) +2 — 6 S 0. See Figure 20(a). The 1 that appears indicates that the 
statement entered (the inequality) is true. When the point (5,5) is tested, a 0 appears, 
indicating that the statement entered is false. Thus, (—1, 2) is a part of the graph of 
the inequality, and (5,5) is not. Figure 20(b) shows the graph of the inequality on a 
TI-84 Plus C.* Figure 20(c) shows the graph using Desmos. 





Figure 19 


HORMAL FLOAT AUTO REAL RADIAN HP i IHORMAL FLOAT AUTO REAL RADIAH HF 





3¥ -1+2-650 


hy 

i i aly 
3%5+5-656 

5 k 

iit 

POC lin q 

f hy 

= HET ith We 





Wi. 


Figure 20 (a) (b) 
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Steps for Graphing an Inequality Using a Graphing Utility 
STEP 1: Replace the inequality symbol by an equal sign, solve the equation 
for y, and graph the equation. 


STEP 2: In each region, select a test point P and determine whether the 
coordinates of P satisfy the inequality. 


e Ifthe test point satisfies the inequality, then so do all the points in the 
region. Indicate this by using the graphing utility to shade the region. 


e Ifthe coordinates of P do not satisfy the inequality, then neither will 
any of the other points in that region. 


*Consult your owner’s manual for shading techniques. 


B.7 Using a Graphing Utility to Solve Systems 





of Linear Equations 


Most graphing utilities have the capability to put the augmented matrix of a system of 
linear equations in row echelon form. The next example, Example 6 from Section 11.2, 
demonstrates this feature using a TI-84 Plus C graphing calculator. 
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| EXAMPLE 1 ~ Solving a System of Linear Equations Using a Graphing Utility 


x- yt z= 8 (1) 
Solve: Ae roy = ZS 2 Ty 
ok = 2 —o2=> 9 


Solution The augmented matrix of the system is 


i =. 8 
2 3 = || =2 
> =2 =o 9 
Enter this matrix into a graphing utility and name it A. See Figure 21(a). Using the 


ref (row echelon form) command on matrix A, the results shown in Figure 21(b) are 
obtained. If the entire matrix does not fit on the screen, scroll right to see the rest of it. 
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Figure 21 (a) 


The system of equations represented by the matrix in row echelon form is 


2 2 
_& _ —=sy— 3z7= 3 (1 
1-7 -3 3 x—3y i (1) 
O 1 » ae + ae (2) 
13 13 73% 73 
0 O 1 1 = 1 (3) 
Using z = 1, back-substitute to get 
Z 2 
x —=8y — 3(1) = 3 (1) x-z-y= 6 (1) 
3 3 
i 24 39 
+— (1) =-—= 2) — =-— =-3 
yt ag) = ay cinplify. y=" RB (2) 


Solve the second equation for y to find that y = —3. Back-substitute y = —3 


Z 
into x — aa 6 to find that x = 4. The solution of the system is x = 4, y = —3, z= 1.) 


Notice that the row echelon form of the augmented matrix using the graphing 

utility differs from the row echelon form obtained in Example 6 of Section 11.2, 

MOREE COA AU TORRESLS Rap sen te yet both matrices provide the same solution! This is because the two solutions 

used different row operations to obtain the row echelon form. In all likelihood, the 

two solutions parted ways in Step 4 of the algebraic solution, where fractions were 
avoided by interchanging rows 2 and 3. 

Most graphing utilities also have the ability to put a matrix in reduced 
row echelon form. Figure 22 shows the reduced row echelon form of the 
augmented matrix from Example 1 using the rref command on a TI-84 Plus C 
graphing calculator. Using this command, note that the solution of the system is 
Figure 22 stllx = 4,y = —-3,z = 1. 
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B.8 Using a Graphing Utility to Graph a Polar Equation 


Most graphing utilities require the following steps in order to obtain the graph of a 
polar equation. Be sure to be in POLAR mode. 


Graphing a Polar Equation Using a Graphing Utility 
STEP 1: Set the mode to POLAR. Solve the equation for r in terms of 6. 


STEP 2: Select the viewing rectangle in polar mode. Besides setting Xmin, 
Xmax, Xscl, and so forth, the viewing rectangle in polar mode requires 
setting the minimum and maximum values for @ and an increment 
setting for 6 (@step). In addition, a square screen and radian measure 
should be used. 


Step 3: Enter the expression involving 6 that you found in Step 1. (Consult 
your manual for the correct way to enter the expression.) 


STEP 4: Graph. 


| €XAMPLE1 ~ Graphing a Polar Equation Using a Graphing Utility 


Use a graphing utility to graph the polar equation r sin 6 = 2. 
Solution Step 1: Solve the equation for r in terms of 0. 


rsing =2 
ps 
sin 0 





Step 2: From the POLAR mode, select the viewing rectangle. 


: TT 
Oémin = 0, Omax = 27, Ostep = 4 


Xmin = —8, Xmax = 8, Xscl = 1 
Ymin = —5, Ymax = 5, Yscl = 1 


Ostep determines the number of points that the graphing utility will plot. For example, 
2 2 

if Ostep is mr the graphing utility will evaluate r at 96 = 0(@min), a oe ae and 

so forth, up to 27 (@max ). The smaller Ostep is, the more points the graphing utility 

will plot. Experiment with different values for @min, Omax, and @step to see how the 


graph is affected. 
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STEP 3: Enter the expression 





Z 
9 after the prompt r; = 


STEP 4: Graph. 
The graph is shown in Figure 23. _J 


Figure 23 rsind=2 





B.9 Using a Graphing Utility to Graph Parametric Equations 








Most graphing utilities have the capability of graphing parametric equations. The 
following steps are usually required to obtain the graph of parametric equations. 
Check your owner’s manual to see how yours works. 


B12 APPENDIX B Graphing Utilities 


Graphing Parametric Equations Using a Graphing Utility 


STEP 1: Set the mode to PARAMETRIC. Enter x(t) and y(£). 


STEP 2: Select the viewing window. In addition to setting Xmin, Xmax, Xscl, 
and so on, the viewing window in parametric mode requires setting 
minimum and maximum values for the parameter ¢ and an increment 
setting for t (Tstep). 


STEP 3: Graph. 


| EXAMPLE 1 ~ Graphing a Curve Defined by Parametric Equations Using a 


Graphing Utility 
Graph the curve defined by the parametric equations 
t=37, yveo2, —22=7=2 


Solution = Srep 1: Enter the equations x(t) = 3¢*, y(t) = 2t with the graphing utility in 
PARAMETRIC mode. 


STEP 2: Select the viewing window. The interval is —2 < t < 2, so select the 
following square viewing window: 
Tmin = —2, Tmax =2, Tstep = 0.1 
Xmin = 0, Amax = 16, Xscl = 1 
Ymin = —5, Ymax=5, Yscl=1 


HORMAL FLOAT AUTO REAL RADIAN HP 





Choose Tmin = —2 and Tmax = 2 because —2 < ¢ S 2. Finally, the choice 

eee for Tstep will determine the number of points that the graphing utility will 
— plot. For example, with 7step at 0.1, the graphing utility will evaluate x 
and y att = —2, —1.9, —1.8, and so on. The smaller the 7step, the more 
points the graphing utility will plot. Experiment with different values of 





: cto Tstep to see how the graph is affected. 
ie STEP 3: Graph. Watch the direction in which the graph is drawn. This direction shows 
Figure 24 the orientation of the curve. 

=3,y=e2t-2<t=<2 Using a TI-84 Plus C, the graph shown in Figure 24 is complete. i 


| Exploration 


Graph the following parametric equations using a graphing utility with Xmin = O, Xmax = 16, 
Ymin = —5, Ymax = 5, and TJstep = 0.1. 


» at 
a 

2. xX = 3% +12t4+ 12, y=et+4 -4sts0 

3.x=303, y=2Wt, -8=t<8 


Li. X y=t -4sts4 


Compare these graphs to Figure 24. Conclude that parametric equations defining a curve are 
not unique; that is, different parametric equations can represent the same graph. 


vay . 
. | Exploration 
3 
In FUNCTION mode, graph x = av (y, = /= and Y> = —, pes ) with Xmin = 0, Xmax = 16, 


Ymin = —5, Ymax = 5. Compare this graph with Figure 24. Why do the graphs differ? 








x 






| E=a| fl desmos 


Figure 25 NOTE Some graphing utilities Input the parametric equations as an ordered pair. For example, 
= 36,026 22127 Figure 25 shows the graph of x = 3t*, y = 2t, -2 S t S 2 using Desmos. at 


Answers 


CHAPTER 1 Graphs 


1.1 Assess Your Understanding (page 6) 
7, x-coordinate or abscissa; y-coordinate or ordinate 8.quadrants 9.midpoint 10.F 11.F 12.T 13.b 14a 








15. (a) Quadrant IT (b) x-axis 17. The points will be ona 19. V5 33. d(A, B) = V13 
(c) Quadrant III (d) Quadrant I vertical line that is2 units 21, ./10 d(B, C) = V13 
(e) y-axis (f) Quadrant IV to the right of the y-axis. 23,2./17 d(A, C) = V26 x 

25. V130 (VIB + (VIB) = (28 F FEE 
aD Area = = square units © 

29. 6.89 ~ 2.62 2 

31. Va? + b? 

35. d(A, B) = V130 ee) ee 37. d(A, B) = 4 y) 7 
18.0) = VB aaceles So 418, 0) = VAI ee, Ge (7?) 
d(A, C) = 2V26 eS d(A,C) = 5 HEE a — 
(26 )2 + (2V26 2 = (V130 Pere EH +52 = (V4)? na ie 5 Z- : x 43.(8,—-2) 45. (S >) 
Area = 26 square units a Area = 10 square units H EGS) 47,(5,3) 49. (3, —13), (3, 11) 


51. (4 + 3V3,0); (4 — 3V3,0) 53.(a)(—1,1) (b) (0,13) 55.(1,2) 57%.V17;2V5;V29 
59. d(P,, P») = 6; d(Po, P3) = 4; d(P;, P3) = 2V13; right triangle 61. d(P,, P,) = 2V17; d(Po, P3) = V34; d(P,, P3) = V 34; isosceles right triangle 
63.90V2 ~ 127.28 ft 65. (a) (90, 0), (90, 90), (0,90) (b)5V2161 ~ 232.43 ft (c)30V149 ~ 366.20 ft 67.d = 75t mi 


69. (a) (2.65, 1.6) (b) Approximately 1.285 units 71. $23,307; a slight underestimate 73. (5 *) 
75. Arrange the parallelogram on the coordinate plane so that the vertices are P; = (0,0), Py = (a, 0), P; = (a + b,c) and Py = (b,c). 

Then the lengths of the sides are d(P;, P,) = a, d(Po, P3) = Vb? + c2, d(P3, Ps) = a, and d(P,, Py) = Vb? + 2, and the lengths 

of the diagonals are d(P,, P3) = Viat by +22 and d(P>, Py) = Via — bY + ce. So, the sum of the squares of the lengths of the sides is 

ae + (Vb? + c?) ee ee (Vb? + c*) 27=@ +b? + C+ a? +b? +c? = 2a’ + 2b? + 2c”. The sum of the squares of the lengths of the diagonals is 


(V(a t+ bY + 7)? + (Via —- bf +7)? =(at bY + 7 +(a- bP? +c =a? + 2ab + b? +c? + a? —2ab + b? + c? = 2a? + 2b? + 2c’. 


1.2 Assess Your Understanding (page 17) 
3.intercepts 4.y=0 S.y-axis 6.4 7.(-3,4) 8T 9.F 10.F U1.d 12.c 13.(0,0)is onthe graph. 15. (0,3) is on the graph. 


17. (0,2) and (V2, V2 ) are on the graph. 
19. (—2, 0), (0, 2) 21. (—4, 0), (0,8) 23. (—1, 0), (1,0), (0, —1) 25. (—2, 0), (2, 0), (0, 4) 27. (3, 0), (0, 2) 






peareaesers 
(a) = (-2, -)-H ©) = 





—4) EEeeeceeeeet 
3. yy AL (a) (1,0), (1,0) 43. (3.0), 0.0,(4 _ 45. (a) (0,0) 
es) = 0.9 HEH (b) Symmetric with respect to the ne —_— ‘ (b) Symmetric with respect to 
! x-axis, the y-axis, and the origin 1) SRE WE Tes eC Owe year the x-axis 
47. (a) (—2, 0), (0, 0), (2, 0) 49. (a) (x,0),-2 5x <1 51. (a) No intercepts 
(b) Symmetric with respect to the origin (b) No symmetry (b) Symmetric with respect to the origin 


57. (— 16, 0), (0, —4), (0,4); symmetric with respect to the x-axis 

59. (0, 0); symmetric with respect to the origin 

61. (0, 9), (3, 0), (—3, 0); symmetric with respect to the y-axis 

63. (—2, 0), (2,0), (0, —5), (0,5); symmetric with respect to the x-axis, the y-axis, and the origin 
65. (0, —64), (4,0);no symmetry 67. (0, —8), (4,0), (—2, 0); no symmetry 

69. (0, 0); symmetric with respect to the origin 71. (0,0); symmetric with respect to the origin 


AN1 








AN2 Answers: Chapter 1 


7Tla=-—4ora=1 79.(-1,-2) 81.4 

83. (a) (0, 0), (2,0), (0,1),(0, -—1) (b) x-axis symmetry 

85. (0, 0), (—a, 0), (a, 0); symmetric with respect to the x-axis, the y-axis, and the origin 

87, (a) y = Vx2 and y = |x| have the same graph. (b) Vx? = |x| ()x = Ofory = (Vx)?, 
while x can be any real number for y = x. (d) y = Ofory = Vx? 





1.3 Assess Your Understanding (page 3/) 


1 
1.undefined;0 2.3;2 3.T 4.F 5.T 6.m, = mp); y-intercepts;mm = —-1 72 8. "5 9c 10.d 11.b 12.d 





1 1 3 1 
13. (a) Slope = 5 15. (a) Slope = | 17. Slope = = 19. Slope = = 21. Slope = 0 23. Slope undefined 
(b) If x increases by (b) If x increases 
2 units, y will increase by 3 units, y will 
by 1 unit. decrease by 1 unit. 






| rT = 
\, (4, 0){- 


| Th | | Q | 
SEE 
i 








33.y-2=3(x-1) 35.y-4= (x2) 
372.y—3=0 39. (2,6); (3,10); (4, 14) 

41. (4, —7); (6, —10); (8, —13) 

43. (—1, —5); (0, -7); (1, —9) 





1 1 5 
45.x% — 2y = ory =x 47.x+y=20ry=-x+2 49.2x —y =3o0ry = 2x —3 SL.x + 2y = Sory = —5x +5 


1 1 1 5 
53.3x —y = -—9Yory=3x+9 55.x-2y =lory=-x--= Six — 2y = —Sory = x + 7 59.3x + y=30ry = —3x + 3 


2 2 
1 
61.x-—y= —4o0ry=x+4 63.x = 2;noslope-intercept form 65.y =2 67.2x — y= —4ory = 2x +4 69. x — 2y = Dory =s5% 


71. x = 4;no slope-intercept form 73.2x + y= Oory = —2x 75.2x + y=4ory =—-2x+4 7hLy=4 


1 1 
79. Slope = 2; y-intercept = 3 81. Slope = 2; y-intercept = —2 83. Slope = 5 y-intercept = 2 85. Slope = “> y-intercept = 2 


5 A 
COCO CC ar 
a oP’ age 







= -2 89. Slope = —1; y-intercept = 1 91. Slope undefined; no y-intercept 
= 0 99, (a) x-intercept: 3; 101. (a) x-intercept: — 10; 
y-intercept: 2 y-intercept: 8 
(b) (b) 
(-10, 
103. (a) x-intercept: 3; 105. (a) x-intercept: 2; 107. (a) x-intercept: 5; 109. y = 0 
y-intercept: 3 y-intercept: —2 111. Parallel 113. Neither 


: 21 
y-intercept: > 


(b) _ 


118.x —y=-2ory=x+2 


(b) (b) 


1 
117.x + 3y =30ry= “3x t 1 





2 3 
119. P, = (—2,5), Py = (1,3),m, = —3 P, = (1,3), P; = (-1,0), m = 5 because mm, = —1, the lines are perpendicular and the 


points (—2, 5), (1,3), and (—1, 0) are the vertices of a right triangle. 





Section1.4 AN3 


121. P, = (—1,0), Py = (2,3),m = 1; P3 = (1, -2), Py = (4,1),m = 1; P, = (-1,0), Py = Cd, -2),m = —-1; Php = (2,3), = (4,1),m = —-1; 
opposite sides are parallel, and adjacent sides are perpendicular; the points are the vertices of a rectangle. 
123. C = 0.60x + 39; $105.00; $177.00 125.C = 0.14% + 4252 








5 2 
127. (a) C = 0.0889x + 8.01,0 = x = 1000 129. °C = CF — 32); approximately 21.1°C 131. (a) y = ~ 55% + 30 (b) x-intercept: 375; 
(b) The ramp meets the floor 375 in. (31.25 ft) from the base of the platform. (c) The ramp does 
a not meet design requirements. It has a run of 31.25 ft. (d) The only slope possible for the 
z ramp to comply with the requirement is for it to drop 1 in. for every 12-in. run. 
z 1 
5 133. (a) A = 5% + 20,000 (b) $80,000 
0 200 600 1000 ¥ (c) Each additional box sold requires an additional $0.20 in advertising. 
m 4 at+bc 
(c) $25.79 (d) $52.46 135. —2, wy 137. 33 139.b,c,e,g 141.c 147.No;no 
(e) Each additional kWh used adds 


149. They are the same line. 151. Yes, if the y-intercept is 0. 
$0.0889 to the bill. 


1.4 Assess Your Understanding (page 39) 
3.F 4.radius 5.T 6.F 7d 8a 9. Center (2,1);radius = 2;(x — 2)? + (y - 1)? =4 


5 3 he 59 
. — . = sent — + — — 
11. Center ( > 2) radius 5° (: > (y — 2) 1 


15.x° + (y —- 2% =4; 17. (x — 4)? + (vy + 3) = 25; 19. (x + 2)? + (y — 1) = 16; 
x7 +y*-—4y =0 ray = See by = 0 x? + y?+ 4x -2y -11 =0 





23. (x — 5)? + (y + 1) = 13; 25. 
x? + y?—-10x + 2y + 13 =0 





33. (a) (h, k) = (5 -1)s+ = . 35. (a) (h, k) = (3, -2);r = 5 


(b) (b) 








(c) (1+ V3, 0); (0,2 + 2V2) (c) (—2 + V5,0); (0,2 + V5) 





(c) (3 = V21, 0); (0, —6), (0, 2) 
37. (a) (h, k) = (—2,0);r = 2 39.72 +y2=13 41.(1+1% + (y-3% =5 43.(¢-2)7 + (y + 47 = 64 

(b) 45.c 47.b 49.7% + 5y=18 Sly =2 53.18 units? 55. x7 + (y — 139)* = 15,625 
57.x7 + (y — 49.5) = 3660.25 59. (x-— 2) + (y-3P% =9 OL(*x +1" + (7-3 =1 


(c) (0,0), (—4, 0) 





= = y 
63. (a) x2 + (mx + bP = 7? x= oe 
(1 + m?)x? + 2mbx + b? = 1? = 0 211 + m*) = 2b*/r 
ee 2 ae) ae aie 27) 2 
The ecaaton na one solution if and = m(—2" ) es ee pe rm b a és 
only if the discriminant = 0. b b b b 


(2mb) — 4(1 + m*)(b* — r?) = 0 
— 4b* + 4r? + 4m?r? = 0 : 
r“lb 1 


r?(1 + m’) = b? The slope of the line joining the center to the point of tangency = 2 a 


(c) The slope of the tangent line = m. 


65. V2x + 4y = 9V2 
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‘ ‘ Xi +X. \ + 2 ‘ 1 a) 2 : 
67. The center of the circle is 7 and the radius is 5 V (x1 — X2)° + (¥1 — y2)°. Then the equation of the 


Mi ey \* +y\2 1 
eireleds (: a 1) + ( el 5 2) = i] ee — x) + (yy - al Expanding, gives 


(x, + x2)? (yi + y2)? 1 
ot WO + Yn) te | a Oeaee + 39 + Vi Dye + 2 





Bee _ x(X1 ie X7) us 


Ax? — Axyx — Axox + x9 + Qxyxy + x3 + 4y?— 4yy — 4yoy + yt + 2yyy. + yh = xt — 2xyx + x3 + yi-2yy. + V5 
4x? — Axyx — 4xox + 4xyxy + 4y*- 4yyy — 4yny + 4yyy. = 0 
X? = XX — AyX + HX, + y— Ly — Wy + yyy = 0 
X(X — X41) — Xy(X — X41) + VY — Wi) — Yoly — i) = 0 


(x — xX1)(% — x2) + (vy — wi)(y — y2) = 0 
69. b,c, e, g 


Review Exercises (page 43) 


1 1 4 
1.(a)2V5_ (b) (2,1) (D5 — (d) For each run of 2,there isarise of 1. 2.(a)5 (b) (-5 1) (c) —§ (d) For each run of 3, there is a rise of —4. 


3.(a) 12 (b) (4,2) (©) joe (d) no change in x 

5. (—4, 0), (0, 2), (0,0), (0, —2), (2,0) 6. (0,0); symmetric with respect to the x-axis 

7. (+4, 0), (0, +2); symmetric with respect to the x-axis, the y-axis, and the origin 8. (0, 1); symmetric with respect to the y-axis 
9. (0,0), (+1, 0); symmetric with respect to the origin 10. (0,0), (—1, 0), (0, —2);no symmetry 11. (x + 2)? + (y — 3) = 
12.(x +1 +(y+2Pr =1 





13. Center (0,1); radius = 2 14. Center (1, —2); radius = 3 15. Center (1, —2); radius = V5 





Intercepts: fe — V5,0), (1+ V5,0), Intercepts: (0, 0), 


Intercepts: (— V3, 0), (V3, 0), (0, -2 — 2V2), (0, -2 + 2V2) (2,0), (0, —4) 


(0, —1), (0,3) 


1 
16.2x + y=Sory = —2x +5 17x = —3;noslope-intercept form 18.x + 5y = —100ry = 5k 7 2 19.5x + y = 1llory = —-5x +11 


20. 2x — 3y 


2 19 
“Dory = 3% + 21.x-—y=T7ory=x-7 


4 1 
22. Slope = = y-intercept = 4 23. Slope = =: y-intercept = 5 24. Intercepts: (6, 0), (0, —4) 25. Intercepts: (4, 0), (0, 6) 
. | 





29. d(A, B) = V(1 — 3) + (1 — 4)’ = V13 
d(B,C) = V(-2 - 1)? + B - 1) = v13 


30. (a) d(A, B) = 2V/5; d(B, C) = V145; d(A, C) = 5V5; [d(A, B)?? + [d(A, C)P = (2V5)* + (5V5)* = 20 + 125 = 145 = [d(B, C)}P 
1 1 
(b) Slope from A to B is —2; slope from A to C is > Since —2° > = —1, the lines are perpendicular. 
31. Center (1, —2); Radius = 4V2; (x — 1)? + (y + 2)* = 32 32. Slope from A to B is —1; slope from A to C is —1. 


Section2.1 ANS5 


Chapter Test (page 44) 


2 
led =2V13 2.(2,1) 3.(a m= me (b) For every 3-unit change in x, y will change by —2 units. 


6. Intercepts: (—3,0), Z2y = —2x +2 8.x? + y? — 8x + 6by = 0 9. Center: (—2, 1); 
(3,0), (0, 9); 7 | 
symmetric with EEE RR E EE 


=0.2N Go 


radius: 3 





respect to the y-axis 








l 3 
—; perpendicular line: y = 5% aay 


2 
10. Parallel line: y = A 73 


CHAPTER 2 Functions and Their Graphs 


2.1 Assess Your Understanding (page 59) 


7. independent; dependent 8a 9.c 10.F U1.F 12. verbally; numerically; graphically; algebraically 13.F 14.F 

15. difference quotient 16. explicitly 

17. (a) Domain: { 0, 22, 40, 70, 100 } in °C 

Range: { 1.031, 1.121, 1.229, 1.305, 1.411} in kg/m? 
(b) Temperature, °C Density, kg/m? 

0 —_“ («1.411 
22 -———sSCO#d=2.38105 
SQ ———— O29 
70 —[c————SOU+21221 


100 —————> 1.031 


(c) { (0, 1.411), (22, 1.305), (40. 1.229), (70, 1.121), (100, 1.031) } 


19. Domain: { Elvis, Colleen, Kaleigh, Marissa}; Range: { January 8, March 15, September 17 }; Function 

21. Domain: { 20, 30, 40}; Range: { 200, 300, 350, 425}; Not afunction 23. Domain: { —3, 2,4}; Range: {6,9, 10}; Not a function 

25. Domain: {1, 2, 3,4}; Range: {3}; Function 27 Domain: { —4, 0,3}; Range: {1,3,5,6};Notafunction 29. Domain: { —1, 0,2, 4}; 
Range: {—1,3,8}; Function 31. Function 33. Function 35.Notafunction 37 Notafunction 39. Function 41. Not a function 

43.(a)—4 (b)1 (c)—-3 (d) 3x? — 2x — 4 ad —2x +4 (f) 3x7 + 8x +1 (g) 12x? + 4x — 4 (hh) 3x7 + 6xh + 3h? + 2x + 2h - 4 

















1 1 % pies a | 2x Lh 
45.(a)0 (b)5 (-Z @d)— Sj (e) — Ty SS ©) > OE Dah ET 47.(a)4 (b)5 (e)5 (d) |x| +4 
1 3 =k —2h =| 2k 3 
(=| 4 Olt 1 +4 Ml +4 Metal +4 M@—= wO-> OL MR OVS OFS 


4x +1 24 2h 1. 

h ——EE—E————E 

(s ) bx =o ( 3x ee) 
61. ae A -2,-1} 63. {x|x >4} 65. {t]t}=4,t A 7} 67Allrealnumbers 69. {t|t 4 —2,¢ 4 7} 

71. (a) (f + g) (x) = 5x + 1;Allrealnumbers (b) (f — g)(x) =x + 7;Allreal numbers (c) (f+ g) (x) = 6x? — x — 12; All real numbers 


(a) (5) (x) = 1 


(b) (f — g) (x) = —2x? + x — 1;Allreal numbers (ce) (f+ g) (x) = 2x° — 2x*;Allreal numbers (d) (J Jon = — {x|x ~ 0} 
x 





51. Allreal numbers 53.Allrealnumbers 55. {x|x 4 —4,x 4 4} 52 {x|x #0} 59 {x|x = 4} 








x|x # > (e) 16 (f)11 (g)10 (h)-7 73. (a) (f+ g) (x) = 2x* + x — 1; All real numbers 


(e)20 (f)-29 (g)8 (h)O 75.(a) (f + g) (x) = Vx + 3x — 5; {x|x = 0} (b) (f-— g) (x) = Vx — 3x + 5; {x|x = 0} 


(© (f-9) (2) = 3evE~ SVE (xix = 0} (Zo) = af 


771. (a) (f+ g)(x) =1+ 5 {xx #0} 0) (F— 8) (x) = 1 {ele #0} 0 (Feg) (x) = 4+ Kale ¥ 0} 


Oe 
3 





re0x%3| (e) V3 +4 ()—-5 (g) V2 (hy -5 








‘3 5 3 6 a5 
ot Jon ncee (e) 5 (f) 1 (2) 7 (h)2 79. (a) (f +g) (x) = — Ll 














(x 
_ 2 +3 2 _ 8 de: 2 f _ +3 y) 
1 7 A 20 
(e)3 (f) 5 (8) 5 (h) 7 81.¢g(x) =5- 5* 83.4 85.2x +h 872x+h-1 89. (ax + 4h — 3) (4x — 3) 


6 1 2x +h 2x +h 
91. ——__—_—_—__ 933. ——____—_ 95. + Y, aa 
(x + 3)@ +h + 3) xth—-2+Vx-2 x° (x + h) V4—(x + hp + V4- 2%? 
1 
103. A = —4 105. A(x) = 5 107.G(x) = 16x 109. (a) 15.1 m, 14.071 m,12.944m_ (b) 1.01 sec, 1.43 sec, 1.75 sec (ce) 2.02 sec 


7 
99.{-2,4} 101A = —> 





AN6 Answers: Chapter 2 


L 
111. (a) $222 (b) $225 (ce) $220 (d) $230 113. R(x) = - 115. H(x) = P(x)-I(x) 117.(a) P(x) = —0.05x° + 0.8x? + 155x — 500 


(b) P(15) = $1836.25 (ec) When 15 hundred smartphones are sold, the profit is $1836.25. 119. (a) D(v) = 0.05v? + 2.6v — 15 
1 
(x + hy? + x13(x + A)8 + 28 





(b) 321 feet (ce) The car will need 321 feet to stop once the impediment is observed. 121. 














8 3x — x? 
123. . =2< 4 =< <I 125. H(x) = -—*s 127 Intercepts: (—16, 0), (—8, 0); x-axis symmetry 128.(4,32) 129.75 lbs 
d—b bx —d 10 12x? + 40x + 21 
130. {-3,2,3} 131.a= ~ ora = — 132.2.5ke+m? 133.-— 134, -—-———"—~_ 135.7 
1-c ema | 3 (4x? — 7)? 


2.2 Assess Your Understanding (page 67) 

3. vertical 4.5;-3 5.a=-2 6.F 7.F 8T 9c 10.a 

11. (a) f(0) = 3; f(-6) = —3 (b) f(6) = 0;f(11) =1 (©) Positive (d) Negative (e) —3,6,and10 (ff) -3<x<6;10<x<11 
(g) {x|-6 <x <11} (bh {y|-3 Sy <4} (@-3,6,10 (j)3 (k)3times (1) Once (m)0,4 (mn) —5,8 

13. Not a function (a) Domain: {x|x < —1 orx = 1}; Range: all realnumbers (b) (—1,0), (1,0) (¢) x-axis, y-axis, and origin symmetry 

15. Function (a) Domain: {x|—7 < x S 7}; Range: {y|-1<y=1} (b) (-3 , 0), (z ; 0), (0,1) (c) y-axis 

17. Not a function (a) Domain: {x|x < 0}; Range: allrealnumbers (b) (0,0) (¢) x-axis 

19. Function (a) Domain: {x|0 < x < 3}; Range: {y|y <2} (b)(1,0) (c) None 

21. Function (a) Domain: all real numbers; Range: {y|y = 2} (b) (—3,0), (3,0), (0,2) (©) y-axis 

23. Function (a) Domain: all real numbers; Range: {y|y = —3}  (b) (1,0), (3,0), (0,9) (c) None 


25. (a) Yes (b) f(—2) = 8; (—2,8) (ce) 0or = (O=2); (-} -2) (d) Allreal numbers (e) -1,5 (f) —2 
27.(a)No_ (b) f(4) = —3; (4,-3) (©) 14;(14,2) (d) {x|x 46} (e—)-2 Cf tl 


3 
_ 486 /, 486 V3 V3 ( V3 V3 
= 358 (c) =, sore 3} | — 5-1 |, a3 | 


29. (a) Yes (b) f(3) 3 3 3 


(d) Allrealnumbers (e)0 (f) 0 


31.(a)3 b)-2 (@-1 @1 2 (Hz 


33. (a) Approximately 10.4 ft high 35. (a) About 81.07 ft (b) About 129.59 ft (c) About 26.63 ft; 
(b) Approximately 9.9 ft high The ball is about 26.63 feet high after it has traveled 500 feet. 
(d) The ball will not go through (d) About 528.13 ft 
the hoop;(15) =~ 8.4 ft. If i} (f) About 115.07 ft and 413.05 ft 


v = 30 ft/sec, h(15) = 10 ft. (g) 275 ft; maximum height shown in 


the table is 131.8 ft (h) 264 ft 





39. (a) $50; It costs $50 if you use 0 gigabytes. (b) $50; It 
costs $50 if you use 5 gigabytes. (c) $150; It costs $150 if 
you use 15 gigabytes. (d) {g|/0 < g < 30}.There are at 
most 30 gigabytes used in a month. 


37. (a) $223; $220 (b) {x|x > 0} 
i 


(c) IRORARL FLOKT BUT REAL RABIRH PP 


500; | 
infinitely many. There is at most one y-intercept. 


¢; —__—_——_-—1000 (e) 600 mi/h 4.(a) Il (HIV (@I @V (eI 





41.420 43. The x-intercepts can number anywhere from 0 to 








49. (a) 2 hr elapsed during which Kevin was between 0 and3 mifrom home (b) 0.5 hr elapsed during which Kevin 


> 


was 3 mifrom home (c) 0.3 hr elapsed during which Kevin was between 0 and3 mifrom home (qd) 0.2 hr elapsed 
during which Kevin was 0 mifrom home (e) 0.9 hr elapsed during which Kevin was between 0 and 2.8 mi from 
home (f) 0.3 hr elapsed during which Kevin was 2.8 mi from home (g) 1.1 hr elapsed during which Kevin was 
between 0 and 2.8 mifrom home (h)3mi_ (i) Twice 51. No points whose x-coordinate is 5 or whose y-coordinate 





2 
is 0 can be on the graph. 54.—x* + 5x —9 55.2V10 56.y = 3% + 8 57, Allreal numbers or (— ©, ~) 
1 
58.36 59. 60.55.8min 61. {x|-4 <x <1} or(—4,1] 62.5x? — 15x +12 63.[—3, 10] 


Vx + V6 


2.3 Assess Your Understanding (page 8/) 


6.increasing Zeven;odd 8.T 9.T 10.F lc 12.d 13.Yes 15.No 17.[-8,-2];[0,2]; [5,7] 19. Yes;10 21. —2, 2; 6,10 

23. f(-—8) = —4 25. (a) (—2,0), (0,3),(2,0) (b) Domain: {x|—4 < x < 4} or [—4, 4]; Range: {y|0 = y < 3} or [0,3] (©) Increasing 
on [ —2,0] and [2, 4]; Decreasing on [—4, —2] and [0,2] (d) Even 27.(a) (0,1) (b) Domain: all real numbers; Range: { y|y > 0} or (0, ©) 
(c) Increasing on (—00, 00) (d) Neither 29. (a) (—7,0), (0,0), (7,0) (b) Domain: {x|—7 < x < 7} or[—7, wa]; Range: {y/-1 sy = 1} 


: T ; T T if 1 5 
or[—1,1] (© Increasing on 5? a Decreasing on TT, | and B 7 (d) Odd _ 31. (a) (0 >) G 0), G. 0) 





Section2.4 ANZ 


(b) Domain: {x|—3 < x < 3} or [—3, 3]; Range: {y|—-1 = y = 2} or[-1,2] (©) i on a 3]; Decreasing on [ —1, 1]; 
Constant on [—3,—-1] and[1,2] (d) Neither 33.(a)0;3  (b) —2,2;0,0 35. (a) = >1 (b)-=-1 37.0dd 39.Even 41.Odd 43. Neither 


45.Even 47.Odd 49. Absolute maximum: f(1) = 4; absolute minimum: f(5) = 1; i maximum: oe = 3; local minimum: f(2) = 2 
51. Absolute maximum: f(3) = 4; absolute minimum: f(1) = 1; local maximum: f(3) = 4; local minimum: f(1) = 1 

53. Absolute maximum: none; absolute minimum: f(0) = 0; local maximum: f(2) = 3; local minima: f(0) = 0 and f(3) = 

55. Absolute maximum: none; absolute minimum: none; local maximum: none; local minimum: none 





Increasing: [—2,—1],[1,2] Increasing: | —2, —0.77], [0.77,2] Increasing: [ — : Vi glal] | Increasing: | —1.87, 0], [ 0.97, 2 | 

Decreasing: | —1, 1 | Decreasing: | —0.77, 0.77 | Decreasing: | —6, —3.77 |, [ 1.77, 4] Decreasing: | —3, —1.87], [ 0, 0.97 ] 

Local maximum: f(—1) = Local maximum: f(—0.77) = 0.19 Local maximum: fC. 77) = -1.91 Local maximum: f(0) = 3 

Local minimum: f(1) = ~ Local minimum: f(0.77) = —0.19 — Local minimum: f(—3.77) = —18.89 — Local minima: f(—1.87) = 0.95, 
f(0.97) = 2.65 


65.(a) -—4 (b)—-8 (c)—-10 67(a)15 (b)-3 (c)9 69.(a)5 (b) y =5x-—2 T1.(a)—-1 (b)y =—-x 73.(a)4 (b) y = 4x -8 
75. (a) Odd = (b) Local maximum value is 54 at x = —3. 77.(a) Even (b) Local maximum value is 25 atx = —2. (ce) 50.4 sq. units 


79, (a) NORMAL FLOAT AUTO REAL RADIAN MP $1. (a) On average, the 83. (a) 1 (b) 0.5 (c) 0.1 (d) 0.01 85. (a) 2 

2500) population is increasing at (e) 0.001 (b) 2; 2;2;2 
a rate of 0.036 g/h from 0 () Dia (c) y = 2x + 5 
to2.5h. (b) On average, @) a a aT 
from 4.5 to 6h, the 
gi_._._._. _._._._4g population is increasing at 
arate of 0.1 g/h. (c) The 
average rate of change is 








SE 


[==] 


(b) 10 riding lawn mowers 
(c) $239/mower 





increasing over time. nn. 
(g) They are getting closer to the 


tangent line at (0, 0). 
(h) They are getting closer to 0. 





1 ATG 
87. (a) 2x +h+2 (b) 4.5; 4.1; 4.01; 4 89. (a) 4x + 2h — 3 (b) 2;1.2;1.02;1 91. (a) ear 93. a 
(c) y = 4.01x — 1.01 (c) y = 1.02x — 1.02 > 10. 100 OF Admmekoué 
(d) KORHAL FLOAT AUTO REAL RADIAN HF fl (d) HORHAL FLOAT AUTO REAL RADTRH HF ( —3 “TP “Tov = 
— 100-201 
(c) y = ~T01* x + TOL 


(d) AORN AL FLGHT AUTO REAL ReODAR HP 





99. Yes; the function f(x) = 0 is both even and odd. 


101. Not necessarily. It just means f(5) > f(2). 103.615 104.16a* — 8ab + b? 105. C(x) = 0.80x + 40 106. 8.25 days 


3 


3 7 1 x(v2 — x xy2 — x2 
107. (x —3° +(v +2’ = 5 108. 6x(x* — 2)? (3x? + 1) (8x° — 10x7 + 1) 109. (- Thy -) uo. 5,4] 111. {—2,1} 112.D = oe 


VS yr 
2.4 Assess Your Understanding (page 94) 
4.(—0co,0] 5.piecewise-defined 6.T 7.F 8F 9b 10.a 11..C 13.E 15.B 17.F 


21. 23. 


La 


s 
2a ate 
ros 








& 
vet TPE ET EY 


27.(a)-9 (b)4 (c)7 29. (a)0 (b)4 (c)6 (dd) 26 





AN8 Answers: Chapter 2 


31. (a) All real numbers 33. (a) All real numbers 35. (a) {x|x = —2}; [-2, ~) 37. (a) All real numbers 
(b) (0, 1) (b) (0,3) (b) (0, 3), (2,0) (b) (—1,0), (0,0) 
(c) (c) (c) (c) 





(d) {yly 4 0}; (—00,0)U(0, ©) (d) {y|y = 1}; [1, 0) (d) {yly < 4,y = 5}; (—00,4)U{5} (d) All real numbers 
: —x if-1ls=x<=0 
39, (a) {x]x = —2,x # 0}; [-2,0)U(O,00) 41. (a) Domain (0, 06) OU a 6oc2) 
(b) No intercepts (b) No intercepts ° - 
(©) to) =o) aor ees 


47.(a)3 (b)5 (ec) -8 





a Leg 
(d) {y|y > 0}; (0, ~) (d) Range: (0, 7] 








(b) [0, 6] 53. (a) $4707 (d) c¢ 


(150, 119.97) 









(c) Absolute maximum: f(2) = 6; (b) $119.97 ale BEE 
bsolute minimum: f(6) = —2 1.18172x + 23.44 if0 <x < 30 3 
ee FE 51. (a) $34.99 ee Oo f ees : - 2° B Oe 
Tate 1 & x : : . xX . wx > E oH 
10, 0752, 1)- ~2) (b) $64.99 ~ 50 100 t x 
oH (c) $184.99 Usage (therm) 
0.10x if O<x=9525 57 (a) y 
952.50 + 0.12(x — 9525) if 9525 < x < 38,700 e-" (960, 270) ae ’ 7 ee 25 
4453.50 + 0.22(x — 38,700) if 38,700 < x = 82,500 = 200 : mak 
Ss try 5250 if 680<s < 699 
55. f(x) = 14,089.50 + 0.24(x — 82,500) if 82,500 < x < 157,500 z loo Att CC) 2) aaah ame mee mE 
32,089.50 + 0.32(x — 157,500) if 157,500 < x < 200,000 o oe 7 ee Dae 
45,689.50 + 0.35(x — 200,000) if 200,000 < x = 500,000 ean ae 1 a 
Distance (miles) 1500 if s = 740 
150,689.50 + 0.37(x — 500,000) if x > 500,000) C(x) = 10 + 0.4x 
(b) $2250 (ce) $8250 


(c) C(x) = 70 + 0.25x 


61. (a) 10°C 1 (b)4°C (ce) —-3°C: (d) —4°C 1.00 if O<x<1 
(e) The wind chill is equal to the air temperature. 12) a eee 2 
(f) At wind speed greater than 20 m/s, the wind chill factor 142 if 2<xs3 
depends only on the air temperature. 163 if 3<xsx4 Cc | 
ye ts A if +<0 184 if 4<xs5 : 
65. f(x) + g(x) = 3x — 4 if O<x<2 205 if S<x<6 
xv+6x—-7 if x=2 63. C(x) =< 2.26 if 6<xS7 


247 if TFT<x=8 
2.68 if 8<xsx9 
2.89 if 9<x = 10 Weight (ounces) 
3.10 if 10<x<11 
3.31 if Il<x=12 
S02 it I ye 13 





67. Each graph is that of y = x’, but shifted horizontally. If y = (x — k)*,k > 0, the shift is right k units; if y = (x + k)?,k > O, the shift is left k units. 


69. The graph of y = —f(x) is the reflection about the x-axis of the graph of y = f(x). 71. Yes. The graph of y = (x — 1)? + 2 is the graph 
of y = x° shifted right 1 unit and up 2 units. 73. They all have the same general shape. All three go through the points (—1, —1), (0,0), and (1, 1). 
x6 


As the exponent increases, the steepness of the curve increases (except near x = 0). 76.—, 77. (h,k) = (0,3);r =5 78. {—8} 
y 


3 
79. CD: $22,000; Mutual fund: $38,000 80. Quotient: x? + x — 2;Remainder:—2 81. 5 + 2i 82.-2x’ 83.527V1 4+ 250 
84. {x|x = —7} or [-7,00) 85. (3x — 2y)(x’y + 6) 





Section2.5 ANY 


2.5 Assess Your Understanding (page 107) 


1. horizontal;right 2.y 3.F 4.T 5.d 6b 7B 9H I11 13.L 15.F 17.G 1%y= (x-4)? Wy=xr+4 2By=-x 
25.y=5x° Wy = (2x)? = 8x Wy =-(V—-x+2) BLy=3Vx4+54+4 33.c 35.c 








41. 43. = 
7 _| 
iS a 
rs B 
7 ra as 
: rH rh 
a | 4 cH 
Domain: [0, 00); Domain: [ —2, ©); 
Range: [0, 00) Range: [ 0, 00) 


—_~ 
cake 
72] 
es, 

nh ae 


a 
SSSRG0 ae 
SaG88 a 

a 
ae 
BN 
Ce 
— 





59. 





Domain: (— 00, 0) U (0, oo) 
Range: (— 00, 0) U (0, &) 





ha 
Re 
FERRE YEaRaae 





un 
(—4, 2) r 7 
HHCY (0, 2) pm (1, 2) 


L 
te 
Fi 5 | 






(—77, 0) Goer ae 


BEF a 





= 
vi 
I 
a 
| 
| 






73. (a) —7and1 (b) —3 and5 
(c) -—Sand3 (d)—3and5 
75. (a) [—3,3] (b) [4, 10] 
(c) Decreasing on [ —1, 5 | 
(d) Decreasing on | —5, 1 | 


79. (a) (—2, 2) 
| (b) (3; =)) 
i ; (c) (~1, 3) 











AN10 Answers: Chapter 2 





81. (a) (b) 5 a 83.(a) iy 85. (a) 72°F; 65°F (c) The time at which the 
oes ao (b) The temperature decreases by 2° temperature adjusts 
to 70°F during the day and 63°F between the daytime 
7 overnight. and overnight settings 





is moved to 1 hr sooner. 
It begins warming up 
at 5:00 AM instead of 


8) 6:00 AM, and it begins 





cooling down at 8:00 pm 
Loe instead of 9:00 pM. 
Time (hours after 
midnight) 





0 20 40 60 80 100°C 0 280310 350 K 
~ I = 0 510152025 ¢ 
91. [4,8] 93. The graph of y = 4f(x) is a vertical stretch by a factor of 4. The graph of y = f(4x) is a horizontal eee ae 
midnight) 


1 16 
compression by a factor of v5 95. 3 84: units 97. The domain of g(x) = Vx is [ 0, co). The graph of g(x — k) is the 
3 
graph of g shifted k units to the right, so the domain of g(x — k) is [k,0). 98.m = 5° b= —-6 99.3.11 mph 100. 15.75 gal 


101. Intercepts: (0, —2), (0,2), (—4, 0); x-axis symmetry 102. {x|x 4 7,x ~ -2} 103.7sec 104. 2xy?V/2x7z 105. 6x + 3h + 2 
106. (z + 6) (z? — 6z + 36) 


2.6 Assess Your Understanding (page 114) 

1. (a) d(x) = Vx* — 15x? + 64 3. (a) d(x) = Vx? —x4+1 5. A(x) 50! 7. (a) A(x) = x(16 — x”) 
(b) d(0) = (b) HORHAL FLOAT AUTO REAL RADIAN HF (b) Domain: {x|0 <x< 4} 
(c) d(1) = V50 ~ 7.07 


(d) [HORMEL FUDAT BUT REAL RAGIFH PP 


(c) The area is largest when x ~ 2.31. 


RORMBL FUDAT BUT REAL RAGIRH PrP fl 


o 








> ___Y) 








0 
~ 10 10 (c) dis smallest when x = 0.5. 4 
——=S 5 ey 

(e) dis smallest when x ~ —2.74 o0rx ~ 2.74 (d) = ae 0.87 (d) The largest area is approximately 
24.63 square units. 
2 

9. (a) A(x) = 4xV4 - x (b) p(x) = 4x + 4V4 - 11. (a) A(x) = 3? 4 Bate 
(c) A is largest when x ~ 1.41. (d) pislargest when x =~ 1.41. (b) Domain: {x|0 < x <5} 


KORHAL FLGAF AUTO REAL RADIAN iP fl RORMBL FUDRT BUTE REAL RAGIRH MP fl 





(c) A is smallest when x ~ 1.40 m. 


— 
ine) 


oO : = ; = 


[o) 
ine) 





2 
13. (a) C(x) =x (b) A(x) = _— 15.(a) A(r) = 2r? (b) p(r) = 6r ILA(x) = (z- “3.2 


H(R—-r)r’ _ <J 2 
19. (a) d(t) = 25007? — 3601+ 13-21. V(r) = — 23. (a) T(x) = mn a 25. (a) V(x) = x(24 — 2x)? 





cb) g s oma wach t ~ 0.07 hr. (b) {x]0 <x < 12} (b) 972 in? 
dred FLOAT BUTG REAL RADTIRH HF fl (c) 3.09 ie (c) 160 in 
(d) 3.55 hr (d) V is largest when x = 4 in. 


RORHRL FODAT BUT REAL RAGTIRH HP fl 





1100; 








9000 
27. (a) C(x) = —— + 1.60x + 2910 





(b) The retailer should order 75 drives per order for a ol 


" 12 


minimum yearly cost of $3150. er a ou ee ee 
(e) The largest volume is 1024 in? 


— | 4x +5 6.76t7E 
7 33 34.0 35.(-3,2) 36.P= 
32/3 











28.{0,3} 29.64mi/h 30.m = —4 31.5.6 32.y = 37. 97 


Review Exercises (page 119) 


1. (a) Domain: { 8, 16, 20, 24}; range: { $6.30, $12.32, $13.99 } 


(b) {(8, $6.30), (16, $13.99), (20, $12.32), (24, $13.99) } 
(d) y 


(c) Batteries, x Price, y 








Review Exercises AN11 


2. Domain: { —1, 2,4}; range: {0,3}; function 

3. Domain: {2,4}; range: {—1, 1,2}; not a function 
4. Domain: [—1, 3] ; range: | —2, 2 ]; not a function 

5. Domain: all real numbers; range: | —3, 00); function 




















20 
9 _» $6.30 24, 13.99) ox 3(x — 2) 6x 
.(a)2 (b)-2 () - — ——_—\ 
ie 10-140, 12.32) ee . x1 es x? -1 = x*-— 4x +3 " 4x? - 1 
$12.32 FB, 630) = 7.(a)0 (b)0 () Vx?-4 @-Vx°- 4 () Vi? - 4x (2VX7 = 1 
50 10 20 * ane ane es F vr —4 x(x — 4) x1 
, MS cig. 0 @)0 @—3~ M@——Z- OT a: OT] 








15. (f + g) (x) = 2x + 3; Domain: all real numbers 
(f — g)(x) = —4x + 1; Domain: all real numbers 
(f-g) (x) = —3x? + 5x + 2; Domain: all real numbers 
22 1 
(Za aew > 7: Domain: c x A -} 
5 eo 
17. (f + g)(x) = Ea Domain: {x|x 4 0,x 4 1} 
f— 9) (2) = ++ Domain: {2} # 0.x # 1} 
= = ————_; Domain: x 
a a6 aot DS Ae j 
+ 1 
(f-g) (x) = Fae 1: Domain: {x|x 4 0,x ¥ 1} 
f x(x + 1) . 
; (x) = at? Domain: {x|x 4 0,x 4 1} 


20. (a) Domain: {x|x < 4} or (—~, 4] 
Range: {y|y <= 3} or (—©, 3] 
(b) Increasing on (— co, —2] and [2, 4]; Decreasing on [—2, 2] 
(c) Local maximum value is 1 and occurs at x = —2. 
Local minimum value is —1 and occurs at x = 2. 
(d) Absolute maximum: f(4) = 3 
Absolute minimum: none 


25 KORMAL FODAT BUTG REAL RAGTRH PHP 
e 


o 





=} 
Local maximum value: 4.04 at x = —0.91 
Local minimum value: —2.04 at x = 0.91 
Increasing: [—3, —0.91], [0.91, 3] 
Decreasing: [—0.91, 0.91] 


26 RORMAL FLGHT AUTO REAL RRODAR MP 
e 


Local maximum value: 1.53 atx = 0.41 


Increasing: |— 


9. {x|x ~ -3,x #3} 10.{x|x=2} IL {x|x ¥ 0} 
12. {x|x # -3,x #1} 13.[-1,2)U (2,0) 14 {x|x > -8} 


16. (f + g) (x) = 3x? + 4x + 1; Domain: all real numbers 
(F—Z) (4) = 3x? — 2x + 1; Domain: all real numbers 
(f-g) (x) = 9x° + 3x? + 3x; Domain: all real numbers 

3x7 +x41 
(4) (x) = a Domain: {x|x # 0} 
2g 3x 


18. —4x + 1 — 2h 
19. (a) Domain: {x|—4 < x < 3}; Range: {y|—-3 =< y = 3} 
(b) (0,0) (e)-1 (@)-4 (@) {x0 <x <3} 


(f) (g) (h) 





(e) No symmetry 
(f) Neither 
(g) (—3,0), (0,0), (3, 0) 


21.Odd 22.Even 23. Neither 24. Odd 


27. (a) 23 (b)7 (c)47 28-5 29.—-17 
30. y = —17x + 24 31.No 32. Yes 
33. 


o 








Local minimum values: 0.54 at x = —0.34 
and —3.56 at x = 1.80 


0.34, 0.41], [1.80, 3] 


Decreasing: [—2, —0.34], [0.41, 1.80] 


36. 


1 9 
PT tt = 


CCC ed 
OVEN BV at OB x 
riya Arr 4 
Ha, —4) 










Intercepts: (—4,0), (4,0), (0, —-4) 
Domain: all real numbers 
Range: {y|y = —4} or [ —4, «) 


Intercept: (0, 0) 
Domain: all real numbers 


39. y 


ae MSH 
cy. (2, 3) 
( 
fal Z 





HEHE HHH 
Intercept: (0, 3) 
Domain: all real numbers 
Range: {y|y = 2} or [2, oo) 


Intercepts: ( 
(=2= W4, 0) or about (—3.6, 0) 
Domain: all real numbers 


), 


Range: all real numbers 


Range: {y|y = 0} or (—~%, 0] 


37. 38. 





Intercept: (1, 0) 
Domain: {x|x = 1} or [1, ~) 
Range: {y|y = 0} or [0, 0) 


Intercepts: (0, 1), (1, 0) 
Domain: {x|x <= 1} or (—~, 1] 
Range: {y|y = 0} or [0, ~) 


41. (a) {x|x > —2} or (—2, 00) 
(b) (0,0) 
(c) 


42. (a) {x|x = —4} or [—4, ~) 
(b) (0, 1) 
(c) 





(d) {yly > —6} or (—6, co) —-4=y<0Oory>0} 


or | —4,0) U (0, 0) 





AN12 Answers: Chapter 3 


40 
43.A = 11 44, (a) A(x) = 2x7 + — 45. (a) A(x) = 10x — x° 
(b) 42 ft? (©) 28 a2 (b) The largest area that can be enclosed by the 
rectangle is approximately 12.17 square units. 


d RORMAL FLGAT AUTO REAL RROTAR PP fl 
a 





A is smallest iri x = 2.15 ft. 


Chapter Test (page 121) 
1. (a) Domain: {2, 4, 6,8}; range: {5,6,7,8};function (b) Domain: {—3,1,4}; range: {—2,3,5,7};notafunction (ce) Domain: {x|x = —1}; 
4 
x 2 oh = 3 
5 
3. Domain: {x|x # —2};g(-1) =1 4.Domain: {x|x 4 —9,x 4 4};h(-1) = 3 > (a) Domain: {x|—5 <= x <= 5};range: {y|-3 <= y = 3} 
(b) (0,2), (—2,0), and (2,0) () f(1) =3 (dx = —Sandx =3 (e) {x|-5Sx<-2o0r2 <x <5} or[—5,—-2) U (2,5] 





range: all real numbers; not a function (d) Domain: all real numbers; range: { y|y = 2};function 2. Domain: . 


6. Local maximum values: f(—0.85) ~ —0.86; f(2.35) ~ 15.55; local minimum value: f(0) = —2; the function is increasing on the intervals 
[5:0 al and [0, 2.35] and decreasing on the intervals [—0.85, 0] and [2.35, 5]. 
(b) (0, —4), (4,0) 8.(a) 18 (b) y = 18x — 32 9. (a) (f — g) (x) = = SxS 
(c) g(-5) = —9 (b) (f-g) (x) = 6x — 4x? + 3x — 2 


(d) g(2) = -2 (c) f(x +h) — f(x) = 4xh + 2h? 


2 10 2 
W.2x +h-3 12.(a) V(x) = = : = + ae (b) 3460.29 ft? 13. Even 





Cumulative Review (page 122) 


1. {6} 2.40.3} 3. {-1,9} {5 >} 1-25} 6.15] 








4 4 3 3 
7. . pat -<1 (~~, -2) 8. {x]l1 <x <4};(1,4) 9. c ka 2x = a (=00,=2)) 0 E 0°) 10. (a) distance: V29 
1 
oe es a eee eee ee ee (b) midpoint: (= -4) 
x 1 4 —2 3 2 
3 2 2 
(c) slope: "5 


15. Intercepts: (0, —3), (—2, 0), (2, 0); 
symmetry with respect to the y-axis 


1 
16. y =x + 5 





CHAPTER 3 Linear and Quadratic Functions 


3.1 Assess Your Understanding (page 131) 

7. slope; y-intercept 8.positive 9.T 10.F Ila 12.d 
13. (a) m = 2;b = 3 15. (a) m = —3;b = 4 

(b) 


19. (a) m = 0;b = 4 21. Linear; —3 23. Nonlinear 
(b) 25. Nonlinear 27. Linear; 0 





(c)2 (d) Increasing (c) —3 (d) Decreasing 





(c)0 (d) Constant 


1 
(c) 1 (d) Increasing 
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29. (a) = (b) c a } or (5 oe) 31. (a) 40 (b) 88 (c)—40 (d) {x|x > 40} or (40,0) (e) {x|x S 88} or (—~, 88] 
(f) {x|—40 < x < 88} or (—40, 88) 

Cael ae me eo a ee ee ee 

©) ott 35.(a)-—6 (b) {x|-6 <x <5} or[-6,5) 

| 37. (a) $185 (b)64mi (c)26mi (d) {x|x = 0} or [0, ~) 

39. (a) 185.3cm = (b) 33.6 cm 

41. (a) $24; 600 T-shirts (b) $0 S p < $24 (ce) The price will increase. 










43. (a) {x|9525 < x < 38,700} or (9525, 38700] (b) $2209.50 45. (a) x = 5000 47. (a) V(x) = —1000x + 3000 
(c) The independent variable is adjusted gross income, x. (b) x > 5000 (b) {x|0 = x < 3} or [0,3] 
The dependent variable is the tax bill, 7. (c) 
(d) T y 
= 4.000 Hien 23 
Eo foba ano i 
1,000 mand (0525, 952.50) 
0 12,000 30,000 * 
Adjusted Gross Income ($) (d) $1000 (e) After 1 year 
(e) $27,500 
49. (a) C(x) = 90x + 1800 51.(a)d(w) =5.5w (b)13.2cm (c)3.6kg 63. f(x) = (x — 5)* — 18 
(b) cw 


5\" 23 
64. g(x) =3(x +3) = 


65. x-intercepts: —3 V2, 3 V2: 
y-intercept: 8 

66. {x|x = —2, x # 4} 

01.9 > =24 79 


5 
53.C(R) = ok = 213415 55. d,€ 
57.b = 0; yes, f(x) = 


000 popeeeee 59. 


Cost (dollars) 
—_ ny & 
= 
S 
Se 





0 
Number of Bicycles 





(c) $3060 (d) 22 bicycles 





68. Ez 


FLOAT AUTO REAL FAGIAH HF 






Local maximum: f(1) = 4 

Local minimum: f(4.33) = —14.52 
Increasing: [—2, 1] U [4.33, 8] 
Decreasing: [1, 4.33] 





0 | 





| rere. Pere eS 


3.2 Assess Your Understanding (page 139) 
3. scatter plot 4.T 5.Linearrelation,m > 0 7 Linear relation,m <0 9. Nonlinear relation 


(e) r ~ 0.996 


(f) HORHAL FLOAT AUTO REAL RADTAW HE 












se 
8 


(b) Answers will vary. Using (4, 6) and (8, 14), y = 2x — 2. 


13. (a) 








9 1 
(b) Answers will vary. Using (—2, —4) and (2,5), y = 7" =F 5 


(e) r ~ 0.957 


(f) THORHIAL FLOAT AUTO REAL RADIAN HP 


15. (a) 





“iy, il 
a 
——— 


oS 


(b) Answers will vary. Using (—20, 100) and (—10, 140), y = 4x + 180. (dd) y = 3.8613x + 180.2920 4 
| =e J 


co 
(an) 





AN14 Answers: Chapter 3 


17. (a) (c) Answers will vary. Using the er (e) 269 calories 
points (39.52, 210) and (66.45, 280), g 280 F tae (f) If the weight of a candy bar 
CC 
HHH 
| 


is increased by 1 gram, the 
number of calories will increase 
by 2.599, on average. 


y = 2.599x + 107.288. 
te 
Er 


Weight (grams) Weight (grams) 





(b) Linear with positive slope 


(b) RORMAL FLOAT BUT REL RATAN HF 


(c) G(h) = —0.0942h + 3.2763 
(d) If the number of hours playing video games in a week 





19. (a) The independent variable is the number 
of hours spent playing video games, and 


cumulative grade-point average is the 3 5 : increases by 1 hour, the cumulative grade-point average 
dependent variable because we are using ‘ decreases 0.09, on average. 
number of hours playing video games to (e) 2.52 





predict (or explain) cumulative (f) Approximately 9.3 hours 


grade-point average. 


23. y = 15x + 3.5;r =1 25. Nocandy bar weighs 0 grams. 27.2x + y = 30ry = —2x + 3 
28. {x|x ~ —5,x #5} 29% (g—f)\(x) = 22 -8x +12 30y = (x +3)-4 31. {2- V7,24+ V7} 


32 EE o ) 33. Even 34. x-intercept: 2: y-intercept s 35 : 36 a 
e (2, e o X- : ‘ = ear e SS “ee 
‘ and m4 6+Vxt1 (22a) 


21. 


Incidence Rate 
(per 1000) 





Age of Mother 


No, the data do not follow a 
linear pattern. 


3.3 Assess Your Understanding (page 152) 


b 
7, parabola 8. axis or axis of symmetry 9. 5 10.T ILT 12.T 13.a 14.d 15.C 17F 19.G 2LH 
a 


23. (a) Vertex: (3, —2); Axis of symmetry: x = 3 25. (a) Vertex: (3,5); Axis of symmetry: x = 3 27. (a) Vertex: (6,3); Axis of symmetry: x = 6 
(b) Concave up (b) Concave down (b) Concave up 


(c) J (c) IAT ersy (c) 
FREER PEELE a 
SoeS5h Seem 


FEEEEEEPRBH2) 








i 
i 






1 7 1 
29. (a) Vertex: (5 = 1). axis of symmetry: x = 5 


(b) Concave down 


43. (a) Vertex: (—1, —1); Axis of symmetry: x = —1; Concave up 
(b) y-intercept: 0; x-intercepts: —2, 0 





(d) Domain: (— 0°, co); Range: [ —1, ©) 

(e) Decreasing: (— 00, —1]; Increasing: | —1, ©) 

(f) f(x) > 0on (—%, —2) U (0, ©) or forx < —2,x > 0; 
f(x) < 0on (—2,0) or for -2 <x <0 





45. (a) Vertex: (—3, 9); Axis of symmetry: x = —3; Concave down 
(b) y-intercept: 0; x-intercepts: —6, 0 





(d) Doman = 

(e) Increasing: 7 

(f) f(x) > 0 on (—6, 0) or for -6 < x < 0; 
f(x) < 0on(—%, —6) U (0, ©) or for 
x<-6,x >0 


co); Range: (—©o, 9] 
oo, —3]; Decreasing: [—3, 0° ) 


49. (a) Vertex: (—1, 0); Axis of symmetry: x = —1; Concave up 
(b) y-intercept: 1; x-intercept: —1 
(c) 





(d) Domain: (— 00, 00); Range: [ 0, co) 

(e) Decreasing: (— ©, —1]; Increasing: [—1, 00) 

(f) f(x) > 0on(—~%, -1) U(-1, ©) orforx < -1,x > —1; 
f(x) is never negative. 


1 5 1 
53. (a) Vertex: (S. = >: Axis of symmetry: x = > Concave down 


(b) y-intercept: —3; x-intercept: None 


(c) 





(d) Domain: (— 00, co); Range: (- oe = 


1 1 
(e) Increasing: (.. OO, =| Decreasing: E c0 | 


(f) f(x) is never positive; f(x) <0 on (—ov, co) 
or for all real numbers 


3 17 e 
57. (a) Vertex: (- Pa 7) Axis of symmetry: x = — re Concave down 


Sa AIT 3 17 


(b) y-intercept: 2; x-intercepts: r : ji 


(c) 
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47. (a) Vertex: (—1, —9); Axis of symmetry: x = —1; Concave up 


(b) y-intercept: —8; x-intercepts: —4, 2 
(c) 






y 
se eeeec Seay 
(4 OPE Te 


(d) Domain: (— 00, co); Range: [—9, co) 

(e) Decreasing: (— co, —1]; Increasing: [—1, co ) 

(f) f(x) > 0on(—%, —4) U (2,0) or forx < —4,x > 2; 
f(x) < 0on (—4, 2) or for -—4 <x <2 


1 15 
1. 
51. (a) Vertex: (F 8 


(b) y-intercept: 2; x-intercept: None 
(c) 


1 
2): Axis of symmetry: x = m Concave up 





1 
(d) Domain: (— 00, co); Range: 2 00) 


1 1 
(e) Decreasing: (- OO, i} Increasing: F o ) 
(f) f(x) > 0on(—®%, ©) or for all real numbers; 


f(x) is never negative. 


55. (a) Vertex: (—1, —1); Axis of symmetry: x = —1; Concave up 


-3 - V3 -3 + V3 


(b) y-intercept: 2; x-intercepts: 3 ; 3 





(d) Domain: (— 
(e) Decreasing: (— co, —1]; Increasing: [—1, ©) 


oo); Range: | —1, ©) 

(f) f(x) > Oon (—00, 35%) U —- x St 
-3- V3 _ -3 + V3. 

——— — a 


x > 
3 
7 <0on(= AM aM), 


3 Ws ae Ass 
__ = |e 


17 
R 
ange (mA 


3 3 
(e) sin (- oe) 3) Decreasing: Fox ) 


forx < 


for 


(d) Domain: (— 


4 
(9 F(x) > 00n (= pao VU 73+ MIT) ., 
3 A a3 Vir, 
for ——————- < x < 
4 a aa 
( =) (-3+V" 
f(x) <0Oon i —§$<——+ U ye OO Ot 
2B 4/17 ade a 
for x <_ ————_,, x > —— 


4 4 
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59. f(x) = (x +1)?-2=x%7+2x-1 81. (a) a = 1: f(x) = (x + 3)\x% - 1) =x? + 2x -3 
61. f(x) = —(x + 3)* +5 =-x* - 6x -4 a = 2: f(x) = 2(x + 3)(x — 1) = 2x? + 4x - 6 
63. f(x) = 2(x -1)? -—3 = 2x* - 4x -1 a = —2: f(x) = —2(x + 3)(x — 1) = —2x? — 4x + 6 
65. Minimum value; —48 67. Minimum value; —21 a = 5: f(x) = 5(x + 3)(x — 1) = 5x? + 10x — 15 
69. Maximum value;8 71. Maximum value;23 73.a = 6,b =0,c = 2 (b) The value of a does not affect the x-intercepts, but it changes 
75. (a), (c), (d) 77. (a), ©; (d) 79. (a), (c), (d) the y-intercept by a factor of a. (c) The value of a does not affect the 
M SEEENaE oo M axis of symmetry. It is x = —1 for all values of a. 
(1 SA (d) The value of a does not affect the x-coordinate of the vertex. 


However, the y-coordinate of the vertex is multiplied by a. 
(e) The mean of the x-intercepts is the x-coordinate of the vertex. 
83. (a) (—2, ~25) (b) —7,3 (ce) —4,0; (—4, —21), (0, —21) 
(b) {1,3} (b) {-1,3} (b) {1,2} @ geht 









625 7025 
85. (a) — 39.1 ft (b) “aa 219.5 ft (c) About 170 ft 87. $500; $1,000,000 89. (a) 70,000 players (b) $2500 
‘ a 2 = 
(d) HORMAL FLOAT AUTO REAL RADTAN HP Fy (f) When the height 91. (a) i Or 7 ae on (b) P(x) 0.2x* + 43x 1750 
is 100 ft, the projectile is (c) ids watches,» 


about 135.7 ft from the cliff, 93:2) 171 ft (b)49 mph 95.x = 





97,10 99. (2,2) 


en 


1 1 
101. fis increasing on (- OO, -t), (5, co). fis decreasing on (-3 5) 
200 









105. Ye Y= e+) 109.0,1,or2 110. Symmetric with respect to the x-axis, the y-axis, and the origin 111. {x|x < 4} or (—%, 4] 
ane. 5 
Yyext-ae+1 112. Center (5,-2);radius = 3 113.y = V—-x 114, y = —5x +7 
x 28x? + 40 
115. Domain: (1, 2, 3, 4, 5}; Range: (—7, —6, —5, —4, —3}; Function 116.0 117%x 118. ae W9%.x+ce4+5 
x 
3.4 Assess Your Understanding (page 161) 
3. (a) R(p) = —6p? + 600p 5. (a) R(p) = —5p* + 100p 7. (a) A(w) = —w? + 200w 
(b) {p|0 = p = 100} (b) {p|0 <p S 20} (b) A is largest when w = 100 yd. 
(c) $50 (c) $10 (c) 10,000 yd? 
(d) $15,000 (d) $500 9, 2,000,000 m? 
(e) 50 11. 18.75 m 
(f) R 13. (a) 3 in. (b) Between 2 in. and 4 in. 
600 FATT 
500 - fl 4 (10, 500) - 750 
ae Ae aH 15. — ~ 238.73 m by 375 m 


300 FACE RE 


me PEE 
of fc mania 
ee is 
(g) Between $8 and $12 





(b) I(x) = —49.421x? + 4749.034x — 60,370.056 19. (a) i rT) 6 (b) R(x) = 1.337x + 936.781 
(c) About 48 years of age ni (c) $2107 
A (d) Approximately $53,717 


(e) MGRAAL FLOAT AUTO REAL RADDA RP r g 





oe 1S a or re 1100 
Oe . of” ae 
The data appear to follow y The data appear to be 

a quadratic relation with i if linearly related with 
a<0. Ue ie ae positive slope. 


ZA. (al) jg (b) B(a) = —0.561a* + 32.550a — 371.675 (ce) 80.35 births per 1000 





38 248 —4— V31 —-4+ V31 
23.— 25.— 28.13 29. (x +6)*+y?=7 30.4 —~—, ——— 
e) 3 5 > 
8 22 , ; 
31. x-intercept: 28; y-intercept 20 32. ur’ 33. x° — 4x + 7; remainder 6 
34. {x|x # —4,x 40x 44) 35.y =2V9—- (x4 3% -4 36.————— 
The data appear to follow tx ‘a : \ (x +h— 1) — 1) 


a quadratic relation with 37. (x + 1)*(x — 7)°(9x — 31) 
a< 0. 
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3.5 Assess Your Understanding (page 167) 


3. (a) {x|x < —2orx > 2}; (—0oo,-2) U (2,0) (b) {x|-2 = x S 2};[-2,2] 
5.(a) {x|-2 =x <= 1};[-2,1] () {x|x < -20rx >1};(-~w,-2) U(1,~) 
1 {x|=2 <8 = 515 (25) 8.44% = Core S 412 (=, 0) 4,0). 1x) -3 <4 <= 3h (33,3) 





13. {x|x < —4orx > 3};(-~w,-4) U (3,0) 15. c -: ie a sh; (-5.3) 17. No real solution 19. No real solution 

21. 1s x= Fore = =}: (-00,-2) LU (5) 23.(a) {-1,1} (b) {-1} (© {-1,4} () {x|x < -lorx > 1}; (—~,-1) U (1,0) 
(e) {x|x = -1};(-00,-1] (f) {x|x < -lorx > 4}; (-00,-1) U (4,00) (g) {x|x = ~V2 or x Ay (=3,2479 | U [ V2, c0) 

25.2) {1.1} @{-t} © {40} @ Gl-1<x<1)(-41) @{x]x= tf (-0,-4] @ fel-4 <x <0}; (4.0) @ {0} 

27. (a) {-2,2} (b) {-2,2} (ce) {-2,2} (d) {x|x < —2orx > 2}; (—o0,-2) U (2,0) (e) {x|x S -20rx = 2}; (—c, —2] U[2, ~) 
(f) {x|x < —2orx > 2}; (—00,-2) U (2,00) (g) {x|x = —~V5orx = V5}; (—co, -V5] U [ V5, 00 ) 

29. (a) {-1,2} (b) {-2,1} (© {0} ) {x|x < -lorx >2};(—~,-1)U (2,0) (@ {x|-2 5x <1};[-2,1] (@® {x|x < 0}; (-~,0) 

1- V13 1+ V13 1- V13], f1+ V13 

(g) =e —— 08 YS — ae oO —— U —= 4 

33. (a) 5s  (b) The ball is more than 96 ft above the ground for time t between 2 and 3 s,2 < t < 3. 


35. (a) $0,$1000 (b) The revenue is more than $800,000 for prices between $276.39 and $723.61, $276.39 < p < $723.61. 
37. (a) {c | 0.112 < c < 81.907}; (0.112, 81.907) (b) It is possible to hit a target 75 km away if c = 0.651 orc = 1.536. 44. {x|x =5} 45. Odd 








31. {x|x = —40rx = 4}; (-~, —4] U4, 09) 














5 5 
46. (a) (9,0), (0, —6) 47,Neither 48. {—3 — V17,-3 + V17} 49. (0,25), (-$ 0), (3 0) 50.-x7 +x +3 51.3x° + 2x? — 29x + 28 
(b) ier 
sues x"(2x + 35) 2x5 4+ 35x4 
ae 52.6x + 3h—5 53. eC ee 
[AEE (2x + 7) (2x + 7) 
Bae 
EERE 
Bere 
seer aan 
LF 
Review Exercises (page 169) ; 
1.(a)m =2;b =—5 (b)2 2. (a) m = 5°? = —6 (b) 5 3.(a)m =0;b =4 (b)0 4. Linear; Slope: 5 
(c) i 3 o (c) F fr") (c) crore 5. Nonlinear 






BELGE |_| 
3, OHO Pha 4) 


PEECEEEECLRT 


oF. 7 
Fuaha 






(b) Domain: (— 00, oo) 
Range: | 2, ©) 
(c) Decreasing: (— 00, 2 | 


(3, -1) FENG. —1) Increasing: [2 00) 


HH Hh Sr auEe ve 





ae 
ae 
err) 

EES HE 

CCC 





Peot TTT I 
[TTT vant TT 





1 
(b) Domain: (— 00, co) ‘are 
Range: [ —16, ©) (b) Domain: (— 00, 00) (b) Domain: (— 00, ©) (b) Domain: (— 00, ©) 
ing: (— R :(-—o,1 1 
(c) Decreasing: ( 00,0] ange: (— 09, 1] Range: E x) Range: |Z o ) 
Increasing: [ 0, ©) a 1 2 
(c) Increasing: {| — ©, > 1 7 
1 (c) Decreasing: (- 00, -;| (c) Decreasing: (- CO, — =| 
Decreasing: E 0) 1 ) 
Increasing: > ) Increasing: - 3? oJ 


14. Minimum value;1 15. Maximum value;12 16.Maximum value;16 17. {x|—8 < x < 2}; (8,2) 


18. 1s 


21. (a) S(x) = 0.01x + 25,000 (b) $35,000 (ce) $7500,000 (d) x > $12,500,000 
22. (a) R(p) = —10p? + 1500p (b) {p|0 = p = 150} (ce) $75 (d) $56,250 (e) 750 units (f) Between $70 and $80 


1 1 
xs —Zorx 2 sh: (-00, -3| U[5,00) 19% y = —3x7 + 12x- 16 20.y =x? + 2x4 3 
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50 

23.50 ft by 50 ft 24. 4,166,666.7 m? 25. The side with the semicircles should be — ft; the other side should be 25 ft. 
TT 

26. (a) 63 clubs (b) $151.90 27. A(x) = —x? + 10x; 25 sq. units 28. 3.6 ft 





29.(a) (b) yes 30. (a) Quadratic, a < 0 (b) About $26.5 thousand 
2 38h | (c) y = 1.3902 x + 1.1140 ; @ (c) $6408 thousand 
5 34 bear coor (d) 3795 mm Es Caen 
é 35 (gfe 2 = 
SA PEEHEEEEH EH 35 
24 25 262728 + a 
Humerus (mm) 2 20. 25 30 
Advertising 
(thousands of dollars) 
Chapter Test (page 171) 
4 
1. (a) Slope: —4; y-intercept: 3 2 (-$ 0), (2, 0), (0, —8) 4. (a) {-1,3} 
(b) —4 (ce) Decreasing (b) 


” 3. (2=¥6, 0), a o) met 





$$ tt} tt 
(c) {x|-1 <x <3}; (=1,5) pets re eG 





6. (a) Concave up 7. Maximum value; 21 





(b) (2, -8) 8. {x|x <= 4orx = 6};(—~,4] U [6, oo) 

(c) x = 2 9. (a) C(m) = 0.15m + 129.50 (b) $258.50 (ce) 562 miles 
. 6-2V66+2V6 | 10. (a) R(p) = —10p + 10,000p (b) {p|0 = p < 1000} 

(d) x-intercepts: a 3 ; y-intercept: 4 (c) $500 (d) $2,500,000 (e) 5000 


(f) Between $200 and $800 
Cumulative Review (page 172) 
1.5V2; G. 7) 2. (—2, —1) and (2,3) are on the graph. 


- ( 
3. . x= -2}: |-2 2) 


SEU ence 


a3 
5 












BA 
Litt igi TT TTT 
aaa ae 

PEEP reer 
|_| + | 








7. Yes 8.(a)—-3 (b)x?—4x—-2 ()x*?+4e4+1 (PI —-x? + 4x -1 (e)x?-3 (2x4+h-4 9.42 


sh 
ZF 6 
10. Yes 11.(a)No_ (b) —1;(—2, —1) is onthe graph. (c) —8;(—8,2) is on the graph. 12. Neither 
13. Local maximum value is 5.30 and occurs at x = —1.29. Local minimum value is —3.30 and occurs at x = 1.29. 
Increasing: [—4, —1.29] and [ 1.29, 4]; Decreasing: [ —1.29,1.29] 14.(a)—4 (b) {x|x > —4} or (—4, ~) 
15. (a) Domain: {x|—4 =< x = 4}; Range: {y|-1 = y=3} (b) (-1,0), (0,-1),(1,0) (©) y-axis (d)1 (e)—4and4 (f) {x|-1<x<1} 


(g) (h) (j) Even (k) [0,4] 





CHAPTER 4 Polynomial and Rational Functions 
4.1 Assess Your Understanding (page 187) 


6.smooth; continuous 7b 8. (—1,1); (0,0); (1,1) 9.risareal zero of f;ris an x-intercept of the graph of f; x — risa factor of f. 
10. turning points 11. y = 3x4 12,00;-00 13.b 14.d 15. Polynomial function; degree 3; f(x) = x° + 4x; leading term: x*; constant term: 0 


3 2 ) 2 — 
17. Polynomial function; degree 2; g(x) = se aa 5° leading term: a constant term: 5 19. Not a polynomial function; x is raised to the —1 power. 
21. Not a polynomial function; x is raised to non-integer powers. 
1 1 
23. Polynomial function; degree 4; F(x) = 5x4 — ax? + > leading term: 5x*: constant term: 5 


25. Polynomial function; degree 4; G(x) = 2x* — 4x> + 4x? — 4x + 2; leading term: 2x*; constant term: 2 
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35. 





ane. alee eae 43. f(x) =x ee 

3) Get 2) S38) (8 SD) ore = 1 oe (x +1)(x -3)*fora =1 
kd Ane ne ie 51. f(x es 2 (eS ly = 3) 

SEER (H+ 3)(8- I) (e~4) 55 f(x) = 50x 1 1)? 

PE = —2(x + 5)*(x — 2) (x - 4) 


59. (a) 7 multiplicity 1; —3, multiplicity 2 (b) Graph touches the x-axis at —3 and crosses it at7Z (c)2 (d) y = 3x° 





61. (a) 5 aie 3 (b) Graph crosses x-axis at 5. (c)6 (d) y = 7x’ 
63. (a) — > multiplicity 2; —4, multiplicity 3. (b) Graph touches the x-axis at — and crosses at —4. (c)4 (d) y = —2x° 

65. (a) 5, a aieciicts 3; —4, multiplicity 2 (b) Graph touches the x-axis at —4 and crosses it at5. (c)4 (dy =x 

67. (a) No real zeros (b) Graph neither crosses nor touches the x-axis. (c)5 (d) y = 2x° 

69. (a) 0, multiplicity 2; — V2, V2, multiplicity 1 (b) Graph touches the x-axis at 0 and crosses at — V2 and V2. (c)3 (dy = —2x4 

71. Could be; zeros: —1, 1, 2; Least degree is 3. 73. Cannot be the graph of a polynomial; gap atx = —1 

Tek) = ee 1) eH 2). Tle) = 5 (x +1)(x —1)* (x —2) 79. f(x) = 0.2(x + 4) (x + 1)*(x - 3) 

81. f(x) = —x(x + 3)?(x —3)* 83.(a) -3,2 (b)—6,-1 85. —3, multiplicity 2; —1, multiplicity 3; 1, multiplicity 1 

87. No, every polynomial function is defined at 0 so has a y-intercept; yes, the graph of a polynomial function can be completely above or below the 
1 AVA 2+ V1, 50. { 4 


2 
x-axis (e.g. y =x7+1) 89.a,b,c,d 95.y = — ste 96. {x|x ~ —5} 97. 5 s 5 -2>} 99. Decreasing 


1 
100. y = (x +2)*+5 101. (—00,0) U (1,0) 102. -3 103. (8, -14) 104. Quotient: 4x — 7; remainder: 4x — 2 


4.2 Assess Your Understanding (page 195) 


5.Step1: y = x° 7. Step 1: y = —x° 
Step 2: x-intercepts: 0, 3; y-intercept: 0 Step 2: x-intercepts: —4, 1; y-intercept: 16 
Step 3: 0: multiplicity 2, touches; 3: multiplicity 1, crosses Step 3: —4: multiplicity 2, touches; 1: multiplicity 1, crosses 
Step 4: At most 2 turning points Step 4: At most 2 turning points 
Step 5: f(-—1) = —4;f(2) = —4;f(4) = 16 Step 5: f(—5) = 6;f(-—2) = 12;f(2) = —36 
12 





9. Step 1: 11. Step 1: 
Step 2: x-intercepts: —2, 2; y-intercept: 32 Step 2: x-intercepts: —4, —1, 2; y-intercept: —8 
Step 3: —2: multiplicity 1, crosses; 2: multiplicity 3, crosses Step 3: —4, —1, 2: multiplicity 1, crosses 
Step 4: At most 3 turning points Step 4: At most 2 turning points 
Step 5: f(—3) = —250; f(—1) = 54; f(3) = —10 Step 5: f(—5) = —28;f(-2) = 8;f(1) = —10;f(3) = 28 


a 1 
-FPR 





13. Step 1: y = x° 15. Step 1: 
Step 2: x-intercepts: 0, 1, 2; y-intercept: 0 Step 2: x-intercepts: —1, 2; y-intercept: 4 
Step 3: 0,1, 2: multiplicity 1, crosses Step 3: —1, 2: multiplicity 2, touches 
Step 4: At most 2 turning points Step 4: At most 3 turning points 
1 1. 15 Step 5: f(—2) = 16; f(1) = 4; f(3) = 
Step 5: f(-4) = -2.3)-2 pS: f(-2) = 16; f(1) = 4; f(3) 
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17. Step 1: y = —2x* 
Step 2: x-intercepts: —4, 1, 4; y-intercept: 32 
Step 3: —4, 4: multiplicity 1, crosses; 1: multiplicity 2, touches 
Step 4: At most 3 turning points 
Step 5: f(—3) = 224; f(-1) = 120; f(2) = 24 


19. Step 1: y = 5x* 
Step 2: x-intercepts: —3, 
Step 3: —3, 
Step 4: At most 3 turning points 

f(-4) = 240; f(—2.5) 

f(-1) = 30; f(Q) 


Step 5: 





21. Step 1: y = x° 
Step 2: x-intercepts: 0, 2; y-intercept: 0 
Step 3: 





160) q 
| 


PECCEee (3, 108) 





2: multiplicity 1, crosses; 0: multiplicity 
2, touches 

Step 4: At most 4 turning points 

Step 5: f(—1) = —12;f(1) = —4; f(3) = 108 


23. Step 1: y = x° 
Step 2: KORMEL FLOAT SUT REAL RAGIRW PP fl 


Step 3: x-intercepts: —1.26, —0.20, 1.26; 
y-intercept: —0.31752 





Step 4: 


HORHAL FLO@T AUTO REAL ReDTAW HP 
FRESS EMTER TO EDIT 
7 





Step 5: (—0.80, 0.57); (0.66, —0.99) 


25. Step 1: y = x° 
Step 2: 


27. Step 1: y = x* 
Step 2: 


RORMBL FUDAT BUTD REAL EAGIRH HP fl 





0 





Step 3: x-intercepts: —1.5, 
dusaibal leas 0.5625 


Step 4: ENTER 
eel 


Step 3: x-intercepts: —3.56, 0.50 =0,5,0.),5 
y-intercept: 0.89 


Step 4: Peltale eet bP anne REAL RaTAW HP 





Step 5: (— 
Step 6: 


1.12, -1); (1.12, -1); (0, 0.56) 


Cs 0.56) 
y (0.5, 0) 
(- —0.5, 0): crete 


(—1.75, 2.29)4 \ammlger (1.75, 2.29) 


Step 5: 
Step 6: 





(-1.5 SOAC.S 0) 
(-1.12, - Dt H-d.12, -1) 
(-1, 0.94). (1, —0.94) 
Step 7: Range: (— 00, co) Step 7: Range: | —1, 00) 
Step 8: Increasing on (—0©O, —2.21 ] Step 8: Increasing on [—1.12, 0] 
and [ 0.50, 0° ) and [1.12, oo ) 
Decreasing on [ —2.21, 0.50] Decreasing on (— ©, —1.12] 


and [0, 1.12] 


—2, 0,2; y-intercept: 0 


—2, 0,2: multiplicity 1, crosses 


=~ —14.1; 


= -—60; f(3) = 450 









Step 6 y 
(—0.5, 0.40) 2:5 of (—0.20, 0) 
(—0.80, 0.57)! ACLS, 1.13) 
ERPs. | 


(—1.26, 0) Si Se a 4 
(—1.5, — 0.86) a (1.26, 0) 


(0, —0.32) PH 0.66.. 0.66, —0.99) 

Step 7: Range: (— 

Step 8: Increasing on (— 
and [ 0.66, co ) 

Decreasing on [ 


00, CO) 


00, — 0.80] 
~0.80, 0.66 ] 


29. Step 1: y = 2x* 
Step 2: 


RORMAL FLGAT AUTO REAL RROTAW HP fl 





Step 3: x-intercepts: — 1.07, 1.62; 


y-intercept: —4 








Step 4: Cres EMTEK Ont FERL REDDAM AP 
Step 5: (—0.42, —4.64) 
Step 6: 
Step 7: Range: [ —4.64, co ) 
Step 8: Increasing on [ —0.42, co) 
Decreasing on (—©o, —0.42 | 
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a fo) =e 2) ee) 333-7 (4) —=x(e 7 4) (4 — 3) 35. f(x) = 2x(x + 6) (4 — 2) e+ 2) 

Step 1: y = —x° Step 1: y = x° Step 1: y = 2x4 

Step 2: x-intercepts: —2, 0,2; y-intercept: 0 Step 2: x-intercepts: —4, 0, 3; y-intercept: 0 Step 2: x-intercepts: —6, —2, 0, 2; 

Step 3: —2, 0,2: multiplicity 1, crosses Step 3: —4, 0,3: multiplicity 1, crosses y-intercept: 0 

Step 4: At most 2 turning points Step 4: At most 2 turning points Step 3: —6, —2, 0, 2: multiplicity 1, crosses 

Step 5: f(—-3) = 15; f(-1) = —3; Step 5: f(—5) = —40;f(-—2) = 20; Step 4: At most 3 turning points 

fl) =37(3) =]=15 f(2) = -12;f(4) = 32 Step 5: f(—7) = 630; f(—4) = —192; 

f(-1) = 30; fC) = —42; 
f(3) = 270 


ana 
oa £0, 9) 


| Las 





(—6, 0 2,0) 
ste aeimiteg cal 
(—4, —192)-(0, 0 OH 1, —42) 
1 
37, f(x) = —x* (x +1)? (x -1) 39, f(x) = 5x3(3x + 4) (x + 4) Al. f(x) = =(x + 5) (x — 4) (x -5) 
ee = 5 5 
Step 1: y = —x Step 1: y = 15x 4 1 
Step 2: x-intercepts: —1, 0, 1; y-intercept: 0 Step 2: x-intercepts: —4, — -, 0; Step 1: y = Pa 
; 2 ; 
Step 3: 1: multiplicity 1, crosses; y-intercept: 0 Step 2: x-intercepts: —5, 4, 5; 
—1, 0: multiplicity 2, touches Sen A 4 ees y-intercept: 20 
Step 4: At most 4 turning points i ie aaa al aa Step 3: —5, 4,5: multiplicity 1, crosses 
Step 5: f(—1.5) = 1.40625; f(—0.54) = 0.10; 0: multiplicity 3, crosses Step 4: At most 2 turning points 
f(0.74) = 0.43; f(1.2) = —1.39392 Step 4: At most 4 turning points Step 5: f(—5.5) = —9.975; f(—3) = 22.4; 
Step 5: f(—4.2) = —637.157; f(-—3) = 675 f(2) = 84; f(4.5) = —0.475; 


f(-1) = -15;f(1) = 175 f(6) =44 


CCE (1, 0) 


, 0) Ka 





Das 

DN Bi 0 

PELE i ( 
ptt 
Att | 





42 : 
ae 
30 


0 18 24 + 





0246810 * 
The relation appears to be cubic. 
(b) H(x) = 0.3948x° — 5.9563x” + 26.1965x — 7.4127 
(c) ~24 


(d) RORHAL FUDAT BUTG REAL RAGIEH HF 


The relation appears to be cubic. 

(b) 0.7°/h (ce) —0.65°/h 

(d) T(x) = —0.0079x° + 0.2930x? — 2.6481x + 47.6857; 
T(17) = 48.32°F 








(e) HORHAL FLOAT AUTO REAL RADDAM MP fl 
52 
\ o \ 
\ fA p 
5 \ 
| i es 
0 2/ 





HIPRIHAL Sashes AUTO EAL R@0DAW HF (b) AGRMAL FLOAT AUTOOREAL Rat TAW HF HOR HAL fel A eas REAL Rat TAH HP 
PRESS EMTER TO EDI rE FRESS ENTER 70 EDIT FRES 58 ENTER T DIT 
x Y E —— 

i 


1 
425 
145 


prem cere 
Pe ee Te Pe 

ade ahha  : 

Wim mw 


90905 | 509% ie 
18iv(i-x) ae | 


recs ene 700i We ee (d) As more terms are added, the values of the polynomial function get closer to 


i 


the values of f. The approximations near 0 are better than those near —1 or 1. 
are 
i 


a +37 


JH OR HAL Pena auTe REAL RADDA HF 
(©) FRESS ENTER 


Sb ae be 
aero 
fo bo Sy oe oo a es 

rs 





[¥sei7¢1-x) 
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2 4 2 4 
49. (a) Vertical scale may vary. (b) (—c,0) and(0,b) (ce) —cand0 50. . x<- 5 orx > + or (- oO, — 2\u($ o° ) 
y (d) (b,0©) (e) (~%, —b — 4) 
i 1 7 25 17 
(0,0) eas Sly =—--Vx 52. (Z 2) 53.140 54,— 
(5, 0) 3 4’ 8 4 





(—c, 0) x 55.[4,00) 56.3 57. Center: (—2, 1); radius: 4 
58.even 59. 6.25 years 


4.3 Assess Your Understanding (page 206) 


5.F 6.horizontal asymptote 7. verticalasymptote 8.proper 9.T 10.F 1ILy=0 12.T 13.d 14.a 
15. All real numbers except 7; { x|x x 7} 17. All real numbers except 2 and —4; { x|x AXA —4} 





3 3 
19. All real numbers except — 5 and 4; c x A y x F a} 21. All real numbers except 4; { x|x 4\ 


23. Allreal numbers 25. All real numbers except —2 and 2; { x|x - =1.x% = 2} 

27. (a) Domain: {x|x # 2}; range: {yly #1} (b) (0,0) ()y=1 (d)x =2 (e) None 

29. (a) Domain: { x|x A 0}; range: allrealnumbers (b) (—1,0), (1,0) (c)None (d)x =0 (e)y = 2x 

31. (a) Domain: { x|x A -2,x # 2\; range: {yy =0,y> 1} (b) (0,0) (Q)y=1 (x= —-2,x =2 (e) None 





33. (a) 35. (a) 37. (a) 
ECO CRELE EEE bg 
ptt tT Pat tt re 
j i | : 
Eo 
iia 
Tt 
Ht / 
rr 
“th 
; y POTTS 
(b) Domain: {x|x ~ 0}; range: {y|y # 2} x=1 . | 
(c) Vertical asymptote: x = 0; (b) Domain: {x|x # 1}; (b) pans {x|x # —1}; 
horizontal asymptote: y = 2 range: {y|y > 0} range: {yly ~ 0} 


(c) Vertical asymptote: x = —1; 


(c) Vertical asymptote: x = 1; 
horizontal asymptote: y = 0 


horizontal asymptote: y = 0 


41. (a) 43. (a) 





(b) Domain: {x|x # —2}: range: (b) Domain: {x|x # 3}; range: (b) Domain: {x|x 4 0}; range: 
{yly < 0} Wyiyen 2] {yly < 1} 

(c) Vertical asymptote: x = —2; (c) Vertical asymptote: x = 3; (c) Vertical asymptote: x = 0; 
horizontal asymptote: y = 0 horizontal asymptote: y = 1 horizontal asymptote: y = 1 


45. Vertical asymptote: x = —4; horizontal asymptote: y = 3 47. Vertical asymptote: x = 3; oblique asymptote: y = x + 5 


1 2 
49. Vertical asymptotes: x = 1,x = —1; horizontal asymptote: y = 0 51. Vertical asymptote: x = — 33 horizontal asymptote: y = 3 


53. Vertical asymptote: none; no horizontal or oblique asymptote 55. Vertical asymptote: x = 0; no horizontal or oblique asymptote 
57. (a) 9.8208 m/sec? (b) 9.8195 m/sec” (ce) 9.7936 m/sec” (d) h-axis (e) © 














5 1 4 
59. (a) Rtot 61. (a) R(x) =2 + rie (++) +2 62x =5 0s. { <\ 
10 (b) 69. x-axis symmetry 
Z 70. (—3, 11), (2, -4) 
= 71. (6,0), (0,-3) 72. f(-3) = 19 
lead 7 73. (- 2.3) 74.Odd 75. = 2x 96, (— 00, 2) 
(b) Horizontal: R,,., = 10; as the resistance 5 SS 
of R> increases without bound, the total (c) Vertical asymptote: x = 1; 
resistance approaches 10 ohms, the horizontal asymptote: y = 2 


resistance Rj. 
(c) R,; ~ 103.5 ohms 


4.4 Assess Your Understanding (page 220) 


2.F 3.c 4.T 5.(a) {x|x #2} (b)0 6a 
7.1. Domain: {x|x 4 0,x ~ —4} 2. Risinlowest terms 3. no y-intercept; x-intercept: —1 
4. R is in lowest terms; vertical asymptotes: x = 0,x = —4 5. Horizontal asymptote: y = 0, intersected at (—1, 0) 
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Interval 


Number Chosen (_> 3\ REA 
: ; : Waar) Pa 25 
Value of R R(-5) = -2 R(-2) =4 R(l) =3 Swauar Genre y= 
Laaton of Gah (VNR 2) 
¥”? Ce tir tree |\" 4° 47 


3(x +1 
9.1. R(x) = 2) 


ae 3 
4. R is in lowest terms; vertical asymptote: x = —2 5. Horizontal asymptote: y = > not intersected 





oo —— 
;Domain: {x|x # —2} 2. Risinlowest terms 3. y-intercept: me x-intercept: —1 


6. —2 -1 7. 


fimerat isa [a= 
Number Chosen [-3 [=F 
3 3 _ 3 
Value of R R(-3) =3 R(- 3) =-5; |RO=]7 i 3 
’ 





Pa ae 
— 5 \ DBs see 





3 a ’ 3 
11.1. R(x) = roa oy Domain: {x|x 4 —2,x #2} 2.Risinlowest terms 3. y-intercept: — yn x-intercept 
4. R is in lowest terms; vertical asymptotes: x = 2,x = —2 5. Horizontal asymptote: y = 0, not intersected 
6. -2 2 


Point on Graph (0, = 3) (3, : 


(2 +x4+1)(X?-x4+1) 





13.1. P(x) = ;Domain: {x|x # —1,x #1} 2.Pisinlowest terms 3. y-intercept: —1; no x-intercept 
(1) Ce 1.) 
4. P is in lowest terms; vertical asymptotes:x = —1,x =1 5. No horizontal or oblique asymptote 
6. 1 1 7. 


unberGhown 2 fe 


(x —1)(x7+x+4+1) 
[Aa SS) 





1 
15.1. H(x) = ; Domain: {x|x # —3,x #3} 2.Hisin lowest terms 3. y-intercept: 9° x-intercept: 1 


11 
4. His in lowest terms; vertical asymptotes: x = 3,x = —3 5. Oblique asymptote: y = x, intersected at 5. 5) 








6. =) 1 3 7. 
rs 
Interval C=) ean 4,3) ( 
Number Chosen [-4 JO Suen: 
1 (—4, —9.3) a 
Value of H H(-4) = -9.3 |H(0)=35 H(2) = -1.4 H(4) =9 STEN — 1.4) 
an 
Location of Graph aD 
x=-3 x=3 
Point on Graph _| (—4, —9.3) (0,3 (2, -1.4) (4,9) 


yy (4,9) 


1) COO oe 
3 —| Yt tT io ee Lae Ty 
9} CaP Cie 





2 
x 
17.1. R = ——_——,;D in: A —-3,x #2 2. Risin lowest terms 3. y-intercept: 0; x-intercept: 0 
co) eae) omain: {x x } y pt: 0; x p 
4. R is in lowest terms; vertical asymptotes: x = 2,x = —3 5. Horizontal asymptote: y = 1, intersected at (6, 1) 
6. 


Value of R R(-6) = 1.5 R(-)=-2 | RQ) = -0.25 R(B) = 1.5 
Point on Graph —_| (—6, 1.5) (-1,-2 (1, —0.25) (3, 1.5) 
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19.1.G(x) = Enea Domain: {x|x ~ —2,x #2} 2.Gisinlowest terms 3. y-intercept: 0; x-intercept: 0 
4. G is in lowest terms; vertical asymptotes: x = —2,x = 2 5. Horizontal asymptote: y = 0, intersected at (0, 0) 
6. -2 0 2 





; 3 ; 
21.1.R(x) = ;Domain: {x|x 4 1,x ~ —2,x #2} 2.Risinlowest terms 3. y-intercept: re no x-intercept 


(4) a2 eS 2 


4. R is in lowest terms; vertical asymptotes:x = —2,x =1,x =2 5. Horizontal asymptote: y = 0, not intersected 


6. =3 1 2 


a _  o 
3 


3} 


10; 






: : 





ep lLiix=—1 1 
23.1. H(x) = pe TN) Domain: {x|x ~ —2,x ~ 2} 2.Hisinlowest terms 3. y-intercept: —; x-intercepts: —1, 1 
(we 4) 2) 2) 16 
4. H is in lowest terms; vertical asymptotes:x = —2,x = 2 5. Horizontal asymptote: y = 0, intersected at (—1,0) and (1,0) 
|0, 16 











6. ~2 ~1 1 2 7, i 


1 s&s — = r: 1 I be ; — 
Value of H H(-3) + 0.12 | H(-1.5) ~ —0.11| HO) = H(.5) = —0.11 | H(3) ~ 0.12 Asanye a ‘ara y=0 


3. 
, Port 
Point on Graph (—3, 0.12) (-1.5, —0.11) (1.5, —0.11) (3, 0.12) 






Interval (—, —2) {=2,—1) 


x=-2 x=2 
(x + 1) (x — 4) . 2 
25.1. F(x) = 5 Domain: {x|x ~ —2} 2.Fisinlowest terms 3. y-intercept: —2; x-intercept: —1, 4 
x 
4. F is in lowest terms; vertical asymptote:x = —2 5. Oblique asymptote: y = x — 5, not intersected 
6. Ee a : 7. y 






HBA, = 5 
Interval (—, —2) {(=2,=1) (-1, 4) (—1.5, 5.5) 44(4, 0) Hy =x — 


RIS (5, 0.86) 
= 


Value of F F(-3) = -14 F(-1.5)=5.5 | F(0) = —2 F(5) = 0.86 
x= -2 
Point on Graph __ | (—3, —14) (—1.5, 5.5) (0, —2) (5, 0.86) 


(Ka) (Ee = 3) 
y= a 


4. R is in lowest terms; vertical asymptote:x = 4 5. Oblique asymptote: y = x + 5, not intersected 





27.1. R(x) = ;Domain: {x|x 4 4} 2. Risinlowest terms 3. y-intercept: 3; x-intercepts: —4, 3 










6. -4 3 4 7. y 
———ee ————— se TBH KG, 18) 
43) G4 HAC eety = 3+ 5 


= | | 
Value of R R(-5) = -3 R(0) =3 R(3.5) = —7.5 R(5) = 18 ' lo) x 
Cre (3.5, -7.5) 
TNA 
Point on Graph (0, 3) (3.5, —7.5) (5, 18) \ Md 





(x + 4) (x — 3) - . 
29.1. F(x) = <=. Domain: {x|x ~ —2} 2. Fisinlowest terms 3. y-intercept: —6; x-intercepts: —4, 3 
x 
4. F is in lowest terms; vertical asymptote:x = —2 5. Oblique asymptote: y = x — 1, not intersected 
6. —4 -2 3 7. 


Value of F F(-5) = -} F (-3) =6 F (0) = -6 F (4) =3 Ls, = 
\ 





Point on Graph_—_| (—5, —8) (—3, 6) (0, -6) 
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31.1. Domain: {x|x ~ —3} 2. Risinlowest terms 3. y-intercept:0;x-intercepts:0,1 4. Vertical asymptote: x = —3 


5. Horizontal asymptote: y = 1, not intersected 


6. —3 0 1 a. See enlarged 
view at right. 


2 
Value of R R(-4)=100  |R(-1)=-05 | R(4) 0.003 | R(2) = 0.016 
Point on Graph | (—4, 100) (—1, —0.5) +, 0.003 (2, 0.016) 


(x + 4) (x — 3) x+4 





Enlarged view 





33.1. R(x) = ; Domain: {x|x # —2,x ~ 3} 2.In lowest terms, R(x) = 3. y-intercept: 2; x-intercept: —4 


(eZ) =— 3) x2 


a, 
4. Vertical asymptote: x = —2; hole at (3. Z| 5. Horizontal asymptote: y = 1, not intersected 


6. —4 2 3 7, 


1 EEE SEE: SE - oe ol 
7 
\ / 
i 






3 Ry ’ 
' 
Number Chosen [-s 0 [-3_ Napeeecees 
mins, ate 
Value of R R(-5) =4 R(-3)=-1 | R(@)=2 R(4) =3 (=4, 0) 0] 
amma ae | 
Location of Graph Citta, 4 
9 
Point on Graph (-3, -1) (0, 2) 
(avr L243 


35.1. R (x) = SETI EEE Domain: . 





_ oer 
ee 





1 1 
3. y-intercept: — 5? x-intercept: — 3 





° 
x A ae a 2} 2. In lowest terms, R (x) 


) 
4. Vertical asymptote: x = 2; hole at 3. -11) 5. Horizontal asymptote: y = 3, not intersected 
6. _# 
3 


NI we 


2 


Value of R R(-1) =? R@) =-} R(L7) + -20.3. | R() = 4.75 
Point on Graph_—_| (-1,3) (0,-}) (1.7, —20.3) (6, 4.75) 


(43) eZ) 
x+3 


4. Vertical asymptote: none; hole at (—3,—1) 5. Oblique asymptote: y = x + 2 intersected at all points except x = —3 
6. 3 —2 


Interval (-3,-2) (-2, 
Number Chosen 4 





37.1. R(x) = ;Domain: {x|x # —3} 2.In lowest terms,R(x) =x +2 3. y-intercept: 2; x-intercept: —2 





Value of R =-2 


Point on Graph (—4, —2) (0, 2) 





C=Go = , (x ) ome: {x|x # —2,x #2} 2.In lowest terms, H(x) = =a 3. y-intercept: — 73 no x-intercept 





39.1. H(x) = 


3 ; 
4. Vertical asymptote: x = —2; hole at (2 -;) 5. Horizontal asymptote: y = 0; not intersected 
6. 


2 
NummerGmen sed 





1] 
(—3, 3) 








(x — 1) (4 — 4) ane 
41.1. F(x) = Gane Domain: {x|x # 1} 2. In lowest terms, F(x) = 1 3. y-intercept: 4; x-intercept: 4 
Fhe = 
4. Vertical asymptote: x = 1 5. Horizontal asymptote: y = 1; not intersected 
6. 1 a 


lr 


(1,4) 
Value of F F(0) =4 F(2) = -2 F(5) = 4 


CTT ra (4, 0) 





Point on Graph (0, 4) (2, —2) 








AN26 Answers: Chapter 4 


43.1.G(x) = =G Domain: {x|x #4 —2} 2.Gisinlowest terms 3. y-intercept: 0; x-intercept: 0 
bs 
4. Vertical asymptote:x = —2 5. Horizontal asymptote: y = 0; intersected at (0, 0) 


6. 2 0 7, 


CO 
Interval (—%, —2) (—2, 0) y=0 
9 





Point on Graph _| (—3, —3) CL=) (1,5 


9 
Value of G G(-3)=-3 |G(i-)=-1 |aqa=3 


x2 





1 
45.1. f(x) = ;Domain: {x|x 4 0} 2.fisinlowest terms 3. no y-intercept; no x-intercepts 


4. fis in lowest terms; vertical asymptote: x = 0 5. Oblique asymptote: y = x, not intersected 
6. 0 


ol 


0) 
y=2 
Point on Graph (-1, —2) (1, 2) 





et1  (xt+1)(—x+1) . — ; . 
= = ——_———————; Domain: {x|x 4 0} 2.fisinlowest terms 3. no y-intercept; x-intercept: —1 
x x 





47. 1. f(x) 


4. fis in lowest terms; vertical asymptote: x = 0 5. No horizontal or oblique asymptote 


6. -1 0 
i OR 
(-1,0) 
ECE 
7 1 7 (—1, 0) oe 
Value of f f(-2) = 5 r(-3) =-; |f@=2 fa 7 


Pry Pa Tt 


j 7 y4 
(—2, 4 BEEN te tee 
BBs 20a 





x4 





1 
49.1. f(x) = ;Domain: {x|x 4 0} 2.fisinlowest terms 3. no y-intercept; no x-intercepts 


x 


4. fis in lowest terms; vertical asymptote: x = 0 5. Oblique asymptote: y = x, not intersected 


6. 0 


— $$$ 


Interval 


Number Chosen — 





Point on Graph (-—1, —2) (1, 2) 














‘ (r= 1) (x= 3)(22 +4) 
51. One possibility: R(x) = — 53. One possibility: R(x) = —————_,-—_.___ 55. Px) The likelihood of your 
an a) 7 SEER bal ball not being chosen 
PtH increases very quickly and 
Peer approaches 1 as the number 
of attendees, x, increases. 
0 102030405060 * 
; 5000 40,000 

57. (a) t-axis; C(t) > 0 59. (a) C(x) = 16x + = + 100 61. (a) S(x) = 2x* + 

a (b) x > 0 

NORNEL FLOAT AUTO REAL RADIAN NP fy a 7 
RORNRL FLORT UTD RERL RADIAN TE 
(c) 0.71 h after injection | nn ee (c) 2784.95 in 


(d) Approximately 177 ft by 56.6 ft 


(longer side parallel to river) (d) 21.54 in. X 21.54 in. X 21.54 in. 


(e) To minimize the cost of materials 
needed for construction 


Historical Problems AN27 








4000 
63. (a) C(r) = 12ar? + —— 65. (a) 0.8126 
(b) HORHAL FLOAT AUTO REAL RRDTAN HF i (b) 0.7759; a player serving, with x2 + x- 12 ; 
| probability 0.62 winning a point BO xa gh i x #3 
on a serve, has probability 0.7759 67, (a) R(x) = a 
of winning the game. 2 if x=3 
(c) x = 0.7 ; 
(d) HIAFAL FLOAT AUTO RESE RADIEN HF Oy Se — 3 ae 3 
; 1 _ J 2x? — Tx + 6 2 
The cost is smallest when r = 3.76 cm. (b) R(x) = 3 
—11 if x= 
2 
0! a i a 
ae ok 3 3 1 17 
69. No. Each function is a quotient of polynomials, but it is not written in lowest 16.447 = 3x 2x2. ThA 10 78. > TI. (233) 


terms. Each function is undefined for x = 1; each graph has a hole at x = 1. 


— = = 2, ye 
75. If there is a common factor between the numerator and the denominator, then 80. y = |x| —4 81.g(3) =6 82x * 


the graph will have a hole. 83. perpendicular 84. {9} 85. {- V2, Aya 


4.5 Assess Your Understanding (page 228) 


3.c 4.F 5.(a){x]0 <x <lorx > 2}; (0,1) U (2,00) (b) {x|x <= Oorl <x S 2}; (—00,0] U [1,2] 

7. (a){x|-1 <x <Oorx >1};(-1,0) U (1,0) (b) {x|x < -lor0 Sx <1}; (—o,~-1) U [0,1) 

9, {x|x < Oor0 < x < 3}; (—0,0) U (0,3) IL. {x]x <1}; (-~,1] 13. {x|x s -2o0rx = 2}; (—~, -2] U [2, ~) 
15. {x| -4 <x < —-lorx > 0}; (-4,-1) U (0,0) 17% {x| -2 <x S -1};(-2,-1] 19. {x|x < —6}; (—~, —-6) 

21. {x|x > 43; (4,00) 23. {x|-4<x<0Oorx>0}; (-4,0) U(0,0) 25. {x|x s -20r4 S x = 6}; (—~,-2] U [4,6] 
27. 4z4\-2 <%= 0 ore > 6)2 (2,0) U6) 29.4axn<——lore > 1) s(—00,=1) U (1, o&) 

31. {xin = —Lorx > 1}; (—o,—-1) U (1,00) 33: {xx <2); (—00;2) 35. {xix < —Lore > 14; (—co,—-1) U G1, 0) 
37, {x|x = —20r0 <x = 2}; (-—~,-2]U (0,2] 39. {x|x < —2orx > 2}; (—0,-2) U (2,0) 41. {x|x < 2}; (—0,2) 
AS; 1x|\=2 <— = 913(=2,9) 45.ixae< Sore] 7)) (—O,3)Ul7,©) 40 ix <= 2ors <2 = 5) e (0,2) U (3,5) 
49. {x|x < -S5or—-4 <x <= —30rx = Oorx > 1}; (—o, —5) U [-4, -3] U {0} U (1, 0) 


1 1 2 3 2 3 
.§xl-= <x< > 3?;(-= < —-= <x< = = 
51 1 5 x<lorx 3h;/ e1)U (3,00) 53. ffx 3 080 x 1.(- OO, = )u (03) 











55. (a) 59. {x|x > 4}; (4, 00) 
9 61. {x|x <= —2orx = 2}; (—©%, —2] U [2, ©) 
=5.0 HER on) 63. eae < —4orx 2 2}; (—-~, —4) U [2, ©) 


y=) Bee EEE ER 
| ans 





3, 00) 


g(x) = 3x’ 69. (= 00,5) U (—2, 2) U (3, 00) 
71. Produce at least 250 bicycles 
73. (a) The stretch is less than 39 ft. 
(b) The ledge should be at least 84 ft above the ground for a 
150-lb jumper. 








HEE 
f@)=x4-4 4 7 
af 2,4 _ =24/8 
f(x) S g(x) if-l1 sx <1 f(x) S g(x) if-2sx52 79,| =, ) 80. 3x°y"(x + 2y) (2x — 3y) BL y = FVx 
1 1 
2. (f-g) (x) = V 9x? — 1; Domain: E 2°) 83. x oe = 85. x-axis 86. (0, 4), (1.33, 2.81) 7.\—a4} 
W 
2 ; 13 
88. Quotient: 2x — > Remainder: Fn 
Historical Problems (page 242) 
b.\ Ba b 
1. 4 3 oi Caen us cee +d=0 2; (H + K)° + p(H+K) + gq=0 
: ; ‘ H? + 3H? K + 3HK* + K° + pH+pK+q=0 
b?x bd , 2bex 5b be 
x? — bx? oe a Oe 3 1 a Ft d= 0 Let 3HK = —p. 
2 ee H’ — pH —- pK + K° + pH + pK +. q=0, 
+ (c-2 )r+ (B-¥ 4 ie He eS = 
x C ri 7 3 d 0 q 
b? 2b> ib 
Letp =c —- = 7 and g = — + d. Then x? + px +q=0. 


3 a1 2) 








AN28 Answers: Chapter 4 





3. 3HK = —p 4.H? + Kk? = -q 
Ka-- 2 eS sg= 
ca =. Me, ke 
3 Ke = -—q — | S84 | PSS 4 
w+ (-2) =-¢ q E 4 a 
3 _ 2 3 
2, ald | 
27H” 2 4 27 
27H°® — p = —27qH° = gp 
6 es es =. = get 4 
27H° + 27qH° — p- =0 : : 7 A 7 
pe ee) 
PRM) 5.x =H+K 
ae, Ap 
P= Fe vFn ECS it, ©f, fe © 
27°) 2° (27°) 2 4 27 2 4 27 
B= qs ps Dp (Note that if we had used the negative root in 3, the result would have 
a oF been the same.) 
_ 6x=3 Lx=2 Bx =2 
H= fx Gs T . P 
2 4 27 


Choose the positive root for now. 
4.6 Assess Your Understanding (page 242) 
5.a 6.f(c) 7b 8&F 9.0 10.T 11.R=f(2) =8;no 13.R = f(2) = —82;no 15.R = f(—4) = 0; yes 
1 
17.R = f(-4) =1;no 19R = *() = 0;yes 21.7;3 or 1 positive;2 or O negative 23. 6;2 or 0 positive; 2 or 0 negative 
25. 3;2 or 0 positive; 1 negative 27. 4;2 or 0 positive;2 or 0 negative 29.5;0 positive;3 or 1 negative 31.6; 1 positive; 1 negative 


1 1 1 Te ok 4 ale 

21, eae Nae 7 +1, £3, 28 + 2 1, 3, 9, see ee ees oP ie 

33 9 3 35 re) ) 3 P] >; 9’ 3 39 9 3, 0, Om 3? 6’ oi 2 
1 (3 re ee | 42 4 5 ,10 ,20 ,1 ,5 
41, +1, +2, +3, +4, £6, £12, tes toe 43. $1, £2, +4, £5, £10, £20, ty tess, te tee te ey ee ite Be, te 
9 9 9 9 9 9 po i) 9 9 9 9 9 9 oe 2. 2° +> 3’ 3? as 3° 6’ 6 

1 1 
45. —3, -1,2;f(x) = (x +3)(x+1)(x-2) ABS) = 22-5 )(e+ 1) 49.2, V5,-V5; f(x) = 2(x — 2) (x — V5) (x + V5) 


s1.-1,5, V3, —- V3; f(x) =2(x+1)[x- 
§5.-1, —Fflx) = 4x + D(x + FO +2) 57, {-1,2} 59. | > -1+-V2,-1- v2} ou. {5V3,-V5 | 63. {—3, -2} 


Jo = V3) (4h V3) 53. 1, multiplicity 2; -2, -1; f(x) = (x + 2)(x + 1)(x-1)? 


es. {-} 674 3.2,5} 69. LB = -2;UB=2 71.LB = -1;UB=1 73.LB = -2;UB=2 75.LB = -1;UB=1 


77.LB = —2;UB =3 79.f(0) = —1;f(1) =10 81. f(—5) = —58;f(—4) =2 83. f(1.4) = —0.17536; f(1.5) = 1.40625 
85.0.21 87.—-4.04 89.115 91.2.53 


95. 97. y 99. 





103. 105. —8, —4, -: 107.k =5 109.—7 


111. If f(x) = x" — c", then f(c) = c"” — c” =0,sox — cisa factor of f. 
113.5 115.7 in. 
117. All the potential rational zeros are integers, so r either is an integer or is 





gerd 
(-15, Bree cheeses 


not a rational zero (and is therefore irrational). 119.b 





121. Define f(x) = (x°) -— (1 — x?) =x° + x’? — 1. Since f(0) = —1 and f(1) = 1, there is at least one point in the interval where the two 
functions have the same y-value, so there is at least one intersection point in the interval. 


1 
123. No; by the Rational Zeros Theorem, 3 


2 3 
126. f(x) = -3(x —5)* +71 127. [3,8) 128. y= sx = 


130. | -—3,2] and [5,0o) 131. (—00, -3] and [2,5] 132.—-Sand—1 133. (—5,0), (-1,0), (0,3) 134. (—3, -2), (2,6), and (5,1) 
135. Absolute minimum: f(—3) = —2; no absolute maximum 


is not a potential rational zero. 125. No; by the Rational Zeros Theorem, 338 not a potential rational zero. 


129. No real solutions. The complex solutions are 3 + 3i V2 


4.7 Assess Your Understanding (page 250) 

5.one 63-41 7T 8F 9.44+i7 11.-1,3-i 13.-1,-5i 15.-i 17.4 - 91,-7+2i 19. f(x) =x*t -— 14%° + 77x? — 200x + 208;a =1 
1 

21. f(x) =x — 4x4 + 7x3 — 8x? + 6x — 45a =1 23. f(x) = x* — 60° + 10x? - 6x + 95a = 1 25.-3i,5 27. 4i, ~2,9 


Review Exercises AN29 


2 i Ws. £. V3. ( 1 v3.)( 1 v3.) 

boa 57 ie —Se 33.1, =) — 9), Sot eS = (x - pep +i —-—— 
29.2 + 5i,-3,6 31. 2i, V7, V7, 3 33. 1, 5 5 i, 5 5 i; f(x) (ee 5 5 i }\ x 5 5 i 
95:2,0 —263 b 2c) = (ee?) (ee Pa = 2) SSR 22) Se a a) eS 2) 


39. 51, 51, =3, Mei (a) = (2 92) (4 = Sr) (ee 3) eH 1) 41. -4,5,2 = 312 = ft) = ole a ee (e322 3b) (a= 27) 


QW | Re 
NL 





2 Z 2 2 ps 2 2 2 
43.130 45. (a) f(x) = (x7 - V2x + 1) (x7 + V2x+1) (b) 2 = Mey — M2 + V2, 2 = V3, 03 + 3, 
47. Zeros that are complex numbers must occur in conjugate pairs; or a polynomial with real coefficients of odd degree must have at least one real zero. 
49. If the remaining zero were a complex number, its conjugate would also be a zero, creating a polynomial of degree 5. 
51. y 52.—22 53.6x° — 13x? — 13x +20 54.A = 9m ft? ( ~ 28.274 ft”); C = 6m ft (~ 18.850 ft) 
tox =2) , 
55. (g/f) (x) = ag 4 Domain:x #~ —landx #0 56.y = (x +5)°-—3 57.[0,~) 
me, 
58. (0, -2V3), (0,23), (4,0) 59. ——~———_ 60. 3x2. +. 3x +1 
(x + 7) (Vx +3) 


Review Exercises (page 254) 
1. Polynomial of degree5 2. Rational 3. Neither 4. Polynomial of degree 0 





1 ~y=-2x? 
2. x-intercepts: —4, —2, 0; y-intercept: 0 2. x-intercepts: —4, 2; y-intercept: 16 2. Hk) = —2x? (eZ) 
3. —4, —2, 0 (all multiplicity 1), crosses 3. —4, multiplicity 1, crosses; x-intercepts: 0, 2; y-intercept: 0 
4.2 2, multiplicity 2, touches 3. 0, multiplicity 2, touches; 


5. f(—5) = -15;f(-3) = 3; 
f(-1) = -3;f(1) = 15 


2, multiplicity 1, crosses 
4. 2 
Se fl) =O 7) = 275) = =Is 
y 








11.1. y = x4 7 eee cache, fh 
5, eGnterceptet 3: <1, Ae yaintercepes 12. Domain: {x|x # ie # 3}; aie asymptote: y = 0; 
3. —3, —1 (both multiplicity 1), crosses; 1, multiplicity 2, touches vertical asymptotes: x = —3,x = 3 
4. 13. Domain: {x|x ~ 2}; oblique asymptote: y = x + 2; vertical 
5. =15 asymptote: x = 2 
14. Domain: {x|x # —2}; horizontal asymptote: y = 1; vertical 
asymptote: x = —2 
2(x — 3 7 ; 
15. 1. R(x) = ————; domain: {x|x 4 0} 2. Risin lowest terms 3. no y-intercept; x-intercept: 3 
x 


4. Risin lowest terms; vertical asymptote: x = 0 5. Horizontal asymptote: y = 2; not intersected 


6. 0 3 7. 


ee ——e 
(0,3) 
1 


a= 
_| 


ES ESE 
EE 
al 


al 
f (3, 0)- 

coo 
ae 


oe 
a 


5) 
Value of R R(-2) =5 RQ) = -4 R(4) 
b) 





= 
2 
Point on Graph | (—2,5) (1, —4) 


16.1. Domain: {x|x 4 0,x 4 2} 2. Hisinlowestterms 3. no y-intercept; x-intercept: —2 
4. H isin lowest terms; vertical asymptotes:x = 0,x = 2 5. Horizontal asymptote: y = 0; intersected at (—2, 0) 
x=0 





6. =) 0 2 7. 


[Nimercwen [3 ad 
/ 
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Di eo tease” 
17.1. R(x) = — domain: {x|x ~ —2,x #3} 2. Risinlowestterms 3. y-intercept: 1; x-intercepts: —3, 2 
5 ie x 
4. Risin lowest terms; vertical asymptotes:x = —2,x = 3 5. Horizontal asymptote: y = 1; intersected at (0, 1) 
—3 —2 2 3 7. 0,1 
6. Jy : ; - 7\ 
f ITEM 4, | 
(4, SFRPEP A 3/ 
5 5 \, / } Tift te 
[NumberGunen [-« [$e — UE 
30S 0) 
mn eee 
Ls, aS 1 
; 2’ i 2’ 9) 
Pointon Graph |(-45) [(-3-n) | (3-5) | (43) ven eet 
re 
18.1. F(x) = eee = {x|x # —2,x #2} 2. Fisinlowestterms 3. y-intercept: 0; x-intercept: 0 
x = 
4. Fis in lowest terms; vertical asymptotes:x = —2,x =2 5. Oblique asymptote: y = x; intersected at (0, 0) 
6. -2 0 2 7, 
19.1. Domain: {x|x 4 1} 2. Risinlowestterms 3. y-intercept: 0; x-intercept: 0 
4. Ris in lowest terms; vertical asymptote: x = 1 5. No oblique or horizontal asymptote 
6. 0 1 7. 
Ga) 1G) law 
20.1. G(x) as eet SON Di iioweviemna ey =e integers 
1. G(x) = ——_ Wx; domain: {x|x ~ —1,x . In lowest terms, G(x) = . y-intercept: 2; x-intercept: — 
(x + 1) (x — 2) oT f 7 


4 
4. Vertical asymptote: x = —1; hole at (2 + | 5. Horizontal asymptote: y = 1, not intersected 


=. =1 2 


6. 


| 
ae 
CR ea ey=1 
Value of G G(-3) =3 G(-3)=-1 |G@=2 GQ) =5 cere aaugues 
9 r 





A 
Pointon Graph _|(-33 el (3, JERE” 4) 
» ya ge= 1 
Ax = 2 6-1 xe 22. {x|-4 <x < —-lorx =1} 23,1416 = Tore > 2)5 {= 00,1) ‘U-(2,) 
(—00, —2) U (~1,2) [—4, -1] U[1,~) $< 
1 2 
—<t—-> ++» 
—2-1 2 —4 -1 1 


24. {x|1 <x <2orx > 3}; [1,2] U (3, 0) 25. {x|x < —40r2 <x < 4orx > 6}; (—00, —4) U (2,4) U (6, &) 
ss I$ = 


1 2 3 —4 2 4 6 


26. R = 10; gisnota factor off. 27.R = 0;gisafactor off. 28. f(4) = 47,105 29.4, 2, or 0 positive; 2 or 0 negative 30. 1 positive; 2 or 0 negative 


1,3 ,1,1,3,1,1 
.41,+3,45,45,+5,4+-,45,45,4+ 32.-2,1,4 =(x+2)(x-1)(x-4 
31 1, 3, i oe 3’ 4’ 4’ 6’ 12 3 9 9 oT(2) €: ) €: ) (x ) 


1 ye 1 
33. 5, multiplicity 2-=2 (1) = a(x = =) (x +2) 34,2, multiplicity 2; f(x) = (x — 2)* (x7 +5) 35.{-3,2} 36. 1-3, =). > i} 
37. LB: —2; UB:3 38.LB:—3;UB:5 39. f(0) = —-1;f(1) =1 40. f(0) = -1; f(1) =1 41.152 42.0.93 
43.4 — i; f(x) =x? — 14x? + 65x — 102 44.-1,1 -i f(x) = xt - 204+ 3x7 -2x +2 45.-2,1,4; f(x) = (x +2) (x - 1) (x - 4) 


2 
46. —2, : (multiplicity 2); f(x) = 4(x + 2)( = > | 47, 2 (multiplicity 2), — V5i, V5i; f(x) = (x + V5i) (x — V5i) (x — 2)? 


48. -3,2, Fi, Fire =e 4) (ee 2)(2 ale Zi\(a = <i) 


49.Step1: y = x° 
Step 2: 


(HORMAL FLOAT AUTO REAL 


RAGIAH HF 





iS 
bett 


ime 


| 
—_— 


—. 
= a Re 
= 


x-intercepts: — 1.93, 1.14, 3.16 
y-intercept: 6.93 


Step 3: 


HORMAL FLOAT &UTO REAL RAGIAH HP 
PRESS EXTER 10 E017 


Step 4: 









Step 5: (—0.69, 8.70), (2.27, —4.21) 
Step 6: (0, 6.93) 
y4 | (0.5, 4.12) 
(—0.69, 8.7) Hi 
Chs2bpk ar aaa 





AN31 


Cumulative Review 


500 
50. (a) A(r) = 2ar? + — 
(b) 223.22 cm?” 
(c) 257.08 cm? 


(d) 













BORMAL FLOAT AUTO REAL RROTAM hP 
ye 

Wart ke+Soas is 
000; 


O 


i 





0 ee aiyoaes 
A is smallest when r ~ 3.41 cm. 


s1. (a) 
360 


VerLabaere 


180 
The relation appears to be cubic. 


(b) P(t) = 0.80307 — 7.460¢7 + 24.511¢ + 201.064; 


(c) HORHAL FLOAT AUTO REAL 


~ $503,000 





360 j 
(2.27, —4.21) A 
(—2.5, -11.8 } 
ag ian aah 14, 0) a/ 
Step 7: Range: (— 00, 00) “a se) 
Step 8: Increasing on (—00, —0.69 ] and 180. 10 
(2.27, 00); 
Decreasing on [ —0.69, 2.27 | 
Chapter Test (page 255) 
1 
1. 2. (a) 3 ‘ ee i: (e) Crosses at —5, — > 3 
P = "543 
H2 +i 44.45 42, 4+3,45,4+— + (f) y = 2x 
og er aD 3, 49,255 =) 
(c) —9, 7 5535.8 (*) = (4 SD) (20 Die = 3) 
1 
(d) y-intercept: — 15; x-intercepts: —5, — > 3 


5 — V61 5+ V61 


34,-31,51 4.91 
) L, Jl ih 6 ) 6 





} 5. Domain: {x|x # —10,x 4 4}; asymptotes: x = —10,y = 2 


6. Domain: {x|x # —1};asymptotes:x = -l,y=x+1 





8. Answers may vary. One possibility is 
f(x) = x4 - 4x3 — 2x? + 20x 


Cumulative Review (page 256) 


1.V26 2. {x|x < 0orx = 1}; 
(— 00,0] or [1, ©) 


| 


0 1 


7. Not a function; 3 has two images. 8. {0,2 
10. Center: (—2, 1); radius: 3 






(5,1) dete (1,1) 


ay of 


11. x-intercepts: —3, 0, 3; y-intercept: 0; symmetric with respect to the origin 


iy = - 


9. Answers may vary. One possibility is r(x) 


x 

(x —4 

10. f(0) = 8; f(4) = —36 
Since f(0) = 8 > Oand f(4) 


—36 < 0, the Intermediate Value Theorem guarantees that there is 


at least one real zero between 0 and 4. 
(8, 00 ) 
OO, | U [ 


11. {x|x < 30rx > 8}; (—0,3) U 


12. {x|x = -30r-2 <x <= 0};(- —2,0] 


y 
1}) 2 Sees 





[| 
Uy 
a 
7 
ri 
| 
| 
a 





2 


ae 


ox 





y) 


0 


2 17 


3 3 13. Not a function; it fails the vertical-line test. 


14. (a) 22 (b)x* — 5x —2 (ce) -x* —5x +2 (d) 9x7 4+ 15x -—2 (e)2x +h+t : 
15. (a) {x|x #1} (b) No; (2,7) is onthe graph. (c) 4; (3, 4) is on the graph. (a) = 
(e) Rational 


19); is on the graph. 
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17. 18.6; y = 6x — 1 
19. (a) x-intercepts: —5, —1, 5; y-intercept: —3 
(b) No symmetry 
(c) Neither 
herr et ( he (d) Increasing: (— co, —3] and [2, oo ); decreasing: | —3, 2 | 
saan \ (e) A local maximum value of 5 occurs at x = —3. 
(f) A local minimum value of —6 occurs at x = 2. 
20. Odd 
21. (a) Domain: {x|x > —3} or (—3, 00) 22. bs 23. (a) (f + g) (x) = x* — 9x — 6; domain: all real numbers 
. 1, Pee ear 7 
(b) x-intercept: — 5 ; y-intercept: 1 (b) ¢ ) (x) = Se domain: . x F~- 1 } 
1 
24. (a) R(x) = aril + 150x 
(b) $14,000 
(c) 750; $56,250 
(d) $75 





(d) Range: {y|y < 5} or (—©, 5) 


CHAPTER 5 Exponential and Logarithmic Functions 


5.1 Assess Your Understanding (page 263) 


4. composite function; f(g(x)) 5.F 6c Za 8&F 9 (a)—-1 (b)- i (c)8 (d)O (e)8 (f)-—7 I11.(a)4 (b)5 (c)-1 (dd) -2 


13. (a) 98 (b)49 (c)4 (d)4 15. (a) 197 (b) - = (c) 197 (d)-—= 17. (a) 2V5 (b) 5V2 (c)1 (d)O 19. (a) = (b) = (c) 1 





(ay 2: 21. (a) 


é) 
ee W4+1 


(c) (f° f) (x) = 4x + 9;allrealnumbers (d) (g°g) (x) = 16x;allrealnumbers 25. (a) (fog) (x) = 3x” — 1; all real numbers 
(b) (g°f) (x) = 9x? — 6x + 1;allreal numbers (c) (f° f) (x) = 9x — 4;allrealnumbers (d) (g°g) (x) = x‘; all real numbers 
27. (a) (fog) (x) = x* + 8x? + 16; allrealnumbers (b) (g°f) (x) = x4 + 4;allrealnumbers (c) (f° f) (x) = x‘; all real numbers 


(b)1 (ce) (d)0 23. (a) (fog) (x) = 8x + 3;allrealnumbers (b) (g°f) (x) = 8x + 12; all real numbers 








x Dia = 
(d) (g°g) (x) = x* + 8x? + 20; allreal numbers 29. (a) (f° g) (x) = — {x|x #0,x #2} (b) (gef)(x) = \ a ), {x|x # 1} 
ata = 1 
(6) (fe) (x) = SO: (ale ee 4} (weg) (x) =a (ale HO} BL) (fog) (x) = Po Lal Ae #0} 
=a x= 1 
(b) (g°f) (x) = asa. {x]x A0x Al} OFof\(x) =x {xlx Al} Wd (808) (x) =x; {x]x # 0} 


33. (a) (fog) (x) = V2x +5 5; dale = 3 (b) (g°f) (x) = 2Vx +5; {ax =0} © (fof) (x) = Wx; {a]x = 0} 




















(d) (g°g)(x) = 4x + 15;allrealnumbers 35. (a) (fog) (x) = x; {x|x =7} (b) (g°ef) (x) _ |; all real numbers 
(c) (fof) (x) = x4 + 14x? + 56; allreal numbers (d) (g°g) (x) =V Vx —7 — 7; {x|x =56} 37.(a) (feg) (x) = Sa vAdxesl 
(b) (ge f)(x) =- —— {xlx#—4x 4-1} © (fef\(x)=- — {xlxA-1jxA#2} @ (geg) (x) = — aA alee he x3} 
9. (fog) (x) = f(x) = f(Sx) = 2-Fe = 8 (eof) = (F()) = gx) =F -2e= 2 
Al. (fog) (x) = fle(x)) =f( V8) = (Wa)? = (e*f) %) = 2(f(2)) = 26°) = VP =x 
43. (Fog) (x) = feo) =f($ (+6) )= 998 (+6) —6 = 2+ 6-6 =H (BA) (x) = BLM(x)) =B(98-6) =F (9¥-6 +6) =F 9x =a 





48. (Fog) (x) = fle(x)) =A @— 6) ) = = (x — 8) | + = lee (x) = B(F(a) = Blar tb) = 2 (ax + 5) = 


47. f(x _ x*; g(x) = 2x + 3 (Other answers are possible.) 49. f(x) = Vx; g(x) =x? + 1 (Other answers are possible.) 
51. f(x ini g(x) = 2x + 1 (Other answers are possible.) 53. (fog) (x) = 11; (g°f)(x) =2 55.-3,3 57. (a) (fog) (x) = acx + ad +b 
(b) - f) (x) =acx + be + d_ (ce) The domains of both fe g and g°f are all realnumbers. (d) fog = g°f whenad + b=bc+d 
16 ZV 100.= 
59. S(t) = 9 61. C(t) = 15,000 + 800,000¢ — 40,0007? 63. C(p) = ———— + 600,0 =p =100 65.V(r) = 2ar° 


67. (a) f(x) = 0.8101x (b) g(x) = 132.317x (ec) g(f(x) ) = 107.1900017x (d) 107,190.0017 yen 69. (a) f(p) = p — 200 
(b) g(p) = 0.8p (ce) (fog) (p) = 0.8p — 200; (g°f) (p) = 0.8p — 160; The 20% discount followed by the $200 rebate is the better deal. 
71. —2V2, —V3,0, V3,2V2 73.15 
75. fis an odd function, so f(—x) = —f(x). gis an even function, so g(—x) = g(x).Then (f°g)(—x) = f(g(-x)) = f(g(*)) = (fog) (x). 
So fe gis even. Also, (g°f)(—x) = g(f(-x)) = 8(-f(x)) = 8(f(x)) = (8°f) (x), sogefiseven. 77. —5 
79. (f + g) (x) = 4x + 3; Domain: all real numbers; (f — g) (x) = 2x + 13; Domain: all real numbers; (f+ g) (x) = 3x? — 7x — 40; 


34S 
“i 5 ; Domain: {x|x 4 5} 
X _ 





Domain: all real numbers; (4) (x) = 
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80. mi 4 81. Domain: {x|x 4 3}; Vertical asymptote: x = 3; Oblique asymptote: y = x + 9 82. Vertex: (3,8); Axis of symmetry: x = 3; Concave down 


83.-1<x<7 84b= V3 85.(—4,11),(-1,5) 86.5Vi0 87% -——>—_ 88. {-- V6, 0, V6} 
(ea Lye Lh) 


5.2 Assess Your Understanding (page 275) 


5. f(x1) A f(x.) 6.one-to-one 7.3 8 y=x 9.[4,00) 10.T Ila 12.d 13. one-to-one 15. not one-to-one 
17. not one-to-one 19. one-to-one 21. one-to-one 23. not one-to-one 25. one-to-one 


EBLE 
Beit 


29. 31. 





1 
— ‘s(x -4) t+4ax-444=x =4($+2)-8=x+8-8=1 





























(f(x) = g(r +4) =F [(r +4) — 4] = p30 =x = BoA easx-2425% 
32. f(e(x)) =f(We +8) = (We + 8)3-8=x4+8-8=x = xx #0, 8(f()) =9(2)= Fux #0 
g(f(x)) = g(8 — 8) = V(x? -— 8) +8 = Wi =x - 
jaa 
— (44-3) ~ 2-x _ 2(4x — 3) + 3(2— x) 
a. fists) “AG =) “Ee a 
+ 4 
2% 
43 _ 
= (243) - x +4 — A(2x +3) —3(e +4) Sx oa 
BUM) = BG "oes * 1a) = Gees) 5 _— 
x+4 
2) alk “3 a 
43. (a) f(x) = 3% 45.(a) f(x) = 7-5 
1 1 
fry) =A $x) = 3-de = fry) = 44-5) = 4(E-5) +2 =e -2 422 
Fol(flx)) = fx) = 53x = 4 F'(Flx)) = fae $2) = A> ax tS dae 
(b) Domain of f = Range of f~' = All real numbers (b) Domain of f = Range of f~! = All real numbers 
Range of f = Domain of f~! = All real numbers Range of f = Domain of f-! = All real numbers 
(c) 
f(x) = 
47.(a) f-'(x) = Wx +1 49. (a) f '(x) = Vx-—4,x = 4 
ff '(x)) =f(Wx+1) = (Wx +1)3- l1=x iG (e)) =f(Vx-—4 = (Vx-4)?+4=x 
PUG) =f “aly SV a1) alas fiF(x)) =f? +4) = V0 +4) -4= VP Hex = 0 


(b) Domain of f = Range of f-! = {x|x = 0} 


_ Al 
(b) Domain of f = Range of f All real numbers Range of f = Domain of f-' = {x|x = 4} 


Range of f = Domain of f~! = All real numbers 


(c) f(x) =x? +4, 


x=0 





Pt et eet 
ptt det Te 
ptt tT tt hg hy 
Pett TT rf 
eE EP ttt tt tf 


(b) Domain of f = Range of f-' = {x|x # 0} 
Range of f = Domain of f-! = {x|x 4 0} 


o 
| 
| 
| 
| 
| 
ay 
i“ 





i eS 
= 


RP ALAR 
See 
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53. (a) f(x) = 2x + I (b) Domain of f = Range of f-' = {x|x 4 2} 
= Range of f = Domain of f~! = {x|x # 0} 
fry) = (A) - 4-4 = 
x 2x +1 _ 2 1 2 
x 
1 
ae 
=4 | ) X= 2 _ Pee 
pu) = p( 4) = 432 - Bt ee 
x—2 
55. (a) f ‘(x)= é = (b) Domain of f = Range of f-' = {x|x # -3} 
Range of f = Domain of f-! = {x|x 4 0} 
(Cie ) = °(=*) - 3 - Ee 
x BAO Oh 2 OX 2 
ce 
x 
j- Se 
aj - ae” )- B34+x 234%) —3:2 dx 
p'ula)) = p(s) = 3 Be 
are: 
= re. 
57. (a) f (x) = 3 
4.u 
“4 7 =) = Le S29 ) — 6x 
I «)) = (Ss — =2x — =2x +2(x-3) 6 = 
ee: 
x.—.3 
9 es 
- es =) - K+2, =2:3% _ 76x 
PGO)) =F (SS Bx = oF sae mee 6 
MZ 


(b) Domain of f = Range of f-! = {x|x # —2}; Range of f = Domain of f~-! = {x|x 4 3} 



























































p8 
59. N(x) = 
x 
i _ x _ oF aaa _ 2x _ 2K 
KP) (=) a eg eee), 2 
3x — 2 
2x 
2x 6) Seal | 2x 2x 
PGO)) =F (4) 2x e281) o> 
a Si 
oe 1 
; _ 9 1 _ i. 2 
(b) Domain of f = Range of f° = x|x m=3"73 Range of 7 = Domain of f = XIX Ae 
3x + 4 
61. (x) = 
(a) f (x) Ix — 3 
3x + 4 
3° +4 i 4(2 
rota) = (24) - Se 
15 ae US 2(3x + 4) — 3(2x — 3) 17 
i ae) 
3x + 4 
3° +4 
rig) =5( RS) - ee 
a3 ea Zax 24) = 3203) 17 
2x = 3 
= 4 2 _ oe e, 
(b) Domain of f = Range of f° = x\x * 50; Range of f = Domain of f = x|x * > 
ee fea, 
63. ao = #———_— 
@) f(x) = 
pot 28 
- 20 3 5 ae” 220-2 3) SiS 2). ey 
ffx) = ff SS) = + 09 ee ae 
ee ax+3, IAS ae 2 = 2) 1 
ea D 
pee 
= = 2x +3 x +? =D 2 3) a ai 2) —Xx 
fr (P(x)) =f og " Gee aay  ° =e 
gor 2 ax+3_, 26 3 2e +t 2) it 
pa ae 


(b) Domain of f = Range of f-! = {x|x # —2}; Range of f = Domain of f-! = {x|x 4 2} 
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65. (a) f° (x) ==> 
—_ LX 
4 
i a a ee ae 4-4 — 2x) 8 _ 
100) =e) = Ca) 8 Ly 
a. 
D . 
Frey) = (FS *) - x, since x > 0 


Pee 


(b) Domain of f = Range of f-! = {x|x > 0}; Range of f = Domain of f~! = . 
67. (a) f-1(x) = (x + 4)3,x 
fry) =A (e+ 





<3} 
X —_— 
2 


3 


2 
a t4jt)—4axt4nany 


fe) (23 = mt (x3 — 4) +4) = (x3)? = x,since x = 0 


(b) Domain of f = Range of f~ {x|x = 0}; Domain of f-' = Range of f = {x|x = —4} 


69. (a) f 1 (x) = Wx +2 (b) Domain of f = Range of f-' = All Real Numbers; 
ff (x) ) _ ne W242 yt _ yoni ile = W492 2 Ves Domain of f~! = Range of f = All Real Numbers 
re) =F _ I OFT i = FA 


aa 
_ 


71. (a) f-'(x) =3Vx-24+1,x 


2 
f(f-'(x)) =f(8Vx-2+1 i =[(3Vx—2 +1)-1]? + 2= 2 [3Vx— al fe 2 eyo) ae 2a ae ee ae 


fC°G@)) =f" (Eoe=1 0 error e 3/5 (x- 1)? + =3-2(x-1)#1=x-1+1=2 


(b) Domain of f = Range of f-' = {x|x = 1}; Domain of f~! = Range of f = {x|x = 2} 
73.(a)0 (b)2 (c)0 (d)1 75.7 77. Domain of f7!: [ —2, co); range of a [5,0°0) 79. Domain of er [0, 0); range of gn (—oo, 0] 


1 
81. Increasing on the interval [f(0),f(5)] 83. f-l(x) = a (x —b),m #0 85. Quadrant I 

















87. Possible answer: f(x) = |x|,x = 0, is one-to-one; f-'(x) = x,x = 0 
d + 90.39 
89. (a) r(d) = $07 91. (a) 77.6 kg 
— + 
6.97r — 90.39 + 90.39  6.97r (b)h(W) = all + 60 = Wt 8 
(b) r(d(r)) = ———_ = =r 23 2.3 
oe ot 50 + 2.3(h — 60) + 88 23h 
d + 90.39 eee pe LA hel Ra la 
d(r(d)) = 6.97: - 90.39 = d + 90.39- 9039=d © h(W(h)) = 3 tae 
: | W + 88 
(yoo ules per neous W(h(W)) = 50 + 23( a7 00) = 50+ W+ 88-138 =W 
(d) 73 inches 
93. (a) { g|38,700 < g < 82,500} 95. (a) t represents time, so t = 0. 
(b) { T|4453.50 < T S 14,089.50} (b) 1(H /H — 100 100 _ j/100 — H 
T — 4453.50 4.9 — 4. = 
(c) g(T) = 022. + 38,700 (c) 2.02 seconds 
D in: { 7) 4453.50 < T = 14,089.50 —dx +b 
oneal J 97. f(x) = —~——: f = fifa = -d 
Range: { g|38,700 < g < 82,500} cx — a 
99. (a) Domain: (— 00,00 ); Range: (— 00,3) U [4, 0°) 103.No 107. 6xh + 3h? — 7h 
— —5 + V13 
3 ifx <3 108. Zeros: = oS => 
b) f-'(x) = ae 
ale aa ifx =4 x-intercepts: —————— = =A s+VB vertex:(-2, - 5) 
3 ~ e 6° 6 ‘\ @ OF 
(c) Domain: (— 00, 3) U [4, 00); Range: (— 0%, co) seaman betta alias 


109. 110. Domain: 1 





3 S 
x A aX # 2: Vertical asymptote: x = — > Horizontal asymptote: y = 3 
= 2K 
111. (x + 3)? + (y-—5)? =49 112.y = -2x—7 113.Even 114.D =e 
AAT 2y Sm 


aCe RP y 


a CeCe 
FRECHE 115.—16 116. ———W 
V2x + 2h +3 + V2x +3 





PEE EET ist tt 
PEE Ee EEE 
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5.3 Assess Your Understanding (page 290) 


8. exponential function; growth factor; initial value 9.a 10.T 11.T 12. (- 


1 
1.2),00:.@ 13.4 14.F 15.b 16.c 
a 


17. (a) 8.815 (b) 8.821 (ce) 8.824 (d) 8.825 19. (a) 21.217 (b) 22.217) (ce) 22.440) (dd) 22.459 21.1.265 23.0.347 25.3.320 27. 149.952 
29. Neither 31. Exponential; H(x) = 4 


45. SEEUETHUEEEE 
Peet tT Pre eit id 


-: el 
= | aa 





sbsiiisets x 
Domain: All real numbers 
Range: {y|y > 1} or (1, ~) 
Horizontal asymptote: y = 1 


y-intercept: 2 





Domain: All real numbers 
Range: {y|y > 2} or (2, «) 
Horizontal asymptote: y = 2 


9 
y-intercept: mn 


47. 


33. Exponential; f(x) = 3-2* 






PEt tt el 
EE ed 





BE? a 
(2, 3) 4 
an 


Domain: All real numbers 
Range: {y|y > 0} or (0, ~) 
Horizontal asymptote: y = 0 


1 
y-intercept: 3 





Domain: All real numbers 
Range: {y|y > 2} or (2, «) 
Horizontal asymptote: y = 2 
y-intercept: 3 


35. Linear; H(x) = 2x +4 37B 39.D 4LA 43.E 





Domain: All real numbers 
Range: {y|y > 0} or (0, ©) 
Horizontal asymptote: y = 0 
y-intercept: 3 





Domain: All real numbers 
Range: {y|y > 0} or (0, &) 
Horizontal asymptote: y = 0 
y-intercept: 1 





Domain: All real numbers 


Range: {y|y > —2} or (—2, ~) 


Horizontal asymptote: y = —2 
y-intercept: —1 


ees eri 


Domain: All real numbers 
Range: {y|y > 0} or (0, oo) 
Horizontal asymptote: y = 0 


y-intercept: e? 





65. {5} 672 {-4} 69. {2} n.{3} 73. {-V2,0, V2} 

75.{3} 71 {-1,7} 79.{-4,2} 81. {-4} 83. {1,2} 85.— 

Bee : 1 
97. (a) 16; (4, 16) (6) -4:(-4, 5) 99. (a) 2: (—1,3) (b) 3; (3, 66) 


101. (a) 60; (— (c) -2 


49 


89.5 91. f(x) =3* 93. f(x) = —6* 95. f(x) =3* +2 





PTT TT 

PEt TTT 
Pe | | | 
PT a 

ik 

i 

{| 





Domain: All real numbers 
Range: {y|y < 2} or (—~,2) 
Horizontal asymptote: y = 2 


Domain: All real numbers 
Range: {y|y < 5} or (—%,5) 


6, 60 
Horizontal asymptote: y = 5 a 


(b) —4; (—4, 12) 


y-intercept: 4 y-intercept: 1 


103. 107. (a) 74% = (b) 47% _ = (c) Each pane allows only 97% of light to pass through. 
109. (a) $16,231 (b) $8626 (c) As each year passes, the sedan is worth 90% of its value 
=) the previous year. 111. (a) 30% (b)9% 
survivors survive again. 113. 3.35 mg; 0.45 mg 
|—1, —— | 9 = 
Some ceeeait ai 


‘ 
= (2, 3 | 115. (a) 0.632 (b) 0.982 (c) 1 (d) RORMAL FLOAT BUTO REAL RAGIAN HP 





(c) Each year only 30% of the previous 





fi} (e) About 7 min 





Domain: (— 
Range: [1, co ) 
Intercept: (0, 1) 


00, 00 
) Domain: (— 00, 0) 


Range: [—1, 0) 
Intercept: (0, —1) 


117. (a) 0.0516 (b) 0.0888 119. (a) 70.95%  (b) 72.62% 
121. (a) 5.41 amp, 759 amp, 10.38 amp (b) 12 amp 
(d) 3.34 amp, 5.31 amp, 9.44 amp 


(c) 100% 125. 


Final Value of Compare Value 
Denominator Expression toe ~ 2.718281828 










(e) 24 amp 2.5 2.5<e 
(c), (f) 7 2.8 28>e 
SPCC (t) = 24(1 - e 4) 
SESeEaane> 2.7 2.4<e 
EEE I, (t) = 1201 — e”’) 


pA lm 


2./21649485 
2./17770035 
2./18348855 


2./21649485 > e 
2./17770035 < e 


; o 
123. 36 2./18348855 > e 





127. f(A + B) = a4*8 = a4-a® = f(A) -f (B) 
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131. (a) f(—x) = = (eo +e) HR FLOGT AUT. RERL RADERN HP (c) (cosh x)? — (sinh x)? 
nae = [er en f-[Ne- en} 
= S(e +e) = Tle +24 6% — i a et Rae 
= f(x) =T4=1 


1 Xx 
133. {1,2} 135.59 minutes 139.a* = (a!)* = (4) 140. (—00, —5]U[-2,2] 141. (2,00) 142. f(x) = —2x? + 12x - 13 


3 
143. (a) (b) Domain: (— 0, co); Range: [ —4, 00) 144, 13} 145.x7 + y?=1 146. {16,144} 


D ing: (—co, —1|:[ ing: | —1, co 
(c) Decreasing: (—00, ~1 ]; Increasing: [—1,°°) 49 91050 148.3 <x <3 149.4x 4 2h —7 





5.4 Assess Your Understanding (page 304) 


1 
a 
1 1 
17.x=In8 19.2 =8 21.a°=3 23.3°=2 2.e°=4 270 29.2 31.-3 33.5 35.4 32.5 39. {x|x > 3}; (3, 0) 


41. All real numbers except 0; {x|x # 0}; (—00,0) U(0, 0) 43. {x|x > 10}; (10,00) 45. {x|x > —-1}; (—1, «) 
47. {x|x < —lorx > 0}; (—00,-1)U(0,00) 49. fx]x =1}:[1,00) 51.0511 53.30.099 55.2.303 57, 53.991 59.2 





, x -B 67D 69.A 71.E 
61 f(x) 3° = 63. f= iv 1\" ¢ 4 65 
(. 1\-PHREECEG, » mn 4 
i 3 jo “vier f 1(x) = logs x 


Seger 
5 





HERR es 
coe NS 1 
Hot (x) = log 12x 


75. (a) Domain: (0, © ) 77. (a) Domain: (0, ©) 
(b) y (b) 


PETE Tritt ye 
; | | | | [te] 
ah | 

S 
i 
|i 
Bi 





(c) Range: (— 00, co) (c) Range: (— 00, co) (c) Range: (— 00, co) 
Vertical asymptote: x = —4 Vertical asymptote: x = 0 Vertical asymptote: x = 0 
(d) a, (x) = wo 4 (d) f'(x) = - (d) f(x) = dort3 
(e) Domain of f°: (—~, ~) (e) Domain of f°: (—~, ~) 2 
Range of f—': (—4, 00) Range of f': (0, 00) (e) Domain of f~':(—00, co) 
(f) Range of f': (0, 00) 


ae ef ee 
4a 
SEE 





(b) yy x= (b) 





(c) Range: (— 00, ©) (c) Range: (— c%, co) 
Vertical asymptote: x = 4 (©) pene. 20520) Vertical asymptote: x = —2 
(d) fo'(x) = 10°-2 44 Vertical asymptote: x = 0 (d) f(x) = 
(e) Domain of f~': (— co, co) (d) f '(x) = is 102* (e) Domain of f~!: (— 00, «) 
Range of f': (4, 00) 2 Range of f~!: (—2, 00) 


(e) Domain of f-!: (— co, «) 


Range of f~': (0, 00) 
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85. (a) Domain: (— 00, co) 87. (a) Domain: (— 00, co) 89. {9} 91. ‘=I 93. {4} 95. {5} 
(b) (b) T ° In 10 
A 97. {3} 99. {2} 101. { ; } 
: 103. ss 105. {-3V/5,3V5} 
(c) Range: (—3, ©) (c) Range: (4, 00) 107. {-2} 109. ‘5 In z 111. 12 — log > 
Horizontal asymptote: y = —3 Horizontal asymptote: y = 4 1 1 
@) f-'(x) = In(x + 3) ~ 2 (d) f-!(x) = 3 logs (x — 4) Biss) . ae 5} (- ri ~ 
(e) Domain of f-": (—3, ©) (e) Domain of f~!: (4, 00) 
Range of f~': (— 00, co) Range of f~!: (—00, 00) (b) 2; (40,2) (ce) 121;(121,3) (d)4 






117. y 119. (a)1 (b)2 (c)3 127. 0.2695 s 
(d) It increases. (e) 0.000316 0.8959 s 
(f) 3.981 x 10° y 
121. (a) 5.97 km _ (b) 0.90 km | ro 
123. (a) 6.93 min (b) 16.09 min Menkes 
x=0 125.h ~ 2.29, so the time between es 
Domain: {x|x # 0} Domain: {x|x > 0} injections is about 2 h, 17 min. 0.417 (0. 2695, 0. sy 
Range: (— ©, ©) Range: {y|y = 0} 0 04 1.2 2.0 x 
Intercepts: (—1,0), (1,0) Intercept: (1, 0) Seconds 
129.50dB 131.90dB 133.81 135. (a)k = 11.216 (b) 6.73 (©€)0.41% (d)014% 137. {64} 139. {-1,5} 
11 1 1 
141. Because y = log; x means 1” = 1 = x, which cannot be true forx #1 143. Zeros: —3, — > 3; x-intercepts: —3, — > 
7—V57 7+ V57 
144.12 145. f(1) = —5;f(2) =17 146.3 + i; f(x) =x* — 7x? + 14x? + 2x — 20;a =1 147. rer: 


148.5x + 8y =8 149. {-31,14} 150.1511cm 151.x7 + 2x +4 152. (x + 5)3(x — 3)°(11x + 23) 


5.5 Assess Your Understanding (page 315) 
10 2M 3.r 4.log,M+log,N 5.log,M-—log,N 6rlog,M 7.7 8F 9.F 10.F 1b 12.6 13.29 15.-4 17.13 191 211 


6 1 
23.3 25.5 27.4 29a+b 31.b-—a 33.3a 35.5 (4 + 5) 37.2 + logex 39.6logsy 41.1 + Inx 43.Inx —x 45.2 log,u + 3 log,v 
i 1 1 2 
47.2Inx + >In(1 — x) 49.3 log, x — log.(x — 3) SL logx + log(x + 2) — 2log(x + 3) 53.5 In(x — 2) + zin(x + 1)-ZIn(x + 4) 








1 1 =] 
55.1n 5+ Inx 5 in(1 + 3x) —3In(x —4) 57.logsu*v* 59. log, (=) 61. oe] 63.—2In(x —1) 65.log,[x(3x — 2)*] 
x x 
67. | ( ni ) 69. | toa) | 71.2.771 73. —3.880 75.5.615 77. 0.874 
. log,| ———— . log] ————————_— a2. 2 Boy . 0. 
V2x +3 ‘L(x + 3) Ge = 1) 
log x log(x + 2) log(x + 1) 
79. y = 81. y = ——_—. 83. y = ——__ 
u log 4 4 log 2 ‘ log(x — 1) 


HORHMAL FLOAT AUTO REAL RABTAH HF fl HORHAL FLOAT AUTO REAL RARDIAW HP fl HORMAL FLOAT AUTO REAL RADIAH HP fl 
/| 





0 \ 5 
5 =4 
85. (a) (f° g) (x) = x; {x|x is any real number} or (— 00, co) 87.y = Cx 8%y=Cx(x+1) Wy =Ce* 9.y =Ce* +3 
(b) (g°f) (x) =x; {x|x >0} or (0,~) (5 WC (2x +1)" 
(d) (foh) (x) = Inx?; {x|x # 0} or (—%,0) U (0,0) (e)2 oy ag 97.3 99.1 


101. log, (x + x? — 1) + log, (x — x? — 1) = log,| (x + Vx? — 1)(x - Vie —1)] = log,[x” — (x7 — 1)] =log,1 =0 


103. In(1 + e*) = Infe*(e + 1)] = Ine* + In(e** +1) = 2x + In(1 + &™) 
1\-¥ 
105. y = f(x) = log, x; a” = x implies a” = (+) = x,80 —y = logijx = —f(x). 


1 1 M 
107. f(x) = los: f(=) = logay = log, 1 — log,x = —f(x) 109. loga yy = log,(M-N~') = log, M + log, N | = log, M — log, N. 





Section 5.8 AN39 


log, b 1 log, b” mlog,b 
ali 113. log, b” = : = = ~logq b 


111. log, b = 
eee log, a” n 














log,a  log,a 
1, = VE oe 


119. { —1.78, 1.29,3.49} 120. A repeated real solution (double root) 121. —2, rr rr a 


3 
122. 123. (-o. 2 | 124. {x| -9 <x <7} or(-—9,7) 125. Vertex: (4, 13); concave down 


126. Center: (5, —2);radius:8 127.7 128. Odd 





Domain: ann = 2} or (—00, 2] 
Range: {y|y = 0} or [0, co) 


5.6 Assess Your Understanding (page 322) 
16 1 16 
5. {16} 242 9. {11} I. {64,64} 13. {-6,7} 15. {64} v.43} 19. {7} 21. {5} 23. {1 25.{-6} 27. {-2} 
29.{-1+ Vit+e4} a, {+ SVS) 33. {2} 3s. {> 37.{7} 39.{-24+4V2} 41. {-V3, V3} 
8 


In 
1 1 In 1.2 1 8 5 In3 
43.4 —,243$ 45, 47. {log,10} = 49. {loge 1.2} = 4- 1. 4 dogg = [es 
. c 3| aay eee tm} one red { nt a 3 og Sf 3in2} >> aah 


In 7 In 7 In3 
e e e ————— ig —_— ‘. - a + i : 
= ica + —} se (3 — a, oP iz 63. {0} 65 {oss( 2 vi) } 67. {log54} 69. No real solution 


71. {log,5} 73. {2.79} 75. {—-0.57} 77%. {-0.70} 79. {0.57} 81. {0.39,1.00} 83. {1.32} 85. {1.31} 











1 
87. (a) {5}; (5,3) (b) {5}; (5,4) (© {1}; yes,at (1,2) (d) {5} @{-7} 
89. (a), (b) 91. (a), (b), (c) 93. (a), (b), (c) 95. (a) 





(c) {x|x > 0.710} or (0.710, © ) (b)2 (ce) {x|x<2} or (—~,2) 


1 1 
97. (a) 2052 (b) 2070 99. (a) After 2.4 yr (b) After3.8yr (c)After94yr 101. {1} 103. 'F a} 105. {3'°27} 107. 3 re 2} 


‘ -to- . (fo = ———_—§£ > 1, 111. 112. 113. ————_————_- 
108. one-to-one 109. (f° g) (x) =n ~ s{x|x A3,x A 11} 110. {x|x = 1} or [1, ~) ca 6 3. (x — 2) (x +2) 
1 1 
114.410 115.= 116. —————_—— 
6 Vx+6+ Vx 


5.7 Assess Your Understanding (page 331) 
3. principal 4. J; Prt; simple interest 5. effective rate of interest 6.a 7. $108.29 9.$969.56 11.$1394.19 13.$1246.08 15.$88.72 17. $1444.79 


1 
19. $713.53 21.$102.00 23.5.095% 25.4.081% 27.6 4° compounded annually 29.9% compounded monthly 31.25.992% 33.24.573% 


35. (a) About 8.69 yr (b) About 8.66 yr 37.6.823% 39.10.15 yr;10.14 yr 41.15.27 yr or 15 yr,3 mo 43. $104,335 45. $12,910.62 

47. About $30.17 per share or $3017 49. Not quite. Jim will have $1057.60. The second bank gives a better deal, since Jim will have $1060.62 after 1 yr. 
51. Will has $11,632.73; Henry has $10,947.89. 53. (a) $70,473 (b) $49,167 55.64.9 yr 57.$940.90 59, 2.53% 

61. 34.31 yr 63. (a) $3686.45 (b) $3678.79 65. $6439.28 


nt 
67. (a) 11.90 yr (b) 22.11 yr (c) mP = P(1 + “) 69. (a) 1.23%  (b) In 2034 or after 22 yr 71.22.7 yr 76. R = 0; yes 
n Z 2 
_ (1 ") 71. f(x) =—— 78. -2,5: f(x) = (x + 2)2(x — 5) (x2 +1) 79. {6} 
m >= =F . x-1 
+ \rt ,\ 80.2x(x + 3) (x —5)(x +5) 81 (fog) (x) = 45x? — 18x - 7 
In{ 1 + = ntlIn\ 1+ 


Inm = In 82. Domain: (— 00,00 ); Range: (— 00, 9] 


ce 83. Vertical: x = 7; horizontal: none; oblique: y = 2x + 9 


t= ; 84.y = 4x — 18 85.3 
nin(1 +) 
n 


5.8 Assess Your Understanding (page 343) 

1. (a) 500 insects (b) 0.02 = 2% perday (c) About 611linsects (d) After about 23.5 days (e) After about 34.7 days 

3. (a) —0.0244 = —2.44% per year (b) About 391.7¢g (ce) After about9.1 yr (d)28.4yr 5.(a) N(t) = Noe (b) 5832 (c) 3.9 days 

7. (a) N(t) = Noe“ (b) 25,198 9.9.797¢ 11.9953 yrago 13. (a)5:18 em (b) About 14.3 min (c) The temperature of the pizza approaches 70°F. 
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15. 18.63°C; 25.1°C 17.1.7 ppm; 717 days,or 172 hr 19. 0.26 M; 6.58 hr, or 395 min 21. 26.6 days 
23. (a) In 1984, 91.8% of households did 25. (a) Gis Se 27. (a) P(0) ~ 48; In 1900, about 48 invasive species 






not own a personal computer. were present in the Great Lakes. (b) 1.7% 
(b) HORHAL FLOAT AUTO REAL RADTAM HP (c) HORHAL FLOAT AUTO REAL RADTAM HP fl 
100 
100 
0 0 (b) 0.78, or 78% 0 120 
ES (c) 50 people g 
(c) 70.6%  (d) During 2011 (d) As 7 increases, the probability decreases. (d) About 176 (e) During 1999 





29. (a) P(t) = 50(3)/" (b) 661 (c) In 48 days (d) P(t) = 500° 39. \gaiiiiibeblliaas ts ee 40 40x + 45 

: ; 3(2e 3)" 

31. f(x) = ~ 5% + 7 32.Neither 33.2 Inx + ziny = nz 
x? — 2x — 13 

34. A -4xA2} 35. (g - = 


5—V175+V17 va,.V3 


4. ji ;y-intercept:1 37. {- a oe 
38. y = —1.0714x + 3.9048; r = —0.985 





Local minima: f(—1.37) = —5.85 and f(1) = —-1 
Local maximum: f(0.37) = —0.65 
Increasing: | —1.37, 0.37 ]}U[1, 3] 
Decreasing: | —3, —1.37 ]U[ 0.37, 1] 


36. x-intercepts: 


5.9 Assess Your Understanding (page 350) 


1 (a) RORHAL FLOAT @UTO REAL RAGIAM HP (d) RORHAL FLOAT AUT REAL RADIAH HP fl 
e q 





(d) RORMAL FLOAT AUTO REAL RADIAW HP fl 





! 100 
| 
rd 
t a 
= 7 ea 4 
(b) y = 0.0903 (1.3384) * (e) 0.69 (b) y = 118.7226(0.7013)* (e) 28.7% 
(c) N(t) = 0.0903e°77! (f) After about 7.26 hr (c) A(t) = 118.7226e °*** (ff) k = —0.3548 = —35.48% is the 


exponential growth rate. It represents the rate 
at which the percentage of patients surviving 
advanced-stage breast cancer is decreasing. 


5 (a) RIRHAL FLOAT AUTO RES. RAGTAY hF 
e 





al (c) HOARAL FLOAT AUTO RES RADDAY rif fl HORMAL FLOAT AUTO REAL RATAN HF (c) HORMAL FLOAT BUTO REAL RADTAN HF fl 
e q 






- : eae | 
|) ef a  ) ee 
(Peau a eae eee “10 En ipigpiciucbsel 42 
(b) y = 344.5217 — 37.2566 In x (d) 188 billion pounds 
(e) Under by 2 billion pounds (b) y = 762,176,844.4 (d) 762,176,844 


1 + 8.7428¢e700162x (e) Approximately 315,203,288 (f) 2023 


L FLOAT AUTO REAL RADIA MP fl 


O 


9, (a) eit ‘Loe 














(b) Cubic (e) About $186.4 billion (b) Exponential (e) 5.1% 
(c) y = 0.0607x° — 0.5533x? + 4.1390x + 13.1560 (c) y = 115.5779 (0.9012 )* 
1 y V19 2+ V19 
12. f(x) = 3 (* +3)(x+1)*(x-2) 13. V3 «14. EEE 15. (=3; 2). 16. 7(x aN eS = 17. fe 3 : 3 zoel 


Sees 
atte 


18. {x| —5 <x S —-lorx > 5} or (—5, -1]U(5, ~) 
19. R = f(—-3) =O0;yes 20.6 


21. The function fis a polynomial so it is a continuous function, and 
i =2) = =2i =) = 3 e160 — 17 


PTT TT fe 
| 
| 
10: 


| 
HEE EH 
EPPetT EE 





APC i 
| 
| 
| 


Review Exercises (page 355) 

1.(a)-26 (b)—-241 (c)16 (d)-1 2a) V11 (b)1  VV6+2 19 3.(ae* (b)3e2-2 (Oe (d)—17 

4. (f° g) (x) = 1 — 3x, all real numbers; (g°f) (x) = 7 — 3x, all real numbers; (f° f) (x) = x, all real numbers; <= = (x) = 9x + 4, all real numbers 
5. (fog) (x) = V3 + 3x + 3x’, all real numbers; (g°f) (x) = 1+ V3x + 3x, {x|x = 0}; (fef) ( V3 V3x, {x|x = 0}: 


(gog)(x) =3 + 3x + 4x? + 2x? + x4 all real numbers 


6. (fog) (x) = 


7. (a) one-to-one (b) { (2,1), (5,3), (8,5), (10,6) } 8. 


4 
ps ff 7 7 7 
Oey ne et eee ee ee 
1—-x 
x—-—4 4 4x _ Ax 
site)) =a ; rea 
X 
7 ee ed 
12. f~* (x) - 
= _ i _ 
{Ie = 
X 
: + 1 
Fl(f(x)) = =x 
x—-1 


13. 


25. 





33. 





x— 1 
x+1 


Lex 
— {x|x £0,x #1};(g°f) (x) 
































Domain of f = range of f~' = all real numbers except 1 
Range of f = domain of f~' = all real numbers except 0 


ace =x7+2,x=0 14. f-! (x) = (x - 1)3: 
i SHV eae Hee 0 He lee 


F'(FO)) = (HP 1-1) =2 
Domain of f = range of f-' = (—09, co) 
Range of f = domain of f- | = (—c, co) 


f(f(x)) = (Ve- 2) +2=x 

Domain of f = range of f-! = [2, 0) 

Range of f = domain of f~' = [0, 00) 4 
15. (a) 81 (b)2 (5 (d) —3 


23 
Dlogx + Slog(x* +1) 26.2 In (2x +3) — 2In (x — 1) — 21n (x — 2) 27. 7 logs x 28. —2 In(x + 1) 29.1n| 


RORMAL FLOAT BLTO REAL 


RAGIAW HF 


32. (a) Domain of f: (— 0%, co) 
(b) ¥ 


i 10 a (e) Domain of f~': (0, ©) 
Hh Range of f-!: (— 00, co) 





—3 
(a) Domain of f: (—~%, ~) 


(b) (b) 





(c) Range of f: (1, ©) 
Horizontal asymptote: y = 1 

(a) f-!(x) = -log3(x - 1) 

(e) Domain of f~!: (1, ~) 
Range of f~': (—0o, «) 


(c) Range of f: (0, ©) 
Horizontal asymptote: y = 0 


(d) f-'(x) =2+41n (<) 


(e) Domain of f~!: (0, 00) 
Range of f~!: (—co, cw) 
(f) 










ar. 

Ppt tr 
ptt tt Wy | tg ty 
Pt j 
BREE En 


(c) Range of f: (0, co 
Horizontal asymptote: y = 0 


Review Exercises AN41 


{x|x A —1,x #1}; (feof) (x) =x, {xlx #1}; (geg) (x) =x, {x]x 4 0} 


5 


9. f(g(x) ) ~ i($x+2)=5(dx+2)-10=4+10-10=% 


g(f(x)) = g(5x — 10) = =(5x ~ 10) t2=x>2-2=x% 

















pe) ESS 
2x 3 
; (2*3) +3 
FF -"(#)) = = x 
(Z*3) -2 
2x + 3 
; ES) ea 
a ee x 
(23 oie 


Domain of f = range of f-' = all real 
2 

numbers except 5 

Range of f = domain of f~! = all real 


2 
numbers except 5 


16.log;z =2 17.5% =u 


2 2 
1 e >= : Poy 
° tf =}: (Zoo 


19. {x|x < lorx > 2}; (-~,1)U(2, ~) 
20.-3 21.V2 22.0.4 

23. log; uu + 2 log; v — log3;w 

24.8 log, a + 2 log, b 





16V x7 +1 
Vx(x — 4) 


30. 2.124 





) 





(b) 





(c) Range of fi (— co, ~) 
Vertical asymptote: x = —3 

(d) f '(x) =e*-3 

(e) Domain of f!: (— 0x, 00) 
Range of f~!: (—3, 00) 
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6. {- 1 37.4 —t Vat + VA) 3s, {2 v, {2st 40. { -2.6} 41. {83} a2. {5—3} 








In (—2+ V7) 
43. {1} 44. {-1} 45. {1 — In5} 46. {logs(-2 + V7) b= inher 
47. (a), (e) iy tw 2442 (b) 3; (6,3) 48. (a) 37.3W (b)6.9dB 49. (a) 11.77 (b) 9.56 in. 
Sade Ue8 inne y=x (c) 10; (10, 4) 50. (a) 9.85 yr (b) 4.27 yr 51. $20,398.87; 4.04%; 17.5 yr 
foo5\- ‘ ‘ 
\0 5] pA = log, (x — 2) +1 (d) c os 5 \ oe 3 2°) 52. $41,668.97 53.24,765 yr ago 54.55.22 min, or 55 min, 13 sec 
peal (6, 3) 2 55. 8,153,581,530 56. 7.204 g; 0.519 ¢ 
1 (e) f '(x) = 2142 
2") 
57. (a) 0.3 (b) 0.8 58. (a) eee FLOAT AUTO BEAL EADTAN HF fl 59. (a) HORHAL FLOAT AUTO REAL RADIAW MP il] 60. (a) HORMAL FLOAT AUTO REAL RAGTAM HP i 












000 





46.9292 
1 2127336 


(c) HORHAL FLOAT AUTO REAL 


(b) y = 3610.2684 (1.0406) * 
(c) A(t) = 3610.2684e%*" 


(b) C= 


(d) In 2026 


= 


(d) Approximately —3°F 





cae 
2 (d) About 47 people; 50 people 
(e) 2027-28 (e) 2.4 days; during the tenth hour of day 3 
(f) 9.5 days 


Chapter Test (page 358) 


(a fog = 21, xa 3} (b) (g°f)(-2) =5 © (feg)(-2) = -3 


2. (a) The function is not one-to-one. (b) The function is one-to-one. 


Pe. 5 5 
3.7 +(x) = - ~; domain of f= 1s x# =}. range of f= {yly 4 0}; domain of f-! = {x|x 4 0}; range of f-! = yp x >} 


4, The point (—5,3) must be on the graphof fl. 5.x=5 6b=4 7.x = 625 8-2 9.4 10.125 11.7 


domain: ‘ x 











12. (a) Domain of fi {x| 00 < x < co} or (—~, ©) 13. (a) Domain of fi {x|x > 2} or (2, ~) 


(b) (b) y 





(c) Range of f: {y|y > —2} or (—2, ~) (c) Range of f: {y|—o% < y < w} or (—©, oo) 
Horizontal asymptote: y = —2 Vertical asymptote: x = 2 

(d) f-* (x) =logy (x +2) -1 (d) f-' (x) =S°* +2 

(e) Domain of f~!: {x|x > —2} or (—2, 00) (e) Domain of f~': {x|—0o < x < co }or (—0v, 00) 
Range of f!: {y |-00 < y < 00} or (—00, «) Range of f-': {y|y > 2} or (2, ©) 


(f 
Mon) 





ieee 1s. { 31n7 
2 , 2 “(1 -—In7 

19. {2V6} 20.2 + 3 log) x — logs(x — 6) — logs(x +3) 21. About 250.39 days 22. (a) $1033.82 (b) $963.42 (ce) 11.9 yr 
23. (a) About 83 dB (b) The pain threshold will be exceeded if 31,623 people shout at the same time. 


14. {1} 15. {91} 16. {-In2} 17.4 


Section6.2 AN43 


Cumulative Review (page 359) 
1 
1. Yes;no 2.(a)10 (b) 2x7 + 3x +1 = (c) 2x? + 4xh + 2h? — 3x -3h4+1 3. (5 v3) ison the graph. 4. {—26} 


5. y 6. (a) (b) {x|-0o <x < 00} F(x) =2(x —4)* -8 = 2x? - 16x + 24 8 






_ 
Pty yt raasTT x 
picts g ay 
cone FT(0, 
Beane 


x 








4 
9. f(g(x)) = —— a Ft 2; domain: {x|x 4 3};3 
(x — 3) 
3 
10. (a) y = 3x’ 11. (a), (©) 12. - >} B. {2} 
-j : —2, 0, 2,53 y-1 
(b) x-intercepts , 0, 0 33Y intercept: 0 14. (a) {-1} (b) {x|x > =1} oF (<1, 00) 
(c) —2, 0, 2, 5: multiplicity 1, crosses (c) {25} 


(d) At most 3 turning points 
(e) 


15. (a) HORMAL FLOAT AUTO REAL RAGIAH HF fl 





Domain g = range g | = (—©o, &) 
Range g = domain g ! = (2, ©) 
(b) g(x) = logs(x — 2) ‘ | 
(b) Logarithmic; y = 49.293 — 10.563 In x 
(c) Highest value of |7| 





(—1, —54) ane 71% 
! 


PI(3, —90)I 





CHAPTER 6 Trigonometric Functions 


6.1 Assess Your Understanding (page 370) 


1 9 
3. standard position 4.centralangle 5.d 6. r0; 5 7°0 7b 8. oe 9.T 10.F 
17. 19. 21 6c 
%0 *., 135° =a 
450° 
11 4 
23, = 25, 7. 21 F 29, 37 31. — = 33. 35. 60° 37. —390° 39.810° 41.27° 43.—90° 45.—204° 47.030 49.—0.70 51.2.18 


53.179.91° 55.401.07° 57.531.70° 59.40.17° 61.50.24° 63.9.15° 65.40°19'12” 67.18°15'18” 69.19°59'24” 71.5m_ 73.12 ft 
75. 0.9 radian Th ~ 1,047in. 79.25m’ 81.2V3 ~ 3.464 ft 83. 0.24 radian 85. — = 1.047in. 872s = 2.094 ft; A = 2.094 ft? 


= 1125.74 in.” 





675 1075 
89.5 = 14.661 yd; A = 87.965 yd? 91.307 ~ 9.42in;5a7 ~ 15.71in. 93.27 ~ 628m? 95. — ~ 1060.29 ft? 97. 5 = 


1 1 
99.0 = 6p tadian/s; v= 7p m/s 101. ~23.2 mph 103. ~361.5km/h 105. ~452.5 rpm 107.61.54ft 109. ~898 mi/h 111. ~2292 mi/h 
3 
113. 41pm 115. ~2.86 mi/h 117. ~31.47rpm 119. ~1037 mi/h 121. Radius ~ 3979 mi; circumference ~ 25,000 mi 123. 637 ft? 
7 it 5 21 
125. ~2.2 rev 133.x = 73 134. 7355 135.y = —|x + 3| —4 136.HA:y = 3;VA:x =7 137%.c= 5 138. a 


139. {x| x A —3,x A 3} 140. 6x? + 6xh + 2h? § 141.27x° — 54x? + 36x — 8 142. (—0v, —0.99], [ 0.20, 0.79 ] 


6.2 Assess Your Understanding (page 387) 








1 3 3 3 
7b 8. (0,1) 0 (M2 be 10. F fie 12.a 13.sint = Ayeost = “Stan = V3 eset = 235001 = VE eee 
ror 
pees a ee V21 pe rca ee cast 2V21 an wo) V2 
- Sin = = - n = SS = -— =  — EE . sin ¢ = — =| 
S > COS 5° a 5 > CSC 71 ———; sec 57 0 71 S 5 > COS 7 


1 ip V7 3V2 
tant = —l;csct = V2; sec t = —~\/2: cot t =-1 19.sint = Tap COS E = a tant = =a eset = —3;sect = —q peote = Ae) 
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1 1 4V3 
21.—1 23.0 25.-1 220 29-1 31.5 (V2+1) 33.2 35.5 37.V6 39.4 41.0 43.2V2 + iv3 45.1 
47. sinh = V3. oo = sh tan = —V3; es = 2V3. eee = —2; =a = _N3 
; 3 > 3 2 3 ' 3 3° 3 , 3 3 
2 
49. sin 210° = -): cos 210° = mae) tan 210° = _ csc 210° = —2; sec 210° = — ues cot 210° = V3 
32 V2 3d V2. 30 3a 3a 3ar 
SL, sin [a = —S 8 COS se = oS tan a = ly ese = V2; see = 2; cote = 1 
53 on = V3. oes = a ae = —V3; nes = 2V3. re! = —2; ey = _N3 
; 3 2 3 2. 3 ; 3 3" 3 : 3 3 
2 2 
55. sin 405° = Ne) cos 405° = v2, tan 405° = 1; csc 405° = V2; sec 405° = V2: cot 405° = 1 
T 1 qT V3 T V3 T T OG ( =) 
- 1 _-— = -—_——_— -_-— => —_—_—$__—_—* -_-— == CO - _-— — —?: _- — ° -_— oe 
57 sin( = | 5 c0s( = | 5 tan( = | 3 eso( = | see( = | 3 > cot 6 V3 
2 2 
59. sin(—135°) = mie) cos(—135°) = — tan(—135°) = 1; csc(—135°) = A): sec(—135°) = =D: cot(—135°) = 1 
a feces le: ned: Cech ue= 1 ge@e nedveote ae 
61. sin a 1; cos 7 0; tan 5 is undefined; csc = 1; sec 5 is undefined; cot a 0 
— (44x) _ av (14x) Sa (_44z) ~ fc (4x, _ _2V3. (.A4z.) er (14x. _ V3 
“ ow ee as a 3 3 a 3 3 3 
4 3 4 5 5 3 
65.0.47 67.1.07 69.0.32 71.3.73 73.0.84 75.00.02 77.sin@ = 5° cos @ = = tan @ = ~3 csc 0 = 2 sec 9 = yt cot é = ee 
. 3V 13 2V 13 3 V 13 V 13 2 
PISMO = eas C08 O= B ae 3 ;sec@ = 5 COL 
81. sin 6 = -™2 cos 6 = 2 tan = 1;csc 0 = ~\/2: sec 0 = —V2;coté = 1 
3 4 3 5 4 Ve A 3 
e i = aoe = = =. = S—. — e e e — . eo e .-. 7, — . 
83. sin 0 57 ©08 6 5? tan 6 gp ose 8 3? S&C 8 yp cote 3 85.0 87.0 89.—0.1 91.3 93.5 95 5 9 5 9.7 
V3 V3 1+ V3 1 V3 v2 V2 fe V2 V2 0 7 
. e e i TT e ar t-- — i e —— =z) —a ——— = a —? 
101. 103. V3 105 5 «02 109.-> 11. = 113. 115. (a) — (4 =) o) (42) (4 ) 
11 5 Ta 13 
117. Answers may vary. One set of possible answers is — =e = 33 =A = 


119. 





eo [ os [oa [a2 [os [om | oom | ooo [ oco0oi 
Tsing | oa7ea | oasoa | 0967 | 00988 | 010 | 0010 | coo | cooo0i 


ding ane 0.9589 0.9735 0.9933 0.9983 1.0000 1.0000 1.0000 1.0000 


sin 0 





approaches 1 as 6 approaches 0. 


121. R =~ 310.56 ft; H ~ 77.64ft 123. R =~ 19,541.95 m; H ~ 2278.14m 125. (a)1.20sec (b)1.12sec (c) 1.20 sec 
127. (a) 1.9 hr;0.57 hr (b) 1.69 hr; 0.75 hr (ce) 1.63 hr; 0.86 hr (d) 1.67 hr; tan 90° is undefined 129.15.4 ft 131.71 ft 
133. (a) 466.9 ft, 587.7 ft,612.0 ft (b)é@ ~ 0.678 (38.8°) or 6 = 1.364(78.2°) (c)@ = 0.986 (56.5°); this is larger than the angle needed to get the 
maximum range. 135. (a) 16.56ft ()) iii a | 137. (a) values estimated to the nearest tenth: 
(c) 67.5° 20 sin 1 ~ 0.8; cos 1 ~ 0.5; tan 1 ~ 1.6; csc 1 ~ 1.3;sec1 ~ 2.0; 


cot 1 ~ 0.6; actual values to the nearest tenth: sin 1 ~ 0.8;cos1 = 0.5; 

: tan1 = 1.6;csc 1 = 1.2;sec1 =~ 1.9;cot1 =~ 0.6 

(b) values estimated to the nearest tenth: sin 5.1 ~ —0.9;cos5.1 = 0.4; 
45 90 

0 


tan5.1 ~ —2.3;csc5.1 ~ —1.1;sec5.1 = 2.5;cot5.1 =~ —0.4; 








actual values to the nearest tenth: sin 5.1 ~ —0.9;cos5.1 = 0.4; 
tan5.1 ~ —2.4;csc5.1 ~ —1.1;sec5.1 ~ 2.6; cot5.1 =~ —0.4 
4 12 2 2 2 ae \WI57 
139. y = _4V3 141. — — 146. . x > -2} or{| —=,co} 147.4 - 31,-5 148.R = 134 149.817 ft? 150, ————— 
7 13 5 5 6 
1 oA 
151. f(x) =— 152.[-3,2] 153.[—-5, —4) 154. (6, —2) 155, ~ 
2h Ax? 
6.3 Assess Your Understanding (page 403) 
Z 2 3 
5.27: 6. All real numbers except odd multiples of > 7.b 8a 91 10.F 11. ae 13.1 15.1 12V3 19. we 21.0 23.V2 25. Ne 


3 4 5 5 1 5 
27.11 29.1V 3L.1V 33.11 35.tané = ~p cote = Tg "eRe = "3 37. tan 6 = 2; cot @ ="5; sec @ = V5;esc @ = Ne 





Section6.4 AN45 




















3 2V3 2 3 
,tano = cota = Vii see 0 = V3 esc = 2 a1.tan9 = —Y2, cote = -2Vi;sec0 = -csc@ = —3 
5 12 13 13 5 3 3 5 5 4 

a = -—: = -—_— = = -—_—’ = -— 4 7 1 = -— = .-=—* = -— = — = 

43. cos 0 13° 'an 9 5 > csc 0 12° sec 0 5 ;cot 0 1D 5. sin 0 = tan @ ap ose @ me sec 0 pcot 3 
ip) 5 13 13 12 2n77 3V2 V2 

- = —-—- = -—-- = = -—-- ——S— 4 . 1 —= is —= —? 2: — — > ——— 

47. cos 0 137 an 197 o8e 9 5 ;sec 0 197 te 5 9. sin 0 ; tan 0 V2: csc 6 ri ; sec 0 3; cot 0 m 
2 3 1 
51.cos@ = M5. ang =-— V5. osc = > sec 6 = _3V5. cota = Pies 53. sin 0 = Plier = —tand = =V73. 
3 5 2 5 2 2 2 
2V3 3 3 4 5 5 4 10 3V 10 
csc 9 = NE cog = _N3 55. sin 8 = sen eae vgeeeer= poles sising = 9 cos 9 = sy 
10 3 3 2 2V3 
csc 0 = V10; sec 6 = —~—; cot? = —3 59. — 61. — 63.2 65.—-1 67-1 69. we 71.0 73.-V2 75. Ae 
77.1 79.1 81.0 83.1 85.—-1 87.0 89.0.9 91.9 93.0 95. Allrealnumbers 97. Odd multiples of 5 99. Odd multiples of > 
101.-—1 <y <1 103.Allrealnumbers 105.|y| = 1 107. Odd; yes; origin 109. Odd; yes; origin 111. Even; yes; y-axis 
1 

113. (a) “a (b)1 115.(a)—-2 (b)6 117. (a)—-4 (b)—-12 119. ~15.81 min 121. 130, 90,70 
123. Let a be areal number and P = (x, y) be the point on the unit circle that corresponds to t. Consider the equation tan t = ; = a.Then y = ax. 


But x7 + y? = 1,sox? + a’x* =1.Sox = + andy = + ; that is, for any real number a, there is a point P = (x, y) on the 


1 a 
V1i+a@ Vi1+ a’ 
unit circle for which tan t = a. In other words, the range of the tangent function is the set of all real numbers. 
125. Suppose that there is a number p,0 < p < 27, for which sin(@ + p) = sin @ for all 6. If@ = 0, then sin(0 + p) = sinp = sin0 = 0,sop = a. 


) os 
Ifé = = then sin( 2 a p) = sin(. But p = a. Thus, sin( =) =-l= sin( =) = 1. This is impossible. Therefore, the smallest positive 





number p for which sin(@ + p) = sin @forall@is27. 127.sec@ = ae since cos 6 has period 277, so does sec 0. 


129. If P = (x, y) is the point on the unit circle corresponding to 6, then Q = (—x, —y) is the point on the unit circle corresponding to 0 + 7. Thus, 


tan(@ + 7) = = de tan 0. Suppose that there exists a number p,0 < p < a, for which tan(@ + p) = tan @ for all 0. Then, if 6 = 0, then 
x 


tan p = tan 0 = 0. But this means that p is a multiple of 7. Since no multiple of 7 exists in the interval (0, 7), this is a contradiction. Therefore, 
the period of f(@) = tan @ is 7. 








— ; 1 1 1 1 x 1 1 
131. Let P = (x, y) be the point on the unit circle corresponding to 6. Then csc 6 = — = ——;sec 9 = — = Fcot@ = 4=+—= 
y sing x  cosé y yx  tand 
133. (sin 6 cos ¢)? + (sin @ sin @)? + cos’ @ = sin’ @ cos’ @ + sin’ 6 sin’ @ + cos’ 6 = sin’ 6(cos’ @ + sin? ¢) + cos’ @ = sin’ @ + cos*@ = 1 
7 7 89 
135. z 137. — 7 143. (fog) (x) = x7 — 14x + 46 144. Vertex: (3, 5) 145. {Ino6+4} 146.9 147. iat 


axis of symmetry: x = 3 
148. —8 and —3 149. {21} 


150.c = 35 151. (0,3), (—5, 0) 
152. 3x — 5 + oh 





6.4 Assess Your Understanding (page 416) 


3.135 4. 3: 7 5.355 6.T ZF 8.T 9d 10d 11(a)0 (b)-Tsxst (c)1 (d)0, 7,20 
3 : 5 In 11 
(e) f(x) = 1forx = 55 f(z) =+—l|forx = - FS (0 FS er (g) {x| x = ka, k an integer } 


1 4 
13. Amplitude = 5; period = 27 15. Amplitude = 3; period = 5 17. Amplitude = 6; period = 2 19. Amplitude = 53 period = aa 


10 
21. Amplitude = 9° period = 5 23.F 25.A 22H 29.C 31.J 















(—277, 4) -5+(0, 4)|1-4 (277, 4) \ 2 4) sects peo (30 il 
CCA (3a .' A acetst 2 
FY. Sl Ven. 

EET | 2 Pz, 0) 
_5 Sar X _pe Orr ta 
wa }--F / (TATA TO 
TWEE tal fap 
(-—7, —4) (a7, —4) \2? 0) 
Saas __ ' 377 ba 1 
Domain: (— ©, oo) |\-=. -4] age 


Domain: (— ©, ©) 
Range: [ —4, 4] 
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Pu 
PTT TT ay TT | 





hE Pips papa eteg 
Pt tt gt Et 


Domain: (— ©, ©) 
Range: [ —2, 2] 





Domain: (— ©, ©) 


Domain: (— 00, ©) Range: | —1,2] 


Range: [2,8] 





5 5 
Range: 2 > 


1 3 3 
57 y = +3sin(2x) 5%y = +3sin(7x) 61 y = 5 cos( Tx) 63. y = —3 cos (=) 65. y = q sin (20x) 67. y = —sin (5x) 


4 >, 
69. y = —cos (x) +1 71. y = 3 sin (Z.) Tay = —4008(3%) B= Te 
TT 


85. 


SBS 
Pea TT 
FiaPatriaray 
eaten onl aaleee 
an on on oe 

Bae 


81. (fog) (x) = —2 cosx 





1 
87. Period = — 
erio 30 5 


Amplitude = 220 amp 





+4420 
Bae 
EERE 
PRPS 
BEREe 
Stata 
Pt ty 
BBBES) 
PS Aer 
[Vosin (2uft)P Vo. , _ Vo ee 
89. (a) P(t) = ——_ = sin (27ft) (b) Since the graph of P has amplitude OR and period af ’ and is of the form y = A cos(at) + B, 
then A Yo dB V0 gs ea Aaf. Therefore, P Yo n <2 Yon n 
= -— = —= = Anf. t) = -— t) += == [i - t) |. 
en 5p an 5p: since af en w af. Therefore, P(t) aR 0° (47ft) Sp 3B [ cos (47rft) | 


91.(a) 120 (b) 80 (c) 70 beats per minute 93. (a) 75.4°F (b) 28.1°F (c)6months 95. (a) 205 ft (b)Sft (c)3 (d)4.3 mph 


Z 2 
97. (a) Physical potential: wo = aa emotional potential: w = vi intellectual potential: w = os 


Liew!) (c)No (d) Physical potential peaks at 15 days after 20th birthday. Emotional potential is 50% at 17 days, with 
: | a maximum at 10 days and a minimum at 24 days. Intellectual potential starts fairly high, drops to a 
minimum at 13 days, and rises to a maximum at 29 days. 





(2k + 1)a 5 7 
99. (0, A cos(—BC) + A), ——— C,0)kaninteger 105.2x+h—5 106.(2,5) 107. (0,5), — 30 ; “1, 0 108. {—-8} 
In7 19 4 
109.17.4 years 110. cus 0.649- Iy =2x+7 112.) - io 113, (=, = 2) 0) a 114. {1 + V10} 


6.5 Assess Your Understanding (page 427) 
3. origin; odd multiples of > 4. y-axis; odd multiples of 5 5.b 6T 7.0 9.1 


377 
a? 





11.secx = 1 forx = —27,0,27;secx = —lforx = —-a7,7 13.- 





Section6.5 AN47 


19. 





Domain: {x|x 4 kz, k is an integer } 


Domain: 4 x Range: (—00, 00) 





k 
x F i k is an odd integer 
2 Range: (— 00, co) 
Range: (— 00, co) 


a 
PETE Ta Te 
Lt 75am 





Domain: {x|x # kz, k is an integer } 


k 

a 

Domain: {x|x # 4kz, k is an integer } 
% 

Range: {y|ly = —3 ory = 3} 


Range: (— 00, 00) Domain: 





k 
x # > k is an odd integer} 


Range: {yly = —2 ory = 2} 





Domain: {x|x # 27k, k is an odd integer } 
Range: (— 00, co) 


Domain: {x|x # ka, k is an odd integer } 
Domain: {x|x does not equal an integer } 
Range: {y|y = —4ory = 4} 

Range: {y|y = —2ory = 2} 





(0, —2) 


Domain: {x|x #4 37k, k is an integer } 
Range: {yly = -30ry =1} 


Domain: {x|x # 27k, k is an odd integer } 
Range: (— 00, co) 


Domain: 1 





3 
x # a k is an odd integer} 


Range: {yly = lory = 3} 


41. 2Vv3 43. 6Vv3 
7 T 






3 4 
oh Gy Ei) = cos@ sind 


= 3sec0 + 4cscO 








(c) ~0.83 (d) ~9.86 ft 


= 
a 


7 
0 2 





55. Vertical Asymptotes:x = km,kaninteger 56. (Sp — 2q*) (25p* + 10pq* + 4q*) 57. Hazel: 4 hours; Gwyneth:6 hours 58. {—1,3} 
Domain: {x|x # kz, k an integer } 
Range: {y|y = 0} or (—00, 0] 


3 i) 
59, 60. (—00,0) U (4,00) 6L5 62ax+c-3 63. (0, -2), (3.0), (-2.0) 64.V (x +1)? + 2 «s.| 2,00] 
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6.6 Assess Your Understanding (page 438) 
1. phase shift 2. False 










3. Amplitude = 4 5. Amplitude = 2 7. Amplitude = 3 9. Amplitude = 4 
Period = 7 ; 2a Period = 7 Period = 2 
; aT Period = — ; 7 . 2 
Phase shift = — 3 Phase shift = —— Phase shift = —— 
2 Phase shift = -= : x 
fF 
Lm \oPt he) (5F.0) 
Wy ae (5.2) (Qa al #939 J 
#8 2): ae ’ | 
6” juz? i> j 
J Fl uae 
(0, 0) CMH © 
22) Sy he ag] Ae (a7, —3) 
A TF \ 4 
is oe ( 7 0) 
= | {a | (Sar _1) (0,-3) \4° |} 
\or*} (3h) VO) 
11. Amplitude = 3 13. Amplitude = 3 15. [_3a F (Sx \ 
Period = 2 ; Period = 7 7 ory , 16°"; 
Phase shift = — Phase shift = — sna ard NET HN 
7 4 (a .\ THEA [= 9\ Ca a 
wis VA fae ,4a? | Att. 
\ aca x 
(5 \ ave 3 
Te 2) nae Ge 2) 
(0, 0) 








ft 2 2 
or y = 3 sin Be TG 


2 u y ii 
(b) y = 8.5 sin| = (« = +) + 24.5 or y = 85sin ee = uz) + 24.5 


i y 1 
19%. y = 2 sin| (x = =) ory =2sin(2x—1) 21.y = 3sin A. ihe =) 


1 
23. Period = =~s 








15 5. 5 10 
Amplitude = 120 amp (d) y = 9.46 sin (1.247x + 2.096) + 24.088 
I + HORMAL FLOAT BUTO REAL RAGTIAH HF 

Phase shift = 905 4 (e) 7 
| 
E 
: 
id 

t 5 10 x 





2 
(b) y = 23.65 sin a(x = 4) + 51.75 or y = 23.65 sin (zx = 27) + 51.75 


(d) y = 24.25 sin(0.493x — 1.927) + 51.61 


(e) HORMAL FLOAT AUTO REAL RAGIAN HF fl 











Pt et tT tT 
= eee 
20EEEEEEEE EE 
5 10 x 
Oo" eae na ae a ee 13 
_ | 24a . | 24a 
29. (a) 12:50 pm = (b) y = 2.91 sin Ta9 + 2.688) | + 2.97 or y = 2.91 sin 749" + 1.360} + 2.97 (ce) 1.48 ft 
_ (27 _ {a7 
31. (a) y = 1.615 sin 3657 — 1.39 } + 12.135 33. (a) y = 6.96 sin 365° — 1.39} + 12.41 
(b) 12.42 h (b) 13.63 h 
(c) y 
20 
10 
EEE EEE EEE ERE 
150 280 420 150 280 420 
(e) The actual hours of sunlight on April 1, 2018, were 12.43 hours. (d) The actual hours of sunlight on April 1, 2018, were 13.37 hours. This is 


This is close to the predicted amount of 12.42 hours. close to the predicted amount of 13.63 hours. 


Review Exercises AN49 





5 
35. y = 51 sin| = 


9 (t + 0.9) 





5 2x — 9 7 
+55 ory =51 sin( + =) +55 38f (x) = = ; 39, 3} 40. 64x? + 240xy + 225y* 41.2V/13 


3 11 1 
42. iz a 43. y = wW/? — du? or y= (u-— 4) Vu 44. Wve — x? 45.8ft X 19ft 46.x = -—3 47.3 + 2log,x + Slog,y 


Review Exercises (page 444) 
307 1 .3V2 4V3 








Lam 2. = 3.135° 4. —450° 5.5 6S 7.-3V2 -2V3 83 9.0 10.0 111 12.1 13.1 14-1 15.1 

16 ee ene eee § == pee pe 17. ee ese eee eo ag 

. COS = pla = gicse = Zp sec = 3700 = .S = 13°08 = 13°08" = 793 8&¢ = 5700 85 

18 eee — Ge poe ease 19 pS ey geaes 0 . d= ee td = a 

. sin = 5) cos = 75 ang = a ose = 3) 60 a5 -cosd = 3 ang = 5 ese a -secO = 5° ;cotd = 7) 
12 5 13 13 12 V'10 3V10 V'10 

20. cos@ = 255 tan@ = — 7 sesc@ = Sec = 5 3 cold = — 21. sin i i0 a csco = —VWI0%seca = — 3 -cotéd = 3 
2V2 1 2 ph 

22. sind = V4, cos@d = 3° tané = mV oF csc@ = v2, coté = ae 


1 
——;tané = — 5 esc 8 = V5; sec =-— 


25. 


ae | 


_| 
| 
_ 
| 
| 
Fa 
_| 





—.,, k is an odd integer 





Range: | —2, 2 | 


a 


eee 
TTT ERT Ti et i 





TTT TT et td 
Pt TT Te ee 
aa t t 


Domain: . 





x FA “*. k is an odd integer 


Range: {y|y = —4ory = 4} 





7 ‘ : 
x # ——+ ka, k isan integer 


, A isan integer} Domain: § x 1 


3 iy 


y: 
lola a | 


Buin 
Piet iy tf 
tt ar 
PE et ae 


Seer See 


| 
ly 
ty 
ty 
|_| 
|| 
MG 

U 
i 
Th 
ta 
hI 


a 
a 


a 
Ao) EF 


SuguaeuC acum 
Domain: (—©o, ©) 
Range: [—6, 2] 
Range: {yly = -lory=1} Range: (—0©o, 00) 





Domain: 4 x 


Ss 





IT ‘ . 
x A q + kaw, k isan integer} Domain: . 





3 
x FA > + k+3a7,k is an integer 


2 
33. Amplitude = 1; Period = 7 34. Amplitude = 2; Period = 3 


35. Amplitude = 4 36. Amplitude = 1 1 2 
ac aie ’ oe anit 37. Amplitude = = 38. Amplitude = = 
Pesed = £77 Period = 47 P 2 3 
3 7 ge Period = 2 
Phase shift = 0 ae Foor =e 


Phase shift = — 
Phase shift = — 


5 |_| 
fe f\A2 
Ly 


i 
‘a 





b | 
a 
tf 
zl 
te 
mi 
zl 


HSE 
BREBEREa. ee 
Pe 





39. y = 5 cos 40.y = -1sin( x) 41.0.38 42.1.02 43. Sine, cosine, cosecant, and secant: negative; tangent and cotangent: positive 


2V2 1 a2 2 
44.1V 45.sin@ = 22. cos = — 3) tan @ = ~2\/2: csc 0 = V2. se = —3;cot@ = ae 
46 ee nie = pee = 

-sin f =. 9 cos f = 59 
48. (a) 32.34° (b) 63°10'48” 





5 
,tant = — 5 47. Domain: . 





x # odd multiple of Zs range: fyly = -lory=1} 
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16 
49. — ~ 1.05 it > ~ 1.05 ft? 50.87 ~ 25.13 in; ~ 16.76 in. 51. Approximately 114.59 revolutions/hr 


52. 0.1 revolution/sec = = tadian/sec 






1 
53. (a) 15 
(b) 220 








a, 9 





20 sin| — 4) 























aT 27 
= 20sin |—x — — ] + 75 
y sin (Z 3 ) 
ae 
—_—— ae 13 
2) 
1307 207 . 130 1 1 V3 3 (172) 
1.— 2.-— 3.— 4.-22.5° 5.810° 6.135° 7 = 8. .-- 10.—— 11.2 12.——— 13.0.292 14.0. 
, , 3-730 5° §.810° 6.135 5 8.0 9-5 0 3 5 3. 0.29 0.309 
2V6 5V6 7 7V6 2V6 V5 V5 3V5 
19. cos @é = 7 7 lane 7 -csc 0 = 5) Sec ar -cot@ = 7 20. sin @ = “3 7 tang te ae csc 0 = a 
3 2V5 . 12 5 13 13 5 TNO 5V 146 1 
sec 90 = > cot é = a 21. sin dé = 73° 008 9 = ~ 73) ose 8 = 17 see 8 = 53 cote =~ T5 22. Zoe 146 a4. — 5 
377 
25. 27,.y = —3 sin 34 + =m) 
Fair, 28. 78.93 ft? 
\ 2° 29. 143.5 rpm 
Cumulative Review (page 447) 
1 
14-15} 2.y-—5=-3(x +2) ory=—-3x-1 3.x7 + (y + 2)? = 16 
2 
4. A line; slope 3° intercepts (6,0) and (0, —4) 5. A circle; center (1, —2); radius 3 


aan 
ane 
ane 
Bika 


Mg 
PEt Tt bt ET 
btn peta et 
Eee | 


—_~ 

R 
oe 

— 





=s'a 
i 


9 ia 
oy A 
es 
| | 
(LLL 
(ELL | 





+ 75 or (d) y = 19.81 sin (0.543x — 2.296) + 75.66 


Section 7.1 AN51 


(b) 





8. f-' (x) = F(x +2) 9.—2 10. Hf \ 












Eu 

ae un 
Ha 

an a 


(om er aak 
2” ‘, 
a ao 
(_a 4) @,0 
\-7°-3] (0, 9) 
14. (a) f(x) = —3x — 3; (b) f(x) = (x — 1)* — 6;(0,-5), (c) We have that y = 3 when x = —2 and y = —6 whenx = 1. 
Ww = =3; (= 1,0),(0;-3) (—V6 + 1,0),(V6 + 1,0) Both points satisfy y = ae*. Therefore, for (—2,3) we have 
3 = ae *, which implies that a = 3e*. But for (1,—6) we have 
(2 —6 = ae', which implies that a = —6e !. Therefore, there is no 
CoA gG.45, 0) exponential function y = ae* that contains (—2,3) and (1, —6). 






BERR R IE eee 
See Be one 


Srenniscaait 








1 (2 3) ie 5) 
15. (a) f(x) == (x4 + 2) (x -— 3) (x -5 b) R _—— 
AC a ) ( yi )  (b) R(x) 3(x — 2) 
(-2, DAG) 
FEHR 
FHEG, 0) 
Poe 
CHAPTER 7 Analytic Trigonometry 
7.1 Assess Your Understanding (page 459) 
5 
S.x=sinny 60<x<7 72T 8&T 97 10d 11.0 13, 15.0 In 19. ot: 23, 7 25, —— 27.0.10 29. 1.37 
4 3 1 
31.0.51 33.—0.38 35.—0.12 371.08 39. = 41. — 43. 45. -# 47. 49.Notdefined S1.7 53.4 55.Notdefined $77 
i 2 ep il fo — —tan 1 os _ 
59. f(x) = sin? ; (ie) ecos { - «) 63. f(x) fan (ee) = 
3 2 Range of f = Domain of f ' = (—©, «) 
Range of f = Domain of f' = [—3,7] Range of f = Domain of f-' = [—2,2] a 
; eo - Range of f-! = (- 1-2 2_4) 
Range of f° = - > = Range of f-! = Do, z 
= 1 . 1h Xx \/9 
1 ae Mogae Ws aoe 
65. f(x) = sin (4) 1 on} 09.{ - ;} 711.{V3} 73. {-1} 
Range of f = Domain of f* = [-3,3] 75. (a) 13.92hor13h,55min (b) 12h (c) 13.85 h or 13h, 51 min 
Rae = - 1 a ry | 77. (a) 13.3hor13h,18min (b)12h © 13.26 h or 13 h, 15 min 
2 4 2 4 79.(a)12h (b)12h (c)12h (d)Itis12h. 81.3.35 min 
5 
83. (a) = square units (b) 5 square units 85.4250 mi 87. 7 wil va 89. - = 2| 90. The graph passes the horizontal-line test. 
Rat 


91. f-'(x) =logs(x —1) 92. (2x + 1)72(x? + 3)73(—x? — x + 3) 


93. m3 94.20 mph 95, V3 





96 ee ee aes sl t@ =. 
.S = 557 ta = 5a sec = 547 ose = 700 = 


19 AN/3 
qv 


97, Quadrant II 98. 
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7.2 Assess Your Understanding (page 466) 


2 3 
4.x =secy:=1:0:7 5S.cosine 6&F 7T 8.T 9. 11. 5 13, = 15. = 17. - 19. + 21.132 23.046 25.-0.34 272.72 
2 3 2 V 14 
29. —0.73 31. 2.55 33,2 35. _N3 37.2 39.V/2 eee 3,23 a5j2 7s 47, 49,x2 5X5 53, —-—— 
2 3 2 3 4 3 4 2 2 
3/10 7 1 u ue — 1 w-1 4 5 3a 3 5 
55, ———— 5705 59. 61 — 63" 6ST 0908 TLS OO OT 
10 4 ATT eae V/1 = x2 | ue | | ue | u 13 4 4 13 
5 
79, me 81.—V15 83. (a) 6 = 31.89° (b) 54.64 ftin diameter (c) 3796 ft high 85. (a) 0 = 22.3° (b) vo = 2940.23 ft/s 87..V2 — x? 
7 5 531 5 5 
90. —5i,5i1,-—-2,2 91.Neither 92. 7 93. aes 7.85 in. 94, (a) (- 5 =) (b) Concave down (c) Increasing: (- OO, — > decreasing: - > 0°) 
95. {-3,3} 96. {x|x =3,x 4 4,x ~ 7} or[—-3,4) U (4,7) U(7,©) 9Ly = 4sin[6(x — 1) Jory = 4sin (6x — 6) 
_—_ x+c 99, _3V3 +6 
V1i-x + V1-¢ S77 


7.3 Assess Your Understanding (page 474) 


T7 117 Tw 117 3a 77 2a 47 3a Sa aw 27 4a Sa 
7.5 a T 10.F 11. 12. 1 15. 5; ——; 17.4——? 1 — —p 21. 2 —, —, —, — 
oo a ay ten {= wl {ut =a 9 {zh aaah (Sees 
at 30 Sa 70 a Taw 117 gw 27 4a Sa 4n 87 167 3a 77 117 
PE Pa Ape et BMeeerat Meee Sat Bey 
7 S57 aw 5a 130 170 257 297 5a 5a lla 170 237 297 357 
7, = + 2 =i- +2 So eg ae ae 39, = + 6 gy ae 
37. 00 en n= tae ker} 298 oe Te Oo 9 alo 6 ko fe eS 
7 377 3a Sa Ta On 117 7 gw Tw 1307 1997 257 317 
: ae = oat sai aan ae ae ; = 2+ eee eee ae 
a1. { 5 2k, 0 5 der b SSE St Tn On as. {o] 6 ko} 42 ee oe | 
aT 27 gq 27 4n Sa Tar 8a 87 107 87 107 2007 227 327 347 
: = = Soy ee eee =e iy = fey a 
as. { 00 3 kar, 0 3 in| CES 47.{ 00 3 Akar, 0 3 ster 3° 3° 3° 3° 3°93 
27 4 3 
49. (0.41, 2.73} 51. {137,451} 53. {2.69,3.59} 55. {1.82,4.46} 57. {2.08,5.22} 59. {0.73,2.41} 61. S242 
aw Tam 117 aw 57 7 _ a 377 7 ous 7 S57 a7 Sa 37 aT 
5 
79. {0} {2 83. No real solution 85. {—1.31,1.98,3.84} 87 {052} 89. {1.26} 91. {—1.02, 1.02 } 


aw 207 4n Sar 
‘. peal . {0.76, 1. SS, 
93. {0,2.15} 95. {0.76,1.35} 9 ar Sa ae 


99, (a) —27, —7, 0, 77, 277, 37, 477 (b) 














Py 6° 6°6’ 6° 6° 6 
i 6° 2) 
117 57 137 177 
Wa 3 — x aed ae ge aL ca gif. 
Wa a (a) {3 P Oe a GROVE Sh Or 6 x za 
cae fr 


ee My 
Ae | 
+H Hoo os 











WT : Vv WT Tv WT 
7 = —-—+ — <— <4 = — 
101. (a) . x i kar, k an integer} (b) 5 x H or ( 5° =) 
Tw 3 
103. (a), 105. (a), (d 
03. (a), (d) (b) = =| (a), (d) 
(c) on 57 ho ‘(4 =) ts, 
. 12 1?” 13 








107. (a) 0s,0.43 s,0.86s (b)0.21s (ce) [0, 0.03] U [0.39, 0.43] U [0.86, 0.89] 
109. (a) 150 mi_(b) 6.06, 8.44, 15.72, 18.11 min (c) Before 6.06 min, between 8.44 and 15.72 min, and after 18.11 min (d)No_ 111. 2.03, 4.91 


Section 7.4 


113. (a) 30°, 60° = (b) 123.6 m 115. 28.90° 117. Yes; it varies from 1.25 to 1.34. 119.147 121.6, = 48.8° 


(c) HORMAL FLOAT BUTO REAL DEGREE iF fl 9g _ ali 0) + Vals 
4 4 





_ Sn 


130 123. {ola =e + ka, where k is any integer} 127.x = logey 128. 





1 10 
129. tand = — 2 csc? = —V 10; secé = ;cot?é = —3 130. Amplitude: 2 





F “ Period: 7 
0 Phase shift: > 
5 21 2a 
131. {x]x > 3} or (3,00) 132,37cm ~ 9.425em 133.4 =6 134.0dd 138.y =—Fx +> 136.——- 
7.4 Assess Your Understanding (page 454) 
1 1 + sin é 1 3sind + 1 
3, identity: conditional 4.-1 5.0 6&T 2F &T 9c 106 11.—— 13,” 15, 17.2 19, 2S" * 
cos 0 cos 0 sin 8 cos 6 sing+ 1 





1 0 
21. csc 0-cos 0 = ——:cos 6 = — =cot@ 23.1 + tan’?(-@) =1+ (-tan@)* = 1 + tan’@ = sec’ 
sin 6 sin 6 


sin@  cosé sin’@ + cos26 1 1 
25. cos (tan 8 + cot@) = cosé@ ee = cos 6| —————— ] = cos 0| ——— ] = —— = csc 0 
cos 0 sin 0 cos 6 sin 0 cos 6 sin 0 sin 6 











: — cos’u = 1 — cos*u = sin’u 29, (sec@ — 1) (seco + 1) = sec*@ — 1 = tan’ 6 





27. tan u cot u — cos‘u = tanu: 
tan u 





it 
31. (sec @ + tan @) (sec @ — tan@) = sec*@ — tan’ @ =1 33.cos*6(1 + tan’@) = cos’@sec’6 = cos’6- 29 = 1 
cos 


35. (sin@ + cos@)? + (sin@ — cos@)* = sin’? 6 + 2sin@cos 6 + cos’ @ + sin? 6 — 2 sin @ cos 6 + cos” @ 
= sin’ 6 + cos*@ + sin’? 6 + cos? 6 =1+1=2 
37. sec’ @ — sec” @ = sec? (sec? @ — 1) = (1 + tan’ 6) tan’ 6 = tan*@ + tan’ 6 
1 snu  1—sinu 1+sinu _ 1 — sin’ u _ cos” u _ -cosu 








39. secu — tanu = — = = 
cOoSu COS UU cosu. 1+sinu cosu(1+sinuw) cosu(1+sinu) 1+ sinu 


41.3 sin? 6 + 4cos’ 6 = 3 sin’ 6 + 3cos’ @ + cos’ 6 = 3(sin’ 6 + cos*@) + cos’ @ = 3 + cos’ 4 
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P = . - é 
Q i= Q 1 + sin@é) (1 — siné 
Pr a a ee ee ee ee ee 
1 + sind 1+ sind 1 + sin @ 
ce 1 cotv + 1 1 
1 + tanv cot v cot v cotv +1 sec 0 sin 6 cos 6 sin 6 
4. ———— = ux = er~— = — — a = + tan @ = — + tand@ = tand@ + tandé = 2tan@ 
1 — tanv _ 1 cotv — 1 cotv — 1 csc 6 cos 0 cos 0 
cot v cot v sin 0 
a: 1 csc 6 + 1 
1+ siné csc 6 csc 0 csc6 + 1 
49, —— = —qKX~ = e— = ei 
1 — siné fe 1 csc 6 — 1 csc 6 — 1 
csc 0 csc 8 
1 — sinv COS V (1 —sinv)* + cos’*v 1 — 2sinv + sin2v + cos? v 2 —2sinv 2(1 — sin v) 2 
COS V 1 — sinv cos v(1 — sin v) cos v(1 — sin v) cosv(1—sinv)  cosv(1—sinv)  cosv 
53 sin 0 _ 1 _ 1 _ 1 
* sin 8 — cos 6 sin 8 — cos @ _ cos 6 1 — coté 
sin 0 sin 6 
1 2sin@ sin?@ 1—2sin@+ sin’ @ 1 — sin@)? 1 — sin 6)? 
55. (sec @ — tan @)” = sec*@ — 2sec@ tan@ + tan’6 = 7 5 5 SE 
cos’'@  cos’@ cos’ é cos“ 1 — sin’ 6 (1 — siné) (1 + siné) 
_ 1-siné 
1+ sind 
57 cos 0 in sn@ — cosé é snQ cos 0 sin 0 _ cos’6 sind 
“1 —tan@ 1-coté , — sine _ cos 6 cos 8 — sin@ sin 8 — cos @ cos@—sin@  sin@ — cos@ 
cos 6 sin 0 cos 8 sin 6 
cos2@ — sin26 (cos 0 — sin @) (cos @ + sin @) 
SS je FF i — = sin 6 + cos 0 
cos 6 — sin @ cos 6 — sin @ 
cos 0 sin 0 cos 0 sin@(1 + sin@) + cos’6 sin @ + sin26 + cos? @ sin@ + 1 1 
59. tan @ + ———— = S$ AA i. — = —___ = —— = ec 
1+sin0é cos? 1+siné cos 0(1 + sin@) cos 0(1 + sin@) cos@(1+sin@)  cosé 


secO—1) _ tan? @ + 2 tan @(sec@ — 1) + sec?@ — 2seco+1 


sec @ — 1) tan? @ — (sec? @ — 2sec@ + 1) 


tané+secd—1  tan@+ (seco—1) tané + 


61. —$ J = —_—: 
tan@d—secO+1  tan@-— (sec@é—1) tan@ + 


ZN | aN /' 


sec? @ — 1 + 2tan@(sec@ — 1) + sec*@ — 2seco@ + 1 7 2 sec” 9 — 2sec@ + 2 tan 6(sec 6 — 1) 


sec? @ — 1 — sec*6+2sec0—-—1 —2.-+ 256C0 


2secO(secO?—1) +2tan@(secO—1) 2(sec6 —1)(secé + tané@) 
= Oo = —______________—_ = tran 9 + sec 0 
2(sec 6 — 1) 2(sec 6 — 1) 
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sin 0 cos 0 sin? @ — cos? 0 





















































tan@d—cot@  cos@_ sing cos @ sin 0 sin? 9 — cos” 6 = 5 
63. ———-— = re Fo = = sin’ 6 — cos’ 0 
tand+cot@ sin@ cos@ _— gin’? 6 + cos? 1 
cos 6 sin 6 cos @ sin @ 
sin U _ cos u sin? u — cos* u 
(65 a tei eer ee 1 Sa e Sco) Se 
tanu + cot u sin u i COS U sin? uw + cos? u 
COS U sin u COs u Sin u 
1 sin 0 1 + sin@ 
sec @ + tan 6 cos@ cosé cos 0 1 + siné sin 0 sin 0 1 
67, ——_ — = c“_i—-— Fo O————_ F sw a . = tan @sec 0 
cot 8 + cos 6 oes aa8 cos 6 + cos 6 sin 6 cos@  cos@(1 + siné) cos @ cosé 
sin 6 sin 6 
1 — tan’ 6 1 — tan?6 + 1 + tan’ 0 2 2 
1 + tan’ 6 1 + tan’ 6 1 + tan‘ 6 sec’ 0 
a, S68 se @ _ secO csc 9 = ey 
” sec 0 csc 0 sec 0 csc 0 sec 0 csc 0 csc 0 sec 0 
1 1 — cos” 6 sin? 0 ; sin 6 ; 
73. sec 9 — cos 8 = =—# — cos 9 ==——————__ = = sin @: = sin 8 tan 0 
cos 8 cos 0 cos 0 cos 0 
1 1 1+ sind+ 1-— sind 2 2 
75, ——_——_+ --—$$ = 8s = et 3 = 2 ec” 
1-—sind 1+ sin@ (1 + sin@)(1 — siné) 1 —sin?@  cos*6@ 
a7, _See9 sec d 1+sing  secO(1+sin@) secO(1+siné) 1+ sin6 
“1-—sin@ 1-—sin@ 1+ sin@ 1 — sin? 6 cos: 8 cos? 0 
2 _ 2sinv 








2 
79 (secv—tanv)" +1 sec?v—2secvtanv + tan’v +1 2sec*v—2secvtanv cos?v cos?y _ 2— 2s8inv sinvcosv 




















csc v(sec v — tan v) 1 i. ES 1 (oe) 1 — sin v cos v 1 — sinv 
sinv \cosv. cosy sin v COS Vv sin Vv COS V 
2(1 — sin v) sin v 2 sin v 
= + — — = — = 2? tan 
COS V 1 — sinv COS V 
sin 86 + cos @ sin 8 — cos @ sin 6 cos 8 sin? 6 + cos? 6 1 
81. ——_—_——— — ————__ = +1- - = —_——_ = — — = sec écscé 
cos 0 sin 6 cos 0 sin 6 cos 6 sin 0 cos 6 sin 0 
sin? @ + cos?@ ~— (sin @ + cos @) (sin? 6 — sin @ cos 6 + cos’ 6) ae ; 
8:3. —____—_—_ = ——[@@M@@@@VWMWUV#—_ = 7 6 +: CoS’ 0 — sin Ocos 0 = 1 — sin @cos@ 
sin 8 + cos @ sin 8 + cos 0 
cos’@ — sin’@  cos*@—sin’?@ _ cos’6 — sin’ @ 5 
1 — tan‘ 6 , smo cos’ 8 — sin’ 0 
cos’ 0 cos’ 0 
2 cos?@ — 1)? 2 cos? @ — (sin? 6 + cos? 06) |? cos? 6 — sin” @)” 
ee ee ae (1 — sin? @) — sin? 6 = 1 — 2sin’ 6 
cos’ @ — sin" 6 (cos“ 8 — sin* 8) (cos @ + sin‘ 0) cos’ 6 — sin’ 6 
go, Lt sind + cos @ (1+ sing) + cos@ (1+ sin@) +cos@ 1+2sin@ + sin’ 6 + 2(1 + sin@) cos@ + cos’ é 
"1+ sin@ —cos@ — (1 + sin@) —cos@ (1+ sin@) + cosé 7 1 + 2sin6@ + sin? @ — cos? @ 


1+ 2sin@ + sin’@ + 2(1 + sin@)cos@+ (1 — sin? 6) 2+ 2sin@ + 2(1 + sin@)cosé 
7 1 + 2sin @ + sin’ @ — (1 — sin’ 6) 7 2 sin @ + 2 sin’ 6 


_— 2(1 + sind) +2(1 + sin@)cos@  2(1 + siné)(1+cos@) 1+ cosé 


2 sin @(1 + sin@) 7 2 sin @(1 + sin @) sin 0 


91. (asin@ + bcos@)* + (acos6@ — bsin@)* = a’ sin’ 6 + 2ab sin cos 6 + b’ cos’ @ + a” cos’ 6 — 2ab sin @ cos 6 + b’ sin’ 6 


= a’ (sin? 6 + cos’ @) + b? (cos*@ + sin? @) = a? + b? 

tana + tan Bp tana + tan Bp tana + tan B : a tan a tan B : ; 
—_ ——= = ana an —— Tal oe Can 
cota + cot B 1 ns 1 tan B + tana ( B) e 


93. 
tana + tan B 
tana tanp tan a tan B 








95. (sina + cosB)”? + (cos B + sina) (cos B — sina) = (sin’a + 2sinacos B + cos’ B) + (cos? B — sin’ a) 


2 cos’ 8B + 2sinacos B = 2 cos B(cos B + sina) = 2.cos B(sina + cos B) 


97. In|sec 6| = In|cos 6|"' = —In|cos 6| 


99, In|1 + cos 6| + In|1 — cos 6| = In(|1 + cos 6||1 — cos 6|) = In|1 — cos*@| = In|sin’6| = 2 In|sin 6| 


1 cos? x 1 — cos? x sin? x 


1 sin x 
101. g(x) = secx — cosx = — — cosx = SS sin x = Sin x: tan x = f(x) 
COS x cOSx  cosx COS x COS x COs x 
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103. (6) = 1—sin@  _cos@ _1—sin@ 1+sin@  _cos@  cosd _ 1 — sin’6 7 cos’6 
; cos6  1+sind  cos@? 1+sinO 1+sin0 cosO cos 6(1+sin@) cosé(1 + siné) 
2 2 
cos’d cos’0 
Se ee ee ee) 


cos@(1+sin@)  cos@(1 + siné) 


105. V16 + 16 tan? 9 = V16V1 + tan? 6 = 4V sec* 6 = 4sec 8, since secé > 0 for — 5 < Q< g 


2 


1 2 1 ) 26 1 (2—-cos6 1200 (1 + 1 — cos? 6 
107. 1200 sec 6 (2 sec? 9 — 1) = 1200 (= ~ 1) = 1200 ( oe ) = 1200 ae zs te ee a 
cos 8 \cos* 9 cos @ \cos“@ cos’ @ cos 0 cos’ 0 cos” 6 

















1200 (1 + sin’ 6) 





3 
cos” 0 
109. Let 6 = sin !(—x).Then —x = sin 9. So,x = —sin @ = sin(—@) because the sine function is odd. This means — 6 = sin 'x, and @ = —sin ‘x. 
So, sin }(—x) = —sin'!y. 
—x-i1 2 a, be = Os — 13 ee __-.. 42 2 
115. Maximum, 1250 116. (fog) (x) = 117. sind = 13° 0088 = 73° ane = 79° 080 = Be ssecO = 79: cot? = — 85 118. = 


V’'89 


48 
119.413 120. rs m? ~ 30.159m’ 121.18 miles 122. ~— — 123. (x — 6)? + (y+2)*=9 124 {x|6 <x <9} or (6,9] 


7.5 Assess Your Understanding (page 496) 


7.(a)— (b)— 8&F 9F 10.T Ila 12.d 13. -7 (V2 + V6) 15.2- V3 11— ~( V6 + V2) 19.5 (V2 - V6) 


21. -=(V6 + V2) 23.V6- V2 25. = 27.0 29.1 31-1 33.5 35, (a) 25 mia (2S (d) 2 
4— 35, ( —= =3=4V3 | 5a, gy V3 +48 54+12V3 | 12-5V3. -5+:12V3 , — 240 + 1693 
a oS oOo Oto? 


40  4O oe) 26 26 26 69 


wi I) eA DTT anys 9-4/2 L296 Vea27) . 87-9075 
SS () ———— ———— _ 43, ———___ 45, ————_._ 4, ———_ 


37. (a) —~_— 


41. (a) — == (b) 6 (d) 7 ‘ 6 . 6 f 5 


TE 5 IE LL . 
49. al + 0) = sin cos @ + cos, sin 0 = 1-cos@é + 0°sin@ = cos @ 


51. sin(7 — 6) = sina cos @ — cos7sin@ = 0:cos@ — (—1) sind = siné 

53. sin(a7 + 0) = sinawcos @ + cos7sin@ = 0:cos@ + (—1) sin@d = —sin 6 
t — tan 0 0 — tan 6 

55. tan(a7 — 0) = a a = -tano 


1+tan7vtano 1+0-tané 
_ (37 OF 37 . 
§7. sin 7% +@)})= Sins 9008 O + cose, sin 8 = —1:-cos@é + 0°:sin@ = —cos@ 


59. sin(a + B) + sin(a — B) = sinacosB + cosasin B + sinacos B — cosasin B = 2 sina cos B 


sin(a +B) sinacosB+cosasinB  sinacosB  cosasinB 


61. — = _ = — — 4+ — — = 14+ cota tan Bp 
sin a cos B sin a cos B sinacosB sinacos PB 
cos(a +B) cosacosB-—sinasinB cosacosB  sinasinB 
6.23—$—$—S—SS 5 0 i 1 — tana tan 8 
cos a cos B cos a cos B cosacosB cosacos BP 


sin a cos 8B + cosa sin B sinacosB  cosasinB 
sin(a +B)  sinacosB + cosasinB _ cos a cos B — cCosacosB  cosacosB tana + tanB 
sin(a—B) sinacosB—cosasinB sinacosB—cosasinB sinacosB cosasinB tana — tanB 
cos a cos B cos a cos B a cos a cos B 


cosacos$8 —sinasinB  cosacosB- sinasinB 








_ cos(a +B)  cosacosB — sinasinB _ sin a sin B _ sina sin B sinasinB  cotacotB — 1 
pico 2) = sin(a@ + B) 7 sin a cos B + cosa sin B ~ sinacosB+cosasinB  sinacosB cosasinB ~ cot B + cota 
sin a sin B smasinB  sinasin B 
1 1 1 
1 1 sin a sin B sina sin B csc a csc B 


69. sec(a + $< 55 ET i 
( B) cos(a + B) cosacosB — sinasinB cosacosB — sinasinB cos a cos B sin @ sin B ~ cotacot B — 1 


sin a sin B smasinB  sinasin B 


71. sin(a — B) sin(a + B) = (sinacos B — cos asin B) (sinacos B + cosasin B) = sin? a cos” B — cos” 


= sin’a(1 — sin’?B) — (1 — sin’a)sin’?B = sin’a — sin’B 


73. sin(@ + kw) = sin@cosk7 + cos @sinkaw = (sin 6) _ + (cos) (0) = (—1)‘sin 9, k any integer 


3 24 33 ae 48 + 25 

73,43 7,-— 779,-2 91.22 93, Poy V3 INL a M1 Sa Se Se 
2 25 65 65 39 
ASA as tee a. ee ce 

ge oe a eee eer Ver “ape roay21 93, {272 os, {TI 7) 


V1+ uv? vV1—-wt+uVi1 —v? 2° 6 


a sin’ B 





AN56 Answers: Chapter 7 
99. sin(sin 'v + cos !v) = sin(sin 'v) cos(cos !v) + cos(sin 'v) sin(cos'v) = (v)(v) + V1 -W’V1-wW=wW4+1-v=1 
sin(x +h) —sinx  sinx cosh + cosxsinh — sinx cosxsinh — sinx(1 — cosh) sinh |. 1-—cosh 
——§!"_— = —@_o— m@A$~\O@ —=—_ = cosx: — sin x»: ————— 
h h h h h 
tan(tan}1 + tan !2) + tan(tan!3) 


1 — tan(tan’!1 + tan! 2) tan(tan | 3) 





103. (a) tan(tan'1 + tan!2 + tan 1/3) = tan((tan!1 + tan 2) + tan!3) = 





tan(tan'1) + tan(tan™!2) 142 3 
——— —~~ +3 — +3 
_ 1-— tan(tan™ 1)tan(tan™ 2) — 1-1-2 =i —-34+3 0 —- : 
tan(tan'1) + tan(tan'2) _ 1- Lia fees 1+9 10 


Oe tan(tan '1)tan(tan! 2) 1-1-2 1 


(b) From the definition of the inverse tangent function,0 < tan ‘1 < a 0<tan!2< > and0 < tan !3 < 5 


397 
so0 < tan 1+ tan /2+4+ tan 13 < 


3 
On the interval (0 =), tan 6 = Oif and only if 9 = 7. Therefore, from part (a), tan ‘1 + tan '2 + tan!3 = zr. 


tan 6, — tan é@ Mm, —™m 
105. (a) (2400 — 12003) in. (b) (1350 + 675-V3) em? 107. tan @ = tan(0) — 0) = => —————- = 
i| 2 ee 


. —_ — . . . IT T 
109. Let a = sin 'v and B = cos |v. Then sina = cos B = v, and since sina = cos( F a «), cos( = «) = cos B. 


Ifv = 0,then0 <a <= a so (3 = «) and B both lie in 0,2. 1» <0, then — <a <0,s0 (= = «) and B both lie In (Z| 


Either way, cos( Z = «) = cos B implies — —a=fB,orat+ B= oe 





1 1 
111. Let a = tan’!— and B = tan’'v. Because v # 0,a, 8 # 0. Then tana = — = = cot B, and since 
Vv v 


tan B 


tana = cot( 3 a «), coi(3 a «) = cot B. Becausev > 0,0 <a < ce and so (z — «) and B both lie in (0 =). 


Then coi(2 = «) = cot B implies = —a= B,ora = 5 =. 6. 


2 1 + tana tan Le ie Lee 1+x7-1 9x2 
113. 2 cot (a — B) eee og Oo, a Sa 
tan (a — B) tana — tan B (aL) = (xe 1) ae ee 2 


sin( — 0) 
) 7 2 cos 6 


= = cot 0. 


7 (= ) sin 0 
COS 7 





115. tan is not defined; tan( 3 —@ 





1 5 9 2V5 5 5 1 
116. (- —,— >) (—5,1) 117.510° 118. mm’? ~ 14.14 m 119.sin@ = — -cosé = V5. cscO = NS, sec@ = V5; cot@ = -= 
2 9 2 5 5 2 2 
1 cy 14x + 24 
120. f(x) =7(x + 2)?-3 124. {6} 122. log; 123. 144x!8yl4 124, {2,6} 128. ene —— 
Z a 


7.6 Assess Your Understanding (page 507) 
V 10 3V1 


6 24 7 
1. sin’; 2 cos’6; 2 sin’@ a) 3.sind 4.T 5.F 6.F 7b 8c 9. (a) 55 (b) 5 (TF (a) 


24 qd 2V5 5 2VZ 1 3 6 a= W6 
11. (a) == (b) — 5 (7 (~~ 13. (a) -7* (b) = (9 (2 (d) | —— 





4V2 7 V3. V6 4 54+ 2V5 | 5 — 2V5 
15. (a) (b) —> one (a ~ 17. (a) —= (b) = i —, 
9 9 5 10 
4 1 10+ V v2- V2 2+ V3 
19. @=e (b) —= (5 V0 (a) -5 ne V2 1 V3 95, -V2+ V3 
5 5 5 2 
2 = 2 4 10(5 = 775 4 ‘l V10 V15 
27, = (2 - V2) ye 5p, =e = Ve 31. —= Aces 35.5 37. — 3 39. 7 — se te 
V2+ V2 
L=—cos(2e)\* 4 1 1 1 
43. sin‘ @ = (sin? @)” = —) = —[1 — 2cos(20) + cos” (20)] = — — = cos(20) + — cos” (20) 
2 4 4 2 4 
1 1 1 1+cos(40) 1 1 1 1 31 1 
== = + —+— = = +ofte = — — —cos(20) + =cos(4 
EF cos (20) r 5 75 cos (26) ge tag cos (40) 7 5 cos (20 ) 3 cos (40) 
1 — cos(20) 1 + cos(26) 1 1 1+ _— 1 ; 1 | 1 1 
. sin 2 = sig i a _— 2 = =— ee = | i te te 4 
45. sin’ 6 cos* 0 5 5 rae cos“ (20) | ri 1 5 rule: 5 008 (48) 3 3 008 ( 0) 


47. cos(30) = 4cos?6 —3cos@ 49.sin(50) = 16sin° 6 — 20sin°6 + Ssin6@ 51.cos*@ — sint @ = (cos’ 6 + sin’ @) (cos? 6 — sin? @) = cos(26) 















































7 1 cot7@—1 
1 1 — tan’@ 2 2 t?76-—1 coté t?o-1 
B50 ee ee 
tan (26) 2 tan 0 >. 1 2 cot? 6 2 2 cot 0 
cot 0 cot 0 
1 1 1 1 sec? 0 
55. sec(20) = ———— = ———-. = —— = = — 37. ccos* (2) — sin? (2u) = cos(2+2u) = cos(4u 
en) cos(26)  2cos*@-1 eis 2-—sec?@ 2-—sec’é ee) ee) ( ) ae 
sec’ 0 sec’ 6 
cos (26) 7 cos’ 6 — sin? 0 7 (cos 8 — sin @) (cos 6 + sin 6) 7 (cos 0 — sin @) (cos @ + sin @) _ cos @ — sin 6 
"1 + sin(26) = 14+2sin@cos@ sin? 6 + cosv?6 + 2sin@cos@ (sin 8 + cos @) (sin + cos @) ~ cos 6 + sind 
cos 8 — sin @ cosO _ sin 0 
= sin 0 _ sind siné  cot@—1 
cos @ + sin @ cos@ sind cot@ +1 
sin 0 sind sin@ 
1 1 2 
61. sec*= = Fs 
2 >) 1 + cosé@ 1 + cosé@ 
cos*{ — —— 
2 2 
a il secv + 1 
ov 1 i 1 + cosv Sec V Sec V secv +1 secv secv + 1 
63. cot?— = ————_- = ———— = SO 5 
2 (5) 1 — cosv 1 — cosv 1 secv — l sec V secv — 1 secv — 1 
tan*| — rn i= ——__ 
2 1 + cosv sec Vv sec V 
(2) 1 — cos@ 1+ cos@ — (1 — cos @) 
1 — tan“|— , = 
65 2) 1+cosé _ 1 + cos 0 _ 2cosé OT 
° 0 1 — cosé@ 1 +cos@+1-—cosé@ 1 + cos @ ) 
1 + tan?( = Lt 
,) 1 + cosé 1 + cosé 
: sin(30) cos(30) _ sin(36@) cos@ — cos(3@)sin@ ——_—sin(30 — @) 2sin(26) _ 
sin 6 cos8 sin 6 cos 0 7 * (2 sin 6 cos 6) sin (20) 
tan 0 + ee 
tan @ + tan(20) 1—tan?6 tan@d—tan’@+2tan@ 3tané — tan’¢@ 
69. tan (30) = tan(@ + 20) = =>—@£{ —— 233 Foe 
1 — tan@tan(20) ; tan 6(2 tan 0) 1 — tan’ 6 — 2 tan? 6 1 — 3 tan’ 6 
1 — tan’ @ 
i! 1 — cos(26) | \12 2a An 5 27 4 
71. 5 ( (In]1 — cos(20)| — In2) = in( 2s) = In|sin’6|'? = In|sin 6| 73. ‘5 53 m= 75. 10, re | 
TW 27 4n7 3a 57 5a V3 24 24 1 25 T 5a 
77. \0,=,=,—, 7, =, =. — 7 79.N 1 soluti 81.4 0,—, —p §$3.—— gs. sn 89.— 91.-— 93.— 95.0,-, 7, — 
{Oops ma ie =| Opera eens | oe =| 2 25 7 25 7 5 7 ane 
3 Tam 37 11 — 
97. aS 99, Uru kaa 101. (a) (1152/2 — 1152) in? or 1152V3 — 2V2in2 (b) (1622 + 162) cm? or = 16273 + 2V2 cr’ 
1 6 1 - 6 6 
103. (a) W = 2D(csc 0 — cot 0) = 20( = ) = 2p ——*" = 2D tan— (b) 0 = 24.45° 
sin@ sin@ sin 0 2 
2 
Vo : 377 — wer — - — ° 
105. (a) R = ig cos @ (sin 8 — cos @) (b) 3 or 67.5° (d) De) }§=30 = 67.5 
21/5 _ 377 : 
V2 32(2 — V2) ~ 18.75 ft — 
_ = cose sine = 5 e009) (c) 32( ) ( 3 radians makes R largest. 
vp R = 18.75 ft 





_ V2, 2 2 1 
5 [sin (20) — cos (26) — 1] 





0 6 1 4 1 
= 5. COS s sins = 5 sin@ 109.sin(26) = i == ae 


2a) 
rim() co) 


1 
107.A = 5h (base) = = AG base) = 


W]e 


(6% 
Zt — 
13 “(5) 
18 a tn($) ee(2) 
1 + tan*| = sec 
2 ae a 
cos($) 


Vian EVI 


en 


22 





7 
117. sin— = 
sinsy 


) a a 
cs = = —|)=<si -—)= si 115. 
ae) sin( $) cos( ©) sin( 2 = sin a | 


Section 7.6 AN57 
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119. sin’ 6 + sin’ (6 + 120°) + sin’ (6 + 240°) = sin’ 6 + (sin @ cos 120° + cos @ sin 120°)? + (sin @ cos 240° + cos @ sin 240°) ° 


3 3 1 3 3 
+ (-5 — sind + F cos0) + (~F sino — ~ cose) 
2 -) 
1 
8 


1 
= sin’ 6 + (3°V3 cos? 6 — 9cos* @sin@ + 3/3 cos 6 sin” 6 — sin 39) — 8 (sin? 0 + 3/3 sin2 6 cos 6 + 9 sin 6 cos? @ + 33 cos? 6) 


| 
a 
5 
D> 
as 





5 9 3 5 
=F sin’ 9 — A cos’ @ sin @ = 1 [sin? @ — 3sin (1 — sin’ @)] = ri (4sin’ 9 — 3sin@) = —¥ sin(36) (from Example 2) 
1 1 V34+1 oe ee 5 5x +3 
= (oS < "a , , =r = = ‘ -_ 
121 5 123. y 5% 4 124 _ Yt 4g 125 5 127. f(x) =x? + 5x° — 4x — 20 128. f(x) are 
see 21n3 — 7In2 In9 — In 128 
oF x 129. | In2 — In3 \ 7 ‘ In2 — In3 \ =e Oe) 
: i aan (4, — 1 6x ~~ 5 7% 3 
bi f? 130.13 BL 132.D = ——~— 
6 5x — 4y + 4 
7.7 Assess Your Understanding (page 513) 
1 3 1 3 1 1 1 
Lif = 1) 3 08 ef 1) ss 7 7. 5 [cos (26) — cos (66) | 9.5 [sin (68) + sin (260) | 11. 5 [cos (26) + cos (86) | 


1 1 0 
13. = [cos 0 — cos (36) | 15. = [sin (26) + sin@] 17.2 sin@cos(30) 19.2 cos(30) cos@ 21.2 sin(20) cos 6 23. 2 sin @ sin = 


sin@ + sin(3@)  2sin(26) cos@ sin(40) + sin(26) 2sin(30) cos@ — sin(36) 
25. — = 0080 2 ee = tan (38) 
2 sin (26) 2 sin (26) cos(40) + cos(20)  2cos(30) cos@  cos(30) 
cos @ — cos(30) | 2sin(26) sin@ _ sing 
( 


29. ——___ = * 
sin 8 + sin(30) 2sin(20) cos@ cos 0 


1 
31. sin 6[sin 0 + sin(30)] = sin 6[2 sin(26) cos 6] = cos 6[2 sin(20) sin 6] = cos 6 2+ [cos — cos(36)] | = cos 6[cos 86 — cos(30) | 















































sin(46) + sin(86) 2 sin(60) cos (20) sin (66) 
33. = ———__——_—_ = ——— = tan(66) 
cos(40) + cos(80)  2cos(60@) cos(20)  cos(66) 
sin(4@) + sin(86 2 sin(6@) cos(—26 sin (60 cos (26 tan (60 
ge eae 
sin(40) — sin(8@0)  2sin(—26) cos(6@)  cos(6@) —sin(26) tan (26) 
Pe ce a— Bp _at Bp a— Bp 
aq Site + sin B sin 5 a cos 5 , ee ca: 
“sina — sinB  a-BpB atBp a+ B —~= 6 Z 2 
2 sin cos COs sin 
2 2 2 
Fe To .@= 2 _at Bp 
snatsnB “2 2. 2 ant th 
“cosa +cosB a+ B a-p- a eae 2 
2 COs COs 5 COs 5 


41.1 + cos(26) + cos(40) + cos(60) = [1 + cos(60)] + [cos(26) + cos(40)] = 2 cos’(30) + 2 cos(30) cos(—@) 
= 2 cos(30)[cos(30) + cos 0] = 2 cos(30)[2 cos(26) cos 6] = 4 cos 6 cos (26) cos (36) 
1 — cos(20) i. 1 + cos(26) 


43. sin’ cos’ 6 = (sin’ 0) *cos? 6 = g) 2 


= (1 — cos(20)]*[1 + cos (26) ] 


1 + cos(46) 
2 


| 


= (1 — cos(20)][1 — cos*(20)] = —[1 - c0s(20)]) 1 |= =I — cos(20)][2 — (1 + cos(46) )| 


8 


= Aa — cos(26)][1 — cos(46)] = J ——[1 — cos(26) — cos(4@) + cos(46)cos (20) | 


16 16 
= a! — cos(20) — cos(40) + | cos(28) 7 cos(60)]} = (2 — 2cos(26) — 2 cos(46) + cos(26) + cos(60) | 
= =(2 ~ cos(20) — 2cos(40) + cos(60)] = — 55 £08 (20) - - cos (40) + 55 605 (60) 
45. sin°@ = (sin’@)? = aS = (i — cos(26)]? 
i : 1 1 + cos(46) 
= gli - 2cos(26) + cos?(26)] [1 — cos(26)] = AL — 2cos(20) + a — cos (26) ] 
= 7gl2 — 4c0s(20) + 1 + cos(40)][1 — cos(26)] = T2[3 — 4cos(20) + cos(4)][1 — cos(26)] 
= 13 — 3cos(20) — 4cos(20) + 4cos?(20) + cos(40) — cos(46)cos(20)] 
= ist — 7cos(20) + +4 + cos (40) — +[ cos(28) + cos(60)]} 
~ Pak — 14cos(20) + 4 + 4cos(49) + 2 cos (40) — cos(20) — cos(69)] 
= 3511 0 — 15 cos(20) + 6cos(40) — cos(66)] = 2 = = cos (28) cr = cos (40) - s cos (66) 





Review Exercises AN59 








aw 7 21 An 30 Str gq 20 37 At 67 Ta 8a Or 
47.50, >So To eo 89. 9 0 Ss Ss SS 
ogee Papier | {Ogee pong paar 
51. (a) y = 2 sin(20617t) cos (3577) 53. I, = I,cos’6 + I, sin? 6 —2I,, sin 8 cos 6 = I, cos’ @ + rf sin’ 6 — I, sin 20 
(b) Vmax = 2 cos 20 + 1 1 — cos 20 
= I, ——7 Ay —— —I,y sin 20 



































I, Lk 4 4 ; 
= 7 008 28 + > + 7 9 008.26 — Ly sin 26 
kt+h k-J, . 
= 5 + 5 cos 20 — I, sin 260 
1, = Lesin? 0 + fy c0s*0 + 2feysind cos = k,(+—SE™) 4 1, (SERAL) 4 1, sin 0 
x x I, I, . 
= ey cos 290 + — 5 ~ cos 26 + — 5 + [ sin 26 
kth k-l . 
a) cos 26 + I, sin 20 
55. sin ( B) = sinacos B — cosasin B 
sin(a + B) = sinacos B + cosasin B 
sin(a — B) + sin(a + B) = 2sinacosB 
sina cos B = [sin (a + B) + sin(a — B)] 
57,2 cos - cos , e = 2-5} cos(* - E ae = 5 =) ee cos( * : P ee = )| = cose ac cos = cosa + cos B 
59. sin(2a) + sin(2B) + sin(2y) = 2sin(a + B) cos(a — B) + sin(2y) = 2sin(a + B) cos(a — B) + 2sinycos y 


= 2sin(a7 — y) cos(a — B) + 2sinycosy = 2sinycos(a — B) + 2sinycos y = 2sin y[cos(a — B) + cos y| 


=p ey 


COS 
2 


= 2 sin ¥(2 COS 


a= pS ¥ 


2a — 7 


2 


qT — 2B 
2 








7 W 
COs = 4sin y cos( 3 = 6) cos( a = =) 


—Agj 
) sin y cos 5 


Z 


= 4sinysin B sina = 4sinasin B sin y 


61.{13} 62. Amplitude: 5; Period: 


ae) 
64. f-'(x) = sin (=); Range of f = Domain of f-! = [-8, —2]; Range of f-! = - aa 65. —-—— 


2A 


1 
67.4800 rpm 68.4 = i 


69. E 


2 
70. = 
) 


: 


Review Exercises (page 516) 


1. Domain: {x|—1 < x < 1}; Range: y ey 


: 
vr 








TT TT 
—; Ph hift: — 
5 ase shi i 


2V6 


63." 


V3 


1 
= 3(x —3)*-5 


3 66. f(x) 


= 


= = 2. Domain: {x|—1 = x = 1}; Range: {y|0 = y = w} 

















3. Domain: {x|—0o < x < oo}; Range: a SY <i 4, Domain: {x||x| = 1}; Range: {>{0 <y<sm,yF = 
5. Domain: { x||x| = 1}s Range: 4) -2 a= ra! a 0} 6. Domain: {x|—0o < x < co}; Range: {y|0 < y < w} 
qT qT qT T 5a T qT 377 3%r 377 7 qT qT 
7Z— 8— 9— 10-— 1— 2.--—- B.-— 14— 1.— 16.— 17.-— 18.— 19.—— 20.0.9 21.0.6 22.5 23. Not defined 
5. 9 A 6 6 3 4 4 8 4 3 7 9 aaa 
2 4 
24, ae 5 26.3 Be ve 28. : 29.-= 30. f(x) = =sint '(5); Range of f = Domain of f~! = [—2, 2]; Range of f~! = -2 = 
u 
31. f-'(x) = cos '(3 — x); Range of f = Domain of f-' = [2,4]; Range of f-! = [0,7] 32.V1 —- wu’ ie 
uVur—1 
34, tan 6 cot 6 — sin? @ = 1 — sin’? @ = cos*@ 35.sin? @(1 + cot? 6) = sin’? @ csc? 6 = 1 
36. 5 cos’ 9 + 3 sin? 6 = 2 cos’ 6 + 3(cos’6@ + sin’? @) = 3 + 2 cos’ 4 
1 — cos 0 sin @ (1 —cos6)* + sin*@ 1 —2cos6@ + cos’6 + sin’@ 2(1 — cos @) 
sin 0 1 — cos@ sin 6(1 — cos @) sin 0(1 — cos @) sin 6(1 — cos @) 
cos 6 1 
38 cos 0 _ cos 6 _ 1 _ 1 cscO sind | 1 _ 1 il-sng 1-—sné_ 1-—sin@ 
“cos@é—sin@  cosé— sind _ sin é 1 — tan@ *1 + escé 1 1+sin6d 1+sin0 1-—sin@ 1 — sin’6 cos-6 
cos 8 cos 6 sin 0 
1 1 — sin’@ cos*é cos 0 
40. csc 0 — sin @ = —— — siné = ——— = — = 6 - —— = cos 6 cot 0 
sin 6 sin 0 sin 6 sin 0 
1 — sin@ 1+sing  cos@(1 — sin’@) cos°é cos@ sin@  cos*@—sin’@ 1 — 2sin’é@ 
41. ———— = cos 0(1 — sin 6) -«———._ = —_—___—_- = ———__ 42. cot 6 — tan@ = — — = = 
sec 0 1+ siné 1 + siné 1+ sind sin 6 cos 6 sin 8 cos 6 sin 6 cos 6 
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cos(a+B) cosacosB-—sinasinB  cosacosB  sinasinB 
—  o F Ea _ - — — = cot B - tana 
cos a sin B cos a sin B cosasinB cosasin Bp 


cos(a — B) cosacos8+sinasinB cosacosB _ sinasinB 
44. — = = —_ + — — = 1 + tanactan B 
cos a cos B cos a cos B cosacosB cosacos Bp 


7) sin 0 
: aa —_ = df = 
45. (1 + cos 9) tan; (1 + cos @) ay sin 0 


cos@ cos29 2. cos6(cos*@ — sin’@) _ cos*@ — sin’# 5 
- “= SSS ~~ a, = cot’@d — 1 
sind sin26 2 sin“@ cosé sin“0 
47. 1—8 sin’@ cos’@ = 1 — 2(2sin @ cos 6)” = 1 — 2sin’*(20) = cos(4@) 
ig sin (36)cos @ — sin@cos(30) — sin(20) _ ‘ sin(26) + sin(4@) — 2 sin(3@) cos(—6) 
: sin (20) ~ sin(20) "cos(20) + cos(49) 2 cos(30) cos(—@) 
cos(20) — cos(46) —2 sin(36) sin(—6@) 


50. —~.\——_—___~ ~ tan 6 tan(30) = 
cos(20) + cos (40) eee 2 cos (36) cos(—6@) 





46. 2cot@cot20 = 2: 








= tan(36) 


— tan 6 tan(30) = tan(36) tan@ — tan @tan(30) = 0 


24 V5 33 


si. 7 (V6 - V2) 52.2 — V3 53.2 (V6 - V2) s4.7(V2 - V6) 55.5 56.— 52.V2—-1 5822 59. @y-= (b) -22 


2 2 65 
63 33 24 119 526 2V5 16 63 56 16 24 119 V26 V10 
O-—~ Oy OF OF @-, HO | 0-2 O-E O-E Oe OZ OF Oy ©] 
63 16 33 63 24 119 I/ 13 V'10 BA 4 1=9V/6 ee Ae) 
61. (a) — 65 (b) 65 (c) 65 (d) — 16 (e) 5 (f) — 169 (g) B (h) — To 62. (a) — -— (b) —_— (c) —" 


‘a 8V2 + 9V3 V3 7 V3 0 V3 1 4V'5 1 V30 
6 


BO OHS O-F OF YH Ba1 )0 (|-F WNotdefined (Y= H-Z &) 


VOV3= V5, ( At3V3, (4.33 48 + 25V3 V2 24 7 mo. { ax} ni, {2,5 nn, {27a 
3 ie a "U4? 4 


(h) — ———_ 65. 66. — 67, =—— 68. “— 60, -#2 f. 
6 3 
da 4 2 4 
73.1 0,5, 0,2} 74.45 ul z= 75. £0.25, 2.89} 76.{ 0,22, 2, <=} 77.40,2 = 78. 2,2, = 79.12 aa 





10 65 39 10 25 25 
a 3s 3 3 6° 6 6. a7 3, 


30 3 
w0.{7 2 = =I si. {27| 82.0.78 83.—1.11 84.177 85.123 86.2.90 87 {111} 88. {0.87} 89. {2.22} 00. { - 


1 — cos 30° 


a — 








92. sin 15° 


. W2VW3 VOT V6 72 Wer? 

sin 15 = sin(45 — 30°) = sin 45° cos 30° — cos 45° sin 30 ie Teak tal 749 a “4 ~ 4a? 
2 

z= V5 | ee ee ee Ree ee Rm 


2 4 4-4 16 16 4 
93. cos(20) = 2 cos’6 —1 





Chapter Test (page 518) 


7 7 7 


7 aT T aT 7 4 
lve 2. ae 3. 45 37 6. lee ar 9,3 10. — 3 11.0.39 12.0.78 13.11.25 14. 0.20 


csc# + cot@  csc@+ cot@ cscO—cotd | csc’0 — cot’6 1 


“secd+tan@  secO+tan@ csc@—cot@ (sec@+tan@)(cscO—cot@)  (sec@ + tan@) (csc@ — cot é) 
i sec@ —tand | sec @ — tané _ sec@ — tané 


(sec @ + tan @) (csc 6 — cot @) sec@ — tand (sec*@ — tan’6) (csc 6 — cot @) csc 9 — cot@ 
sin’0 cos’6 sin?@ + cos?6 1 
= = = sec 0 
cos 0 cos 6 cos 8 cos 0 
sin 6 ii COSO sin’0 cos’6 sin’?@ + cos’6 1 2 2 











in 0 
16. sin 6 tan @ + cos @ = sin Ose cos @ = 
cos 0 





= 2 csc(20) 








17. tan 0 + coté = S$ i =e _ = Mm _= — 
= = cos@ sin@  sin@écos@  sin@cosé sin 6 cos 6 sin@dcos@ 2sin@cos@ — sin(26) 


sin(a + B) sina cos B + cosa sin B sina cos B + cos asin B sina cos B + cosa sin B 


“tana t+ tanB sina | sing sinacosB | cosasinB — sinacos B + cos asin B 








cosa cosp cosacosB cosacos B cos a cos B 
sina cos B + cosa sin B cos a cos B 
SS  - —__——— = cos aco B 
1 sin a cos B + cos asin B 
19. sin(30) = sin(@ + 20) = sin @cos(20) + cos @sin(20) = sin 6+ (cos? 6 — sin’ @) + cos @+2 sin @ cos 6 = sin 6 cos” 6 — sin’ 6 + 2 sin 6 cos’6 
= 3sin 6 cos’ @ — sin’ 6 = 3 sin 6(1 — sin’ @)—sin’ 6 = 3 sin@ — 3 sin’ 6 — sin’ 6 = 3sin@ — 4sin’ 6 
sin@ cos@  sin’@ — cos’6 


tand—cot@  cosdé sind _— sin@cosé@ sin’o — cos’@ (1 — cos’@) — cos’6 ee : Vet V3) 








“tan@+cot@ sing i. coso sin?@ + cos26 7 sin2@ + cos 7 1 
cos@ sind sin 8 cos 0 
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+ ————— ——— rs 
2.24 V3 239° 24 49 39 4 3° 3 


30 Tm 1m 15 
31 oo ra at al 32. {0.285, 3.427} 33. {0.253, 2.889} 


V5 4, V8 4. 2V1B(V5S—-3) 1 24+V3 , VE a2 , 9, {SP tS 
i 2° 3 


} 30. {0, 1.911, 7, 4.373} 


Cumulative Review (page 519) 
fect -1+ = 
1. —SS SS 


2y+t1=-1(x-4),orx+y= 3:6V/2: (1,2) 3.x-axis symmetry; (0, —3), (0,3), (3,0) 

4. oy Ss 
|_| . ERE 
hed 
(6, 5) 


pitt tie ly. 
El Ee Ee el ll 








OR ee Vp eA cial 3 +2V2 3-2V2 . V5 2V2 2V2 7 . 4V2 V6 
.(@-— OT OQ We ~@ pM (f) — 9, 10.@a)-—,-— 7 Of @ =D ()~" 
3 9 6 6 3 3 9 
i! 
11. (a) f(x) = (2x — 1) (x —1)*(x +.1)% (e) Local minimum value — 1.33 atx = —0.29, 12. (a) {oh -3} 
1 a oe Local minimum value 0 at x = 1 
5 multiplicity 1; 1 and —1 multiplicity 2 iecal maximum vale ae =. (b) {-1,1} 
1 Local maximum value 0.10 at x = 0.69 = _ 
() (0, -1); (5.0): (=1,0); (4,0) 6 © (08,1) U(—3.% 


(c) y = 2x° (d) (—00, -1] U [1, 00) 


(d) RORMAL FLORT @UTO REAL RAGIAH HP 





TY Ae 
FANE 0.69, 0.10) 
he l(0, (0, -1) 
(- ~0.9, —1.33) 
(g) Increasing: (—°o,—1 ], | —0.29, 0.69 ], [ 1,00) 
Decreasing: | —1, —0.29 ], [ 0.69,1 | 





CHAPTER 8 Applications of Trigonometric Functions 
8.1 Assess Your Understanding (page 529) 


. ae. i 5 TZ ee — 13 
4.F 5.b 6.angle of elevation 7.T 8.F pe Age 7B tan d = 13° -coté = nee) Fee — 5 
Fae 52 ge <2 Cen eA ar 
sind = B cos @ = B > tan = 3560 = 53 Sec 3 ‘csc 0 = 5 
3 i] 3 pa ee 
sepa een = en eee 
2 2 3 3 
V6 


2 
15. sin 6 = VO. 8 = Bran = \/2: cot 6 = V2 sec = V3: esc 6 = 


5 Oe es 1 5 
17. sin 0 = VS cos = 205. an 0 = 53 cot 8 = 2;sec@ = Msc = V5 


19.0 21.1 23.0 25.0 271 29.a ~ 13.74,c ~ 14.62,A = 70° 31.b ~ 5.03,c ~ 7.83,A = 50° 33.a ~ 0.71,c ~ 4.06, B = 80° 

35.b ~ 10.72,c ~ 11.83, B = 65° 37.b =~ 3.08,a ~ 8.46,A = 70° 39.c ~ 5.83,A ~ 59.0°,B ~ 31.0° 41.5 ~ 4.58,A ~ 23.6°,B ~ 66.4° 
43. 23.6° and 66.4° 45.4.59in.;6.55in. 47. (a) 5.52 in. or 11.83 in. 49.70.02 ft 51.985.91 ft 53.137.37m 55. 80.5° 

57. (a) 111.96 ft/sec or 76.3 mi/h_ (b) 82.42 ft/sec or 56.2 mi/h_ (ec) Under 18.8° 59. (a) 2.4898 x 10° miles (b) 0.000214° 61. 554.52 ft 

63. S76.6°E 65. The embankment is 30.5 m high. 67.3.83 mi 69. 1978.09 ft 71.60.27 ft 73. The buildings are 7984 ft apart. 75. 69.0° 


9g V6 = V2 V2 (fe — 1) 


77. 38.9° 79. The white ball should hit the top cushion 3.34 ft from the upper left corner. 81.76.94in. 86. Yes m ory 
aq 7a 117 pall 3 
88. 0.236, 0.243, 0.248 89. ae 90. 7 = = 525 91.3+ V5 92.1 93.65 94, (x + 4) + y*°=5 95. (—~, co) 
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8.2 Assess Your Understanding (page 542) 


inA sinB sinC 
5.a 6. — = = = = 7.d 8.F 9.F 10.ambiguouscase Ila ~ 3.23,b ~ 3.55,A4 = 40° 13.a ~ 3.25,c ~ 4.23, B = 45° 


15. C = 95°,c ~ 9.86,a ~ 6.36 17.A = 40°,a = 2,c ~ 3.06 19.C = 100°,b = 2.06,c ~ 4.81 21. A = 69°,a = 6.23,c ~ 4.88 
23. B = 40°,a ~ 5.64,b ~ 3.86 25.C = 100°,a ~ 1.31,b ~ 1.31 27. One triangle; B ~ 30.7°,C ~ 99.3°,c ~ 3.86 

29. One triangle; C ~ 23.8°,A ~ 41.2°,a ~ 6.55 31. One right triangle; B = 90°, C = 60°,c ~ 12.12 

33. Two triangles; C; ~ 30.9°, Ay ~ 129.1°,a, ~ 9.07 or Cy ~ 149.1°, Ar ~ 10.9°, ay ~ 2.20 35. No triangle 

37. Two triangles; A; ~ 29°, B, ~ 139°, b, ~ 9.47 or Ay ~ 151°, By ~ 17°, by ~ 4.22 

39. 1490.48 ft 41.335.16 ft 43. 153.42 ft; 136.59 ft 45. The tree is 39.39 ft high. 47. Adam receives 100.6 more frequent flyer miles. 
49. (a) Station Able is about 143.33 mi from the ship: Station Baker is about 135.58 mi from the ship. (b) Approximately 41 min 

51. 84.7°; 183.72 ft 53.2.64mi 55.38.5in. 57. 449.36 ft 59. 187600,000 km or 101,440,000 km_ 61. The diameter is 252 ft. 


2 sin( “ —# ) cos( 4 aaa ) sin( 4 = ) (3 =) sin( 4 2 ) 
cos| — —- — 
snA snB_ smnA—sinB _ 2 o _ 2 2 2 7 2 

















































63, $a et — Be 
_ ° a Sle me 2 sit ee sir? cos cos — 
2 2 2 2 2 
1 
in}- (A -—B 
sin| 5 ( i 
a-—b 1 
_ 5 cos — tan| = (A — B) tan 5 (A — B) tan| = (A — B) 
65. — eee eee ee 
a+b a+b aS qT C 
- cos|= (A — B) CON tan\ > — 5 tan|- (A + B) 
Fee 
2 
4 V15 1 3 
71. 1-3, so 3| 72. 3V5 ~ 6.71 73.-—— 7. 75. log,100 = 0.2x 76.199.668 7iZy= = T.y ==x - 2 
S: 7 CEgL(z, 4) 3 2 
(—37, 4) H 
’ UAL (277, 0) 
(427, OFF ACA 


GE SP 28 ‘ae i 


(47, 0) 79. Neither 80. (= 2°) 


8.3 Assess Your Understanding (page 549) 


3.Cosines 4.a 5.6 6F 7%F 8.T 9.b = 2.95,A = 28.7°,C = 106.3° I1.c ~ 3.75,A =~ 32.1°,B = 52.9° 

13. A = 48.5°,B = 38.6°,C = 92.9° 15.A = 127.2°,B = 32.1°,C = 20.79 Ihc = 2.57,A = 48.6°,B = 91.4° 

19.a =~ 3.98,B = 29°,C ~ 76° 21.b =~ 6.46,A = 48.4°,C = 26.6° 23.c =~ 2.98, A = 39.1°, B = 70.9° 

25.A =~ 43.6°,B = 90°,C = 46.4° 27A = 60°, B = 60°,C = 60° 29.A = 29.8°,B = 65.8°,C = 84.3° 

31.A =~ 127.1°,B = 43.8°,C = 9.2° 33.A = 85°,a = 14.56,c = 14.12 35. A = 40.8°, B = 60.6°, C = 78.6° 37. A = 80°, b = 8.74, c = 13.80 
39. C = 90°, a = 4.93, b = 6.30 41. Two triangles: B,; = 35.4°, C; = 134.6°, c; = 12.29; B, = 144.6°, C, = 25.4°, c. = 7.40 

43. B = 24.5°, C = 95.5°, a = 10.44 

45.165 yd 47. (a) 26.4° (b)30.8h 49. (a) 63.7 ft (b) 66.8 ft (c)92.8° 51. (a) 492.58 ft (b) 269.26 ft 53.(a)59.2mm _ (b) male 

55. (a)a ~ 9.9°,B ~ 83° (b) 21.73 yd (ce) ~ 0.36 ydor13 in. 57,342.33 ft 59. The footings should be 765 ft apart. 


its 60 LS 
61. Suppose 0 < 6 < 7. Then, by the Law of Cosines, d” = r? +r? — 2r? cos @ = 4r? pa ) =d = 2r ee = 2r sin. 


0 0 
Since, for any angle in (0, 77), d is strictly less than the length of the arc subtended by 0, that is,d < r@, then 2r sin, < r0, or 2 sin’, < 06. 


t 


Since cos < 1, then, for 0 < 6 < 7,sin@ = 2 sins cosy < 2 sins < 9. Thus siné < @for0 <@< 7. 


= ab [aap ve C= (a=b)? _ [era by (e+ b= a) 
2 2 ps Aab Aab dab 
“VO dab Va 


In 3 26 7V6 7 5V6 
71. iho} 72. sin @ = =a csc 9 = 3 -secO = 3 coté = a5 73. y = —3 sin(4x) 


A — 2x 2 4-3* 1 pd 4 Sr 
—1 = : 
74, f(x) = 5 75. 3 76. 372 (: In 3 — >) 71. (--.2 U E 00 | 78. 15 


79. Quadrant I; 2 x-intercepts 

















8.4 Assess Your Understanding (page 556) 


1 1 
3.SabsinC 4. Vs(s — a)(s — bY(s— os 5(a +b +e) 5.6 GT Ze Bc 9.283 11.1746 13.13.42 15.956 174.60 19.386 21. 2.72 


1 1 in B 2 sin B sin C 
23.210 25.6.93 27.74.15 29.K = =absin C = =asin C-———._ = —~——._ 3.0.92 332.27 35.5.44 37.9.03sq ft 39. $5446.38 
2 2 sin A 2sin A 








Section 8.5 AN63 


1 
41.18.18 m* 43. The area of home plate is about 216.5 in.” 45. K = 5 r?(@ + sin@) 47. The ground area is 7517.4 ft”. 
49. Letting d = 0 gives 


K = V(s — a)(s — b)(s — c)(s — 0) — abc-0-cos’@ = Vs(s — a)(s — b)(s — c) wheres = (a +b +¢ +0) =F(a+b+e) 





























1 1 |oc| |AC| 1, 
51. (a) Area AOAC = 7 |OC||AC| = aD Tp = 7 Sine cos a (e) Area AOAB = Area AOAC + Area AOCB 
1 1 1 
1 1 BC OC 1 —|QOB\ si at aera + —|OB!2 si 
(b) Area AOCB = = |BC||OC| = = Opie nt OS ios sigesg. GCe es Be a a OR sin cos 
2 2 |OB| |OB| 2 1 
1 1 BD 1 sin(a + B) = ——sinacos a + |OB| sin B cos B 
(c) Area AOAB = = |BD||OA| = 5 jo eo = 5 |OB| sin(a + B) |OB| 
sin(a + B) aL cosa + a sin B cos B 
a = a a 
locl COS @ cos B 
Ge = on sin(a + B) = sinacos B + cosasin B 
cos B |OC| 
|OB| 
53. 31,145 ft? 55. (a) The perimeter and area are both 36. (b) The perimeter and area are both 60. 
1 1 in B si 
57. K = -ah = -absinC=>h = bsinC = gsin Bsn 
2 2 sin A 
sin — sin : sin 7 sin : 
c sin — sin — c sin — sin — 
A B 1 C C C 2 Z 2 2 
: — ‘a —-+— = ee Pe — ey — 1 oe 4 = — SS EE 
59. 2 POQ = 180 (4 5 ) 180 5 (180° — C) = 90 5 , and sin (0 5 ) cos 5 So, r Too 4 7 KG 
sin 5 5 
A B C — — pb — 3s —(a+bt+ec 35 — 2 
61. cot + cot— + cot = = —— + > phSG Mat O TO, gas, _ of 66. Maximum value;17 67. (—c, —3) U[-1,3) 
2 2 2 ig r r r r 
, V2 V7 V14 3V2 3V7 V14 
68. sin tf = ——,cost = ———, tant = — ,csct = ,sect = — ,cor = = 
3 3 2 Z 2 
1 1 — sin’ 6 9 6 
69. csc 6 — sin@ = —— — siné = aa = sie = cos oS = cos 6 cot 0 
sin 0 sin 0 sin 0 sin 0 


1 3 
70. (—00,—5)U(5,00) 71. P(w) = 2w + 2V144 —w? 72. £5, £5, £1, £2, £3, £6 73. [239,241] 74. {-2,9} 75. y = —2x 


8.5 Assess Your Understanding (page 565) 


2 
4. simple harmonic; amplitude 5.simple harmonic;damped 6.T 7.d(t) = —Scos(mt) 9.d(t) = —7cos (2:) 


2 2 3 
11.d(t) = —Ssin(vt) 13.d(t) = —7sin (2:) 15. (a) Simple harmonic (b)5m (ce) s (d) mi oscillation/s 
T 
1 
17. (a) Simple harmonic (b)8m (c)1s_ (d)1 oscillation/s 19.(a) Simple harmonic (b)9m (c)87s (d) aa oscillation/s 
T 


2 3 
21. (a) Simple harmonic (b)7m (ce) 3 s (d) 5 oscillations/s 





m — 0.36 ‘ 
4 3600 
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2 
45. (a) d(t) = —Se~°*/” cos ( Te at, 47. (a) The motion is damped. The bob has 49. (a) The motion is damped. The bob has 
9 400 2 ; _ ; 
5 ae | mass m = 20 kg with a damping factor mass m = 40 kg with a damping factor 
(b) i ss of 0.7 kg/s of 0.6 kg/s 
(b) 20 m leftward (b) 30 m leftward 





0 30 
30 
(d) 18.33 mleftward (e)d—0 (d) 28.47 m leftward (e)d—0 
51. (a) The motion is damped. The bob has 53.0 = 10407; d (t ) = 0.80 cos(1040z7rr) 59. ee 
mass m = 15 kg with a damping factor 55. w = 8807; d(t) = 0.01 sin(8807t) 
of 0.9 kg/s 57. (a) V 
geo 


APP ttt ttt tf 
tf Es a a Sd 


(b) 15 m leftward 


KORMAL FLOAT AUTE REAL RADIAW HP 


|_| 1 

Pt eet tt ey 
PA a AT SD 
ERE Se ie ey, 
Seehur ae | 









0 30 
(b) Att = 0,¢ = 2;att=1,t=3 
:. (c) During the approximate intervals 
——EEE—EE 0.35 < t < 0.67, 1.29 < t < 1.75, and 
(d) 12.53 mleftward (e)d—0 217 = = 3 





1 
67. y = — sinx 
x 


Hi iat hil last let NORMAL FLOAT @UTO REAL RAGIAW HE Fy 


0.1 0.05 











0 77 
0 3 
—0,06 —0.015 
69. f (x) = a 70. lo ( ) 71. {4} 72 jj (b) — oe 73. g(f(x)) = 10 — 5x; Domain: (~o« ;| 74 =e 
a ao EN + y eS 6 10 ies | = io 

3 11 3 
75.y = —-~x+— 76. {e!/*} 77.[-5,8] 78.| -2,2 

2 2 5 
Review Exercises (page 569) 

4 3 4 3 5 5 3 1 3 2V3 
1.sin 6 = 3° cos 9 = 5° tan 0 = 3° coté = mt sec @ = 3° csc 8 = 1 2.sin@ = a cos 9 = 7° tan é = V3; coté = 30 sec 8 = 2; csc 0 = 2V3 


3.0 4.1 5.1 6A = 70°, b ~ 3.42,a ~ 940 Ta ~ 4.58,A ~ 66.4°,B ~ 23.6° 8. C = 100°, b = 0.65, c =~ 1.29 

9.B ~ 56.8°, C = 23.2°,b ~ 4.25 10.Notriangle 11.5 ~ 3.32, A ~ 62.8°, C ~ 17.2° 12.A = 36.2°, C =~ 63.8°, c ~ 4.55 

13. Notriangle 14.A ~ 83.3°, B =~ 44.0°, C =~ 52.6° 15.c ~ 2.32, A ~ 16.1°, B ~ 123.9 16.B ~ 36.2°, C =~ 63.8°,c =~ 4.55 
17.A ~ 39.6°, B = 18.6°, C ~ 121.9° 18. Two triangles: B; ~ 13.4°, Cy, ~ 156.6°, c; ~ 6.86 or By ~ 166.6°, Cy ~ 3.4°, co ~ 1.02 
19.b ~ 11.52, c ~ 10.13, C ~ 60° 20.a ~ 5.23,B ~ 46.0°,C =~ 64.0° 21.1.93 22.18.79 23.6 24.3.80 25.0.32 26. 1.92 in? 

27. 48.2° and 41.8° 28.23.32 ft 29.2.15 mi 30.132.55 ft/min 31.12.7° 32.29.97 ft 33.622 mi 34. (a) 131.8 mi (b)23.1° (ce) 0.21 hr 


35. 8798.67 sqft 36.S4.0°E 37. (a) 6@. = 16.7° (b) 1.44 ft 38. (a) 6." = 5.7° (b) 0.50 ft 39.d(t) = —3 cos (=) 


1 
40. (a) Simple harmonic (b)6ft (c)a7s_ (d) —oscillation/s 
vi 


1 
41. (a) Simple harmonic (b)2ft (c)2s (d) 5 oscillation/s 





43. (a) The motion is damped. The bob has mass m = 20 kg 
with a damping factor of 0.6 kg/s. 
(b) 15 m leftward () Dia 
(d) 13.92 m leftward 
(e)d—0 


Am? 0.5625 ) 


— _165,-0.751/80 a 
42. (a) d(t) 15e cos ( 75 6400 t 


(b) HORNAL FLOAT AUTE REAL RADDA MP fl 
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Chapter Test (page 572) 
V5 2V5 


1 5 
l.sin@ = 5° cos 0 = 5° tan @ = > csc 0 = V5; sec 9 = v5, cotd=2 2.0 3.a = 15.88, B = 57.5°, C = 70.5° 
4.b ~ 6.85, C= 117,c ~ 16.30 5.A = 52.4°, B = 29.7°, C = 97.9° 6.b = 4.72, c ~ 1.67, B = 105° 7. No triangle 

8.c ~ 7.62, A ~ 80.5°, B ~ 29.5° 9.15.04 square units 10.19.81 square units 11.61.0° 12.1.3° 13. The area of the shaded region is 9.26 cm”. 


14. 54.15 square units 15. Madison will have to swim about 2.23 miles. 16.12.63 square units 17. The lengths of the sides are 15, 18, and 21. 


18. d(t) = S(sin 42°) sin( =) ord ~ 3.346 sin( =) 


Cumulative Review (page 573) 


fb 


3. {x|x = -lorx = 4} 





HF fl (d) RORHAL FLOAT AUTO REAL RADIA MP fl 


8 





—50 | vi 


i 
ETT 
i 


BRR eee 
Pt a er 





fe TTT TT Terre 
Pe TTT TT 
TA TTT 
TTT A TT TT 
ERE: 
a 
See eReee ee 
PEE EErE ET 
bh SRR 
Eh SER 
PLATT Td 
5 Fa eB 
PET TAT TT TT 
Shee faded [eile] 
Cifedledfsdsdes|sfahalietia| 
2 
EDs coed Fs A aD Be 





9. Two triangles: A; ~ 59.0°, B, ~ 81.0°,b; ~ 23.05 
or A, ~ 121.0°, B, ~ 19.0°, by = 7.59 


10. {2 Zh : , 1, 2} 


(g) 


=e 
iz - 





JJ ee 


(2x + 1) (x — 4) 
(Co 33) 


1 4 
Intercepts: (-5 ; 0), (4,0), (0 5 ) 


No symmetry 


11. R(x) = ;domain: {x|x # —5,x # 3} 


Vertical asymptotes: x = —5,x = 3 





Horizontal asymptote: y = 2 


26 
Intersects the horizontal asymptote, y = 2, at the point (+ ; 2) 


Ao iG, Sl tv 
2 ; 2 
(e) {x|-8 =x =3} or [-8,3] 


12. {2.26} 13. {1} 14. (a) {-> } (b) {2} 4 
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CHAPTER 9 Polar Coordinates; Vectors 


9.1 Assess Your Understanding (page 583) 
7, pole; polar axis 8rcosé;rsné@ 9b 10.d 1L.T 12.F 13.4 15.C 172B 19.A 


23. 25. 
-2 > —_a——____ 
(-2, 0) O 9 6) 





“ ; 37, @ 








(-2, 37) 
5,50 
3 
. (a) (2, —27) 
) (b) (—2, 3) 
(c) (2, 277) 
39. 41. (0,3) 45.(—2,0) 47% (-3V3,3) 49.(V2,-V2) 51. (V4, 5 
i pe 
2)L ow i> ay 53. (2,0) 55. (—2.57, 7.05) 
a 57, (—4.98, -3.85) 59. (3,0) 61. (1,7) 
O 
63. (v2 -2) 6 s. (10, =) 67. (2.47, —1.02) 
(a) (. -=z) (a) ( -=7) 69. (9.30,0.47) Tr? = or = NE 73.r° cos’ 6 — 4rsind = 0 75.r*sin 20 = 1 
Ty 1 
377 717 = 2 Dee ae ee ae 7 se 2 ae 
(b) (-1.) (b) (- 7 77. r cos 0 4 79.x° + y x 0 or( *) Ty i 81. (xX oy ) x 0 
Sar ee 83.x° + y= 4 85. y* = 8(x + 2) 
(©) (1. =) rd, 


87. (a) (—10,36) (b) (2v348, 180° + tan~ (— =)) ~ (37.36, 105.5°) (¢) (-3,-35) (a) (i034 , 180° + tan! (2)) ~ (35.13, 265.1°) 
81); 


19 
89. (a) (80, 25°); (110, -—5°) = (b) (72.50, 33. (109.58, -9.59) (ce) 342.5 mph 94. it 95. 2 or 0 positive real zeros; 1 negative real zero 





5 9 a Sm 130 174 Vet V2 V2(1+ V3) 

96.|-——,=} 97.(0,-11) 98.13 — 18% 99. 100. C = 78°,a ~ 9.27,b ~ 615 101. ————— or ———Y__ 
(-P3) ae (ap snag i} " peat NY 7 4 
e** (3x — 2) 
ee 103. sin’x = sin x (sin? x)? = sin x(1 = cos’ x)? = sinx (1 — 2cos* x + cos’ x ) = sin x — 2cos’x sinx + cos‘ x sin x 
x 

9.2 Assess Your Understanding (page 597) 
7. polar equation 8.F 9.-0 10.7 -6 U1.2n;n 12.T 13.c 14.b 
15. x? + y? = 16; circle, radius 4,center at pole 17. y = V3 x; line through pole, making an 19. y = 4; horizontal line 4 units above the pole 


angle of > with polar axis 





Section 9.2 AN67 


21. x = —2; vertical line 2 units to the left of 23. (x — 1)? + y? = 1; circle, radius 1, 25.x7 + (y + 2)? = 4; circle, radius 2, 
the pole center (1,0) in rectangular coordinates center (0, —2) in rectangular coordinates 





27. (= 2)?+y? = 4,x # 0; circle, radius 2, 29. x7 + (y + 1)? = 1, y # 0; circle, radius 1, 31.E 33.F 35.H 37.D 
center (2,0) in rectangular coordinates, center (0, —1) in rectangular coordinates, 39. Cardioid 
hole at (0, 0) hole at (0, 0) 





41. Cardioid 45. Limacgon without inner loop 





47. Limacon with inner loop 49. Limacon with inner loop 51. Rose 
y Ys y 
0 ! bo 
_ 3a 2 i 
ar ia ee! 


= 
1 
et i, Lt Pte, 
tT a 








57. Spiral 

63.r = 3 + 3cos@ 
65.r = 4+ sind 
77. 






QO. 

oO 

2 

i 

oO 

com 

a 

ao, 

= 

= = 

3) con 

2 S. 

= ow 

5 & 

a 

Ww = 
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87. 


r = 2acos 0 
r? = 2ar cos 6 
yy Sax 
x’? —2ax + y*=0 
(x-a)?+y=a@ 
Circle, radius a, center 
(a,0) in rectangular 


83.rsind =a 
yra 


85. 


Section 9.3 AN69 


r = 2asin 6 
r> = 2ar sin 6 

x? + yy = ay 
x? + y? — 2ay = 0 
x+(y-a)?=a@ 
Circle, radius a, center 
(0, a) in rectangular 
coordinates 


89. (a) 5 Knots (b) 6 Knots (c) 10 knots (d) approximately 80° to 150° (e) ~9 knots; approximately 90° to 100° 


91. (x2 + y?)* =x? - y? 
93. (a) r* = cos 0; r? = cos(7 — 6) 


‘a 


r~ = -—cos@ 


Not equivalent; test fails. 
(—r)* = cos(—0@) = cosé 


New test works. 


(b) r? = sin 6:7? = 


sin(a — 6) 


— 


r~ = sing 


Test works. 
(-r)? = sin(—@) = 
Not equivalent; new test fails. 


—sin 0 


coordinates 
2 
97. {x|3 <x < 8},or (3,8] 98.420° 99. Amplitude = 2; period = = 
5 5 4 3 
102.6V 30 ~ 32.86 square units 103. ri 104. 5 — 73 105. y = —4x —5 106. cosx = 


Historical Problems (page 607) 

l(a)1+ 4i,1+i7 (b)-1,2 +1 

9.3 Assess Your Understanding (page 607) 

i(0, +6) 


5. real;imaginary 6.magnitude;modulus;argument 7.7; re 


13. a 15. 


Imaginary 
axis 


axls 





5(cos 5.356 + isin 5.356); Se’ >7° 


7 yi : 
4V3( cos z + isin =), 4\V/2e! 77/4 
25.-1+ V3i 27.2V2 —2V2i 29.—-3i 31.—7 33. —0.035 + 0.197: 35. 1.970 + 0.347i 


: (cos Tt isin =) or 1 pray 
2 9 Z 


37. zw= a(cos “+isin =) or 8e!'7/3; 2 - 
3 3 - 


9 

Z 2 A 3 11 _ Il De 
39. zw = 12( co r + isin =) or 12e°27/?; > = 5 (cos 53 +7 sin =) org om 

9 9 - 7 
41. zw = 4( cos 32 + isin =) or 4e’ — = cos im + isin [5 or ei 7/40 

: 5 oD 
43.z2w = 4V2 (cos * + isin =) or 4V2e! mae a) (co eh eth =) or V2¢!°527/12 
12 12 Ww 12 12 


49 Al m 27V3 27 ivm/3 5 _ 25V2 n 25V/2 
e 5) 5) l; 5) e . — 7 


57, \/ ei 7/12 \/ ei 37/4 6/9 ei 1747/12 59, W/Rei' 51/12 W/ Roi 11/12 W/ Roi 1717/12 Wei 230/12 
61. Jet 37/8 Jel 17/8 Jel 7/8 Jel 57/8 63. ei 7/10 el a/2 el 97/10 ei 137/10 ei 177/10 


100. Horizontal asymptote: y = 0; Vertical asymptote:x = 4 101.3 


cos x cos’ x = cos x(1 — sin? x) = cos x — sin’ x cos x 


8.F 9.three 10.T Il.c 12.a 


17. Imaginary 








V13(cos 2.159 + isin 2.159); V13e!' 7? 


45. —32 + 32V3i; 64e" 27/3 47, 321; 32e"°7/? 


i; 25e" 37/4 53,4 + 4i,4V/2e 37/4 55, —23 + 14.142i; 27e!° 25% 





AN7O Answers: Chapter 9 


65. 1,i,—1, -i 67. Look at formula (7). |z, | = Wr for all k. 
2 
69. Look at formula (7).The z, are spaced apart by an angle of 


71. Since the sine and cosine functions each has period 27, 
cos? = cos(@ + 2k) and sin 6 = sin(@ + 2k), k an integer. Then, 


re’ = r(cos@ + isin@) = r[(cos(@ + 2ka) + isin(@ + 2ka)] = rel(9+2kt) kan integer. 





73. Assume the theorem is true form = 1. For negative integers: 


are om = (2") 1 = [rel J! = (r"[cos(nd) + isin(nd)])~! withn = 1 

0 = p? ell") = pf cos(0-0) + isin(0-@) | os 

- -. 7 i 7 1 cos(n@) — isin(né@) 
a " oe un ~ r"fcos(nd) + isin(nd)] — r”[cos(n@) + isin(n@)] cos(n@) — isin(nd) 
1=1True cos(né) — isin(né) cos(né) — isin(né) 


= ah) eee ————;, r "[cos(n@) — isin(né) | 


r"[cos(—n@) + isin(—n@)] = rel”) 


Thus, De Moivre’s Theorem is true for all integers. 


4 16 
75.x + iy = In7 + i(2ka),kaninteger 77. ~40.50 78. 37 79. 2y W/3x’y?_ 80. Minimum: (2 )- —_— 


5 
ee) 
x 3 
81.A ~ 26.4°,B = 36.3°,C =~ 117.3° 82. log, — 83. {621} 84. (fog) (x) = 75x° — 20x? 85. y = — 5 +8 
Z 


86. V16sec*x — 16 = V16(sec?x —1) = V16tan*x = 4tanx 


9.4 Assess Your Understanding (page 619) 


1l.vector 2.0 3.unit 4. position 5. horizontal; vertical 6.resultant 7.T 8F 9a 10.b 





11. 13. 17. 
ee a) a 3Vv : a 
vVtw 
" 3v + u — 2w —2w 
Vv 
19.T 21.F 23.F 25.T 27.v = 31+ 44 29.v = 21+ 4) 31.v = 8i-j 33.v=—-i+j 35.5 37. V2 39.V13 41.1 43. —-j 
3 4 8 4 8 4V/5 
45.V89 47.V34-V13 49.1 Slug i — 5J 53. =i. ei 5§.14 57.v = Wi + 5 oy 5, Nj 


a: 25V3, 25 
59. {-2+ V21,-2- V21} 6Lv= Fit er 63.¥ = -7i+7V3j 65.v = SNe i - > 4 67.45° 69. 150° 71. 333.4° 


73.258.7° 75.F = 20V3i+ 20j 77.F = ‘a0V3 3 + 30V2 )it+ (20 - 30V2 )j 
79. (a) Vz = 550j; Vw = 50V2i + 50V2j (db) vg = 50V2i + (550 + 50V2)j (©) ||| = 624.7 mph;N6.5°E 


81.v = (250V2 — 30)i + (250V2 + 30V3)j; 518.8 km/h; N38.6°E 83. Approximately 4031 Ib 
85. 8.6° left of direct heading across the river; 1.52 min 87. (a) N7.05°E (b)12min_ 89. Tension in right cable: 1000 Ib; tension in left cable: 845.2 Ib 


91. Tension in right part: 1088.4 Ib; tension in left part: 1089.11b 93.4 = 0.36 95.13.681b 97. The truck must pull with a force of 4635.2 Ib. 


3 
101. 103. About 8.2° north of east. 110. Amplitude = > period = 7 
Meas Phase shift = ae 
108. —3x(x + 2) (x — 6) 
109. V3 





111.15 112. (x — 10)? + (y +2)? = 49 113. x-intercepts: —3,—2,3; y-intercept:—18 114 {5 — V11,5 + V11} 

115. (x + 3) (x? + 9) orx? + 3x7 + 9x +27 116. (fog) (0) = V25 — (5sin@)? = V25 — 25 sin? 6 = V25(1 — sin’@) = V 25 cos’@ = 5 cos 0 
Historical Problem (page 629) 

(ai + bj): (ci + dj) = ac + bd 

Real part [(a + bi) (c + di)] = real part[(a — bi)(c + di)] = real part[ac + adi — bci — bdi*| = ac + bd 





Section 9.7 AN7Z1 


9.5 Assess Your Understanding (page 629) 

2.dot product 3.orthogonal 4.parallel 5.T 6F 7%.d 8b 9.(a)0 (b) 90° (c) orthogonal 11.(a)0 (b) 90° (c) orthogonal 
2 

13. (a) V3 — 1 (b) 75° (ce) neither 15.(a) —50 (b) 180° (ce) parallel 17. (a)0 (b)90° (c) orthogonal 19. 3 


21. v, =3i- > jv = -si- =i 23.¥, = -si- = jv = 2i- j 25. Vv) = sit civ = =i - = j 27. 12i — 9j or —12i + OJ 
29.9 ft-lb 31. (a) ||I|| ~ 0.022; the intensity of the sun’s rays is approximately 0.022 W/cm‘. ||A|| = 500; the area of the solar panel is 500 cm’. 
(b) W = 10; ten watts of energy is collected. (c) Vectors and A should be parallel with the solar panels facing the sun. 
33. Force required to Keep the Sienna from rolling down the hill: 7376 lb; force perpendicular to the hill: 5248.4 1b 35. Timmy must exert 85.5 Ib. 
37. 60° 39. Let v = ai + bj. Then 0: v = Oa + Ob = 0. 
41.v = cosai + sin aj,0 = a = 7; w = cos fi + sin Bj, 0 = B S a. If 6 is the angle between v and w, then v- w = cos@, since ||v|| = 1 and ||w|| = 1. 
Now 6 = a — Bor 6 = B — a. Since the cosine function is even, v- w = cos(a — B). Also, v-w = cosacos B + sina sin B. 
So cos(a — B) = cosacos B + sina sin B. 


3. (wily + |lviw) > (wily — [vilw) = lwll?v-v — |wivivew + |vilwiw-v — |lvl? w:w = |lwl?v-v — [vi?w-w = wi? |v? — [vil? wl? = 0 
—40 + 4\/507 

45. ~ 1353. 47, ~2V/3,2V3 

49. (a) If u = ai + bjjandv = ai + boj, then, since jul] = ||v|, af + bf = lull? = |v? = a + 53, 


(u + v)+(u—v) = (a + ay) (a, — a) + (by + by) (by — by) = (at + BT) — (a3 + 3) = 0. 


(b) The legs of the angle can be made to correspond to vectors u + vandu — v. 





9 1 
52.12 53.— 54. (1 — sin’@)(1 + tan’@) = (cos’@)(sec*0) = cos’6: ae 

2 cos‘6 

In3 + In16 + In7 
55. V(x) = x(19 — 2x) (13 — 2x), or V(x) = 4x9 — 64x? + 247x 56. eee 57. f(x) = We +449 
| , V3 
58. Vertical asymptotes: x = —3, x = 5; Horizontal asymptote: y = 2 59. Scie 60. Vertex: (9, —44); concave up 
1 1 1 1 1 
61. ° xX SS SH. SET cas. ss SS i 
8) &) [(3tanx)*+9]9? (9tan?x +9)9? [9(tan?x + 1) ]39/? = (9sec*x)7/? ~~. 27sec? x| 


9.6 Assess Your Understanding (page 639) 

2.components 3.1 4.F 5.T 6.a 7. All points of the form (x,0,z) 9. All points of the form (x,y,2) 11. All points of the form (-—4, y, z) 

13. All points of the form (1,2,z) 15. V21 17.V33 19.26 21. (2,0,0); (2,1,0); (0, 1,0); (2,0, 3); (0, 1,3); (0, 0,3) 

23. (1, 4,3); (3, 2,3); (3, 4,3); (3, 2,5); (1,4,5); 1,2,5) 25. (-1, 2,2); (4,0,2); (42,2); (-1,2,5); (4,0,5); (-1,0,5) 22%v = 3i+ 4j —k 


3 6 2 
29.v = 21+ 4) +k 31.v=8i-j 33.7 35. V3 37.V2 39.—-j — 2k 41.V105 43. V38—- V17 45.1 47.51 — 7) — ok 
9.3, + NaF + V3, 5l.v-w = 0;0 = 90° 53. v-w = —-2,0 = 100.3° 55.v-w=0;0 = 90° 52..v-w =52;0=0° 


59.a = ees = nn y ~ 106.6°; v = 7(cos 64.6°I + cos 149.0°j + cos 106.6°k ) 

6l.a = B= y ~ 54.7: v = V3(cos 54.7% + cos 54.79 + cos 54.7°k) 63.a = B = 45°: y = 90°; v = V2(cos 45° + cos 45°j + cos 90°k) 
65.a ~ 60.99; B = 144.2°;y =~ 71.1°V = 38 (cos 60.991 + cos 144.2°j + cos71.1°%) 672(a)d=at+bt+e= <7,1,5>  (b) 8.66 ft 
69. (x — 3)? + (y—1)? + (z —1)? =1 71. Radius = 2,center (—1,1,0) 73. Radius = 3, center (2, —2, —1) 


13 13 
2Q<x=— 2° 
ho r( Z| 


1 
81.27 + 2x- 5 82> 83.c = 3V5 ~ 6.71;A ~ 26.6 B ~ 63.4° 84.5V5 85. P(x) = x4 — 2x3 + 11x? — 2x + 10 





3V2 
75. Radius = ree center (2,0,—-1) 77.2 newton-meters = 2joules 79.9 newton-meters = 9joules 80. c 


8x + 5 24 
86. f '(x) = ——— 87.— 88.97 — 18 square units 
7 


9.7 Assess Your Understanding (page 645) 


1.T 2.T 3T 4F 5.F 6T 7.2 9.4 11.-114 +2B+5C 13.-6A + 23B — 15C 

15. (a) 5i + Sj + 5k (bb) —Si — Sj — 5k (©) 0 (ADO 17.(—ai-j-—k (b)-i+j+k (@0 (d)0 

19. (a) -i + 23 + 2k (b)i-— 23 — 2k (c)O0 (d)O 21.(a)3i-jt+4k (b) -3i+j-4k ()0 (d)0 23. —-9i — 7j — 3k 

25.91 + 7j + 3k 270 29. —27i — 21j — 9k 31.—-18i1 — 145 — 6k 33.0 35.-—25 3725 39.0 

41. Any vector of the form c(—9i — 7j — 3k), where cisanonzero scalar 43. Any vector of the form c _ —i + j + 5k), where c is a nonzero scalar 


11V1 V1 TV 19 11V1 V19 TV 1 
45.V 166 47.V555 49. V34 51. V998_ 53. ——=j + == kor - = ee 55. 98 cubic units 


7 7 57 = 3 57 








ij k 
57.u Xv = |a, Cy] = (byc2 — boc1)i — (aycg — aoc, )j + (abo — anb,)k 
a, by Cy 
Ju x vi? = V (bic. — byc1)? + (ajc, — ayc,)* + (a;b2 — ab, es 
= bics — 2bybocicn + b3ct + atc} — 2ayancycy + asc{ + ajbs — 2ayanb,b> + asbt 


ul? = at + bf + cf, WI? = a3 + 65 + 3 








AN72 Answers: Chapter 9 

lu |? |v] = (aj + bi + ct) (a3 + bs + c) = aias + aj ‘De + acs + bias + bibs + bics + asct + b3ci ao cic3 
(u-v)? = (aay =F bib, + C1€9)? = (ajay => b,b> of C1C>) (aay ie bib, =F CC) 
ais + aydnbyby + ayanC1Cy + byboc14C) + byboaya, + bibs + bybocyco + ayaoC1Co + cich 


= ajay + bibs + cic} + 2ayanb b> + 2bybocycy + 2ayarc,co 
ull? vl? — (a-v)? = afbs + afcs + bia + adct + b3ct + bitch — 2ayanb,by — 2bybye1c. — 2ayanc,Cp, which equals ||u x v\|?. 

59. By Problem 58, since u and v are orthogonal, lu x vi) = |lul|||v||. If in addition, u and v are unit vectors, |u X vw = 1-1 = 1. 

61. Assume that u = ai + bj + ck,v = di + ej + fk, and w = Ai + mj + nk. Thenu X v = (bf — ec)i — (af — dc)j 


u X w = (bn — mc)i— (an — Ic)j + (am — Ib)k, andv + w= (d+ /)it+ (e+ m)j + (f+n)k. 
Therefore, (u X v) + (u X w) = (bf — ec + bn — mc)i — (af — dc + an — Ic)j + (ae — db + am — lb)k and 
uX (v+w) =([b(f +n) — (e+ m)cli— [a(ft+n) — (d+ I)clj + [a(e +m) — (d+ 1)blk 
= (bf — ec + bn — mc)i — (af — dc + an — Ic)j + (ae — db + am — Ilb)k, which equals (u X v) + (u X w). 
63. Let v = vi + voj + v3k and w = wii + wWoj + wk. 
Then 2v X 3w = 6(v X w) = 6[ (19W3 — ¥3W2)i — (113 
v- (2v X aa = 6[ (V2W3 — V3W2) VE — (11W3 — V3W1)V°5 + (VW. — Vow,)Vv°k | 


6[ (v2w3 — V3W2)¥1 — (¥1W3 — V3W1) V2 + (V1W2 — V2W1)Vv3] = 0 
l= 


+ (ae — db)k 


— ¥3W1)J + (viw2 — vow) Kk]. 


Since v- (2v X 3w 0, v is orthogonal to 2v X 3w. 
Similarly, w: (2v X 3w) = 0,so wis also orthogonal to 2v X 3w. 
V 11 


1 
66.7 67. (17, 4.22), (—17, 1.08) 68. f-'(x) =log;(x-—5) +1 69. 7 logax — 3log4z 70.2 71. {x|x # -—4,x #4} 72. m 


x — 16 
x( x + 4) 


7 
73. > 
3 


73. 18\/3 Square units 74. 


Review Exercises (page 648) 


(943) 


ao) 


6. (5, 0.93), (—5, 4.07) 





9.(a)x —y =0 
(b) line though pole, making an angle 
of - with polar axis 


8. (a) x2 + y?2 = 25 


7. (a)x? + (y-1)?=1 
(b) circle, radius 5, center at pole 


(b) circle, radius 1, center (0,1) in 
rectangular coordinates 4 





11. Circle; radius 2, center (2,0) in rectangular 


10. (a) (x — 4)? + (y + 2)? = 25 
coordinates; symmetric with respect to the 


(b) circle, radius 5, center (4, —2) in 
rectangular coordinates 


“fl 


=a 
an 


polar axis 





Chapter Test AN7Z73 





























5 . - - 
13. Limacgon without inner loop;symmetric with 14. V2 2 (cos + isin =), \V/2eF Sait 15. 5 (cos 5.640 + isin 5.640); 5e’ >? 
respect to the polar axis i 
16.—V3 +i 17, — a+ BY 
2 2 
pinaemary Imaginary 
axis 
3 
Real 
x axis 
45 0=0 Real 
ae =2 2 axis 
-1 
1 
4: 
13 137 ; " 
18. 0.10 — 0.02i 19. zw = cosin + isin Tg 0! e! eT = cos = + isin = or e! 7/6 
i i*0 3 8 8 Be as 
nh es 20. zw = 6 or 6° 4 = > (cosSZ + isin =) or e! 8/5 
7 ete : Oe a 
= gee bar / 3634 __ —- wiser ita /12 = - it 7/3 
0.10 Real 21.zw =5 (cos = + isin =.) or 5e ; 5( cos + isin =) or 5e papsk + i; 27e 
ary sere 36 36 w 12 12 pi 2 es a 
ae 23.41 = 4e"7/? 24,64;64e!"° 25. —527 — 336i; 625e'° 37 26.3, 3e7 27/9, 3e?" 47/9 or 3, ee 5 = -= ae 5 : 
2B 29.v = 21 — 4j: |v) =2V5 30.v = —i + 3j; |v] = V10 31.21 — 2§ 32. —201 + 133 
2 3 6) 
au 3v 33.V5 34.7545 ~724 35.- Ye; a %; 36.v = Sit = 37.120° 38. V/43 ~ 6.56 
39.v = 3i-— 5j + 3k «440.211 — 23 — 5k 41. V38 42.0 43.31 + 97 + 9k 44.0 
V19 3V19 3V19 V19 3V 19 3V19 
2u + 3v 45. —i + j + —— — ——j — ——j - ——k 46.v-w = -11;6 ~ 169.7° 
19) 9 I Tg Kg 1 G9 I> 9 en et 


47.v-w = —4;0 = 153.4" 48. v-w = 1:30 = 70.5° 49.v-w =0;0 = 90° 50. Parallel 51. Neither 


4 3 6 8 9 7 OA 
52. Orth | Vv, = i- J; | 4.v,; = $V. = —e +e Sj .a ~ 561°; B =~ sy = 68.2° 
rthogonal 53. v; 51 5b = 51 5 J 54.v, = To (i + j):% iit i094 55.a ~ 56.1°;B ~ 138°; y =~ 68.2 
56.2V83 57.—-2i+ 33 —k 58.0 59.V29 ~ 5.39 mph;0.4 mi 60. Left cable: 1843.21 1b; right cable: 1630.41 Ib 61. 50 ft-lb 


62. A force of 697.2 Ib is needed to keep the van from rolling down the hill. The magnitude of the force on the hill is 7969.6 Ib. 
Chapter Test (page 650) 


1-3. 4. (4 =) 5.x7 + y* = 49 6,22= 30ry = 3x 
Xx 

f ‘ 

(2. 22 | 





a } at 
*y Ps, re — a * Ps he ri 
* *, “fo 
Pe fs i mi Ib —— *. an 
ai al 





8.7? cos 9 = 5 is symmetric about the pole, the polar axis, and the line 9 = a 
9. r = 5 sin 6 cos’ 6 is symmetric about the line 6 = 5 The tests for symmetry about the pole and the polar 


axis fail, so the graph of r = 5 sin 6 cos” @ may or may not be symmetric about the pole or polar axis. 


107 107 : 3 33 ae) > 3 
10.z-w = 6( cos 7 + isin a Ge Oa 1. — = 5 (cos 754 + i sin—— 7), xe 337/20 


11 1a 
12.w° = 243( cos i + isin uz) 2Ase ae 














AN74 Answers: Chapter 10 


NO 


2° 2 


13. — 9 3 9) i*27/9 — 92 3 a) i* 87/9 — 92 3 @) i*147/9 ) 
Zo = 2W Det, 2 = 2208, 2p = 2W2e 14.y = (5V2,-5V2) 15. |v] =10 16.0 = Tw (2 va) 


| 435 b87/9 
z= 2V2e 17. 315° off the positive x-axis 18.v = 5V2i — 5V2j 19. v; + 2v, — v3 = 61 — 10j 


. Imaginary axis 





= 20. Vectors v; and vy are parallel. 21. Vectors v, and v3 are orthogonal. 
ze 2V2e 22.172.87° 23.—-91 — 5j + 3k 24.a ~ 57.7°,B = 143.3°,y = 745° 25.V115 


Real axis 26. The cable must be able to endure a tension of approximately 670.82 Ib. 


Cumulative Review (page 651) 





1 1 
x <se } or (- OO, >| 5. Symmetry with respect to the y-axis 6. 


3 
1. {-3,3} eee 3x2 + (y—1)2 =9 af 5 


3 





10. 12. Amplitude: 4; period: 2 


Fl 
4 
II 
te 





Bw 
|_| 
2h] 
P22] 
zie] 
am 
am 
an 
an 
an 
Hm 





CHAPTER 10 Analytic Geometry 


10.2 Assess Your Understanding (page 660) 
7. parabola; axis of symmetry 8.latusrectum 9.c 10.(3,2) Id 122.F 13.B 15.E 12H 19.C 









214° = 16% 23.x7 = —12y 25. y* = —8x 27. x* = 2y 

a 

F=(|0, = 
D:x = ~4+ 44 Vay (2,2) 

: PT geet (-2 EE 2.5 fe 
V = (0, 0) VUF = (4,0) ORR A, 3) 
soaeee ercub (1.9) 2 
ow \ ? 





39. Vertex: (0, 0); focus: (0, 1); 41. Vertex: (0, 0); focus: (—4, 0); 43. Vertex: (—1, 2); focus: (1, 2); 
directrix: y = —1 directrix: x = 4 directrix: x = —3 





i _|_)| 

Mel | 
AT 
| 
ah | 
SE e* 
Bria 
Dua 
‘Uae 
{388 
HEH 
| 
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45. Vertex: (3, —1); focus: 47. Vertex: (2, —3); focus: (4,—3); 49. Vertex: (0,2); focus: (—1, 2); 51. Vertex: (—4, —2); focus: 
3). a: 3 directrix: x = 0 directrix: x = 1 (—4, —1); directrix: y = —3 
3, a ; directrix: y = =] 










x 


Caner: See Fj 









Diy = ~ TEELEA PN = (3,4) 
Pt eT \ 
BERR ARR 
Pt a 
PEL TE TE EY 
3 
53. Vertex: (—1, —1); focus: (-3 -1); 55. Vertex: (2, —8); 57. (y—1)?=x 59% (y—1)? = -(x - 2) 
31 1 
: | 2, es |; 61.x° =4(y—-1) 63y? ==(x +2 
directrix: x = 2 a (2 4 ) * (y ) 4 2 (x ) 
as Aces = 22; 65.20 ft 67.24.31 ft, 18.75 ft, 7.64 ft 
a4 4 69. 1.5625 ft from the base of the dish, along the axis of symmetry 
y | 71. 1 in. from the vertex, along the axis of symmetry 
tata Tt a 
Ta GuGes BOCs 73. 0.78125 ft 
75. 4.17 in. from the base, along the axis of symmetry 
2 
77. = ———x" + 
(a) y 315 x 630 





(b) 567 ft: 119.7 ft; 478 ft: 267.3 ft; 308 ft: 479.4 ft (c) No 


79. Cy? + Dx =0,C #0,D #0 This is the equation of a parabola with vertex at (0,0) and axis of symmetry the x-axis. 





2— _ D D 
o oa The focus is (-2, 0): the directrix is the line x = —.. The parabola opens to the 
D D 
- right if -— > 0 and to the left if -— < 0. 
C C 
81. Cy. + Dx + Ey + F=0,C 40 (a) If D ¥ 0, then the equation may be written as 
Cy’? + Ey = —Dx - F ( + £) = -B(,- Ea) 
2, DF at OC C 4CD 
Oey a ee 2 
E*’—-4CF E 
: . e . This is the equation of a parabola with vertex at pa = =) 

E D F EE ; ; 4CD 20 

oer 5G) — Ek += and axis of symmetry parallel to the x-axis. 
5 5 4C (b)-(d) If D = 0, the graph of the equation contains no points if E7 — 4CF < 0, 

E D E* — 4CF er ; Sn seine eae ; eed 

aes 5c) ~  e& 1. = eas is a single horizontal line if E* — 4CF = 0, and is two horizontal lines if 
a E? — ACF > 0. 
SV 89 8V 89 V 89 V 89 
83. (0,2), (0, —2), (—36, 0); symmetric with respect to the x-axis. 84. {5} 85.sin6é = 39 > cos@ = — = csc 9 = = sec 0 = rae 
8 2V 10 11V 13 In 2 
coté = “5 86. ris: 87. r 88. (x + 12)? + (y — 7)? =6 89. $6600 90. 91.cos17° 92. {—-1,2,3,6} 


10.3 Assess Your Understanding (page 670) 
7. ellipse 8b 9. (0,—-5); (0,5) 10.5;3;x 11. (—2,-3);(6,-3) 12.a 13.C 15.B 


ry ey? 
17. Vertices: (—5,0), (0,5) 19. Vertices: (0, —5), (0,5) 21. 7g +f a6 1 23. 3 a BN 1 
(_/ \ / Foci: (0, —4), (0, 4 cise _ 
Foci: ( 21,0), (V21,0) ( ), (0,4) Vertices: (0, —4), (0,4) Verices: (=99/7,0), (22,0 
y 


Foci: (0, ~2V3), (0,23) Foci: (—V6,0), (V6, 0) 
| y 





Vertices: (—4,0), (4,0), 
(0, —4), (0,4); Focus: (0, 0) 








( 
(—4, 0) Dt 
Lane 
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x +1)? 
aa Oa 
4 
y? 
41.(x-—1)?+—=1 
4 
(x + 2)? 
43. Center: (3, —1); vertices: (3, —4), (3,2); a +(y-1)*?=1 
foes o. 1 = V5), (3,-1+ V5) Center: (—5, 4); vertices: (—9, 4), (—1,4); Center: (—2, 1); vertices: (—4,1), (0,1); 
foci: (-5 = 2V/3,4), (—5 i 2V3, 4) foci: (-2 = V3,1), (-2 et V3, 1) 
y 






3, DR AS -D 


ges a 





TT 
Bm: 
ae 
on 
ae 
Be 
rT 
Ze 
aa 
co 
ae 
Co 





(3, -1-V5) 
ae” +1)? a 
49. \ ) yay. 53.x° + Sea 1 
3 2 
Center: (2, —1); vertices: (2 — A/S, —1); Center: (1, —2.); vertices: (1,.—3-);. (1,1): Center: (0, —2); vertices: (0, —4), (0, 0); 
(2 + V3, -1); foci: (1, -1), (3, -1) foci: (1, -2 - V5), (1,-2 + V5) foci: (0, -2 - V3), (0, -2 + V3) 
y y 















PEE BEE EEE 
Pet PT ee 






bie | 





MPF ate ie 
ite tt a 






55. = 1 
25 21 
(0, —2) ~ —2+%V21) 
RCE 
PEEL 
(—3, —2) SER aeNeCue (7, —2) 





KCCCCC RES 
HRC Pt —2) 


(2, —2 — V21) +FFFFT RQ, -2) 







(1 --V10, 2) St (1 + V10, 2) 
ptt tt tT YT x 
EERE RRRe 


2 
69. = a - =1 71.43.3 ft 73.24.65 ft, 21.65 ft, 13.82 ft 75.30ft 77. The elliptical hole will have a major axis of length 2‘V 41 in. and 
2 2 
y 


ee 
(93) 2 8646.75 





a minor axis of length 8in. 79. 91.5 million mi; = 1 81. Perihelion: 460.6 million mi; mean distance: 483.8 million mi; 


) 2 
—* —, «—" — _ 1 $3.35 million mi 85.8V 14cm ~ 29.930m 8755 —4 
(483.8)?  233,524.2 
89. (a) Ax? + Cy? +F=0 If A and C are of the same sign and Fis of opposite sign, then the equation takes the form 
. y a2 u = 1, where —— and —-—<are positive. This is the equation of an ellipse with center at (0,0). 


————St + ——<————t 
(3) Ce) — 
A C 
_ ; 2 ae ee ; ; F 
(b) If A = C, the equation may be written as x* + y* = ", This is the equation of a circle with center at (0,0) and radius equal to rt 


92. Zeros: 5 — N75. So 2V3: x-intercepts: 5 — 2V3, 5 +2V3 93. Domain: {x|x # 5}; Horizontal asymptote: y = 2; Vertical asymptote: x = 5 


In 13 10 
94.617.1 ft-lb 95.b ~ 10.94,c ~ 17.77, B = 38° 96. is 50° sh 97.— 98. {—0.5397} 99.4x —7 100. {164} 


101. {-3 — 2V/5, -3 + 2V5} 
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10.4 Assess Your Understanding (page 683) 


4 4 
7. hyperbola 8. transverse axis 9.b 10. (2,4);(2,—-2) 11. (2,6); (2,-4) 2.c 13.2;3;x dy = oe = gt 15.B 17A 








F, = (3, 0) SWAAF; = (3, 0) 


BaRGGs LORE ae 
POCO 
-CCoie EEE (0, —2V2) 
HE 
Ar 





2923 —— =] 


Center: (0, 0) 
Transverse axis: X-axis 
Vertices: (—5,0), (5,0) 


Foci: (— V34, 4,0), (34, 4,0) 


















fee 3 
Beco ts Asymptotes: y = toe 
F, = (0, aoe 5) (0, —2V2) 
ee 
rs 
LTT 
Boro 
ae 
Ber 
ert a 
x2 2 2 2 2 
y y > y x 
les - Sx= 1 we xe =1 <a oo 1 
31. 16 es 35595 
Center: (0, 0) Center: (0, 0) Center: (0, 0) 39 y _ < | 
Transverse axis: x-axis Transverse axis: y-axis Transverse axis: y-axis 369 
Vertices: (—2,0), (2,0) Vertices: (0, —3), (0,3) Vertices: (0, —5), (0,5) 
Foci: (—2V/5,0), (2V5, 0) Foci: (0, —V10), (0, V10) Foci: (0, -5V2), (0,5V2) 
Asymptotes: y = +2x Asymptotes: y = +3x Asymptotes: y = +x 
(0, 4) V,=(0,5) F,=(0,5V2) 
y=-2x ; J =2x 
= (—2, 0) NSE V, = (2,0) 
wasp ans ausp . 
F, = (-2V5, FE = (2V5, 0) 
wns Vi= (0-5) F,=(0,-SV2) 

(x-4)*  (y +1)’ (y+4)* (x +3)? (y —7)° 
41, ————_ - —_——__ = 1 43, ———_ - ——_—— = 1 45. (x — 5)? - ————- = 1 
4 5 4 12 ee) 3 

eh AAS y 44 VE Ge — 4) yfo7¢ V9) y-T=V8e-5) 
: ; Ei: F 
F,=(,-b] Biceps ES4(4, -1) Vi= (6,7) 
bs au F,= 7 
AL 1 


x 
V, =, DCA RH = (7 -1) 
| tk | 





aa ECC 
Far. eee oe 
CCE fe ma ly 





Center: (2, —3) 

Transverse axis: parallel to x-axis 
Vertices: (0, -3), (4, -3) 

Foci: (2 — V13, -3), (2 + V13, -3) 


3 
x(x — 2) 


Asymptotes: y + 3 = + 
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= 9)? x +1)? +2)? 
sO) 2)? =1 cole = ane = 55. (x —1)?- (y+1)*=1 
Center: (1, -1) 
Center: (—2, 2) Center: (—1, —2) Transverse axis: parallel to x-axis 
‘Transverse axis: parallel to y-axis ‘Transverse axis: parallel to x-axis Vertices: (0, —1), (2, -1) 
Vertices: (—2,0), (—2,4 Vertices: (—3, —2), (1, -2 Ry 
ertices: (—2,0), (—2, 4) EES e a) en Foci: (1 - V2,-1), (1 + V2, -1) 
Foci: (—2,2 — V5), (-2,2 + V5) Boe: 2122) v2 2) Asymptotes: y + 1 = +(x - 1) 
Asymptotes: y — 2 = +2(x + 2) Asymptotes: y + 2 = +(x +1) 


F, = (-2,2 + V5) ood 7 wi T Rh Jy+2=x+1 y+1=-(«*-DH 
- 2 Paneer Bi. ‘ 4 a 
(—2, 2) 4-14 

alu 






F,=(-v2,-) ees 





Mofal Tobelel | J 
























Pe ed aa Le?) LAS F, = (-1 + 2V2, —2) V,=(0,- 
Vi = (2, ‘f V1 = (~3, —2)4 44 ASV, = (1, -2) 
(-2,2 -V5) AAACN y +2 = -(v +1) 
(-1,-4) (-1, —2) 
(y — 2)? ; Ga2)> (y42)" (y—1)* 
——z- + = = Fe = 1 1 ——— — +2)*=1 
57. r (or 1) d, 59 1 i6 6 m é: ) 
Center: (—1, 2) Center: (3,2) Center: (—2, 1) 
Transverse axis: parallel to y-axis Transverse axis: parallel to x-axis Transverse axis: parallel to y-axis 
Vertices: (—1,0), (—1, 4) Vettices: (1,:—2), (3,.=2) Vertices: 
: ‘ (—2, Ve (72,3) 
Foci: (—1,2 — V5), (-1,2 + V5) Foci: (3 — 2V5, -2), (3 + 2V5, -2) Foci: (—2,1 — V5); (—2,1 + V5) 
Asymptotes: y — 2 = +2(x + 1) Asymptotes: y + 2 = +2(x — 3) Asymptotes: y — 1 = #2(x + 2) 
maereren! a aah y+2=—-2x - 3) y+2=2x - 3) F, = (-2,1+ V5) 
eee) y —1= 2 + Derry = 1 = 26 +2) 
= (-1, 4) BE 
(—2, 3) 
; F, = (3 — 2V5, - = (3 + 2V5, - (-2,1 
| | az 
_ A Pst | 
= (-1,2 -V5) ya male AP V> = (5, —2) V, = (-2, -D 4 Rl a x 
(3, —2) searaaas 
65. y 67. Center: (3, 0) 
Transverse axis: parallel to x-axis 
ar fares sarees Vertices: (1,0), (5, 0) Be=G= 
Foci: (3 — V 29,0), (3 + V 29,0) 
°S 
Asymptotes: y = tS (x = 3) 
(a) ¥ ; 
69. Vertex: (0,3); focus: (0, 7); 71. —__—+ = = 1 73. ({(X% — 3)" = 8(y +5) 
directrix: y = —1 2 Vertex: (3, —5); focus: (3, —3); 
cei aan Center: (5, 0); vertices: (5,5), (5, —5); “a = (oy) egus 2); 
directrix: y = —7 


foci: (5, —4), (5,4) 


Lb recta | | tg | 









x2 2 
75. The fireworks display is 50,138 ft north of the person at point A. 77. The tower is 592.4 ft tall. 79.(a)y = =x (b) am ae i =1,x=20 
2 
81. = = af = 1 §3.If the eccentricity is close to 1, the “opening” of the hyperbola is very small. As e increases, the opening gets bigger. 
2 
1 2 
85. 7 — y” = 1; asymptotes y = +x r y-"Ts 1 
2 1 ee ed 
y? a 1; asymptotes y = +-x 2.0 REECE ar 
4 2 OO OBS pete 20) 
Pe Oi ks Sa 
CET rr X _y2 =4 
GDN 4 
EEEERER 
yo—de 
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87. Ax? + Cy? + F=0 If A and C are of opposite sign and F # 0, this equation may be written as wey = 1 


Ax? + Cy? = -F (-+) (-2) 
A C 


where —F and ~ Gare opposite in sign. This is the equation of a hyperbola with center at (0, 0). The transverse 


axis 1S the x-axis if ei > 0; the transverse axis is the y-axis if mr < 0. 


1 2 
89. Amplitude = > Period = re. Phase shift = —t 92. x7 + oS) * = 9: circle, radius 3, 


. . center at (0,3) in rectangular coordinates 
Vertical shift = 5 (0, 3) 8 


90.c ~ 13.16,A ~ 31.6°,B = 48.4° 91. (6, -6V3) 





— 4 9 9 
93. f (x) = in(* 3 ) A 94, — 5 2.57 sq units 


1 3 V16 — x? 


95.{—-4} 96. (= -3) 91, 





10.5 Assess Your Understanding (page 692) 








A- 
5. cot(20) = 6.d 7.B*-—4AC <0 8.c 9.T 10.F 11. Parabola 13. Ellipse 15. Hyperbola 
p 2 2 2 
17. Hyperbola 19. Circle 21.x = wee —y')y= eae + y') 23.x = ee —y')y= ee + y’) 
1 1 5 2) V 13 V13 
asx = Hx’ — V3y'),y =A Ve ty!) tnx = ee = y),y = re ty) 29. = 3 arr ~ 29,9 = Bae + 39 
2 2 5 5 13 13 
31. 0 = 45° (see Problem 21) 33.0 = 45° (see Problem 23) 35. 0 = 60° (see Problem 25) 
i y” x2 
2 2 — 12 oy og a 2 = 
x 3 1 x m 1 Fi y 1 
Hyperbola Ellipse Ellipse 
Center at origin Center at (0, 0) Center at (0, 0) 
Transverse axis is the x’-axis. Major axis is the y’-axis. Major axis is the x’-axis. 
Vertices at (+1, 0) Vertices at (0, +2) Vertices at ( +2, 0) 








SBE a, 
Pt 
aa I aoa 
CPLeCCACCERE zi 
RE Bee wii ti tet tt tO 
37.0 ~ 63° (see Problem 27) 39.0 ~ 34° (see Problem 29) 41. cot(20) = me 
—— Rx! DoD 2 24 
y= 8x Ce) ee 4 3 
Parabola 4 y= d= sin (2) ~= 37° 
Vertex at (0,0) Ellipse 1 
Focus at (2, 0) Center at (2,0) eet. 6 — ‘| 
y Major axis is the x'-axis. Parabola 
Vertices at (4,0) and (0,0) 1 
AL Vertex at (. +) 
ss 
Patty 
ra BH, i ican (. 7 
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43. Hyperbola 45. Hyperbola 47. Parabola 49. Ellipse 51. Ellipse 53. 23.6° 
55. Refer to equation (6): A’ = A cos’@ + Bsin @cos 6 + Csin’6 

B' = B(cos*6 — sin’ @) + 2(C — A) (sin @ cos 6) 

C' = Asin’@ — Bsin@cos@ + Ccos’6 


D' = Dcosé+ Esiné 
E' = —Dsiné+ Ecosé@ 
F' =F 


57. Use Problem 55 to find B’* — 4A'C’. After much cancellation, B’* — 4A'C' = B* — 4AC. 
59. The distance between P, and P) in the x'y’-plane equals V (x2' — x1')* + (yo! — yy’)? 


Assuming that x’ = x cos @ — ysin@ and y’ = xsin@ + ycos 6, then 
(x,' — x,')* = (x, cos 6 — y) sin@ — x,;cos@ + y, sing)? 
= cos’@(x. — x,)7 — 2 sin @ cos (x, — x1) (y2 — y1) + sin’ O(y. — y,)7, and 
(y2’ — yy’)? = (x. sin @ + y. cos 6 — x, sin@ — y, cos 0)” = sin’ O(x) — x,)* + 2 sin @ cos O(x, — x1) (y2 — y1) + cos? A(y2 — y)?. 
Therefore, (x — x1')* + (y)' — yy')* = cos? O(x. — x1)? + sin’ O(x, — x,)* + sin’? @(y. — y,)* + cos’*O(y, — y,)? 
= (x, — x,)7(cos’@ + sin’?@) + (yo — y,)7(sin’?@ + cos’@) = (x, — x1)? + (v2 — yy)”. 
63.A ~ 39.4°,B ~ 54.7°,C =~ 85.9° 64.385 65.r?cos@sind =1 66. 29 (cos 291.8° + isin 291.8° ) 


2(2x + 3)?7(52x* + 96x + 3) 
67. -—_—___.—_..——_ 68. y= —5 69% {5} 70.833 71.8 
(4x° — 1) 


10.6 Assess Your Understanding (page 699) 

3. conic; focus; directrix 4. parabola; hyperbola; ellipse 5.b 6.T 7. Parabola; directrix is perpendicular to the polar axis, 1 unit to the right of the pole. 
4 

9. Hyperbola; directrix is parallel to the polar axis, 3 units below the pole. 


11. Ellipse; directrix is perpendicular to the polar axis, 5 units to the left of the pole. 


13. Parabola; directrix is perpendicular to the 15. Ellipse; directrix is parallel to the polar axis, 17. Hyperbola; directrix is perpendicular to the 
polar axis, 1 unit to the right of the pole; 


8. ’ 
‘ 3 units above the pole; vertices are at polar axis, 5 units to the left of the pole; 
vertex is at ( 0). 


vertices are at (—3,0) and (1,77). 





19. Ellipse; directrix is parallel to the polar axis, 21. Ellipse; directrix is parallel to the polar 23. Ellipse; directrix is perpendicular to the 
8 units below the pole; vertices are at axis, 3 units below the pole; vertices are at polar axis, 6 units to the left of the pole; 


T 8 37 
(s, = and (=. =) (6 — 


vertices are at (6,0) and (2,77). 





(2, 7) 
CT = 
(4, 7) 
6 3a 
5° 2) 
25.y7 + 2x —1=0 27.16x? + 7y* + 48y — 64 =0 29.3x7 — y24+12x +9=0 31.4x7 + 3y? — loy — 64 =0 
1 12 12 
33. 9x7 + Sy? — 24y — 36 =0 35.3x? + 4y? — 12x — 36 =0 327 = ——— 39.7 = ——— 41.7 = ———— 
- y y 7 y ay ° 1+ sind : 5 — 4cos 6 J 1 — 6sin 6 


43. Use d(D, P) = p — rcos @ in the derivation of equation (6). 
45. Use d(D, P) = p + rsin @ in the derivation of equation (6). 
47. Aphelion: 35 AU; perihelion: 0.587 AU 


HORMAL FLOAT BUTO REAL RAGTAN HP fl 








/2GM, 
49.0.0125m 51. v9 = : 52.27.81 53. Amplitude = 4; Period = 107 
0 


5 24 
‘ 54. {2 0, eh 55.26 56.7 = —ft 57. ~19.83 years 
IT 


12 1 
58. Decreasing: | —1,0]; Increasing: [—2,—-1] and[0,0©) 59k = 5 60. f(x) = mG +3)*+8 61.40 sq units 
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10.7 Assess Your Understanding (page 710) 
2. plane curve;parameter 3.b 4.a 5.F 6.T 
7. 9. 





‘< 










ey a 


PET TT TT 
a PE A HH 
PT rr 
Pye 
ehhh a= 
Pt ttt 
SERRE £. ee 


s[a} is] s4] 

En : 

ptt tt _ 
EERE ane HR AR Ee 
BER 'AREL: PET TTT Pr tf 
EEE See 
EaeEe 


Pt TAT TT 
Pt tT 
a 
Beeerrie 
Peet 41 | 





= 2 31. x(t) =torx(t)= Wt 33 x(t) =t 
; y(t) =t4+1 y(t) = +1 yt) =f yG)—7 ¥G) =P 4 =0 90) = 7 =0 


t=5 37.x(t) =3cost,y(t) =2sint,0 =t< 27 
—3sin(7t),O0=tS=2 4Lx(t) = 2sin(27t), y(t) = 3cos(27t),0=t=1 


49. (a) x(t) = 3 (or any number except 0) 51. (a) Train: x;(t) = i, y(t) = 1; 53. (a) x(t) = (145 cos 20°)t 
y(t) = —161* + 50t + 6 Bill: x2(t) = 5(t — 5), y(t) =3 y(t) = —16t7 + (145 sin 20°)t + 5 
(b) 3.24 s (b) Bill won’t catch the train. (b) 3.20 
(c) 1.56 s; 45.06 ft (c) RORHIAL FLOAT AUTO REAL RADIAN HE Fy (c) 435.65 ft 





(d) RORMAL FLORT BUT REAL RABTAH HPF 


fl 5 (d) 1.55 s; 43.43 ft 









. (e) HORMAL FLOAT BUTO REAL DEGREE bir fl 
Bill = }+— 170 
Train 
9 100 a ee ee 4 AL) 
t=8 
—120 
55. (a) x(t) = (40 cos 45°)t 57. (a) Camry: x(t) = 40¢ — 5, y(t) = 0; Chevy Impala: x(t) = 0, y(t) = 30t — 4 
y(t) = —4.917 + (40 sin 45°)t + 300 (b) d = V(40t — 5)? + (30t — 4)? (d) 0.2 mi; 7.68 min 
(b) 11,238 (c) NORMAL FLOAT AUTO REAL RADIAN HE (e) NORFIAL FLOAT AUTO REAL DEGREE HF cy 
(c) 317.52 m 7 
(d) 2.89 s; 340.82 m 
(e) HORMAL FLOAT @UTO REAL DEGREE rir fl 6 * 6 
% 0.2 = 





Sr eae: | 
~160 0 320 


2 2 
59. (a) x(t) = v2 t,y(t) = —16f? + cee + 3 (b) Maximum height is 139.1 ft. (c) The ball is 272.25 ft from home plate. (d) Yes, the ball will 


2 
fe as R(1— m’*) 2mR 
clear the wall by about 99.5 ft. 61. The orientation is from (x), y,) to (x2, 2). 63.x(m) = ———_.—,, y(m) = = 
1l+m 1+m 





-—-woO <m< ~C 
67. 69. Approximately 2733 miles 
2 
70. (a) Simple harmonic (b)2m _ (ce) +s (d) — oscillations/s 
T 


y 1 a3. V6 = V2 = V2 7A. 3} 15.c = 2V3 


Tly = 2x —-— 72.- —— 
. 2 (x + 3)? 4 3 


y 
6 
4 
2 
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Review Exercises (page 715) 


1. Parabola; vertex (0,0), focus (—4,0), directrix x = 4 2. Hyperbola; center 


( 
1 d, 
—x and y = —=x 3. Ellipse; center (0,0), vertices (0,5) and 


0), vertices (5,0) and (— 


0), foci (/26, 0) and (—V26, 0), 


asymptotes y = 5 5 (0, -5), foci (0,3) and (0, —3) 
4x7 = —4(y — 1): Parabola; vertex (0,1), focus (0, 0), directrix y = 2 5. — z. = 1: Hyperbola; center (0, 0), vertices eve 0) and (-Vv2, 0), 
foci (10, 0) and (—V10, 0), asymptotes y = 2xandy = —2x 6.(x -— 28 = 2(y + 2): Parabola; vertex (2, —2), focus (2 5), directrix y = 2 
yD. — (x — 1)? =1:Hyperbola; center (1,2), vertices (1,4) and (1, 0), foci (1,2 a V5) and (1,2 = V5), asymptotes y = 2 ae = 1) 
pe?) + ya = 1: Ellipse; center (2,1), vertices (5,1) and (—1, 1), foci (2 + V5, 1) and (2 — V5, 1) 
9. (x — 2)? = —4(y + 1): Parabola; vertex (2, -1), focus (2, —2), directrix y = 0 
i + oa, = 1: Ellipse; center (1, —1), vertices (1,2) and (1, —4), foci (1, —1+ V5) and (4, == V5) 


4 9 








(x41)? (y= 2)? _| 
9 oe 
oe =~ wtp yiOb2+-VD 

es 
V, = (-4, 2) 
ha 
y-2=¥0 
12 
y 
24.x" —--—-=1 
* 9 
Hyperbola 


Center at the origin 
Transverse axis the x’-axis 
Vertices at (+1, 0) 





27. Parabola; directrix is perpendicular to the 
polar axis 4 units to the left of the pole; 
vertex is (2, 77). 


Directrix y 












gees 
"4 42 
Yas (0, 4) 
y = VE, PRESSE ay -'3 
3 BERL ASR eee 
SHEEP EH 
(-2V3, 0) “ERS 
Za PECTS (2V3, 0) 
V, = (0, —2)-tF; = (0, —4) 








RHE n,  3+VB, 1 
PL Pt ee ee 





25. 


Ellipse 

Center at the origin 
Major axis the y’-axis 
Vertices at (0, +2) 





28. Ellipse; directrix is parallel to the polar 
axis 6 units below the pole; vertices are 


T 377 
(6. =) and (2 =) 





Directrix 





1 
“ye aa vones F. 8) 
(—4, 5) Bre 
Bb c= 
( aa 
= (-4,2) 
~°V, = (4,0) 
19. Parabola 20. Ellipse 
21. Parabola 22. Hyperbola 
23. Ellipse 


4V 13 
26. y’2 = — B x 





Parabola 
Vertex at the origin 


V 13 
Focus on the x’-axis at (-~S 0) 


ine 
Pt ear || 


Sper ens 


a 
| TY 





CE Lan | 


29. Hyperbola; directrix is perpendicular to the 
polar axis 1 unit to the right of the pole; 


2 
vertices are ) and (—2,7r). 
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30. y7 — 8x —-16 =0 31.3x7 — y*- 8x +4=0 











wi _ (7 ey ees, O. 
33. 4(t) = ty (0) ]= =i 4, Oo = P= OO 36. x(t) = 4 cos af ,y(t) = 3sin 3f srts4 3h = 1 38. The ellipse 7 — + 7 i 
t—4 

x(t) i _9 , y(t) = by = OD Ee OD 

1 
39. A ftor3in. 40. 19.72 ft, 18.86 ft, 14.91 ft 41. 450 ft 

3 
42. (a) Train: lt) — at y= 1 (c) HORMAL FLOAT AUTO REAL RATAN HP fn 43. (a) x (1) = (80 cos 35°)t 
y(t) = —16t? + (80 sin 35°)t + 6 ot = 


Mary: x2(t) = 6(t — 2),y =3 


(b) Mary won’t catch the train. (b) 2.9932 s 


(c) 1.4339 s; 38.9 ft 
(d) 196.15 ft 





Chapter Test (page 716) 

1. Hyperbola; center: (—1, 0); vertices: (—3, 0) and (1, 0); foci: (-1 = V'13, 0) and (-1 ah V/13, 0); asymptotes: y = F(x + 1) andy = (x ke) 
2. Parabola; vertex: (. -5) focus: (. > directrix: y = _ 
3. Ellipse; center: (—1, 1); foci: (-1 ~ V3, 1) and - Le a 3,11): vertices: (—4, 1) and (2, 1) 


4, (x + 1)? = 6(y - 3) 5. 


aaamte 
Aeros 


mil 
‘a? S5Be 





| 





7. Hyperbola 8.Ellipse 9. Parabola 


10. x'? + 2y’ = 1. This is the equation of 
an ellipse with center at (0,0) in the x 
x'y'-plane. The vertices are at (—1, 0) and teva i 
(1,0) in the x'y’-plane. Ar ce 





Z 
13. The microphone should be located 3 ft from the base of the reflector, along its axis of symmetry. 
Cumulative Review (page 717) 


1 
1.—6x + 5—3h 2.4 -5,-52} 3. {x|-3 <x < 2} or[-3,2] 


4. (a) Domain: (— co, ©); range: (2,00) (b) y = log; (x — 2); domain: (2, 00); range: (—00, 00) + §5.(a) {18} (b) (2, 18] 






2 2 2 
6.(a)y =2x-—2 (b) (x-2)?+y?=4 @ + ps1 (d) y = 2(x - 1)? @y->=1 (f)y = 4 
; Sa 
7.0 = a + ak, kis any integer; 0 = 1 + qk,kisanyinteger 8.0 = 6 9.r = 8sin 6 y 
37 ° x fi ae te 
10.4 x|x A — + wk,kisaninteger? 11. {225°} 12.y=—+5 oA 
4 5 10) x 
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CHAPTER 11 Systems of Equations and Inequalities 
11.1 Assess Your Understanding (page 730) 






1 
2:-2- (-1)=5 ene 
3.F 4.consistent;independent 5.(3,—2) 6.consistent;dependent 7b 8a 9. { 5:2 +2(-1) =8 11. L _ tt 
2 2 2 
4-1=3 S21 3( =f) 22 = 4 392 + 3(=2) $292 — 4 
13. 1 15, t= {-l)—= 2=Q 4 2-5(-2)r2, =10 
pra t1l=3 Z( = 1) = 352 = =5 222 = 22) = 32S & 
19. x = 6, y = 2; (6,2) 21.x = 3,y = —6; (3, —6) 23.x = 8,y = —4; (8, -4) 
y y 
Sm. 5 EEE 
x+y Sty raid REE EHH 
ALES 
ptt de oly 
“2 
x-y=4 IH 


FE 





4y + 2y=12 
4-x , 3 3 
31. {(x, y)|x = 4 — 2y, y is any real number }, or 4 (x,y) |y = zis anyrealnumberr 33.x =1,y=1;(1,1) 35.x = py = 1; zl 
2 5 (2 5 1 1 fi 1 
37.x=4,y = 3; (4,3) 39.4 =eey = —Se(ee-—se) 41.4 =Sy = 2] «43.x = 6,y = 3,z = —1; (6,3,-1 
4=4,y = 3; (4,3) x= By = (2 > x= By = (35) t= 637 = 352 3 (6,5,1) 
45.x = 2,y = -1,z =1;(2,-1,1) 47 Inconsistent 49. {(x, y,z)|x = 5z — 2,y = 4z — 3;zisanyrealnumber} 51. Inconsistent 


1 1 
= 1. 3.2 2-132) SSeS 3 > z=1; (-3 > 1) 57. Length 30 ft; width 15 ft 59. Commercial: 292; noncommercial: 177 


61.22.5lb 63. Smartphone: $775; tablet: $890 65. Average wind speed 25 mph; average airspeed 175 mph_ 67. 80 $25 sets and 120 $45 sets 


10 65 55 


4 5 
69. $9.96 71. Mix 50 mg of first compound with 75 mg of second. 73,.a = =,b =—=,c =1 75. Y = 9000,r = 0.06 77.1, = b= aT I = 71 


3 3 qa, 
79. 100 orchestra, 210 main, and 190 balcony seats 81. 1.5 chicken, 1 corn, 2 milk 


83. If x = price of hamburgers, y = price of fries, and z = price of colas, $2.13 $2.01 $1.86 


41 1 
then x = 2.75 — z,y = 2 + 52, $0.60 < z = $0.90. $0.89 | $0.93 | $0.98 
There is not sufficient information: $0.62 $0.74 $0.89 


a 
p< 
92. (a) 2(2x — 3)3(x? + 5) (10x? — 9x? + 20) (bb) 7(3x — 5) 17 (x + 3)” 9Bu5 





85. It will take Beth 30 h, Dan 24h, and Edie 40h. 82x = y= 


2 2 


Si 5a - x y 
n — + i 1 yW}—— — u S7/6 : ._— + — = 
94 2( cos 6 isin =) 2e 95. {6, 12, 18,24,30} 96 100° 34 1 


7 7 ‘. 11 . Il . 
97. zw = 12( cos + isin7 ) sie 7 * = 3( cos + isin a = Get? 


T 


98. $4709.29 99, — 3 100. 31.5 square units 





11.2 Assess Your Understanding (page 744) 


ee L =3)'5 2 3} 6 0.01 —0.03| 0.06 
1. matrix 2.augmented 3.third;fifthh 4.b 5.T 6.c ap |e 0.| a - epee nee 


1 -1 -1} 10 


1 -1 1/10 i t =i 
3/3 3 of 5] 45.[3 -2 0/2] an) 2 ; vs ee a ear oe 
- i 22 5 3 -1/1 = 


4 -5 1} O 
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x—3y+4z=3 (1) 
3x —5y +6z=6 (2); 
—5x +3y+4z=6 (3) 


=5 4} 3 % = Sy 22 = =0 -{ 1) | 
4 —-6|-3] 23. 2x — Sy + 3z = —4 (2);] 0 Lt =] 8 
—12 24} 21 —3x —6y +4z= 6 (3) LO —-15 10} -12 


1 
0 
0 
Hay Zee 2 1) 7 ill 2 x=1 
2x —5y + 6z=-2 (2); 


—4x + y+4z= 


5 6)1—2 mis? 29.4 y =2 


“ai 
0 -9 wl 2 y 0 =3 


| 
Nn 
=~ 
Oo 
WN 


Consistent; x = 5, y = —1lor (5, —1) 
Inconsistent 


+ 
y—4z = —2 33.4 xX. + X4 = 2 3964 Xo Ff Xe -F 3x4 — 3 37, a a ; 
0= O x3 + 2x, = 3 0-0 x3 x4 = 


O= O 
onsistent: Consistent: Consistent: C eer 
onsistent: 
are = Lae 2 x, = 2 — 4xy ee, eee 
y= -2+4+ 42 x3 = 3 -— 2x4 xy = 3 — x3 — 3x4 ; 


: . A 2. = 2X4 
Z 1S any real number or X4 1S any real number or X3,X4 are any real numbers or 


X3 —~ X4 


2.{ 
| 
+ xX4=- 
ee 2g. = 1 x= 1 x, + 4x4 = 2 2 a X4 2 
31. 
Cc 
{ 


CF z)|x Sa 22, { (x41, X2, X3, X4) x4 = 1, { (x1, X2, X3, X4) | xy, = 2 4X4, X4 is any real number or 
y= —2 + 4z, zis any real Xp = 2 -—x4,x3 = 3 DXi. xX, = 3 — X3 — 3X4, x3, X4 are = 
b : { (X41, X25 X3, X4) | Rj = 2 xy 
number } X4 1S any real number } any real numbers } _ _ . 
Xy = 2 — 2x4,X3 = X4,X41S any 


real number } 


5 
= 6 (= >) 43. x = 4 — 2y, y is any real number; { (x, y) | x = 4 — 2y, y is any real number } 


15 
39.x = 6,y = 2; (6,2) 41x = 


1 
ae 
3 3 4 1/41 
4.x =S>y=1;5(51 47,x=sa y= (5>] 49.x= =2,z = 0; 2 Lx=1,y =2,z = —-1; (1,2,-1 
5.x = (3.1) X= By = (35) A= Sy = 2,.2=0,(6,.2,0) shave 1) = 2.2 2k) 
53. Inconsistent 55.x = 5z — 2,y = 4z — 3, where z is any real number; { (x,y,z) |x = 5z — 2,y = 4z — 3, z is any real number } 


1 1 1 zZ 1 2 
57. Inconsistent 59.x = 1,y = 3,z = —2;(1,3,-2) 61x = —-3,y = ze = 1: (-3. =1) 63.x = 3 = ze = 1: (> 21) 
65.x =1,y =2,z =0,w = 1;(1,2,0,1) 67%y =0,z = 1 — x,x is any real number; { (x,y,z) | y = 0,z = 1 — x,x is any real number } 


13 yi 19 /13 7 19 
69.x = 2,y = z — 3, zis any real number; { (x,y,z) |x = 2,y = z — 3,zisanyrealnumber} 71.x = —y =—,z = (S33) 


9 is” iS Oe Ts 
7.. 3 2 8 13 
73.x = 5 5% = Pe, = "5 + 5% “E “5 where z and w are any real numbers; 
x ) aw 3 _& = 8x, db pu and w are an real numbers 





75.y = —2x7 +x4+3 77 f(x) = 3x° — 4x7 +5 79.1.5 salmon steak, 2 baked eggs, 1 acorn squash 


81. $4000 in Treasury bills, $4000 in Treasury bonds, $2000 in corporate bonds 83.8 Deltas,5 Betas,10 Sigmas 85.74, =1,h=3,4=8,4=4 


87. (a) Account lnvectad Ae (b) enone ngectna at (c) All the money vested at 7% proces 
$2100, more than what is required. 

| 0 | 10,000 10,000 

1000 8000 11,000 


12,500 12,500 


14,500 8500 2000 
16,500 4500 4000 
18,750 Le 6250 


89. First Supplement Second Supplement | Third Supplement 94, (=I <x <6},or (—1,6) 
95, 
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96. {x|x is any real number}, or (—00, ©) 972.42 98 = 99 (eae = es = 1 
e y 9 9 e ° e 27y!2 e 16 9 
: i* 51/3 IT 2x +h 
100. 18 — 18 V'3i; 36e 101. $300744 102.— 103. ~———_, 
2 x*(x + h) 
11.3 Assess Your Understanding (page 756) 
5 3 
l.ad — be 2.| 3 7 3.F 4.F 5.F 6.a 7.22 9.-2 11.10 13.-26 15.x% =6,y = 2; (6,2) 17x =3,y = 2; (3,2) 


| Sys, 8 es _1. 2/12 
19.x = 8,y = —4; (8,-4) 2.x = -3,y =5;(-3,5) 23. Not applicable 25.x = 7 itr (53) 27.x = 10°» a = (4.2) 


y 
3 3 4 1/41 1 1 
9.x =3y=1;($1) Sx = BY SS +2) 330k —1. 7 =] 39 = = 2, Cl =.) x= -2,y=52=1(-251) 


37. Not applicable 39.x = 0,y = 0,z = 0; (0,0,0) 41. Notapplicable 43.—4 45.12 478 49.8 51.—-5 53. = 55. 0 or —9 
57. (y1 — y2)X — (%1 — x2)y + (x1y2 — X21) = 0 
(yi — yo)x + (X2 — x1) y = xXay1 — X12 
(X2 — X1)¥ — (X2 — X1) M1 = (Ya — W1)H + Hay, — HY. — (%2 — 1) 1 
(x2 — x1) (y — yi) (Y2 — y1)* — (Y2 — Vi) x1 


yo Ji 
X. — xX 





yT-M = (ea) 


59. The triangle has an area of 5 square units. 61.50.5 square units 63. (x — 3)? + (y + 2)? = 25 























65. If a = 0, we have If b = 0, we have If c = 0, we have If d = 0, we have 
by =s ax = Ss ax + by =s ax +by=s 
ea dy =f cx +dy=t dy =t cx =t 
s Since D = ad ¥ 0, then Since D = ad ¥ O, then Since D = —bc ¥ O, then 
Thus, y = > and a ~ Oandd # 0. a ~ Oandd # 0. b # Oandc # 0. 
pe LLY _ tba as Thus, x = and Thus, y = “and Thus, x = Sand 
C be 
Using Cramer’s Rule, we get y= pk 2 JS x= 2 = peu y= pK, ge 
eh, ead) d ad a ad b be 
pe pe Using Cramer’s Rule, we get Using Cramer’s Rule, we get Using Cramer’s Rule, we get 
_ ses ya 4S x a4 FF gp eg 
as a) ada ad —be c 
_ lacs att _ at—sc _ sc—at 
ye ad Yad d y"=be be 


a4 a2 443 
67. |kay, kay kaz3| = —kay, (42433 — A303) + kay) (441033 — A31013) — kaz3(a41032 — a31412) 
a31 a39 33 
a, a2 a3 
— k[ = ap, (442433 = 390113 ) a Any ( 441433 — 3103 ) = An3 (A432 = 3412) | =klay, ay a3 


43, 432 433 


a4 + Kay, a42 =“ Kan a3 So Kan3 


69. ay, ay Ay3 (ay, + Kaz,) (92433 — 432023) — (a2 + kagz) (21433 — 31423) + (a)3 + kay3) (az1a32 — 322) 
a3) a39 33 
= 41077033 — 11032093 + Kaz Aqy7A33 — Kaz Ax2A23 — A4271033 + 12031073 
— kag a33 + Kas Zz1A23 + 043071032 — 013031022 + kag3Ay1As2 — kagyzzA22 
= €410772033 — 41032073 — 42021433 + A12031A73 + 43021032 — A43031A72 
a1, 42 443 
= Ay) ( 22033 — A323 ) = 2 ( 21433 — A313 ) + 13 ( Az1432 — 31 ) = 142, 422 73 


43, 432 433 


Ln 
70. v = 91 — 4j; V 97 71. +53 +5 Hg 2, Oa 10 


72. 








3 3 : 
73.0 74, 5V2( cos 5 + isin =); SV 2e37/4 775, f(x) = 5° 341 76.45 


on << 


293 5 
77. 8x3 — 60x2 + 150x — 125 78," 799, y= x - 22 


* x(Vx +7 + 10) 2 
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Historical Problems (page 772) 











2. 45 i 3 2 =. 1 3 17 1 
e ae j ] — + ; + 7 
1. (a) 2 si | pple | i] |: ales : 7 (c) 17 +i (d)17 +1 
a b\ja —b a’ + b? 0 
2. _ b Al b 7 = 6: Phang? ; the product is a real number. 
ka+Ic kb+ld 
: = + + + = + + + = 
3. (a) x = k(ar + bs) + l(cr + ds) = r(ka + Ic) + s(kb + Id) (b) A ee Hid 








y = mi(ar + bs) +n(cr + ds) = r(ma+nc) + s(mb + nd) 
11.4 Assess Your Understanding (page 772) 


4 4 —-5 0 12 —20 =S. 7- =15 Ze. 9 
l.square 2.T 3.F 4. inverse 5.T 6.A4'B 7a 8.d 0f 15 | u1.| | 13.| | 13.| | 


4 4 8 24 7 0 22 4 23 
Ee ae . a 25 -9 ee 34> s& 5 14 
17.) 2 22 -18) 19.Notdefined 21.) 22 34 -22] 23|° J°| 25.) -18 10 -14] 22) 5 7 4 Gl lo 1, 
3 0 28 “a 7 2 17-7 34 

5 1 3 

% 2 es , 2 1 3 3.3 1 ; ' f 

31. Not defined 33.| 34 13] 385. [_ : | 37. 2} 39 : 4L)-2 2 -1| 43.) @ & -2 

J 3 = = —4 =2 
47 20 1 2 5 32 1 
[ oC 4 


1 
45.x = —4,y =7;(-4,7) 4%x = —5,y = 10;(-5,10) 49.x = 2,y = —1; (2,-1) six = 5y =2:( 2) 53.4. —2,y7 = 17-2, 1) 


2 3 (2 3 1 1 1 1 
ss.x=2y=3(23) 51.4 = 5,7 > —2,2 = 3; (0, —2,53) 9.x=5y=-p2=4 (5-51) 





aa pss 
34 85 12 ( 34 85 12 1 a 71%. 9 4 o\4 0 i: eels % 1 5| G0 
6L..x =- y= >,7= ($32) @x=5y=12=5(515) «s.| |- 2|4 = 
‘) 7 ees 3 in em 21/0 1 » aie, 4 ope 
,) 
1/1 
1 = ———, 
15 3/1 0 1 -welek 9 5| 15 ° 
67. —= 5 15 wait 
10 2 1 2 
10 2/ 0 1 0 0|-Z i 
=3 Ff =p. 4 © O 1 2 5/0 01 tt 2 510 0 1 
69..| 1 -4 -71/0 1 0| > if =< =F 7 = =—6 =O10 1 <4 
1 2 5/0 0 1 4 4 = 1/7 % o 0 7 1441 0. 3 
9. 5 
: oe 2 Leo; 0 3 ‘toe es a 0.02 —0.04 -0.01 0.01 
+1o1.2]/0 +1) 5]012!0 -1 fn 0.06 0.02 057 a Oe 
6 6 6 6 ; ei ; ee - i : ") 0.02 0.01 —0.04 0.00 
‘tole ox oe ee ~0.02 0.06 0.07 0.06 
7 7 7 6 42 


75. x = 4.54, y = —6.42,z = —24.08; (4.54, —6.42, —24.08) 77x = —1.10,y = 2.54, z = 8.30; (—1.10, 2.54, 8.30) 


5 
79.x = —-5,y =7;(-5,7) 8Lx = -4,y =2,z= >, (-4 2, > 83. Inconsistent; © 
1 1 1 1 
85.x = -— x + =) = = — > where z is any real number; cc y, Z) Lx = + 5s + oy — 5 = 7 z 1s any real number} 
6 9 148.00 4527.60 

é = “B= AB = > Nikki’ 1 tuition is $4527 ‘ 1 tuition is $5296.80. 

87. (a) A * Al pee (b) paee: ikki’s total tuition is $4527.60, and Joe’s total tuition is $5296.80 
500 700 15 
500 350 400 11,500 

: : 10 0.05 2002.50 

89. (a) Be 500 aI 350 ©6500 (b)| 8 (c) peed (d) [0.10 ] (e&)$ 


400 850 3 
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1 > =i 13. 1 = «120 A 8 5 
91.(a)K'=/-1 1 1} @®)M=} 8 9 19] (c)Mathisfun. 93.X = b - > 
= 1 6 21 14 
245 2 3 
5325 4 
95. (a)B; = A+ A+ A=] 4 2 2 4 2 |: Yes,all pages can reach every other page within 3 clicks. (b) Page 3 
22.32. 3 
iL 3 2-4 2 
L we 4 
2 Z 
97. (a) (3 — 2V3, 3V3 + 2) (b)R'= V3 1 ; This is the rotation matrix needed to get the translated coordinates back to the 
9° 9 original coordinates. 
0 0 1 
1 1 1 1 6 5 4 3 
99. a = ~ 5b = — 54 = — 5b = 74 =0,b=0;a=-1,b=0 104 x° — 4x° — 3x" + 18x 
Wye —1 24 8, —9 x+9)(x-1 
105. v-w = —5;6 = 180° 106. {0,3} 10%2—-—— 108.4 + 4V3i 109, or ae AC) 
|u| ie (x — 3) (x + 3) 


110. {x|x =5,x A —-3} 1.3x(x + 4) (x + 6)(x — 6) 112.27 + 4 =~ 10.28square units 











2 2 
25| —secx ] — 4 
(2 ) _ V4sec?x—4 _ V4 (sec*x — 1) V4tanx 2tanx  2sinx 5cosx 
_—— ee = 






















































































113. (fe g)(x) = 2 2 —7 3 ae 
SCcx aad aes een Bee 
11.5 Assess Your Understanding (page 783) 
5x — 6 22% => 1 
5. Proper 7. Improper; 1 + 9. Improper; x — 1 + a it Proper 13. Improper; 5x + af 
2 oe = 15 wee 
1 3 1 
<%= 6) —4 4 1. —x —1 2 4 4 p 
15. | SL 1, 19, + 21; + 23:3 a 3 
yee (x + 4) (x — 3) _ fed x x41 Rd BD StL AS 1 (eH 1)" 
1 1 1 1 1 1 1 
se = a(x t+ 4) = = ~& = -_ —~(x + 4) 
AZ 12 4 4 4 4 5 5 —4 4 1 
25, A sa 27 4 S$ +——__ 29, + +——. BI + + 
x-2 x7 +2x+4 BaD eed) ek Ged 1) x+2 x+1 (x +1)? x x? +4 
2 1 2 1 3 1 
= —(x + 1) < ~ ~ - 
ge hp es Ey Ai ee 
EL peed See 2 Qe ees (x2 + 4)? x a ee ae 
a = 
7 eo ee, Se eee ee 
Rae. HS eae (x7+16)7 (x? + 16)? x wee are 
Sho St 
10x — 11 5 5 5 
51.x — 2 + ————__ + sx —-2+ 
* Die eed ee 4 eS 
== 32. —10 
55.x2 — 4x + 7 + ———— + ——_; 2 —4y +7 - 
x*?+4x4+4 x+2 (x +2)? 
i a = 
Oe ee He 1, od 4 1 4 1 4 
Sx + 1} 1 a a 
xt—2x74+1 “xt+1 (x+1)% x-1 (x+1)? x-1 (x-1)? 
2 VI 5a 
59. ag 4 61.3.85 years 62.—2 63.1 64. (E 65.Odd 66. f !(x) = logs(x +4) +3 
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25 144 


2 2 
Geo = 1 08. {2 : 





6 6 2x — 4 1 11 
x= for] $c ) 69. D = a 70. y =x -— == 


Historical Problem (page 790) 


x = 6 units, y = 8 units 


11.6 Assess Your Understanding (page 790) 





7. y ie eed 11. 





ONIN 272. 


5 a , 7 
2% = 0,9 =2;%>—1,y = Lor (0,2),(-L-1) 2.2=0,y=—lx> ye Lorn, (5-3 


7 2 
1 9 1 19 1 
3Lx = iy = =3,y =50r(% > (3. >) 





a =a 
D934 = 3.9 Sy = 3 "6 2 a 8 2 OF 82) (5, 2) 3) 
a ee ee ee eee ee eee ee ee ee ee 
ey Nh Bag ie) tape hy OE pe) ae Bay Ja pay Be By 
37x = V2, y = 2V2: x = -V2,y = -2V2or (V2,2V2), (=V2. a7) 39. No real solution exists. 
tien dy a 2¥,- 8, _2V0,_ 8) _ 2V0 8 - 710 (8 2V'10 2v10), (_$,2V%0) (6 2van) 
a a ae a 0 ae 7 a 3 a ee ete ee 
8 2V10 1 1 1 1 i 1 1 1 
(-5, -2%*) 43 ~~ ly = y* — —l,y = y* — l,y = ~ 9% ~~ —l,y = a (1.3). (-1.3). (1,-5) (-1,-5] 


45. No real solution exists. 

41x = V3iy = Vix = —V3,y = —V38ix = 2,y = 1x = -2,y = -1or (V3, V3), (- V3, - V3), (2,1), (—2, -1) 
49.x = 0,y = -2;x =0,y = 1; x = 2,y = —lor (0, —-2), (0,1), (2,-1) SLx=2,y =8o0r(2,8) 53x = 81,y = 3 
55. 57.x = 0.48, y = 0.62 59.x = —1.65,y = —0.89 

61. x = 0.58, y = 1.86; x = 1.81, y = 1.05;x = 0.58, y = —1.86;x = 1.81, y = —1.05 
63. x = 2.35, y = 0.85 


or (81, 3) 





1 1 1 
71.3 and1;—land—3 73.2 and2;—2and—2 75. 5 and 3 77.5 79.5in.by3in. 81.2cmand4cm_ 83. tortoise: 7 m/h, hare: 7 zuv/h 








ANSO Answers: Chapter 11 


1 7 
85. 12cm by 18cm 82x = 60 fy = 30ft 8%y=4y—4 My =2+1 By=-sr+7 Wy = 2-3 


—b+ Ve -4ac _ —b- VP -4ac yy, _ P+ VP?-164 _ P-VP?-16A f-3 ves “3+ V5 
2a — 2a _ 4 4 - 7 


9717, = 


2 ‘) 24 7 25 25 
104. y = ae 3 105. siné = 55° cos 8 = 55° tan 6 = vk csc 9 = te sec 9 = ay 106. ~—15.8° 107. (x + 3)? + (y — 4)? = 100 
24 _ 48x + 15 


108. {x|-3 <x < 7tor(—3,7) 10% y = —V25 — (x —4)? 110.2x* — 20x + 49 111. -——__—____. 112, -——__ 
{ x| } or ( ) » ( ) (x — 8)(x +h — 8) (2x — 5) 10 


11.7 Assess Your Understanding (page 799) 


7, dashes; solid §8.half-planes 9.F 10.b 
13. 





tT ET 
Pret Tet Tee yy 
{30D ES EO A 


« 

O 
1 
1 
1 
+ 
L 
a 


19. yi ye 









y sx? — 1 
efecto tai 


“nee 
Bi'C eeSe 













(0,0) CAN eee 
(3.0) x+2y=6 
x=4 
+y=<=6 
51. 53.4 
x=0 
y=0 
+ y = 50,000 
aan x =0 3x + 2y = 160 
x = 35,000 
57. (a) y < 10,000 59. (a) y=0 61. (a) 2x + 3y = 150 
ai. x + 2y < 300 : et) 
_— 3x + 2y < 480 y=0 
(b) ya x= 35,000 (b) (b) 
Soe 3x + 2y = 480 a 3x + 2y = 160 
40,000 f.(40,000, 10,000) (0,50) 
(35,000, 10,000) SIZ Ty = 10,000 (0, 150) PS (0,0) NSclge|2* + 3y = 150 





|} | at | ly 0.0 HL LAM oy 
20) 000) A S80, 000,0) on HEE 





(35,000, 0) x+y = 50,000 (160,0) x + 2y = 300 160, 


Review Exercises AN91 


63. {-1 — 2i,-1 + 2i} 

1\2 1 
A. x? + ae === 
one ( *) 36 


1 
circle with radius ; and center (0 * 


65. f(—1) = —5;f(2) = 28; So, there is a value x between —1 


2m 4 
and 2 for which f(x) = 0. 66. 10. 33 =| 
67. {x|-3 <x <1} or[—3,1] 68. $8823.30 


69. 18.75 horsepower 70.5” =x 71. {x|x = —2,x 4 23} 


1 1 
72. Increasing: (- i= =). (5, CO); Decreasing: (- 3° 5 ) 





11.8 Assess Your Understanding (page 806) 


1. objective function 2.T 3. Maximum value is 11; minimum value is 3. 5. Maximum value is 65; minimum value is 4. 

7. Maximum value is 67; minimum value is 20. 9. The maximum value of z is 12, and it occurs at the point (6,0). 

11. The minimum value of z is 4, and it occurs at the point (2,0). 13. The maximum value of z is 20, and it occurs at the point (0, 4). 

15. The minimum value of z is 8, and it occurs at the point (0,2). 17. The maximum value of z is 50, and it occurs at the point (10,0). 

19. Produce 8 downhill and 24 cross-country; $1760; $1920 which is the profit when producing 16 downhill and 16 cross-country. 

21. Rent 15 rectangular tables and 16 round tables for a minimum cost of $1252. 23. (a) $10,000 in a junk bond and $10,000 in Treasury bills 
(b) $12,000 in a junk bond and $8000 in Treasury bills 25. 120 lb of ground beef should be mixed with 60 Ib of pork. 

27. Manufacture 10 racing skates and 15 figure skates. 29. Order 2 metal samples and 4 plastic samples; $34 1 

31. (a) Configure with 10 first class seats and 120 coach seats. (b) Configure with 15 first class seats and 120 coach seats. 34. 7 oy a} 


36. 89.1 years 372 y =3x +7 38.5and11 39.$13,303.89 
2 2 
x My = ia a | 
a - — 
eA ay = 2 


43. Concave up: (3, 00); concave down: (— ©, 3) 





42. 15x*(x — 7) /?(3x — 14) 





Domain: ha # ka, kis an integer}; range: (— 00,00) 
Review Exercises (page S10) 


1 1 11 3 11 3 
1.x = 2,y = —1or (2, -1) 2.x = 2,y = sor (2,5) 3.x =2,y = —-lor(2,-1) 4x = (S 5 


5°) = zor = >) 5. Inconsistent 


2 2 
6.x = 2,y =3o0r (2,3) Zy = — =x + 2, where x is any real number, or ‘ (x,y) |y=—=x + 2,x is any real number} 





5 5 
Sx%=— —1,y7 = 2,2 = —3o0r( 1,2, =3) 
| 39 9 69 | 39 9 
9.x = —z + —,y = =z + —, where zis any real number, or { (x,y,z)|x =—z + — y==z + —, Zz is any real number} 10. Inconsistent 
4 4 8 8 4 4 8 8 
fH Qy 4 sz = —2 4 —-4 6 60 4 -3 0 
8x +2y= 8 oe 9 —31 
11. i oe 12. < 5x —3z= 8 13.]| 3 9 14.;| 12 24 15.| 12 -2 -8 16. 6 4 
aes 2x -— y = 0 4 4 6 12 2 5 -4 
2 ws wo 
1 “i 7 7 7 
pi 1 1 2 2 1 2 1 13 13 13 13 
17. 18. au — —-—| 19. Singul 20.x =>y == 21.x=9,y=—5z2 = — IS 
a 2 8 5 5 5 9. Singular x 5 sor (2 x) x ,y 37% For (9.33) 
6 3 304 1 
7 7 7 


1 2 3 L 2 
22. Inconsistent 23.x =—-ay=—-7,z= — por (-3 — = -3) 




















2 3 2 3 4 
24. z = —1,x = y + 1, where y is any real number, or { (4922) B: =y + 1,z = —1,yisany real number } 
25.x = 4,y = 2,z =3,t= —2o0r(4,2,3,-2) 26.5 27.108 28.—-100 29.x = 2,y = —-lor(2,-1) 30.x = 2,y = 3or (2,3) 
3 3 1 1 9 
_ y) ee “io 10°" 10 
lLx=-ly=2,z=- 2 7a | 4. : $24 oS , + ———— 
31. x Jy a 30r (—1,2,-—3) .32.16. 33.-8 3 4 35.7 5 eam ne 
1 i _i 
x —4x 2 4 4 2, 11 2 Ii 
37. to > «2382-5 + 39.x = -szy = -mx=-2y=1 —m oe), (—2, 1 
e+4 (+42 edo x-l xt1 ~) 5 ‘ or( 5 a ) 


40.x = 2V2,y = V2;x = -2V2,y = —V2 or (2V2, V2), (-2V2, -V2) 

41.x = 0,y = 0;x = —3,y = 3; x = 3,y = 3 or (0,0), (—3,3), (3,3) 

2.x = V2,y = ~V2;x = -VI,y = Vise = BV 3,y = ~ ZV Bx = - V2, y = V2 01 (V2, - VI), (-V3, V2), (2V2. - ZV), 
(- 4V/2,2v? 43.x = 1,y = —lor (1,-1) 





AN92 Answers: Chapter 11 


44. 46. Unbounded 47. Bounded 


BA 


yA 
TT RET TTT TTT Ty 
lf | 


« 
O 





ee |S [- 2 Ee RRR 
OC CRD cePteDeeTte Ds et [et] ete} 
TTT 
PT 


y 

ae 

ii. 
’ _ 





50. 






tet | | tT Tg x 
Bae Seen nke 
cite SE 

xy = 47 


7] 
A 
Lee am 





51. The maximum value is 32 when x = Oand y = 8. 52. The minimum value is 3 when x = landy = 0. 53.10 54. Ais any real number, A = 10. 


1 2 
Sy == 3° — 3% + 1 56. Mix 70 lb of $6.00 coffee and 30 Ib of $9.00 coffee. 57. Buy 1 small, 5 medium, and 2 large. 


x20 
y20 oe 
58. (a) (b) 59. Speedboat: 36.67 km/h; Aguarico River: 3.33 km/h 
4x + 3y = 960 
60. Bruce: 4 h; Bryce: 2 h; Marty: 8 h 
2x + 3y = 576 


61. Produce 35 gasoline engines and 15 diesel engines; the factory is producing an 
excess of 15 gasoline engines and 0 diesel engines. 





Chapter Test (page S12) 
1.x = 3,y = —lor (3,-1) 2. Inconsistent 





18 17 18 17 
3.x=-zt ay =7- a where z is any real number, or ‘Cy. Zi = 2 4b ay =7- 3 zis any real number} 
1 1 4 —5 1 0 3x + 2y + 4z = —6 3x + 2y + 4z = -6 
4.x = hy = 2,2 = 00r(%-2,0] 52. =] 0} —25 6. 1x + Oy + 8 =2 > or Looe = 2 
1 5 —5| 10 oe oo ly 32 11 =e dy i 32 = = 
6 4 —11 -19 4 10 26 16 7 2 -1 5 3 -4 
7)}1 —-11 8.| -3 | 9, 1 -11 2 10.| 4 7 11. 5 4 12.| —2 -2 3 
12 6 —22 —1 26 3 7 5 —-4 -5 7 





1 
x = ——y-+ 7,yis any real number} 


1 1 1 
13.x ==, y =3o0r (53) 14. x = ——y + 7, where y is any real number, or { (x, y) ri 


2 4 
15.x = 1,y = —2,z = Oor (1,-2,0) 16.Inconsistent 17-29 18.—-12 
19.x = —2,y = —Sor(-2,-5) 20.x =1,y = -1,z =4ord,-1,4) 21. (1,-3) and (1,3) 22. (3,4) and (1,2) 









3 —2 
24. + ———————_ 26. Unbounded 
Ged (eB)? 
als iL || {4 | | 
3 3 5x PEPPER SE 39 =? 
25. — 





MST (4, 2) ae 


| Fs 
PT et 
Pt ea 
te tt 
ane 


SS jf 
x (x7 +3) (x7 +3)? 





27. The maximum value of z is 64, and it occurs at the point (0,8). 28. Jeans cost $24.50, camisoles cost $8.50, and T-shirts cost $6.00. 


Cumulative Review (page S13) 


1 il 5 1 
1. 10, =} 215) Bs {oh — > 3} 4,.{—2} 5. 13} 6. ‘at 7. Odd; symmetric with respect to the origin 
8. Center: (1, —2); radius = 4 9. Domain: all real numbers 10. f(x) = By yi 
x 


Range: {y|y > 1} 


Horizontal asymptote: y = 1 Domain of f: {x|x # —2} 


Range of f: {y|y 4 0} 
Domain of f-!: {x|x 4 0} 
Range of f-!: {y|y # —2} 


_ 
ERR ae ME 
ERE. 2a 
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(b) 


(f) (g) 





12. (a) NORMAL FLOAT AUTO REAL RADIAN NT —2.28 (b) Local maximum of 7 atx = =I: 
local minimum of 3 at x = 1 


(c) Garocc aa [1, co) 








CHAPTER 12 Sequences; Induction; the Binomial Theorem 
12.1 Assess Your Understanding (page 822) 


3.sequence 4.True 5.True 6b 7summation 8b 9.3,628,800 11.504 13.190,080 15.5, = 1,5. = 2,53 = 3,54 = 4,55 = 5 





d. 3 2 5 3 9 27, 81 243 
VD ay = 5 Oa = Os Og = 3 5 = 19.c, = 1,cp = —4,03 = 9,c4 = —16,c5 = 25 21. Ss) = 5582 = 3583 = 77584 = op 85 = ae 
1 1 1 1 1 1 2 3 4 5 n 1 
23.4 = —Cib = Fails = “hits eats = “ay sc asncasee eau 27. dy = ——— i aes 
31.a, = (-1)"*! 33.4, = (-1)"*'n 35. a, = 2,a = 5,0; = 8,a, = 11,a;=14 3a, = —2,a = 0,0; = 3,4, = 7, a5 = 12 
1 1 
39. a, = 4, a = 12, a3 = 36, a, = 108, as = 324 sg tlglan scbigesih 43.a, = 1,a@ = 2,a3 = 2,a4, = 4,a;5 = 8 


45.a, = A,a. = A+ d,a; = A + 2d,a, = A + 3d,as = A + 4d 


1 9 . 1 1 
47a, = V2,a = V2 + V2.4, = V2+ V2+ V2 49.3+4+---+(n +2) Set 2teet +5 531, ba et 


ee 3" 
= 1 1 1 20 
a ee Ve 555+ St tap ShIn2—In3+In4—---+(-1)"Inn 59. Sk 
k=1 
aS VIE V2 V2+ ve 
13 k 6 n nt+1 
61. ¥ —— 63. S(-1) (=) 65. es 67. S\(a + kd) or S[a+ (k —1)d] 69.200 71.820 73.1110 75.1560 77.3570 
ik +1 k=0 3k k=0 k=1 


79. 44,000 81.$2930 83. $18,058.03 85.21 pairs 87. Fibonacci sequence 89. (a) 3.630170833  (b) 3.669060828 (c) 3.669296668 (d) 12 
91. (a) a, = 0.4; a = 0.7; a3 = 13 a4 = 1.6; a5 = 2.8; ag = 5.2; a7 = 10; ag = 19.6 
(b) Except for term 5, which has no match, Bode’s formula provides excellent approximations for the mean distances of the planets from the sun. 
(c) The mean distance of Ceres from the sun is approximated by a; = 2.8, and that of Uranus is ag = 19.6. 
(d) dy = 38.8; dy) = 77.2 (e) Pluto’s distance is approximated by ag, but no term approximates Neptune’s mean distance from the sun. 
(f) According to Bode’s Law, the mean orbital distance of Eris will be 154 AU from the sun. 
93. (a) a, = 0.95"+ Ip (b) 77 = 95. ay = 2; as = 2.236067977; 2.236067977 = 97. ag = 4; as = 4.582575695; 4.582575695 


ft n(n +1) (n+1)(n+2) 
99. 1,3,6,10,15,21,28 109.u, =14+24+34+::-+tn= Sk = —— and from Problem 100, u,,41, = — 
k=1 
(n+1)(n+2) n(nt+1) (n+1)[(n+2) +7] . 
ie me“ ng 4 
Un+1 Uy 2 e) p) (n 1) 
105. $2654.39 106. A/D (cos 225° + isin225°) 1070 108. (y — A)? = 16(x+3) 109% y = 0 
2V1 2 


110. A = 23°,B = 42°,C = 115° 111. — 112. —2, 5 113. —2, 6 








AN94 Answers: Chapter 12 


12.2 Assess Your Understanding (page 830) 


l.arithmetic 2.F 3.17 4.T 5.d 6.c 7s, —5,-; = (n+ 4)—-[(n-1) +4] =n+4- (n+3) =n+4-—n —3 = 1,a constant; 
d = 135, = 5,5) = 6,53 = 7,54 = 8 
0.4,—-.4¢= (n= 3) — Zn 1) —3) = 2h 9 — Gn 2 5) =m 5 — Ch 7). He 3 aes 7] = 72, aconsiant: 
d = 2;a,; = —3,a@ = —-1,a; = 1,a, = 3 
IL.c, — Gy-1 = (6 — 2n) — [6 —- 2(n —-1)] = 6—- 2n — (6—- 2n +2) =6-— 2n — (8 — 2n) = 6 — 2n — 8 + 2n = —2, a constant; 
d = —23c, = 4,c) = 2,¢3 = 0,c4 = —2 
tty toi = (b- $n) - [bE —1] = Sa - (bd eB) de - B- bs) bd baad ~ doa cote 
et WB ere “> @ “Oo oa) 0 3° NG. 3°29 3B 6S gee 
1 
d= —Hit, = ib = fq = Ry = 
at 2 3 aie 6 
15.5, — s,-; = In3” — In3”! =nIn3 - (n — 1) In3 =nIn3 — (nIn3 — In3) =nIn3 — nIn3 + In3 = In3, aconstant; 
d = |In3;s, = In3, 5, = 21n3,53 = 31n3,s, = 41n3 
1 83 
17. a, = 3n — 1345, = 152 19.4, = 15 — Tyas, = —342 Bey = F(n — 13s, = 25 23.4, = V2n:as, = 51V2 25.200 27-531 a 
31.a, = —13;d = 33a, = a,-, + 33a, = —16+3n 33.a, = —53;d = 63a, = a,_, + 63a, = —59 + 6n 


35. a, = 28;d = —234, = Gn_-1 — 23a, = 30 — 2n 37.a, = 25;d = —23 a, = Gy_-1 — 23a, = 27 — 2n 39.n? 41. (9 + 5n) 43.1260 


45.195 47.—9312 49.10,036 51.12,240 53.—1925 55.15,960 57. -= 59.24terms 61.1185 seats 63.2160 seats 65.8 yr 
67. 210 beige and 190 blue 69. {7} = {-—5.5n + 67}; 75 = 39.5°F 71.14 75.16.42% 76.v = 4i — 6j 





77. Ellipse: Center: (0, 0); Vertices: (0, —5), (0,5); 1 0 
Foci: (0, -V21), (0, V21), @) 1 =a 2 
( Ns ( ) 78. 79, _ =e 30,2 81. [—3,11] 
> A Ch goa S11 2 
2 


17 
82.0, V1+ V2,-V1+ V2. 83.Hyperbola 84. - 2 


8 





Historical Problems (page 840) 


2 a 1 1 
1.1 3 loaves, 10— loaves, 20 loaves, 29 G loaves 387 loaves 2.(a) 1 person (b) 2401 kittens (c) 2800 


12.3 Assess Your Understanding (page 841) 


3. Geometric 4, — 5b 6T 72E &T 97 = 4:5, = 4,5 = 16,5, = 64,5, = 256 
= OF 


1 3 3 3 3 1 1 
ee a 7 = 49 = g? 4 = Te Pe = 2 5 = 1a > 2 16.7 =] 7 6 = 7 6 HT 6 Sr eee 7 
3 1 3 9 OM) _ oe 
Wher "33th Hob 9 bs =a le Se 19. a; = 162;a, = 2-3" 1 21a; = 5;a, =5-(-1)"1! 23.a; = 0;a, = 0 
1 ier 
25. as = 9V'3;a, = (V3)" es 29. a) =1 31. ag = 0.00000004 33.4, = 6-3” ora, = -(-4) 
n-1 n-1 n—-2 1 n 2 \" n 
Sa = =—(=3) 39. a, == 15" * = 7-15 41. —7 (1 = 2) 43.2) 1 = 3 45.1 —2 


49. WORRIAL FLOAT AUTO REAL ReDDAN AF fl 51. MORAIAL FLOAT AUTO REAL ReODAR PF 





sum( seal (272)".n, +1, 15,1) 





) 8 20 18 
53. Converges; 5 55. Converges;16 57. Converges;— 59. Diverges 61. Converges; 63. Diverges 65. Converges;— 67. Converges; 6 


5 5 
, 2 ; 2 2° 
69. Arithmetic;d = 1;1375 71. Neither 73. Arithmetic;d = — 3 —700 75. Neither 77. Geometric; r = 3° 2) 1 — 3 
1 50 1/2 Ne 25) 
79. Geometric; r = —2; — 3 ll — (-2)*] 81. Geometric; r = 3°; — (1 + V3) ( =o 83.—4 85. $47,271.37 


87. (a) 0.775 ft (b) 8th (c) 15.88 ft (d)20ft 89.$149,035.94 91. or 93. $348.60 95.1.845 x 10’? 97.10 99. $72.67 per share 
101. December 20; $9999.92 103.18 105. Option A results in a higher salary in 5 years ($50,499 versus $49,522); option B results in a higher 5-year total 
($225,484 versus $233,602). 107. Option 2 results in the most: $16,038,304; option 1 results in the least: $14,700,000. 


109. Yes. A constant sequence is both arithmetic and geometric. For example, 3, 3,3, ... is an arithmetic sequence with a, = 3 andd = 0 and is a geometric 
8. 15 2 y? 1 
sequence witha = 3andr=1. 113.2.121 114. 71 = WW 115. 7 = ao =1 116.54 11773 feet 118. f(x) = ~ gl +2) (x —1)(x - 4)? 


119.—-16¢-— 13 120.y= Vx—-—5 W21.g(x) =7Vx+5 122. (x —5)(x + 5) (x — 2) (x + 2) 


Section12.4 AN95 


12.4 Assess Your Understanding (page 847) 


1. () n =1:2-1 =2and1(1+1) =2 
(I) 1f2+4+6+ --- +2k=k(k+1),then2+4+6+ --- +2k4+2(k4+1) = (2+4+4+6+ --+ +2k) +2(k +1) 
=k(k+1)+2(k+1) =k? +3k4+2= (kK +1)(k +2) = (kK+1)[(kK +1) +1]. 


1 1 
BF @a=11+2=3and>-1- (L453) = = 


dD) If3+4+54+ ::- + (k-+2) =Sk(k +5),then3 +4454 wee EC ee 2 ae [ee Ly | 

=(3+4+5+-:: + (k+2)] + (k+3) =Sk(k +5) Hk A3= F(R + Tk +6) = S(k +1) (Kk +6) =F (k+1)[(K +1) $5]. 
5. () n= 1:3(1) —1=2and5-1- 3-141) =5-4=2 
dD f2+5+8+ -::-: + (3k — 1) = Sk(3k +1), then2 +548 + eee (Bk 1) Ses de ae AL) so, 


(3k? + 7k + 4) = 5 (k +1) (3k +4) 


NI]R 


= (25 Sa Oe + (3k —1)] + (3k #2) =Sk(3k +1) + (3k +2) = 


1 
= 35 (k + 1) (3k a 1) 2: 
7D n=1:2'!=1and2'-1=1 





(MI) f1+2+24+--- +21 = 2-1 then +2427 4+ --- +214 2D T= (742427 4+ --- + 2k 1) + 2 
== 1 2 S29 a tat 4, 
1 1 
9, @ n= 14" = 1ands(4!—1) = a3 =1 
(I) f1+4+4+--- ak) == (4k —1),then 1 +444? 4+ ve Ale QUOT = (7 +44 4 4 --- + 4% 1) + 4h 
=4*(4t—1) 4 at = Apt —1 43-44] = A pa-gk —1] = 4 (get 1) 
3 3 fe, ) 
1 1 1 
HL. () n = 1) ay magaand se 
i ee ee, cy Sl ae ee gy ee 
1-2 2-3 3+4 k(k+1) k++ 1-2. 2-3 3+4 k(k+1) (k+1)[(K+1) +]] 
1 1 1 1 1 k 1 k(k +2) +1 
= Se te | ot ee Te 
1-2 2:3 3-4 k(k +1) (A+1)(kK+2) k+1 (kK+1)(K+2)  (k4+1)(k +2) 
— wR+2ke+1 —  (kK+1)* k+l ke 1 
(A+1)(kK+2) (kK+1)(kK+2) k+2 (kK4+1) 410 
13.) n= 1: = Land 2+1-2-3= 1 
1 
(I) If? + 274+ 3° + --- + ko = ek(k +1) (2k +1), then + 2° + 3° + ses tk? + (k +1)? 
1 1 
=(P+7?4+374+ --- +k) + (kK +1)° = ek(k +1) (2k +1) + (K+ 1) = E (2k + 9K + 13k + 6) 
1 1 
=E(k +1) (kK +2) (2k +3) = E(k + 1)[(K +1) + 1)[2(k + 1) +1). 
1 1 
15. (I) n= 1:5—-1=4and>-1- (9-1) =5-8=4 
1 
dD if4+3+2+ :-:-: + (5 —k) = Sk(9— Kk), then4 +3 42+ °°: Ft ke) ae oe 1K ae) | 
1 1 1 
= aoe Sa Dae Pes + (S—k)]+4—-k=Zk(9—k) +4—k=3> (9k — k’ +8 — 2k) => (—k* + Tk + 8) 
1 1 
5 (kK + 1) (8 — k) = gd + 1)[9 — (k + 1)]. 
1 
17. () n= 1:1+(1 +1) =2and5-1-2-3 = 2 
1 
(I) [f1-2+2°3+3:4+ --- +k(k +1) = gk(k +1) (k + 2), then 1-2 + 2-3 43-4 + com “eel ke 1.) 
ae ke ee) eke aes) ae be [2 a te eee. woe adel ah) | eo ae De 2) 


(hoe 1) es 2) le 8 SF Ce 1) | ee) | ee 1) 2). 


OO | RR 


=k(k + Le 2) Fas3(k + 1) Oe 2) -+ 
19. (ID) n = 1:2 + 1 = 2, which is divisible by 2. 
(II) If k? + kis divisible by 2,then (k + 1)? + (kK +1) =k? +2k+14+k4+1= (k? +k) + 2k + 2.Since k? + kis divisible by 2 and 2k + 2is 
divisible by 2, (k + 1)? + (k + 1) is divisible by 2. 
21. (I) n = 1:1? — 1 + 2 = 2, which is divisible by 2. 
(II) If k* — k + 2 isdivisible by2,then (k + 1)? — (kK +1) +2=k?+2k+1—k—-14+2= (k*—k +2) + 2k.Sincek? — k + 2is divisible 
by 2 and 2k is divisible by 2, (k + 1)* — (k + 1) + 2is divisible by 2. 
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23. (Dn =1:Ifx > 1,thenx’ =x >1. 
(II) Assume, for an arbitrary natural number k, that if x > 1 then x* > 1. Multiply both sides of the inequality x* > 1 by x.Ifx > 1, 
then x**! > x > 1. 
25. (I) n = 1:a — bisa factor of a! — b!' =a — b. 
(II) Ifa — bisa factor of aX — b*, then a**! — bK*! = a(ak — b*) + b¥(a — b). 
Since a — b is a factor of a* — b* anda — bisa factor of a — b, thena — b isa factor of a**! — b**!. 
27.(a)n=1:(1+a)'=1+a2=1+4+1:-a 
(b) Assume that there is an integer k for which the inequality holds. So (1 + a)* = 1 + ka. We need to show that (1 + a)**1 21+ (k+1)a. 
(1t+a)*'= (14+ a)* (1+a) = (1l+ka)\(lta) =1+k@+at+ka=14+ (k+1l)atka@’ =1+4+ (k+1)a. 


29.1f2+4+6+--- +2k=k? +k4+2,then2+4+6+--- +2k+2(kK+1) =(24+44+64+ --- +2k) +2k+2 
=k? +k4+24+2k+2=k? +3k4+4= (k?+2k4+1) + (kK+1)+2= (kK +1)? 4+ (K4+1) +2. 
But 2-1 = 2and 1? + 1 + 2 = 4. The fact is that2 + 4+6+ --- +2n =n? +n,notn’? +n + 2 (Problem 1). 
1h I 
31 (Dn = 1: [a+ (1 1d] =aand1-a + d—— =a 
k(k= 1) 
(I) Ifa + (a+d) + (at+2d)+ ::: + [a + (k — 1)d] = ka + d—~—{—~, then 
k(k — 1) 
a (as a). (a 2d) oo + [a+ (kK—1)d] + [a+ (ke +1) — 1)d] = ka + de ta + kd 
k(k —1) + 2k | ane © ae :3 k+1 eri) 1 
= (kta dO = (4 ya aE = Ce + tap @ EE 


33. (I) n = 3: The sum of the angles of a triangle is (3 — 2) - 180° = 180°. 
(II) Assume that for some k = 3, the sum of the angles of a convex polygon of k sides is (k — 2) - 180°. A convex polygon of k + 1 sides consists of 
a convex polygon of k sides plus a triangle (see the figure). The sum of the angles is 


(k — 2) +180° + 180° = (k — 1)-180° = [(k + 1) — 2] -180°. 
k sides 






\ 
\ k + 1sides 


35. (a) 7;15 (b)c, = 2” —1 (ce) Dn = 1: one fold results in 1 crease andc; = 2' — 1 = 1. 
(I) If c, = 2* — 1, thency4, = 2c, +1 = 2(2%* —-1) +1 =2*1-241=21-1 
(d) Each fold doubles the thickness so the stack thickness will be 27° -0.02mm = 671,088.64mm (or about 671 meters). 








1 1 . 7 -3 2 1 
e e — fA = —- J pa e : 3 : : A e e + e ‘s . 
37. {251} 38x =5,y = -3: ( 3) 39, Left: 448.3 kg: right: 366.0 kg 40 |? | 41. + 42. 61.4 
+ 
43. oe ee 2.795} ree ieee 


12.5 Assess Your Understanding (page 854) 
1. Pascal triangle 2.1;n 3.F 4.BinomialTheorem 5.10 721 9.50 11.1 13. ~1.8664 x 10 15. ~1.4834 x 10% 
17. x° + 5x4 + 10x? + 10x? + 5x +1 19.x° — 12x? + 60x* — 160x? + 240x? — 192x + 64 21. 81x4 + 108x° + 54x? + 12x + 1 


23. x10 + 5x8y2 + 10x54 + 10x4y® + 5x2y8 + yl 25.43 + 6V/2x9? + 30x? + 40V 2x3? + 60x + 24V 2x1? + 8 
27. a?x? + Sa*bx4y + 10a°b2x3y? + 10a7b*x’y> + Sabtxy* + b>y? 29.17,010 31. —101,376 33.41,472 35.2835x° 37.314,928x/ 
39.495 41.3360 43. 1.00501 


n 7 n! 7 n! _mt(n—-1)l fn\ | n! ont al 
("= gop wo (n — 1)! =n (")- B= ea 


47.2" = (14+1)"= ("ye + (Jama ore (")e = (") + (") Cae (") 49.1 51.165 


In 5 
53. eos} = {8.827} 54.(a)0 (b) 90° (c) Orthogonal 55.x = 1,y = 3,z = —2;(1,3, -2) 





56. Bounded 57. g(f(x)) = Vx? — 4; Domain: (—0c0o,-2]U[2,00) 58.C = —46 
1 — 8° 
i 59, sin’ 9 + sin’ 6 tan’ 6 = sin? 6(1 + tan’ @) 6, ———*_ 61.x =3,x = -1 62. f(-2) = 5;(-2,5) 
a Se 2 3x7/ (x re 1) 
Ei = sin’ 6 sec” 0 
CI ; 1 
+ = sin’ 0-—; 
~ cos’ 6 
a = tan’ 6 





Review Exercises (page 857) 


4 5 6 d 32 4 8 16 
We ay = ~ 33 Oy = 75g = Sg as = ee ee eS 3. = 3, 2 = 2, 3 = "33 Og =" 5s = oe 
1 
4. a, = 2,a) = 0,4, = 2,a,=0,a,;=2 5.64+10+ 14+ 18 = 48 SD. 7, Arithmetic; d = 1; 8, = 5(n + 1) 8. Neither 
kl 
, 8 , 1 Ls 
9. Geometric; r = 8; S$, = 7 (8 —1) 10.Arithmetic;d = 4;S, = 2n(n —1) 11. Geometric;r = > S, = 6} 1 —- 5 12. Neither 








Cumulative Review AN97 


1093 


1 9 
13.9515 14. —1320 15.5755 ~ 0.49977 16.682 12.35 18. 19.9\V/2 20. {a,} = {5n-4} 2 f{a,} = {n—10} 22. Converges; 5 


4 
23. Converges; 3 24. Diverges 25. Converges; 8 


31 
26. (I) n = 1:3°-1 = 3and>~ (1 +1) =3 


(I) 3 +6 + 94-06 43k = (k +1), then3 + 6494-0 43k + 3(k +1) = (B+ 6+94-+ 43k) + (3K +3) 
3k 3k° 3k: = 6k «6 3, 3 3(k + 1) 
=1(k +1) + +3) Sse tome t ee tem oe (KO + 3K 4+ 2) = w(K + +2) == aoe a aa 
suk +1) + (3k + 3) =seoe turcact aoe tape ae (k” + 3k + 2) = glk + 1)(k + 2) sal (kK +1) +1) 


27.0) ws 12253" = 2 and 3H 1 =2 
(I) If2+6+18+---+2-34! = 3* — 1, then2 +6418 +---+2-3%14 2-34) = (2+64+18 +---+2-3*!) +2-3% 
= 3-14 2-3 = 3-3*-1= 3") -1. 


1 
28. (I) n = 1: (3:1 -2)*= land>+1- [6-1 — 3-1 —-1)=1 
(I) If 1? + 47+ 77 +--+ + (3k — 2)? = 5k (6K? — 3k — 1), then 
ae ey aa Oh Ho) ae 1) 2/7 


= Pa? Poe + (3k —2)2] + (3k +1)? = 5k (6K? — 3k — 1) + (3K +1)? = (6k? — 3k* — k) + (9k? + 6k + 1) 


WIR 


[ 
1 3 2 1 2 1 2 

= 5 (6k + 15k* + 11k + 2) = 5 (k + 1) (6k + 9k + 2) = Ak + 1)[6(k + 1) = Blk hy 1 |. 
29.10 30.x° + 10x* + 40x? + 80x? + 80x + 32 31. 81x* — 432x° + 864x? — 768x + 256 32.144 33.84 


3 1 3\" 
34. (a) 8 bricks (b) 1100 bricks 35.360 36. (a) 203) = a (b) 20>) ft (c)13 times (d)140ft 37. $171,647.33 38. $58,492.93 


Chapter Test (page 558) 





3 8 5 24 3 4 61 1 14 73 308 680 me (4 + *) 
1. Of see cpeee—e 2. 4,14, 44,134,404 3.2 -—e 4+ eee 4 ee ee Se 5. —1)* 6. Neith 
moo ee 4° 9 36 3 9 WF 8i 81 & Boe ee 
2 1 
7. Geometric;r = 4,8, = 3 (1 — 4") §8.Arithmetic:d = —8;S, =n(2—4n) 9.Arithmetic;d = — > S, = 5 (27 =H ) 


_ 125 


oe 1024 
: 1 - (2) | 11. Neither 12. Converges; —— 13. 243m? + 810m* + 1080m? + 720m? + 240m + 32 


pi 
10. Geometric:r = =: S, 
eometric; r 5 5 


1 
14. First we show that the statement holds forn = 1. (1 ae +) = 1+ 1 = 2. The equality is true for n = 1, so Condition I holds. Next we assume 
1 1 1 1 . 
that (1 + +) (1 + -)( + =| vee (1 + 7 = k + 1is true for some k, and we determine whether the formula then holds for k + 1. 
1 1 1 1 1 1 1 1 1 1 
+ — += +a)ee- (14+ — + = += += +o)e--(1+— + 
(+a) alts) GeO + aaa) = LO ae ta) 3) > Oe ta) 


=(k+ (1+ peg) = (eH 1H EDD: 


Condition II also holds. So, the statement holds true for all natural numbers. 
15. After 10 years, the car will be worth $6103.11. 16. The weightlifter will have lifted a total of 8000 pounds after 5 sets. 


—1 + 3601 —1 + 3601 —1 + 3601 —1 + 3601 
(b) 18 6 ho 18 6 


(c) The circle and the parabola intersect at 


TLCLCLCIE TI Xv ( —1 ae V/V 3601 —1 a se) (- —1 a V 3601 —]| ee ee) 
SPREE EEE ae V 18 6 XY 18 6 


BEE. 282" U2 

















=k+1+1=k+2 





k+1 


Cumulative Review (page 858) 


1. {—3,3, —3i,3i} 2. (a) 














5 6x + 3 1 Te 
3.{in(3)t 4.y=5x—-10 5.(x +1)? + (y—2)?=25 6.(a)5 (b)13 o> ca) {fx # 5} (e) — (f) {x|x # 2} 
(g) g 1 (x) See = allen: (h) f-' (x) ane > {x|x 4 3} ae 8. (x + 1)* = 4(y - 2) 
ere 2 aaa TG 
ee an.) 2a ee ee Ee og _ V44+ vi5 
9.7 = 8sin@;x* + (y — 4)? = 16 10.{% 11. ; 12. (a) ni (b) E (c) 5 (d) 2 (e) = i 
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CHAPTER 13 Counting and Probability 


13.1 Assess Your Understanding (page 865) 


5.subset; C 6.finite 7T 8b 

DO, 401 Ot 4 Oty 4a bs 1g te) Ge Oy, 40,8 1s 1 Oe ys 102d 5 40 fa 4G Pet 10, 6.0) 4 a 4G Od |}, 10, 0,64) 
11.25 13.40 15.25 17.37 19.18 21.5 23.15 different arrangements 25.9000 numbers 27.175; 125 

29.(a) 15 (b)15 (ce) 15 (d)25 (e)40 31. (a) 14.2 million (b) 78.4 million 33. 480 portfolios 


37.A ~ 41.4°,B ~ 41.4°,C ~ 97.2° 38.2,5,-2 39. iat 40. {-6V2, 0,6V2} 


2b . 41.x = 3,y = —2;x = 8,y = 3 or (3, —2), (8,3) 42. 6x° — 31x? + 43x — 28 
a 5 63 f 
+ 


15 
43. Converges;10 44. (a) x eg (b)atx =2 45. a 





eae | (x +1)? 





OO : 


13.2 Assess Your Understanding (page 873) 


3. permutation 4.combination 5. eT 6. a on 7.30 9.24 11.1 13.1680 15.28 17.35 19.1 21. 10,400,600 

23. { abc, abd, abe, acb, acd, ace, adb, adc, ade, aeb, aec, aed, bac, bad, bae, bca, bcd, bce, bda, bdc, bde, bea, bec, bed, cab, cad, cae, cba, cbd, cbe, cda, cdb, 
cde, cea, ceb, ced, dab, dac, dae, dba, dbc, dbe, dca, dcb, dce, dea, deb, dec, eab, eac, ead, eba, ebc, ebd, eca, ecb, ecd, eda, edb, edc } ; 60 

25. { 123, 124, 132, 134, 142, 143, 213, 214, 231, 234, 241, 243, 312, 314, 321, 324, 341, 342, 412, 413, 421, 423, 431, 432 }; 24 

27. { abc, abd, abe, acd, ace, ade, bcd, bce, bde, cde};10 29. { 123,124, 134,234};4 31.16 33.8 35.24 37.60 39.18,278 41.35 43.1024 

45.120 47,132,860 49.336 51.90,720 53.(a)63 (b)35 (c)1 55.1.157 x 10 57,362,880 59.660 61.15 


63. (a) 125,000; 117600 (b) A better name for a combination lock would be a permutation lock because the order of the numbers matters. 


2+ V6 1 2+ V6 
68.10sq.ft 69. (g°f)(x) = 4x? — 2x — 2 10, sin 15° = V2* V6. og 15° LVEF VF oreos 19° = V2+ V6 71. a; = 80 


6 -6 5 5 : 
72..x5 + 10x4y + 40x3y? + 80x?y3 + 80xy4 + 32y° 73.x =3,y = —-lor (3,-1) 74 - 7 75. 2( cos a + isin =) 20 Sa7/6 


5 3x + 4 16x — 30 


16. ——- + ————_ 71.—— 
Re eo) (f=3)-" 


Historical Problem (page 882) 


1. (a) { AAAA, AAAB, AABA, AABB, ABAA, ABAB, ABBA, ABBB, BAAA, BAAB, BABA, BABB, BBAA, BBAB, BBBA, BBBB } 


, C(4,2) + C(4,3) + C(4,4)  64+4+1 11 C(4,3) + C(4,4) 441 5 
(b) P(A wins) = ——— ; P(Bwins) = —<—————— i 


13.3 Assess Your Understanding (page 882) 
1. equally likely 2.complement 3.F 4.T 5.0,0.01,0.35,1 7. Probability model 9. Nota probability model 





11. (a) S = {HH, HT, TH, TT} (b) P(HH) = a P(AT) = > P(TH) = 7 P(TT) = ; 


13. (a) S = {HH1, HH2, HH3, HH4, HHS, HH6, HT1, HT2, HT3, HT4, HTS, HT6, TH1, TH2, TH3, TH4, TH5, TH6, TT1, TT2, TT3, TT4, TTS, TT6 } 
1 
(b) Each outcome has the probability of ve 


1 
15. (a) S = {HHH, HHT, HTH, HTT, THH, THT, TTH, TTT} = (b) Each outcome has the probability of 3 


17.5 = {1 Yellow, 1 Red, 1 Green, 2 Yellow, 2 Red, 2 Green, 3 Yellow, 3 Red, 3 Green, 4 Yellow, 4 Red, 4 Green }; each outcome has the probability 
1 1 1 1 
—. ~ + 2=H, 
of 13° thus, P(2 Red) + P(4Red) = io ae 
19. § = {1 Yellow Forward, 1 Yellow Backward, 1 Red Forward, 1 Red Backward, 1 Green Forward, 1 Green Backward, 2 Yellow Forward, 2 Yellow 
Backward, 2 Red Forward, 2 Red Backward, 2 Green Forward, 2 Green Backward, 3 Yellow Forward, 3 Yellow Backward, 3 Red Forward, 3 Red 


Backward, 3 Green Forward, 3 Green Backward, 4 Yellow Forward, 4 Yellow Backward, 4 Red Forward, 4 Red Backward, 4 Green Forward, 


1 1 1 
4 Green Backward}; each outcome has the probability of vt thus, P(1 Red Backward) + P(1 Green Backward) = 7A + Tie Os 
21. S = {11 Red, 11 Yellow, 11 Green, 12 Red, 12 Yellow, 12 Green, 13 Red, 13 Yellow, 13 Green, 14 Red, 14 Yellow, 14 Green, 21 Red, 21 Yellow, 
21 Green, 22 Red, 22 Yellow, 22 Green, 23 Red, 23 Yellow, 23 Green, 24 Red, 24 Yellow, 24 Green, 31 Red, 31 Yellow, 31 Green, 32 Red, 32 Yellow, 


32 Green, 33 Red, 33 Yellow, 33 Green, 34 Red, 34 Yellow, 34 Green, 41 Red, 41 Yellow, 41 Green, 42 Red, 42 Yellow, 42 Green, 43 Red, 


1 
43 Yellow, 43 Green, 44 Red, 44 Yellow, 44 Green}; each outcome has the probability of 48° thus, EF = {22 Red, 22 Green, 24 Red, 24 Green }; 
on (E) 2 4 7 1 
n(S) 48 12 
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4 1 2 1 3 1 1 1 

23.A,B,C,F 25.B 2%P(H) == P(T) == 29.P(1) = P(3) = P(5) = 5 P(2) = P(4) = P(6) => BL 335 385 325 
1 1 1 17 11 1 19 9 
. 41. — 4 eo. 4 e . 47. . 4 e . 1. . e . 2 e . 4 1.— .. 1L= oe . 
39 i r 3 i8 5.0.55 0.70 49.0.30 51.0.867 53.0.62 55.0.74 5 0 59 0 6 5 63 50 65 0 


67. (a) 0.57 (b) 0.95 (ce) 0.83 (d) 0.38 (e)0.29 (f)0.05 (g)0.78 (h) 0.71 


25 25 
69. (a) = (b) 571. 0.16773. ~ 0.0000000385 75.2; left;3;down 76. (—3,3V3) 77 {22} 78. (2,-3,-1) 79.—40 


25,989,600 


4 3x —7 
80.103 81.48 mph 82.593 83.87 + 12 square units 84,—— + ————— 
x-2 x*+2x+4 


Review Exercises (page 886) 


1.0, { Dave}, {Joanne}, { Erica}, { Dave, Joanne}, { Dave, Erica}, { Joanne, Erica}, {Dave, Joanne, Erica} 2.17 3.24 4.29 5.34 6.7 
745 8.25 9.7 10.336 11.56 12.60 13.128 14.3024 15.1680 16.91 17.1,600,000 18. 216,000 
19, 256 (allowing numbers with initial zeros, such as 011) 20.12,600 21. (a) 381,024 (b) 1260 22. (a) 8.634628387 x 10* (b) 0.6531 (ce) 0.3469 


4 
23. (a) 0.038 (b) 0.962 24. 9 25.0.2;0.26 26. (a) 0.68 (b)0.58 (c¢) 0.32 


Chapter Test (page 587) 


122 2.3 3.8 4.45 5.5040 6.151,200 7462 8. There are 54,264 ways to choose 6 different colors from the 21 available colors. 

9. There are 840 distinct arrangements of the letters in the word REDEEMED. 10. There are 56 different exacta bets for an 8-horse race. 

11. There are 155,480,000 possible license plates using the new format. 12. (a) 0.95 (b)0.30 13. (a) 0.25 (b)0.55 14.0.19 15. 0.000033069 
625 


16. P(exactly 2 fours) = 388 ~ 0.1608 


Cumulative Review (page 888) 
: {: V2, 


1 

ed, ee 4. {x|3.99 < x < 4.01} or [3.99, 4.01 ] 
iw. tt we. 4 ! 

5.) see sal, ee sal. es 3 


2 2 Z pi 5 





8 
Domain: all real numbers 7.2 8. 3} 9.x = 2,y = -5,z =3 10.125; 700 11. 
Range: {y|y > 5} 
Horizontal asymptote: y = 5 





12.a ~ 6.09,B ~ 31.9°,C = 108.1°; 
area ~ 14.46 square units 


CHAPTER 14 A Preview of Calculus: The Limit, Derivative, and Integral of a Function 


14.1 Assess Your Understanding (page 894) 
3. limf(x) 4.doesnotexist 5.T 6.F 7.32 9.1 11.4 13.2 15.0 173 19.4 21. Does not exist 


att el 
ann Bra 
ann BF.a 
ann aes 
BREEE. 2a 


SERRE. Ane 
BERR Aes 
CT eT ee 
Ta Te 
EF. see eee 
eet TT 


23. 25. 





22 —~CO, 2. oy 31. 


PP 
PT A 
Pe ra 
Peer Pre re ry 


», 
PEE 
eslmil-H= esos pile es 











lim f(x) does not exist. 
xz 


43.0.67 45.16 47.0 
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14.2 Assess Your Understanding (page 901) 


3.product 4A 5.c 6T 7F 8&F 95 11.4 13.-10 15.8 178 19.-1 21.8 23.3 25.—-1 27.32 29.2 she 


V2 


39.0 41.—— 43.5 45.6 470 49.0 S1.-1 53.1 55.5 


14.3 Assess Your Understanding (page 907) 


7. one-sided 8. lim f(x) = R 9.continuous;c 10.F 11.T 12.T 13. {x 
XC 


17. f(—8) = 05 F( 


45. Continuous 


—4) =2 1900 21.2 23.1 25. Limit exists;0 27. No 


47. Continuous 49. Notcontinuous 51. Not continuous 


59. Continuous 61. Continuous for all real numbers 


k 
67. Continuous for all real numbers except x = 5" 


71. Continuous for all positive real numbers except x = 1 


where k is an odd integer 










53. Not continuous 
63. Continuous for all real numbers 


7 8 


33.3 35.0 37. 5 


—-8 =x <-60r-6<x<4or4<x=6} 15.-8, 


37.1 39.4 41. -= 


57. Not continuous 
65. Continuous for all real numbers 


a oe) 


43. > 


29. Y 
es 5 


31.No 33.5 35.7 


55. Continuous 


69. Continuous for all real numbers except x = —2 and x = 2 








73. Discontinuous at x = —1 andx = 1; 75. Discontinuous at x = —1 andx = 1; 
fap ane (1 ‘) SHES ee Z Lae ; i( F *) 
al ia 2 — (2 COC ee 0 ol as 2, as oy) 
; . Peel Tiiiiiei;y > . _ nF eT 
Hm R(x) = 00; lim R(x) = 00; ae eS 
, Sean on 
vertical asymptote atx = —1 Page vertical asymptote at x = 1 
Thx = = 2: asymptote; x = 1: hole 79. x = —3: asymptote; x = 2: hole 81x = —W2: asymptote; x = —1: hole 
QI, cette ed ieee kaise iat 85, 87. WS eco 
ger saan = eee. cseeree | 
) 3 1 





=20 


14.4 Assess Your Understanding (page 9/5) 
3.tangent line 4.derivative 5.velocity 6.T 7.T 8 T 


11. Man = —2 


9. Man = 3 





14.5 Assess Your Understanding (page 922) 


b b 
% f fo dx 4 ff dx 5.3 7.56 


9. (a) 11. (a) 





re ¥, 
sue 
(b) 36 (c) 72 (b) 18 (c)9 
(d) 45 (e) 63 (f) 54 63 45 27 
(d) rig (e) ei (f) os 


13. Man = 





15. Mian = 5 


S(@&) = 





S(x) = 


EEN A i a 





21.—4 23.0 25.7 27.7 29.3 31.1 33.60 35. —0.8587776956 
37. 1.389623659 39. 2.362110222 41. 3.643914112 43. 187 ft°/ft 
45. 167 ft?/ft 
47.(a)6sec (b) 64 ft/sec (ce) (—32t + 96) ft/sec 
(d) 32 ft/sec (e)3sec (f) 144ft (g) —96 ft/sec 


70 
49. (a) re ft/sec (b) —21 ft/sec (c) —18 ft/sec 


(d) s(t) = —2.631t7 — 10.269t + 999.933 
(e) Approximately — 15.531 ft/sec 





15. (a) y 
SEeuammaate ¥ 
(b) 22 (c) ~ (b) 36 (c) 49 


4 4 
(d) | (x? + 2) dx (e) = (d) / xdx (e) 64 
0 


Review Exercises AN101 


19. (a) 23. (a) Area under the graph of 


f(x) = 3x + 1 from 0 to 4 


FEE 
g RC “CCE 

PEER (b) 
EERE Eee 

EERE RE 

BERR 

BERR ERE 

PTE ELELLEILELET 








w? 25 4609 (b) — (c) 15.197 (b) ate (c) 1.974 
2520 (a) ‘| dx (e) 19.718 (d) | sinxdx (e)2 
4 0 (c) 28 
(d) fe —dx (e) 1.609 
25. (a) Area under the graph of f(x) = y-— 1 27. (a) Area under the graph of f(x) = sin x 29. (a) Area under the graph of f(x) = e* from 
from 2 to 5 from 0 to Oto2 
Ligh | | ttt tt 
PSC 
CCCCLy 
ie 
PCC 
HEH 
| et 
|_| ee 
Seecee 
HERR 
(c) 6.389 
31. Using left endpoints: n = 2:0 + 0.5 = 0.5; Using right endpoints: 
n= 4:0 + 0.125 + 0.25 + 0.375 = 0.75; n=2:0.5 +1=1.5;n = 4:0.125 + 0.25 + 0.375 + 0.5 = 1.25; 
10 
n = 10:0 + 0.02 + 0.04 + 0.06 + ---+0.18 = =a (0 + 0.18) = 0.9; n = 10: 0.02 + 0.04 + 0.06 + ---+0.20 = = (0.02 + 0.20) = 1.1; 
n = 100: 0 + 0.0002 + 0.0004 + 0.0006 + --- + 0.0198 n = 100: 0.0002 + 0.0004 + 0.0006 + ---+0.02 
_ 100 =! 
— (0 + 0.0198) = 0.99 -= (0.0002 + 0.02) = 1.01 
Review Exercises (page 924) 
1 1 6 3 28 
19 2.25 3.4 4.0 5.64 6. a 7. 3 8. 5 9.0 10. 5 11. 1 12. Continuous 13. Notcontinuous 14. Notcontinuous 15. Continuous 


16. {x|-6 =x <20r2 <x <Sor5<x<6} 17Allrealnumbers 18.1,6 19.4 20. f(—6) = 2;f(-4) =1 21.4 22.-2 23.—co 
24.co 25. Does not exist 26.No 27. Yes 


28. R is discontinuous at x = —4andx = 4. 29. Undefined at x = 2 and x = 9; 
lim, R ( oe) — a8 hole at (- A, -;) AN as a hole at x and a vertica asymptote at x 9 
x 


lim R(x) = —o; lim R(x) = oo: 
x4 x47 


The graph of R has a vertical 
asymptote at x = 4. 


30. Man = 12 





= 


BE 
aim 
tte! | | | TT | 
|_| 





Ni 


33.—24 34.-3 35.7 36.—158 37. 0.6662517653 
38. (a) 7sec (b)6sec (c) 64 ft/sec (d) (—32t + 96) ft/sec (e) 32 ft/sec (f) Att = 3sec (g) —96ft/sec (h) —128 ft/sec 
39. (a) $61.29/watch (b) $71.31/watch (ec) $81.40/watch (d) R(x) = —0.25x? + 100.01x — 1.24 (e) Approximately $8751/watch 


A2. (a) 43. (a) Area under the graph of 
f(x) =9 — x’ from —1 to 3 


‘< 


(b) 





CCE 
CCCs 





(b) 24 (ce) 32 (b) 10 (c) = (b) =: = 1.36 (c) 1.02 
(d) 26 (e)30 (f) 28 


2 4 
(d) / (4—x7) dx (e)9 (d) / = dx (e) 0.75 (c) 80 
—1 1 x 
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44. (a) Area under the graph of f(x) = e* from —1tol (b) (c) 2.35 


BERRY See 
wet tt 
FU aaee 
PTT Ere 
pitt tty 


PES 
PEPE 





Chapter Test (page 926) 
1 2 
1-5 23 3 3.5 4.-2 5.135 6.5 7-1 8-3 9.5 10.2 11. Limit exists; 2 
12. (a) Yes (b) No; lim f(x) Af) (©) No; lim f(x) does not exist. (d) Yes 
13. x = —7: asymptote; x = 2: hole 
se 106 
14. (a) 5 15. (a) y 16. (x5 SxS) ax 7. “3 ft/sec 
(b) y = 5x — 19 , 


() yg f@) = 4x? -11r-3 





(b) 13.359 
(c) 47 ~ 12.566 





APPENDIX A Review 


A.1 Assess Your Understanding (page A/0) 


1. variable 2.origin 3.strict 4. base;exponent orpower 5.d 6b Za 8T 9.F 10.T 11. {1,2,3,4,5, 6,7, 8,9} 
1I3.(4}) 15.41,3,4,60}) 17.40,2,6,7,8 >. “19. 4.0.1, 2,3;5;6, 7.8.9)  21..{0,1,2,3,5,6,7,8,9} 
23. = ee 5. > 22> 29. > 3h= 33:< Bx>0 37..x%=2 B.2=1 
0 
me! 


4. ——-o-— 43. —\—_ > 4.1 47.2 49.6 51.4 53. —28 55. 57.0 59.1 61.5 63.1 
ae =I 


& |G 


3 


65.22 67.2 69.x=0 71.x=3 73.None 75.x=0,x=1,x=-1 77. (xl # 5} 79. {x|x ~ —4} 81.0°C 83.25°C 85.16 
1 1 i 16 1 
97, 0.4 01.9 93.5 95.4 9764x° 99.2 101.2 103, 2% 2 1405. 16x" 107.-4 109.5 111.4 113.2 115.V5 117— 119. 10:0 
16 9 y? y Oy Oy? 2 
73-5 


4 
121.81 123.304.006.671 125.0.004 127.481.890 129.0.000 131.A =lw 133.C = 7d 135.A = a 137. V = Aa 139. V = x° 


i 
141. (a) $6000 (b) $8000 143.|x-—4| =6 145.(a)2 =5 (b)6>5 147. (a) Yes (b)No 149. No; 3s larger; 0.000333... 151. No 


A.2 Assess Your Understanding (page A19) 


1 
1. right;hypotenuse 2.A = 5 bh 3.C =2ar 4.similar 5.c 6b 7.T 8T 9F 10.T ILT 12.F 13.13 15.26 17.25 
19, Right triangle;5 21. Not aright triangle 23. Right triangle;25 25. Not aright triangle 27.42in.2 29.28in” 31.A = 257 m’;C = 107m 


500 
33. V = 240 ft?; § = 236ft? 35.V= “3 8 cn’; § = 1007 cm* 37.V = 6487 in? § = 3067 in 39.7 square units 41.27 square units 


43.x = 4units; A = 90°; B = 60°: C = 30° 45.x = 67.5 units; A = 60°; B = 95°; C = 25° 47. About 16.8 ft 49. 64 ft? 
51.24 + 20 ~ 30.28 ft?;16 + 27 ~ 22.28 ft 53.160 paces 55. About 5.477 mi 57. From 100 ft: 12.2 mi; From 150 ft: 15.0 mi 
59. No. The area quadruples. 


A.3 Assess Your Understanding (page A30) 


14:3 2x+-16 3.x°-8 4F 5.F 6T 7.F 8. add; 9. quotient; divisor;remainder 10.a l1.c 12.b 13.d 14.c 

15. Monomial; variable: x; coefficient: 2; degree:3 17. Not a monomial; the exponent of the variable is not a nonnegative integer 

19. Not a monomial; it has more than one term 21. Not a monomial; the exponent of one of the variables is not a nonnegative integer 

23. Not a monomial; it has more than one term 25. Yes;2 27. Yes;0 29. No; the exponent of one of the variables is not a nonnegative integer 

31. Yes;3_ 33. No; the polynomial of the denominator has a degree greater than0 35.x7 + 7x +2 37.x° — 4x7 + 9x +7 39, —2x3 + 18x? — 18 
41. 15y* — 27y +30 43.x° +47 -— 4x 45.27 + 6x +8 47.2x7 +9x4+ 10 49.x7 -— 49 51.4x7-9 53.x7 + 8x4 16 55.4x7 -— 12x +9 
57.x° — 6x? + 12x — 8 59.8x° + 12x27 + 6x +1 61.4x7 — 11x + 23; remainder —45 63. 4x — 3; remainder x + 1 


il 2) 1 
65. 5x? — 13; remainder x + 27 67. 2x; remainder —x* + x +1 69.x* — 2x + > remainder a + 5 71. —4x* — 3x — 3; remainder —7 


73. x* — x — 1;remainder 2x + 2 75. x* + ax + a*;remainderO 77. (x +6)(x —6) 79.2(1 + 2x)(1— 2x) 81. (x + 1)(x + 10) 

83. (x —7)(x —3) 85.4(x* —2x +8) 87. Prime 89.—(x —5)(x +3) 91.3(x+2)(x-—6) 93. y?(y+5)(y +6) 95. (2x +3)? 
97,.2(3x +1)(x +1) 99. (x —3)(x +3) (x? +9) 10L (x —1)?(0? +x 41)? 103.°(x —1)(x +1) 105. (4x + 3)? 

107.— (4x — 5) (4x +1) 109. (2y —5)(2y —3) 111.-—(3x —1)(3x +1) (x? +1) 113. (x +3)(x-—6) 115. (x + 2)(x - 3) 
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117, (3x — 5) (9x? — 3x +7) 119. (x +5) (3x +11) 121. (x —1)(x +1) (x +2) 123. (x —1)(x +1) (x? -—x4+1) 125.25; (x + 5)? 
1 
16° 
139. 6(3x — 5) (2x + 1)?(5x - 4) 

141. The possibilities are (x + 1) (x + 4) =x? + 5x + 4or (x + 2)(x + 2) =x? + 4x + 4, none of which equals x? + 4. 


2 
127.9; (y — 3)? 129. (x - +) 131.2(3x + 4) (9x + 13) 133.2x(3x +5) 135.5(x + 3)(x —2)2(x +1) 137.3(4x — 3) (4x - 1) 


A.4 Assess Your Understanding (page A34) 


1. quotient; divisor;remainder 2.-3)2 0 -5 1 3.d 44a 5.T 6.T 7. x’ — 5x — 5:;remainder0 9.3x* + 11x + 32; remainder 99 
11. x* — 3x° + 5x? — 15x + 46; remainder —138 13. 4x° + 4x4 + x° + x7 + 2x + 2;remainder7 15.0.1x? — 0.11x + 0.321; remainder —0.3531 
17. x* + 2x° + 4x? + 8x + 16;remainder0 19.No 21.Yes 23. Yes 25.No 27.Yes 29. —9 


A.5 Assess Your Understanding (page A42) 








1. lowest terms 2.least common multiple 3.T 4.F 5.d 6.a 7 a 9 2 11 = poe 15 — 
=— : r ; ; ; ; “"x-3 3 “oe I “2(y +1) " 5x(x — 2) 
2x(x? + 4x + 16 4 x — 4)? x—2)\)(x+2 2(x* —2 
ee aie Sp Sg ee =n 
x+4 S(x — 1) 4x 2x — 3 Me 2) 2) (+ ="6) Ce = LCE 44) 
2(2x* + 5x — 2) 5x +1 x+1 —2x(x* — 2) 19 (ede L Ge) 
29, ———_ i ——————"“- e.... GRO ae e 3 | cern ea 
(x —2)(x + 2) (x + 3) (x= (Ger) x—1 Cee eee ees (or 3) (a6 1) 
x( 3x“ 2 x+3)(3x-1 R,:R 
joo), melee) 45, f = — ee 
(3x +1)? (x? +1)? (n —1)(R, + R,)’ 15 


A.6 Assess Your Understanding (page A51) 

5.identity 6.F 7.T 8. add; = 9. discriminant; negative 10.F 11.F 12.b 13.b 14.d 15.{7} 17{-3} 19. {4} 21. 3} 23, {—1} 
25.{—-18} 27%{-3} 29.{-16} 31. {05} 33. {2} 35.{2} 32{3} 39.{0,9} 41 {0,9} 43. {21} 45, {-2,2} 47. {6} 
49.{—-3,3} 5S5L{-4,1} 53. 1-13} 55.{—4,4} 57{2} 59.Norealsolution 61.{—2,2} 63. {-1,3} 65.{—-2,-1,0,1} 67 {0,4} 


69. {—6, 2} m.{-33} 73. (3, 4} 75.13 | m4 - 53} 79.{-3.2} 81. {—5,5} 83. {-1,3} 85. {-3,0} 87 {-7,3} 


= =e — V2 + V2 
89. 1-3} 91. jt ae 93. {2 — V2,2+ V2} 95. So 97, 11,3} 99. No real solution 











-1-vV5 -1+ V5 — — V15 -V3 4+ V15 
101. ao ae 103. pa oy 105. No real solution 107. Repeated real solution 
Dar b R,R 2 5 
109. Two unequal real solutions 111.x = - W3.x=——— 15x=a2 17R=——~— 119.R=—— VILr= : 
a a+ b R, Ss Ko) F 
—bh+Vb*—4ac —-b- Vb* — 4ac =2) —b 1 1 
123:-—_——_— ?—<$_—_ “= = —? 125.k = -——or®= 
2a 2a 2a a a 
b+Vb?-4 b—- Vb —4 
127. The solutions of ax? — bx + c = Oare ————— and —— 129. b 


A.7 Assess Your Understanding (page A61) 
1.T 2.5 3.F 4. real;imaginary;imaginary unit 5.F 6.T 72F 8b 9%a 10.c 11.84+ 5: 13.-74+ 6 15.-6-11li 17.6 — 18 


1 

19.18 — 217 21.10 — Si 23.26 25,2 + =i 21.121 29,2 es i 31. —5 f NEY 33.21 35.—i 371 39.—-6 41.—-10i 43.—2 4+ 2i 
45.0 47.0 49.2: 51.51 53.2V/3i 55.10V/2i 575i 59. {—2i,2i} 61.{-4,4} 63. {3 — 21,3 +2i} 65.{3 -—i,3 +i} 

1 1,1 1 1 2,1 2 1 3 1 3 
on.{1 — Si,= + Li| 09. {2 = igo 2i| n.}—3 - V3, —= + v3 | 73. {4,-2 —2V3i,-2+2V3i} 75. {-2,2, -2i, 21} 
77, { —3i, —2i, 2i,3i} 79. Two complex solutions that are conjugates of each other 81. Two unequal real solutions 83. A repeated real solution 
85.2 — 31 87.6 89.25 91.2 + 3iohms 93.2 + Z7= (a+ bi) + (a— bi) = 2a;z —Z= (a+ bi) — (a — bi) = 2bi 
95.7 + w= (at bi) + (ec + di) ="(a+c) + (b+ da)i = (a+c) — (b+ d)i= (a —- bi) + (ec — di) ="F+w 


A.8 Assess Your Understanding (page A69) 


1. mathematical modeling 2.interest 3.uniform motion 4.F 5.T 6.a 7b 8c 9.A = amr*;r = radius, A = area 

11. A = s*;A = area,s = length ofaside 13. F = ma; F = force,m = mass,a = acceleration 15.W = Fd; W = work, F = force, d = distance 
17. C = 150x; C = total variable cost, x = number of dishwashers 19. Invest $31,250 in bonds and $18,750 in the CD. 21. $11,600 was loaned at 8%. 
23. Mix 75 lb of Earl Grey tea with 25 lb of Orange Pekoe tea. 25. Mix 156 lb of cashews with the almonds. 27. The speed of the current is 2.286 mi/h. 
29. The speed of the current is5 mi/h. 31. Karen walked at 3.75 ft/sec. 33. A doubles tennis court is 78 feet long and 36 feet wide. 


Z 








AN104 Answers: Appendix A 


35. Working together, it takes 12 min. 37. (a) The dimensions are 10 ft by 5 ft. (b) The area is 50 sq ft. (c) The dimensions would be 75 ft by 75 ft. 
2 
(d) The area would be 56.25 sq ft. 39. The defensive back catches up to the tight end at the tight end’s 45-yd line. 41. Add 3 gal of water. 


1 
43. Evaporate 10.67 oz of water. 45.40 g of 12-karat gold should be mixed with 20 g of pure gold. 47. Mike passes Dan 3 mile from the start, 2 min 


from the time Mike started torun. 49. Start the auxiliary pump at 9:45 am. 51. The tub will fillin 1 hour. 53. Run: 12 miles; bicycle: 75 miles 
55. Bolt would beat Burke by 18.25 m. 57. The dimensions should be 4 ft by 4 ft. 61. The average speed is 49.5 mi/h. 
63. The solution mixture percent must be between the two percents of the components used to make the solution. 


A.9 Assess Your Understanding (page ASO) 


3. closed interval 4. Multiplication Properties 5.T 6.T 7T 8.F 9.T 10.F Id 12.c 13.[0,2];05x=2 15.[2,~);x =2 
17.[0,3);0=x<3 19.(a6<8 (b)-2<0 ()9<15 ()-6>—10 21L(—a7>0 (b)-1>-8 ()12>-9 (d)-8 < 6 
23. (a) 2x +4<5 (b)2x-—-4<-3 (C)6x+3<6 (d)—-4x —-2> -4 


25. [0,4] 27. [ 4, 6) 29, [—3, 00) 31. (—00, —4) 
0 4 4 6 3 —4 
33.2 =x =5 35.-4<x=3 37.x=24 S24 = =3 
—4f}—_4_4. se —_+___>- <—_>___- 
2 5 -4 3 4 4 


1 1 1 1 
4.< 4 > 4 = 424 < 49 = SL > 533. 2 55.0 < it <a 57, a < 0 
Xx Xx = 





























5 
59. {x|x < 4} or (—©~,4) 61. {x|x = 2} or [2, ©) 63. {x|x > 3} or (3, ©) 65. {x|x = 2} or [2, ©) 
4 2 3 2 
yi 2 4 4 
67. {x|x > —7} or (-7, ~) 69.) x)/x = 5( — 00398 71. {x|x < —20} or (—c, —20) 73. Xx = 5 or B00 
2 4 
3 2 
7 7 2 2 11 1 11 1 
5.4x|L<xsahor(Za | 77 {:|Z2x<afor| 23 79 . -Per<i} ((-44) 81. {x| -6 < x < 0} or (-6,0) 
z : ————————— > 
ee] —_—_—_—“ ——_—_—_——_—}+_> a 
Z 4 2 3 _l zt ° . 
3 3 2 2 
83.440 =5} or (—,—5) 85. {x|x = —1} or [—-1, ~) 87. 5 x dnc y th or| 4 = 89. 5 x|x < 23 or | —0o 4 
° ) : —_ ? 2, a 4 pe 2 2 
—_——$$—$++_ ———— 
—a——___—_—__——— —j—__* 
~ = 1 5 1 
2 4 2 
3 1 3 1 10 10 
xfj<«x<8 a > — : > , {x|— -(— 
a1} x shor] 4) 93. { | tb or (2, oo | 95. {x|x > 3} or (3, ©) 97. {x|-4 <x < 4}; (-4, 4) 
= 1 10 
14 4 3 
99, {x|x < —4 or x > 4}; (—00, —4) U (4, ~) 101. {x|0 <x <1}; [0,1] 
4 + 0 1 
103. {x|x < —-lorx > 2}; (—o,-1) U (2, ~) 105. {x|-1 <x <1}; [-1,1] 


=f 2 —l 1 


107. {x|x = —2 or x = 2}; (—, —2] U [2, 00) 
—$_}omnite 
2 2 


1 
109.a=3,b=5 ULa=-12,b=-8 113.a =3,b=11 li5.a =7,5=1 117.a=4,b=16 119. {xx = —-2} 121.21 < Age < 30 


123. (a) Male = 82.2 years (b) Female = 85.8 years (c) A female could expect to live 3.6 years longer. 

125. The commission ranges from $45,000 to $95,000, inclusive. As a percent of selling price, the commission ranges from 5% to 8.6%, inclusive. 
127. The amount withheld varies from $104.32 to $148.32, inclusive. 129. The usage varied from 1150 kWh to 2050 kWh, inclusive. 

131.5 cookies 133. (a) You need at least a 74 on the fifth test. (b) You need at least a 77 on the fifth test. 

at+b “b= 24. DH -a atb a+b 2b-a-b_b-a at+b 


— q = ———— = — > 0; = > 0: > 
a 5 5 0; therefore, a 5 5 5 0; therefore, b 


137. ( V ab )? — a = ab — a’ =a(b-a) > 0; thus ( V ab )? > a’ so Vab > a. 
b? — (Vab)* = b* — ab = b(b — a) > 0; thus b? > (Vab)?sob > Vab. 


135. 
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A.10 Assess Your Understanding (page A89) 
3.index 4.cuberoot 5.b 6d %c 8c 9%T 10.F 11.3 13.-2 15.2V2 17.10V7 19.2W/4 21.-2xWx 23.3173 25. x3y? 


27.x2y 29.8Vx 31.3x2y3W2x 33.5xV3x 35.153 3212V3 39.7V2 41.6V3 43.2V3 45.-W2 472x-2Vx4+1 








y) V15 5+ V2)V3 _ gV5-19 5W4 
49. (2x —1)W2x 51. (2x — 15) V2x 53. —(x + Sy) W2xy cae 7. = 59, C7 NSIS re eiee 63.5V2+5 65. = 
2x +h —-—2V x? + xh 5 3 1 1 9 1 
61g Oe TL Bee Se ee 77. 13} 79.{3} 81.4 83.—-4 85.1000 87— 
h Vi =a V10 +5 Vx+ Ve Vx-74+1 2 8 
27 vei 1 25 8x/4 3x +2 63x02 22x + 5 
89. 21V2 91. 21V2 93.-— 95. 97.x7/? 99, xy? 101..x7y 103. 105. ——~_. aaa) ———— 
32 32 10 "16 y (Lea)? Gr +1)” 10Vx —5 Vax +3 
2+ 4- 1 1 — 3x? 1 
i 1, 1 1 1G Piao HG 
2(1 + x)? (ee Aer xe = 1) 2Vx(1 + x7)? 2 
2 1/3 2 1/3 1/2 3(x v 2) 
123. (x7 + 4)"3(11x? +12) 125. (3x + 5) 1/9 (2x + 3) 1/7 (17x + 27) 121. 129.1.41 131.159 133.4.89 135. 2.15 
X 


137. (a) 15,660.4 gal (b) 390.7 gal 


APPENDIX B Graphing Utilities 


B.1 Exercises (page B2) 


1.(-1,4);I 3.(3,1);1 5. Xmin = —6, Xmax = 6, Xscl = 2, Ymin = —4, Ymax = 4, Yscl = 2 

7. Xmin = —6, Xmax = 6, Xscl = 2, Ymin = —1, Ymax = 3, Yscl = 1 9. Xmin = 3, Xmax = 9, Xscl = 1, Ymin = 2, Ymax = 10, Yscl = 2 
11. Xmin = —11, Xmax = 5, Xscl = 1, Ymin = —3, Ymax = 6, Yscl = 1 

13. Xmin = —30, Xmax = 50, Xscl = 10, Ymin = —90, Ymax = 50, Yscl = 10 

15. Xmin = —10, Xmax = 110, Xscl = 10, Ymin = —10, Ymax = 160, Yscl = 10 


B.2 Exercises (page B4) 


1. (a) HORMAL FLOAT AUTO REAL RADTAH: HE (b) HORHAL FLOAT AUTO REAL RADIA HP - HAL FL ITD R 7; , HORMAL FLOAT AUTO REAL RAGTAW HF 


fl HORMAL FLOAT AUTO REAL RADIAW MP 





19, [Eee 


17, (Ee 
a EMTER Ie EDIT 


PRESS EMTER TO EDIT 
ce 


O 
Ya aan 


21. HORHAL FLOAT AUTO RERL RRDIAM HF 23. HORARL FLOAT ak REAL RROLAM AF 
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Subject Index 


Abel, Niels, 242, 854 
Abscissa, 2 
Absolute maximum and minimum of 
functions, 77—79 
Absolute value, 601, A5—A6 
equations involving, A46—A47 
Absolute value function, 87-88, 89-90 
Absolute value inequalities, A46—A47, 
A78-A79 
Accumulated value, 326 
Acute angles, 522-524 
complementary, 524 
trigonometric functions of, 522-524 
Addition. See also Sum 
of complex numbers, A55 
of rational expressions, A37—A39 
least common multiple (LCM) 
method for, A39—A40 
triangular, 853 
of vectors, 614 
geometrically, 610 
in space, 634 
Addition principle of counting, 862-863 
Addition property of inequalities, A74 
Adjacency matrix, 775 
Aerodynamic forces, 651 
Ahmes (Egyptian scribe), 840 
Airplane wings, 575 
Algebra essentials, A1-A13 
distance on the real number line, 
A5-A6 
domain of variable, A7 
evaluating algebraic expressions, 
A6-A7 
evaluating exponents, A10 
graphing inequalities, A5 
Laws of Exponents, A8—A9 
real number line, A4 
sets, Al—-A4 
simplifying trigonometric expressions, 
480-481 
to solve geometry problems, 5 
square roots, A9-A10 
Algebraic functions, 258 
Algebraic vector, 612-613 
Algorithm, 231n 
Alpha particles, 685 
Altitude of triangle, A15 
Ambiguous case, 537 
Amount of annuity, 839-840 
Amplitude 
of simple harmonic motion, 560 
of sinusoidal functions, 410-412, 430-433 
Analytic trigonometry, 449-520 
algebra to simplify trigonometric 
expressions, 480-481 
Double-angle Formulas, 500-504 
to establish identities, 501-504 
to find exact values, 501 


Half-angle Formulas, 504-506 
to find exact values, 504—506 
for tangent, 506 
inverse functions. See Inverse 
functions 
Product-to-Sum Formulas, 
511-513 
Sum and Difference Formulas, 
487-500 
for cosines, 487-488 
defined, 487 
to establish identities, 489-493 
to find exact values, 488-491, 
490-491 
involving inverse trigonometric 
function, 493-494 
for sines, 489-491 
for tangents, 492-493 
Sum-to-Product Formulas, 512-513 
trigonometric equations, 469-479 
graphing utility to solve, 474 
identities to solve, 473-474 
involving a double angle, 471 
involving single trigonometric 
function, 469-472 
linear, 471 
linear in sine and cosine, 494-496 
quadratic in from, 473 
solutions of, defined, 469 
trigonometric identities, 479-487 
basic, 480 
establishing, 481-484, 489-493, 
501-504 
Even-Odd, 480 
Pythagorean, 480 
Quotient, 480 
Reciprocal, 480 
Angle(s), 362-370. See also 
Trigonometric functions 
acute, 522-524 
central, 364—365 
complementary, 524 
converting between decimal and 
degree, minute, second measures 
for, 364—365 
defined, 362 
of depression, 526-527 
direction, 616 
of vector, 637-639 
drawing, 363 
of elevation, 526-527 
elongation, 544 
Greek letters to denote, 362 
of incidence, 478 
inclination, 391 
initial side of, 362 
measurement of 
arc length, 365-366 
degrees, 363-368 





to find the area of a sector of a 
circle, 368-369 
to find the linear speed of an object 
traveling in circular motion, 
369-370 
radians, 364—365, 366-368 
negative, 362 
optical (scanning), 509 
positive, 362 
quadrantal, 363 
of refraction, 478 
of repose, 468 
right, 363, Al4 
in standard position, 362 
straight, 363 
terminal side of, 362 
between vectors, 625 
in space, 636 
viewing, 390-391, 461 
Angle-angle case of similar triangle, A18 
Angle-side-angle case of congruent 
triangle, A17 
Angular (perceived) size, 390 
Angular speed, 369-370 
Annuity(ies), 839-840 
amount of, 839-840 
defined, 839 
formula for, 839 
ordinary, 839 
Aphelion, 672, 717 
Apollonius of Perga, 652 
Apothem, 499 
Applied (word) problems, A62—A72 
constant rate job problems, 
A67-A69 
interest problems, A63—A64 
mixture problems, A65 
steps for solving, A63 
translating verbal descriptions into 
mathematical expressions, A63 
uniform motion problems, A66—A67 
Approximate decimals, A3 
Approximating area, 918-921 
Araybhata the Elder, 386 
Arc length, 365-366 
Area 
definition of, 921 
formulas for, A15 
under graph of function, 918-921 
of parallelogram, 644-645 
of sector of circle, 368—369 
of triangle, 553-559, A15 
SAS triangles, 553-554 
SSS triangles, 554-555 
Argument 
of complex number, 601, 604 
of function, 52 
Arithmetic calculator, A10 
Arithmetic mean, A82 





I2 Subject Index 


Arithmetic sequences, 826-832 
common difference in, 826 
defined, 826 
determining, 826-827 
formula for, 827-828 
nth term of, 828 
recursive formula for, 828 
sum of, 829-830 

Ars Conjectandi (Bernoulli), 882 

Ars Magna (Cardano), 242 

ASA triangles, 536-537 

Associative property 
of matrix addition, 762 
of matrix multiplication, 766 
of vector addition, 610 

Asymptote(s), 200-202, 678-680 
horizontal, 201, 203-205 
oblique, 201, 203-205, 212 
vertical, 201—203 

multiplicity and, 202-203 

Atomic systems, 772 

Augmented matrix, 735-744 
row operations on, 736-737 
system of equations written 

from, 736 

Average rate of change, 21 

of function, 79-80 
exponential functions, 281-283 
finding, 79-80 
linear functions, 125-128, 281-283 
secant line and, 79-80 

limit of, 901 

Axis/axes 
of complex plane, 600 
of cone, 653 
coordinate, 2 
of ellipse, 663, 695 
of hyperbola 

conjugate, 674 

transverse, 674, 695 
polar, 576 
of quadratic function, 146-149 
rotation of, 687-691 

analyzing equation using, 690-691 

formulas for, 688 

identifying conic without, 692 
of symmetry 

of parabola, 145, 654 

of quadratic function, 146-151 

Azimuth, 529 





Babylonians, ancient, 840 
Back-substitution, 723 
Barry, Rick, 69 
Base of exponent, A8 
Basic trigonometric identities, 480 
Bearing (direction), 529 
Beat, 568 
Bernoulli, Jakob, 597, 882 
Bernoulli, Johann, 710 
Bessel, Friedrich, 532 
Best fit 
cubic function of, 194-195 
line of, 138-139 


Beta of a stock, 124 
Bézout, Etienne, 790 
Binomial(s), A23 
cubing, A25 
squares of (perfect squares), A25 
Binomial coefficient, 851, 852 
Binomial Theorem, 849-855 
to evaluate ( r) , 849-853 
expanding a binomial, 851-852 
historical feature on, 854 
proof of, 853 
using, 851-853 
Bisection method, 241, 244 


Blood alcohol concentration (BAC), 303 


Blood pressure, 420 

Bode, Johann, 825 

Bode’s Law, 825 

Bonds, zero-coupon, 333 
Book value, 129 

Boole, George, 882 
Bounded graphs, 798 
Bounding curves, 563 
Bounds on zeros, 239-240 
Box, volume and surface area of, A16 
Brachistochrone, 709-710 
Brancazio, Peter, 69 
Branches of hyperbola, 674 
Break-even point, 133 
Bretschneider formula, 557 
Brewster’s Law, 478 
Briggs, Henry, 315 

Birgi, Joost, 315 





Calculator(s), A10. See also Graphing 
utility(ies) 
approximating roots on, A84 
converting between decimals and 





degrees, minutes, seconds on, 364 


converting from polar coordinates to 
rectangular coordinates, 579 
to evaluate powers of 2, 280 
functions on, 53 
inverse sine on, 453 
kinds of, A10 
logarithms on, 313, 314 
trigonometric equations solved 
using, 472 
Calculus 

angles measured in, 364 
approximating e*, 825 
complicated functions in, 59 
composite functions in, 263 
derivative, 208 
difference quotient in, 54, 295 
double-angle formulas in, 502 
e in, 286, 825 
end behavior of graphs, 184 
exponential equations in, 321 
functions and 

exponential, 279, 825 


increasing, decreasing, or constant, 


75, 341-342 
local maxima and local minima 
in, 76 


graph of polynomial functions in, 176 
independent variable in, 407 
inflection point in, 340 
integral, 921-922 
area under graph, 917-921 
graphing utility to approximate, 
921-922 
Intermediate Value Theorem, 240 
limits, 185, 199 
logarithms and, 311, 321 
partial fraction decomposition and, 777 
polar equations and, 597 
projectile motion, 704—706 
quadratic equations in, A68 
quadratic functions in, 145 
radians in, 389 
rational exponents in, A88 
rationalizing numerators in, A85 
secant line and, 80, 85 
Simpson’s Rule, 164 
Snell’s Law and, 478 
tangent line and, 558 
trigonometric functions and equations in, 
466, 474, 502 
trigonometric identities useful in, 503 
turning points and, 183 
of variations, 710 
Cancellation Property, A36 
Carbon dating, 337 
Cardano, Girolamo, 242, 607, 882 
Cardioid, 590-591, 596 
Carlson, Tor, 349 
Carrying capacity, 340 
Cartesian (rectangular) coordinates, 2 
in space, 632 
Cartesian (rectangular) form of complex 
number, 601-603 
Catenary, 159n, 662 
Cayley, Arthur, 719, 772 
Ceilometer, 527 
Cell division, 335, 340 
Center 
of circle, 36 
of hyperbolas, 674 
of sphere, 640 
Central angle, 364-365 
Change, rate of. See Rate of change 
Change-of-Base Formula, 314-315 
Chebyshév, P.L., 502n 
Chu Shih-chieh, 854 
Circle(s), 35-42, 653 
arc length of, 365-366 
area of, A16 
area of sector of, 368-369 
center of, 36 
central angle of, 364-365 
circumference of, A16 
defined, 36 
general form of equation of, 38-39 
graphing, 37, 595 
inscribed, 558 
intercepts of, 37 
polar equation of, 586, 588-589 
radius of, 36 


standard form of equation of, 36 
unit, 36, 375-378 
Circular functions, 377 
Circular motion, 369-370 
simple harmonic motion and, 560 
Circumference, A16 
Clark, William, 521, 573 
Clock, Huygens’s, 710 
Clock signal, 568 
Closed interval, A73 
Coefficient, A22—A23 
binomial, 851, 852 
correlation, 139 
damping, 562 
of friction, 622 
leading, 175, 246, A23 
of polynomial, 175 
Coefficient matrix, 736 
Cofactors, 752 
Cofunctions, 524 
names of, 387 
Coincident lines, 722 
Column index, 735, 759 
Column vector, 763 
Combinations, 869-871 
defined, 870 
listing, 870-871 
of n distinct objects taken rata 
time, 870 
Combinatorics, 861 
Common difference, 826 
Common logarithms (log), 300, 313, 315 
Common ratio, 833 
Commutative property 
of dot products, 624, 636 
of matrix addition, 761—762, 766 
of vector addition, 610 
Complementary angles, 524 
Complementary Angle Theorem, 524 
Complement of event, 880 
Complement of set, A2 
Complement Rule, 880-881 
Complete graph, 11 
Completing the square, A29, A48—A49 
identifying conics without, 687 
Complex number(s), 619, 629, A54—-A62 
addition, subtraction, and 
multiplication of, A55—A59 
argument of, 601, 604 
conjugates of, 601, AS6—A57 
definition of, A54—A55 
De Moivre’s Theorem and, 604—605 
equality, addition, subtraction, and 
multiplication of, A55—A58 
equality of, A55 
in exponential form, 602 
geometric interpretation of, 600 
imaginary part of, A55 
magnitude (modulus) of, 601 
matrices and, 772 
parts of, A55 
in polar form 
converting from rectangular form 
to, 601-603 


converting to rectangular form, 
601-603 
products and quotients of, 603-604 
powers of i, AS8—A59 
product of, 603-604 
quadratic equations in, A59-A61 
quotient of, 603-604 
real part of, A55 
in standard form, A55, A57—A59 
power of, A58—A59 
reciprocal of, A57 
Complex number system, A55 
quadratic equations in, A59-A61 
Complex plane, 600-604 
defined, 600 
imaginary axis of, 600 
plotting points in, 600-601 
real axis of, 600 
Complex polynomial function, 246 
Complex rational expressions, A40—A42 
Complex roots, 605-606 
Complex variable, 246 
Complex zeros of polynomials, 245-248, 
249-250 
Conjugate Pairs Theorem, 247-248 
defined, 246 
finding, 249-250 
polynomial function with zeros given, 
248-249 
Components of vectors, 612, 613 
in space, 633 
Composite functions, 259-266 
calculus application of, 263 
components of, 263 
defined, 259 
domain of, 260-263 
equal, 262-263 
evaluating, 260 
exact values of, using inverse 
functions, 456-458, 465—466 
finding, 260-263 
forming, 259-260 
Compound interest, 325-331 
computing, 325-327 
continuous, 329 
defined, 325 
doubling or tripling time for money, 
330-331 
effective rates of return, 328-329 
formula, 326 
future value of lump sum of money, 
325-328 
present value of lump sum of money, 
329-330 
Compound probabilities, 878 
Compressions, 102-104, 105 
Comps, real estate, 1 
Concave up/down graph, 145 
Conditional equation, 479-480 
Cone 
axis of, 653 
generators of, 653 
right circular, 653 
vertex of, 653 
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Congruent triangles, A16—A19 
Conics 
defined, 695 
degenerate, 653 
directrix of, 695 
eccentricity of, 672, 695 
ellipse, 653, 663-673 
with center at (h, k), 667-669 
with center at the origin, 663-667 
with center not at origin, 668-669 
center of, 663 
defined, 663, 695 
eccentricity of, 673, 697 
foci of, 663 
graphing of, 665-667 
length of major axis, 663 
major axis of, 663, 695 
minor axis of, 663 
solving applied problems involving, 
669-670 
vertices of, 663 
focus of, 695 
general equation of, 692 
general form of, 686-687 
hyperbolas, 652, 653, 673-686 
asymptotes of, 678-680 
branches of, 674 
with center at (h, k), 680-681 
with center at the origin, 674-678 
with center not at the origin, 
680-681 
center of, 674 
conjugate, 685 
conjugate axis of, 674 
defined, 673, 695 
eccentricity of, 685, 697 
equilateral, 685 
foci of, 673-674 
graphing equation of, 675-676 
solving applied problems involving, 
681-682 
transverse axis of, 674, 695 
vertices of, 674 
identifying, 686-687 
without a rotation of axes, 692 
names of, 653-654 
parabola, 144-151, 653, 654-663 
axis of symmetry of, 145, 654 
defined, 654, 695 
directrix of, 654 
focus of, 654 
graphing equation of, 655 
solving applied problems involving, 
659-660 
with vertex at (h, k), 657-658 
with vertex at the origin, 654-657 
vertex of, 145, 654 
paraboloids of revolution, 652, 659 
parametric equations, 701-713 
applications to mechanics, 709-710 
for curves defined by rectangular 
equations, 707-710 
cycloid, 709 
defined, 701 
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Conics (Continued) 
describing, 704 
graphing using graphing utility, 
701-702 
rectangular equation for curve 
defined 
parametrically, 702—704 
time as parameter in, 704-707 
polar equations of, 694-701 
analyzing and graphing, 694-698 
converting to rectangular 
equation, 698 
focus at pole; eccentricity e, 696-697 
rotation of axes to transform equations 
of, 687-689 
analyzing equation using, 690-691 
formulas for, 688 
Conjugate(s), AS6—A57 
of complex number, A56—A58 
of conjugate of complex number, A58 
of product of two complex 
numbers, A58 
of real number, A58 
of sum of two complex numbers, A58 
Conjugate axis, 674 
Conjugate golden ratio, 824 
Conjugate hyperbola, 685 
Conjugate of complex numbers, 601 
Conjugate Pairs Theorem, 247-248 
Connected mode, 90 
Consistent systems of equations, 
W217 22, 126 
Constant(s), A6, A22 
limit of, 896 
Constant functions, 75—76, 77, 88 
Constant linear functions, 128 
Constant rate job problems, A67—A69 
Constant term of polynomial, 175 
Constraints, 802 
Consumer Price Index (CPI), 334 
Continued fractions, A43 
Continuous compounding, 328 
Continuous function, 90, 240, 
905-907 
Continuous graph, 176 
Convergent geometric series, 836-838 
Cooling, Newton’s Law of, 338-339 
Coordinates, 2. See also Rectangular 
(Cartesian) coordinates 
of ordered triple, 632 
of point on number line, A4 
Corner points, 798-799 
Correlation coefficient, 139 
Correspondence between two sets, 47 
Cosecant, 376 
continuous, 906, 907 
defined, 522 
domain of, 393, 394 
graph of, 425-427 
inverse, 463—465 
approximate value of, 464-465 
calculator to evaluate, 464-465 
definition of, 463 
exact value of, 464 








periodic properties of, 395 
range of, 394 
Cosine(s), 376 
continuous, 907 
defined, 522 
direction, 637-639 
domain of, 393, 394, 410 
exact value of, 488-489 
graphs of, 407-421 
amplitude and period, 410-412 
equation for, 416 
key points for, 412-415 
hyperbolic, 295 
inverse, 453-454 
defined, 453 
exact value of, 454 
implicit form of, 453 
properties of, 457 
Law of, 546-553 
in applied problems, 548-549 
defined, 546 
historical feature on, 549 
proof of, 546 
Pythagorean Theorem as special 
case of, 546 
SAS triangles solved using, 547 
SSS triangles solved using, 547-548 
properties of, 410 
periodic, 395 
range of, 394, 410 
Sum and Difference Formula for, 
487-488 
trigonometric equations linear in, 
494-496 
Cost(s) 
fixed, 33 
marginal, 155 
variable, 33 
Cotangent, 376 
continuous, 906, 907 
defined, 522 
domain of, 393, 394 
graph of, 424-425 
inverse, 463-465 
approximating the value 
of, 464—465 
calculator to evaluate, 464-465 
definition of, 463 
exact value of, 464 
periodic properties of, 395 
range of, 394 
Counting, 861-866 
addition principle of, 862-863 
combinations, 869-871 
defined, 870 
listing, 870-871 
of n distinct objects taken r ata 
time, 870 
formula, 862 
multiplication principle of, 863-864 
number of possible meals, 863-864 
permutations, 866-869 
computing, 869 
defined, 867 


distinct objects without repetition, 
867-869 
distinct objects with repetition, 867 
involving n nondistinct objects, 872 
Counting numbers (natural numbers), 
845n, 847, A3 
Cramer, Gabriel, 719 
Cramer’s Rule, 719, 748 
inconsistent or dependent systems, 755 
for three equations containing three 
variables, 753-755 
for two equations containing two 
variables, 749-751 
Cross (vector) product, 619, 641-647 
defined, 641 
determinants to find, 642 
to find the area of a parallelogram, 
644-645 
to find vector orthogonal to two given 
vectors, 644 
properties of, 642-644 
algebraic, 643 
geometric, 643-644 
of two vectors in space, 641-642 
Cube(s) 
of binomials (perfect cubes), A25 
difference of two, A25, A28 
sum of two, A25 
Cube function, 52, 89 
Cube root, 86—87, 89, A83 
complex, 605, 606 
Cubic function of best fit, 194-195 
Cubic models from data, 194-195 
Curve(s). See also Plane curve(s) 
bounding, 563 
defined parametrically, 702-707 
graphing utility to graph 
parametrically-defined, B12 
of quickest descent, 709-710 
sawtooth, 567 
Curve fitting, 729-730 
sinusoidal, 433-437 
hours of daylight, 436-437 
sine function of best fit, 437 
temperature data, 433-435 
Curvilinear motion, 704 
Cycle of sinusoidal graph, 
408, 412 
Cycloid, 709 


Damped motion, 562-564 
Damping factor (damping coefficient), 562 
Data 
arrangement in matrix, 760 
cubic models from, 194—195 
exponential model from, 346-347 
linear models from, 135-142 
quadratic models from, 160-161 
sinusoidal model from, 433-437 
Day length, 174, 361 
Decay, Law of, 337-338. See also 
Exponential growth and decay 
Decimals, A3 
approximate, A3 





converting between degrees, minutes, 
seconds and, 364 
repeating, 837-838, A3 
Declination of the Sun, 461 
Decomposition, 626-628 
Decreasing functions, 75-76, 77, 79 
Decreasing linear functions, 128 
Deflection, force of, 575 
Degenerate conics, 653 
Degree of monomial, A22 
Degree of polynomial, 175-180, 
A23, A27 
odd, 238-239, 247 
Degree of power function, 176 
Degrees, 363-368 
converting between decimals and, 
364-365 
converting between radians and, 
366-368 
historical note on, 363 
Demand equation, 157 
De Moivre, Abraham, 604 
De Moivre’s Theorem, 604—605 
Denominator, A36 
rationalizing the, A85—A86 
Dependent systems of equations, 722 
containing three variables, 728-730 
containing two variables, 725—726 
Cramer’s Rule with, 755 
matrices to solve, 741-742 
Dependent variable, 52 
Depreciation, 258 
Depressed equation, 236 
Depression, angle of, 526-527 
Derivative, 911-912 
Descartes, René, 1, 46 
Descartes’ Rule of Signs, 234—235 
Determinants, 641-642, 719, 748-759 
cofactors, 752 
Cramer’s Rule to solve a system of 
three equations containing three 
variables, 753-755 
Cramer’s Rule to solve a system of two 
equations containing two vari- 
ables, 749-751 
expanding across a row or column, 
752-753 
minors of, 752 
properties of, 755-756 
3 by 3, 751-753 
2 by 2, 748-749, 755 
Diagonal entries, 767 
Diastolic pressure, 420 
Difference(s). See also Subtraction 
common, 826 
of complex numbers, A55 
first, 429 
limits of, 897 
of logarithms, 311-312 
of two cubes, A25, A28 
of two functions, 57 
of two matrices, 760-762 
of two squares, A24, A28 
of vectors, 610 











Difference function, 57 
Difference quotient, 54-55, 295 
definition, 54 
Diophantus, 840 
Directed line segment, 609 
Direction angle, 616 
Direction angles of vector, 637-639 
Direction (bearing), 529 
Direction cosines, 637—639 
Direction of vectors, 609, 615-617 
Directrix, 695 
of parabola, 654 
Dirichlet, Lejeune, 46 
Discontinuity, 90 
Discontinuous function, 905 
Discriminant, A50, A60 
negative, A59 
Disjoint sets, A2-A3 
Distance 
mean, 672, 717 
range of airplane, A71 
Distance formula, 2—5 
proof of, 3-4 
in space, 632-633 
using, 3-5 
Distributive Property 
of dot products, 624, 636 
of matrix multiplication, 766 
of real numbers, A3—A4 
Divergent geometric series, 836-838 
Dividend, 231, 232, A25 
Division. See also Quotient(s) 
of complex numbers, A57 
of complex numbers in standard 
form, A57 
of polynomials, 231-232, A25—A27 
synthetic, A31—A35 
of rational expressions, A36—A37 
of two integers, A25 
Division algorithm for polynomials, 
231-232 
Divisor, 231, 232, A25 
Domain, 47, 49, 55-59 
of absolute value function, 89 
of composite function, 260-263 
of constant function, 88 
of cosecant function, 393, 394 
of cosine function, 393, 394, 410 
of cotangent function, 393, 394 
of cube function, 89 
of cube root function, 89 
defined by an equation, 55-57 
of difference function, 57 
of greatest integer function, 90 
horizontal shifts and, 101 
of identity function, 88 
of inverse function, 271 
of logarithmic function, 297-298 
of logistic models, 340 
of one-to-one function, 267—268 
of product function, 57 
of quotient function, 58 
of rational function, 198-201 
of reciprocal function, 89 
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of secant function, 393, 394 
of sine function, 393, 394, 408 
of square function, 88 
of square root function, 89 
of sum function, 57 
of tangent function, 393, 394, 423 
of the trigonometric functions, 
393-394 
unspecified, 59 
of variable, A7 
Domain-restricted function, 274 
Doppler, Christian, 222 
Doppler effect, 222 
Dot mode, 90 
Dot product, 619, 624-631 
angle between vectors using, 625 
to compute work, 628-629 
defined, 624 
finding, 624-625 
historical feature on, 629 
orthogonal vectors and, 626-628 
properties of, 624, 636 
of two vectors, 624—625 
in space, 635-636 
Double-angle Formulas, 500-504 
to establish identities, 501-504 
to find exact values, 501 
Double root (root of multiplicity 2), A47 
Drag, 575 
Droste effect, 825 
Dry adiabatic lapse rate, 832 
€, 286-288, 294 
defined, 286 





Earthquakes 
magnitude of, 308 
Eccentricity, 672, 695 
of ellipse, 673, 697 
of hyperbola, 685, 697 
Eddin, Nasir, 549 
Education 
grade computation, A82 
IQ tests, A82 
Effective rates of return, 328-329 
Egyptians, ancient, 840 
Elements (Euclid), 549, 840 
Elements of sets, 861-863, Al 
Elevation, angle of, 526-527 
Elimination, Gauss-Jordan, 741 
Elimination method, 719, 723-725, 726 
systems of nonlinear equations solved 
using, 786—789 
Ellipse, 653, 663-673 
with center at (h, k), 667-669 
with center at the origin, 663-667 
major axis along x-axis, 664—665 
major axis along y-axis, 666 
with center not at origin, 668-669 
center of, 663 
defined, 663, 695 
eccentricity of, 673, 697 
foci of, 663 
graphing of, 665-667 
intercepts of, 665 
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Ellipse, (Continued) 
major axis of, 663, 695 
length of, 663 
minor axis of, 663 
solving applied problems involving, 
669-670 
vertices of, 663 
Ellipsis, A3 
Elliptical orbits, 652 
Elongation angle, 544 
Empty (null) sets, 861, Al 
End behavior, 177, 184—186, 201, 202 
of rational function, 201 
Endpoints of interval, A73 
Entries of matrix, 735, 759 
diagonal, 767 
Equality 
of complex numbers, A55 
of sets, 861, A2 
of vectors, 610, 613 
in space, 634 
Equally likely outcomes, 878-879 
Equal roots, Descartes’ method of, 792 
Equation(s) 
conditional, 479-480 
demand, 157 
depressed, 236 
domain of a function defined by, 55-57 
equivalent, A44—A45, B3 
even and odd functions identified 
from, 74-75 
exponential, 288-290, 302, 320-322 
quadratic in form, 321 
as function, 51 
graphing utility to graph, B3—B5 
intercepts from, 12-13 
inverse function defined by, 272-274 
involving absolute value, A46—A47 
linear. See Linear equation(s) 
polar. See Polar equations 
satisfying the, 10, A44 
second-degree, A47 
sides of, 10, A44 
solution set of, A44 
solving, A44—-A54 
by factoring, A46, A47—A48 
with graphing calculator, B6-B8 
involving absolute value, A46—A47 
systems of. See Systems of equations 
in two variables, graphs of, 9-20 
intercepts from, 12 
by plotting points, 10-11 
symmetry test using, 13-15 


x = y’, 16 
1 
=-—,17 
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Equilateral hyperbola, 685 
Equilateral triangle, 8 

Equilibrium, static, 618-619 
Equilibrium point, 130 

Equilibrium price, 130-131 
Equilibrium quantity, 130-131 
Equilibrium (rest) position, 560 
Equivalent equations, A44—A45, B3 


Equivalent inequalities, A74, A76 
Equivalent systems of equations, 724 
Error triangle, 8 
Euclid, 549, 840, 854 
Euler, Leonhard, 46, 287, 295, 602, 882 
Euler’s formula, 602 
Euler’s Identity, 608 
Even functions 
determining from graph, 73-74 
identifying from equation, 74—75 
Evenness ratio, 306 
Even-Odd identity, 480 
Even-Odd Properties, 402—403 
Events, 877 
complement of, 880-881 
mutually exclusive, 880 
probabilities of union of two, 879-880 
Expected value, 860, 888 
Explicit form of function, 54 
Exponent(s), A8-A9 
Laws of, 280, 288-289, A8—A9 
logarithms related to, 296 
Exponential equations, 288-290 
defined, 288 
solving, 288-289, 302, 320-321 
equations quadratic in form, 321 
using graphing utility, 321-322 
Exponential expressions, changing 
between logarithmic expressions 
and, 296-297 
Exponential functions, 279-295, 907 
continuous, 907 
defined, 280 
€, 286-288, 294 
evaluating, 279-283 
fitting to data, 346-347 
graph of, 283-286 
using transformations, 286, 287-288 
identifying, 281-283 
power function vs., 281 
properties of, 284, 286, 290 
ratio of consecutive outputs of, 
281-283 
Exponential growth and decay, 280-283, 
335-337 
law of decay, 337-338 
logistic models, 340-342 
defined, 340 
domain and range of, 340 
graph of, 340 
properties of, 340 
uninhibited growth, 335-337 
Exponential law, 335 
Extended Principle of Mathematical 
Induction, 848 
Extraneous solutions, A86 
Extreme values of functions, 78-79 
Extreme Value Theorem, 78-79 


Factored completely, A27 
Factorial symbol, 818-819 
Factoring 
defined, A27 
equations solved by, A46, A47—A48 


of expression containing rational 
exponents, A88 
over the integers, A27 
polynomials, A27—A28 
by grouping, A28 
quadratic equations, A47—A48 
Factors, A27 
linear, 778-781 
nonrepeated, 778-779 
repeated, 779-781 
quadratic, 238, 778, 781-783 
synthetic division to verify, A34 
Factor Theorem, 231—234 
Family 
of lines, 34 
of parabolas, 110 
Feasible point, 802 
Fermat, Pierre de, 1, 295, 881 
Ferrari, Lodovico, 242 
Ferris, George W., 41, 477 
Fertility rate, 815 
Fibonacci, 840 
Fibonacci numbers, 820 
Fibonacci sequences, 820, 824 
Financial models, 325-334 
compound interest, 325-331 
doubling time for investment, 330-331 
effective rates of return, 328—329 
future value of a lump sum of money, 
325-328 
present value of a lump sum of money, 
326, 329-330 
tripling time for investment, 331 
Finck, Thomas, 386 
Finite sets, 861 
First differences, 429 
Fixed costs, 33 
Focus/foci, 695 
of ellipse, 663 
of hyperbola, 673-674 
of parabola, 654 
FOIL method, A24 
Foot-pounds, 628 
Force(s), 560 
aerodynamic, 575, 651 
of deflection, 575 
resultant, 617 
Force diagram, 618 
Force vector, 616 
Formulas, geometry, A15—A16 
Fractions 
continued, A43 
partial, 777 
Frequency, 420 
in simple harmonic motion, 561 
Friction, coefficient of, 622 
Frobenius, Georg, 772 
Function(s), 46-123. See also Composite 
functions; Exponential functions; 
Inverse functions; Linear 
functions; Polynomial functions; 
Trigonometric functions 
absolute value, 87-88, 89-90 
area under graph of, 918-921 








argument of, 52 
average rate of change of, 79-80 
finding, 79-80 
secant line and, 81 
building and analyzing, 111-116 
on calculators, 53 
circular, 377 
constant, 75-76, 77, 88 
continuous, 90, 240, 905-907 
cube, 52, 89 
cube root, 86-87, 89 
decreasing, 75-76, 77, 79 
defined, 49 
derivative of, 911-912 
difference of two, 57 
difference quotient of, 54-55 
discontinuous, 90, 905 
domain of, 47, 49, 55-59 
unspecified, 59 
domain-restricted, 274 
equation as, 51 
even and odd 
determining from graph, 73-74 
identifying from equation, 74—75 
explicit form of, 54 
graph of, 63-72, 98-111 
combining procedures, 101-102 
determining odd and even functions 
from, 73-74 
determining properties from, 75—76 
identifying, 64 
information from or about, 64—67 
using compressions and stretches, 
102-104, 105 
using reflections about the x- axis or 
y- axis, 104-105 
using vertical and horizontal shifts, 
98-102, 105 
greatest integer, 90 
identically equal, 479 
identity, 88 
implicit form of, 54 
important facts about, 54 
increasing, 75—76, 77, 79 
input and output of, 51 
library of, 86—90 
local maxima and local minima of, 
76-77 
with no limit at 0, 894 
nonlinear, 125 
objective, 802 
one-to-one, 267-269 
as ordered pairs, 50 
periodic, 395-396 
piecewise-defined, 91-93, 906-907 
power, 176-179 
graph of, 177-179 
of odd degree, 178-179 
properties of, 178-179 
product of two, 57 
quotient of two, 58 
range of, 47, 49 
reciprocal, 89, 425-426 
relation as, 49-51 








Square, 88 
square root, 86, 89 
step, 90 
sum of two, 57 
graph of, 564-565 
value (image) of, 49, 51-53 
zeros of, bisection method for 
approximating, 244 
Function keys, A10 
Function notation, 51, 59 
Fundamental identities of trigonometric 
functions, 397-399 
quotient, 397 
reciprocal, 397 
Fundamental period, 395 
Fundamental Theorem of Algebra, 
246-247 
Conjugate Pairs Theorem and, 247-248 
proof of, 246 
Future value, 325-328 


Galois, Evariste, 242 
Gauss, Karl Friedrich, 246, 607, 719 
Gauss-Jordan method, 741 
General addition principle of 
counting, 863 
General equation of a conic, 692 
General form 
of conics, 686—687 
of equation of circle, 38-39 
linear equation in, 27-28 
General term, 817 
Generators of cone, 653 
Geometric mean, A8&2 
Geometric sequences, 833-836 
common ratio of, 833 
defined, 833 
determining, 833-834 
formula for, 834-835 
nth term of, 834 
sum of, 835-836 
Geometric series, 836-840 
infinite, 836-837 
Geometric vectors, 609-610 
Geometry essentials, A14—A22 
congruent and similar triangles, 
A16-A19 
formulas, A15—-A16 
Pythagorean Theorem and its 
converse, A1l4—A15 
Geometry problems, algebra to solve, 5 
Gibbs, Josiah, 619 
Golden ratio, 824 
conjugate, 824 
Grade (incline), 35 
Graph(s)/graphing 
area under, 918—921 
bounded, 798 
bounding curves, 563 
of circles, 37, 595 
complete, 11 
concave up/down, 145 
of cosecant function, 425—427 
using transformations, 427 
of cotangent function, 424—425 
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of ellipse, 665-667 

of equations in two variables, 9-20 
intercepts from, 12 
by plotting points, 10-11 
symmetry test using, 13-15 


x = y’,16 
1 

= -—,17 
a, 

y =x, 16 


of exponential functions, 283-286 
using transformations, 286, 287-288 
of function, 63-72, 98-111 
combining procedures, 101-102 
determining odd and even functions 
from, 73-74 
determining properties from, 75—76 
identifying, 64 
information from or about, 64—67 
in library of functions, 86—90 
using compressions and stretches, 
102-104, 105 
using reflections about the x-axis or 
y-axis, 104-105 
using vertical and horizontal shifts, 
98-102, 105 
of H(x) =, 199 
of inequalities, 794-799, A5 
linear inequalities, 795-796, 803 
steps for, 795 
of inverse functions, 270 
of linear functions, 125 
of lines 
given a point and the slope, 23 
using intercepts, 27-28 
to locate absolute maximum and 
absolute minimum of function, 
77-19 
of logarithmic functions, 298-301 
base not 10 or e, 315 
inverse, 299-301 
of logistic models, 340—342 
of parabola, 655 
of parametric equations, 701-702, 
B11-B12 
of polar equations, 585—600 
cardioid, 590-591, 596 
circles, 595 
of conics, 696-698 
by converting to rectangular 
coordinates, 586-589 
defined, 586 
lemniscate, 594, 596 
limacon with inner loop, 592-593, 596 
limagon without inner loop, 
591-592, 596 
by plotting points, 590-597 
polar grids for, 586 
rose, 593-594, 596 
sketching, 596-597 
spiral, 594-595 
using graphing utility, 587, B11 
of polynomial functions, 176-186, 
190-193 
end behavior of, 184-186, 201, 202 
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Graph(s)/graphing (Continued) 
smooth and continuous, 176 
steps for, 190-191 
turning points of, 183-184 
using a graphing utility, 192-193 
using bounds on zeros, 240 
using transformations, 179-180 
using x-intercepts, 181-182 
of polynomial inequalities, 224—225 
of quadratic functions 
properties of, 147-149 
steps for, 152 
using its vertex, axis, and intercepts, 
146-151 
using transformations, 144-146 
of rational functions, 209-219 
constructing rational function from, 
218-219 
end behavior of, 201 
using transformations, 200 
of rational inequalities, 226 
of secant function, 425—427 
using transformations, 427 
of sequences, 816 
of sine and cosine functions, 407-421, 
433, 565 
amplitude and period, 410-412 
equation for, 416 
key points for, 412-415 
to solve systems of equations, 722 
of systems of nonlinear inequalities, 
797-798 
of vectors, 611-612 
Graphing calculator(s), A10 
composite functions on, 260 
square screens, 31 
Graphing utility(ies), B1-B12 
circles using, 39 
connected mode, 90 
coordinates of point shown on, B2 
derivative of function using, 911-912 
dot mode, 90 
equations with, B3-B5 
eVALUEate feature, 232, B5 
to find sum of arithmetic sequence, 828 
to fit exponential function to data, 
346-347 
to fit logarithmic function to data, 348 
to fit logistic function to data, 349 
functions on, 79 
geometric sequences using, 835, 836 
identity established with, 481 
inequalities using, B9 
INTERSECT feature, B7 
to investigate limit, 894 
line of best fit from, 138-139 
to locate intercepts and check for 
symmetry, B5—B6 
logarithmic and exponential equations 
solved using, 321-322 
logBASE function, 314 
matrix operations on, 761 
MAXIMUM and MINIMUM 
features, 79 


parametric equations using, B11—B12 

PARametric mode, 706 

polar equations using, 587, B11 

polynomial functions using, 192-193 

reduced row echelon form on, 744 

REGression options, 346 

row echelon form on, 744 

sine function of best fit on, 437 

to solve equations, B6-B8 

linear equations, B9-B10 

Square screens, B8-—B9 

TABLE feature, 241, 817 

tables on, B4 

TRACE feature, 817 

trigonometric equations solved 

using, 474 
turning points in, 183” 
viewing rectangle, B1—B3 
setting, B1 

ZERO (or ROOT) feature, B5—B7 
Grassmann, Hermann, 619, 629 
Greatest integer function, 90 
Greek letters, to denote angles, 362 
Grouping, factoring by, A28 
Growth, uninhibited, 335-337 
Growth factor, 280 


Hale-Bopp comet, orbit of, 652, 717-718 
Half-angle Formulas, 504-506 
to find exact values, 504—506 
for tangent, 506 
Half-life, 337 
Half-line (ray), 362 
Half-open/half-closed intervals, A73 
Half-planes, 795 
Hamilton, William Rowan, 619 
Heron of Alexandria, 554, 555, 840 
Heron’s Formula, 554—555 
historical feature on, 555 
proof of, 555 
Horizontal asymptote, 201 
Horizontal component of vector, 613 
Horizontal compression or stretches, 103 
Horizontal lines, 24—25, 587, 595 
Horizontal-line test, 268—269 
Horizontal shifts, 98-102, 105 
Huygens, Christiaan, 710, 881 
Huygens’s clock, 710 
Hyperbolas, 652, 653, 673-686 
asymptotes of, 678-680 
branches of, 674 
with center at (h, k), 680-681 
with center at the origin, 674-678 
transverse axis along x-axis, 675, 
679-680 
transverse axis along y-axis, 
676-677, 679 
with center not at the origin, 680-681 
center of, 674 
conjugate, 685 
conjugate axis of, 674 
defined, 673, 695 
eccentricity of, 685, 697 
equilateral, 685 


foci of, 673-674 
graphing equation of, 675-676 
solving applied problems involving, 
681-682 
transverse axis of, 674, 695 
vertices of, 674 
Hyperbolic cosine function, 295 
Hyperbolic sine function, 295 
Hyperboloid, 684 
Hypocycloid, 713 
Hypotenuse, 522, Al4 


i, AS4—A55 
powers of, A58—A59 
Identically equal functions, 479 
Identity(ies), A44 
definition of, 479 
Euler’s, 608 
polarization, 631 
Pythagorean, 399, 480 
trigonometric, 479-487 
basic, 480 
establishing, 481-484, 489-493, 
501-504 
Even-Odd, 480 
Pythagorean, 480 
Quotient, 480 
Reciprocal, 397, 480 
trigonometric equations solved 
using, 473-474 
Identity function, 88 
Identity matrix, 767 
Identity Properties, 767 
Image (value) of function, 49 
Imaginary axis of complex plane, 600 
Imaginary part of complex number, A55 
Imaginary unit. See i 
Implicit form of function, 54 
Improper rational expression, 777 
identifying, 777-778 
Improper rational function, 203 
Incidence, angle of, 478 
Inclination, 391 
Inconsistent systems of equations, 721, 
722, 726 
containing three variables, 728 
containing two variables, 725 
Cramer’s Rule with, 755 
matrices to find, 742-743 
Increasing functions, 75—76, 77, 79 
Increasing linear functions, 128 
Independent systems of equations, 722 
Independent variable, 52 
in calculus, 407 
Index/indices 
of radical, A83 
of refraction, 478 
row and column, 735, 759 
of sum, 820 
Induction, mathematical, 845-849 
Extended Principle of, 848 
principle of, 845, 848 
proving statements using, 845-847 
Inequality(ies), A72—A82 


combined, A77—A78 
equivalent, A74, A76 
graphing, 794-799 
linear inequalities, 795-796 
steps for, 795 
graphing utility to graph, B9 
interval notation for, A72—A74 
involving absolute value, A78—A79 
involving quadratic functions, 165-168 
nonstrict, A5 
in one variable, A76 
polynomial, 224-225 
algebraically and graphically solving, 
224-225, 228 
role of multiplicity in solving, 225 
steps for solving, 225 
properties of, A74-A76 
rational, 226-228 
role of multiplicity in solving, 227 
steps for solving, 227 
satisfying, 794 
sides of, A5 
solutions of, A76 
solving, A76—A77 
strict, AS 
symbols for, A4 
systems of, 794-801 
graphing, 794-799 
in two variables, 794 
Inequality symbols, A4 
Inertia 
moment of, 514 
product of, 509 
Infinite geometric series, 836—837 
Infinite limit, 185 
Infinite sets, 861 
Infinity, 177 
limits at, 185 
Inflation, 333 
Inflection point, 70, 340 
Initial point of directed line segment, 609 
Initial side of angle, 362 
Initial value of exponential function, 280 
Input to relation, 47, 51 
Inscribed circle, 558 
Instantaneous rate of change, 912-913 
Integers, A3 
dividing, A25 
factoring over the, A27 
Integrals, 921-922 
area under graph, 918-921 
graphing utility to approximate, 
921-922 
Intercept(s) 
of circle, 37 
of ellipse, 665 
from an equation, 12-13 
from a graph, 12 
graphing an equation in general form 
using, 27—28 
graphing utility to find, BS—B6 
from graph of linear equation, 16 
graph of lines using, 27-28 
of quadratic function, 147-149 


Interest 
compound, 325-331 
computing, 325-327 
continuous, 329 
defined, 325 
doubling or tripling time for money, 
330-331 
effective rates of return, 328-329 
formula, 326 
future value of lump sum of money, 
325-328 
present value of lump sum of money, 
329-330 
problems involving, A63—A64 
rate of, 325, A63 
effective, 328-329 
simple, 325, A63—A64 
Intermediate Value Theorem, 240-241 
Intersection of sets, A2 
Interval notation, A72—A74 
Intervals 
writing, using inequality notation, A74 
Invariance, 694 
Inverse 
of matrix, 767-771 
finding, 767-770 
multiplying matrix by, 768-769 
solving system of linear equations 
using, 771 
Inverse functions, 269-274, 450-468. 
See also Logarithmic functions 
composite functions’ values using, 
456-458, 465-466 
cosine, 453-454 
defined, 453 
exact value of, 454 
implicit form of, 453 
properties of, 457 
defined, 269 
domain of, 271 
of domain-restricted function, 274 
finding, 458-459 
defined by an equation, 272-274 
graph of, 270 
range of, 271 
secant, cosecant, and cotangent, 
463-465 
approximating the value of, 464-465 
calculator to evaluate, 464-465 
definition of, 463 
sine, 450-453 
approximate value of, 452-453 
defined, 450-451 
exact value of, 451-452 
exact value of expressions involving, 
493 
implicit form of, 451 
properties of, 456 
solving equations involving, 459 
Sum and Difference Formulas 
involving, 493-494 
tangent, 454-456 
defined, 454-455 
exact value of, 456 
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implicit form of, 455 
properties of, 458 
verifying, 271-272 
written algebraically, 466 
Inverse trigonometric equations, 459 
Irrational numbers, A3, A54 
decimal representation of, A3 
Irreducible quadratic factor, 238, 781-783 
Isosceles triangle, 8 


Jiba, 386 

Jiva, 386 

Jordan, Camille, 719 

Joules (newton-meters), 628 


Khayyam, Omar, 854 
Kirchhoff’s Rules, 733, 747 
Koch’s snowflake, 843 
Kowa, Takakazu Seki, 719 


Latitude, 174 
Latus rectum, 655, 656 
Law of Cosines, 546-553 
in applied problems, 548-549 
defined, 546 
historical feature on, 549 
proof of, 546 
Pythagorean Theorem as special case 
of, 546 
SAS triangles solved using, 547 
SSS triangles solved using, 547-548 
Law of Decay, 337-338. See also 
Exponential growth and decay 
Law of Sines, 535-545 
in applied problems, 374-376 
defined, 536 
historical feature on, 549 
proof of, 541 
SAA or ASA triangles solved using, 
536-537 
SSA triangles solved using, 537-539 
Law of Tangents, 545, 549 
Laws of Exponents, 280, 288-289, A8—A9 
Leading coefficient, 175, 246, A23 
Leading term of polynomial, 175 
Least common multiple (LCM) to add 
rational expressions, A39—A40 
Left endpoint of interval, A73 
Left-hand limit, 903, 904 
Left stochastic transition matrix, 775 
Legs of triangle, 522, A14 
Leibniz, Gottfried Wilhelm, 46, 719 
Lemniscate, 19, 594, 596 
Length of arc of a circle, 365-366 
Lensmaker’s equation, A43 
Lewis, Meriwether, 521, 573 
Lift, 575, 651 
Light detector, 527 
Light projector, 527 
Like radicals, A84 
Like terms, A23 
Limacon, 19 
with inner loop, 592-593, 596 
without inner loop, 591-592, 596 
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Limits, 185, 199, 891-909 
algebra techniques for finding, 
896-902 
of average rate of change, 901 
of constant, 896 
of difference, 897 
of identity function, 896 
infinite, 185 
at infinity, 185 
investigating, 891-895 
by graphing, 893-894 
using a table, 891-894 
of monomial, 898 
one-sided, 903-904 
of polynomial, 898-899, 905 
of power or root, 899 
of product, 897-898 
of quotient, 900-901, 905 
of sum, 897 
Line(s), 20-35 
of best fit, 138-139 
coincident, 722 
equations of 
secant, 79-80 
family of, 34 
graphing 
given a point and the slope, 23 
using intercepts, 27-28 
horizontal, 24—25, 587, 595 
normal, 784 
perpendicular, 29-31 
point-slope form of, 24—25 
polar equation of, 587-588, 595 
slope of, 20-23, 26 
containing two points, 21 
tangent, 41 
vertical, 20-21, 587, 595 
y-intercept of, 26 
Linear algebra, 759 
Linear equation(s). See also Line(s); 
Systems of linear equations 
defined, 28, 721 
in general form, 27-28 
given two points, 27 
for horizontal line, 24—25 
in one variable, A44 
for parallel line, 28-29 
for perpendicular line, 29-31 
in slope-intercept form, 25-26 
for vertical line, 24 
Linear factors, 778-781 
nonrepeated, 778-779 
repeated, 779-781 
Linear functions, 125-135 
average rate of change of, 125-128 
building from data, 135-142 
defined, 51, 125 
graphing utility to find the line of best 
fit, 138-139 
graph of, 125 
identifying, 281-283 
increasing, decreasing, or constant, 128 
nonlinear relations vs., 136-138 
scatter plots, 135-136 








Linear models 
from data, 135-142 
from verbal descriptions, 129-131 
Linear programming problems, 719, 
801-806 
maximum, 805-806 
minimum, 804—805 
setting up, 802 
solution to, 803-804 
location of, 804 
solving, 802-806 
in two variables, 802 
Linear speed, 369-370 
Linear trigonometric equation, 471 
Line segment, 609 
midpoint of, 5-6 
Local maxima and local minima of 
functions, 76—77 
Logarithmic equations, 318-324 
defined, 301 
solving, 302-303, 318-320 
Logarithmic functions, 296-309 
changing between logarithmic 
expressions and exponential 
expressions, 296-297 
continuous, 907 
defined, 296 
domain of, 297-298 
evaluating, 297 
fitting to data, 348 
eraph of, 298-301 
base not 10 or e, 315 
properties of, 298, 304 
range of, 297 
Logarithmic spiral, 595 
Logarithms, 309-317 
on calculators, 313, 314 
common (log), 300, 313, 315 
evaluating, with bases other than 10 or 
e, 313-315 
historical feature on, 315 
logarithmic expression as single, 
312-313 
logarithmic expression as sum or 
difference of, 311-312 
natural (In), 299, 313, 315 
properties of, 309-315 
establishing, 309-310 
proofs of, 310-311 
summary of, 315 
using, with even exponents, 320 
relating to exponents, 296 
Logistic functions, from data, 
348-349 
Logistic models, 340-342 
defined, 328 
domain and range of, 340 
graph of, 327 
properties of, 340 
Lotteries, 860 
Loudness, 307 
Lowest terms 
rational expressions in, A35—A36 
rational function in, 199, 201 


Magnitude 
of earthquake, 308 
vector in terms of direction cosines 
and, 638-639 
of vectors, 609, 612, 614-615, 
616-617 
in space, 634 
Magnitude (modulus), 601 
Major axis, 695 
Malthus, Thomas Robert, 890, 927 
Mandelbrot sets, 608 
Mapping, 47-48, 49-50 
Marginal cost, 155 
Marginal propensity to consume, 843 
Markov chains, 814 
Mathematical induction, 845-849 
Extended Principle of, 848 
principle of, 845, 848 
proving statements using, 845-847 
Mathematical modeling, A62. See also 
Model(s) 
Matrix/matrices, 719, 734-748, 759-776 
adjacency, 775 
arranging data in, 760 
augmented, 735-744 
row operations on, 736-737 
system of equations written 
from, 736 
coefficient, 736 
complex numbers and, 772 
defined, 735, 759 
entries of, 735, 759, 767 
equal, 760 
examples of, 760 
graphing utilities for, 761 
historical feature on, 772 
identity, 767 
inverse of, 767-771 
finding, 767-770 
multiplying matrix by, 768-769 
solving system of linear equations 
using, 771 
left stochastic transition, 775 
m by n, 760 
nonsingular, 768, 769 
product of two, 763-767, 772 
in reduced row echelon form, 
740-744 
row and column indices of, 735, 759 
in row echelon form, 737—744 
row operations on, 736—737 
scalar multiples of, 762—763 
singular, 768 
to solve system of linear equations, 
737-744 
square, 760 
sum and difference of two, 760—762 
transition, 814 
zero, 762 
Maxima of functions 
absolute, 77—79 
local, 76-77 
Maximum value of a quadratic function, 
150-151 


Mean, 888 
arithmetic, A82 
geometric, A82 
Mean distance, 672, 717 
Mechanics, parametric equations applied 
to, 709-710 
Medians of triangle, 8 
Mega Millions, 860 
Metrica (Heron), 555 
Metric triangle, 551 
Midpoint formula, 5-6 
Mind, mapping of, 449 
Mindomo (software), 520 
Minima of functions 
absolute, 77—79 
local, 76-77 
Minimum value of a quadratic function, 
150-151 
Minors, 752 
Minutes, 364 
Mixture problems, A65 
Model(s), A62 
linear 
from data, 135-142 
from verbal descriptions, 129-131 
sinusoidal, 433-437 
best-fit, 437 
daylight hours, 436—437 
temperature data, 433-435 
Modulus (magnitude), 601 
Mollweide, Karl, 545 
Mollweide’s Formula, 545 
Moment of inertia, 514 
Monomial(s), A22—A23 
common factors, A28 
degree of, A22 
examples of, A22 
limit of, 898 
recognizing, A22—A23 
Monter, 35 
Motion 
circular, 369-370, 560 
curvilinear, 704 
damped, 562-564 
Newton’s second law of, 611 
projectile, 704-706 
simple harmonic, 559-562 
uniform, A66—A67 
Multiplication. See also Product(s) 
of complex numbers, A56—A57 
of rational expressions, A36—A37 
scalar, 762—763 
of vectors, by numbers geometrically, 611 
Multiplication principle of counting, 
863-864 
Multiplication properties 
for inequalities, A75 
Multiplicity 
role in solving polynomial 
inequalities, 225 
role in solving rational inequalities, 227 
vertical asymptotes and, 202-203 
Multiplier, 843 
Mutually exclusive events, 880 


Napier, John, 315 
Nappes, 653 
Natural logarithms (In), 299, 313, 315 
Natural numbers (counting numbers), 
845n, 847, A3 
Nautical miles, 373 
Negative angle, 362 
Negative numbers 
real, A4 
square root of, A9, AS59-A60 
Newton-meters (joules), 628 
Newton’s Law of Cooling, 338-339, 343 
Newton’s Law of Heating, 343 
Newton’s Law of Universal 
Gravitation, 230 
Newton’s Method, 208 
Newton’s Second Law of Motion, 
560, 611 
Niccolo of Brescia (Tartaglia), 242, 607 
Nonlinear equations, systems of, 785—793 
elimination method for solving, 
786-789 
historical feature on, 790 
substitution method for solving, 
785-786 
Nonlinear functions, 125 
Nonlinear inequalities, systems of, 
797-798 
Nonlinear relations, 136-138 
Nonnegative property of 
inequalities, A74 
Nonsingular matrix, 768, 769 
Nonstrict inequalities, A5 
Normal line, 784 
nth roots, A83—A84 
complex, 605 
rationalizing the denominator, 
A85—-A86 
simplifying, A83 
simplifying radicals, A84 
Null (empty) sets, 861, Al 
Numbers 
Fibonacci, 820 
irrational, A3 
natural (counting), 845n, 847, A3 
rational, A3 
triangular, 825 
Numerator, A36 
rationalizing, A85—A86 


Objective function, 802 
Oblique asymptote, 201, 203-205, 212 
Oblique triangle, 535-536 
Odd functions 
determining from graph, 73-74 
identifying from equation, 74—75 
One-sided limits, 903-904 
One-to-one functions, 267-269 
defined, 267 
horizontal-line test for, 268—269 
Open interval, A73 
Optical (scanning) angle, 509 
Optimization, quadratic functions 
and, 156 
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Orbits 
elliptical, 652 
planetary, 672 
Ordered pair(s), 2 
function as, 50 
as relations, 47 
Ordinary annuity, 839 
Ordinary (statute) miles, 373 
Ordinate (y-coordinate), 2 
Orientation, 701-702 
Origin, 2, 632 
distance from point to, 111-112 
of real number line, A4 
symmetry with respect to, 14, 589 
Orthogonal vectors, 626-628 
Outcome of probability, 876 
equally likely, 878-879 
Output of relation, 47, 51 


Parabola, 144-151, 653, 654-663 
axis of symmetry of, 145, 654 
defined, 654, 695 
directrix of, 654 
family of, 110 
focus of, 654 
graphing equation of, 655 
solving applied problems involving, 
659-660 
with vertex at (h, k), 657-658 
with vertex at the origin, 654-657 
finding equation of, 656-657 
focus at (a,0),a > 0, 655-656 
vertex of, 145, 654 
Paraboloids of revolution, 652, 659 
Parallax, 531-532 
Parallel lines, 28-29 
Parallelogram, area of, 644-645 
Parallel vectors, 626 
Parameter, 701 
time as, 704—707 
Parametric equations, 701-713 
for curves defined by rectangular 
equations, 707-710 
applications to mechanics, 709-710 
cycloid, 709 
defined, 701 
describing, 704 
graphing, 701-702 
using graphing utility, B11-B12 
rectangular equation for curve defined 
parametrically, 702-704 
time as parameter in, 704-707 
Partial fraction decomposition, 719, 776-784 
defined, 777 
where denominator has nonrepeated 
irreducible quadratic factor, 
781-782 
where denominator has only 
nonrepeated linear factors, 778-779 
where denominator has repeated 
irreducible quadratic factors, 
782-783 
where denominator has repeated 
linear factors, 779-781 
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Partial fractions, 777 
Participation rate, 62 
Partitioning, 918-921 
Pascal, Blaise, 710, 851, 881 
Pascal figures, 855 
Pascal triangle, 851, 854, 855 
Payment period, 325 
Peano, Giuseppe, 882 
Perceived (angular) size, 390 
Perfect cubes, A25 
Perfect roots, A83 
Perfect squares, A25, A28 
Perfect triangle, 558 
Perihelion, 672, 700, 717 
Perimeter, formulas for, A15 
Period 
fundamental, 395 
of simple harmonic motion, 560 
of sinusoidal functions, 410-412, 
430-433 
of trigonometric functions, 395-396 
Periodic functions, 395-396 
Permutations, 866—869 
computing, 869 
defined, 867 
distinct objects without repetition, 
867-869 
distinct objects with repetition, 867 
involving n nondistinct objects, 872 
Perpendicular lines, equations 
of, 29-31 
Phase shift, 429-433 
to graph y = A sin(wx — ¢) + B, 
429-433 
Physics, vectors in, 609 
Piecewise-defined functions, 91—93 
continuous, 906—907 
Pitch, 35 
Pixels, B1 
Plane(s) 
complex, 600-604 
defined, 600 
imaginary axis of, 600 
plotting points in, 600-601 
real axis of, 600 
Plane curve(s), 701-704 
parametric equations for, 707—710 
Planets, orbit of, 672 
Plotting points, 2, 10-11, 576-578 
graph equations by, 10-11 
Point(s) 
coordinate of 
on graphing utility, B2 
on number line, A4 
corner, 798-799 
distance between two, 3 
distance from the origin to, 111-112 
feasible, 802, 803-804 
inflection, 70, 340 
initial, 609 
plotting, 2, 10-11, 576-578 
graph equations by, 10-11 
polar coordinates of, 577-578 
of tangency, 41 





terminal, 609 
turning, 183-184 
Point-slope form of equation of line, 
24—25 
Polar axis, 576 
Polar coordinates, 576—585 
conversion from rectangular 
coordinates, 580-582 


conversion to rectangular coordinates, 


578-579 
defined, 576 
plotting points using, 576-578 
of a point, 577-578 
polar axis of, 576 
pole of, 576 
rectangular coordinates vs., 576 
Polar equations 
calculus and, 597 
classification of, 595-596 
of conics, 694-701 
analyzing and graphing, 696-698 
converting to rectangular 
equation, 698 


focus at pole; eccentricity e, 696-697 


defined, 586 
graph of, 585-600 
cardioid, 590-591, 596 
circles, 595 
by converting to rectangular 
coordinates, 586-589 
defined, 586 
lemniscate, 594, 596 
limagon with inner loop, 
592-593, 596 
limagon without inner loop, 
591-592, 596 
by plotting points, 590-597 
polar grids for, 586 
rose, 593-594, 596 
sketching, 596-597 
spiral, 594-595 
using graphing utility, 587, B11 
historical feature on, 597 
identifying, 586-589 
testing for symmetry, 589-590 
transforming rectangular form to, 
582-583 
transforming to rectangular form, 
582-583 
Polar form of complex number, 601-603 
Polar grids, 586 
Polarization identity, 631 
Pole, 576, 589 
Polynomial(s), 174-197, A22-A31 
Chebyshév, 502n 
complex, 246 
complex zeros of, 246, 249-250 
Conjugate Pairs Theorem, 247-248 
defined, 246 
finding, 249-250 
polynomial function with zeros 
given, 248-249 
cubic models from data, 194-195 
defined, 175, A23 


degree of, 175-180, A23, A27 
odd, 238-239, 247 
dividing, 231-232, A25—A27 
algorithm for, 231-232 
synthetic division, A31—A35 
end behavior of, 177, 184-186, 201, 202 
examples of, A23 
factoring, A27—A28 
by grouping, A28 
eraph of, 176-186, 190-193 
end behavior of, 184-186, 201, 202 
smooth and continuous, 176 
step-by-step procedure for, 190-191 
turning points of, 183-184 
using bounds on zeros, 240 
using graphing utility, 192-193 
using transformations, 179-180 
using x-intercepts, 181-182 
historical feature on, 242 
identifying, 175-179 
limit of, 898-899, 905 
multiplicity of, 180-182 
prime, A27 
real zeros (roots) of, 180-182, 231-245 
Descartes’ Rule of Signs, 234—235 
finding, 236-238 
Intermediate Value Theorem, 
240-241 
number of, 234—235 
Rational Zeros Theorem, 235-236, 249 
Remainder Theorem and Factor 
Theorem, 231-234 
repeated, 181 
theorem for bounds on, 239-240 
recognizing, A23—A24 
solving, 236-239 
special products formulas, A24—-A25 
in standard form, 175, A23 
terms of, 175, A23 
zero, 175, A23 
Polynomial functions, 905 
continuous, 905 
Polynomial inequalities, 224—225 
algebraically and graphically solving, 
224-225, 228 
role of multiplicity in solving, 225 
steps for solving, 225 
Population 
increases in, 890, 927 
world, 815 
Position vector, 612-613 
in space, 633-634 
Positive angle, 362 
Positive real numbers, A4 
Power(s), 420. See also Exponent(s) 
of i, AS8—A59 
limit of, 899 
log of, 310 
Powerball, 860 
Power functions, 176-179 
exponential function vs., 281 
eraph of, 177-179 
of odd degree, 178-179 
properties of, 178-179 





Present value, 326, 329-330 
Price, equilibrium, 130-131 
Prime polynomials, A27 
Principal, 325, A63 
Principal nth root of real number, A83 
Principal square root, A9, A59 
Probability(ies), 814, 875-885 
Complement Rule to find, 880-881 
compound, 878 
constructing models, 875-877 
defined, 876 
of equally likely outcomes, 878-879 
of event, 877 
mutually exclusive, 880 
historical feature on, 881-882 
outcome of, 876 
sample space, 875-876 
of union of two events, 879-880 
Product(s). See also Dot product; 
Multiplication 
of complex numbers, A56—A57 
in polar form, 603-604 
of inertia, 509 
limits of, 897-898 
log of, 310 
special, A24—A25 
of two functions, 57 
of two matrices, 763-767, 772 
vector (cross), 619 
Product function, 57 
Product-to-Sum Formulas, 511-513 
Projectile motion, 704-706 
Projection, vector, 627 
Projection of P on the x- axis, 560 
Projection of P on the y- axis, 560 
Prolate spheroid, 672 
Proper rational expressions, 777 
Proper rational function, 203 
Proper subsets, 861 
Ptolemy, 478, 549 
Pure imaginary number, A55 
Purkait triangle, 551 
Pythagorean Identities, 399, 480 
Pythagorean Theorem, 522, A14—-A15 
applying, A15 
converse of, A14—-A15 
as special case of Law of Cosines, 546 
Pythagorean triples, A21 


Quadrant, angle lying in, 363 
Quadrantal angles, 363 
trigonometric functions of, 378-380 
Quadrants, 2 
Quadratic equation(s) 
character of the solutions of, A60 
in complex number system, 
A59-A61 
defined, A47 
discriminant of, A50 
negative, A59 
factoring, A47—A48 
solving 
completing the square, A48—A49 
procedure for, A51 


quadratic formula, A49-A51, A60 
Square Root Method, A48 
in standard form, A47 
Quadratic factors, irreducible, 238, 778, 
781-783 
Quadratic formula, A49-A51, A60 
Quadratic functions, 143-156 
defined, 143 
graph of 
properties of, 147-149 
steps for, 152 


using its vertex, axis, and intercepts, 


146-151 
using transformations, 144-146 
inequalities involving, 165-168 
maximum or minimum value of, 
150-151, 157-158 
optimizations and, 156 
vertex and axis of symmetry of, 
146-151 
Quadratic models, 156-164 
from data, 160-161 
from verbal descriptions, 156-160 
Quantity, equilibrium, 130-131 
Quantity demanded, 130-131 
Quantity supplied, 130-131 
Quaternions, 619 
Quotient(s), 231, 232, A25. See also 
Division 
of complex numbers 
in polar form, 603-604 
in standard form, A57 
difference, 54-55, 295 
limit of, 900-901, 905 
log of, 310 
synthetic division to find, 
A33-A34 
of two functions, 58 
Quotient identity(ies), 480 
of trigonometric functions, 397 


Radians, 364—365 
converting between degrees and, 
366-368 
Radical equations, A86—A88 
defined, A86 
graphing utility to solve, B8 
solving, A86—A88 
Radicals, A83 
fractional exponents as, A87 
index of, A&3 
like, A84 
properties of, A84 
rational exponents defined using, 
A86—A87 
simplifying, A84 
Radical sign, A9 
Radicand, A8&3 
Radioactive decay, 337-338 
Radius, 36 
of sphere, 640 
Range, 47, 49 
of absolute value function, 89 
of constant function, 88 
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of cosecant function, 394 
of cosine function, 394, 410 
of cotangent function, 394 
of cube function, 89 
of cube root function, 89 
of greatest integer function, 90 
of identity function, 88 
of inverse function, 271 
of logarithmic function, 297 
of logistic models, 340 
of one-to-one function, 267—268 
of projectile, 504 
of reciprocal function, 89 
of secant function, 394 
of sine function, 394, 408 
of square function, 88 
of square root function, 89 
of tangent function, 394, 423 
of the trigonometric functions, 394 
Rate of change 
average, 21, 79-80, 125-128 
limit of, 901 
of linear and exponential functions, 
281-283 
instantaneous, 912-913 
Rate of interest, 325, A63 
Rates of return, effective, 328-329 
Ratio 
common, 833 
golden, 824 
conjugate, 824 
Rational exponents, A86—A88 
Rational expressions, A35—A43 
adding and subtracting, 
A37-A39 
least common multiple (LCM) 
method for, A39-—A40 
complex, A40—A42 
decomposing. See Partial fraction 
decomposition 
defined, A35 
improper, 777-778 
multiplying and dividing, A36—A37 
proper, 777-778 
reducing to lowest terms, A35—A36 
Rational functions, 198—223 
applied problems involving, 219 
asymptotes of, 200-202 
horizontal, 201, 203-205 
oblique, 203—205 
vertical, 201—203 
continuous, 905—906 
defined, 198 
domain of, 198-201 
eraph of, 209-219 
constructing rational function 
from, 218-219 
end behavior of, 201 
using transformations, 200 
with a hole, 216-218 
improper, 203 
in lowest terms, 199, 201 
proper, 203 
standard form of, 208 
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Rational inequalities, 226-228 
role of multiplicity in solving, 227 
steps for solving, 227 
Rationalizing the denominator, A85—A86 
Rational numbers, 198, A3, A54 
Rational Zeros Theorem, 235-236, 249 
Rays (half-lines), 362 
of central angle, 364-365 
vertex of, 362 
Real axis of complex plane, 600 
Real number(s), A3—A4, A54 
approximate decimals, A3 
conjugate of, A58 
defined, A3 
principal nth root of, A83 
square of, A54 
Real number line, A4 
Real part of complex number, A55 
Real zeros (roots) of polynomial 
functions, 231-245 
finding, 236-238 
Intermediate Value Theorem, 
240-241 
number of, 234—235 
Rational Zeros Theorem, 235-236, 249 
Remainder Theorem and Factor 
Theorem, 231-234 
repeated, 181 
theorem for bounds on, 239-240 
Reciprocal function, 89, 425-426. See also 
Cosecant; Secant 
Reciprocal identities, 397, 480 
Reciprocal of complex number in 
standard form, A57 
Reciprocal property for inequalities, 
A76, A78 
Rectangle, area and perimeter of, 
A15, A16 
Rectangular (Cartesian) coordinates, 2 
converted to polar coordinates, 
580-582 
polar coordinates converted 
to, 578-579 
polar coordinates vs., 576 
polar equations graphed by converting 
to, 586-589 
in space, 632 
Rectangular (Cartesian) form of complex 
number, 601-603 
Rectangular equations 
for curve defined parametrically, 702—704 
polar equations converted to, 
582-583, 698 
transforming to polar equation, 
582-583 
Rectangular grid, 586 
Recursive formula, 819-820 
for arithmetic sequences, 828 
terms of sequences defined by, 
819-820 
Reduced row echelon form, 740-744 
Ref command, B10 
Reflections about x-axis or y-axis, 
104-105 





Refraction, 478 
Regiomontanus, 549 
Relation(s), 47-51. See also Function(s) 
defined, 47 
describing, 48 
expressions of, 47-48 
as function, 49-51 
input to, 47 
nonlinear, 136-138 
ordered pairs as, 47 
Relative maxima and minima of 
functions, 76-77 
Remainder, 232, A25 
synthetic division to find, A33—A34 
Remainder Theorem, 232-234 
Repeated zeros (solutions), 181, A47 
Repeating decimals, A3 
Repose, angle of, 468 
Resonance, 564 
Rest (equilibrium) position, 560 
Resultant force, 617 
Review, A1l—A91 
of algebra, A1-A13 
distance on the real number 
line, AS-A6 
domain of variable, A7 
evaluating algebraic expressions, 
A6-A7 
evaluating exponents, A10 
graphing inequalities, A5 
Laws of Exponents, A8—A9 
real number line, A4 
sets, A1l—-A4 
simplifying trigonometric 
expressions, 480-481 
solving geometry problems, 5 
square roots, A9-A10 
complex numbers, A54-A62 
of geometry, A1l4—A22 
congruent and similar triangles, 
A16-A19 
formulas, A15—-A16 
Pythagorean theorem and its 
converse, A1l4—-A15 
of nth roots, A83—A84 
rationalizing the denominator, 
A85-A86 
simplifying, A83 
simplifying radicals, A84 
of polynomials, A22—A31 
dividing, A25—A27 
factoring, A27—A28 
monomials, A22—A23 
recognizing, A23—A24 
special products formulas, A24—A25 
synthetic division of, A31—A35 
of rational exponents, A86—A88 
of rational expressions, A35—A43 
adding and subtracting, A37—A39 
complex, A40-A42 
multiplying and dividing, A36—A37 
reducing to lowest terms, A35—A36 
Revolutions per unit of time, 370 
Rhind papyrus, 840 





Richter scale, 308 

Right angle, 363, A14 

Right circular cone, 653 

Right circular cylinder, volume and surface 

area of, A16 

Right endpoint of interval, A73 

Right-hand limit, 903 

Right-hand rule, 632 

Right triangles, 522, 524-529, A14 
applications of, 525-529 
solving, 524-529 

Right triangle trigonometry, 522-534 
Complementary Angle Theorem, 524 
fundamental identities, 397-399 
values of trigonometric functions of 

acute angles, 522-524 

Rise, 20 

Root(s), A44. See also Solution(s); Zeros 
complex, 605-607 
limit of, 899 
of multiplicity 2 (double root), A47 
perfect, A83 

Root of multiplicity m, 181n, A47 

Rose, 593-594, 596 

Roster method, Al 

Rotation of axes, 687-691 
analyzing equation using, 690-691 
formulas for, 688 
identifying conic without, 692 

Rounding, A10 

Round-off errors, 525 

Row echelon form, 737—744 
reduced, 740-744 

Row index, 735, 759 

Row operations, 736—737 

Row vector, 763 

Rref command, B10 

Ruffini, P., 242 

Rule of Signs, Descartes’, 234-235 

Run, 20 

Rutherford, Ernest, 685 


SAA triangles, 536-537 
Sample space, 875-876 
SAS triangles, 536, 547, 553-554 
Satisfying equations, 10, A44 
Satisfying inequalities, 794 
Sawtooth curve, 567 
Scalar, 611, 762 
Scalar multiples of matrix, 762—763 
Scale of number line, A4 
Scanning (optical) angle, 509 
Scatter plots, 135-136, 433-434 
Schroeder, E., 882 
Scientific calculators, A10 
Secant, 376 

continuous, 906, 907 

defined, 522 

domain of, 393, 394 

graph of, 425-427 

inverse, 463-465 

approximating the value of, 
464465 
calculator to evaluate, 464-465 


definition of, 463 
exact value of, 464 
periodic properties of, 395 
range of, 394 
Secant line, 79-80 
Seconds, 364 
Seed, 608 
Sequences, 816-844 
annuity problems, 839-840 
arithmetic, 826-832 
common difference in, 826 
defined, 826 
determining, 826-827 
formula for, 827-828 
nth term of, 828 
recursive formula for, 828 
sum of, 829-830 
defined, 816 
factorial symbol, 818-819 
Fibonacci, 820, 824 
geometric, 833-836 
common ratio of, 833 
defined, 833 
determining, 833-834 
formula for, 834-835 
nth term of, 834 
sum of, 835-836 
graph of, 816 
historical feature on, 840 
from a pattern, 818 
properties of, 821 
summation notation, 820-821 
sum of, 821-822 
terms of, 816-818 
alternating, 818 
defined by a recursive formula, 819-820 
general, 817 
Set(s), A1-A4 
complement of, A2 
correspondence between two, 47 
disjoint, A2—A3 
elements of, 861-863, Al 
empty (null), 861, Al 
equal, 861, A2 
finite, 861 
infinite, 861 
intersection of, A2 
Mandelbrot, 608 
of numbers, A1l—A4 
solution, A44 
subsets of, 861 
proper, 861 
universal, 862, A2 
Set-builder notation, Al 
Shannon’s diversity index, 306 
Shifts, graphing functions using vertical 
and horizontal, 98-102, 105 
Side-angle-side case of congruent 
triangle, A17 
Side-angle-side case of similar triangle, 
A17, A18 
Sides 
of equation, 10, A44 
of inequality, A5 














Side-side-side case of similar triangle, A18 
Similar triangles, A16—A19 
Simple harmonic motion, 559-562 
amplitude of, 560 
analyzing, 561-562 
circular motion and, 560 
defined, 560 
equilibrium (rest) position, 560 
frequency of object in, 561 
model for, 559-561 
period of, 560 
Simple interest, 325, A63—-A64 
Simplex method, 801n 
Simplifying 
complex rational expressions, 
A40-A42 
expressions with rational exponents, 
A86-A88 
nth roots, A83 
radicals, A84 
Simpson’s rule, 164 
Sine, 376 
of best fit, 437 
continuous, 907 
defined, 522 
domain of, 393, 394, 408 
graphs of, 407-421 
amplitude and period, 410-412 
equation for, 416 
key points for, 412-415 
historical feature on, 386—387 
hyperbolic, 295 
inverse, 450-453 
approximate value of, 452-453 
defined, 450-451 
exact value of, 451-452 
implicit form of, 451 
properties of, 456 
Law of 
in applied problems, 374-376 
defined, 536 
historical feature on, 549 
proof of, 541 
SAA or ASA triangles solved using, 
536-537 
SSA triangles solved using, 537-539 
properties of, 408 
periodic, 395 
range of, 394, 408 
Sum and Difference Formula for, 
489-491 
trigonometric equations linear in, 
494-496 
Singular matrix, 768 
Sinusoidal graphs, 407-421, 565 
amplitude and period, 410-412 
cycle of, 408, 412 
equation for, 416 
key points for, 412-415 
steps for, 433 
Sinusoidal models, 433-437 
best-fit, 437 
daylight hours, 436-437 
temperature data, 433-435 
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Six trigonometric functions 
exact values of, 386 
of quadrantal angles, 378-380 
of t, 376-377 
Slope, 20-23, 26 
containing two points, 21 
graphing lines given, 23 
from linear equation, 26 
of secant line, 81 
Slope-intercept form of equation of line, 
25-26 
Smooth graph, 176 
Snell, Willebrord, 478 
Snell’s Law of Refraction, 478 
Solution(s), A44. See also Zeros 
extraneous, A86 
of inequalities, A76 
of linear programming problems, 
803-804 
location of, 804 
repeated, 181, A47 
of systems of equations, 721, 726-728 
of trigonometric equations, 469 
Solution set of equation, A44 
Special products, A24—-A25 
Speed 
angular, 369-370 
instantaneous, 913-915 
linear, 369-370 
Sphere, 640 
volume and surface area of, A16 
Spherical trigonometry, 573 
Spheroid, prolate, 672 
Spiral, 594-595 
Square(s) 
of binomials (perfect squares), 
A25, A28 
difference of two, A24, A28 
perfect, A25, A28 
Square function, 88 
Square matrix, 760 
Square root(s), A9-A10, A83 
complex, 605 
of negative number, A9, A59-A60 
principal, A9, A59 
Square root function, 86, 89 
Square Root Method, A48 
Square wave, 568 
SSA triangles, 537-539 
SSS triangles, 536, 547-548, 554-555 
Standard deviation, A82 
Standard form 
complex numbers in, A55, A57—A59 
power of, A58—A59 
quotient of two, A57 
reciprocal of, A57 
of equation of circle, 36 
polynomials in, 175, A23 
quadratic equations on, A47 
of rational function, 208 
Standard position, angle in, 362 
Static equilibrium, 618-619 
Statute (ordinary) miles, 373 
Step function, 90 
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solution of, 721, 726-728 
solving, 721 
substitution method of, 722-723 
three equations containing three 
variables, 726-728 
Systems of linear inequalities, graph of, 
795-796, 803 
Systems of nonlinear equations, 785—793 


Stirling’s formula, 855 

Stock valuation, 124 

Straight angle, 363 

Stretches, graphing functions using, 
102-104, 105 

Strict inequalities, A5 

Subscripted letters, 816 

Subsets, 861, A2 


Synthetic division, A31—A35 
Systems of equations, 720 
consistent, 721, 726 
dependent, 722 
containing three variables, 728-730 
containing two variables, 725-726 
Cramer’s Rule with, 755 
equivalent, 724 


proper, 861 


Substitution method, 719, 722-723 


systems of nonlinear equations solved 
using, 785—786 
Subtraction. See also Difference(s) 
of complex numbers, A55 
of rational expressions, 
A37-A39 
least common multiple (LCM) 
method for, A39—-A40 
of vectors, 614 
in space, 634 


Sum. See also Addition 


of arithmetic sequences, 829-830 
of complex numbers, A55 
of geometric sequences, 835-836 
index of, 820 
of infinite geometric series, 837 
limits of, 897 
of logarithms, 311-312 
of sequences, 821-822 
of two cubes, A25 
of two functions, 57 
graph of, 564-565 
of two matrices, 760-762 


Sum and Difference Formulas, 487—500 


for cosines, 487-488 

defined, 487 

to establish identities, 489-493 

to find exact values, 488-491, 490-491 

involving inverse trigonometric 
function, 493-494 

for sines, 489-491 

for tangents, 492-493 


graphing, 722 
inconsistent, 721, 726 
containing three variables, 728 
containing two variables, 725 
Cramer’s Rule with, 755 
independent, 722 
solutions of, 721, 726-728 
Systems of inequalities, 794-801 
graphing, 794-799 
bounded and unbounded 
eraphs, 798 
vertices or corner points, 798—799 
Systems of linear equations, 720-759 
consistent, 722, 726 
defined, 722 
dependent, 722 
containing three variables, 728-730 
containing two variables, 725-726 
matrices to solve, 741-742 
determinants, 748—759 
cofactors, 752 
Cramer’s Rule to solve a system of 
three equations containing three 
variables, 753-755 
Cramer’s Rule to solve a system 
of two equations containing two 
variables, 749-751 
minors of, 752 
properties of, 755—756 
3 by 3, 751-753 
2 by 2, 748-749, 755 
elimination method of solving, 
723-725, 726 
equivalent, 724 


elimination method for solving, 
786-789 
historical feature on, 790 
substitution method for solving, 
785-786 
Systems of nonlinear inequalities, 
graphing, 797-798 
Systolic pressure, 420 


Tables, on graphing utility, B4 
Tangency, point of, 41 
Tangent function, 376 
continuous, 906, 907 
domain of, 393, 394, 423 
graph of, 422—425 
Half-angle Formulas for, 506 
historical feature on, 386-387 
inverse, 454—456 
defined, 454455 
exact value of, 456 
implicit form of, 455 
properties of, 458 
properties of, 423 
periodic, 395 
range of, 394, 423 
Sum and Difference Formulas for, 
492-493 
Tangent line 
defined, 41, 911 
equation of, 911 
to the graph of a function, 910-911 
Greek method for finding, 41 
Tangent problem, 910 
Tangents, Law of, 545, 549 


Tartaglia (Niccolo of Brescia), 242, 607 
Tautochrone, 710 
Terminal point of directed line 
segment, 609 
Terminal side of angle, 362 
Terminating decimals, A3 
Terms 
like, A23 
of polynomial, 175, A23 
of sequences, 816-818 
alternating, 818 
defined by a recursive formula, 
819-820 
general, 817 
3 by 3 determinants, 641, 751-753 


Sum function, 57 
Summation notation, 820-821 
Sum-to-Product Formulas, 512-513 
Sun, declination of, 461 
Surface area, formulas for, A16 
Sylvester, James J., 772 
Symmetry, 13-15 
axis of 
of parabola, 145 
of quadratic function, 146-151 
axis of, of parabola, 654 
graphing utility to check for, B5—B6 
of polar equations, 589-590 
with respect to origin, 14 
with respect to the line € = (y- axis), 


examples of, 720-722 
graphing, 722 
graphing utility to solve, B9-B10 
inconsistent, 722, 726 
containing three variables, 728 
containing two variables, 725 
matrices to find, 742-743 
independent, 722 
matrices. See Matrix/matrices 
partial fraction decomposition, 
776-784 
defined, 777 
where denominator has a 
nonrepeated irreducible 
quadratic factor, 781 


589 where denominator has only Thrust, 575, 651 
with respect to the polar axis (x- axis), nonrepeated linear factors, 778-779 TI-84 Plus C, B3 

589 where denominator has repeated ZSquare function, B8 
with respect to the pole irreducible quadratic factors, Time, as parameter, 704—707 


Transcendental functions, 258 
Transformations, 98-111, 657, 668, 680 
combining, 101-102 


782-783 
where denominator has repeated 
linear factors, 779-781 


(origin), 589 
with respect to the x-axis, 13, 14 
with respect to the y-axis, 14 


compressions and stretches, 102-105 
defined, 98 
graphs using 
of cosecant and secant functions, 
426-427 
of cosine function, 410 
of cotangent function, 425 
of exponential functions, 286, 
287-288 
of polynomial functions, 179-180 
of quadratic functions, 144-146 
of rational functions, 200 
reflections about the x-axis or y-axis, 
104-105 
of sine function, 408-409 
vertical and horizontal shifts, 
98-102, 105 


Law of Sines, 546 

Law of Tangents, 545, 549 

simple harmonic motion, 559-562 
calculator to approximate values of, 385 
circle of radius 7 to evaluate, 386 
cosecant and secant graphs, 425-427 
domain and the range of, 393-394 
exact value of 


of 7 = 45°, 380-381, 383-384 


of = 30° and > = 60°, 381-385 


given one function and the quadrant 
of the angle, 399-402 
using even-odd properties, 402-403 
fundamental identities of, 397-399 
quotient, 397 
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Unit vector, 612, 615-616 
in space, 635 
Universal sets, 862, A2 


Value (image) of function, 49, 51-53 
Variable(s), A6, A23 
complex, 246 
dependent, 52 
domain of, A7 
independent, 52 
in calculus, 407 
Variable costs, 33 
Vector(s), 609-623 
adding, 610, 614 
algebraic, 612-613 
angle between, 625 
column, 763 


Transition matrix, 814 
Transverse axis, 674, 695 

Tree diagram, 864 

Triangle(s). See also Law of Sines 


area of, 553-559, A15 

ASA, 536-537 

congruent, A16—A19 

equilateral, 8 

error, 8 

isosceles, 8 

legs of, 522, A1l4 

medians of, 8 

metric, 551 

oblique, 535-536 

Pascal, 851, 854 

perfect, 558 

right, 522, 524-529, A14 
applied problems involving, 525-529 
solving, 524-529 

SAA, 536-537 

SAS, 536, 547, 553-554 

similar, A16—A19 

SSA, 537-539 

SSS, 536, 547-548, 554-555 


Triangular addition, 853 
Triangular number, 825 
Trigonometric equations, 469-479 


calculator for solving, 472 

graphing utility to solve, 474 

identities to solve, 473-474 

involving a double angle, 471 

involving single trigonometric 
function, 469-472 

linear, 471 

linear in sine and cosine, 494-496 

quadratic in from, 473 

solutions of, defined, 469 





Trigonometric expressions, written 


algebraically, 466, 493-494 


Trigonometric functions 


of acute angles, 522-524 
applications of, 521-574 
damped motion, 562-564 
graphing sum of two functions, 
564-565 
involving right triangles, 525-529 
Law of Cosines, 548-549 


reciprocal, 397 
historical feature on, 386—387 
period of, 395-396 
phase shift, 429-433 


to graph y = A sin(wx — ¢) + B, 


429-433 
properties of, 392-406 
Even-Odd, 402-403 
of quadrantal angles, 378-380 
right triangle trigonometry, 522-534 


Complementary Angle Theorem, 524 


fundamental identities, 397-399 


signs of, in a given quadrant, 396-397 


sine and cosine graphs, 407-421 
amplitude and period, 410-412, 
430-433 
equation for, 416 
key points for, 412-415 
sinusoidal curve fitting, 433-437 
of t, 376-377 
tangent and cotangent graphs, 
422-426 
unit circle approach to, 375-392 
Trigonometric identities, 479-487 
basic, 480 
establishing, 481-484 
Double-angle Formulas for, 
501-504 
Sum and Difference Formulas for, 
489-493 
Even-Odd, 480 
Pythagorean, 480 
Quotient, 480 
Reciprocal, 480 
Trinomials, A23 
Truncation, A10 
Turning points, 183-184 
2 by 2 determinants, 641, 748-749 
proof for, 755 


Umbra versa, 387 

Unbounded graphs, 798 

Uniform motion, A66—A67 

Uninhibited growth, 335-337 

Union of two events, probabilities of, 
879-880 

Unit circle, 36, 375-378 


components of, 612, 613 

horizontal and vertical, 613 
decomposing, 626-628 
defined, 609 


difference of, 610 
direction of, 609, 615-617 
dot product of two, 624-625 
equality of, 610, 613 
finding, 616-617 
force, 616 
geometric, 609-610 
graphing, 611-612 
historical feature on, 619 
magnitudes of, 609, 612, 614-615, 
616-617 
modeling with, 617-619 
multiplying by numbers 
geometrically, 611 
objects in static equilibrium, 
618-619 
orthogonal, 626-628 
parallel, 626 
in physics, 609 
position, 612-613 
row, 763 
scalar multiples of, 611, 614-615, 624 
in space, 631-640 
angle between two vectors, 636 
cross product of two, 641-642 
direction angles, 637-639 
distance formula, 632—633 
dot product, 635-636 
operations on, 634-635 
orthogonal to two given vectors, 644 
position vectors, 633-634 
rectangular coordinates, 632 
subtracting, 614 
unit, 612, 615-616 
velocity, 616-617 
zero, 610 
Vector projection, 627 
Velocity, instantaneous, 913-915 
Velocity vector, 616-617 
Venn diagrams, A2 
Verbal descriptions 
linear models from, 129-131 
quadratic models from, 156—160 
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Vertex/vertices, 798-799 
of cone, 653 
of ellipse, 663 
of hyperbola, 674 
of parabola, 145, 654 
of quadratic function, 146-151 
of ray, 362 
Vertical asymptote, 201-203 
multiplicity and, 202-203 
Vertical component of vector, 613 
Vertical line, 20-21, 587, 595 
Vertical-line test, 64 
Vertically compressed or stretched 
graphs, 102-105 
Vertical shifts, 98-102, 105 
Viete, Francois, 549 
Viewing angle, 390-391, 461 
Viewing rectangle, 3, B1-B3 
setting, B1 
Volume, formulas for, A16 


Wallis, John, 607 


Waves. See also Simple harmonic motion 


square, 568 

traveling speeds of, 478 
Weight, 575, 651 
Whispering galleries, 669-670 


Wings, airplane, 575, 651 
Work, 640 

dot product to compute, 628-629 
World population, 815, 890, 927 


x-axis, 2 
projection of P on the, 560 
reflections about, 104—105 
symmetry with respect to, 13, 14, 589 
x-coordinate, 2 
x-intercept, 12 
polynomial graphed using, 181-182 
of quadratic function, 147 
xy-plane, 2, 632 
xz-plane, 632 


Yang Hui, 854 
y-axis, 2 
projection of P on the, 560 
reflections about, 104—105 
symmetry with respect to, 14, 589 
y-coordinate (ordinate), 2 
y-intercept, 12, 26 
yz-plane, 632 


Zero-coupon bonds, 333 
Zero-level earthquake, 308 





Zero matrix, 762 
Zero polynomial, 175, A23 
Zero-Product Property, A4, A47 
Zeros 
bounds on, 239-240 
complex, of polynomials, 245-248, 
249-250 
Conjugate Pairs Theorem, 
247-248 
defined, 246 
finding, 249-250 
polynomial function with zeros 
given, 248-249 
real, of polynomials, 180-182, 
231-245 
Descartes’ Rule of Signs, 234—235 
finding, 236-238 
Intermediate Value Theorem, 
240-241 
number of, 234—235 
Rational Zeros Theorem, 
235-236, 249 
Remainder Theorem and Factor 
Theorem, 231-234 
repeated, 181 
theorem for bounds on, 239-240 
Zero vector, 610 





LIBRARY OF FUNCTIONS 


Identity Function 
f(x) =x 


y 
3 


(1, 1) 





=3 | (0,0) 3x 
(=; =I) 


Square Root Function 


fx) = Va 





Absolute Value Function 





Sine Function 


f(x) = sinx 





Square Function 


iC ea 
y 
(-2,4)& 4 (2, 4) 





Reciprocal Function 


flx) == 





Exponential Function 


f(x) =e" 





Cosine Function 


f(x) = cosx 


Cube Function 


f(x) = 





Cube Root Function 


f(x) = Wx 





Natural Logarithm Function 


f(x) = Inx 


osx 





Tangent Function 
f(x) = tanx 





| | | 
| 
| | | 
— ST 3T ge Uf suf sv x 
2 2 
I I 


f(x) = cotx 





FORMULAS/EQUATIONS 


Distance Formula If P, = (x1, y,) and P, = (x, y2), the distance from P, to P) is 
d(P,,P)) = V (x. — 1)? + (2 — 1)? 
Standard Equation The standard equation of a circle of radius r with center (h, k) is 
of a Circle 
(xh)? + (yk =? 

Slope Formula The slope m of the line containing the points P; = (x1, y;) and P, = (%», y2) is 

m= pdt ix, A X> 

X72 ~ X41 


m is undefined if x; = X> 


Point-Slope The equation of a line with slope m containing the point (x, y;) is 
Equation of a Line _ 
yyy = m(x — x) 
Slope-Intercept The equation of a line with slope m and y-intercept b is 
Equation of a Line 


y=mx +b 
Quadratic Formula The solutions of the equation ax” + bx + c = 0,a # 0, are 
r= —b + Vb* — 4ac 
2a 


If b? — 4ac > 0, there are two unequal real solutions. 
If b? — 4ac = 0, there is a repeated real solution. 
If b? — 4dac < 0, there are two complex solutions that are not real. 


GEOMETRY FORMULAS 


Circle r = Radius, A = Area, C = Circumference 


A = ar’ C= 2amr 


Triangle ae b = Base, h = Altitude (Height), A = area 


b A= + bh 
Rectangle [ |w / = Length, w = Width, A = area, P = perimeter 
, A=lWw P=21+2w 
Rectangular Box h / = Length, w = Width, h = Height, V = Volume, S = Surface area 
(OSES pO V=lwh S$ = 2lw + 2Ih + 2wh 
Sphere r = Radius, V = Volume, S = Surface area 


ary 
wd V= sar? S = 4nr? 


Right Circular Cylinder aaa! r = Radius, h = Height, V = Volume, S = Surface area 
ieOsES) Verh  § = 2nr? + 2nrh 


CONICS 
Parabola 


Ellipse 


Hyperbola 


2 2 
er ae Fes 2 is 
Paria c=a’t+b 
b b 
Asymptotes: y = ex, Y= ax 


PROPERTIES OF LOGARITHMS 
log, (MN) = log,M + log,N 


M 
| — ] = log,M — log, N 
O8a (*) O8a O8a 


log,M’ = rlog,M 
logM  InM 


ijacir= = 
ae loga 


qg= el’ ina 


PERMUTATIONS/COMBINATIONS 
O!=1 1!=1 
WT OA) e221 


n! 
(n—r)! 


coun = ("= aaa 








Ina 


P(n,r) = 





a a 
Asymptotes: y = ia y= =e 


BINOMIAL THEOREM 
We an M n-1 N\19 n-2 
(a + Db) a” + (7 oe e ("Jp a 


tie ( ‘ \orta + oF 
aoe 


a, + (a, + d) + (a, + 2d) +--++/[a,+ (n-1)d] 


ARITHMETIC SEQUENCE 





- 5 (2a + (n-—1)d] = 5 (a1 + &,) 
GEOMETRIC SEQUENCE 
2 n—-1 i aca al 
a, + art ar tess tay =a," 
1-r 
GEOMETRIC SERIES 
If |r| < 1, a, + art ar? a »> ar} 
k=1 
ay 





TRIGONOMETRIC FUNCTIONS 


Let t be a real number and let P = (x, y) be the point on the unit 


circle that corresponds to t. 







sint = y cost = x 
i. 
csct=-, y#O sect=- 
y 
P= (x, y) 
Se t 
_}—s =tunits 
t units 
~@ = tradians 


TRIGONOMETRIC IDENTITIES 


Fundamental Identities 








tant = 


1 
, xX £0 cott= 
x 





sin cos 0 
tan@ = —— = 

os 6 in@ 

0 : 0 : té : 

cscd = — sec9d = cot@ = 

sin 6 cos 6 tané 
sin?@ + cos*@ = 1 
tan?6 + 1 = sec’é 
cot?6 + 1 = csc’0 
Even-Odd Identities 
sin(—@) = —siné csc(—6) = —cscé 
cos(—6@) = cosé sec(—6) = secd 
tan(—@) = —tané cot(—6) = —coté 


Sum and Difference Formulas 
sin(a + B) = sinacosB + cosa sinB 
B) = sina cosB — cosa sinB 


a+ B) 


= cosa cos — sina sinB 


cosa cosB + sina sinB 
tana + tanB 


1 — tana tanB 
tana — tanp 


t — Bp) = ————_ 
anes) 1 + tana tanB 


SOLVING TRIANGLES 





sinA 


a 


a 
y 


al|< 


9 


b 


9 


Law of Sines 


sin B 





x #0 


y#O0 





sin C a’ 


C 


Half-Angle Formulas 

6 (i 6 
sin- = + ,/——— 

2 2 cos (26) 
cos 5 ee /1 =— COs (20) 

cos (260) 

aes 6 1 -—cosé 

2 sind tan (26) 


Product-to-Sum Formulas 





0, 27 


Double-Angle Formulas 
sin (20) = 2 sin@ cosé 


cos’@ — sin’6 
2 cos’@ — 1 
1 — 2sin’@ 

2 tand 


1 — tan’*6 


sina sinB = +[cos (a — 6). = costa: + B) | 


cosa cosB = 5[cos(a — B) + cos(a + B)] 


sina cos B = 5[sin (a + B) + sin(a — B)] 


Sum-to-Product Formulas 


























. eS a—Pp 
sina + sinB = 2 sin COS 

2 2 
eee a — at Bp 
sina — sinB = 2 sin cos 

2 2 

a + 0 mae ©: 
cosa + cosPB = 2 cos COs 5 

eS ee oe ia ©, 
cosa — cosB = —2 sin 5 sin 5 


Law of Cosines 
b* + c* — 2bc cosA 
b? = a® + c? — 2accosB 


c? = a’ + b* — 2abcosC 


